
Abstract. Statistical models of an electron solvated in a classi-
cal liquid are reviewed. The analogy between the behaviour of a
quantum particle and a polymer chain results in that statistical
physics methods can be applied to the solvated electron pro-
blem. We have derived basic relations for thermodynamic and
structural characteristics of the solvated electron. The free
energy of the solvated electron and the effective electron ±
solvent potential as well as the electron ± solvent correlation
function are studied in detail. The calculated results are com-
pared with experimental data and a quantum molecular dy-
namics simulation for simple, polar, and Coulomb liquids. We
also outline many-particle quantum effects, such as electron ±
electron interactions and dielectron (bipolaron) formation. The
potentialities and restrictions of the statistical method are also
discussed.

1. Introduction

An actual problem of modern chemical physics is the study of
a solvated electron, namely, an excess electron in a fluid,
which does notmake chemical bonds. The solvated electron is
an object of intensive theoretical investigation and computer
simulation (see, for example, reviews [1 ± 5]). Such a mixed
quantum-classical system is suitable to demonstrate the
potential of various simulation methods such as quantum
molecular dynamics, the path integral method, and a variety
of combined schemes.

Numerous experimental techniques have been developed
and extensive experimental evidence on the behaviour of the
solvated electron in various media has been accumulated [6 ±
13]. We wish to highlight two experimental facts, which seem
the most impressive. The first is with the electron localization
in a cavity formed due to interaction between the electron and
ambient atoms [14, 15] (see also Ref. [16] considering two-
dimensional analogs of such electron states). It is typical for
nonpolar media and occurs in liquid helium. The second
example is concerned with polar liquids, where the solvated
electron is considered as an anion of characteristic radius
about 3 A, surrounded by a solvent shell of complicated
structure [17 ± 19].

Present-day theoretical approaches are based on the
assumption that the behaviour of a solvated electron is
similar to that of a closed polymer chain. Strictly speaking,
the problem of a quantum particle in a liquid can be reduced
to that of calculating the configuration of the isomorphic ring
chain [20].

Figure 1 shows schematically the configuration of such
polymer in a solvent. Full circles represent the electron
density distribution, while the open circles correspond to
liquid particles. The above-cited examples are the limiting
cases of the polymer chain behaviour. Cavity formation takes
place when the polymer resides in a poor solvent and a
polymer globule arises (Fig. 2), while the complex solvate
structure is generated when the attractive forces between
polymer units and solvent particles prevails (see Fig. 3
depicting the simulation data for an electron solvated in
water [21]).

The analogy between the problems enables one to use
various numerical procedures [22 ± 31] and methods devel-
oped in the theory of equilibrium liquids [32]. The statistical
approach appears extremely efficient for calculating a variety
of characteristics of a solvated electron [33 ± 58]. Its accuracy
is highly competitive with that obtainable in simulation by the
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Monte Carlo or quantum molecular dynamics methods. On
the other hand, using this approach, we can describe the
electron behaviour on a microscopic level and derive nearly
analytical dependences of the structural and energetic
characteristics of the solvated electron on the macro- and
microscopic parameters of the liquid, such as density,
temperature, pressure, size and charge of solvent particles,
etc.

This work provides a review of statistical models of a
solvated electron, outlining the main methods and results
obtained by this approach. Our aim is to show that the
solvated electron serves as a new and extremely interesting
object for which statistical physics methods are suited. These
methods enable us to understand the behaviour of a quantum
particle in a liquid, considering the liquid as a spatially
disordered medium. Section 2 is devoted to the statistical
theory of the solvated electron. There we present the
formalism of the statistical approach and give the basic
relations for the thermodynamic and structural characteris-
tics of the solvated electron. The similarity of the problems of
the solvated electron and polyatomic molecule allows us to
use themethod of integral equations, described in Section 2.3,

to investigate the solvated electron behaviour. In Section 3 we
consider twomain approaches:Mayer cluster expansions and
the method of direct correlation functions, which enable us to
provide a concise description of a classical liquid and reduce
the problem to the evaluation of a path integral. In Section 4
we submit a variational evaluation of the path integral and
obtain general relations for the free energy and the effective
potential of a solvated electron. In Section 5 the results of
calculations with the use of the statistical models are
comparedwith experimental data and the theoretical expecta-
tions based on quantum molecular dynamics for an electron
solvated in nonpolar, polarizable, polar, and Coulomb
liquids. Section 6 presents the potentialities of the method
related to the consideration of many-body quantum effects
such as electron ± electron interactions and the formation of
bipolaron (dielectron) states. Other potentialities of the
method as well as its restrictions are discussed in Section 7.

Expounding the theory we tried to avoid rigorous
mathematical derivations, restricting ourselves to the basic
relations.

2. Statistical theory of a solvated electron

2.1 Formalism of the statistical treatment
Solvent atoms interacting with a solvated electron set up a
complicated potential field for the electron. A detailed
consideration of this field is an extremely intricate problem.
However, there is a large parameter N of the theory, i.e. the
number of interacting solvent atoms, which allows us to treat
the field as random, use self-averaging, and reveal the
dependence of the solvated electron behaviour on the
averaged parameters of the liquid. In this statistical
approach the problem is reduced to the calculation of the
partition function. For an electron solvated in a classical

Figure 1. Schematic representation of a solvated electron as a closed

polymer chain. Full circles conform to the electron density distribution,

while the open circles correspond to liquid particles.

Figure 2.A closed polymer chain behaves similarly to an electron solvated

in liquid helium, forming a cavity.

Figure 3. A closed polymer chain generates a complex solvate structure.

The Monte-Carlo simulation data for an electron hydrated in water [21].

The symbols are the same as in Fig. 1; the bonds between polymer units are

not shown.
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liquid the partition function Z can be written in terms of a
configuration integral depending on the configuration of
classical particles R1; R2 . . . � RfNg, and a path integral
taken over the electron path r�t�:

Z /
�
D
�
r�t�� � dRfNg exp

�
ÿbUss�RfNg�

ÿ
�b
0

dt
�
1

2
_r2�t� �

X
i

u
ÿ
r�t� ÿ Ri

���
: �1�

Here Uss is the interaction potential between the particles of
the liquid, u�rÿ Ri� is the pairwise interaction potential
between the electron and a solvent particle, and Ri is the
coordinate of the ith solvent particle. In the above relation
kBT � 1=b is the temperature (we use the system of units for
which �h � 1, me � 1), while the symbols D�r�t�� stand for�

D
�
r�t�� / lim

n!1

��rn�r 0
r1�r

. . .

�
dr1 dr2 . . . drn :

Let us consider a closed polymer chain consisting of n
units. Assume that the size of the units is small �l! 0�, and
their number is large �n!1�, while b � nl 2 takes finite
values. In what follows we use the functional variable n � tl 2

instead of t. Then relation (1), correct to the notation, will
describe the partition function of the polymer chain consist-
ing of n units, with the interaction potential equal to
lÿ2u�r�n� ÿ R� [20, 59]. The representation of the partition
function of polymer chain as a path integral is based on a deep
analogy between quantum mechanics and Brownian motion,
which was repeatedly pointed out earlier [60, 61].

If we know the partition functionZ�b� or the correspond-
ing density matrix %�r; r; b� (Z � � %�r; r; b� dr), we can
directly calculate various averages

hAi /
��
%�r; r 0; b�A�r; r 0� dr dr 0

characterizing the electron state: its mean radius squared
hR2i, the average interaction potential hu�r�i between the
electron and a particle, the influence of weak external fields,
etc.

One can also calculate the thermodynamic properties of
the electron state, such as the free energy F, entropy Gent, and
average energy E:

bF � ÿ lnZ ; Gent � b2
qF
qb

; E � F� 1

b
Gent : �2�

Thus, the problem of an electron solvated in a classical
liquid is reduced to calculations of a multiple integral (1). In
present-day numerical calculations N � 300, while the rele-
vant polymer chain contains n � 300 units [24], i.e. the
integral multiplicity is huge. Hence, the main problem of the
theoretical treatment of expression (1) is to reduce the integral
multiplicity, preserving all the interesting physical properties
of the system under consideration. In some cases, the
possibility of such a concise description is provided by a
special choice of potentials Uss�r� and u�r�, allowing one to
integrate relation (1) analytically for some degrees of free-
dom. In other cases, it can be realized due to the low
dimensionality of the space.

In our conditions we can divide the problem into several
stages.

In the first stage, we should provide a concise description
for liquid. For this purpose, the influence of the electron on
the environment is considered as an external field hui, and one
evaluates the configuration integral in (1) using the statistical
physics methods based on various group expansions (see, for
example, Refs [62, 63]). As a result, we derive a path integral
with an effective influence functional Feff�r�t�� depending on
the thermodynamic and structural parameters of the liquid.
Some examples of such transformations are presented in
Section 3.

The second stage deals with the variational evaluation of
the path integral obtained. The evaluation implies solution of
nonlinear equations, resulting in a self-consistent calculation
of the dependence of the electron density distribution on the
density r, temperature T and other parameters of the liquid.
The scheme of this evaluation is outlined in Section 4.

At the final stage, using the dependences obtained, we
calculate the parameters of the solvated electron which can be
examined experimentally: the electron mobility m�r;T; . . .�,
the absorption coefficient k�o; r;T; . . .�, susceptibility, etc.
Some examples of such calculations and a comparison with
the experimental data are given in Section 5. The above
quantities are expressed in terms of the solvated electron
structural characteristics, which are responsible for the
electron behaviour in space and time and for structural
changes in the solvent caused by the electron.

2.2 Structural characteristics of a solvated electron
To determine the solvated electron behaviour, we should
average the density matrix of the whole system %�RfNg; r; r�
over classical configurations RfNg and calculate the wave
function for the electron ground state j�r�:

%�RfNg; r; r��

RfNg � %0�r; r� / j2�r�. For simple estimates it
is sufficient to use the Gaussian wave function

j�r� �
�
2a
p

�3=2

exp�ÿa2r2� : �3�

The wave function j�r� is applied to obtain the average
parameters hAi � � A�r�j2�r� dr.

Another important structural characteristic of the sol-
vated electron is the electron ± solvent binary distribution
function ges�r� which describes the probability of a solvent
particle occurring at a distance r from the centre of the
electron localization:

ges�r� � ÿ d lnZ
d


bu�r�� ; �4�

and coincides with the definition of a binary distribution
function [63] for a classical particle with the potential
hui � � u�r�j2�r� dr. In the general case ges�r!1� � 1, but
ges�r! 0� 6� 0, which is due to the quantum behaviour of the
solvated electron. As for a classical liquid we can introduce
the total electron ± solvent correlation function

hes�r� � 1ÿ ges�r� :

The function ges�r� determines the behaviour of the
solvate structure around the electron, which depends on the
type of interactions between the electron and the solvent
particles. Using ges�r�, one can also calculate the coordination
number [44] and other characteristics of the solvate structure.
The quantitative measure of predominance of repulsive or

February, 1999 Statistical physics of the solvated electron 151



attractive forces is DN, which defines a change in the average
number of solvent particles bound to the electron, as
compared to uniform liquid density:

DN � r
��
ges�r� ÿ 1

�
dr : �5�

AtDN < 0, repulsive forces prevail and a cavity of typical size
aÿ1 is formed. When DN > 0, attractive forces are dominant
and a cluster arises. Figures 4 and 5 show these two types of
behaviour of ges�r�. Figure 4 demonstrates the electron ±
solvent binary function for different polarizabilities of solvent
atoms [58]. The curves 1 �m � 23a30� and 2 �m � 15a30� (a0 is the
Bohr radius) correspond to cluster formation, and the curve 3
�m � 0� represents bubble formation.

The other limiting case is illustrated in Fig. 5 where the
binary radial distribution function geK��r� in molten KCl is
depicted [44]. As is seen, a complex solvate structure arises
near the centre of the electron localization.

Among the structural characteristics of the solvated
electron the quantity R2�t� � 
jr�t� ÿ r�0�j2�, i.e. the mean
square of displacement, plays a peculiar role. This quantity

describes the response of the system to a weak external
perturbation; it determines the rates of various relaxation
processes or corresponding kinetic coefficients (see Section 5).
Applying the fluctuation-dissipative theorem, we can relate it
to the generalized susceptibility [45]. The mean square of
displacement characterizes not only the ground electron state,
but also the excited states. A rough estimate of the lowest
excitation energy E1 and the absorption maximum
omax � E1 ÿ E0 can be found from the approximation

R2�t� � R2
0

�
1ÿ exp�ÿomaxt�

�2
; 04 t4

b
2
: �6�

The quantity R2
0 is related to the parameter a:

R2
0 � �3=4�aÿ2, and presents the mean radius squared of the

solvated electron. In the general case, R2�t� is time-depen-
dent, therefore to calculate it we should carefully investigate
the asymptotic behaviour of the electron as a function of a
complex variable t� it and use relevant methods of analytic
continuation [36]. For the free electron R2�t� is calculated
analytically: R2

free�t� � 3t�1ÿ t=b�. The typical behaviour of
R�t� is shown in Fig. 6. The solid line corresponds to the free
electron, and the dashed one to a localized electron state.

By analogy with the polymer chain we can also introduce
a self-pair electron correlation function [33]

oe

ÿjrÿ r 0j; tÿ t 0� � 
d�rÿ r 0 ÿ r�t� � r 0�t��� : �7�

This describes the probability of two chain units with
subscripts t and t 0 occurring at a distance jrÿ r 0j. The
Fourier transform of the correlation function is defined by
the mean square of displacement: oe�k; t� �
exp�ÿk2R2�t�=6�. The Fourier transform of the average self-
pair electron correlation function can be expressed in terms of
the wave function of the electron ground state:

o0
e�k� � bÿ1

�b
0

dtoe�k; t� � j2�k� : �8�

1 2 3

0.1 2.1 4.1 6.1 r=10a0

2

ges�r�

1

0

Figure 4. Electron ± solvent binary function for different polarizabilities of

solvent atoms [58]. Curve 1 applies to m � 23a30, 2 Ð m � 15a30, and 3 Ð

m � 0.
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Figure 5. Binary radial distribution function geK� �r� in molten KCl [44] at

T � 1000 K; the dashed line corresponds to the path-integral simulation

data [22].
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Figure 6. Dependence R�t=b�bÿ1=2. The solid line corresponds to the free

electron, and the dashed one to a localized electron state.
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The functions j�r�, ges�r�, R2�t�, and oe�k; t� are related
to each other. The solvated electron induces a mean field
hu�r�i depending on the electron density distribution deter-
mined by j�r� oro0

e�r�. This results in a rearrangement of the
solvent particles and an effective density rges. In turn, the
mean field hu�r�i depends self-consistently on ges. Thus, the
problem reduces to calculation of the functional dependence
ges
ÿhu�r�i�.

2.3 Integral equations
In practice it is rather difficult to reveal the functional
dependence ges�hu�r�i�. In some cases it is more convenient
to lean upon integral equations, for example, the Ornstein ±
Zernike equation for a solvated electron [33]:

hes�r� �


ces�r�

�� r
�

ces�rÿ r 0��hss�r 0� dr 0

� 
ces�� rhcesi � hss : �9�
Here the symbol `�' denotes convolution integration, while
hss�r� is the total correlation function for uniform liquid. This
equation links hes and the direct correlation function hcesi
responsible for the direct effect of a solvent particle on the
electron density distribution. The Ornstein ±Zernike equa-
tion is exact, but requires an additional closure determining
the asymptotes hes�r! 0� and



ces�r!1�

�
. Two most

frequently used closures are the hypernetted chain closure
(HNC) applied to Coulomb systems, and the Percus ±Yevick
(PY) approximation (hes � ÿ1, r < r0, hcesi � 0, r > r0). The
latter is employed for liquids with a short-range repulsion
potential.

At first glance it would seem that we have complicated the
problem. Rather than straightforwardly seek the dependence
ges
ÿhu�r�i�, we introduced the additional function ces�r� and

used some additional approximations. However it turns out
that in the equilibrium liquid theory there are well devised
closure schemes as well as numerical and analytical methods
for solving the related equations (9) (see, for example, Ref.
[64]).

The physical meaning of the quantity hces�r�i can be
revealed if the field hu�r�i is considered as external. Then it
can be defined as the direct correlation function for the liquid
in this field [65, 66]:

ges�r� � exp
�ÿbhu�r�i � hces�r�i� : �10�

Certainly, the evaluation of dependence (10) as well as
ges�hu�r�i� is rather complicated in most cases, therefore,
sometimes it is to more advantage to solve Eqn (9) employing
various approximations for closure.

Another useful relation is the Kirkwood integral equation
[50]

ln ges�r� � ÿb


u�r��

ÿ rb
�1
0

dz
�
dr 0


u�r 0��ges�r 0; z�hss�rÿ r 0� : �11�

Here z is the coupling coefficient corresponding to the
introduction of an additional quantum particle (an excess
electron), while ges�r� � ges�r; z � 1�. This equation deter-
mines in a self-consistent way the dependence ges�hu�r�i�.
However, some additional suggestions about ges�r�,
depending on the coupling coefficient z, are required to
solve it.

3. Description of the environment in terms
of correlation functions

The first step in reducing the multiplicity of integral (1)
consists in providing a concise description of the environ-
ment in terms of correlation functions. Here we describe two
main ways to derive the effective electron functional, i.e. the
one based on the group expansions, and the method leaning
upon integral equations of type (10).

3.1 The Mayer cluster expansions method
Using the Mayer cluster expansions method [67], the
configuration integral in Eqn (1) can be written via solvent
density correlation functions. Then, the partition function (1)
is transformed into a path integral with an effective functional
Feff depending on these correlation functions [48, 52, 53]. Let
us introduce the generalized Mayer function f�r� of a
quantum particle, defined as

f�rÿ R� � exp

�
ÿ
�b
0

u
ÿ
r�t� ÿ R

�
dt
�
ÿ 1 : �12�

Although this expression does not simplify the calculation
of the configuration integral, it enables us to use further
approximations. For example, the irreducible density correla-
tion functions of order higher than three are often ignored for
a liquid or a dense gas. Then, integral (1) is expressed [53] as

Z /
�
D�r� exp�ÿbFeff�r�

�
�
�
D�r� exp

�
ÿ
�b
0

dt
1

2
_r2�t� � f � r� 1

2
f � w2 � f

�
: �13�

In this relation the correlation function w2�R� � r2hss�R� can
be found either by using analytical theories or employing
molecular simulation. For simple liquids, the information on
the function can be obtained experimentally [63]. We can also
include solvent density correlations of a higher order in the
effective functional, when needed.

In effect, the method under consideration reduces the
problem to the evaluation of the averages h f i and h f � w2 � f i.
The evaluation can be consistently carried out if the short-
range repulsion potential is dominant and h f i varies fromÿ1
to 0. The method is adequate for simple classical liquids (see
Section 5)

3.2 The direct correlation functions method
The other method leans upon the direct correlation function
ces�r� and was first implemented in the reference interaction
site model (RISM-polaron theory) [33 ± 47, 51]. In this
approach use is made of the effective influence functional

bF RISM
eff �

�b
0

�
1

2
_r2�t� ÿ 1

b
ces
ÿ
r�t� ÿ R

� � r�dt
ÿ 1

2b2

�b
0

�b
0

ces
ÿ
r�t� ÿ R

� � ~w2 � ces
ÿ
r�t 0� ÿ R 0

�
dt dt 0; �14�

where ~w2�r� � r2d�r� � r2hss�r�. In contrast to Eqn (13), a
rigorous derivation of Eqn (14) is lacking. The choice of
effective functional (14) is motivated by the assumption that
the solvent is characterized by the Gaussian density distribu-
tion PG�r�r�� for which the function ces�r�t� ÿ R� determines
the coupling between the electron and a solvent particle [33].
When the potential bu�r�5 1 is weak, relation (14) coincides
with (13) to an accuracy of terms quadratic in b.
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In turn, the average direct correlation function hces�r�i
and hes�r� are related, as in the RISM theory [32], by the
integral equation

rhes�r� �
�
dr1

�
dr2


ces
ÿjr1 ÿ r2j

��
o0

e

ÿjrÿ r1j
�
~w2�r2� : �15�

An essential feature of Eqn (15) is that an additional
closure of PY or HNC type is required to solve it, but the
explicit form of the dependence ges�hu�r�i� is not necessary.
Notice that the functional involving direct correlation
functions is quadratic in b, whereas the influence functional
(13) is not. In this sense, functional (14) is similar to the
polaron effective action [80], and hence the methods used
for evaluating the polaron action can be applied to this case
too.

Formulae (13) and (14) express the effective interaction
between the environment and the solvated electron in terms of
solvent density correlation functions. Therefore the potential
between the electron and a solvent particle is a preassigned
function, while the solvent density is a random quantity
responsible for state fluctuations in the system. In some
problems of physics of disordered systems [68 ± 70], the
effective electron ±medium interaction potential is treated as
a random quantity, and various approximations of this
interaction are used. In the relationships under considera-
tion, we used correlation functions of a uniform liquid and
functions which can be found independently from the
equilibrium liquid theory. The pairwise electron ± atom
potential can also be obtained independently from the
quantum-chemical calculations [71 ± 73].

Besides, there are a number of statistical models of a
solvated electron, where some parameters of the effective
potential are taken as statistical quantities. To illustrate, these
are the number of molecules in the first coordination shell
[74], the polarization of environment [75], the cavity depth
[76], the cavity size and the energy of hydrogen bonds [77],
and the interaction potential between the electron and
Coulomb or dipole charges of liquid particles [78, 79].

4. Variational evaluation
of the effective functional

4.1 Estimation by a trial action
The path integral

�
D�r� exp�ÿS0� can be analytically calcu-

lated only for a special form of action S0, for example, when
this action is the quadratic functional

S0�r� �
�b
0

�
m

2
_r2�t� ÿ 1

b2

�b
0

a�tÿ t 0���r�t� ÿ r�t 0���2� dt dt 0:
�16�

In the general case, we can form a variational estimate of
the integral, using a quadratic trial action S0 depending on
parameters a [80]. Then one obtains

Z5Z0 exp
�hS0�a� ÿ SeffiS0

�
;

where symbol h. . .iS0
denotes averaging with respect to the

trial action S0, namely,

hS0 ÿ SeffiS0
�
�
�S0 ÿ Seff� exp�ÿS0�D�r� :

The estimate (16) will be optimal, if its right-hand part is
maximum:

Z ' Zopt � exp�ÿbF � ; dF
da
� 0 : �17�

As a result, relation (16) yields a set of nonlinear algebraic
equations linking the parameters

am �
�b
0

a�t� exp�2ipmbÿ1t� dt

of the trial action S0 and the parameters of the effective
functional Feff. For instance, using approximation (3) we
derive a nonlinear algebraic equation for the parameter a:

3a � r
b

�
�1� rhss � f � � dfda

�
� P�a� : �18�

To solve it, we should find the dependence f�a�. In
Ref. [58], this was obtained for the case of a simple
polarized liquid. Figure 7 plots a graphical solution for the
extremum of the free energy functional F 0�a� of a solvated
electron for various polarizabilities m of solvent atoms [58].
Curves 1 ± 4 correspond toP�a�: 1ì m � 23a30, 2ì m � 15a30,
3ì m � 0, 4ì m � 5a30 (where a0 is the Bohr radius); curve 5
applies to T 0�a� � 3a. As is seen, there exist two solutions for
which F 0�a� < 0: the trivial one (a � 0) corresponding to the
extended state, and the nontrivial one to the localized electron
state.

The estimate through the trial action (16) was first
submitted in the polaron problem [80] for two parameters a1
and a2. A similar method was first applied to a solvated
electron in the RISM-polaron model [34], where relations for
am were derived, the number m of the Fourier transform
components approaching several hundred. The advantage of
the method considered is that the free energy can be estimated
for both the localized and extended electron states. However,
a large set of nonlinear algebraic equations should be
numerically solved in this case.

4.2 The SchroÈ dinger equation and the effective potential
for a solvated electron
On the whole, the trial action method reduces the problem to
the calculation of averages and optimization of the estimates.

a

F 0�a�
1

2

34

5

Figure 7.Graphical solution for the extremumof the free energy functional

F 0�a� of an electron solvated in a simple liquid for various polarizabilities

m of solvent atoms [58]. Curves 1 ± 4 correspond to P�a�: 1 Ð m � 23a30,

2Ð m � 15a30, 3Ð m � 0, 4Ð m � 5a30 (where a0 is the Bohr radius); curve

5 represents T 0�a� � 3a.
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There is another method for localized electron states, which is
similar to the saddle point approach. In thismethod, a density
matrix %0�r; r 0� is introduced, specifying the trial action S0.
The optimization of the free energy results in a nonlinear
differential equation for %0�r; r 0�. When the electron ground
state is not degenerate and therefore %0�r; r� � j2�r�, we
obtain the nonlinear SchroÈ dinger equation for the wave
function of the ground state [58]:�

ÿ 1

2
D� Veff

ÿfjg; r�ÿ E

�
j�r� � 0 ; �19�

Veff

ÿfjg; r� � ÿ r
b

�
�1� rhss � f

� df
dj2

�
;

where E is the electron energy. Hereinafter we will drop the
subscript S0 in performing the averaging.

The effective potential Veff�r� is related to the electron ±
solvent distribution function ges�r� as

Veff�r� � rges � u � r
�
ges�r 0�u�rÿ r 0� dr 0 : �20�

In the modified mean-field theory [49, 50], the Ornstein ±
Zernike equations are used as an alternative to the RISM-
polaron equation. There the typical size aÿ1 of the electron
state is considered as a parameter which, in turn, is found
from the SchroÈ dinger equation with the potential Veff�r�
depending on ges�r�. The equations are solved using a self-
consistent procedure.

A detailed study of the solvated electron behaviour in
various liquids essentially depends on the type of liquid,
which is determined by the potential u�r�. In the general
case, the potential u�r� includes short-range �u�r� � u0, r < r0�
and long-range �u�r� � ul�r�, r > r0� parts. Typical behaviour
of the potential u�r� is depicted in Fig. 8.

Figure 9 shows the effective potentialVeff�r�. It is seen that
as a result of redistribution of solvent particles the potentials
Veff�r� and u�r� differ significantly. The effective potential
Veff�r� also includes short-range �Vs�r� � rges � us� and long-
range �Vpol�r� � rges � ul� portions (Fig. 9, curves 2 and 3,
respectively). The asymptotic behaviour of the effective
potential was studied in Ref. [52]. The short-range and long-
range parts of the potential coincide with the results of
semicontinual theory for a solvated electron [3]. In particu-

lar, the short-range part is found to be Vs � V0, where V0 is
the cavity depth given by solvent parameters. On the other
hand, for polar media

Vpol�r!1� � ÿ
�
1ÿ 1

E

�
e2
�
j2�R�jrÿ Rjÿ1 dR

(where E is the dielectric constant of the medium).
A mere combination of these two asymptotics effects a

semicontinual treatment of the effective potential [3]: a
combination of the cavity formation and polaronic tails. In
essence, the semicontinual treatment reduces to a piecewise
continuous approximation of the effective potential with an
arbitrary fitting parameter Ð the cavity radius. In the
statistical approach this parameter is not necessary, and the
effective potential can be calculated through microscopic
consideration of environment, namely, using the electron ±
atom interaction pseudopotential u�r� and solvent density
correlation functions.

Problems (18) and (19) are much simpler than the
straightforward calculation of the partition function (1).
They self-consistently determine the dependences f

ÿhu�r�i�
or Veff�fges; ug�. From this point of view, the approach
considered is one more self-consistent mean-field treatment
of the solvated electron.

5. Specific features of the behaviour
of a solvated electron in various media

5.1 Simple classical liquids
The behaviour of an excess electron in a simple liquid is
determined by two main effects: polarization and short-range
interactions between the electron and solvent atoms. In this
case the potential u�r� can be approximated as

u�r� � us�r� ' L

2

d�r�
r2

; r4 r0 ;

u�r� � ul�r� � ÿme2rÿ4 ; r5 r0 : �21�

Here L � 2
�
us�r�r2 dr is the scattering length, which can be

evaluated experimentally or theoretically [81], m=2 is the
atomic polarizability, and e is the electron charge.

2 4 r, A
0

u�r�

Figure 8. Typical electron ± particle pseudopotential u�r�.
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Figure 9. Effective potential ~Veff�~r� � 2Veff�r=s�s2 (curve 1) and its short-

range ~Vs�~r� (2) and long-range ~Vpol�~r� (3) portions [50]. Curve 4

corresponds to the semicontinual treatment of ~Veff�~r� [3].
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The problem of an excess electron with a short-range
interaction potential us�r� was probably first examined in
Refs [82, 83] by themethod ofMayer's functions. Since then it
has been considered in a large number of works. Here we
outline only the main results related to the polarization effect
[58]. At L5 0, the average generalized Mayer function is
written as

f�r�� � exp

�ÿbws

��1ÿ bul � j2� ÿ 1; ws�r� � 2pLj2�r� :
�22�

This formula describes the asymptotic behaviour of


f�r�� as

r! 0 and r!1. Using this estimate of


f�r��, we can find

expressions for the short-range �Vs� and long-range �Vpol�
components of the effective potential and the electron ±
solvent distribution function ges:

Vs � r�1� rhss � fs� exp
�ÿbws

�
2pL�1ÿ bul� ;

Vpol�r� � r�1� rhss � fs� exp
�ÿbws

� � ul ; �23�
ges�r� � �1� rhss � fs� exp�ÿbws��1ÿ bul � j2� ;
fs � exp�ÿbos� ÿ 1 : �24�

In the case of the polarizable medium, the effective potential
Veff includes a shift of the potential well Vpol�r! 0� �
ÿ4prme2a. With regard to the definition of the dielectric
constant 4prm � �1ÿ 1=E�, we find that the medium polar-
ization leads to an additional contribution to the free energy,
equal to ÿ�1ÿ 1=E�ae2.

Using the stepwise approximation

ws�r� � 2pLj2�0�; r < aÿ1 ; ws�r� � 0 ; r > aÿ1 ;

we can also obtain an analytical expression for the cavity size
ac, similar to (18). Notice that at large enough a the gradient
terms w�r� ' ws�r� � H2 ~ws�r� should be taken into account,
which is equivalent to consideration of the interphase at
r ' aÿ1 and the surface energy Es / aÿ2 [15]. Although this
correction somewhat changes the asymptotic behaviour of
the free energy F�a!1� and limiting parameters at which
the above states exist, it has little effect on the qualitative
variation of the quantities under study.

Using the same stepwise approximation for ws�r�, we can
set the condition of clusterization:

rbme2a4 5C0 ; �25�

where C0 is a constant of about unity [57]. Is interesting to
note that as the polarizability rises, a phase transition similar
to the globule ± coil transition takes place [60, 61]. The
peripheral part of the isomorphic polymer chain extends
gradually, the electron density distribution smooths out and
localized electron states disappear (see curve 4 in Fig. 7, for
which only extended electron states exist). Then the localized
electron states arise again (see Fig. 7, curves 1, 2). However,
the newly formed localized electron states differ radically
from the cavity-type structures (see Fig. 7, curve 3) since in
this case the electron localizes at a thickening of gas density
and forms a cluster.

Thus, three situations are principally possible in inert
gases and polarizable liquids: (1) the electron localized in a
cavity, which corresponds to slight polarization and occurs in
liquid helium; (2) the extended electron states (low polariza-
tion of medium occurs in liquid argon), and (3) the cluster

formation at an excess electron (strong polarization of
medium seems to occur in dense xenon). Clusters are
experimentally observed in dense xenon gas [84, 86]. Posi-
tronium clusters are experimentally detected in dense helium
[87, 88] and argon [89] gases.

Similar analytical estimates for hces�r�i were derived in
Ref. [41] on the basis of the RISM-polaron theory, where the
transition from the bubble formation to the cluster state was
shown to occur through extended electron states.

Comparison of the theoretical expectations obtained on
the basis of the RISM-polaron theory [37] with the results of
numerical simulation [31] demonstrates that the statistical
theory is suited to describe electron states localized in helium
and extended electron states in xenon over a wide range of
temperature and density, though slightly overestimating the
electron localization. In Ref. [38], the RISM-polaron theory
was also used to assess the electron mobility in xenon and
argon. The authors calculated the diffusion coefficient
(R2�t!1� � Dt), which was finally obtained in the form

Dÿ1 �
�

b
72p3

�1=2 �1
0

k3


c2es�k�

�
~w2�k� exp

�
ÿ k2b

8

�
dk : �27�

The comparison of these calculations with the experimental
data [84] reveals qualitatively similar dependences of the
electron mobility on the gas density (Fig. 10).

Figure 11 displays the comparison between the work
function V0�r� [85] and the mean electron energy E�r� [38]
in argon. As is seen, their behaviour is similar. The
nonmonotone dependences of these quantities on gas density
are caused by different effects of short-range and long-range
interactions. At low densities the attraction is dominant,
while at high densities the short-range repulsion makes the
main contribution.

In Ref. [90], the RISM-polaron theory was modified to
take into consideration the long-range polarization part ul.
There the HNC closure was used instead of the PY one. The
modification allowed the authors to improve the calculated
results compared to those in Ref. [37]. According to the
calculations, at high densities the correction resulting from
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Figure 10. Electron mobility in xenon [38]. The circles correspond to

experimental data [84], while the solid line represents calculations using

the RISM-polaron theory [38].
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the use of different closures is rather small, while at low
densities, when the long-range potential is most effective, the
HNC closure seems to be more appropriate. However,
comparison with the simulation data shows that the RISM-
polaron theory is suitable only at high densities, since it does
not consider large density fluctuations.

Notice that for inert gases there are also a large number of
works using the density functional theory [91 ± 93]. Such
treatments constitute a limiting case of the statistical models
under review, where only the change in the average density
hr�r�i is taken into account, while the correlations between
gas particles are ignored, i.e. w2 � 0.

The authors of Ref. [48] revealed that for a solvated
electron in a simple classical liquid, when the electron ground
state is dominated, the approaches using the direct correla-
tion function and the Mayer function give similar results to
the accuracy of terms quadratic in hces�r�i.

The authors of Ref. [49] compared calculated results for
the electron state localized in a simple classical liquid,
obtained by various statistical methods, i.e. those with the
estimate of the electron Mayer function h f�r�i, the direct
correlation function hces�r�i, and ges�r� computed from the
Kirkwood equation (11), with the results of numerical
simulation. This comparison revealed that all the cited
methods yield rather similar results (Table 1) but the
thermodynamic characteristics (electron energy) demon-
strate better agreement with the simulation when employing
the estimate of hces�r�i with the PY closure. However, the
model with the PY closure essentially overestimates the share
of the correlation function ges�r�, resulting in an anomalously
sharp solvate structure around the electron, whereas the other

models provide results more close to the simulation data.
Figure 12 plots the electron ± solvent correlation function
ges�r� of an electron solvated in liquid helium [49]
(rs3 � 0:9, T � 309 K). Curve 1 fits the estimate obtained
from (22) at ul � 0; curves 2 and 3 represent estimates found
from (9) with the PY closure and from the solution to (11).
The circles represent the simulation data.

The dependences of the electron effective mass on the
parameters of a simple classical liquid (density, temperature,
atomic diameter) were calculated inRef. [43] using the RISM-
polaron theory. In the case of the free electron in an external
field f, the change in the free energy of the electron is equal to
�24m�ÿ1b3f 2. For the solvated electron in a liquid we can
define the effective mass meff in a similar manner, as the
coefficient of the second-order correction [43]:

DF � �24meff�ÿ1b3f 2 � . . .

In consequence of this it was shown that as the density rises or
temperature decreases the electron passes on from the
extended state to the localized one, and the effective mass
abruptly increases. Figure 13 plots the dependence of the
effective mass meff�b1=2=s� at various solvent densities [43].
The critical temperature of the transition depends nonmono-
tonically on the solvent density.

For a simple classical liquid, the authors of Ref. [94]
proposed a universal scaling law R=Rfree � Fu�rb 1=2s2�,
where Fu is a universal function independent of the elec-
tron ± solvent interaction potential, and s is the size of the
solvent particles. Comparing the computed results obtained
with the use of the RISM-polaron theory in these dimension-
less variables, they found a minor deviation from the above
universal behaviour, the low and upper bounds of the critical
density attendant to the electron transition from the extended
to the localized state decreasing gradually as b 1=2 increases.
This scaling law also allows a correspondence between the
data obtained by the statistical methods and those found by
numerical simulation for diatomic classical liquids to be set
up.

The absorption spectrum of an electron localized in
helium was calculated in Ref. [36] and compared with the

Table 1. Ground-state electron energy E in a simple classical liquid at
T � 309 K and various reduced densities rs3 [49].

Model{ E, eV

rs3 � 0:9 0.7 0.5 0.3

Numerical simulation
Theory
PY
WP
K

1.8

1.84
1.31
1.29

1.35

1.44
1.14
1.12

1.08

1.08
0.95
0.93

0.61

0.76
0.71
0.69

{PY corresponds to the estimate using (9) with the PY closure;
WP using (22) for ul � 0, and K using the solution to (11).
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Figure 12. Electron ± solvent correlation function ges�r� of an electron

solvated in liquid helium [49] (rs3 � 0:9,T � 309K). Curve 1 corresponds

to the use of (22) at ul � 0, while curves 2 and 3 represent the estimates

using (9) with the PY closure and the solution to (11). The circles fit in with

the simulation data.
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data obtained using Monte Carlo simulation for a quantum
particle in helium [95]. Though there is some discrepancy in
the results, on the whole, these approaches provide rather
similar findings.

The localization and annihilation of positronium in xenon
was investigated in Ref. [96] using the RISM-polaron theory
and a primitive model with a short-range repulsive potential.
This primitive model accords very well with the quantum
molecular dynamics data [97]. The decay rate of ortho-
positronium, obtained by the theory, correlates fairly well
with the results of numerical simulation.

5.2 Polar liquids
In the case of polar liquids the interaction between an excess
electron and a solvent particle includes a dipolar attraction
proportional to the dipole moment m of the particle:

ul�r� � �ms�ud�r� � ÿmse2

r2
; r > r0 ; �27�

where s is the unit vector: s � r=jrj. Here the main difference
from simple liquids is that the potential u�r� is not spherically
symmetric but also depends on angular variables. However,
the above consideration can be applied to this potential too, if
we separate out terms with different symmetry.

In the general case the electron wave function j�r� is not
spherically symmetric either:

j�r� � j0�r� � gj�r�sm� . . .

However, if the interaction potential is small compared to the
lowest excitation energy:����� ul�r�j0�r�j1�r� dr

����5 jE0 ÿ E1j ;

where j1 and E1 are the wave function and the energy of the
first excited state with p-symmetry, respectively, we can treat
the nonspherical part of the wave function as a small
correction �g5 1� and take it into account using perturba-
tion theory. In the zero-order approximation j�r� � j0�r�
and we can retain only the terms with spherical symmetry.

The terms with different symmetry should also be separated
out in the correlation function hss�r�:

hss�r� � hs�r� � hD�r�D� hD�r�D ;

D�r; s1; s2� � �s1s2� ; D�r; s1; s2� � 3�s1r12��s2r12� ÿ D ;

where r12 is the radius vector connecting points 1 and 2.
The analysis suggests that in order to estimate



f�r�� we

should take into account the terms proportional to u2d. Then

Vpol � y

4p

�
1� r

3
�hD � 2hD�

�
� ud � exp�ÿbws�ud ; �28�

where y � �4=3�prbm2. It can be shown that as r!1,
Vpol ! �4=3�prbm2�1� rh0D=3�e2rÿ1 � ygKe

2rÿ1, where
gK � 1� �4=3�pr � hD�r�r2 dr is the Kirkwood factor. For
weakly polar liquids ygK � 1ÿ 1=E, and we arrive at the
result similar to the case of a polarizable liquid with
m � bm2=3. Analogous relations can be derived for the
electron ± solvent correlation function ges�r�, too. It is not
spherically symmetric:

ges�r� � �1� rhss � fs� exp�ÿbws��1ÿmsbud� : �29�

We can find an analytical solution for the typical electron size:

3a � 4pC�a�r
ba4

�1ÿ rh0s �
ÿ
1ÿ exp�ÿ3ba3L��

�
�
1ÿ 1

E

�
e2���
p
p cl ; �30�

where cl�a� is a numerical factor � 1:4 for sa � 1. According
to the estimate a0ac � �1=3�

���
p
p

a�1ÿ 1=E� and
hR2i1=2 � 2:5 A. In most polar liquids the value of hR2i1=2
lies in the range 2 ± 3 A, i.e. our estimate is close to the
experimental data [3]. However, if we evaluate the energetic
characteristics of a solvated electron in the above way, we
overestimate them. In principle, for actual liquids we should
also take into account the terms of higher order in hudi. In this
case, an analytical expression of the type of Eqn (30) cannot
be derived, but the evaluation of Vpol can be performed in the
conditions of dominant orientational ordering. Such a
potential for an electron solvated in a dipolar liquid was first
obtained in Ref. [98] and was recently considered in Ref. [79].
Its main difference from (30) is in that the orientational
saturation for this potential occurs at r � aÿ1, so Vpol is no
longer proportional to m2. Figure 9 plots the effective
potential ~Veff�~r� � 2Veff�r=s�s2 for an electron solvated in a
Stockmayer liquid [50].

We assumed in the foregoing that the electron ground
state is spherically symmetric, and the asymmetric component
of the potential results in a small correction dE0 �
� �j0 � uj1�2=jE0 ÿ E1j. As ud increases and E0 ! E1, the
state will degenerate. In this case the electron ground state
should be considered as a combination of s� p states. At
E0 ! E1, the states collapse and the symmetry of the wave
function changes. This effect seems to be revealed in Ref. [39]
for a hydrated electron, where the calculations were per-
formed at various cut-off radii of the electron ± hydrogen
potential.

The authors of Ref. [39] used the RIMS-polaron theory to
describe the behaviour of a hydrated electron. Liquid was
modelled with the data on the structural factor of water,
found by numerical simulation. According to these calcula-
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Figure 13. Dependence of the electron effective mass meff�b1=2=s� for
various solvent densities [43]: 1Ð rs3 � 0:3; 2Ð 0.45; 3Ð 0.6; 4Ð 0.8.
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tions, both energetic and structural characteristics of the
hydrated electron are in good agreement with the results of
numerical simulation [26]. The calculated chemical potential
of the hydrated electron differs from the experimental one
only by 1%. It is interesting to note that as the cut-off radius
of the electron ± hydrogen potential substantially rises, the
electron state becomes supertrapped on hydrogen atoms,
which may be related to the above-indicated change in the
symmetry of the wave function. Similar calculations with the
use of the RISM-polaron theory were carried out at
temperatures varying from 25 to 90 �C [51]. In contrast to
the previous work, the structure of water was calculated using
the extended RISM theory. This allowed the authors to
obtain a nonmonotone temperature-dependent isothermal
compressibility of water quite close to the experimental
dependence. Calculations of various energetic and structural
properties of the hydrated electron were also performed and,
in particular, the temperature dependence of the excitation
energy was presented. The calculated mean square of the
electron radius proved to be close to the results of numerical
simulation [26].

Table 2 presents the energetic characteristics of the
hydrated electron: the chemical potential �F�, the energy
�E�, the average kinetic �hTi� and potential �hPi� energies,
DE � E1 ÿ E0, and the mean radius. These values were also
calculated by numerical simulation with the use of the simple
point charge (SPC) model and the modified SPC model of
water [50] or using a statistical treatment [39, 50, 51, 102]. For
comparison, Table 2 also lists the relevant experimental data.
The calculated electron binding and excitation energies differ
from the experimental ones by 30%. However, the tempera-
ture dependence of the lowest excitation energy nearly
coincides with the results of measurements. Figure 14 plots
this dependence for a hydrated electron [51]. The dashed line
corresponds to the experimental data.

The influence of temperature, pressure and the concentra-
tion of additional ions on the shape of the spectrum was
investigated in Ref. [52] with a statistical treatment. The
calculated dependences of the absorption maximum on
pressure and temperature agree with the experimental
evidence [99 ± 101].

An extended version of the polaron approach was studied
in Ref. [102] as applied to an electron solvated in a polar
liquid. In addition to electron solvation by classical particles
this model also took account of the electronic polarization of
medium. The polarization was determined using the high-
frequency dielectric constant E1, while the state of the
solvated electron was approximated by a spherically sym-
metric distribution, whose mean radius was found by

extremizing the free energy functional. The latter involved
corrections caused by the finite sizes of solvent molecules and
the electron state. The solvent molecules were considered as
polarizable rigid spheres, while the interaction between an
electron and a molecule was treated using the mean spherical
approximation. The calculated electron radius and energy
agree with those found by the RISM-polaron theory or by the
path-integral simulation. Inclusion of the surface energy and
the external pressure effects into consideration does not
substantially affect the results. The authors concluded that
with increasing molecular diameter the electron radius also
increases and the electron energy decreases, and the reverse
when the polarity �E0� increases. With decreasing polariz-
ability �E1�, the electron radius and energy rise.

The authors of Ref. [50] investigated an excess electron
solvated in a Stockmayer liquid using the mean-field theory.
In contrast to the RISM-polaron treatment where ces�r� is
calculated, the authors evaluated ges�r� using the Ornstein ±
Zernike integral equations which involved themean square of
the electron radius. The latter was self-consistently deter-
mined via the SchroÈ dinger equation depending on ges�r�. The
calculated data on the electron localization, energy proper-
ties, and the solvate structure around the electron are close to
the results of numerical simulation (see Table 2). According
to the computations, the presence of the long-range attraction
between the electron and a solvent molecule makes the value
of the total electron energy negative in contrast to the case of a
nonpolar liquid. This also somewhat reduces the mean
electron radius, but the calculated decrease in the radius is
less than that obtained in simulations.

Table 2. Energy properties of a hydrated electron.

Model DF DE ÿdDE=dT hTi ÿhPi ÿE hr2i1=2

Numerical simulation

SPC water model [50]

Modified SPC water model [50]

[27]

Theory

[50]

[102]

[51]

[39]

Experiment [7]

ÿ0:96
ÿ1:62

ÿ1:61

2.2

2.6

1,73

0.0035

0.0029

1.9
1.8
2.1

1.8

1.82
2.0

4.3
3.6

3.6

6.08
7.0 ë 8.0

2.4
1.8
3.0

1.8
2.0
4.26
5.0

3.0 [126]

2.3
2.4
2.4

2.2
2.3
2.0
2.0

2.1 ë 2.8
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1.2
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1.8
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Figure 14. Temperature dependence of the lowest excitation energy DE for

a hydrated electron [51]. The dashed line corresponds to the experimental

data.
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An excess electron in a Stockmayer liquid has recently
been investigated by path-integral simulation [103]. The
results obtained agree with the previous theoretical expecta-
tions. According to the computations, the electron localiza-
tion is mainly determined by the short-range repulsive force
between the electron and a solvent molecule. The increase in
the dipole moment of a solvent particle enhances the process
of electron localization, and decreases the electron ground
energy.

5.3 Coulomb systems
An important property of Coulomb systems is the presence of
two types of charges. The electron ± ion interaction features a
short-range electron ± cation attraction us�, which may result
in electron localization on the atom.

Calculations for an electron solvated in molten KCl were
carried out in Ref. [44] on the basis of the RISM-polaron
theory. There the HNC closure was used. The structural
factor was taken from the data on the numerical simulation of
KCl melt. As a result, the typical electron size was found to be
R ' 3:2 A at T � 1000 �C, and the electron was found to
localize on a potassium atom (see Fig. 5 depicting the binary
radial distribution function geK��r� in molten KCl [44]). The
calculated distribution function geK��r� is close to that found
using the path-integral simulation [22]. The authors of Ref.
[44] concluded that the difference between these functions at
r! 0 relates to overestimation of the electron localization by
the variational method. In Ref. [45], the RISM-polaron
model was used to calculate the frequency dependence of the
generalized susceptibility and the absorption coefficient
K�o�:

K�o�� Im

�
i�1� exp�ÿbo�� �1

ÿ1
dt exp�iot� d2

2dt 2
R2�t�

�
: �31�

The author found the maximum �omax� and the half-width
�do� of the absorption spectrum of the solvated electron to
be: omax ' 2:2 eV and do ' 0:6 eV. The path-integral
simulation yields omax ' 1:7ÿ1:8 eV, do ' 0:5 eV, while the
experimental finding is omax ' 1:3 eV. In our opinion, this
discrepancy is probably caused by the neglect of the quantum
degrees of freedom for liquid (electron ± electron interac-
tions). An attempt to improve the results by varying the cut-
off radius of the electron ± cation pseudopotential [46]
insufficiently decreased the variational estimate of the
absorption maximum. The inclusion of the rigid-sphere
repulsion in the electron ± ion potential and variation of the
rigid-sphere sizes of ions did not yield a pronounced effect
either [47].

The authors of Refs [104, 108] considered the problem of
an excess electron in an electrolyte on the basis of the polaron
approach. Using functional integration, they wrote the grand
partition function as

X �
�
D�c� exp�ÿbF ÿc; hui�� ; �32�

F
ÿ
c; hui� � T�

��
HhuiHcÿ

ÿ
Hhui�2
2e1

ÿ �Hc�
2

2

�
dr

ÿ rbÿ1 � � f �ebc� � f �ÿebc�� ;
where T is the electron kinetic energy, hui ��
ej2�r�jrÿ Rjÿ1 dr is the electron ± ion potential, c is the

total potential of the field induced by all charges, and e1 is the
high-frequency polarizability caused by electron polarization.

Varying the functional F
ÿ
c; hui�, they derived the SchroÈ din-

ger equation with the potential Veff�z� � e
�
eÿ11 hui ÿ c

�
,

where the field potential c�r� satisfies the Poison ±Boltz-
mann equation

Dc � ÿ4pe
�
r
�
f �ÿbec� ÿ f �bec��� j2

�
: �33�

In this form the model is yet another application of the
statistical treatment, where short-range correlations between
ions of the second-order and higher are ignored, while the
electron ± electron interactions are considered as in the
conventional polaron theory [127]. The calculated data on
the dependence of the absorption maximum on the ion
concentration agree qualitatively with the experimental
results, according to which a blue shift is observed as the ion
concentration increases [101]. Figure 15 plots the changes in
the absorption maximum for the hydrated electron versus the
extent of LiCl dissolution [105].

6. Many-particle quantum effects

6.1 Electron ± electron correlations
The consideration of quantumdegrees of freedomof a solvent
particle substantially enhances the multiplicity of integral (1),
therefore, electron ± electron interactions can hardly be taken
into account in full measure. One of the simplest approxima-
tions permits the Drude model for quantum oscillations of a
solvent particle to be used, according to which the dipole
moment of a solvent particle m�t� fluctuates at a certain
frequency o0, i.e. m�t� � m0 exp�io0t�. For such a liquid the
correlation functions hss�r; m0;o0� can be calculated numeri-
cally using the mean spherical approximation [110, 111]. The
electronic properties (spectrum of electronic excitations) for
such a polarizable liquid with internal degrees of freedom
have been intensively investigated [110 ± 116]. Without mak-
ing a detailed comparison of the cited works, we only indicate
that all they actually reduce the problem to the evaluation of a
correlation function heff�r� for a classical liquid with an
effective interaction potential. Having written the long-
range part of the electron ± atom pseudopotential for the
liquid as ul

ÿ
rÿ r�t�; t�� ÿl�t�rerÿ3, one can calculate

0 2 4 6
1.7
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Figure 15. Changes in the absorption maximum for a hydrated electron

versus the extent of LiCl dissolution [105]: 1Ð experiment, 2Ð theory.
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heff�r; m0;o0�. Then the derived expression is substituted into
the above formulae and the influence of quantum oscillations
of electronic shells on the solvated electron is taken into
account.

Calculations of this type were performed using the RISM-
polaron theory [37]. Figure 16 shows the calculated changes in
the free energy bDF versus the reduced solvent density rs3 for
various polarizabilities m and reduced frequencies �o � o0s2.
Notice that the case �o! 0 corresponds to a classical
polarizable liquid, while �o!1 corresponds to the adia-
batic approximation. As is seen from the figure, the inclusion
of quantum corrections can substantially (many-fold) change
the solvated electron energy.

6.2 The problem of a dielectron
The significance of taking into account the electron ± electron
interaction is especially conspicuous in the problem of a
dielectron (bipolaron), i.e. two excess electrons solvated in a
liquid and forming a coupled state. This problem seems to
have been first considered in detail for a number of liquids
(water, ammonium) and polar matrices (ice, triethylamine,
etc.) on the basis of the semicontinual approximation [117].
The authors showed that in all the cited media, the dielectron
states are stable and energetically preferable to two single-
electron states. No experimental data to confirm these
conclusions have yet been obtained. Numerical simulations
using quantum molecular dynamics yield different results for
water [118] and metal ± ammonium solutions [119]. Accord-
ing to the computer simulations, dielectron states are stable in
water, while in a metal ± ammonium solution only the singlet
spin-pairing states of dielactron are stable, the triplet one
decaying at a metal concentration of about 1 mol%. The
pronounced effect of spin-pairing states was observed in the
experiment [120, 121] as a sharp decrease of magnetic
susceptibility (Fig. 17). Numerical calculations [122] using
quantum molecular dynamics and the Kohn ± Sham method
demonstrate that the bipolarons form a cluster, and the
electrons become delocalized as the metal concentration
further increases. A similar transition was also revealed for
fermions solvated in a rigid-sphere classical liquid [123].

A statistical model of a dielectron was considered in
Ref. [55] by the method of generalized Mayer functions.
There the free energy functional and the effective potential
for the dielectron and their asymptotic behaviour were
considered, ignoring electron ± electron correlations. It

should be reiterated that for actual liquids the electron ±
electron interaction has to be taken into account, but it is a
rather labourious procedure. The numerical calculations of a
dielectron performed in Ref. [55] confirm this conclusion,
revealing the stability of the dielectron state to be rather
sensitive to these interactions. Notice that the necessity of
including electron ± electron interactions was repeatedly
pointed out [117, 119].

7. Scope for the statistical approach

We have reviewed the general relationships determining the
behaviour of an electron solvated in a classical liquid. The
main criterion for applicability of the statistical method is the
condition that the number DN of particles bound to the
electron and given by (5) be large, i.e. DN4 1. Note that the
opposite limit DN! 0 corresponds to two electron states:
when the electron is strongly bound to a single solvent particle
and we should use quantum-chemical calculations for the
electron ± particle complex, or when the electron is extended
over the whole volume and does not form any bound states.

The comparison of the results of theoretical treatment,
numerical simulations, and experimental data on an electron
solvated in various liquids shows that the statistical theory is
rather suited to describe thermodynamic and structural
properties of the solvated electron in most cases. The variety
of statistical approaches relates mainly to the following
factors:

(1) various approximations of the electron ± atom pseu-
dopotential u�r� are used;

(2) various correlation functions are chosen to describe
electron ± solvent interactions;

(3) various closures relating these correlation functions
are applied.

The first factor is not essential [46, 47], when it does not
lead to a change in the symmetry of the electron state. In view
of the quantum behaviour of a solvated electron the third
factor does not, generally, result in any qualitative changes
either, but it can provide a correction [90]. The second factor
is chiefly responsible for the differences in estimates obtained
by different statistical methods.

Notice that the use of variational estimates is a conven-
tional procedure; it is similar to the density functional method
[91 ± 93], the optimal fluctuation method for electron states in
disordered systems [124] and variational estimates in the
fluctuon theory [125]. In the general case, the effective
functional Feff of the solvated electron can be written as an

2

1

10ÿ2 10ÿ1 100 101
10ÿ5

10ÿ4

10ÿ3

MPM

w

Figure 17. Experimental dependence of the paramagnetic susceptibility w
in metal ± ammonium solution on the metal concentration [121]: curve

1 corresponds to T ' 240 K; curve 2 to T � 373 K.
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Figure 16.Reduced free energy bDF of an electron solvated in a polarizable

liquid versus the reduced solvent density rs3 for various polarizabilities m
and reduced frequencies �o [37]: 1 ± 3 Ð m � 0:1s3; 1 Ð �o � 0:1; 2 Ð
�o � 1; 3Ð �o � 10.
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infinite asymptotic power series in density r. It is difficult to
assess whether it is appropriate to restrict the consideration in
form (13) or (14) to only a finite number of terms of the series.
The method of collective variables [66] could provide a basis
for assessments of this type. This method could accelerate the
convergence of cluster expansions and restrict the number of
the terms accounted for in the free energy functional.

Inmostmodels under consideration the liquid is treated as
classical. In some situations this leads to overestimation of the
energetic and especially kinetic characteristics of the solvated
electron. Note that the condition for a liquid to be classical is
not so rigid in the statistical model. The way of taking into
account quantum effects of the environment was described in
Section 6. In the case of `soft' electronic shells, when o4E0,
where o is a characteristic frequency of the electron shell
oscillations, this results in the polaron effect and can be taken
into account by the replacement of the factor of 1ÿ 1=E by the
Pekar factor 1=E1 ÿ 1=E in the terms proportional to
j2 � u � j2 [109, 127]. Otherwise, when o ' E0, the electro-
nic shells weakly affect the electron ground state, however,
their influence on the absorption spectrum of the solvated
electron can be substantial.

Performing averaging, we actually considered only diag-
onal elements of the density matrix %�r; r� / j2�r� and
ignored the off-diagonal ones. The nondiagonal disorder
becomes significant in the case of a dominant short-range
attractive potential �us < 0�. Examples of such calculations
are presented in Ref. [114].

We have not also considered the effects caused by a finite
value of the volume of the system or the number of particles in
it. Such effects are important for clusters [128]; in particular,
they may result in the formation of surface localized electron
states.

The problem of the solvated electron in a liquid near a
phase transition point remained beyond the scope of our
review. In this case the electron interacting with the fluctua-
tions of the order parameter forms a new fluctuon state. The
physics of fluctuons was considered in Ref. [125].

8. Conclusions

In our opinion, the statistical approach considered in the
review is a powerful method allowing us to calculate the
thermodynamic properties and structural characteristics of
the solvated electron on the microscopic level. It enables us to
evaluate self-consistently the behaviour of a quantum particle
in various media, depending on the molecular structure and
thermodynamic state of themedium. The possibility of taking
account of many-body quantum effects such as electron
polarization and bipolaron formation gives a wide opportu-
nity to extend the method to other problems. The statistical
approach combined with the quantum molecular dynamics
method can serve to find nonequilibrium characteristics of the
solvated electron or to calculate the electron behaviour in
complex media (polymer liquids, glasses, etc.). We hope new
interesting results will be obtained in this field in the near
future.

In conclusion we wish to thank V D Lakhno for a useful
discussion and D Thirumalai, D Chandler, R Cukier,
G Malescio, J P Hernandez, and B NMiller for presentation
of their preprints.
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