
Abstract. The possibility of the brightness and temperature of
scattered radiation exceeding the attendant magnitudes for the
incident radiation is predicted for the case of a noninverted
medium, based on the analysis of radiation transfer equations.
The irreversible nature of the process and impossibility of
introducing ray approximation are identified as the necessary
conditions.

The question about the limit of the possible concentration of
radiation, which is directly related to the question concerning
the transformation of its brightness and temperature, has two
traditional formulations. Let the radiation be incident upon
an optical system and then leave it (henceforth the subscript 1
refers to the incident and the subscript 2 to the outgoing
radiation). The process is assumed to be stationary with no
other energy coming into the system.

1. Can the brightness of the outgoing radiation exceed the
brightness of the incoming radiation (B2 > B1)?

2. Can the radiation temperature of the outgoing light flux
exceed the temperature of the incoming radiation (T2 > T1)?

These formulations are in fact almost equivalent because
for incoherent radiation with frequency n the effective
temperature is uniquely related to the spectral radiance [1]:

dB

dn
� Bn � hn

c
�
exp�hn=kT� ÿ 1

� : �1�

Radiation with a Planck distribution has one and the same
temperature at all frequencies. For light with radiance B and
an arbitrary spectral distribution of radiance Bn one intro-
duces the concept of a radiation temperature which is equal to
the temperature of Planck radiationwith the same radianceB.

The radiation power density I is related to the radiance B
as follows [2]

I �
�
O
B dO cos y � OBmean ; �2�

where Bmean is the mean value of the radiance. The solid angle
O cannot exceed 4p (in radiation focusing, lenses and mirrors
are used to enhance the solid angle). Thus, the affirmative
answers to both the first and the second questions mean that
the possibility of increasing the radiation power density in
improving the optical system, i.e. in providing fulfillment of
the condition B2 > B1, is in a sense `unlimited'.

However, the answers to the first and the second questions
are as a rule negative. The negative answer to the first
question is typically substantiated by the Lagrange ±Helm-
holtz law and theAbbe conditionwhich are generalized by the
Straubel theorem [3]. According to this theorem, in a non-
absorbing medium we have n2 dSdO � const, where n is the
refractive index, and dS is the area of the beam cross-section.
The negative answer to the second question rests on the
Liouville theorem on conservation of phase volume, or on
the second law of thermodynamics.

In actuality, the Straubel theorem is only valid in the
framework of geometrical optics, when at all stages of an
optical process the ray approximation, i.e. the feasibility of
identifying the line along which the energy flux propagates,
can be introduced. In particular, this theorem does not hold
for isotropic scattering of radiation. Obviously, in this caseO2

has a fixed value equal to 4p and does not depend on O1. The
second law of thermodynamics does not forbid the heating of
a hot body by the radiation of a colder body but only requires
that the total entropy be increased. The Liouville theorem can
be applied to the radiation transfer processes only if the light
beam trajectory can be determined [4].

So, the laws of statistical physics and optics listed above
do not forbid the possibility of increasing the brightness and
the temperature of radiation. A universally known example of
such an increase is optically pumped lasing [5], and there is no
reason to think of this example as unique.

The brightness of incoherent radiation is proportional to
the number of photons per mode [6]. This means that to
increase the radiance, the process of mode population should
be more efficient than its depopulation. From this it follows
that no gain in the radiance is possible as long as the principle
of detailed balance holds [7]. Thus, the radiance can increase
only in an irreversible process, i.e. upon a build-up of the total
entropy.

A convenient example of an irreversible optical process,
for which the ray approximation is inapplicable, is lumines-
cence because in this type of light scattering the direction of
propagation of the secondary radiation is in no way
connected with the direction of the incident radiation. The
feasibility of heightening the radiance in the presence of
luminescence can readily be established from a simple
analysis of the radiation transfer equation.

In the simplest case, when the temperature of the medium
is much lower than the radiation temperature, the transfer
equation has the form [8 ± 10]

dB2

dr
� ÿa2�r; s�B2�r; s� � r�r; s� ; �3�

where a2 is the Bouguer absorption of the medium for the
luminescence radiation, r is the source power density, and r
and s characterize the spatial coordinates and the direction,
respectively. It is of importance that the source power density
is proportional to the power density I1 of the incident
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radiation and to the Bouguer absorption a1 of this radiation:

r�r� � a1
4p

I1G�r�Z : �4�

Here G�r� is the geometric factor, and Z is the energy
efficiency of the luminescence. The power density I1 and the
radianceB1 of the incoming light flux are related as in Eqn (2),
which makes it possible with allowance for Eqns (2) ± (4) to
assume the radiance of the outgoing light flux to be a
functional of the radiance of the incoming light (the
frequencies of the incoming and outgoing radiations are
different):

B2�r; s� � F
�
B1�r; s�

�
: �5�

For a homogeneous isotropic medium equation (3) takes
the form

dB2

dx
� ÿa2B2 � r�x� �6�

and its solution is [10]

B2�x��B2�0� exp�ÿa2x� �
�x
0

r�x0� exp �ÿ a2�xÿ x0�� dx0:
�7�

When the radiation is incident on a half-infinite medium
(see the figure below) with refractive index equal to unity, the
geometric factor can be estimated as

G�z� � exp�ÿa1z� :

For the luminescence radiation propagating along the x-axis
near the boundary, expression (7) gives

B2�x� � Z
a1
a2

O1

4p
B1

�
1ÿ exp�ÿa2x�

�
; �8�

and for x4 aÿ12 the outgoing radiance is equal to

B2 � Z
a1
a2

O1

4p
B1 : �9�

A similar relation also holds for a luminescent optical
fiber [11].

Thus, the radiance B2 of the outgoing light flux exceeds
the radiance B1 of the incoming light flux if the condition
holds:

Z
a1
a2

O1

4p
> 1 :

To enhance the radiance, a luminescent medium need not
have an inverse population. The quantity V � �a1=a2�Z
depends on the parameters of the medium only. For many

materials (activated glasses and crystals, semiconductors, dye
solutions) the parameter V is of the order of 102 ± 103. For
example, for the activated semiconductor CdS, the quantity
a1 is equal to about 5� 104 cmÿ1 for excitation in the region
of fundamental absorption; a2 is of the order of one reciprocal
centimetre for luminescence with awavelength of 550 nm, and
the energy efficiency Z of the luminescence is nearly 10% [12,
13]. For the parameter V this gives a value of the order of
5� 103, and according to Eqn (9) the radiance of the outgoing
light flus is 50 times higher than the radiance of the incident
light flux provided that the latter is concentrated within a
solid angle of the order of 0.1 sr. The estimates of the
parameter V for glasses activated by rare-earth elements are
of the same order of magnitude.

Summarizing, we should mention the following crucial
points. A necessary condition for the increase of the radiation
temperature and the radiance is the irreversibility of the
optical process. Obviously, in the particular case of the ray
approximation, the irreversibility due to the dissipation
cannot, by virtue of the Straubel theorem, entail an increase
of the radiance, and in the ray approximation the radiance
can grow in an inverse medium only 1. Media with inversion,
in which laser generation and phenomena similar to stimu-
lated scattering are possible, demonstrate only one of the
opportunities to increase the radiance. The simple model
considered above indicates the possibility of a multiple gain
in radiance in a medium without inversion under lumines-
cence which is a particular case of incoherent optical
scattering.
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1 In wave optics, the concept of radiance is largely a matter of convention

[2, 8], and the feasibility of enhancing the radiance in a medium without

inversion requires special consideration in this case.

204 A V Shepelev Physics ±Uspekhi 42 (2)


