
Abstract. Currently available data on the real, Rs, and ima-
ginary, Xs, parts of the microwave frequency surface impe-
dance Zs � Rs � iXs are presented for the high-quality single-
crystal high-temperature superconductors YBa2Cu3O6.95,
Ba0.6K0.4BiO3, Tl2Ba2CaCu2O8ÿd, Tl2Ba2CuO6�d, and
Bi2Sr2CaCu2O8. A high-precision technique for measuring
the temperature dependences Rs(T ) and Xs(T ) in the range
4:24T4 150 K is described. Surface impedance and com-
plex conductivity features common to single-crystal high-tem-
perature superconductors are formulated and the temperature
variation of these properties is analyzed. To explain the
experimental data, a modified two-fluid model is used, which
includes quasi-particle scattering and accounts for the char-
acteristic change in the density of superconducting carriers at
low and near-critical temperatures. Prospects for the micro-
scopic theory of the high-frequency response of high-tempera-
ture superconductors are discussed.

1. Introduction

The superconducting interaction and symmetry of the order
parameter in high-temperature superconductors (HTSC) are
the subjects of wide speculation and much controversy.
Among the experimental methods of studying these pro-

blems is the microwave measurement of the surface impe-
dance Zs�T� � Rs�T� � iXs�T� of HTSC single crystals at
various temperatures T. The results yield information about
the scatteringmechanism, the density of states, and the nature
of superconducting pairing in the compounds.

The real part of the impedance, the surface resistance Rs,
determines the energy losses of an electromagnetic wave
reflected from the superconductor. Typical values of the
surface resistance fall in the range 0:1 < Rs < 0:4 O for the
centimeter wave band and the normal state of HTSC single
crystals near the transition temperature Tc. When the sample
becomes superconducting, the surface resistance sharply
decreases, but does not vanish in experiments even as
T! 0. The residual surface resistance Rres � Rs�T! 0�
depends on various surface defects. This fact, which was
revealed as early as in experiments with conventional super-
conductors, suggests that the lowerRres, the higher the quality
of samples. Below we will consider single-crystal
YBa2Cu3O6.95 (YBCO), Ba0:6K0:4BiO3 (BKBO), Tl2Ba2Ca-
Cu2O8ÿd (TBCCO), Tl2Ba2CuO6�d (TBCO) and Bi2Sr2Ca-
Cu2O8 (BSCCO) samples, which are stoichiometrically
perfect and have a transition temperature corresponding to
optimal doping; the transition width DTc, determined by
surface resistance measurements, is small, DTc91 K, and
the residual surface resistanceRres does not exceed several mO
at microwave frequencies f � 10 GHz{. There is good reason
to believe that the electrodynamic quantities measured in
these samples correspond to intrinsic microscopic properties
of the superconductor.

The imaginary part of the surface impedance, the
reactance Xs, determines the nondissipative energy stored in
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{At present, extremely low values of Rres ' 10 mO have been observed in

YBCO single crystals at frequencies � 10 GHz.



the surface layer of the superconductor. Using the Interna-
tional System of Units, we have Xs�T�� om0l�T� at T < Tc,
where o� 2pf, m0 � 4p� 10ÿ7 H/m, and l�T� is the depth of
magnetic field penetration into the superconductor.

It is well known that the superconducting state of an
HTSC is characterized by an extremely short coherence
length x0 dictating the scale of electron pair correlation. The
inequality x0 5 l, which is valid atT < Tc in anHTSC,means
that the field is constant over a length of x0, hence we can use a
simple local equation

Zs � Rs � iXs �
�

iom0
s1 ÿ is2

�1=2

�1�

to relate the impedance and complex conductivity
ss � s1 ÿ is2 of the superconductor. From Eqn (1) we find
the expressions for the real s1 and imaginary s2 parts of the
conductivity

s1 � 2om0RsXs

�R2
s � X 2

s �2
; s2 � om0�X 2

s ÿ R2
s �

�R2
s � X 2

s �2
: �2�

Above the transition temperature, the mean free path l of
carriers is small with respect to the skin depth d, i.e. l5 d,
meaning the condition of the normal skin effect. Equations
(1) and (2) also describe the normal state of an HTSC at
T5Tc, where Rs�T� � Xs�T� �

�������������������������
om0=2sn�T�

p
, sn �

s1�T5Tc�, and s2 � 0.
Measurements of the temperature dependences Zs�T� in

absolute units allow one to calculate ss�T� and provide an
experimental test for any phenomenological and microscopic
models describing electromagnetic properties of supercon-
ductors. The dependences obtained in the study of the early
high-quality YBCO single crystals did not agree with the
Bardeen ±Cooper ± Schrieffer (BCS) theory [1].

At frequencies much less than the energy gap D, i.e.
�ho5D, the BCS model predicts two peculiarities of the
microwave response in superconductors [1 ± 3]: at T < 0:5Tc,
the real part of conductivity s1�T� decreases exponentially
and the surface resistance Rs�T� / exp�ÿD�0�=kT �, while at
temperatures in the interval 0:8 < T=Tc 4 1 the conductivity
s1�T� increases with respect to its value sn in the normal state.
The first peculiarity results from the activation dependence of
the derivative dD�T�=dT for T5Tc, while the second feature
is due to the singularity in the density of states when the
elementary excitation energy is comparable with the gap
D�T�. The exponential dependence Rs�T� has been detailed
for conventional superconductors (see, for example, Ref. [4]
and references therein). The peak of s1�T� aroundT � 0:85Tc

(referred to as the coherent peak) was detected only recently
inNb and Pb samples on a frequency of 60GHz [5], and inNb
on a frequency of 10 GHz [6], realized for simultaneous
measurements of temperature dependences Rs�T� and Xs�T�
with a high precision.

Increasing the electron-phonon coupling constant leads to
suppression of the singularity in the density of states of a
superconductor at �ho � D, as follows from the generalized
BCS theory developed by Eliashberg [7]. As a result, the
amplitude of the coherent peak decreases and, according to
Ref. [8], virtually disappears at frequencies � 10 GHz when
the electron-phonon coupling constant exceeds unity. The
inset to Fig. 1 shows the dependences s1�T�=s1�Tc� calculated
using the isotropic BCS and strong coupling (SC)models. The
narrow peak in Fig. 1 detected by microwave measurements

of s1�T� in HTSC single crystals around Tc can be caused by
inhomogeneous broadening of the superconducting transi-
tion [9, 10] or can result from fluctuation effects [11, 12].
Another consequence of the SCmodel is that the temperature
dependences Rs�T� [13] and l�T� [14] are not exponential.
Power temperature dependences are also obtained in the
framework of the well-known two-fluid Gorter ±Casimir
(GC) model [15]. Near the transition temperature they look
like the dependences calculated from the SC model [16].
However, especially in the low-temperature range the
quantitative difference between these dependences and those
experimentally established in HTSC single crystals was found
to be huge. For example, it is seen from Fig. 2 where the
temperature dependence Dlab�T�measured in the ab-plane of
YBCO [17] is compared with that found from isotropic BCS
and SC models [18]. In the scale of the figure the curve
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corresponding to the phenomenological GC model would
appear as a horizontal line.

The first high-quality YBCO single crystals were pro-
duced by a research group from The University of British
Columbia (UBC, Vancouver) [19], which detected two special
features of the temperature dependence Zs�T� for these
crystals:

(a) the linear temperature dependence of the penetration
depth over the interval 0 < T < Tc=3 [20];

(b) the surface resistance linearly depends on the tempera-
ture over the range T < Tc=3 and has a wide peak centred
near Tc=2 [21].

Both these experimental features appeared surprising
from the point of view of conventional models for the
high-frequency response of superconductors. They pro-
voked a lengthy discussion about the symmetry of the
order parameter, the relaxation of quasi-particles, inter-
band and intraband effects, and, as a result, enabled most
of the probable mechanisms of superconducting pairing in
HTSC crystals to be revealed. By now the results (a) and (b)
have been confirmed in experiments on YBCO crystals by
researchers from other laboratories. The data obtained
recently from high-quality BSCCO, BKBO, TBCCO and
TBCO single crystals allow us to determine the peculiar and
common features of the temperature dependences of the
impedance and conductivity of various HTSC single
crystals.

We begin our review with the description of the experi-
mental technique used for precise measurements of the
temperature dependences of the surface impedance of HTSC
single crystals in the microwave range (Section 2). The
corresponding measurement results are listed and system-
atized in Section 3. Section 4 is devoted to a comparison of the
experimental dependences Zs�T� and ss�T� with the data
calculated in the framework of the modified two-fluid model.
Finally, in Section 5 we shall discuss microscopic theories, the
possible symmetry and multicomponent nature of the order
parameter, which are revealed by the above measurements on
the microwave response in crystalline HTSCs.

2. Measuring the impedance of small-sized
superconductors in the microwave band

The surface impedance of small-sized HTSC samples, whose
surface is about 1 mm2, is most conveniently measured by
applying the technique developed in Ref. [22]. According to
this approach, a sample is held by a sapphire rod at the centre
of a cylindrical superconducting cavity resonating in theH011

mode, i.e. at the maximum of a homogeneous microwave
magnetic field. By varying the temperature of the sapphire
rod and measuring first the Q-factor and the frequency shift
Df of the cavity with the sample inside and then those of the
empty cavity �Q0, Df0�, one can determine the surface
resistance Rs and the reactance Xs of the sample as functions
of temperature.

The method requires that the experimental facility should
satisfy two basic conditions. Firstly, since HTSC single
crystals are small and their losses in the superconducting
state are low, the empty cavity should have a highQ-factor so
that the temperature dependence of the sample impedance
can be detected against the background of the cavity
parameters. Secondly, the measurements of Q and Df by
sweeping the frequency require themicrowave generator to be
highly stable.

2.1 The experimental setup
We employed a cylindrical resonating cavity with a diameter
and height of 42 mm fabricated from niobium (Fig. 3). The
cavity was immersed in liquid helium, so its material was
always in the superconducting state. The H011 mode was
driven at a frequency of 9.42GHz. The field configuration for
this mode was suitable for measuring the microwave proper-
ties in a small sample located in the centre of the cavity, where
the microwave magnetic field was homogeneous and parallel
to the cylinder axis. Since the H011 mode is degenerate (the
E111 mode has the same frequency), niobium posts with a
diameter and a height of 5 mm were made on both the upper
and lower lids of the cavity, which resulted in a difference
between the E111 and H011 modes of more than 50 MHz. An
important feature of the cavity unit was the possibility of
smoothly changing the coupling between the waveguides and
the cavity, which allowed us to obtain the required coupling
constants over a wide range of Q-factor. The sapphire rod
supporting the sample was thermally insulated from the
cavity walls owing to the high-vacuum condition inside the
cavity, which was sealed by indium rings. The lower end of the
sapphire rod was inserted into a stainless-steel tube, which
was, in turn, supported by an aligning Teflon mandrel. This
thermal insulation allowed the cavity Q-factor to be main-
tained at a level of about 107 when the temperature of the
sample and rod was T � 150 K.

2.2 The measuring scheme
The sample temperature was controlled by the circuit shown
in Fig. 4. Experimental data from the thermometer T were
processed by an analog-digital converter (ADC) and fed to a
computer. The latter compared the measured and prescribed
temperatures and transmitted the difference signal to a
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digital-analog converter (DAC). The resulting driving signal
was fed to an amplifier Amp1 and corrected the thermal
power generated by a heater (H). The temperature was
maintained at the prescribed value to within 0.3% through-
out the entire temperature range 4 < T < 150 K.

The high stability �� 109� of themicrowave frequencywas
ensured by a microwave synthesizer equipped with a phase-
locked frequency control (PLFC) loop. Themicrowave signal
was fed through an isolator I1; then a fraction of the
microwave power was diverted out by a directional coupler
(DC) and conducted to a frequency converter (FC). There the
oscillations with frequency 9.4 GHz were transformed to a
lower-frequency band (up to 50 MHz) and fed to a PLFC
unit, where the lower frequency was compared with that
generated by a reference frequency synthesizer in the
megahertz band. Thus a signal proportional to the phase
difference was produced to drive the microwave generator,
and the feedback loop was closed. The frequency was
controlled by sweeping the frequency of the reference
synthesizer, which was driven by the output of a 20-bit DAC.

An electromagnetic wave generated by the microwave
synthesizer was transmitted over a rectangular waveguide
through the attenuator At1 and isolator I2 to the cavity
coupled to the waveguides through tunable coupling loops.
At the output of the cavity, the wave was conducted through
an isolator I3 and attenuator At2 to diode D operating in the
quadratic regime, which was carefully controlled. The diode
output amplified by an amplifier Amp2 was converted by an
ADC and fed to the computer.

In the presence of energy losses, the induced oscillations of
the resonating cavity are characterized by the complex
frequency [23]

ôi � oi � ioi

2QiL
; �3�

where oi � 2pfi and QiL are the eigen-frequency and the
loaded Q-factor of the cavity, respectively. For the transmis-
sion-mode cavity used in our experiments the Q-factor is

1

QiL
� 1

Qi
� 1

Q1
� 1

Q2
; �4�

where Qi is the unloaded Q-factor, Q1 and Q2 are the input
and output Q-factors determining the coupling between the
cavity andwaveguides. In Eqns (3) and (4),QiL � QL,Qi � Q
and fi � f when the sample is held in the cavity, and
QiL � Q0L, Qi � Q0 and fi � f0 for the cavity without a
sample, but with a sapphire rod inside.

By varying the frequency fsw of the microwave synthesizer
and measuring the voltage across the diode, we plotted the
microwave power transferred over the cavity as a function of
frequency, which was described by the conventional reso-
nance formula

P� fsw� � P0

4�fsw ÿ fi�2=f 2i � 1=Q2
iL

; �5�

where P0 is a constant independent of the frequency fsw. The
resonance frequency fi of the cavity was defined by the peak
position on the curve of P� fsw�, while the Q-factor of the
resonance system was derived from the full bandwidth at half
power of the transmission curve 0:5P� fi� using QiL � fi=dfi,
where dfi is a transmission bandwidth. A Q-factor of about
107 was measured to within 1%, and the resonance frequency
error was within 10 Hz.

2.3 Measured quantities and samples
Figure 5 shows the recorded temperature dependences of the
Q0�T�-factor and resonance frequency shift Df0�T� for an
empty cavity as well as for the cavity containing a YBCO
single crystal �Q;Df �. The Q0-factor (open squares) is
practically independent of temperature, while the pro-
nounced monotone change in Df0 (open circles) is due to the
temperature dependence of the dielectric constant and
thermal expansion of the sapphire rod. The data depicted in
Fig. 5 correspond to the measurements carried out on a thick
rod of diameter 3.5 mm. The use of a thin rod (2 mm in
diameter) leads to a decrease in the shiftDf0�T� by an order of
magnitude over the temperature range 4:24T4 120 K.

To find a relation between the components Rs�T�, Xs�T�
of the surface impedance and the measured quantities Qi�T�
and Doi�T� � 2pDfi�T�, let us introduce the geometrical
factor Gs of the sample. The difference in the average energy
losses pertaining to the cavity with the sample inside and the
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empty cavity is equal to the power directly absorbed by the
sample:

P � 1

2

�
S

RsH
2
s dS ; �6�

where Hs is the tangential component of the microwave
magnetic field on the sample surface. In Eqn (6) we integrate
over the whole sample surface S. The energy stored in the
cavity is equal to

W � m0
2

�
V

H 2 dV ; �7�

where V is the cavity volume, and H 2 is the squared total
magnetic field strength in the cavity with the sample inside.
The difference between the reciprocal Q-factors of the cavity
is given by

1

Q
ÿ 1

Q0
� P

oW
� Rs

�
S H

2
s dS

om0
�
V H 2 dV

� Rs

Gs
; �8�

where

Gs �
om0

�
V H 2 dV�

S H
2
s dS

: �9�

Let the complex resonance frequency be ô for the cavity
with the sample inside, and ô0 for the empty cavity at the
same temperature. The difference ôÿ ô0 determines the
frequency shift caused by the sample, ôs. At the same
coupling Q-factors Q1 and Q2 we find from Eqns (3), (4),
and (8) the quantity ôs:

ôs � os � ioRs

2Gs
: �10�

The change in the sample temperature leading to a change
in its impedance DZs�T� � DRs�T� � iDXs�T� can be con-
sidered as a small perturbation resulting in the frequency shift
Dôs�T� in the complex frequency ô � ô�Zs�:

Dôs�T� � qô
qZs

DZs � qô
qZs
�DRs � iDXs� : �11�

On the other hand, according to Eqn (10) we have

Dôs�T� � io
2Gs

�
DRs ÿ 2iGsDos�T�

o

�
; �12�

then comparing formulae (11) and (12), we find the variation
of the surface sample reactance

DXs�T� � ÿ 2GsDos�T�
o

; �13�
where Dos�T� � Do�T� ÿ Do0�T�.

Thus, the temperature dependences of the real and
imaginary parts of the surface impedance are derived from
the measured curves of Qi�T� and Dfi�T� with the use of the
relations

Rs�T� � Gs

�
Qÿ1�T� ÿQÿ10 �T�

�
;

Xs�T� � ÿ 2Gs

f0

�
D f�T� ÿ D f0�T�

�� X0 ; �14�

where Gs is the sample geometrical factor determined by Eqn
(9), and X0 is an additive constant.

The parameter X0 was found by equating the real and
imaginary parts of the impedance for the sample in the
normal state, Rs�Tc� � Xs�Tc�, since all the samples studied
satisfied the conditions of the normal skin-effect. The
temperature dependences Rs�T� and Xs�T� coincided at
T5Tc. The problem of calculating the geometrical factor
Gs depending on the sample shape can be solved in the general
case only by numerical methods.

The TBCCO and YBCO crystals grown by the methods
described in Refs [24, 25] were shaped as plates with
characteristic dimensions of a� b� c � 1� 1� 0:1 mm3

(TBCCO) and 1:5� 1:5� 0:1 mm3 (YBCO). The sample
was fixed on the end of the sapphire rod so that the crystal
c-axis was aligned with the microwave magnetic field, H0kc.
In this case, high-frequency currents circulate in the ab plane
of the crystals and their geometrical factors can be estimated
using Eqn (9) on the assumption that the magnetic field
strength on the sample surface is equal to the field amplitude
H0 at the centre of the empty cavity:

Gs � om0V
4g0A

; g0 �
VH 2

0

2
�
V H 2 dV

; �15�

where A is the area of the ab face of the sample, and g0 is a
constant determined by the field distribution for the H011

mode [26]. With regard to the size of our cavity we have
g0 � 5:3. The geometrical factor Gs of one such sample was
calculated using Eqn (14) with the measured values of Q�Tc�
and the resistivity r�Tc� � 2R2

s �Tc�=om0. This experimental
value of Gs was 60% lower than that calculated without
regard for the demagnetization factor in expression (15).
Below we shall take into account this correction to calcula-
tions of the geometrical factor for YBCO and TBCCO
crystals when determining the absolute values of the impe-
dance Zs�T�. Figure 6 shows the dependences Rs�T� and
Xs�T� for the YBCO single crystal, where Gs � 1:76� 104 O.
They were calculated using Eqn (14) with the use of the
measured data on 1=Qi�T� and Dfi�T� plotted in Fig. 5.

The BKBO crystals were prepared by electrochemical
crystallization [27, 28] and took on a cubelike form. We
investigated different samples with volumes varying from
0.2 to 1.5 mm3. The geometrical factor was evaluated as
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Figure 6. Surface resistance Rs and reactance Xs of a YBCO single crystal
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follows. We fabricated a niobium sample whose size and
shape were the same as those of the BKBO sample studied. If
the samples were ellipsoids, then the geometrical factors
GBKBO and GNb were calculated exactly.

For example, the geometrical factor for a spheroid shaped
sample of radius r, located at the centre of a cavity operating
at the H011 mode [29], is equal to Gs � om0V=12pg0r

2.
Therefore, our first step was to evaluate G1;Nb and G1;BKBO

for the samples under the assumption that both the samples
are spheroids having volumes equal to the known volumes of
the Nb and BKBO samples. The second step was based on the
experimental method for determining GNb. We measured the
resistivity rNb(10 K) of a thin strip of Nb cut from the same
material as the niobium sample itself and calculated the
surface resistance Rs(10 K) using the formula for the normal
skin effect. Then, substituting this value and the measured
value of Qi;Nb�T� into Eqn (14), we found the geometrical
factor. The estimated value of GNb was only 24% smaller
than the value of G1;Nb calculated by the first method.
Taking into account the similarity between the shapes of
the Nb and BKBO samples investigated, we set the
geometrical factor of the BKBO crystals equal to
GBKBO � 0:76� G1;BKBO. Figure 7 depicts the experimental
dependences Rs�T� and Xs�T� for a BKBO single crystal
whose geometrical factor was Gs � 3:3� 104 O.

2.4 Factors affecting the accuracy of measurements
Considering the technique formeasuring theQ-factor and the
resonance frequency shift and calculating the absolute values
of the impedance components, we should discuss factors
determining the accuracy of the measurements. The factors
can be divided into two groups, i.e. those which are
experimentally controlled and those which are not controlled
and result from uncertainty introduced by the sample.

The first group includes the following effects.
1. Evacuation of the cavity unit.When the sample is heated,

the flux of residual heat-transfer gas in the region between the
sapphire rod and the cavity lids elicits a temperature gradient
along the sample holder. The gradients are negligible if the
cavity pressure does not exceed 10ÿ3 mm Hg. In the
experiments with single-crystal YBCO samples, for example,
a cavity pressure exceeding this value several times enhanced
the measured transition temperature Tc by several degrees.

2. External pressure. A 1 mm Hg change in the helium
pressure in the cryostat was found to lead to a rather large

shift of the resonance frequency by ' 0:7 kHz, which is
particularly essential in measurements of Df�T� over the
region of low temperatures. Therefore in the experiment we
stabilized the helium pressure to an accuracy of 0.02 mm Hg.

3. Thermal cycling. Upon completing the impedance
measurements as a function of temperature on the sample in
both the superconducting and normal states, we must
necessarily measure parameters of the empty cavity at the
same temperatures. Carrying out all the experiments we
should ensure that the positions of the sapphire rod and
waveguide ± cavity coupling loops are reproduced, the influ-
ence of these loops on the measured values of Qi�T� and
Dfi�T� exactly controlled, the level of liquid helium in a
cryostat fixed in all experiments, and, finally, the electronic
circuit operated with a high stability.

The above effects are the main `external' factors influen-
cing the accuracy of measurements. They are obviated if we
carefully control the experimental conditions. However, there
are some uncontrollable `intrinsic' effects which may also be
significant.

1. Field distribution over the sample surface and the
geometrical factor Cs. According to Eqn (9), to calculate Gs

we should take an integral
�
S H

2
s dS over the sample surface.

For a sample with the shape of a thin square slab with
characteristic dimensions a � a � c, c5 a, the integral is equal
to 2H 2

0 a
2�1� 2c=a�, assuming that the tangential component

Hs of the magnetic field strength on the sample surface is
coincident with the field amplitude H0 at the centre of the
cavity. With an accuracy of magnitude c=a5 1, the above
relation is in agreement with formula (15) determining the
factor Gs. It is obvious, however, that the approximation
Hs � H0 is valid if the ab-plane of the slab is parallel to the
field H0 and the demagnetization factor of the sample is very
small. If the field H0 is perpendicular to the slab, H0kc, and
the measurements are made of microwave crystal character-
istics pertaining to the ab-plane, it is not surprising that the
increased demagnetization factor results in a significant
difference between the value of Gs calculated using Eqn (15)
and that established experimentally. In this connection an
attempt to approximate to the sample with a flattened
ellipsoid of revolution with semiaxes c=2, a=2 and a certain
field distribution Hs over the sample surface [30 ± 32] is also
not correct, since the edge field Hedge � 2paH0=c of the
ellipsoid far exceeds the actual value. It is more suitable to
approximate the sample shape by a slab with slightly
rounded edges [33]. This approach yields the well-known
geometrical barrier to penetration of flux lines from the
sample edges [33 ± 35]. In this case, the field distribution
over the sample surface in the Meissner state{ is given by
the formula [33]

Hs�x� � H0x������������������������
�a=2�2 ÿ x2

q ; ÿ a

2
� c

4
4 x4

a

2
ÿ c

4
;

except for a very narrow region �� c=4� near the edges, where�
S H

2
s dS is logarithmically divergent. The field is assumed to

be homogeneous and equal toHedge � H0

�������
a=c

p
on the lateral
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Figure 7. Temperature dependences of the surface resistance Rs and

reactance Xs in a BKBO single crystal.

{At T < Tc, the high-frequency field penetrates the sample to the depth

l � 10ÿ4 mm, while at T5Tc to the skin depth d � ����������������
2r=om0

p
equal to

� 5� 10ÿ3 mmat a frequency of� 10GHz and resistivity r�Tc� � 100 mO
cm typical of HTSC crystals. Since the thickness of the crystals studied was

about c � 10ÿ1 mm and l5 c, d5 c, the distribution of the field Hs and

therefore the value of Gs are practically unchanged with temperature.
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faces of the crystal. At c5 a, the integral�
S

H 2
s dS � 16

��aÿc=2�=2
0

H 2
s �x�x dx� 4acH 2

0

a

c

' 2H 2
0 a

2

�
ln

�
a

c

�
� 1

�
�16�

exceeds the value of 2H 2
0 a

2 used in Eqn (15) by a factor of�
ln�a=c� � 1

�
. Then the geometrical factor Gs calculated from

Eqns (9) and (16) is less by the same factor. In YBCO single
crystals a=c � 15 and the geometrical factor decreases
approximately by 60%, which is in agreement with the
experimental value.

2. Thermal expansion of the sample. This is an uncontrol-
lable source of possible errors in measuring the dependence
l�T�. Changes Dli (Da and Dc) in the sizes of the sample
a � a � c, c5 a under thermal cycling, which correspond to a
change in the sample volume by �Dc � a2 � 2Da � ac�, lead to a
parasitic shift in the resonance frequency of the cavity by

Dfl�T� � f0m0
4W

�
S

Dli�T�H 2
s dS ; �17�

where W is determined by formula (7). Strictly speaking, the
quantity Dfl�T� together with Df0�T� should be taken into
account in expression (14) to calculate Xs�T�. Let us estimate
this contribution by comparing expression (17) with the
resonance frequency shift caused by the change Dl�T� in the
field penetration depth:

Dfl�T� � f0m0
4W

�
S

Dl�T�H 2
s dS : �18�

If the ab-plane of the crystal (in our case a � b) is
perpendicular to the magnetic field (transverse orientation)
in the measurements of Dlab�T�, then using relations (16) ±
(18) we easily find that

Dfl
Dfl
� Dc=2

ÿ
ln�a=c� ÿ 1

�� Da

Dlab
ÿ
ln�a=c� � 1

� ; �19�

i.e. the ratio is equal to Dfl=Dfl ' 0:25�Dc� Da�=Dlab for the
appropriate values of a=c.

In YBCO and BSCCO single crystals with Tc ' 90 K, the
value of lab increases by approximately a thousand aÊ ngstroÈ m
when the temperature varies from 4.2 to 80 K and many-fold
greater at higher temperatures. According to the experimen-
tal data, a relative change in the sample sizes ei � Dli=li is very
small, ei < 10ÿ5, for YBCO [36 ± 38] and BSCCO [39, 40]
crystals at T < 30 K. In the temperature range
30 < T < 100 K, the thermal expansion coefficients
ai � dei=dT are approximately linear functions of tempera-
ture: aab � 0:3� 10ÿ7T in the ab-plane and ac � 10ÿ7T in the
c direction of the YBCO crystal. Therefore we find
eab � 10ÿ4, ec � 3� 10ÿ4, and for typical sample dimensions
a � b � 1 mm and c � 0:1 mm they increase by
Da � Db � 1000 A and Dc � 300 A on heating from 30 to
100 K.

In the single-crystal BSCCO, eab is twice as large and ec is
approximately the same as in YBCO crystals. The relative
change in the dimensions of BKBO single crystals is rather
small over the temperature range 0 < T4 2Tc: e < 10ÿ5 [41].
We are unacquainted with data on the thermal expansion of
TBCO and TBCCO crystals at temperatures T4Tc.

Thus, the contribution of Dfl�T� to the total frequency
shift of the cavity with a sample (YBCO or BSCCO) inside is
negligible in the low-temperature range. However, at inter-
mediate temperatures it may be quite considerable, although
less thanDfl�T� in accordance with Eqn (19). This fact should
be taken into account when using formula (14) to determine
lab�T�. Since the thermal expansion of samples is not
controlled in the microwave experiments, the only test of
reliability for the experimental curves lab�T� is that they
should be reproduced for crystals of various sizes.

Let us also estimate the factor Dfl�T� if the field H0 is
parallel to the ab plane of the crystal (longitudinal orienta-
tion). In this case the tangential component of the magnetic
fieldHs on the sample surface can be considered equal toH0,
Hs � H0. High-frequency currents circulate across all the
crystal faces, hence they all contribute to the measured
effective magnitude of the impedance. The currents running
across the ab planes penetrate the sample to the depth lab,
while the currents along the c direction penetrate to the depth
lc, whereas in the experiments we measure an effective depth
leff. From formula (18) we easily find the relationship
between variations of these values{:

Dlc � 1

c

��a� 2c�Dleff ÿ �a� c�Dlab
�
: �20�

Using (17) and (18) for c=a5 1, we arrive at

Dfl
Dfl
' Dc�1� 2eab=ec�

2Dleff
: �21�

According to (21), for the longitudinal orientation of the
crystal the thermal expansion can introduce distortions � Dc
to the dependence leff�T� calculated using (14).

3. Data on the surface impedance and complex
conductivity measured in YBCO, BSCCO,
TBCCO, TBCO, and BKBO single crystals:
some distinctive and common features

Microwave measurements of the surface impedance of
HTSCs have been performed since the discovery of high-Tc

crystals in 1986 ± 1987. The first studies of ceramics as well as
superconducting films and crystals fabricated a short time
later were fragmentary and qualitative, since the quality of the
samples left much to be desired. Particularly, the residual
surface resistance Rres � Rs�T! 0� exceeded that of conven-
tional superconductors based on Nb and Pb compounds by
several orders of magnitude, and everybody understood that
the high-frequency properties of HTSC samples were mainly
determined by crystal imperfections due to the structure's
inhomogeneity, weak links, twins and other defects in the
surface layer. Perhaps the only reliable experimental fact at
that time was the proof of the absence of a coherent peak in
microwave conductivity s1�T�, i.e. instead of a wide peak in
the region T � 0:85Tc, as follows from the BCS model (see
Fig. 1), a narrow peak in s1�T�was observed nearTc, the peak
width virtually coinciding with the width of the phase
transition from the normal state to the superconducting one,
which was detected in the curve Rs�T�.

The situation changed drastically in 1992 ± 1993 when
the first high-quality YBCO single crystals [19 ± 21] and thin

{Measuring the crystal lab�T� for the transverse and leff�T� for the

longitudinal orientations, one can determine the temperature dependence

lc�T� using (20).
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films [42] with substantially decreased resistance Rres were
fabricated. The measurements carried out on these samples
revealed silent features of the low-temperature surface
impedance Zs�T�, which had not been observed earlier
because of great residual losses. It has taken two more
years to confirm these peculiarities (first discovered by the
UBC group) in YBCO single crystals. Experiments using
centimeter waves and the method described in the previous
section were carried out in Maryland University [43],
Northeastern University (NEU) (Boston) [44], and Tokyo
University [45]. The summary result of the experiments was
the following:

(a) the linear dependences lab�T� and Rs�T� are observa-
ble for 5 < T < 30 K;

(b) there is a wide peak in Rs�T� centred at 40 K.
Notice that the above properties of the impedance Zs�T�

are only characteristic of the most perfect YBCO crystals.
As was shown in Refs [46 ± 48], the introduction of Zn
impurities to perfect single crystals changed the linear
dependence of lab�T� to quadratic and `smoothed out' the
peak in Rs�T�. The quadratic dependence Dlab�T� / T 2 is
typical of YBCO thin films [49 ± 51], where the presence of
impurities and weak links is more probable than in single
crystals. Therefore, it is believed that the T 2-dependence of
l�T� is governed by the `defectiveness' of the samples
(extrinsic origin) to a greater extent than the peculiarities
(a) and (b) conforming to the internal microscopic proper-
ties of the crystals (intrinsic behaviour). Later on this
conclusion was confirmed by detailed studies of YBCO
films [52], where the quadratic temperature dependence of
l�T� became linear at low temperatures as the quality of
films increased.

A comprehensive analysis of the data obtained by
microwave measurements in YBCO crystals and films
through 1996 is given in Ref. [53], and we do not intend to
repeat it here. A pronounced difference in the temperature
dependences of the surface impedance of YBCO single
crystals and conventional superconductors raised the reason-
able question of whether the above peculiarities (a) and (b) are
typical of other HTSC compounds, which are in contrast to
YBCO samples having a tetragonal structure and not
containing CuO-chains or copper atoms at all. In the past
two-three years, significant technological progress has been
achieved in the fabrication of HTSC samples, which has
enabled the investigation of the microwave properties of
high-quality BSCCO [54 ± 56], BKBO [28], TBCCO [57], and
TBCO [58] single crystals. Furthermore, a marked decrease in
the times required for the technique to homogenize the
growth solution and grow single crystals from standard
zirconium dioxide (ZrO2) crucibles stabilized by yttrium [19]
and from other crucibles (BaZrO3) [59] has allowed the
fabrication of high-quality YBCO single crystals with
resistivity r�Tc� < 40 mO cm which is less than that reported
earlier. Microwave measurements on crystals grown by the
accelerated technique from ZrO2 crucibles and from new
BaZrO3 crucibles have recently been carried out at the
Institute of Solid-State Physics (ISSP, Chernogolovka) [25,
57] and by the research group atNEU (Boston) [60, 61]. These
studies detected the above peculiarities of lab�T� and Rs�T�
observed earlier at low temperatures [20, 21, 43 ± 45, 48] as
well as some new features of the curves Zs�T� at higher
temperatures.

Figure 6 plots experimental results on the surface
resistance Rs�T� and reactance Xs�T� measured at a fre-

quency of � 10 GHz in a YBCO single crystal, while Figs 7
and 8 show similar dependences for BKBO and BSCCO
samples, respectively. For T5Tc, these results are equal
�Rs�T� � Xs�T�� for all the figures, corresponding to the
condition of the normal skin-effect. The values of Xs�T� are
calculated with formula (14), the additive constant X0 being
found by matching the temperature dependences DXs�T� and
DRs�T� for T5Tc. The dependence Xs�T� derived from the
data of absolute measurements in turn determines the
magnitude of l�0� � Xs�0�=om0. Using the experimental
value of Rs�Tc� �

�������������������������
om0r�Tc�=2

p � 0:12 O for a YBCO
single crystal (see Fig. 6), we find r�Tc� � 38 mO cm [25]. All
the temperature dependences Rs�T� � Xs�T� depicted in Figs
6, 7, and 8 are well approximated by 2R2

s �T�=om0 � r�T� �
r0 � bT in the temperature range T5Tc. For example, these
parameters are equal to r0 � 11 mO cm and b � 1:4 mO cm/K
for the BSCCO single crystal (see Fig. 8) [54].

For various HTSC single crystals in the superconducting
state it is convenient to compare the temperature dependences
Zs�T� by dividing the temperature interval of interest into
three parts: low temperatures �T < Tc=3�, intermediate
temperatures �T � Tc=2�, and temperatures near the transi-
tion point Tc.

3.1 Low temperatures: T < Tc=3
Figure 9 plots the typical dependences Rs�T� and l�T� at
T < 0:7Tc forYBCO [25], TBCCO [57], andBKBO [28] single
crystals fabricated at the ISSP. The dependences measured on
the YBCO and BKBO samples correspond to the low-
temperature portions of the curves depicted in Figs 6 and 7.

The variation of surface resistanceDRs�T� / T is revealed
at low temperatures in all the crystals (Fig. 9). A similar linear
dependence DRs�T� occurs in BSCCO single crystals (see the
inset to Fig. 8) and TBCO single crystals [58].

The dependences Dl�T� � DXs�T�=om0 are also linear for
YBCO (Fig. 9), BSCCO (Figs 8 and 10), and TBCO (Fig. 11)
single crystals at T < Tc=3. The curves l�T� (Fig. 9)
demonstrate clearly defined linear dependences for the
TBCCO sample at T > 12 K and the BKBO sample at
T > 5 K.

By extrapolating the low-temperature portions of curves
l�T� (Fig. 9) andXs�T� � om0l�T� (Fig. 8) to the limit T � 0,
we find the following values of lab�0� for various single
crystals: 1400 A (YBCO), 3700 A (TBCCO), 3000 A
(BKBO), and 2600 A (BSCCO).
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Zs � Rs � iXs for a BSCCO single crystal in the normal and super-

conducting states [54]. The inset depicts the low-temperature Rs�T�.
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3.2 Intermediate temperatures: T � Tc=2
At frequencies near � 10 GHz, the linear dependence
DRs�T� / T extends up to temperatures � Tc=2 in BSCCO
(Fig. 8), TBCCO, BKBO (Fig. 9), and TBCO [58] single
crystals. The penetration depth l�T� of the crystals mono-
tonically increases as the temperature rises.

The general behaviour of the surface impedance of HTSC
single crystals with a tetragonal structure breaks down in
YBCO crystals. As was emphasized above all the microwave
measurements on high-quality YBCO single crystals demon-
strate a wide peak ofRs�T� centred at T � 40 K (see Figs 5, 6,
and 9). The main origin of the difference between YBCO and
other HTSC single crystals remains to be seen. It is unlikely
that the absence of the peak in the crystals with tetragonal
structure is associated with the insufficient quality of the
crystals, as with YBCO crystals doped with Zn impurities
[46 ± 48]. Apart from a body of evidence of the monotone
dependence Rs�T� in BSCCO, TBCO, TBCCO, and BKBO
crystals, a similar peak was observed in such YBCO crystals
[44, 45, 57], where the parameters Rres and r�Tc� characteriz-

ing the sample quality were lower than in BSCCO [56] and
TBCCO [57] samples. Most likely, the origin of the effect is
the CuO chains introduced only into the orthorhombic
structure of YBCO samples. The electrons of the chains
form an additional band, contributing to the observed
dependence Zs�T�. This contribution seems to result in
another peculiarity typical of only YBCO samples, i.e. a
plateau (Fig. 9) or bump (Fig. 12) in the curve lab�T�.

So far this peculiarity has been observed only in the most
perfect YBCO single crystals [25, 57, 60, 61] and thin films [42,
62]. Curve 1 in Fig. 12 corresponds to a YBCO single crystal,
whose r�Tc� andRres are really less than that in samples 2 and
3 revealing the typical temperature dependences Dlab�T�. The
quantities Xs and lab in Figs 6 and 9 are almost constant over
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the temperature range 35 < T < 65K.We observed a plateau
of approximately similar width � 20 K in the lab�T� curves
for several YBCO single crystals fabricated by the same
method [25], but the positions of these plateaus were
different with respect to Tc=2. For example, the plateau in
the Zs�T� curve was shifted to higher temperatures
60 < T < 85 K for a sample used in Ref. [57], whose surface
was less than that used in Ref. [25] (see Figs 6 and 9).

Features of the imaginary part of the surface impedance
Xs�T� at intermediate temperatures should be considered
carefully, since the l�T� curves may be distorted due to
thermal expansion of the crystal. With regard to this effect,
the difference Dfexp�T� � Df�T� ÿ Df0�T� in formula (14)
found by the successive measurements in the cavity with and
without the sample inside should be written as Dfexp�T� �
Dfl�T� ÿ Dfl�T�, where Dfl�T� and Dfl�T� are the resonance
frequency shifts caused by changes in the penetration depth
and sample sizes due to thermal expansion. When the sample
is in the transverse orientation with respect to the fieldH0, the
ratio Dfl=Dfl can be estimated using formula (19). We now
compare the curves Dlexp�T� / �Df�T� ÿ Df0�T��measured in
YBCO crystals of sizes a � b � 1:4 mm, c � 0:1 mm [57], and
a � b � 1:5 mm, c � 0:1 mm [25] with the dependences
Dl�T� / �Dfexp�T� � Dfl�T�� accounting for the contribution
Dfl�T�. Figure 13 demonstrates the temperature dependences
(the low solid line 1 and low dashed line 2 at the bottom of the
figure) of the numerator in the right-hand side of Eqn (19) for
two YBCO crystals with parameters a and c given above. The
experimental values

Dc�T� � c

�
ac�T� dT and Da�T� � a

2

��
aa�T� � ab�T�

�
dT

were taken from Ref. [38]; the closed circles (lexp) correspond
to the data of Refs [57] (curve 1) and [25] (curve 2), while the
open circles �l� take into account the corrections caused by
thermal expansion of crystals and calculated by Eqn (19). For
T < 50 K, the dependences lexp�T� and l�T� coincide, while
they differ a little at higher temperatures. Therefore we may
conclude that the plateaus in the l�T� curves, detected in Refs
[25] and [57], are the real features of the surface reactance
Xs�T� of YBCO single crystals at intermediate temperatures.

But the temperature dependences of the surface resistance
Rs�T� observed in these experiments were typical (see Fig. 6).

Finally, we point out one more feature of the surface
impedance of high-quality YBCO crystals, namely, the broad
peak in the curve Rs�T� centred at T � 40 K is followed by a
substantial increase in resistance; the latter has been observed
in recent experiments [60, 61]. The dependence Rs�T� taken
fromRef. [60] is depicted in the inset to Fig. 12 (curve 1). This
dependence is easily calculated from formula (14) with the use
of the measured data on the Q-factor of the cavity. The
thermal expansion of the sample has no effect on the
dependence. The YBCO single crystals grown from BaZrO3

crucibles [60, 61] are the most perfect samples containing a
single phase{, for which a smooth growth of the dependence
Rs�T� in the temperature range Tc=2 < T < Tc is a common
feature [61].

3.3 Temperatures near Tc: T! Tc

After a transition to the superconducting state, the surface
resistanceRs�T� rapidly drops for all HTSC single crystals. At
frequencies about 10 GHz, the resistance Rs of high-quality
YBCO crystals drops by a factor of one hundred or more
when the temperature decreases by 1 K below Tc. The
quantity Xs�T� also sharply decreases near the transition
temperature, but more weakly than the surface reactance
Rs�T�. There is no consensus of opinion regarding the
temperature dependence of the penetration depth lab�T�
near the transition temperature. So far this dependence has
been studied thoroughly only for high-quality YBCO single
crystals grown by various methods. The authors of Refs [63,
12] observed the dependence lab�T� / �1ÿ T=Tc�ÿ0:33 corre-
sponding to the so-called 3D XY fluctuation model [65 ± 67].
The dependence lab�T� /�1ÿ T=Tc�ÿ0:5 consistent with the
BCSmodel was experimentally examined in Ref. [61] near the
transition temperature. In YBCO single crystals fabricated at
the ISSP, the power index appeared to be intermediate
between these values of ÿ0:33 and ÿ0:5.
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{A sharp decrease (a jump) in the curve Rs�T� detected by microwave

measurements in HTSC crystals at a certain transition temperature Tc

may indicate appearance of the superconducting phase at the same

temperature Tc, which was observed in the TBCCO crystal [57] with two

superconducting phases 2212 (Tc1 ' 112 K) and 1212 (Tc2 ' 81 K) [64].
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3.4 Complex conductivity
Let us consider now the temperature dependences of the
complex conductivity ss � s1 ÿ is2. The real s1�T� and
imaginary s2�T� parts of the conductivity are not directly
measured in the experiments, but can be calculated using
formula (2) with the use of the measured values of Rs�T� and
Xs�T�.

In high-quality HTSC crystalsRs�T�5Xs�T� and Eqn (2)
simplifies at temperatures far from Tc:

s1�T� � 2om0Rs�T�
X 3

s �T�
; s2�T� � om0

X 2
s �T�

: �22�

As a result, the ratio is small: s1=s2 � 2Rs=Xs 5 1 at low
and intermediate temperatures. The variations Ds1�T� and
Ds2�T� are determined by the relative changes DRs�T� and
DXs�T�:

Ds1 /
�
DRs

Rs
ÿ 3

DXs

Xs

�
; Ds2 / ÿDXs

Xs
: �23�

Thus, the curves s2�T� are determined only by the
function Xs�T� � om0l�T� and reflect the main properties of
the temperature dependence of the penetration depth l�T�
such as its linearity at low temperatures for all the high-
quality HTSC single crystals and the peculiarities observed in
YBCO samples at intermediate temperatures. The behaviour
of the real part s1�T� [see Eqn (23)] is determined by the
competition of the relative contributions DRs=Rs and
DXs=Xs. In conventional superconductors, for example, Nb,
the quantity Xs�T� (4Rs) is almost fixed �DXs � 0� at
temperatures T4Tc=2, while the surface resistance Rs�T�
decreases exponentially, approaching the constant level of the
residual surface resistance Rres as T! 0. Subtracting Rres

from the measured Rs�T�, in accordance with Eqns (22) and
(23) we arrive at the dependence s1�T� given by the BCS
theory: the real part of the conductivity s1 � 0 at T � 0 and
increases as a weak exponent at higher temperatures
T4Tc=2. The dependences s1�T� measured in HTSC single
crystals significantly differ from those predicted by conven-
tional BCS, SC, and GC models dealing with the microwave
response of superconductors. At T < Tc, the variations
DRs�T� and DXs�T� are not small in HTSC samples with
DXs�T�4DRs�T�. Therefore, though the inequality
Rs�T� < Xs�T� is valid, the increment Ds1�T� in Eqn (23)
changes sign from plus to minus as the temperature rises
starting from T � 0, i.e. the curve s1�T� passes a maximum,
whose position and height depend on the choice ofRs{. Let us
extrapolate the curve Rs�T� at T5Tc using a linear
dependence down to T � 0 and propose Rs�0� to be equal to
the residual surface resistance, Rs�0� � Rres. Then, by
analogy with conventional superconductors using only the
temperature-dependent difference Rs�T� ÿ Rres (intrinsic
behaviour) for determining s1�T� in the numerator of Eqn
(22), we find that all the required dependences s1�T� in HTSC
single crystals take the form of a wide peak. Starting from the
zero value s1�0� � 0, the conductivity s1�T� sharply increases
linearly up to amaximum s1max, which always greatly exceeds
the conductivity s1�Tc� in the normal state, s1max 4 s1�Tc�.
In HTSC crystals with a tetragonal structure, the maximum
s1max occurs at Tm � Tc=3, while in YBCO samples the
temperature of the maximum Tm virtually coincides with
that of the dependence Rs�T�. In addition, the conductivity

curve s1�T� for these samples also exhibits the above
peculiarities of the impedance Zs�T�, observed in YBCO
single crystals at intermediate temperatures [25, 57, 60, 61].
Figure 14 plots the dependence s1�T� measured in a YBCO
single crystal, for which the curves Rs�T� and Xs�T� are
presented in Figs 6 and 9.

Now let us dwell on the trend of the ss�T� curve near Tc,
when Eqns (22) and (23) are not valid. In this temperature
range we should use the local relations (1) and (2) or their
analogs for normalized quantities, to couple the real and
imaginary components of the impedance and conductivity:

Rs�T�
Rs�Tc� �

��������������������������������
s�Tc��j1=2 ÿ 1�

s2j

s
;

Xs�T�
Xs�Tc� �

��������������������������������
s�Tc��j1=2 � 1�

s2j

s
; �24�

s1�T�
s�Tc� �

4R2
s �Tc�RsXs

�R2
s � X 2

s �2
;

s2�T�
s2�0� �

l2�0�
l2�T� �

X 2
s �0��X 2

s ÿ R2
s �

�R2
s � X 2

s �2
: �25�

Here Rs�Tc� � Xs�Tc� and s�Tc� � s1�Tc� are the impedance
and conductivity at T � Tc, while Xs�0� and s2�0� are the
same quantities at zero temperature, and l � �1=om0s2�1=2,
j � 1� �s1=s2�2. The conductivity s2�T� along the ab-plane
of HTSC single crystals quickly vanishes in the normal state.
The derivative �Tc=s2�0��ds2�T�=dT at T � Tc varies from
ÿ2 to ÿ4 in different crystals. The real part of the
conductivity s1�T� does not show a coherent peak typical of
the BCS theory (see Fig. 1) at T � 0:85Tc. Usually, a very
narrow peak of s1�T� in HTSC single crystals occurs in the
interval Tcÿ1 K, Tc. As the temperature decreases, the peak
immediately transforms into a wide maximum centred at
T < Tc=2. The maximum is caused by inhomogeneous
broadening of the superconducting phase transition [9, 10]
and fluctuation effects [11]; it was extensively studied in Ref.
[12]. However, in perfect YBCO crystals the typical depen-
dence s1�T� is distorted at temperaturesT > Tc=2 (see Fig.14)
because of peculiarities of the surface impedance Zs�T�
manifesting themselves in this temperature range.

{As a result, strictly speaking the s1�T� curves are not single-valued at

T4Tc=2 in contrast to the experimental dependences Rs�T� and Xs�T�.
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Figure 14. Real part of the conductivity s1�T�=s�Tc� in a YBCO single

crystal, calculated using Eqn (25). The values of Rs�T� were derived from

the data depicted in Figs 6 and 9 by subtracting the residual surface

resistance Rres ' 230 mO.
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4. A phenomenological description
of the experimental data

Themacroscopic properties of conventional superconductors
are simply and rather successfully described by the phenom-
enological theory developed by London and London [68] and
the corresponding two-fluid model developed by Gorter and
Casimir [15], which proposes a local connection between the
current density and the vector potential of the magnetic field.
To investigate superconductors in an electromagnetic field of
frequency o, we formulate the GC model as follows. A
superconductor is assumed to contain a number of carriers
ns in the superconducting state and a number of carriers nn in
the normal state, with the total concentration of carriers being
n � nn � ns at an arbitrary temperature below the transition
one �T4Tc�. The carriers have the same charges e and
masses m. The first London's equation describes the motion
of superconducting carriers. The normal carriers are affected
by an alternating electric field and an averaged `force of
friction' containing the relaxation time t of normal carriers,
the motion of the normal carriers being described by New-
ton's second law. Solving the equations of motion, we obtain
the expressions for the real and imaginary parts of the
conductivity ss � s1 ÿ is2:

s1 � nne
2t

m

1

1� �ot�2 ; s2 � nse
2

mo

�
1� nn

ns

�ot�2
1� �ot�2

�
: �26�

In the GC model the quantity t is deemed independent of
temperature. It is quite reasonable if the normal carriers in the
superconductor are believed to behave as electrons in an
ordinary metal: they are scattered by impurities at low
temperatures (in conventional superconductors Tc < 10 K),
the scattering being independent of temperature. Then the
temperature dependence of the components of conductivity
(26) in the model at hand is determined only by the functions
nn�T� and ns�T� � nÿ nn�T�. For conventional superconduc-
tors, the experimental data are best fitted by the function
ns�t� � n�1ÿ t 4�, t � T=Tc, the latter leading to the known
dependence l�t� � lL�1ÿ t 4�ÿ1=2, lL � �m=m0ne2�1=2. As a
result, from Eqn (26) we find s1�T� and s2�T�, and then
calculate the components Rs�T� and Xs�T� using Eqn (1) or
(24). All the curves weakly depend on the parameterot < 1 in
the centimeter or longer wave bands. With a decrease of
temperature T < Tc, when s1 5 s2, according to Eqns (24)
and (25) we have

Rs ' �om0�
1=2s1

2s3=22

� 1

2
o2m20s1l

3 ;

Xs '
�
om0
s2

�1=2

� om0l : �27�

The functions Xs�T�=Xs�Tc� and s2�T�=s�Tc� quickly satu-
rate, approaching their limiting values �2ot�1=2 and �ot�ÿ1
which correspond to zero temperature, while s1�T� andRs�T�
tend to zero as power functions. In the opposite limiting case
(s1 4 s2) in close proximity to the transition temperature Tc,
we have s1 ! s�Tc� and s2 ! 0, while the components of the
surface impedance

Rs �
�
om0
2s1

�1=2�
1ÿ s2

2s1

�
; Xs �

�
om0
2s1

�1=2�
1� s2

2s1

�
�28�

become equal at T � Tc (t � 1). In the immediate vicinity of
the transition temperature there is a very narrow peak in the
curveXs�T� at tm � �1ÿ ot=

���
3
p �1=4, which is hardly detected

and whose height is Xs�tm� ' 1:14Xs�1�.
For further discussion it is appropriate to compare the

temperature dependences of the surface impedance and
complex conductivity for the two-fluid GC and microscopic
BCS (weakly interacting Fermi liquid, weak coupling), and
SC (strong coupling) models. The general electrodynamic
relations pertaining to superconductors in the framework of
the BCS and SC models are given in Ref. [69]. Using these
relations, we may find simple analytic expressions for the
complex conductivity in the two limiting cases of the BCS
model describing London dirty and Pippard pure super-
conductors{ at frequencies o5D=�h [70 ± 72]:

s1�T�
s�Tc� �

D�T�
2kT

coshÿ2
�

D
2kT

�
ln

�
D

�ho

�
;

s2�T�
s�Tc� �

pD�T�
�ho

tanh

�
D

2kT

�
: �29�

Comparing Eqns (29) and (26), it is clear that in contrast
to the GC model the dependences ss�T� and Zs�T� found by
the BCS theory demonstrate the following peculiarities:

(1) the exponential temperature dependence
/ exp�ÿD�0�=kT� is dominant at T < Tc=2;

(2) the slope of the curve s2�T� as T! Tc is half that
calculated from the GC model;

(3) due to the logarithmic factor in (29) the conductivity
s1�T� rises over the temperature interval 0:85 < T=Tc < 1 (a
coherent peak). An excess of s1�T� over s�Tc� is in
disagreement with the conventional two-fluid GC model,
since the number of normal carriers nn is required to exceed
the total number of carriers n.

Nevertheless, the BCS model can be extended to the case
of a two-component fluid in the London limit, if, following
Ref. [72], we assume

nn�T� � nÿ ns�T� � nTÿ1
dD
dT

�
d

dT

D
T

�ÿ1
:

Substituting these functions ns�T� and nn�T� into Eqn (26), we
obtain the first two peculiarities typical of the BCS model.
Within the two-fluid model, the temperature dependence
s1�T�=s�Tc� passes a maximum if only the relaxation time t
depends on the energy [73].

According to the BCS theory, at an arbitrary temperature
T < Tc there is an energy gap D in the excitation spectrum,
which only depends on T. For T � 0, quasi-particles are not
produced in the BCS-superconductor and the absorption of
electromagnetic waves can come into play at optical frequen-
cies o > 2D�0�=�h. An energy 2D is expended in breaking the
Cooper pair and developing two excitations. As the tempera-

{Depending on the ratios between the lengths l, x0, and l at zero

temperature the superconductors can be classified as pure �l > x0�, dirty
�l < x0�, London �x5 l�, or Pippard �x4 l�. In the case of London pure

superconductors x � x0 5 l � lL, while in London dirty ones

x�l� � �x0l�1=2 5 l�l� � lL�x0=l�1=2. In Pippard pure superconductors

x � x0 4 l � lL�x0=lL�1=3, and x�l�4 l�l� in the dirty ones. The connec-

tion between the current and the field is local in London superconductors

(the London limit), and essentially nonlocal in Pippard superconductors

(the Pippard limit). According to this classification, HTSC single crystals

are considered to be London pure superconductors rather than London

dirty ones.

854 M R Trunin Physics ±Uspekhi 41 (9)



ture rises, the gap gets narrower and less energy �ho would
suffice to generate normal quasi-particles through their
excitation across the gap. Just these quasi-particles are
formally considered by the BCS model to be a `normal
fluid', although they are not identical to charge carriers in a
normal metal due to the coherent effects of pair wave
functions. The SC model was shown to be more suitable for
describing the microwave response of a superconductor in
terms of a two-fluid approach [74]. A feature of strongly
coupled systems is the gap smearing in the spectrum of
electron excitations. Strictly speaking, the gap does not
occur for T 6� 0 at all [75, 76]. This causes the Cooper pairs
to break, the peak of the density of states to be smeared, and
the coherent effects to be suppressed. When the coupling
constant is sufficiently large (> 2), the coherent peak of
conductivity s1�T� disappears and normal quasi-particles
are excited through a mechanism principally different from
that proposed by the BCSmodel [77]: they are already created
without jumps across the energy gap andmay find themselves
in states with arbitrary energy including �ho � 0. Such states
of quasi-particles can be thought of as gapless, while the
quasi-particles arising can be treated by the two-fluid model
as normal carriers. The curves l2�0�=l2�T� calculated in the
framework of the isotropic SC model [16, 78, 79] were found
to bemuch like the dependence ns�t�=n � 1ÿ nn�t�=n � 1ÿ t 4

obtained by the GC model. The slope of these curves at
T � Tc corresponds to that measured in various YBCO single
crystals and is equal to ÿ3 [48] or ÿ4 [25, 43, 57]. This fact as
well as the evidence for the lack of a coherent peak, which is
predicted by the BCS theory to occur in HTSC single crystals,
point to the necessity of taking strong interactions into
account near the transition temperature and to the feasibility
of treating the high-frequency properties of HTSC crystals by
the two-fluid approach.

4.1 The modified two-fluid model:
the role of scattering effects
As was discussed in the Introduction, none of the models
(GC, BCS, and SC) considered can explain the peculiarities of
the surface impedance Zs�T� and conductivity ss�T� typical
of HTSC single crystals at low and intermediate tempera-
tures. However, there is a simple way to treat all the observed
peculiarities in the framework of the two-fluid model,
modified so that it embraces the distinctive features of high-
temperature superconductivity. For example, a common such
feature is the high value of transition temperatureTc. At these
temperatures the inelastic scattering of quasi-particles occurs
in normal metals. Hence, the conventional two-fluid model
can be naturally modified so as to account for the dependence
t�T�.

The first attempts to ascertain the explicit form of this
dependence by comparing experimental data on s1�T� and
s2�T� with expressions (26) were made using the example of
HTSC crystals, where the maximum of the real component
of conductivity was observed at T � Tc=2 [21, 80, 81]. It
followed from this comparison that the quantity t should
increase markedly with a reduction of temperature T < Tc.
For some reason (insufficient quality of crystals, the use of
data on s1�T� and l�T� obtained in different experiments,
etc.), however, the calculated dependences t�T� proved to be
rather exotic: 1=t / exp�T=T0�, T0 � 10 K [81] or
1=t / �AT 6 � B� [80]. A more detailed study was required
to take into account the common and peculiar features of
temperature dependences of impedance and conductivity in

high-quality HTSC single crystals (see Section 3). Such an
analysis was carried out by our group in Refs [25, 28,
57, 82].

The quantity ot�Tc� is determined by the measured
conductivity: ot�Tc� � s1�Tc�=s2�0�. For perfect HTSC
single crystals it is equal to � 10ÿ3 in the centimeter wave
band. There is no realizable mechanism to increase the
relaxation time by three orders of magnitudes or more at
reduced temperatures T < Tc. Therefore, at arbitrary tem-
perature we have ot5 1 and expression (26) takes a very
simple form within the two-liquid model:

s1 � e2t
m

nn ; s2 � e2

mo
ns : �30�

Hence, at fixed values of ns�t�=n and thus nn�t�=n �
1ÿ ns�t�=n, the only missing function of temperature,
needed for the determination of ss�t� in Eqn (30) and the
impedance Zs�t� in Eqn (1), is t�t�. To be more specific, we
will try firstly to describe the experimental curves
Rs�T�=Rs�Tc� using formula (24), substituting into it the
values of s2�T�=s2�0� � l2�0�=l2�T� � ns�T�=n measured in
the same experiment and data on s1�T�=s1�Tc� found by (30),
which, in turn, are determined by the experimental depen-
dence nn�T�=n � 1ÿ s2�T�=s2�0� and an appropriately
chosen dependence t�T�.

In choosing the function t�T�, we will proceed from a
simple analogy between the properties of the `normal fluid' in
a superconductor and charge carriers in a normal metal.
According to theMathissen rule, at temperatures Tmuch less
than the Debye temperature Y �T5Y� we have

1

t
� 1

timp
� 1

teff
� 1

tee
: �31�

The first term (scattering by impurities) does not depend on
temperature, the second term corresponding to electron-
phonon scattering is proportional to T 5, while the third
contribution (electron ± electron scattering) is proportional
to T 2. Combining the first two terms we write t�T� as

1

t�t� �
1

t�Tc�
b� t 5

b� 1
� b� t 5

t�Tc� ; �32�

where b � t�Tc�=t�0�5 1 is a numerical parameter. Equation
(32) corresponds to the low-temperature limit of the Bloch ±
GruÈ neisen formula accounting for impurity scattering. Over a
wide temperature range the latter is given by

1

t�t� �
1

t�Tc�
b� t 5J 5�k=t�=J 5�k�

1� b
;

J 5

�
k
t

�
�
�k=t
0

z5ez dz

�ez ÿ 1�2 ; �33�

where k � Y=Tc. For k4 1 or, more precisely, T < Y=10
(k > 10t), Eqn (32) follows from Eqn (33), while at T > Y=5
(k < 5t) Eqn (33) yields the known law 1=t�t� / t.

All the experimental curves Rs�T� in high-quality YBCO
single crystals can be described by the two-fluid model, for
which the temperature dependence t�T� is given by expres-
sions (32) or (33). It is demonstrated in Fig. 15a ± c, which
presents the data measured in Refs [48, 25, 60] and reduced to
the same frequency 10 GHz. The plot of Fig. 15b corresponds
to the curve Rs�T� in Fig. 6, while the data of Fig. 15c relates
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to curve 1 in the inset to Fig. 12. At this frequency the values
of ot�Tc� � � r�Tc�s2�0��ÿ1 were about 4� 10ÿ3, i.e.
1=t�Tc� � 2� 1013 sÿ1 in the experiments [48, 25, 60]. The
solid lines in Fig. 15 present calculations of Rs�T�=Rs�Tc�
using formulae (24) and (30), where we used the values of
s2�T�=s2�0� measured in the same experiments [48, 25, 60]
and plotted below in Fig.18a ± c. The curve in Fig. 15a was

constructed using the single fitting parameter b � 0:01 in Eqn
(32), while the curve of Fig. 15b corresponded to b � 0:2 in
Eqn (32) and the curve in Fig. 15c was obtained at b � 0:02
and k � 4 in Eqn (33). The calculated curves virtually
coincide with the experimental findings over the whole
temperature range and indicate the common and peculiar
features of the surface resistance Rs�T� in YBCO single
crystals fabricated in different ways. Namely, one can see a
widemaximum at intermediate temperatures, caused by a fast
increase in the relaxation time t�T� / Tÿ5 at reduced
temperatures, and the growth of Rs�T� observed in Ref. [60]
over the temperature interval Tc=2 < T < Tc (Fig. 15c). The
latter phenomenon is associated with the change from the
regime of temperature variation � T ÿ5 to that of � T ÿ1 in
Eqn (33) for t�T�, which occurs in this crystal (see Fig. 15c) at
lower (as compared to Fig.15a, b) temperatures. Thus, one
can come to recognize that the electron ± phonon scattering of
normal quasi-particles makes the main contribution to the
formation of signal Rs�T� in YBCO single crystals.

Figure 16 plots on a linear scale the experimental data on
Rs�T�measured in Ref. [48] for the same sample as in Fig. 15a
but at a higher frequency, for which we used the value of
ot�Tc� � 1:5� 10ÿ2 (solid line). The dashed line in the figure
corresponds to the temperature dependence given by formula
(32), for which 1=t�t� is proportional to t 2 instead of t 5, while
the dot-and-dash line plots the same dependence when the
relaxation time t does not depend on temperature at all. It
should be reiterated that a wide peak of Rs�T� around
T � 0:4Tc, which is typical of YBCO samples, arises only
when we use 1=t�t� / t 5. Besides, only such a temperature
dependence of the relaxation time results in a pronounced
elevation of Rs�T� over a wide temperature range, the latter
being a common feature of HTSC compounds.

Accounting for the third term in Eqn (31), i.e. the addition
of a term quadratic in temperature to the numerator of Eqn
(33), flattens the peak. This is significant in comparing the
model dependences with the results measured in HTSC single
crystals with tetragonal structure, where a wide peak inRs�T�
(typical of YBCO crystals) is not observed. Figure 17
compares experimental (symbols) and calculated (lines) data
on the surface resistance in BSCCO single crystals, measured
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(squares) dependences of the surface resistance Rs�T�=Rs�Tc� in YBCO

single crystals. The experimental data are taken from Refs [48] (a, 4.13

GHz), [25] (b, 9.42 GHz), and [60] (c, 10 GHz) and converted (/ o3=2) to
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at various frequencies [56]: 14.4 GHz �ot�Tc� � 0:8� 10ÿ2�,
24.6 GHz, and 34.7 GHz. The theoretical curves are
constructed starting from formulae (24) and (30) at the
relevant frequencies and using experimental data on
s2�T�=s2�0� � ns�T�=n, taken from Ref. [56], and the depen-
dence

1

t�t� �
b� gt 2 � t 5

t�Tc��b� g� 1� ; �34�

where b � 0:1 and g � 0:9.
Figures 15 ± 17 presenting measurements of the surface

impedance of various crystals at different frequencies demon-
strate a good agreement between the experimental data and
the dependences Rs�T� calculated in the framework of the
two-fluid model.

4.2 Temperature dependence of the density
of superconducting electrons
Let us try now to describe the experimental curves
s2�T�=s2�0� in themselves. Figure 18a plots the dependence
l2�0�=l2�t� � ns�t�=n for the ab-plane of a YBCO single
crystal [48]. Similar dependences with slightly changed slopes
at low temperatures and near the transition temperature Tc

were obtained in other experiments on YBCO samples [43,
44], as well as BSCCO [54, 56] and TBCO [58] crystals with a
tetragonal structure. The dependences are linear at low
temperatures and well described by the relation

ns
n
� �1ÿ t�a ; �35�

where a is a numerical parameter. For t5 1, we have
ns�t�=n � s2�t�=s2�0� ' �1ÿ at�. For the experiments con-
sidered the parameter a varies from 0.5 to 0.7. The solid line in
Fig. 18a depicts dependence (35) at a � 0:5. Near the
transition temperature Tc we find l�t� / ns�t�ÿ1=2 /
�1ÿ t�ÿa=2, which also agrees fairly well with the experi-
mental data. Perhaps, the only drawback of formula (35) for
describing typical data on s2�T� in Fig. 18a is the infinite
derivative ds2�t�=dt / �1ÿ t�aÿ1 for t � 1 and a < 1.

However, a simple relation for ns�t� in Eqn (35) does not
describe the peculiarities of dependences l2�0�=l2�T�, which
have recently been observed in YBCO single crystals at
intermediate temperatures [25, 57, 60, 61]. Besides, if we
treat the dependences using (35), then the slope of the curves
at T5Tc corresponds to a > 1, resulting in a zero slope for
the curves s2�T�=s2�0� at the point T � Tc. Therefore we
should introduce one more term to the right-hand side of Eqn
(35) without violating the condition ns � nn � n met in the
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two-fluid model:

ns
n
� �1ÿ t�a�1ÿ d� � d�1ÿ t 4=d� ; �36�

where 0 < d < 1 is a weight factor. For d5 1 �d! 0� and
a > 1 the first term in the right-hand side of (36) is dominant
everywhere over the temperature interval, while the second
term only ensures a finite slope of the dependence s2�T�=s2�0�
at T � Tc, which is equal to ÿ4 in accordance with the GC
model. As the parameter d rises, the influence of the second
term in Eqn (36) strengthens. The experimental dependence
s2�T�=s2�0� in Fig. 18b, derived using formula (25) from the
data on Rs�T� and Xs�T� presented in Fig. 6, is well fitted by
formula (36) at d � 0:5 and a � 5:5. The fitted dependence
reveals features typical of the measurement results: at low
temperatures the dependence is linear and its second
derivative is positive �a > 1�; at intermediate temperatures
there is a plateau resulting from equal �d � 0:5� contributions
of both the terms in (36), and finally the slope of the fitted
dependence near Tc is consistent with the experiment. All the
curves s2�T� we measured in the ab plane of YBCO crystals
(grown by the same method at ISSP) were described by
formula (36) where the parameter a � 5:5 was practically
unchanged, while the parameter d varied within the interval
0:1 < d4 0:5.

The third curve in Fig. 18c, taken from Ref. [60] and
corresponding to l�T� (Fig. 12, curve 1), differs from the
typical curves presented in Fig. 18a or Fig. 12 (2, 3). The
difference implies that the linear section of s2�T� lies in a
shorter temperature interval 0 < T5Tc and is steeply
transformed to being quadratic at increased temperatures.
This transformation can be described by introducing an
additional multiplier �1� Zt� into the first term of (36) [25].
Then for a � 2:2, Z � 2, and d � 0:04 we arrive at the solid
line in Fig. 18c.

Thus, treating the data in the framework of the two-fluid
model based on Eqns (30) ± (36), we can describe the common
features of the dependences Zs�T� and ss�T� for high-quality
HTSC single crystals. At low temperatures, t5 1, all the
dependences have linear sections: s1 / at=b, since nn=n � at
and t � t�0� � t�Tc�=b; Ds2 / ÿat; Rs / at=b, according to
(27), and DXs / Dl / at=2. As the temperature rises the
function s1�t� passes a maximum at t < 0:5. The maximum
results from the combined action of two opposite effects such
as the decreased number of normal carriers at reduced
temperatures t < 1 and the increase of relaxation time,
which terminates at t � b 1=5. The two-fluid model consid-
ered is also suitable for revealing peculiarities of temperature
dependences of the surface resistance and complex conduc-
tivity in YBCO single crystals grown by various methods.

5. On the way to the microscopic theory

There are a huge number of papers and reviews [74, 83 ± 89]
devoted to theoretical investigations of mechanisms of super-
conductivity in HTSC compounds. This literature usually
deals with some particular conceptually possible mechanism
of electron pairing in terms of which some available
experimental data are described{. Now there is neither a
conventional microscopic theory of the high-temperature

superconductivity as a whole, nor a microscopic model of
the high-frequency response of an HTSC in particular. The
trouble is dramatized by experimenters who are revealing new
properties of HTSCs as the quality of samples and measuring
techniques are being improved. The peculiarities of the
temperature dependence of the surface impedance of high-
quality YBCO single crystals is an example of such an event in
themicrowavemeasurements.While in 1994 it seemed that all
the measurement data on Zs�T� and ss�T� known for YBCO
crystals [48] could be explained by the simple d-wave model
[90 ± 92], the studies of the last three years have spoiled this
impression.

Leaving aside possible mechanisms of superconducting
pairing, we will analyze briefly the available microscopic
theories of the high-frequency response in HTSCs. Since the
phenomenological model formulated in the previous section
is in a good agreement with the experimental data onZs�T� of
HTSC single crystals, it is appropriate to compare the simple
model with the results of the microscopic consideration.
Perhaps, we will succeed in developing a general microscopic
approach to describing the microwave properties of HTSCs.

5.1 The isotropic SC model and the relaxation time
in the superconducting state
The Eliashberg equations accounting for retardation and
damping of quasi-particles can be used to describe super-
conductors with an arbitrarily strong interaction between
Fermi particles. We will consider electron-phonon interac-
tions in an isotropic single-band superconductor with a
singlet s-pairing and the Debye phonon spectrum, and ignore
phonon corrections to the electromagnetic vertex (referred to
as the vertex correction) when solving the Eliashberg
equations. Then the function G�T� � 1=2t�T� corresponding
to the damping coefficient of quasi-particles is proportional
to T 3 at temperatures T < Tc [14, 74]. If these corrections are
taken into account, then according to Ref. [93], G�T� / T 5,
which is in agreement with Eqn (32). Using this conclusion,
the authors of Ref. [13] showed that the temperature
dependences Rs�T� and s1�T� have wide peaks typical of
YBCO samples within the framework of the conventional
isotropic SC model, although there is a quantitative disagree-
ment between the theory and experiment. To our knowledge
paper [93] is still the only work where the vertex corrections
are taken into account. It would be interesting to know
whether the conclusion of Ref. [93] is correct for other
microscopic models which are more suitable for describing
HTSCs.

5.2 Model of an almost antiferromagnetic Fermi liquid
with d-pairing
In this model, the low-frequency excitations are not phonons
but weakly damping spin waves, while the pairing is provided
by spin fluctuations [94 ± 96]. The paramagnon mechanism of
pairing leads to the d-symmetry of the order parameter when
there are gapless lines on the Fermi surface. The latter means
that the normal excitations in the superconductor exist even
at zero temperature T � 0, resulting in particular in a finite
conductivity [97]

smin � ne2

mpD0
� 2G�Tc�s�Tc�

pD0
; �37�

where 2G�Tc� � 1=t�Tc�, and D0 is the gap maximum on the
Fermi surface, which is equal to D0 � 2:14Tc without regard

{An exception is the review [87] comparing various theoretical ap-

proaches.
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for strong coupling effects (from here on we use units in
which �h � k � 1). Remembering the value 2G�Tc� �
2� 1013 sÿ1 ' 0:8Tc, for YBCO single crystals [25, 48, 60]
we estimate smin ' 0:1s�Tc� from (37). Substituting the latter
into formula (27) we arrive at the minimal surface resistance
Rs min of a superconductor with d-pairing. On a frequency of
10 GHz, the minimal resistance is Rs min � 1 mO in YBCO
samples, i.e. an order of magnitude lower than the experi-
mental values obtained so far.

Such unusual (from the traditional standpoint) manifesta-
tions of d-symmetry have stimulated theoretical treatment of
various properties of HTSC with the model of an almost
antiferromagnetic Fermi liquid.

The dependences ss�T� and Rs�T� were calculated in Refs
[90 ± 92] and comparedwith the experimental data ofRef. [48].
Let us discuss the problem in greater detail.

Firstly, we consider the case of the relatively low
temperatures T < 0:4Tc, when the damping of quasi-parti-
cles is due to scattering by impurities. According to Refs [90 ±
92], in this range we have:

(1) integral expressions describing the microwave
response of the superconductor admitting a conductivity
representation as (26) or (30), where t�T� � t�0� � 1=2G,
and G is the frequency of elastic relaxation; the latter is
significantly less than G�Tc�, for example, in the experiment
[48] G=G�Tc� ' t�Tc�=t�5K� ' b � 0:01;

(2) the scattering is restricted by the weak (Born) and
strong (unitary) limits with the phase shifts equal to d � 0 and
d � p=2, respectively. In the Born approximation, the
transition temperature Tc should be reduced significantly,
but this is not examined experimentally;

(3) there is a crossover temperature T � separating the
`gapless' (T < T �5Tc) and `pure' (T � < T5Tc) regimes.
Under the conditions of the unitary limit close to the
experimental ones, the crossover temperature is T � �
0:8�GD0�1=2 � 0:1Tc ' 9 K in the case of perfect YBCO
crystals with optimal doping. The addition of impurities (for
example, Zn used in Ref. [48]) increases the frequency G of
elastic relaxation and the crossover temperature T �.

In the `pure' regime the penetration depth depends
linearly on the temperature t � T=Tc:

l�t�
l�0� � 1� c1t ; c1 � Tc ln 2

D0
: �38�

The dependence agrees with Eqn (35), which yields

l�t�
l�0� � 1� at

2
; t5 1 : �39�

Equating a � 0:5 (Fig. 18a) and 2c1 determined by expression
(38), we estimate the experimental quantity D0 ' 2:7Tc [48].
At frequencies of 4 GHz (o=Tc ' 0:002) and 35 GHz
(o=Tc ' 0;019), the value of o=G is approximately equal to
0:2Tc and 1:9Tc, respectively [48], corresponding to the
intermediate range between the hydrodynamic (o=G5 1)
and collisionless (o=G4 1) limits. According to computa-
tions [91, 92], the conductivity s1�T� linearly depends on T in
this range (essentially suitable for the measurements at 35
GHz in Ref. [48]). As is seen from Fig. 9 of Ref. [92], the slope
of the curve s1�T�=s�Tc� at T5Tc is close to the value of a=b
calculated using the phenomenological model.

As the concentration of impurities rises at low tempera-
tures, the pure regime gives way to a gapless one, while the

intermediate regime changes to the hydrodynamic one,
resulting in the typical dependences Dl�T� / T 2 and
s1�T� / T 2. Both the dependences agree with the experi-
mental data [48], where Cu atoms in YBCO samples are
replaced by Zn atoms.

Inelastic scattering is significant at temperatures
T > 0:4Tc. The temperature dependence of the damping
coefficient for quasi-particles scattered by spin fluctuations
was calculated in Ref. [98] without regard for vertex
corrections and appeared proportional to T 3, 1=t�T� / T 3.
Taking this conclusion into account, the authors of Refs [91,
92] calculated the surface resistance and conductivity at
intermediate temperatures and in the region near the
transition temperature Tc and found the peaks in s1�T� and
Rs�T�. Unfortunately, they used an overly decreased value of
G=Tc � 0:0008, which does not enable us to compare the
theoretical and experimental data in detail. We note only that
the calculated peak of Rs�T� is shifted to lower temperatures
with respect to the experimental one [48]; the latter is
probably caused by the temperature dependence 1=t being
insufficiently strong (see Fig.16).

Thus, the d-wave model of microwave response [90 ± 92]
qualitatively describes the low-temperature dependences of
the surface impedance and conductivity measured in YBCO
crystals [48] and formally agrees with the above-considered
phenomenological two-fluid model atT5Tc. The advantage
of papers [90 ± 92] is that the model manifests nontrivial
consequences of d-symmetry of the order parameter, using
few fitting parameters to describe the microwave measure-
ments of the first high-quality YBCO single crystals. The
s2�T� curves measured in theHTSC crystals with a tetragonal
structure (see Fig. 18a) could also be explained by the model.
But it fails to account for the linear dependence ofRs�T� in the
temperature range up to Tc=2 at frequencies � 10 GHz.
Neither can it explain the possibility of an essentially
different slope of s2�T� at T5Tc (corresponding to a > 1 in
Eqn (36), which according to (38) would have yielded
D0 < Tc) in the experiments [25, 57, 60, 61] with YBCO
single crystals. The model can hardly be used to describe the
peculiarities at intermediate temperatures and the increased
slope of Rs�T� and s2�T� in the limit T! Tc.

The above approach was further developed in Ref. [62]
where the calculated dependences Zs�T� were compared with
the data measured on a frequency of 87 GHz in two different
YBCO films. The authors ofRef. [62] theoretically studied the
evolution of the dependences ss�T� andRs�T� in passing from
the unitary limit to the Born one and showed that the value of
minimal conductivity described by (37) was not universal, and
the experimental results were best fitted by the intermediate
phase shift d � 0:4p. The optimal coincidence requires six (or
even nine) fitting parameters. Three parameters are necessary
to describe phenomenologically the temperature dependence
of the inelastic relaxation time

t�1�
t�t� � at 3� �1ÿ a� exp�b1�tÿ 1��1� b2�tÿ 1�2�g; t � T

Tc
:

In the case of the higher-quality film (b) used in Ref. [62],
the parameter a � 0, and the remaining terms are well
approximated by 1=t�T� / T 5. The calculation method
developed in Ref. [62] and its modification to the case of
strong coupling [99] would be useful in considering experi-
mental data on HTSC single crystals in the centimeter wave
band.

September, 1998 Surface impedance of HTSC single crystals in the microwave band 859



5.3 The two-band model and mixed symmetry of the order
parameter
The peculiarities of Zs�T� and ss�T� curves recently revealed
in YBCO single crystals [25, 57, 60, 61] can be explained by a
two-band model or by the mixed symmetry of the order
parameter. The shape of the experimental dependences
(Fig. 18b and c) alone and function (36) describing them and
containing two terms give grounds to this suggestion. Besides,
the order parameter has a mixed �d� s�-symmetry coinciding
with the symmetry of the orthorhombic lattice and this type of
symmetry is more natural for YBCO crystals than the pure d-
symmetry typical of tetragonal structures.

HTSC crystals were first treated by the two-bandmodel in
a series of papers [100]. The model is an extension of the SC
theory to the case of layered HTSC, particularly, to YBCO
systems where two subsystems occur: a band of CuO2 planes
(S-band) and a band of CuO chains (N-band). The tempera-
ture and concentration dependences of the density of states in
this system were considered in Ref. [101].

In calculating the microwave response [18, 102, 103], a
strong electron-phonon interaction in the S-band and weak
superconductivity in theN-band, caused by proximity effects,
were assumed. A set of coupled Eliashberg equations was
solved to find an s-type order parameter and the renormaliza-
tion functions in each of the bands [18, 102]. The parameters
of the equations were the coupling constants lij and the
coefficients gij and gMij for the transition from ith band into
the jth band due to the relevant scattering by ordinary and
magnetic impurities.

In Refs [18, 103], the number and values of the parameters
were fitted from the experimental data known for YBCO
single crystals. In the case of the S-band l11 � 3, while l22 � 0
in theN-band, a nonzero gap for CuO chains was induced by
the interband interaction for which l12 � l21 � 0:2. The
chosen set of coupling constants led to Tc � 92 K. The
interband scattering effects were supposed to be negligible,
i.e. g12, g21 5Tc. The intraband scattering in each band was
taken into account through the coefficients g11 and g22. The
scattering by magnetic impurities �gM22 � gM� occurred only in
the N-band (gM11 � 0) where oxygen atoms are most flexible,
and leaving CuO chains they produced magnetic moments on
uncompensated copper ions Cu2�. The parameter gM is
proportional to the concentration of magnetic impurities,
which grow in number as the oxygen concentration in the
sample decreases. The coefficients of elastic relaxation in the
bands were assumed to be the same g11 � g22 � g imp and
estimated from the absolute value and anisotropy of
resistivity of YBCO crystals in the normal state. The values
of g imp in the interval 24g imp=Tc 4 4 correspond to the
measured values 504r�100 K�4 100 mO cm and anisotropy
r equal to 2 in the ab-plane. Note that g imp differs from
G � 1=2t�0� used in the models considering a single band.
The inelastic scattering coefficients reasonably appeared
proportional to T 3 for the Debye phonon spectrum [18, 103]
and did not include vertex corrections to the conductivity.
Thus, the large number of parameters initially contained in
the Eliashberg equations describing the two-band model
reduce in reality to four parameters l11, l12, g imp, and gM,
two of which (l11 � 3 and l12 � 0:2) are fixed, and two others
(g imp and gM) are varied.

Figure 19 plots the calculated and experimental tempera-
ture dependences s2�T�=s2�0�. The experimental data are
taken from Refs [43, 48] and given in Fig.18a. For all the
curves (1 ± 4) the parameter gM � 0:2Tc � const, and they

differ only in the increasing parameter g imp: 2Tc (1), 4Tc (2),
8Tc (3), and 20Tc (4). The inset to Fig. 19 depicts the influence
of the magnetic scattering (oxygen content of YBCO). In the
case of complete oxidation of the sample, magnetic scatterers
are absent in the chains (N-band) and gM � 0. The calcula-
tions using the two-band model (curve 1 in the inset) and the
experimental data (&) obtained for YBCO films [42] result in
an exponential dependence ofDlab�T� forT5Tc{, caused by
a narrow gap induced in theN-band. The appearance of a few
magnetic scatterers (gM � 0:1Tc, curve 2) enhances the slope
of the curve Dlab�T�, the dependence remaining exponential.
However, a further increase in the parameter gM (removal of
oxygen) changes the exponential dependence Dlab�T� into a
linear one, since the superconducting state in the chains
becomes gapless at T > 0:05Tc � 5 K. A similar linear
dependence Dlab�T� (gM � 0;3Tc, g imp � 4Tc) is depicted in
Fig. 2, where it is compared with the data measured in the
YBCO film at 87GHz [17]. At sufficiently high values of g imp,
the N-band does not affect the penetration depth, and the
dependence Dl�T� becomes similar to that predicted by the
isotropic SC model: Dl�T� / T n, where the power index
exceeds 2 [14, 93]. A transformation from the linear
dependence Dl�T� to a power one �n � 4�, as the concentra-
tion of impurities increased, was recently observed in YBCO
crystals [106], where the Y atoms were replaced by Pr ions.

The complex conductivity ss � s1 ÿ is2 in a two-band
superconductor includes the conductivity of the S-band
(sSs � sS1 ÿ isS2 ) and N-band (sNs � sN1 ÿ isN2 ):

ss � sSs � zsNs ; z � nSmN

nNmS
; �40�

{ So far the exponential dependence Dl�T� has been observed only in a

single study on high-quality YBCO films [42, 104], which quickly degraded

with time [105]. Perfect HTSC single crystals do not exhibit such

exponential behaviour. Note that the activation dependences ss�T� and
Rs�T� are incompatible with the d-wave symmetry of the order parameter.
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temperature dependences s2�T�=s2�0�. The symbols (~) and (�) corre-
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of Dlab�T� as the concentration of magnetic impurities rises. The squares

show the data measured in Ref. [42].
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where nS;N and mS;N are the densities of states and masses of
carriers in the relevant bands. The dependences s1�T� and
Rs�T� calculated in Ref. [103] agree with the data measured in
YBCO samples [17], although they are not detailed at low
temperatures and in the region near the transition tempera-
ture Tc.

Despite the obvious advantages of the two-band model, it
can hardly be used to describe microwave measurements in
HTSC single crystals with tetragonal structure which do not
contain CuO chains and, hence, such evident magnetic
scatterers as in YBCO samples. Meanwhile, the magnetic
scatterers play a key role: they make the gap of the N-band
equal to zero and give rise to a linear temperature dependence
Dlab�T� at T5Tc. The d-symmetry of the order parameter in
a superconductor eliminates the problem{. In addition, the
peculiarities of the experimental data on Zs�T� and ss�T� in
YBCO single crystals at intermediate temperatures cannot be
explained by s-pairing in both the bands. Therefore it seems
natural to introduce a d-symmetric order parameter for one of
the bands}. Recently such an attempt has beenmade [112] and
the calculated dependence s2�T�=s2�0� is plotted in Fig. 20.
Within the model the S-band has the d-symmetry of the gap,
while the N-band has the s-symmetry; the model parameters
are l11 � 3 and l22 � 0:5 and only the interband scattering is
taken into account in formula (40) with z � 0:5 and
g12 � g21 � g. The solid line in Fig. 20 demonstrates the
peculiarity at T � 0:6Tc disappearing when the disorder is
enhanced. A similar approach was used in Ref. [61] to explain
the experimental data, particularly, to describe phenomen-
ologically the curve in Fig. 18c. It should be noted that the
consequences of the mixed �d� s�-symmetry of the order
parameter and properties of HTSCs related to microwaves
are topical today (see, for example, Refs [113 ± 116]), and
interesting findings are to be expected.

6. Conclusions

We have tried to classify and generalize the data of
measurements on the surface impedance Zs�T� �
Rs�T� � iXs�T� of high-quality YBCO, BKBO, TBCCO,
TBCO, and BSCCO single crystals in the temperature range
4:24T4 150K. The common features for all the crystals are
the linear dependences of the surface resistance DRs�T� / T
and reactance DXs�T� / Dlab�T� / T at temperatures far
from the transition temperature �T5Tc�, the sharp increase
as T! Tc, and the root dependence Rs�T� � Xs�T� ������������������������
om0r�T�=2

p
corresponding to a linear variation of

Drab�T� / T in the normal state. We detected that the
dependences Zs�T� in BSCCO, TBCCO, and TBCO single
crystals with a tetragonal structure and in BKBO samples
with a cubic structure differ from those inYBCO crystals with
an orthorhombic structure. In the tetragonal structures the
linear section of DRs�T� / T may extend up to Tc=2 at
frequencies � 10 GHz, while the linear behaviour at
T < Tc=3 changes to a wide peak of Rs�T� in YBCO
crystals. In addition, YBCO single crystals exhibit peculia-
rities of the lab�T� dependences at intermediate temperatures.

We have described all the above effects in Zs�T� in the
framework of the two-fluid model taking into account the
scattering of quasi-particles and the changed density of
superconducting carriers at low temperatures and in the
region near the transition temperature. The suggestions of
the model may be important in developing a microscopic
theory of high-frequency response in HTSCs.

We have considered in detail the microwave properties of
high-quality HTSC single crystals with optimal doping only,
since there is a large body of experimental data on such
crystals. But three important problems appeared beyond the
scope of our consideration and we should outline them.

Firstly, changes in the temperature dependence Zs�T�,
caused by deviations from the optimal doping, have not been
adequately investigated. There are no experimental data on
themicrowave properties of a crystal where the concentration
of carriers is varied but controlled. At the same time, the
problem of doping effects tightly relates to the available
symmetry of the order parameter [87, 117], changes in the
pseudogap [88, 89, 118], and the superconductor ± insulator
transition [119], which are important in explaining the
microscopic properties of HTSCs.

Secondly, the origin of the residual surface resistance
observed in HTSC single crystals is still unclear. The
influence of surface cleaning on the dependence Zs�T� has
not been studied, although there are a number of phenomen-
ological [120 ± 126] and microscopic [127 ± 132] models
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Figure 20. Changes in the curves s2�T�=s2�0�, caused by variations in the

coefficient of interband scattering g. The data are calculated using the two-
band model dealing with the d-symmetry of the order parameter for the S-

band and s-symmetry for the N-band [112].

{The third law of thermodynamics forbids the linear dependence

Dl�T� / T at ultralow temperatures T! 0 [107]. This means that there

is always a crossover temperature T �5Tc, below which the dependence

Dl�T� is not linear for a superconductor with a d-gap. At present two such

mechanisms resulting in a crossover temperature are known, namely,

scattering by impurities [90] and nonlocal effects in the pure d-super-

conductor [108]. In a number of microwave measurements the dependence

Dl�T� becomes linear not in the immediate proximity of 4.2 K but at a

higher temperatures (see, for example, curves l�T� in Fig. 9 for TBCCO

and BKBO samples). But there are no systematic measurements on the

dependence Dl�T� at T < 5 K.

}The d-symmetry of the order parameter results from an interaction of

alternating sign in the inverse space. Quasi-one-dimensional portions of

the electron spectrum and the relevant van Hove singularities of HTSCs

lead to d-pairing due to the anisotropic electron-phonon interaction [109].

Other origins of d-symmetry of the order parameter were considered in

Refs [110, 11] within the phonon mechanism.
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indicating the importance of the effect. For instance, the
order parameter is shown in Ref. [132] to have mixed
symmetry due to diffusion reflection from the surface: the
original d-symmetry of the order parameter in the bulk of the
superconductor is added to the s-component emerging near
the surface. This may be a reason for the different depen-
dences s2�T� for YBCO crystals (Fig. 18) with approximately
similar parameters characterizing the sample quality.

Thirdly, we have not considered a small piece of
experimental data on the anisotropy of the surface impe-
dance. To our knowledge, there is a single experiment [133],
where the anisotropy ofZs�T�was observed in the ab-plane of
YBCO single crystals without twins. There is some evidence
that the dependences Zs�T� differ in the ab-plane and the c-
direction [43, 45, 54, 55]. The theory [18, 103, 134 ± 139]
predicts different scenarios of high-frequency behaviour of
HTSCs, caused by different mechanisms of anisotropy;
therefore comparison with the precise microwave measure-
ments would be useful.

The above questions are still not solved, and it seems likely
that further experimental and theoretical studies of the
microwave response in HTSCs are to be developed along
these lines.
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