
Abstract. A review of the main directions of development, the
most promising new techniques, and urgent applications of
coherent four-photon methods of investigation of excited and
ionized gas media is presented. It is demonstrated that the
methods of coherent four-wave mixing (FWM) provide impor-
tant spectrochronographic information on atoms and ions, al-
low selective studies of separate components of nonstationary
gas and plasma systems with a complex composition using
polarization-sensitive four-photon spectroscopy and coherent
ellipsometry, and permit nonlinear-optical imaging of the spa-
tial distribution of atoms and ions in excited gases and plasmas.

1. Introduction

The nonlinear optics of excited and ionized gas media is a
rapidly developing area of modern physical research. The
growing interest in the investigation of nonlinear-optical
interactions in gases is associated with both the necessity of
developing local nonperturbing methods of diagnostics of
fast processes in excited gas media and plasmas and the
possibility of using the nonlinearities of such media for the
generation of coherent short-wavelength radiation by means
of optical frequency conversion. The coherently scattered
signal in the nonlinear spectroscopy of gas media [1 ± 4]
carries information concerning the chemical composition,
populations of quantum levels, the temperature, the velocity
distributions and other parameters of atoms and molecules.
One of the main advantages of these methods is associated
with the fact that they allow the probing of objects character-
ized by a high level of intrinsic emission, including flames [5 ±
8], highly excited gases [9, 10], and plasmas of electric [11 ± 14]
and optical [15 ± 18] discharges. In particular, the methods of
coherent four-photon spectroscopy have received wide
application in combustion diagnostics in automotive and
rocket engines [19, 20], the investigation of chemical reac-
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tions involved in chemical vapor deposition [21], studies of
active media of gas-discharge lasers [22], and ecological
applications [23].

Although coherent four-wave mixing (FWM) has been
successfully applied to the investigation of molecular and
condensed media for quite a long period of time, recent
experiments have demonstrated that the use of this technique
for the diagnostics of plasmas and excited gases [14, 22, 24 ±
26] requires certain modifications in the methodology of
measurements and more in-depth investigations in the
theory of coherent FWM. Specifically, recent experiments
have revealed the high efficiency of nonlinear-optical interac-
tions of intense laser radiation with excited gases and plasma.
It is often difficult to apply numerous thoroughly developed
methods of molecular four-photon spectroscopy in such
media because of the high temperatures of the gas, when one
is mainly dealing with atomic or ionic species. Therefore, we
encounter the necessity of developing diagnostic methods for
the atomic and ionic components of excited gases. In
particular, as demonstrated in Refs [22, 24], FWM spectro-
scopy with hyper-Raman resonances is an efficient tool for
the investigation of the atomic and ionic components of gas-
discharge and laser-produced plasmas. Due to its high spatial,
temporal, and spectral resolutions and the broad variety of
polarization techniques, FWM spectroscopy with Raman
and hyper-Raman resonances makes it possible to obtain
valuable information about plasma parameters.

Excited states of atoms and ions play an important role in
resonant and quasi-resonant interaction of laser radiation
with gases and plasmas. Therefore, experimental investiga-
tion of temporal dynamics and spatial distributions of excited
atoms and ions in gases and plasmas is important for
understanding the specific features of nonlinear-optical
interactions in such media. It should be mentioned that
nonlinear-optical processes accompanying the interaction of
laser radiation with excited atomic gases have been studied
rather intensively and are widely employed at the present time
for optical frequency conversion and spectroscopic applica-
tions. The results of early experimental and theoretical studies
in this area were systematically analyzed and generalized by
Butylkin et al. [27]. A comprehensive theoretical analysis of
such phenomena and a detailed discussion of the experi-
mental data obtained in this direction up to the middle 1980s
are presented in monographs [2, 28 ± 30].

The development of methods for the diagnostics of
nonstationary and spatially nonuniform plasma media,
including plasmas of optical breakdown and electric dis-
charge, is currently one of the most important (and challen-
ging) problems of the investigation of nonlinear-optical
interactions in excited and ionized gas media. The solution
of this problem requires a combination of experimental
techniques simultaneously possessing high spatial and tem-
poral resolutions and allowing the main parameters of a gas
medium to be measured with a minimum time of averaging.
The material of this review indicates, in our opinion, that the
variety of coherent FWM methods now accumulated,
including coherent spectrochronography [31] and ellipsome-
try [3, 32, 33], as well as nonlinear-optical imaging of spatial
distributions of physical parameters of gas media [34, 35],
provides an opportunity to solve these and some similar
difficult experimental problems.

The nonlinear-optical properties of laser-produced plas-
mas are currently actively investigated by many research
groups in connection with the possibility of efficient genera-

tion of coherent short-wavelength radiation in such media
[36 ± 49]. The use of a low-temperature laser-produced plasma
as a nonlinear medium makes it possible to achieve a
sufficiently high efficiency of conversion of pulsed
Nd:YAG-laser radiation into the third harmonic [36, 37]. In
particular, recent experiments [45 ± 48] demonstrate that the
plasma of optical breakdown in gases is an efficient source of
coherent third-harmonic emission in the case when high-
repetition-rate (1 kHz) femtosecond laser pulses with a
moderate intensity (less than or on the order of 1015 W
cmÿ2) are used. Such applications of laser-produced plas-
mas, as well as many other applications of excited and ionized
media considered below, employ a considerable (by several
orders of magnitude) increase in nonlinear-optical suscept-
ibilities of atomic and plasma media that accompanies the
growth in the excitation degree of such media. Due to this
effect, even relatively low densities of excited atoms and ions
may provide coherent resonance and quasi-resonance FWM
signals with a sufficiently high intensity, which can be easily
detected against the background of incoherent emission and
masking coherent processes involving ground-state atoms.

We should note that the increase in the nonlinear-optical
susceptibility of an atomic system due to the population of
excited states was predicted quite a long time ago [50].
Gladkov et al. [18, 51] have demonstrated that the quasi-
resonant increase of the third-order nonlinear-optical sus-
ceptibility of excited atoms in an optical breakdown ensures
coherent four-photon scattering with an efficiency sufficient
for the reliable detection of the nonlinear-optical signal.
Reviews [12, 17] were devoted to the analysis of early
experiments in this direction and the discussion of possible
applications of coherent anti-Stokes Raman scattering for the
diagnostics of laser-produced and gas-discharge plasmas.
Until recently, laser-produced plasma has not been a
conventional object for coherent four-photon spectroscopy
because of the considerable difficulties associatedwith intense
plasma emission, a high nonresonance coherent background,
as well as strong absorption and considerable phase-mis-
match effects at certain stages of plasma expansion. Addi-
tional factors that drastically lower the accuracy of nonlinear-
optical measurements in laser-produced plasmas are asso-
ciated with inevitable fluctuations of plasma parameters from
pulse to pulse and the complexity of FWM spectra, featuring
a tremendous number of lines that are difficult to interpret
and that often mask the spectral lines of interest [52].

Luckily, coherent four-photon spectroscopy provides us
with a rich variety of tools to solve the problems listed above.
In particular, the level of incoherent background can be
considerably decreased by means of time gating and spatial
filtering of the coherent FWM signal, while the noninforma-
tive coherent background can be suppressed with an appro-
priate choice of polarization conditions for the excitation and
detection of coherent spectra.1 Distortions in spectral and
temporal dependences of the FWM signal due to phase
mismatch and population variations can be eliminated with
an adequate choice of delay times and intensities of probing
laser pulses and with an optimization of the experimental
geometry.

1 The polarization technique, often referred to as holographic multi-

dimensional spectroscopy (a review of numerous Lorentzian-line applica-

tions of this technique was given elsewhere [53]) provides an opportunity

to resolve closely spaced and overlapping spectral lines related to different

plasma species and to investigate these lines independently of each other.
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As mentioned above, experimental investigation of the
temporal dynamics and spatial distributions of atomic and
ionic components of a laser-produced plasma is an important
problem of laser-plasma diagnostics. The possibilities of
different methods of laser spectroscopy for extracting the
data concerning the spatial distribution of particles in excited
gas media have been widely discussed in recent years. Along
with the methods of emission spectroscopy and laser-induced
fluorescence, coherent FWM schemes are finding increasing
applications for this purpose, ensuring a high spatial and
temporal resolutions and allowing a high contrast of the
coherent signal with respect to the emission background to be
achieved. Several attractive schemes for the two-dimensional
imaging of spatial distributions of parameters of excited gases
and plasmas can be implemented with the use of degenerate
four-wavemixing (DFWM) and coherent anti-Stokes Raman
scattering (CARS) (see Section 2.1).

The main goal of this review is to discuss the main
directions of development, the most promising novel techni-
ques, and urgent applications of coherent four-photon
methods of investigation of excited and ionized gas media.
We will consider spectrochronographic schemes of coherent
FWM, which provide information concerning the time
evolution of FWM spectra, determined by the kinetics of
excitation and relaxation of atoms and ions in a nonsta-
tionary inhomogeneous plasma. We will analyze polariza-
tion-sensitive FWM schemes and methods of coherent
ellipsometry, allowing selective investigation of separate
components of nonstationary gas and plasma systems with a
complex composition. We will also discuss in detail the
methods that were recently proposed and that find rapidly
growing applications for imaging spatial distributions of
atoms and ions in excited gases and plasmas.

This review is organized in the followingway. In Section 2,
we briefly describe the main schemes of coherent FWM
employed for the investigation of excited and ionized gases,
such as degenerate four-wave mixing, FWM with Raman
resonances, including CARS, FWM with hyper-Raman
resonances, and third-harmonic generation. In Section 3, we
provide the basic relations allowing a quantitative analysis of
the influence of phase-matching and absorption effects on the
parameters of the FWM signal and qualitatively consider
how the regime of FWM changes depending on the relation
between characteristic spatial scales of the problem. Themain
principles of the experimental technique and the measure-
ment procedure are discussed in Section 4. In Section 5, we
analyze the possibility of increasing the FWM efficiency in a
laser-produced plasma due to intermediate hyper-Raman
resonances. Spectrochronographic schemes of coherent
FWM, considered in Section 6, provide an opportunity to
investigate the relaxation kinetics of excited states of atoms
and ions in a low-temperature plasma of optical breakdown
and in a gas-discharge plasma. Issues related to polarization-
sensitive four-photon spectroscopy and coherent ellipsometry
of atoms and ions are discussed in Section 7. Section 8 is
devoted to applications of coherent four-photon spectro-
scopy to the investigation of autoionizing states. In Section 9,
we consider FWM schemes for imaging the spatial distribu-
tions of atomic and ionic plasma components. In particular,
we will discuss how information about concentrations of
resonant species can be extracted from the FWM signal
averaged over a series of measurements under conditions
when the concentrations of resonant species and the inten-
sities of pumping laser beams are subject to fluctuations. We

will also consider FWM schemes for point-by-point mapping
of atomic spatial distributions in a laser-produced plasma
scanned with respect to probing laser beams, describe FWM
methods for the reconstruction of spatial distributions of
excited atoms in a laser-produced plasma line by line and slice
by slice, and discuss the prospects of nonlinear-optical
methods for the reconstruction of three-dimensional distribu-
tions of atoms and ions in a laser-produced plasma. The main
conclusions of our analysis are briefly summarized in the final
section of this review.

2. The main schemes of four-wave mixing
in excited gases and plasmas

In this section, we will briefly consider the main schemes of
coherent FWM employed for the investigation of excited and
ionized gases, including degenerate four-wave mixing, FWM
with Raman resonances, CARS included, hyper-Raman-
resonance FWM (HRRFWM), and third-harmonic genera-
tion (THG). Below, we will describe themain features of these
schemes and discuss their possibilities for plasma diagnostics.

2.1 Degenerate four-wave mixing
Degenerate four-wave mixing [54] (Fig. 1a), which was
initially employed as a phase-conjugation scheme [55], has
recently found extensive applications as a convenient and
efficient method of spectroscopy (e.g., see Refs [2, 56 ± 59]),
which can provide, in particular, valuable information
concerning the composition [58 ± 61] and temperature [62 ±
66] of gas media. Two salient modifications of DFWM with
interaction in co- and counterpropagating beams are usually
employed [2, 67]. The main advantages of the DFWM
technique are associated with the fact that this approach
requires only one laser source and allows the phase-matching
conditions to be automatically satisfied regardless of the
dispersion of the medium under study (see the wave-vector
diagram in Fig. 1a). Broadband DFWM [68] makes it
possible to measure the temperature of excited gases,
including atomic gases [69], with a single laser pulse. Folded
wide-beam DFWM schemes are employed in several con-
venient and elegant methods for two-dimensional imaging of
spatial distributions of gas parameters [34, 70 ± 72].

Significant progress in the development of DFWM as a
method of diagnostics of excited atomic gases was achieved
by Ewart and collaborators [56, 58], who observed and
investigated DFWM involving excited states of sodium
atoms and developed the DFWM technique for point-by-
pointmapping of the spatial distribution of sodiumatoms in a
flame. Subsequent studies in this direction demonstrated the
possibility of applying coherent DFWM to wide beams for
single-pulse two-dimensional imaging of spatial distributions
of excited particles [34, 70] and temperature [71, 72] in gas
media. Ljungberg and Axner [73, 74] have implemented two-
step DFWM, which implies the detection of the DFWM
signal from excited states selectively populated with an
additional laser. In Ref. [74], this technique was applied to
the investigation of excited gold atoms. Practically important
aspects of DFWM with broadband pumping, including
absorption effects and the dependence of the DFWM
intensity on the interaction length, have been studied in Refs
[75, 76]. A quantitative comparison of DFWM and laser-
induced fluorescence (LIF) as techniques for NO2 detection
and imaging performed by Mann et al. [23] has shown that,
under certain conditions, DFWM can be considered as a
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useful alternative to LIF. Konz et al. [77] have demonstrated
the potential of folded two-photon-resonance DFWM [78]
for the diagnostics of oxygen atoms in microwave-discharge
plasmas. In certain cases, the use of this approach makes it
possible to avoid distortions of the spectroscopic information
provided by the signal of conventional DFWM with a one-
photon resonance due to collisional quenching, absorption,
and a high level of noise. A comprehensive analysis of various
methodological problems of DFWM imaging, including
diffraction effects, spatial resolution, and image referencing,
has been provided by Ewart et al. [79].

We should note that, along with undeniable advantages,
the DFWM method is characterized by several significant
limitations. In particular, the laser radiation whose frequency
in the DFWM scheme coincides with the frequency of the
relevant molecular or atomic transition, may perturb reso-
nance levels, thus distorting the spectroscopic information.
The DFWM technique cannot be employed for the investiga-
tion of low-frequency transitions in molecular and atomic
spectra, which usually provide important information on
parameters of a gas medium. To remove these limitations,
one has to employ frequency-nondegenerate coherent FWM.
In the following subsections, we will consider the most
widespread schemes of two- and three-color FWM.

2.2 Four-wave mixing with a Raman resonance
A four-photon process with a Raman resonance (in particu-
lar, CARS) is a classical scheme of nonlinear-optical spectro-
scopy of gases [80 ± 82] (see the diagram at the left of Fig. 1b).
Due to the high spatial, temporal, and spectral resolutions,
the possibilities of studying highly luminous objects, and a
rich variety of polarization techniques, four-photon schemes
with Raman resonances (especially CARS) have gained wide
acceptance for temperature and concentration measurements
in gases [4 ± 10, 83 ± 86], gas analysis [87], high-resolution
molecular spectroscopy [88 ± 90], investigations of kinetics
and energy-relaxation channels in molecular gases [91, 92],
the measurement of dephasing times for molecular vibrations
[93, 94] and various multipole components of Raman
scattering in atomic vapors [95], studies of photochemical

reactions in laser-excited gas mixtures [96], and other
applications. A combination of coherent four-photon prob-
ing with selective two-photon population of excited states
opens up considerable opportunities for the investigation of
population relaxation for excited atomic and ionic states and
the measurement of characteristic times of such processes.
The potential of such a technique combining two-photon
(Raman) excitation (TPE) and CARS probing (TPE ±CARS
technique [97]) for the measurement of relaxation times of
excited states of samarium atoms has been demonstrated in
Ref. [98].

Difference-frequency coherent FWM processes in atomic
gases, including CARS, have been actively investigated in the
context of optical frequency conversion. In particular, Kung
[99] reported on the generation of radiationwith awavelength
discretely tunable from 117 to 195 nm through FWM in Xe
vapor. Optical frequency conversion with the use of resonant
FWM was implemented in experiments with Kr [100], Sr
[101], Cs [102], and other vapors. A review of studies carried
out in this area until the early 1980s was provided by Reintjes
[2] and Arkhipkin and Popov [30].

Coherent four-photon Raman spectroscopy of low-
temperature laser-produced plasma was implemented in
experiments [103], where coherent four-photon scattering
involved a Raman transition between excited states of tin
atoms. However, FWM schemes with Raman resonances are
not always convenient for the diagnostics of highly excited
and ionized gas media since the decrease in population
differences for excited states of atoms and ions in such
media considerably lowers the intensity of the FWM signal
[12].

As early as 1973, ReÂ gnier and Taran [5] discussed the idea
of using wide-beam CARS to image a whole field of
parameters of a gas medium. The authors of Refs [104, 105]
successfully applied the CARS technique to the investigation
of spatial distributions of gas-flow parameters by detecting
the multipoint CARS signal produced along a line of
intersection of wide pumping beams in a gas flow. The results
presented by Jonuscheit et al. [106] suggest that, with a proper
arrangement of focusing and collimating optics, CARS can
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Figure 1.Main schemes of coherent FWM employed for the investigation of excited and ionized gases: (a) degenerate four-wave mixing; (b) FWMwith

Raman and hyper-Raman resonances, and (c) third-harmonic generation.
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also provide an efficient means for single-pulse one-dimen-
sional temperature measurements. Significant progress in
extracting the data concerning the parameters of a gas
medium, which allowed CARS signals from molecules of
different sorts to be simultaneously detected, were proposed
by the authors of Refs [107 ± 109], who developed a dual
broadband CARS scheme, and the authors of Refs [110, 111],
who implemented angularly resolved CARS spectroscopy of
CO and N2 molecules.

Among numerous modifications of coherent FWM
schemes with Raman resonances, we should mention a
technique of three-color FWM involving a dc field [112].
This scheme was proposed as a method for the investigation
of dc fields in a gas-discharge plasma by Evsin et al. [113]. The
polarization-sensitive modification of this scheme, suggested
byKoroteev et al. [114], provides an opportunity to determine
the direction and tomeasure the strength of a dc field in a gas-
discharge plasma. The possibility of applying this polariza-
tion technique to investigate the statistics of plasma micro-
fields was also discussed in Ref. [114].

2.3 Four-wave mixing with a hyper-Raman resonance
As mentioned above, FWM processes with Raman-type
resonances are not always convenient for the diagnostics of
the early stages of laser-plasma expansion because of the
considerable lowering of the FWM signal intensity due to the
decrease in the difference of populations in the levels involved
in a Raman resonance, which usually have close energies.
Four-wavemixing with hyper-Raman resonances or coherent
anti-Stokes hyper-Raman scattering (see the diagram at the
right of Fig. 1b) seems to be advantageous in such a situation.
The specific features of the amplitude and polarization
properties of the hyper-Raman resonant FWM signal stem
from the fact that the components of the nonlinear-optical
cubic-susceptibility tensor responsible for this process are
determined by invariants of the tensor of hyper-Raman
scattering (HRS). Hyper-Raman resonances in FWM spec-
tra of a laser-produced plasma were detected for the first time
for transitions between excited states of Fe atoms [115].
Subsequently, hyper-Raman FWM spectroscopy was imple-
mented for different atoms and ions produced in a plasma of
optical breakdown [24, 116, 117] and in gas-discharge
plasmas of the active medium of a copper-vapor laser [14,
22, 24].

The method of coherent four-photon scattering with a
one-photon resonance allows experimental determination of
important parameters of excited and autoionizing states of
atoms and ions in plasmas. In particular, experimental
techniques of time-domain and polarization measurements
using four-photon scattering with a one-photon resonance
have been developed in Refs [25, 118 ± 120]. The method of
coherent ellipsometry of autoionizing states on the base of
active spectroscopy of hyper-Raman scattering was proposed
in Ref. [121]. Hyper-Raman-resonance FWM can be effec-
tively employed as a basis for two-dimensional mapping of
relative populations of excited atoms and ions in a low-
temperature plasma [35, 122, 123]. This approach is char-
acterized by a high spatial, temporal, and spectral resolutions,
thus holding much promise for the investigation of fast
processes in spatially nonuniform laser-produced plasmas.
However, to extract the information on the parameters of the
studied system directly from the experimental spectra of four-
photon scattering with a one-photon resonance, one should
take into account the phase-matching conditions for waves

involved in nonlinear interaction and analyze the influence of
the phase mismatch on the shape of the spectrum of four-
photon scattering. Resonance one-photon absorption is
another important specific feature of this process. Along
with dispersion of the medium, resonance one-photon
absorption may exert a considerable influence on the shape
of the spectrum of radiation emerging from the medium
under consideration [124 ± 127].

Similar to FWM with Raman resonances, a combination
of hyper-Raman-resonance coherent four-photon probing
with a selective two-photon population of excited states
opens up new opportunities in measuring the characteristics
of excited atomic and ionic states. The advantages of such a
combined approach for studying the population of excited
states were demonstrated for sodium atoms in a heated cell
[128].

Hyper-Raman resonances also offer much promise for
enhancing the efficiency of laser-frequency conversion in
coherent FWM schemes [129]. This aspect of hyper-Raman-
resonance FWM will be considered in greater detail in
Section 5.

2.4 Third-harmonic generation
Similar to DFWM, third-harmonic generation (Fig. 1c) is a
frequency-degenerate FWMprocess. However, in contrast to
DFWM, phase-matching effects usually play an important
role in third-harmonic generation [130]. Third-harmonic
generation in gases has been intensively investigated in
connection with the conversion of the frequency of high-
power laser radiation. Along with excited gas media [2, 131 ±
140], optical-breakdown plasmas have been actively
employed for frequency conversion in recent years [36 ± 49].
Although impressive progress has been achieved in high-
order harmonic generation and the production of coherent
short-wavelength radiation (with a wavelength less than
2.4 nm [141]) in rare-gas jets, an experimental approach
employing focused laser beams does not allow efficient
frequency conversion even for low-order harmonics. The use
of a laser-produced plasma under certain conditions provides
an opportunity to achieve comparatively high efficiencies of
low-order harmonic generation [36, 37, 45 ± 48].

In the context of nonlinear-optical frequency conversion,
much attention has been focused on efficient third-harmonic
generation (as well as the generation of higher order
harmonics) in hollow waveguides [142]. A considerable (by
three orders of magnitude) increase in the efficiency of
nonlinear-optical interaction in a hollow dielectric wave-
guide filled with a gas medium was predicted and experimen-
tally demonstrated for the CARS process byMiles et al. [143]
back in 1977, i.e. 20 years before the application of the
hollow-fiber technique to THG in short pulses. The idea of
using hollow fibers for the compression of ultrashort laser
pulses due to another nonlinear-optical process of the third
order Ð self-phase modulation, proposed and implemented
by Nisoli et al. [144, 145], proved to be so fruitful that hollow-
fiber compressors are currently successfully employed in
advanced femtosecond laser systems [146].

Experiments [147] have demonstrated that the phase
mismatch due to the gas dispersion in THG in hollow fibers
filled with rare gases can be partially compensated due to the
dispersion of waveguide modes, which provides an opportu-
nity to achieve a high efficiency of optical frequency
conversion in third-harmonic generation (up to 0.2%) and
parametric four-wave mixing (up to 13%). Notice that, as
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demonstrated in Refs [148, 149], the nonlinear phase shift and
the duration of the third-harmonic pulse under these
conditions can be controlled due to cross-phase modulation.
Experiments in Ref. [147] have stimulated intensive investiga-
tions of nonlinear-optical wave-mixing processes in hollow
fibers [150, 151]. In particular, it was established that, due to
the compensation of phase mismatch in hollow fibers, the
efficiency of frequency conversion in high-order (up to the
45th order) harmonic generation can be increased by a factor
of 100 ± 1000 as compared with the efficiencies of frequency
conversion attainable in experiments with gas jets.

Third-harmonic generation can be employed not only for
the production of coherent short-wavelength radiation. This
effect also provides valuable information on the spectro-
scopic characteristics of a gas [18] and the dynamics of gas
ionization, giving a deeper insight into the specific features of
the nonlinear-optical response of an excited atomic system to
a strong light field and revealing the channels whereby
parameters of excited gas media, including optical dis-
charges, can be controlled.

3. Phase-matching and one-photon absorption
effects in coherent FWM

Phase-matching and absorption effects have a considerable
influence on coherent FWM with one-photon resonances
[126, 127, 152]. The efficiency of the FWM process occurring
in a medium with a third-order nonlinearity in accordance
with the schemeoFWM � o1 � o2 ÿ o3, whereo1,o2, ando3

are the frequencies of the pumping waves, is determined by
the cubic nonlinear-optical susceptibility of the medium w�3�

(oFWM;o1,o2,ÿo3) (in what follows, we will omit frequency
arguments of the cubic susceptibility for brevity). When the
combination of frequencies o1 � o2 ÿ o3 is tuned to a
resonance with the frequency of a transition between
electronic states of an atom or an ion, one can expect a
resonant enhancement of the susceptibility w�3�. However,
because of the increase in one-photon absorption at the
frequency oFWM and changes in phase-matching conditions,
such enhancement of the cubic susceptibility does not
necessarily increase the efficiency of frequency conversion
through four-wave mixing.

In this section, we will present the basic relationships
allowing a quantitative analysis of the influence of phase-
matching and absorption effects on parameters of the FWM
signal, qualitatively consider how the regime of FWM
changes depending on the relation between characteristic
spatial scales of the problem, and analyze the dependence of
the FWM signal on the density of resonant species with
allowance for phase mismatch and absorption at different
stages of the evolution of a laser-produced plasma.

3.1 The basic relationships
To provide a qualitative analysis of the effects of phase
mismatch and one-photon absorption, we will employ a
formula that describes the power of the FWM signal PFWM

at the output of a nonlinear medium for focused pumping
beams with Gaussian spatial profiles [2, 153 ± 155]:

PFWM /
��w�3�r � w�3�nr

��2P1P2P3G : �1�

Here, P1, P2, and P3 are the powers of the pumping waves; G
is the phase-matching factor; w�3�r is the resonant part of the
cubic nonlinear-optical susceptibility of the medium, and w�3�nr

is the nonresonant part of the cubic nonlinear-optical
susceptibility, which generally includes the quasi-resonant
component [25, 26] related to closely spaced resonances of
plasma species and transitions involving a continuous
spectrum. In the case of focused Gaussian pumping light
beams, the phase-matching factor G can be written as [2,
153 ± 155]

G � 2p
�1
0

jIj2r dr ; �2�

I � exp�ÿK1L�
�x
ÿz

dx0
exp

��iDkÿ K� K1��xÿ x0��b=2��
�1� ix0��aÿ ix0�H

� exp

�
ÿ r2

H

�
: �3�

Here,Dk � k4 ÿ k0, k0 � k1 � k2 ÿ k3; k4 is the wave vector of
FWM radiation in the nonlinear medium; k1, k2, and k3 are
the wave vectors of the pump waves in the medium; K and K1
are the imaginary parts of the wave vectors k4 and k00,
respectively, k00 � k1 � k2 � k3; a � k00=k0, b � 2pa20in�li�=li
is the confocal parameter (i � 1; 2; 3); a0i is the waist radius of
a Gaussian beam with the wavelength li; x � 2�Lÿ f�=b and
ÿz � ÿ2f=b are the boundaries of the nonlinear medium
written in terms of dimensionless coordinates; f is the
coordinate of the center of waists for the pumping Gaussian
beams; L is the length of the nonlinear medium, and

H � 1� x02

aÿ ix0
� i�xÿ x0� : �4�

The resonant part of the nonlinear-optical cubic suscept-
ibility is proportional to the difference of populationsN1 and
N2 in the lower and upper resonance states:

w�3�r � �N1 ÿN2�w �3�r ; �5�

where w�3�r is the resonant cubic nonlinear-optical suscept-
ibility per atom (or ion).

For resonance optical transitions with a Lorentzian
spectral line, the expressions for the absorption coefficient
and the phase mismatch of linear optical parameters can be
written as

K�d� � Kel � KmaxNR

d2 � 1
; �6�

Dk�d� � Dk�0� � dKmaxNR

d2 � 1
; �7�

where Kmax characterizes the resonant contribution of the
ionic component to dispersion and absorption of themedium;
the terms Kel and Dk�0� describe the nonresonant contribu-
tion of the electron component, which can be calculated
according to the well-known formulae for plasma dispersion
[127, 156]; NR is the concentration of resonant atoms (or
ions), and d is the detuning from the central resonance
frequency normalized to the linewidth. In deriving formulae
(6) and (7), we assumed that the nonresonant components K
and Dk associated with the contribution of discrete states of
atoms and ions are small as compared with resonant
components.

As can be seen from formulae (1) ± (7), the information
concerning the kinetics and spatial distributions of resonant
species in temporal and spatial dependences of the FWM
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signal is distorted by the phase mismatch, absorption, and
interference of resonant and nonresonant parts of the cubic
susceptibility. These effects may also have a considerable
influence on the behavior of the FWM signal in the time
domain.

In an expanding plasma, the populations N1 and N2 of
resonant levels and their difference N � N1 ÿN2 are func-
tions of time. Therefore, the overall nonlinear-optical
susceptibility is also a function of time. Strictly speaking,
time-dependent frequency-domain nonlinear-optical suscept-
ibilities (defined as Fourier transforms of time-domain
nonlinear-optical susceptibilities) can be consistently intro-
duced only when both w�3�r and w�3�nr vary on a time scale much
greater than the durations of optical cycles of the light fields
involved in the process. In the case of such a hierarchy of time
scales, we are dealing with a problem of nonlinear spectro-
chronography [31], when the properties of nonlinear-optical
susceptibilities have to be determined not only in frequency,
but also in the time domains (see Table 1).

The influence of the phase mismatch on the spectrum of
one-photon-resonance FWM was investigated in Refs [125 ±
127, 156]. In particular, it was demonstrated that, to extract
spectral information on the cubic-susceptibility tensor from
spectra of four-photon scattering with one-photon reso-
nances, one has to take into consideration the influence of
the phase mismatch and one-photon absorption in the
medium under study. The influence of one-photon satura-
tion on the spectrum of coherent FWM was considered in
Ref. [126]. Saturation effects may be especially important for
the analysis of four-photon spectra with one-photon reso-
nances at the frequency of one of the pump waves [24, 116],
when high-power pump radiation of the dye laser may
noticeably change the populations of electronic states in the
atomic or ionic system.

Expressions (1) ± (4) can be considerably simplified for
several limiting cases. Specifically, compact and physically
clear analytical formulae can be derived for the regimes of
plane waves [125], tight focusing [126], and strong absorption
[127]. However, investigation of phase-matching and absorp-
tion effects in the general case usually requires numerical
analysis of expressions (1) ± (4). The results of numerical
simulations with the use of formulae (1) ± (7) are discussed in
detail in Ref. [127]. Here, we will briefly summarize the main
results of the analysis.

First, for high concentrations of resonant atomic species,
the dependence of the FWM signal power on the concentra-
tion of resonant species may appreciably differ from N 2

(Fig. 2). This circumstance is due to both the increase in the
magnitude of one-photon absorption for the FWMwave and
the growth of the phase mismatch (parameter Dk increases).
Such effects become especially noticeable for large concentra-
tions of resonant atoms. Taking this circumstance into
account, we can infer that the increase in the concentration
of resonant particles does not necessarily lead to a growth in
the efficiency of nonlinear-optical wave mixing. Second, the
degree of deviation of the FWM signal power from the
quadratic dependence N 2 is determined by the focusing
parameters (Fig. 2). Third, the considered dependence of the
power of the FWM signal on the concentration of resonant
species is sensitive to the frequency detuning d from one-
photon resonance and to the parameter Kmax. For given
parameters of focusing, the character of the studied depen-
dence is determined by the relation between the absorption
length and the length of phase matching for the FWM wave.

Fourth, for small detunings from one-photon resonance, the
efficiency of nonlinear-optical wave mixing is mainly limited
by resonance absorption of the FWM wave. For large
detunings, phase matching between the FWM wave and the
nonlinear polarization induced in the medium by pumping
waves plays an especially important role in coherent FWM,
determining the power of the FWM signal.

3.2 Characteristic spatial scales of the problem
Qualitatively, phase-matching and absorption effects in
hyper-Raman-resonance FWM can be understood in terms
of the following characteristic spatial scales of the problem:
the length of phase matching lcoh � p=�2jDkj�j; absorption
lengths for pumping waves, li � 1=Ki (i � 1; 2; 3; Ki are the
nonresonance absorption coefficients at the frequencies of the
pump waves), and the FWM signal, lFWM � 1=Kr (Kr is the
resonance absorption coefficient at the frequency of the
FWM signal); the interaction length lint which is determined
by the geometry of FWM interaction, and the length ls that
the FWM signal travels from the initial point of the
interaction region to the exit of the medium (ls will be
estimated with its upper bound Ð the length of the medium
L). Coherent FWM signal provides information on the
concentrations of resonant species free of distortions due to
phase mismatch and absorption when the conditions

lint < lcoh ; �8a�
L < lFWM; l1; l2; l3 �8b�

are satisfied.
Generally, the calculation of all the quantities involved in

(1) ± (7) and, consequently, the characteristic spatial scales
introduced above is a rather complex problem. Analysis of
this problem in the case of a laser-produced plasma requires
certain physical assumptions concerning plasma kinetics. In
Refs [24, 117], the optical characteristics of an expanding
laser-produced plasma, influencing the efficiency of the
FWM process, were calculated with the use of the radiative±
collisional model of the kinetics of a multicomponent plasma.
Such an approach ensured a satisfactory agreement between
the calculated results and experimental data and provides a
sufficiently clear understanding of phase-matching and

1

2
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4

0 0.5 1.0 1.5 lgN

lgPFWM

2.0

3.0

2.0

1.0

0

Figure 2. Dependences of the FWM signal power on the concentration of

resonant atoms (ions) N with L � 0:8 cm, Kmax � 0:1 cmÿ1, and d � ÿ1
for various parameters of focusing: f � 0:8 cm (1, 2) and f � 0 (3, 4);

b � 0:8 cm (2, 3) and b � 0:3 cm (1, 4). The straight lines correspond to

quadratic dependences of the FWM signal power.
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absorption effects in FWM in laser-produced plasmas. Figure
3a presents the experimental time dependence of the FWM
signal intensity for a hyper-Raman resonance at the fre-
quency of transition between excited states of lead atoms in
a laser-produced plasma. The solid line in Fig. 3a shows the
results of calculations performed within the framework of the
radiative±collisional model of the kinetics of a multicompo-
nent plasma [160, 161]. Figure 3b displays similar depen-
dences for nitrogen atoms [129].

Figure 4 displays the temporal changes of the phase
mismatch Dk, resonance absorption coefficient Kr, and
characteristic lengths lcoh and lFWM for the FWM process:
oFWM � o1 ÿ o0 � o2 (o0 is the frequency of fundamental
radiation of a Nd:YAG laser, o1 is the frequency of the
second harmonic of theNd:YAG laser, ando2 is the dye-laser
frequency) with a hyper-Raman resonance at the frequency of
transition between the states 7s 3P

o
0 and 6p2 3P1 of lead atoms

(see the inset to Fig. 3a) in a laser-produced plasma with an
initial electron density of 1018 cmÿ3 and an initial temperature

of 0.73 eV, expanding in accordance with point-explosion
equations [157 ± 159]. The straight lines in Fig. 4 show the
interaction length lint for the folded FWM scheme implemen-
ted in Refs [160, 161] and the length of the medium L. As can
be seen from the dependences presented in Fig. 4, the lengths
l1, l2, and l3 remain much greater than the interaction length
of a given folded FWM scheme over the entire range of delay
times t between plasma initiation and probing. The absorp-
tion length of the FWM signal lFWM under these conditions
exceeds the length of the medium L everywhere except for a
narrow range adjacent to t � 1:3 ms, while the coherence
length lcoh is less than the interaction length for small delay
times. With the decrease in the concentration of resonant
atoms and electrons in the process of plasma expansion and
cooling, the length lcoh increases and becomes equal to lint at
t � 1:2 ms (the point where curve 3 intersects straight line 5 in
Fig. 4). This prediction concerning the behavior of absorption
and phase mismatch in a laser-produced plasma is consistent
with the results of experiments. Thus, for sufficiently small t,
when lint > lcoh and/or L � lFWM, the dependence of the
FWM signal power PFWM on the concentration of resonant
atoms may deviate from N 2. In such a situation, a procedure
for determining the spatial distributions of excited atoms and
ions in a plasma fromFWMpowermaps becomesmuchmore
complicated, since it should be performed with allowance
made for phase mismatch and one-photon absorption. For
t > 2:0 ms, conditions (8a) and (8b) prove to be satisfied, the
power PFWM can be approximated with a quadratic function
of N, and the maps of the FWM signal provide undistorted
information on the spatial distribution of atoms or ions in a
plasma.

4. Experimental technique

In this section, we consider the basic principles and proce-
dures characteristic of the experimental investigation of
excited and ionized gases by means of coherent FWM (e.g.,
see Refs [122, 123]). Figure 5 presents a diagram of the
experimental setup for such investigations. This setup
consists of a probing laser system, a laser system for the

od
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between the pulses of three-color pumping and the pulse that is used to

produce the spark for a hyper-Raman resonance involving excited states

of Pb (a) and N (b) atoms in a laser-produced plasma: solid points Ð

experimental data, solid lines Ð results of simulations. The insets show

four-photon processes in Pb (a) and N (b) atoms.

0 1 2 3

t, ms
4 5 6

105

D
k
;K

r,
cm
ÿ1

104

103

102

101

100

10ÿ1

10ÿ2

102

l c
o
h
,l

F
W
M
,l

in
t,
L
,c
m

101

100

10ÿ1

10ÿ2

10ÿ3

10ÿ4

10ÿ5

1

2

3

4

5

6

Figure 4. Time dependences of the phase mismatch Dk (1), resonance

absorption coefficient Kr (2), coherence length lcoh (3), and absorption

length of the FWM signal lFWM (4) calculated in Ref. [161] for an

expanding laser-produced plasma. The interaction length lint � 0:3 mm

(5) for a folded FWM scheme and the length of the medium L � 1 cm (6)

are given for comparison.

April, 1999 Coherent four-wave mixing in excited and ionized gas media 329



generation of a plasma of optical breakdown, a synchroniza-
tion unit, and a detection system.

The probing laser system is built around a Q-switched
Nd:YAGmaster oscillator, which generated laser pulses with
a duration tp � 15 ns at the wavelength l0 � 1:06 mm
(fundamental radiation). The fundamental radiation was
amplified with two Nd:YAG amplifiers in channel I and was
converted into the second harmonic in a CDA crystal.
Radiation that remained unconverted in this crystal was
amplified with a Nd:YAG amplifier in channel II and was
converted into the second harmonic in a CDA crystal.
Second-harmonic radiation was used to pump a dye laser,
which generated frequency-tunable radiation within the
range l d � 0:56 ± 0.60 mm. The polarization of radiation
with wavelength l0 � 1:06 mm was fixed, while the polariza-
tions of the second harmonic and dye-laser light beams were
varied by means of double Fresnel rhombi in order to ensure
the best contrast of FWMspectra. The fundamental radiation
with wavelength l0, second-harmonic radiation with wave-
length l0=2 � 0:53 mm, and the dye-laser radiation with
wavelength l d were employed as pumping waves in non-
linear-optical interaction in the plasma of optical breakdown.
The maximum energies of the pumping waves with wave-
lengths l0, l1, and l2 were 120, 40, and 5mJ, respectively. The
maximum length of the plasma layer, corresponding to the
plasma probing in the longitudinal direction, was 1 cm. In the
experiments, we employed both a narrow-band dye laser
(with a lasing bandwidth of about 0.5 cmÿ1) and a broad-
band dye laser (with a bandwidth of about 200 cmÿ1). The use
of a broadband dye laser made it possible to record FWM
spectra of the laser-produced plasma over a rather wide
spectral range in a single laser pulse. One of the main
problems of broadband FWM spectroscopy is associated
with the fact that the use of a broadband dye laser usually
gives rise to considerable experimental errors because of
spectral fluctuations of the dye-laser radiation [162, 163].
One of the ways to solve this problem is to employ a modeless
dye laser [164], which has already proved to be a useful tool
for multiplex polarization spectroscopy of plasmas and
flames [165 ± 167].

The system for plasma initiation was built around a Q-
switched Nd:YAGmaster oscillator. Laser radiation with the

wavelength l0 � 1:06 mm produced by this laser was ampli-
fied and focused on the surface of ametal target with a 10-cm-
focal-length cylindrical lens. The spark resulting from the
breakdown on the surface of the target had a cylindrical shape
and was oriented along the direction of propagation of three-
color pumping beams. Depending on the energy of the laser
radiation and the delay time with respect to spark formation,
the plasma studied in our experiments had an electron density
Ne � 1016ÿ1019 cmÿ3 and an electron temperature
Te � 1ÿ10 eV.

An electric timing unit was designed to synchronize the
plasma-excitation and plasma-probing laser pulses. With
different delay times, we were able to study linear and
nonlinear optical parameters of an ionized gas and to
investigate changes in the regime of nonlinear-optical inter-
action at various stages of plasma expansion.

For the investigation of spectral characteristics of a laser-
produced plasma, the FWM signal was analyzed with a
polychromator and detected with an optical multichannel
analyzer controlled by a personal computer. Such a detection
system allowed broadband FWM spectra to be recorded in a
single laser pulse, which made it possible to eliminate the
influence of inevitable pulse-to-pulse fluctuations of plasma
parameters on the accuracy of spectroscopic measurements
[122]. For the investigation of spatial distributions of plasma
species, the FWM signal generated in the one-dimensional
area formed by the intersection of a triad of incident beams
was collimated with a cylindrical lens and detected with an
optical multichannel analyzer placed behind a set of bandpass
filters.

5. Hyper-Raman resonances
as a way to enhance the efficiency
of FWM in a laser-produced plasma

Recently, much attention has been focused on the problem of
generation of coherent short-wavelength radiation by means
of optical frequency mixing. In particular, the generation of
high-order optical harmonics in rare-gas jets with the use of
high-power ultrashort laser pulses provided an opportunity
to convert the frequency of laser radiation into the extreme-
ultraviolet and soft-X-ray ranges [131±141]. Along with
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Figure 5.Experimental setup for the investigation of excited and ionized gases bymeans of coherent FWM in a low-temperature laser-driven plasma [160,

161]: DM1 ±DM3, dichroic mirrors; FR1 and FR2, Fresnel rhombi;M1 ±M6, rotating mirrors; T1 ±T3, telescopes; F1 and F2, sets of optical filters; OMA,

optical multichannel analyzer; SU, synchronization unit; CL1 ±CL3, cylindrical lenses; DL, dye laser, and, finally, L1 and L2, spherical lenses.
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optical-harmonic generation in rare gases, the possibility of
using a low-temperature laser-produced plasma as a non-
linear medium is actively discussed. As has been known for
quite a long period of time, laser-produced plasma makes it
possible to achieve a sufficiently high efficiency of frequency
conversion of Nd:YAG-laser radiation into the third harmo-
nic [36, 37]. Recent experiments [45 ± 48] have demonstrated
that the plasma of optical breakdown in gases can be also
considered as an efficient source of coherent third-harmonic
emission under conditions when high-repetition-rate (1 kHz)
femtosecond laser pulses with a moderate intensity (on the
order of 1015 W cmÿ2) are used.

The role of excited states of atoms and ions in the
generation of optical harmonics and frequency mixing in
gases and, in particular, the possibilities of increasing the
efficiency of frequency conversion by virtue of intermediate
resonances and improving phase-matching conditions in
plasmas due to the contribution of bound states, was
investigated both theoretically [124, 168] and experimentally
[156]. Some of these studies employed the method of four-
photon spectroscopy [117]. The feasibility of relying on
excited states of atoms and ions for the generation of
frequency-tunable radiation in the UV and VUV ranges was
clearly demonstrated by a series of experiments (see, for
example, Refs [169 ± 171]).

In experiments [116, 117, 122, 123, 160, 161], the use of
intermediate hyper-Raman resonances made it possible to
considerably increase the efficiency of FWM-signal genera-
tion in plasmas, thus allowing a radical improvement in the
sensitivity of nonlinear-optical plasma diagnostics based on
two- and three-color FWM. In particular, studies [122, 123]
were devoted to the investigation of the transition between
excited states of nitrogen atoms corresponding to the spectral
line centered at 365.019 nm.When the frequency combination
2o0 � o d ÿ o0 was tuned to a resonance with the transition
between the relevant excited states of nitrogen atoms (see the
inset to Fig. 3b), an intense resonance in the spectrum of the
FWM signal was observed. Notice that, under the above-
specified conditions, the signal in the emission spectrum that
corresponded to this resonance was relatively weak (the
amplitude of this signal was approximately twice as high as
the level of background emission). At the same time, the
FWM efficiency was so high that the corresponding FWM
signal could be observed on a screen placed behind a UFS-2
filter with the naked eye.

The procedure for optimizing the efficiency of nonlinear-
optical frequency conversion implied the choice of the
optimal delay time between plasma initiation and probing
and the optimal geometry of beam focusing for the scheme of
three-color pumping. Figure 3b shows the dependence of the
FWM intensity on the delay time between the pulses of three-
color pumping and the pulse fed to produce the plasma. As
can be seen from the experimental data presented, with an
appropriate choice of the delay time, the efficiency of
nonlinear-optical frequency conversion was considerably
increased.

The resonant enhancement of the FWM efficiency was
observedwithin a spectral rangewith awidth of about 0.4 nm.
At the maximum of the amplitude±frequency characteristic,
the energy of dye-laser radiation was converted into 365-nm
radiation with an efficiency of 0.2%. The resonant enhance-
ment in the frequency conversion efficiency at the maximum
of the amplitude ± frequency characteristic relative to the
efficiency of nonresonant FWM measured at 365 nm was

about 103 [129]. Within the range of employed radiation
energies, the frequency conversion efficiency did not display
any noticeable saturation as a function of the intensities of
pumping waves, which gives grounds to believe that a further
increase in the efficiency of this process can be achieved with
the use of picosecond pulses.

6. Four-photon spectrochronography
of excited atomic and ionic states

Coherent four-photon spectrochronography is an efficient
method for obtaining information on the spectral properties
and time evolution of excited atomic and ionic systems [22,
24, 116, 117]. In particular, application of coherent FWM
schemes with Raman and hyper-Raman resonances to the
investigation of time-dependent spectral parameters of atoms
and ions in the plasma of optical breakdown [116, 117] and
gas-discharge plasmas [14, 22] provides an opportunity to
determine the main features and to measure the character-
istics of population relaxation for excited atomic and ionic
states.

Early experiments on coherent FWM spectroscopy of
atoms, carried out with sodium atoms in flames [58],
employed the DFWM technique. This approach provides
important spectroscopic information on the properties of
excited atomic systems and, as demonstrated by subsequent
wide-beam experiments [34], is a convenient way to map the
spatial distributions of the parameters of excited atoms in
flames. Frequency-nondegenerate coherent FWM schemes,
including FWM with Raman and hyper-Raman resonances,
permit measurements for atomic and ionic transitions to be
carried out over a broad spectral range and open up a wealth
of opportunities in polarization control of both line shapes
corresponding to isolated resonances and spectral bands
related to a group of atomic or ionic transitions with close
frequencies (polarization techniques of coherent FWM are
discussed in Section 7). Therefore, coherent FWM with
Raman and hyper-Raman resonances offers much promise
as a scheme of spectrochronographic analysis of excited
atoms and ions. Various modifications of coherent four-
photon spectroscopy of atoms with Raman and hyper-
Raman resonances have been actively employed in recent
years for many applied fields, including the investigation of
processes determining the efficiency of copper-vapor and
copper bromide lasers [14, 22]. CARS spectroscopy of
bromine and iodine atoms also provides important informa-
tion on the distributions of temperature and particles in
tungsten ± halogen and gas-discharge lamps [172]. In this
section, we will consider such experimental techniques in
greater detail.

6.1. Laser-produced plasmas
The first experiments on four-photon spectroscopy of atoms
in a plasma of optical breakdown on the surface of a solid
target were reported in Ref. [103]. The plasma in these
experiments was produced by 15-ns radiation pulses of a
neodymium garnet laser with an energy of 160mJ. The second
harmonic of a neodymium garnet laser with a frequency o1

and dye-laser radiation with a tunable frequency o2 were
employed as a biharmonic pump. When the frequency
difference o1 ÿ o2 was tuned to a resonance with the
frequency O � 1736 cmÿ1 of transition between the 5p2 3P2

and 5p2 3P1 fine-structure levels of tin atoms, an intense
resonance in the CARS spectrum was observed. This
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resonance allowed the population kinetics to be investigated
for excited states of tin atoms.

This experiment clearly demonstrated that coherent
FWM schemes with Raman resonances are efficient for late
stages of laser-plasma expansion, permitting the investigation
of excited atomic states whose energies are not very high. For
the investigation of earlier stages of plasma expansion, it
would be important to obtain spectrochronographic informa-
tion on high-lying atomic and ionic states. This problem can
often be solved by means of coherent FWM processes with
hyper-Raman resonances [24]. Spectrochronographic and
ellipsometric studies of atoms and ions of different charges
in a laser-produced plasma with the use of coherent hyper-
Raman-resonance FWM have been performed in works
[116 ± 120]. The approach based on coherent FWM with
hyper-Raman resonances proved to be very efficient for
both the investigation of atoms and ions of target elements
and the diagnostics of atoms and ions corresponding to
ambient-gas elements and the atomic and ionic components
of the optical-breakdown plasma produced in cells filled with
rare gases [24, 173]. The use of coherent FWM with hyper-
Raman resonances furnishes information concerning the
population distribution over excited states of atoms and
ions in a laser-produced plasma and variations in such
population distributions in the process of plasma expansion.
Valuable information can be also obtained on the spatial
distributions of atoms and ions in plasmas.

Figure 6 presents the time dependences of emission and
FWM-signal intensities at the wavelength 504.5 nm corre-
sponding to the transition between the 3s 3Po

2 and 3p 3S1
excited states of N II ions (see the top level diagram) [116,
117]. A series of similar FWM resonances was detected within
the range of 500.1 ± 500.5 nm, where 3p 3DJ ! 3d 3Fo

J�1
transitions (J � 1; 2; 3; the wavelengths l1 � 500:113 nm,
l2 � 500:147 nm, and l3 � 500:514 nm) of N II ions were
observed. For all the spectral lines detected, the intensity of
the FWM signal at its spectral maximum was one to two
orders of magnitude higher than the emission intensity. It
should also be noted that the kinetics of the intensity of hyper-

Raman-resonance FWM signal in a decaying laser-produced
plasma considerably differs from the intensity kinetics
measured for the same atomic and ionic emission lines (see
Fig. 6). In particular, the efficiency of coherent FWMremains
sufficiently high to allow reliable diagnostics of the atomic
and ionic components of laser-produced plasmas under
conditions when the emission of atomic and ionic plasma
lines cannot be detected. This difference in time dependences
of coherent and incoherent signals is associated with the
character of population variations in excited states of atoms
and ions in the process of plasma decay.

The main specific features of the observed time depen-
dences of the FWM signal and emission intensities in a laser-
produced plasma can be qualitatively reproduced within the
framework of the quasi-equilibrium radiative ± collisional
model of an expanding plasma by employing the theory of
the modified diffusion approximation (see, for instance, Ref.
[174]) with allowance for radiation emitted from the plasma in
spectral lines.

6.2. Gas-discharge plasmas
Experiments on coherent four-photon spectroscopy of the
atomic component of the gas-discharge plasma employed as
the active medium for copper-vapor and copper bromide
lasers with small additions of hydrogen were carried out in
Refs [14, 22]. These studies have demonstrated that FWM
spectra of such plasmas feature resonances related to Raman
and hyper-Raman scattering involving excited and autoioniz-
ing states of atoms in a gas-discharge plasma. Analysis of the
kinetics of the FWM signal under these conditions provides
information about population relaxation of excited atomic
states.

Experiments were performed with gas-discharge tubes of
copper-vapor and copper bromide lasers. The relaxation of
the population at the metastable levels in the gas-discharge
plasma has a considerable influence on the lasing character-
istics of the active media of such lasers [175]. Therefore, the
investigation of such processes is important for the improve-
ment of parameters of metal-vapor lasers. Coherent four-
photon spectroscopy with hyper-Raman resonances was
employed for the investigation of population relaxation
from excited metastable states of copper atoms in the active
medium of a copper bromide laser with additions of
hydrogen. The FWM spectra displayed intense resonances,
when the frequency of the FWM signal coincided with the
frequency of the 2Po

3=2 !2D5=2 transition (a resonance at the
frequency of the FWM signal, lFWM � 510:5 nm) and when
the dye-laser frequency coincided with the frequency of the
2Po

1=2 !2D3=2 transition (a resonance at the frequency of dye-
laser radiation, l2 � 578:2 nm). The characteristic decay
times of metastable states of copper atoms in the active
medium of a copper bromide laser (t1 � 1:0� 0:2 ms for the
2D3=2 state, and t2 � 3:0� 0:4 ms for the 2D5=2 state with the
mean power delivered to the discharge plasma equal to
1.3 kW) were measured in Refs [14, 22] and they coincide
within the experimental accuracy with the data obtained by
other methods [176].

FWM spectra recorded in a gas-discharge tube of a
copper bromide laser featured resonances related to transi-
tions between excited electronic states of bromine atoms in
the discharge plasma at the wavelength of the FWM signal
equal to lFWM � 468:1 nm, which corresponds to a resonance
of the pump frequency (l2 � 616:1 nm) with the
7d 4D7=2 ! 5p 4Do

7=2 electronic transition (the diagram of
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this process is shown in Fig. 7a), and lFWM � 463:0 nm,
which corresponds to a resonance of the FWM frequency
with the 5s 4P1=2 ! 5p 2P

o

3=2
transition (the diagram of this

process is shown in Fig. 7b). Figures 7a and 7b present the
intensities of FWM radiation as the functions of the delay
time and the mean power delivered to the discharge plasma.
The diagrams of the employed FWM processes are also
shown in these figures. For a fixed delay time equal to 100
ns, the intensity of the FWM signal due to excited Br atoms
was measured as a function of the mean power delivered to
the discharge plasma (see the insets to Figs 7a and 7b).

As shown in Refs [176, 177], small additions of hydrogen
have a considerable influence on the operation of a copper
bromide laser. Coherent FWM provides an opportunity to
investigate the effect of small hydrogen additions on the
kinetics of the population and depopulation of excited
atomic states in the active medium of a copper bromide
laser. For this purpose, FWM signals produced in the
discharge plasma of a copper bromide laser with and without
hydrogen additions were detected at the wavelengths
lFWM � 467:4 nm (Fig. 7c) and lFWM � 465:1 nm (Fig. 7d).
Measurements were carried out with two identical gas-
discharge tubes with a mean power delivered to the discharge
equal to 0.7 kW. As can be seen from Figs 7c and 7d, the
growth rate of the CARS signal intensity decreases by
approximately a factor of two when 0.3 Torr of hydrogen is
added to the activemedium of the copper bromide laser. Since
the efficiency of the FWMprocess is determined by the square
of the population difference for states involved in four-
photon scattering, the results of these measurements provide
important information about the influence of small hydrogen

additions on the excitation rate and kinetics of relative
populations for high-lying levels in a gas-discharge plasma,
which can be employed to model the processes in the active
medium of a copper bromide laser.

The delivery of high thermal energies at a high pulse
repetition rate (up to 20 kHz) to the plasma of active media of
metal-vapor lasers leads to the heating of the gas to very high
temperatures. Temperature profiles under these conditions
may have steep radial gradients over the cross section of the
gas-discharge tube [178], which gives rise to spatial inhomo-
geneities in the spatial distribution of working metal atoms
and buffer-gas species [178]. Due to its high temporal and
spatial resolutions, coherent four-photon spectroscopy is a
useful method for the analysis of the spatial distribution of
excited atoms over the cross section and along gas-discharge
tubes of metal-vapor lasers. The distribution of the FWM
signal intensity over the cross section of a gas-discharge tube
of a copper bromide laser with small additions of hydrogen
was investigated in the experiments carried out in Ref. [22].
Figure 8 displays the intensities of coherent FWM involving
excited copper atoms as functions of the distance from the
axis of the gas-discharge tube for the wavelengths
lFWM � 467:4 nm and lFWM � 465:1 nm (Figs 8a and 8b),
and similar distributions for excited bromine atoms (Figs 8c
and 8d) obtained with a fixed delay time equal to 100 ns.

Four-photon spectroscopy with Raman resonances (two-
color CARS) makes it possible to investigate excited states of
the 3d94s4p configuration of copper atoms in the active
medium of a copper-vapor laser. In particular, intense
CARS signals detected in experiments at the wavelengths of
the anti-Stokes signal la � 510, 508, and 512 nm [22]
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correspond to resonances of the difference frequencyo1 ÿ o2

with frequencies of 4Po
1=2 !4 Po

3=2,
4Do

5=2 !4 Do
7=2, and

4Fo
3=2 !4 Fo

5=2 Raman transitions in copper atoms, respec-
tively.

Experiments performed inRefs [14, 22] demonstrated that
coherent four-photon spectroscopy with Raman and hyper-
Raman resonances is a convenient tool for the diagnostics of
gas-discharge plasmas, including the plasma produced in the
active media of metal-vapor lasers. The technique of four-
photon spectroscopy possesses a high spatial, temporal, and
spectral resolutions and allows various schemes of polariza-
tion measurements to be implemented. This technique
provides useful information on the parameters of plasmas in
active media of gas-discharge lasers and, along with conven-
tional methods of linear spectroscopy, can be employed to
improve the parameters of gas-discharge lasers.

7. Polarization-sensitive four-photon
spectroscopy and coherent ellipsometry
of atoms and ions

Methods of polarization-sensitive four-photon spectroscopy
provide an efficient tool for the solution of several urgent

problems associated with the investigation of atomic and
molecular resonances (see Table 1). In particular, properly
choosing the polarization vectors of pumping light beams
and controlling the polarization state of the signal being
detected, one can considerably lower the level of the coherent
background due to nonresonant four-wave mixing, which
makes it possible to considerably improve the sensitivity of
four-photon spectroscopy [3, 122, 123]. Under certain
conditions, the polarization technique added to FWM
spectroscopy permits one to separately measure the real
and imaginary parts of the relevant third-order nonlinear-
optical susceptibility [179], to resolve closely spaced lines in
FWM spectra of molecules [3, 180] and atoms [26], to
increase the contrast of the dispersion curve corresponding
to the cubic nonlinear-optical susceptibility near Raman
resonances [181, 182], to analyze the interference of vibra-
tional Raman resonances with one- and two-photon electro-
nic resonances in CARS spectra [183], to measure the
characteristics of Raman resonances for complex molecules
[184], etc. Methods of polarization-sensitive four-photon
spectroscopy have been actively developed for more than a
quarter of a century (e.g., see Refs [32, 87, 185 ± 192]). A
comprehensive review of polarization techniques employed
for molecular spectroscopy was provided by Akhmanov and
Koroteev [3].

The polarization characteristics of radiation emerging
from FWM are determined by the properties of the nonlinear
polarization of a medium, cubic in an applied field. When
analyzing polarization properties of the FWM signal, one
should take into account the interference of resonant
components of the FWM signal, related to certain (molecu-
lar or atomic) transitions in themedium, and the nonresonant
coherent background. In particular, it is the interference of
the resonant FWM component with the nonresonant coher-
ent background that ensures the possibility of recording
complete spectral information concerning the resonance
under study, including data on the phase of resonant FWM
[53, 118].

Coherent ellipsometry, i.e. the measurement of the
parameters of the polarization ellipse corresponding to the
FWMsignal, is a widely appliedmodification of polarization-
sensitive four-photon spectroscopy. As demonstrated in
monograph [3] for Lorentzian lines, coherent ellipsometry
makes it possible to separately study the frequency depen-
dences of the real and imaginary parts of the nonlinear-
optical cubic susceptibility in many important situations. In
Ref. [193], this approach was extended to autoionizing states
described by the Fano contour, as well as to the case of a weak
resonance with an arbitrary line shape, observed against the
background of a strong nonresonant signal. The main
principles of coherent ellipsometry of non-Lorentzian spec-
tral lines were developed in Refs [118 ± 120].

Plasmas and highly-excited gas media is a new challen-
ging area where polarization methods of coherent FWM
can be applied. In this section, we consider in greater detail
the polarization technique for resolving closely spaced
FWM spectral lines of an arbitrary shape in an optical-
breakdown plasma and describe how the information
concerning the relative phase of resonant components of
FWM signals can be extracted. We will also consider a
procedure for reconstructing the frequency and time
dependences of the interfering components of the third-
order nonlinear polarization of a medium from the data of
coherent ellipsometry.
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7.1. Polarization properties of the coherent FWM signal
from the optical-breakdown plasma
Generally, the parameters of the coherent FWM signal are
determined by the properties of the polarization of a medium,
cubic in the applied field and induced by pump beams at the
frequency of the FWM signal. Along with the intensity of the
FWM signal

I / jPxj2 � jPyj2 ; �9�

wherePx andPy are the x- and y-components of the nonlinear
polarization of the medium, corresponding to the FWM
process under study, we can experimentally examine the
ellipticity w and the tilt angle c of the principal axis of the
polarization ellipse for the FWM signal. The parameters of
the polarization ellipse of the FWMsignal can be expressed in
terms of the Cartesian components of the total nonlinear
polarization of the medium [3]:

tan 2c � tan 2b cos d ; �10a�
sin 2w � sin 2b sin d ; �10b�

where b and d are given by

tanb �
����Py

Px

���� ; �11a�

d � argPy ÿ argPx : �11b�
As can be seen from formulae (9) ± (11), in contrast to the

spectrum of the FWM intensity, the frequency dependences
of the parameters of the FWM polarization ellipse carry
information concerning the phase of the resonant FWM
component. Therefore, we have an opportunity to gather
information on the real and imaginary parts of the nonlinear
resonant polarization of a medium by reference to measured
spectral dependences of the parameters of the FWM polar-
ization ellipse.

Analysis of polarization properties of the FWM signal
produced in an optical-breakdown plasma shows that the
excitation of an atomic system not only increases the
efficiency of multiphoton processes due to the population of
excited states of atoms and ions [152], but also changes the
polarization of the FWM signal [51]. In particular, as
demonstrated by experiments [194], the polarization of the
FWM signal may remain elliptical even away from reso-
nances. This finding indicates that the third-order nonlinear
polarization of a medium away from the resonances under
study cannot be represented as a real vector, as is usually done
in the analysis of four-photon spectra in the absence of
interaction between Raman resonances and electronic states
(see Ref. [3]). Notice that the necessity to take into considera-
tion the imaginary part of the nonresonant component of the
nonlinear-optical cubic susceptibility in the case of a two-
photon resonance or two close Raman-active modes was
highlighted back in 1974 in the classical paper by Levenson
and Bloembergen [186].

Thus, the FWM signal in excited gases and plasmas is
characterized by the presence of an elliptically polarized
component of the cubic polarization of a medium,
described by a weak function of the frequency. Therefore,
in studying the spectra and polarization parameters of
FWM in such media, one has to take into account the
interference of different components of the nonlinear-
optical susceptibility.

Let us consider an FWM process that occurs in accor-
dance with the scheme oFWM � o1 ÿ o0 � o2 (in a typical
experimental scheme [118 ± 120, 122, 123], oFWM is the
frequency of the FWM signal, o0 is the frequency of
fundamental radiation of a Nd:YAG laser, o1 is the
frequency of the second harmonic of the Nd:YAG laser, and
o2 is the frequency of dye-laser radiation). The vector of
nonlinear polarization of the medium P�3��oFWM� corre-
sponding to the FWM process under consideration can be
represented as a sum

P�3��oFWM�
E1E2E

�
0

� P�3�NR � P�3�QR ; �12�

where

P�3�NR � 2w�3�NR
1111

�
e2�e1e�0� � e1�e2e�0� � e�0�e2e1�

� �13�

is the vector of nonresonant nonlinear polarization of the
medium, e0, e1, and e2 are the unit vectors (which are generally
complex) of the polarizations of plane waves at the frequen-
cies o0, o1, and o2, respectively, and P�3�QR describes the
nonlinear polarization of the medium due to a manifold of
quasi-resonant transitions between discrete excited states and
continuum of states in a laser-produced plasma. We assume
that the nonresonant component w�3�NR

1111 of the tensor of the
cubic susceptibility is described by a real quantity.

Let us examine in greater detail the properties of the
vector P�3�QR, which can be considered as an important
characteristic of an excited gas medium. Notice that this
quantity does not describe a contribution of any specific
atomic or ionic resonance. Rather, it refers to the entire
manifold of transitions between excited states whose frequen-
cies are close to the frequencies of incident light waves (or
linear combinations of these frequencies). In other words,
when we study a specific resonance, this quantity can be
considered as a slowly varying function of the frequency as
compared with the true resonant component of the third-
order nonlinear-optical polarization. Taking into account
anomalies in polarization properties of the FWM signal in
excited gas media, we can conveniently define the component
P�3�QR in terms of polarization parameters of radiation. This
quantity can be interpreted as a part of the cubic polarization
of a medium that is characterized by a weak frequency
dependence and that gives rise to an optical signal whose
state of polarization generally differs from the polarization
state described by relation (13).

Obviously, the information on the quasi-resonant com-
ponent of the nonlinear-optical susceptibility is important for
polarization FWM measurements performed in excited and
ionized gases. Therefore, we will consider in greater detail
below the available experimental data on this component and
describe the experimental procedure of coherent FWM
ellipsometry of excited gases and plasmas under conditions
when the specific features of polarization of the coherent
background should be taken into consideration.

Polarization measurements for two-color four-wave
mixing (Fig. 9) demonstrate that, in the absence of a laser-
produced plasma, the FWM signal has a linear polarization
[194]. Furthermore, the angle y between the polarization
vector of the FWM signal and the polarization vector of
radiation at the frequency o1 satisfies the relationship
tan y � 1=3 tanj, where j is the angle between the polariza-
tion vectors of the pumping waves.
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As the system for plasma excitation is switched on, a
considerable (by more than an order of magnitude) increase
in the intensity of the FWM signal is observed [194].
Simultaneously, radiation at the frequency oFWM changes
its polarization. Measurements performed with the use of
phase plates show that the FWM signal from a laser-
produced plasma has an elliptical polarization. Figures 9a
and 9b display the ratio of the semiaxes of the polarization
ellipse, tan w, where w is the ellipticity of the signal, and the
tilt angle c of the principal axis of the polarization ellipse
measured relative to the polarization of the nonresonant
FWM signal in the absence of the optical-breakdown
plasma. As can be seen from these plots, the parameters of
the polarization ellipse considerably depend on the delay
time between the excitation and probing of the plasma.
Note that the behavior of the studied polarization char-

acteristics correlates with the time evolution of the FWM
signal intensity under conditions of optical breakdown
(Fig. 9c). For large delay times, the polarization of the
signal becomes linear, and the FWM intensity tends to an
intensity level characteristic of the nonresonant FWM signal
from the air.

The change in the polarization state of the FWM signal
under conditions of optical breakdown can be accounted for
by the influence of the interference of different components of
the nonlinear-susceptibility tensor w�3�, including the con-
tribution of quasi-resonant bound states of atoms and ions
populated under conditions of optical breakdown [25, 26] and
the effect of continuum states [121]. Such an interpretation of
the above-described experimental results is supported by a
qualitative and quantitative correlation between time depen-
dences of the FWM intensity and polarization characteristics
of the FWM signal.

The results of experiments [194] demonstrate that the
excitation of an atomic system changes the polarization of
the FWM signal. The fact that parameters of the polarization
ellipse of the FWM signal are sensitive to quasi-resonant
components of the nonlinear-optical susceptibility, including
the contribution of the states of the continuous spectrum,
allows the above-considered experimental technique to be
proposed as an efficient scheme of coherent ellipsometry of
quasi-resonant atomic systems.

7.2. Separating the real and imaginary parts
of the cubic polarization of a medium
As mentioned above, the possibility of reconstructing the
data concerning the real and imaginary parts of the nonlinear-
optical susceptibility of a medium is due to the interference of
the resonant FWM component with the nonresonant coher-
ent background, which ensures the recording of the phase
information for the resonance being studied [3, 53, 118]. We
begin our analysis of this issue with a class of problems that
allow us to assume that the nonlinear polarization of a
medium, corresponding to the considered FWM process,
can be represented as a sum of the nonresonant and resonant
components described by a real vector Pnr and a complex
vector Pr, respectively. Choosing the x-axis along the vector
Pnr, we can write the Cartesian components of the total
polarization of a medium, cubic in the external field, as

Px � Pnr � Pr exp�ij� cos a ; �14a�
Py � Pr exp�ij� sin a ; �14b�

where j is the phase of the resonant component of the
nonlinear polarization, and a is the angle between the
resonant and nonresonant components. As follows from the
definition of the parameters b and a, these quantities can be
found experimentally.

Introducing j� to denote the complex phase of Py, we
have

tanj� � sinj
cosj� Z= cos a

; �15�

tan2 b � sin2 a

�cosj cos a� Z�2 � sin2 j cos2 a
; �16�

where Z � Pnr=Pr is the ratio of the magnitude of the
nonresonant background to the amplitude of the resonant
component.
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Figure 9. Parameters tan w (a) and c (b) of the polarization ellipse and the
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initiation and probing of the laser-produced plasma.
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Solving quadratic equation (16) with respect to Z, we find

Z � cos a

 
ÿ cosj�

�������������������������������
tan2 a
tan2 b

ÿ sin2 j

s !
: �17�

Substituting (17) into (15), we derive the expression forj�:

tanj� � � sinj�

�tan2 a= tan2 b ÿ sin2 j�1=2
: �18�

Taking into account that d � jÿ j�, we have

tan�dÿ j� � � sinj

�tan2 a= tan2 b ÿ sin2 j�1=2
: �19�

Knowing the parameters of the polarization ellipse, we
can apply formulae (11a) and (11b) to find d, whereupon
formulae (17) and (19) allow us to determine Z and j. Thus,
the above-described procedure of calculation, in principle,
makes it possible to find the real and imaginary parts of the
resonant nonlinear polarization from the experimental data
obtained by means of polarization-sensitive FWM spectro-
scopy (for a � 0, the solution to the considered set of
equations becomes ambiguous). Note that, when developing
this procedure, we did not employ the information on the line
shape of the resonant FWM component in an explicit form.
Thus, we can extend the method for determining the spectral
dependences of the real and imaginary parts of the third-order
nonlinear-optical susceptibility, developed in Ref. [3] for
Lorentzian lines, to arbitrary spectral lines, which is espe-
cially important for the FWMdiagnostics of a laser-produced
plasma. Notice also that the opportunities of the above-
described procedure are not reduced to the determination of
the frequency dependences of the real and imaginary parts of
the nonlinear polarization of a medium. An analogous
approach can be implemented in the time domain (see Ref.
[118]). In other words, applying the proposed technique to the
relevant experimental dependences in both the frequency and
time domains, we can reconstruct not only the spectra but
also the time dependences of the real and imaginary parts of
the nonlinear polarization of a medium.

In the important particular case when the resonant
component of the FWM signal can be considered as a small
correction to the nonresonant component, namely

Z4 1 ; �20�
the general procedure for extracting the information concern-
ing the real and imaginary parts of the nonlinear polarization
of a medium can be considerably simplified and allows an
illustrative physical interpretation. If condition (20) is
satisfied, we derive the following simple relations

c � b cosj / ReP ; �21a�
w � b sinj / ImP : �21b�
Thus, the spectral or temporal dependences of the

parameters c and w of the FWM polarization ellipse
respectively reproduce the spectral or temporal dependences
of the real and imaginary parts of the resonant component of
the nonlinear polarization of the medium.

In the opposite limiting case of strong resonance, we have
the inequality

Z5 1 ; �22�
which is applicable only within the spectral range where the
resonant component of the nonlinear polarization of a

medium is much greater than the nonresonant component.
In this case, we derive the following relations [118, 120]:

c0 � cÿ a � Pnr sin�ÿa�
Pr

cosj ; �23a�

w � Pnr sin a
Pr

sinj ; �23b�

where c0 is the rotation angle of the axis of the polarization
ellipse relative to the resonant component. It is convenient to
rewrite expressions (23a) and (23b) in a more compact form

Pr exp�ij� � Pnr sin a
ÿc0 � iw

: �24�

Thus, the data of coherent ellipsometry enable one to
extract complete information concerning the resonant com-
ponent of the nonlinear polarization of a medium, including
information on the phase of this component (see Table 1).

Expressions presented above were derived with the
assumption that the resonant and nonresonant components
of the FWM signal can be represented by complex vectors.
However, in many situations of practical importance, one of
the FWM signal components is elliptically polarized in itself.
Specifically, such a situation occurs when a laser-produced
plasma is employed as a nonlinear medium. Then, as
demonstrated in experiments [194], due to the interference of
the contributions of the discrete and continuous spectra, the
nonresonant component of the FWM signal may be ellipti-
cally polarized. The polarization-sensitive FWM technique
was extended to such a situation in Ref. [118].

7.3. Analysis of close and overlapping
lines in FWM spectra
Analysis of close and overlapping lines in FWM spectra is an
important problem of nonlinear-optical spectroscopy of
multicomponent excited and ionized gas media. Monograph
[3] provides a comprehensive consideration of the ways this
problem can be solved by means of polarization FWM
measurements for Lorentzian lines. However, the approxima-
tion of Lorentzian contours is not always applicable to the
description of atomic and ionic spectral lines in a laser-
produced plasma. The expressions derived in Refs [118 ±
120] establish the relations between the components of the
third-order polarization of a medium and parameters of the
polarization ellipse of the FWM signal in the case of non-
Lorentzian lines for an arbitrary ratio of the amplitude of the
resonant (quasi-resonant) component of the cubic polariza-
tion of the medium to its nonresonant part. In Ref. [120], this
approach was applied to the analysis of the data of FWM
spectroscopy and coherent ellipsometry of low-temperature
laser-produced plasmas.

Let us consider the case when the FWM spectrum
contains two closely spaced resonances. We will demonstrate
that, if the magnitude of one of the resonances is small
compared to the other resonance within a certain frequency
range (for example, near the maximum of the strong
resonance) and we can neglect the influence of the nonreso-
nant background, the weak resonance can be employed as a
reference component that stores information concerning the
relative phase of the strong resonance.

We assume that the relevant components of the FWM
signals are linearly polarized. Suppose that Pr1 is the
amplitude of polarization of a medium that corresponds to
the strong resonance, and Pr2 is the amplitude of polarization
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of a medium that corresponds to the weak resonance.
Assuming that Pr1 4Pr2, we have [118, 120]

c0 � cÿ ~a � Pr2 sin�ÿa�
Pr1

cosj ; �25a�

w � Pr2 sin a
Pr1

sinj ; �25b�

where the small angle c0 is measured from the polarization
plane of the strong line (which makes an angle ~a with the x-
axis of the laboratory frame of reference), j is the phase
difference for the considered resonant components, and a is
the angle between the polarization planes of the resonant
FWM components under study. These expressions demon-
strate that a weak resonance may play the role of a reference
signal that stores information concerning the phase of a
closely spaced strong resonance.

Taking the squares of (25a) and (25b) and summing the
resulting expressions, we derive

jPr2j2 sin2 a � �c02 � w2�jPr1j2 : �26�

Formula (26) allows the technique for resolving close lines
in FWM spectra, developed in Refs [182, 183], to be extended
to spectral lines of an arbitrary shape.

We will illustrate this possibility by considering a pair of
close lines in an FWM spectrum from a laser-produced
plasma experimentally studied in Ref. [118] with the use of a
four-photon process occurring in accordance with a scheme
of three-color FWM: oFWM � o1 ÿ o0 � o2, where oFWM is
the frequency of the FWM signal, o0 is the frequency of
fundamental radiation of a Nd:YAG laser, o1 is the
frequency of the second harmonic of a Nd:YAG laser, and
o2 is the frequency of dye-laser radiation. Intense resonances
were observed in the spectrum of four-photon scattering at
the frequencies of transitions between excited states of atoms
and ions in the optical-breakdown plasma produced on the
surfaces of targets of stainless steel. In particular, resonances
related to the 5F!5G

o
transitions between excited states of

iron atoms (with a wavelength of 0.3618 mm) and 3S!3P
o

transitions between excited states of nitrogenN II ions (with a
wavelength of 0.3615 mm)were detected in the spectrum of the
FWM signal.
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Figure 10.Frequency dependences of the intensity (a), the ellipticity (circles) and the tilt angle (triangles) of the principal axis of the polarization ellipse (b)

of the FWM signal near the resonances due to 5F!5Go transitions of iron atoms and 3S!3Po transitions of nitrogen N II ions in the optical-breakdown

plasma produced on the surface of a steel target [120]. Data points mark experimental findings for the total FWM signal. The use of the procedure

described in the textmakes it possible to reconstruct the spectral dependences of theweak resonant component (c) and the phase difference of the resonant

components (d). The results of calculations are given for ~a � 1:20 (1), ~a � 1:25 (2), ~a � 1:30 (3), and for Lorentzian resonances (4).
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As can be seen from Fig. 10a, the intensity spectrum of a
three-color FWM signal does not allow us to reliably identify
the resonance due to the transitions between excited states of
iron atoms. This pair of lines can be analyzed with the use of
the following approach [118 ± 120]. Let us assume in the first
approximation that we can neglect the contribution of the
weak component to the intensity of the FWM signal near the
maximum of the strong resonance in Fig. 10a, so that the
angle c0 can be set equal to zero and, therefore, c � ~a. Next,
we apply formula (26) to determine the quantity Pr2 sin a
within the spectral range from 361.30 to 361.60 nm, assuming
that the deviations of the experimentally found parameters c
and w of the polarization ellipse (Fig. 10b) from ~a and 0,
respectively, are due to the influence of the weak resonance.
In addition, since calculations are performed near the
maximum of the strong resonance, we assume that the
measured intensity of the FWM signal can be used as an
estimate of the quantity �Pr1�2.

Figures 10c and 10d display the spectral dependences of
the weak resonant component and the phase difference of the
resonant FWM components, respectively, obtained by means
of the above-described procedure. As can be seen from
Fig. 10c, for wavelengths greater than 361.50 nm, the
conditions of the employed approximation are not satisfied,
since the contribution of the left-hand resonance within this
region becomes comparable with the contribution of the
right-hand resonance. Apparently, the nonmonotone beha-
vior of the spectral dependences of the quantity Pr2 sin a and
the phase difference within this range is not representative of
the real behavior of these parameters. The estimate for the
angle ~a (which corresponded to the angle origin for c0),
obtained at the initial stage of the procedure, was equal to
1.25 rad (solid curves in Figs 10c and 10d). For comparison,
the dashed curves 1 and 3 in Figs 10c and 10d display the
dependences that correspond to ~a � 1:20 and 1.30 rad,
respectively. The dot-and-dash line in Fig. 10d shows the
phase difference for the considered pair of resonances,
computed with the assumptions that these resonances, have
aLorentzian shape, the bandwidth of the strong line is 0.1 nm,
the bandwidth of the weak line is 0.05 nm, and the separation
between the centers of the FWM lines is 0.25 nm [120]. Note
that the main difficulty of the procedure for reconstructing
the frequency dependence of the weak resonant FWM
component and determining the phase difference for the
considered pair of FWM resonances is associated with the
fact that the ratio of the amplitudes of the considered
resonances is about 0.5. Under these conditions, certain
precautions should be taken in the application of the
proposed approach, especially far from the maximum of the
strong resonance. In such a situation, a correct procedure for
the reliable reconstruction of frequency dependences for the
parameters of a pair of spectral lines, including information
on the relative phase of these lines, should employ additional
experimental data. It should also be mentioned that the
proposed procedure provides information concerning the
phase difference of resonant FWM components and does
not allow us to separately determine the real and imaginary
parts of the relevant closely spaced FWM resonances.

A procedure similar to that described above in this section
can be employed to separate interfering components of the
third-order polarization of a medium in the time domain. In
particular, this technique enables one to reconstruct the time
dependence of the relative phase for the relevant components
of the FWM signal. Such a procedure was employed in

processing the results of coherent FWM ellipsometry of
laser-produced plasmas [118]. Importantly, in contrast to
amplitude FWM spectra, the frequency dependences of
polarization parameters of the FWM signal are insensitive
to the phase mismatch and one-photon absorption of light
waves involved in FWM [193] (see Table 1), which permits
coherent ellipsometry to be applied to the investigation of
excited gases and plasmas for obtaining spectroscopic data
free of distortions due to phase mismatch and one-photon
absorption.

7.4. Polarization control of FWM spectra
A specific feature of broadband FWM spectra is the
sensitivity of the relative intensities of spectral lines to the
relative polarizations of pumping waves and the orientation
of the analyzer. Specifically, varying the angles between
polarization unit vectors e0, e1, and e2 and the axis of the
analyzer, one can suppress definite components in the FWM
spectrum [26] (Fig. 11). Obviously, the possibility of imple-
menting such a polarization control of the shape of a
broadband FWM spectrum is very useful for the investiga-
tion of multicomponent media, whose spectra usually feature
a large number of close and overlapping lines (see Table 1).
This experimental technique provides an opportunity to
investigate interfering spectral lines corresponding to differ-
ent components of an excited gas or plasma independently of
each other [26, 122, 123] (the fundamentals of the polarization
technique in CARS spectroscopy were developed in Refs
[182 ± 191]).

Physically, the possibility of controlling the shape of
FWM spectra stems from the tensor nature of the nonlinear-
optical cubic susceptibility of a medium w�3� and the fact that
the shape of FWM spectra is determined by the interference
between the relevant resonant components of w�3� and the
nonresonant coherent background determined by the non-
resonant part of the cubic susceptibility w�3�. The expression
for the intensity IFWM of the FWM signal in this case can be
written as [195]

IFWM

I0I1I2
/
���PNR sin e�

X
s

fs�Ds�PRs sin�eÿ ys�
���2 : �27�

Here, I0, I1, and I2 are the intensities of the pumping waves,
PRs and PNR are the moduli of the vectors of resonant and
nonresonant components of the third-order polarization of
the medium, e is the angle between the axis of the polarization
analyzer and the normal to the vectorPNR, fs�Ds� is the shape
of the spectral line, ys is the angle between the vectors PNR

and PRs, and

PRs � w�3�Rs
1122 e2�e1e�0� � w�3�Rs

1212 e1�e2e�0� � w�3�Rs
1221 e�0�e2e1� ; �28�

where w�3�Rs
1122 , w�3�Rs

1212 and w�3�Rs
1221 are the components of the

resonant cubic susceptibility of the medium.
Resonances in FWM spectra, related to various atomic or

ionic transitions (even when they have close frequencies), may
have different relations between the relevant components of
w�3� and may be characterized by different phases with respect
to each other and relative to the coherent background.
Varying the polarization vectors of the pumping waves and
the orientation of the analyzer, we can change the conditions
of interference of different components in FWM spectra and,
thus, control the shape of the FWM spectrum. This approach
can be illustrated by a useful analogy with holography [53],
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where the phase information stored in a sample allows one to
reveal new details of the recorded pattern by looking at the
hologram at various angles. A review of experimental and
theoretical studies on what is called holographic multidimen-
sional spectroscopy is provided in Ref. [53].

7.5. Measuring invariants of the tensor of hyper-Raman
scattering
The coherent four-photon process with a hyper-Raman
resonance in the excited and ionized gas media is related to
hyper-Raman scattering (HRS) [3, 22, 24] involving electro-

nic states of atoms and ions. Therefore, the components of the
nonlinear cubic susceptibility tensor w�3� responsible for this
four-wave mixing process can be expressed in terms of
irreducible components of the vectorial part of the HRS
tensor. Thus, polarization of the FWM signal may provide
information concerning HRS tensor invariants.

Let us consider a method of polarization measurements
using two-color FWM: oFWM � 2o1 ÿ o2 that allows us to
determine the relations between HRS tensor invariants [22,
24]. Suppose that the pump waves are linearly polarized, and
their polarization vectors make an angle j with each other.
Then, measuring the angle c between the polarization vector
of the hyper-Raman-resonance FWM signal and the polar-
ization vector of the pump beam at the frequency o1, and
calculating, in accordance with Ref. [3], the depolarization
ratio

r � w�3�1221

w�3�1111

� tanc
tanj

; �29�

we can find the ratio of theHRS tensor invariants with the use
of the following formula [22, 24]:

b�1�2

b�1�0

�
���
5
p 1ÿ r

2r� 1
: �30�

Table 2 presents the ratios of irreducible components of
the vectorial part of theHRS tensor, calculatedwith the use of
formulae (29) and (30) for excited states of atoms and ions in
laser-produced [24] and gas-discharge [14, 22] plasmas by
means of polarization-sensitive measurements in two-color
FWM with a hyper-Raman resonance.

8. Coherent four-photon spectroscopy
of autoionizing states

The investigation of autoionizing (AI) states is of consider-
able importance for the solution of various fundamental and
applied problems [196 ± 199]. Specifically, AI states with small
bandwidths hold much promise for selective multiphoton
ionization of atoms. The cross sections of such transitions
involving AI states may be several orders of magnitude higher
than the cross sections of direct photoionization through the
continuous spectrum, which makes it possible to improve the
efficiency of photoionization [200, 201] and generation of UV
light [202]. Information on the spectrum of AI transitions is
also necessary for various spectroscopic applications, such as
the detection of microimpurities and laser isotope separation
[203]. At the same time, the study of AI states may provide a
deeper understanding of the physics of multielectron atoms.
Since AI levels lie above the ionization threshold, the
characteristic features of such states are closely connected
with the interference of energy levels from discrete and
continuous spectra, which results in the modification of the
continuous spectrum of an atom. The development of
different techniques of nonlinear laser spectroscopy pro-
vided an opportunity of studying a broad variety of AI states
with different angular momenta [204, 205] that are not
necessarily coupled with the ground state of an atom by
one-photon transitions. In particular, as demonstrated in
Refs [199, 200, 206, 207], valuable information on the
properties of autoionizing and autoionizing-like states can
be obtained with the use of coherent multiphoton spectro-
scopy. Elizarov and Cherepkov [208] developed the experi-
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mental technique based on two-photon polarization-sensitive
spectroscopy for identifying the total angular momenta of AI
states. Studies [209, 210] were devoted to experimental and
theoretical investigation of linear and circular dichroism in
the photoionization of Ba atoms through AI states. Finally,
the angular distribution of photoelectrons emitted in three-
photon ionization of Ba atoms, involving AI states, was
studied in Ref. [211].

Resonances in the spectra of four-photon scattering
involving AI states were observed for the first time by
Armstrong and Wynne [202] in a vapor of metal atoms.
Numerous studies have been devoted to the influence of
laser-induced autoionizing-like resonances [199] on the
efficiency of multiphoton processes in atoms (see, for
example, Refs [206, 207]). Autoionizing states of copper
atoms in a gas-discharge plasma were investigated in
experiments [212], where a CARS process with a resonance
between the frequency oFWM (corresponding to the wave-
length lFWM � 467:4 nm) and the frequency of transitions
between the 4D5/2 AI state and the 4Fo

5=2 discrete excited state
of copper atoms was implemented (see the inset to Fig. 12).
TheAI resonance in the spectrum of hyper-Raman-resonance
FWM was studied with both a narrow-band (with a
bandwidth Do2 � 0:5 cmÿ1) and a broadband
(Do2 � 16 cmÿ1) dye-laser radiation.

The AI resonance in the spectrum of coherent FWMhas a
characteristic asymmetric shape (the dots in Fig. 12). The
shape of the AI resonance in the FWM spectrum can be
described with the use of the well-known formula for the
nonlinear-optical cubic susceptibility [213]:

w�3� /
X
k;t;j

dgjdjtdtkdkg
�okg ÿ o1��otg ÿ o1 � o2��ojg ÿ oFWM� : �31�

Here, dgj, djt, dtk, and dkg are the matrix elements of the
relevant dipole moments, the index g corresponds to the
initial state, k and t stand for the virtual states, and j denotes
the AI state. In the case under consideration, the difference
frequency o1 ÿ o2 is close to the frequency otg of the
4Fo

5=2 !2Fo
5=2 transition (the detuning is 437 cmÿ1, Fig. 12).

Keeping only one term with the quasi-resonant denominator
otg ÿ o1 � o2 � Do in the sum in t in expression (31), we
derive

w�3�AI / 1

Do

X
k

dtkdkg
okg ÿ o1

�
dg�E�dt�E�
Eÿ �hoFWM

dE : �32�

Thus, similar to Ref. [200], we arrive at the following
expression for the nonlinear-optical cubic susceptibility

w�3�AI / pN
2o

dgcEdcEt
q1q2 ÿ i�q1 � q2 ÿ x�

xÿ i
: �33�

Here,

N �
X
k

dtkdkg
okg ÿ o1

(where integration over the continuum states is implied along
with summation over bound states), and

x � Es ÿ �hoFWM

pjVEj2
;

q1 �
hFjd jjgi

pV�EhcEjd jjgi
; �34a�

q2 � hFjd jjti
pV�EhcEjd jjti

�34b�

are the Fano factors, jt and jg are the wave functions of the
bound states (in the case under study, jt stands for the wave
function of the 2Fo

5=2 state), cE is the wave function of the
state in the continuum,F is the wave function of the modified
discrete state with the energy Es, and, finally, VE is the off-
diagonal matrix element [196, 197].

In the regime of tight focusing, which was implemented in
experiments [212], the power of the FWM signal can be
written as [126]

PFWM / �q1q2�
2 � �q1 � q2 ÿ x�2

x2 � 1

� exp

�
ÿ 2K0�Lÿ f� �q1 ÿ x�2

x2 � 1

�
�35�
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Table 2.Ratios of irreducible components of the vectorial part of the HRS tensor, measured bymeans of the polarization FWM technique for transitions
between excited states of atoms and ions in laser-produced and gas-discharge plasmas

Atom/ion Transition r b�1�2 =b�1�0 Method of plasma initiation References

N II
Ar II
In II
Cu I
Cu I
Cu I
Cu I
Br I

3d3F
o
2 ! 3p3D1

4p2D
o
3=2 ! 4s2P1=2

7g3G5 ! 4f 3F
o
4

4s2D5=2 ! 4p2P
o

3=2
4p4F

o
7=2 ! 4s4D7=2

4p4F
o
5=2 ! 4s4D5=2

4p4F
o
9=2 ! 4s4D7=2

5s4P1=2 ! 5p2P
o

3=2

ÿ0:31� 0:03
4:1� 0:4
ÿ0:10� 0:01
ÿ6:9� 1:0
0:14� 0:03
0:08� 0:02
0:21� 0:04
4:2� 0:3

7:7� 0:9
ÿ0:75� 0:09
3:1� 0:5
ÿ1:4� 0:2
1:5� 0:1
1:8� 0:1
1:2� 0:1
ÿ0:76� 0:07

optical breakdown
optical breakdown
optical breakdown
gas discharge
gas discharge
gas discharge
gas discharge
gas discharge

[117]
[24]
[116]
[22]
[22]
[22]
[22]
[24]
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(here, we neglected the nonresonant component of the cubic
susceptibility).

Fitting the shape of the FWM spectrum calculated with
the use of expression (35) to the experimental data, we can
determine the Fano parameters q1 and q2. Satisfactory
agreement between the experimental data and the results of
calculations is achieved with q1 � ÿ1:8 and q2 � 1:1 (the
solid line in Fig. 12).

Experiments [22, 212] have demonstrated that the
investigation of AI states is important for understanding
processes that occur in electric-discharge plasmas. The
experimental technique developed in Refs [126, 212] makes
it possible to determine Fano factors of AI states from
experimental spectra of coherent FWM with hyper-Raman
resonances. As shown in Ref. [121], valuable information on
the interference of the contributions due to the discrete and
continuous spectra of an atom can be obtained by means of
polarization measurements in FWM spectroscopy. An
experimental technique for the investigation of AI states,
based on polarization-sensitive resonant FWM, was pro-
posed and substantiated in Ref. [193]. The Fano theory of
AI states was used in this paper to derive analytical
expressions for the ellipticity and the tilt angle of the
principal axis of the polarization ellipse of the light wave
resulting from coherent FWM involving AI states. Because of
the interference of the contributions due to energy states of
discrete and continuous spectra, the FWM signal turns out to
be elliptically polarized. Therefore, analysis of the polariza-
tion parameters of such an FWM signal allows one to
determine the Fano factors for the relevant AI states and
provides information on the influence of the atomic contin-
uous spectrum on the nonlinear-optical response of the
system. Coherent FWM ellipsometry also makes it possible
to separately determine the frequency dependences of the real
and imaginary parts of the nonlinear-optical cubic suscept-
ibility near AI resonances.

9. Imaging atomic and ionic plasma components

Physically speaking, the possibility of obtaining information
on the spatial distribution of plasma species is based on the
fact that the FWM signal intensity is determined by the
concentration of particles involved in four-photon scattering
(see Table 1). Generally, as can be seen from expressions (1) ±
(5), the intensity of the FWM signal is a rather complicated
function of the concentration of particles because of the
interference of resonant and nonresonant components of the
cubic susceptibility and because of the influence of phase
mismatch and absorption (see Refs [125 ± 127]). However, in
those cases when sufficiently intense resonances are observed
in the FWM spectrum and the deviation of the concentration
dependences of the FWM signal from the quadratic function
can be assessed [see formulae (1) ± (7)], the coherent FWM
signal can be employed to measure the spatial distribution of
plasma species (see Tables 1 and 3). In particular, due to the
high efficiency of coherent FWM involving some excited
atomic and ionic states, this technique is a convenient tool
for mapping the spatial distributions of atomic and ionic
components in laser-produced plasmas [122, 123] (for the first
time this technique was employed to map excited species
distributions in a laser-produced plasma in Ref. [215]).
Folded wide-beam FWM schemes [5, 34, 104, 105, 214],
which can provide single-pulse information on the distribu-
tions of atoms or ions in a certain area of a plasma (see Refs

[160, 161] and Tables 1 and 3), are especially promising for
this purpose.

In this section, we will discuss how the information on
concentrations of resonant species can be extracted from the
FWM signal averaged over a series of measurements under
conditions when the concentrations of resonant species and
the intensities of pumping laser beams are subject to
fluctuations. We will consider FWM schemes for point-by-
point mapping of atomic spatial distributions in a laser-
produced plasma scanned with respect to probing laser
beams, and describe FWM methods for the reconstruction
of atomic spatial distributions in a laser-produced plasma line
by line and slice by slice.

9.1 Coherent FWM with fluctuating parameters
of the medium and the pump
Since the coherent FWM signal intensity is a nonlinear
(quadratic) function of the density of resonant species,
averaging over a series of measurements, which has to be
done to smooth out jumps in the FWM intensity frompulse to
pulse, gives rise to systematic deviations of FWM images
from real spatial distributions of the density of resonant
species. In other words, the averaged FWM intensity
generally converges to a value other than the square of the
mean density of species to be measured [161]. Fluctuations of
the intensities of laser beams involved in FWM are another
source of experimental errors, when information concerning
the spatial distribution of atoms or ions in a plasma has to be
extracted from two-dimensional FWM images.

Let us estimate the statistical deviation of the mean power
of the FWM signal from the square of the mean density of
resonant species for our experiments with optical-breakdown
plasmas. Taking into account formula (1), we can express
small fluctuations DPFWM of the FWM signal power in terms
of fluctuation D�P1P2P3� of the powers of incident laser
beams and fluctuation Dw of cubic susceptibility
w � w�3�r � w�3�nr (due to fluctuations of plasma parameters):

DPFWM � 2awDwP1P2P3 � aw2D�P1P2P3� ; �36�

where a is a constant. Then, the relative fluctuation of the
FWM power is written as

dPFWM � DPFWM

hPFWMi � 2dw� d�P1P2P3� ; �37�

where dw � Dw=hwi and d�P1P2P3� � D�P1P2P3�=hP1P2P3i,
with angular brackets denoting averaging over a series of
measurements. Hence, we derive the following expression for
the relative variance of the FWM signal power:

s2FWM

hPFWMi2
� s2w
hwi2 �

s2L
hP1P2P3i2

; �38�

where s2FWM is the variance of the FWM signal power, s2w is
the variance of nonlinear-optical susceptibility, and s2L is the
variance of pump laser powers.

Thus, fluctuations of the FWM signal are determined by
fluctuations of the density of resonant species and fluctua-
tions of laser powers. Deviations in FWM images due to
fluctuations of the intensities of laser beams can be eliminated
with the use of a reference channel, where the coherent FWM
signal is produced in some stationary medium simultaneously
with the generation of the FWM signal in the main channel
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(various schemes of beam referencing employed in experi-
ments on coherent FWM are discussed in works [79, 216]).
Then, if some fractions of the laser beams involved in
coherent FWM are employed to produce the reference
FWM signal, this signal is subject to the same deviations
due to fluctuations in laser intensities as the FWM signal in
the main channel. Therefore, by normalizing the intensity of
the FWM signal from a laser-produced plasma to the
reference FWM signal, we can get rid of the influence of
fluctuations of this type, as the quantity

P � PFWM

aP1P2P3
� w2

becomes measurable in such a scheme, reducing the errors of
measurements to those due to fluctuations in the parameters
of the medium.

In coherent FWM experiments in laser-produced plasmas
[35, 122, 123, 160, 161], fluctuations of the laser power
(s2L=hP1P2P3i2 4 0:01) remained much less than the fluctua-
tions of the total FWM signal power (s2FWM=hPFWMi2 �
0:16), which allows us to neglect the second term on the
right-hand side of Eqn (38). Under these conditions, there is
little point in introducing a referencing channel, as it results in
a considerable complication of the experimental scheme but
does not noticeably improve the accuracy of measurements.
In this case, assuming that the laser power does not fluctuate
and the quantity w is characterized by a Gaussian probability
distribution, we find that

hPFWMi � aP1P2P3hw2i � b
ÿhwi2 � s2w

�
; �39�

hP2
FWMi � b2hw4i � b2

ÿhwi4 � 6s2whwi2 � 3s4w
�
; �40�

where b � aP1P2P3. Using formulae (39) and (40), we derive

hwi � 1���
b
p
�
1

2

ÿ
3hPFWMi2 ÿ hP2

FWMi
��1=4

� 1���
b
p
�
hPFWMi2 ÿ s2FWM

2

�1=4

; �41�

s2w �
1

b

�
hPFWMi ÿ

������������������������������������
hPFWMi2 ÿ s2FWM

2

r �
: �42�

In the case of small fluctuations of the FWM signal,
s2FWM=�2hPFWMi2�5 1, we have

s2w �
s2FWM

4bhPFWMi : �43�

Finally, in the case when the nonresonant part of the cubic
susceptibility is small compared with the resonant compo-
nent, we derive a simple relation between the mean density of
resonant particles and measurable statistical characteristics
of the FWM signal in the case of small fluctuations of this
signal:

hNi �
�����������������hPFWMi

p
w�3�r

���
b
p

�
1ÿ s2FWM

8hPFWMi2
�
: �44�

Thus, due to the nonlinear dependence of the FWMsignal
on the density of resonant species, coherent FWM, in
accordance with formulae (39) and (44), generally gives an
overestimated value of the density of resonant species.

However, for typical conditions of FWM experiments in
laser-produced plasmas [35, 122, 123, 160, 161] with
s2FWM=hPFWMi2 � 0:16, the deviation of the true map of the
concentration of resonant particles from the map of the
FWM signal was rather small (about 2%).

9.2 Point-by-point two-dimensional mapping of the relative
populations of atomic and ionic excited states
in a laser-produced plasma
For the experimental investigation of the spatial distribution
of the populations in excited states of atoms in an optical-
breakdown plasma, a four-photon process oFWM � o1�
o2 ÿ o0 can be employed [35, 122, 123, 215], where o0 is the
frequency of fundamental radiation of a Nd:YAG laser,o1 is
the frequency of the second harmonic of aNd:YAG laser, and
o2 is the frequency of a tunable dye laser. The frequency of
the dye laser has to be chosen in such a manner as to ensure a
resonance between the frequency oFWM of the FWM signal
and the frequency corresponding to a certain transition
between electronic states of atoms excited in a laser-
produced plasma (a hyper-Raman resonance).

Generally, studying the intensity of the FWM signal for a
spectral component under investigation as a function of
spatial coordinates with allowance for phase mismatch and
one-photon absorption, one can determine the spatial
distributions of the relative populations of resonant atomic
or ionic states in a plasma. Representing the measured spatial
distribution of the FWM intensity as a two-dimensional gray-
scale map, we can visualize the relative populations of the
levels involved in a resonance (see Refs [35, 122, 123]). Figure
13 displays two-dimensional maps of the relative intensity of
the FWM signal with a resonance at the frequency of the
transition between the 7s 3P

o
0 and 6p2 3P1 states in Pb atoms

and between excited states of N atoms in a laser-produced
plasma probed in the longitudinal direction [123]. Similar
maps representing the results of transverse plasma probing
are shown in Fig. 14. Each point in these maps represents the
result of averaging over 100 laser pulses (the correctness of
such an averaging procedure was discussed in Section 9.1).
The spatial resolution of this point-by-point two-dimensional
mapping technique in the plane of plasma scanning (the yz-
plane for the longitudinal scheme in Fig. 13, and the xz-plane
for the transverse scheme in Fig. 14) was determined by waist
sizes of the laser beams employed to generate the FWM
signal. For the considered experiments, the maximum waist
diameters of the beams were 100 mm. The maps presented in
Figs 13 and 14 were obtained in the collinear FWM geometry
and are, therefore, not resolved in the direction of probing
(along the x-axis for the longitudinal scheme, and along the y-
axis for transverse probing).

9.3 The influence of phase mismatch and one-photon
absorption
As demonstrated in Section 2, the effects of phase mismatch
and one-photon absorption may lead to a deviation of the
dependence of the FWMsignal power on the concentration of
resonant species from a quadratic function, which should be
taken into account in experiments on two-dimensional
mapping. In this section, we describe the results of measure-
ments that allow direct estimation of the influence of phase
mismatch and one-photon absorption on the regime of
nonlinear-optical interaction in a laser-produced plasma
with the above-specified parameters. Experiments carried
out in Refs [122, 123] allowed the intervals of delay times,
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where resonant and nonresonant FWM interactions occur in
the regime close to phase matching and where the influence of
one-photon absorption is negligible, to be determined. For
this purpose, the power P of the FWM signal at the output of
the plasma was investigated as a function of the effective
length L of nonlinear-optical interaction in a plasma. The
effective interaction length was changed through the varia-
tion of the angle between the laser beams involved in FWM
and the axis of the laser spark. For this purpose, the
cylindrical lens CL1 (see Fig. 5), which focused laser
radiation on the surface of the target, was rotated.

Figure 15 presents the results of such measurements for
nonresonant FWM and FWM involving hyper-Raman-type
resonances due to the 7s 3Po

0 ! 6p2 3P1 transitions in Pb
atoms. As can be seen from these plots, the intensity of the
nonresonant FWM signal is a quadratic function of the
effective interaction length for all delay times t that might be
of practical interest. For small t, the dependence of PFWM on
L in resonant FWM considerably differs from a quadratic
function (open squares in Fig. 15). Under these conditions, a
procedure of reconstructing the spatial distribution of the
relative populations of resonant levels from two-dimensional
maps of the FWMsignal power is especially complicated, as it
should be performed with allowance for phase-matching
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effects and one-photon absorption. For delay times of the
order of 4 ms (full squares in Fig. 15), there exists a range of
effective plasma interaction lengths where the dependence of
PFWM on L in resonant FWM can be satisfactorily approxi-
mated by a quadratic function.

Applying the above-described procedure of measure-
ments, we can estimate, in accordance with formulae (1) ±
(5), the characteristic length of coherent interaction, i.e. the
minimum of lcoh and labs � min�li; lFWM�, i � 1; 2; 3 para-
meters. Indeed, since the condition b > L was satisfied for
the geometry of measurements in Refs [122, 123], we can lean
upon the plane-wave approximation to provide a qualitative
description of the experimental results. Therefore, as long as
L < lcoh, labs, one can expect that the intensity of the FWM
signal emerging from a laser-produced plasma should scale
as the square of the nonlinear-interaction length, as in the
case of nonresonant FWM (the inset to Fig. 15) and within a
certain range of variation of the effective plasma length in
the case of resonant FWM for sufficiently large delay times.
For effective interaction lengths greater than 6 mm, the
dependence of PFWM on L for large t noticeably differs from
a quadratic function. Hence, for FWM with a resonance at
the frequency of the 7s 3Po

0 ! 6p2 3P1 transition in Pb atoms
under conditions of the above-described experiments, we
have an estimate min�lcoh; labs� � 6 mm for delay times
around 4 ms. For small delay times, the characteristic
lengths lcoh and labs are sufficiently small, so that the
dependence of the FWM signal power on L substantially
differs from the quadratic dependence even for a thin plasma
layer. As can be seen from the inset to Fig. 15, nonresonant
FWM occurs in the regime when the relations lint < lcoh, labs
are satisfied.

Thus, the experimental procedure implemented in Refs
[35, 122, 123, 215] makes it possible to quantitatively
characterize the influence of one-photon absorption and
phase mismatch on the FWM signal power as a function of
the concentration of resonant species. The use of the
experimental data obtained by means of this procedure in
combination with the results of theoretical investigations
allows one to perform a correct analysis of the spatial
distribution of the populations of excited atomic and ionic
states in a laser-produced plasma.

9.4 Two-dimensional mapping of the spatial distribution of
atoms in a laser-produced plasma with one-dimensional
coherent FWM
As demonstrated in Section 9.2, the main drawbacks of the
experimental technique of point-by-point two-dimensional
mapping of relative populations of excited atomic and ionic
states in plasmas are associated with the fact that such a
procedure requires a considerable number of measurements
and does not provide resolution in one of the spatial
coordinates (see Table 3). Furthermore, since the data
concerning the distribution of plasma species for different
points of the laser spark are obtained with different sets of
laser pulses, i.e. in fact, for different plasma sparks, we need to
perform averaging over a certain number of pulses to smooth
out jumps in two-dimensional maps resulting from inevitable
fluctuations of plasma parameters from pulse to pulse. With
such a procedure, we can generate two-dimensional maps
only for an averaged spatial distribution of plasma species,
which considerably lowers the value of the proposed
procedure for the investigation of fast processes in spatially
nonuniform media.

These difficulties can be eliminated if one could map a
laser-produced plasma in two dimensions using an FWM
scheme that would provide information on the spatial
distribution of species from a certain area rather than from a
single point of the plasma. Multipoint folded FWM schemes,
where the FWM signal is generated in the area of intersection
of noncollinear pump beams, offer much promise for the
solution of this problem. The basic advantage of such an
approach is that it provides an opportunity to generate single-
pulse two-dimensional plasma images, for instance, to take
snapshots of spatial distributions of plasma species, which
considerably reduces the losses of useful information. Similar
to the techniques recently developed for the investigation of
gas flows [217], instantaneous single-pulse plasma imaging
would be important, in particular, for the description of
plasma media in terms of statistical parameters and for the
investigation of spatial correlations of plasma fluctuations.
Obviously, the implementation of coherent wide-beamFWM
schemes is possible only when the efficiency of the FWM
process employed for plasma imaging is high enough to allow
a reliable detection of the FWM signal. According to the
estimates presented inRef. [214], such aprocedure holdsmuch
promise for the investigation of spatially inhomogeneous fast
processes in a multicomponent laser-produced plasma.

The experimental technique for two-dimensional imaging
of the spatial distribution of atoms in a laser-produced
plasma, implemented in Refs [160, 161], was based on a one-
dimensional FWM scheme, where the FWM signal was
simultaneously generated along a certain line in the plasma
(Fig. 16). Similar to the point-by-point mapping technique
described above, one-dimensional FWM employed a four-
photon process with a hyper-Raman resonance, when the
frequency of the FWM signal oFWM � o1 � o2 ÿ o0 (where
o0 is the frequency of fundamental radiation of a Nd:YAG
laser, o1 is the frequency of the second harmonic of a
Nd:YAG laser, and o2 is the frequency of a tunable dye
laser) was in resonance to the transition between the 7s 3Po

0

and 6p2 3P1 states of Pb atoms with a wavelength of 368.45
nm (see the inset to Fig. 3a) in a laser-produced plasma. The

b

k2

k0
k1

kFWM

ya

b

Target

Pl
as
m
a

Plasma
excitation

o1

o2

o0o0

k0

k2

k1

kFW
M

oFW
M

a

Figure 16. Two-dimensional imaging of spatial distributions of atoms in a

laser-produced plasma bymeans of one-dimensional FWM: (a) a diagram

of noncoplanar FWM in wide light beams, and (b) a diagram of the wave

vectors.

346 A M Zheltikov, N I Koroteev Physics ±Uspekhi 42 (4)



one-dimensional FWM signal generated in a folded FWM
scheme (Fig. 16) was employed to image the spatial distribu-
tions of plasma atoms line by line. In this scheme, a pair of
cylindrically focused coplanar wide light beams with frequen-
cies o1 � 2o0 and o2 and wave vectors k1 and k2, forming a
small angle y, irradiate a thin plasma layer in a plane parallel
to the plane of the target. A cylindrically focused beam with
frequency o0 and wave vector k0, which makes an angle a
with the plane of the k1 and k2 vectors, irradiates the laser-
produced spark from above. As this takes place, the FWM
signal is generated in the area of intersection of three wide
light beams with wave vectors k0, k1 and k2 in the direction
kFWM determined by phase-matching conditions and forming
an angle b with the plane of the target. Imaging the one-
dimensional FWMsignal onto aCCDarray allows the spatial
distribution of excited lead atoms in a certain cross section of
the plasma to be mapped line by line.

The two-dimensional maps shown in Fig. 17 were
obtained with y � 0 and a � 3� in the longitudinal (see the
top of Fig. 17a) and transverse (see the top of Fig. 17b)
schemes of plasma probing. Two-dimensional maps of the
spatial distributions of lead atoms were generated line by line
through scanning the laser-produced spark with a step of 50
mm along the z-axis. Each of 21 images of one-dimensional
FWM, used to generate the two-dimensional maps shown in
Fig. 17, represents the result of averaging over 100 laser
pulses. The spatial distribution of atoms was mapped under
experimental conditions when inequalities (8a) and (8b) were
satisfied, i.e. FWM occurred in the coherent regime and
absorption effects were negligible. The sensitivity of one-
dimensional FWM imaging of lead atoms was estimated as
1014 cmÿ3.

The spatial resolution of three-color folded FWM
imaging implemented in Refs [160, 161] is determined by the

following factors (see Table 3). The spatial resolution along a
CCD array in the direction perpendicular to the wave vector
kFWM (see Fig. 16) is determined by the resolution of the
imaging system (objective L2 in Fig. 5). For the considered
one-dimensional scheme of FWM-signal detection, the
resolution along the direction perpendicular to the axis of
the multichannel analyzer and orthogonal to the wave vector
kFWM is limited by the geometric size of the area where the
FWMsignal is produced. If a two-dimensional photodetector
was used, the spatial resolution in this direction would be
entirely determined by the resolution of the imaging system
(see the details in Section 9.5).

The one-dimensional FWM scheme employed in Refs
[160, 161] does not allow one to resolve coherently emitting
sources within the area of intersection of probing beams,
determined by the interaction geometry (see Table 3). In
particular, the size of this area in experiments [160, 161] was
680� 14 mm. Obviously, the spatial resolution of the FWM
technique can be improved in this case at the expense of the
intensity of the FWMsignal, which is proportional to �lint�2 in
the phase-matched regime in the absence of absorption.

9.5 Prospects of nonlinear-optical methods for the
reconstruction of three-dimensional distributions of atoms
and ions in laser-produced plasmas
The reconstruction of three-dimensional distributions of
physical parameters of an optically thick medium (tempera-
ture and concentration of atoms or molecules, flow fields of
velocities, turbulence parameters of a flow) from two-
dimensional maps of the intensity of light transmitted
through such a medium usually requires a rather compli-
cated mathematical procedure [218 ± 220]. Although impress-
ive conceptual and technical progress has been achieved in the
development of such methods, especially in connection with
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medical applications [221] and plasma tomography [222 ±
225], alternative techniques capable of providing information
about the spatial distribution of physical parameters in
optically thick media are still in great demand. In contrast to
tomographic reconstruction of three-dimensional spatial
distributions of physical parameters, which requires a series
of measurements with subsequent solution of the relevant
inverse problem, coherent folded broad-beam FWM allows
such spatial distributions to be reconstructed from direct
measurements (see Table 3).

In Section 9.4, we discussed an experimental technique
that provides an opportunity to reconstruct distributions of
excited atoms in a certain cross-section of a plasma line by
line. Although such an approach requires fewer measure-
ments than a point-by-point technique, a considerable
number of measurements should still be performed to
compose the resulting two-dimensional image. A straightfor-
ward generalization of the above-described multipoint FWM
technique for plasma diagnostics is to extend the plasma
imaging to two dimensions. With such an approach, the
information on the spatial distribution of species in laser-
produced plasmas can be extracted slice by slice rather than
line by line. Ewart et al. [34] have employed wide-beam
DFWM to image spatial distributions of atoms in a flame.
A frequency-nondegenerate FWM technique for the recon-
struction of three-dimensional distributions of atoms in a
laser-produced plasma slice by slice has been proposed and
substantiated by Akimov et al. [214]. In this scheme (Fig. 18),
a sheetlike beam irradiating a plasma from above is replaced
by a collimated beam that has the shape of a cylinder whose
axis makes an angle a with the plane of the k1 and k2 vectors,
which is parallel, as before, to the plane of the target. The
FWM signal is generated in a two-dimensional area of
intersection of pumping laser beams in the direction deter-
mined by phase matching, carrying information concerning
the distribution of physical parameters of a plasma in this
area. Imaging the interaction region onto a CCD matrix in
FWM light, one can reconstruct the three-dimensional
distribution of plasma parameters slice by slice.

The spatial resolution of this method of imaging along x-
and Z-directions perpendicular to the wave vector kFWM (see
Fig. 18 and Table 3) is determined by the resolution of the
imaging system (objective L2 in Fig. 5). As demonstrated in
Ref. [226], if the intensity of the FWM signal is sufficiently
high and an appropriate objective is used, the resolution in

these directions may be sufficient for the implementation of
coherent FWM microscopy schemes, similar to the scheme
described in Ref. [227]. Spatial resolution along the vector
kFWM is determined in this case by the length of the beam
interaction area and depends on the interaction geometry.

An obvious advantage of the approach described above
over line-by-line imaging is that such a technique would
provide an opportunity to generate two-dimensional images
of plasma parameters with a single laser pulse, i.e. to take
snapshots of whole plasma sections. Such an approach would
be especially useful for the investigation of spatially inhomo-
geneous fast processes in a laser-produced plasma.

Table 3 summarizes the potential of different methods for
the reconstruction of spatial distributions of plasma para-
meters, based on coherent FWM. As can be seen from this
table, going over from the collinear FWM scheme to a folded
one [228], we improve the locality of the information on the
properties of a medium. In contrast to the collinear scheme,
the noncollinear technique does not require the solution of an
inverse problem for the reconstruction of spatial distributions
of physical parameters from FWM intensity measurements
integral in the interaction length with allowance for phase
mismatch and absorption. However, if the parameters of the
medium under study fluctuate from pulse to pulse (as in the
case of a laser-produced plasma), the point-by-point scheme
allows only the mean values of parameters to be mapped. In
this case, wide-beam folded FWM schemes implying the
imaging of a two-dimensional FWM signal carrying informa-
tion on the instantaneous distribution of physical parameters
in some cross section of a medium, may provide much more
useful data. Importantly, collinear schemes of point-by-point
FWM measurements generally provide no resolution along
the direction of the vector kFWM, while the resolution along
transverse x- and Z-directions is limited by the sizes of focused
pump beams. As we pass from the noncollinear scheme of
point-by-point measurements to two-dimensional FWM
imaging through the intermediate scheme of one-dimen-
sional FWM, the spatial resolution becomes less and less
sensitive to the interaction geometry and is more and more
dependent on the resolution of the imaging system (shaded
cells of Table 3), which eventually allows FWM microscopy
schemes, similar to that demonstrated in Ref. [227], to be
implemented.

10. Conclusions

The results of recent experimental and theoretical studies on
coherent FWM, discussed in this review, demonstrate that the
variety of coherent FWM methods for the investigation of
excited and ionized gases currently involves a unique
combination of experimental schemes providing frequency-
and time-domain (spectrochronographic) information on
excited gas media (above all including atomic and ionic
components of such media), allowing separate components
of complex nonstationary gas and plasma systems to be
selectively investigated with the use of the polarization-
sensitive FWM technique and coherent ellipsometry, and
also permitting nonlinear-optical imaging of spatial distribu-
tions of atoms and ions in excited gases and plasmas.

We have considered novel applications of two-dimen-
sional imaging based on coherent FWM with hyper-Raman
resonances. Experiments carried out in this direction demon-
strate that such an approach can be efficiently used for the
investigation of spatial distributions of physical parameters in
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excited and ionized gas media, including optical-breakdown
and gas-discharge plasmas. In particular, wide-beam coher-
ent FWM provides an opportunity to implement two-
dimensional mapping of the relative populations of excited
states of atoms and ions in a low-temperature laser-driven
plasma produced at the surface of a metallic target. This
experimental approach is characterized by a high spatial,
temporal, and spectral resolutions and is, therefore, especially
useful for the investigation of fast spatially nonuniform
processes in a laser-produced plasma. The polarization
dependence of FWM spectra allows the sensitivity and
selectivity of coherent spectrochronography of multicompo-
nent excited gas media to be considerably enhanced and the
contrast of FWM images of such media to be appreciably
improved.

Intermediate resonances at the frequencies of transitions
between excited states of atoms make it possible to consider-
ably (by several orders of magnitude) increase the efficiency
of nonlinear-optical frequency conversion in a laser-pro-
duced plasma, thus radically improving the sensitivity of
coherent FWM plasma diagnostics. Polarization-sensitive
broadband FWM spectroscopy permits one to record
spectra of multicomponent optical-breakdown plasmas with
a single laser pulse, which provides an opportunity to
eliminate the influence of inevitable pulse-to-pulse fluctua-
tions of plasma parameters on the accuracy of spectroscopic
measurements and allows one to extract information con-
cerning joint spatial distributions of different plasma compo-
nents, using a single pulse of a laser spectrometer. Application
of the polarization technique to FWM spectroscopy of
plasma enables active control of the shape of the FWM
spectrum, which makes it possible to suppress or enhance
certain components in the FWM spectra. Due to these
properties, the proposed experimental technique provides an
opportunity to investigate the spatial distributions of the
intensities of interfering spectral lines independently of each
other.

Coherent FWM ellipsometry allows one to resolve closely
spaced atomic and ionic lines in FWM spectra and, in some
cases, to perform an independent spectrochronographic
analysis of the real and imaginary parts of the nonlinear-
optical cubic susceptibility of a medium. Under certain
conditions, coherent FWM ellipsometry makes it possible to
reconstruct spectral dependences of interfering lines in FWM
spectra and to extract the data concerning the phase
difference for resonant components of the third-order non-
linear polarization of a medium.
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