
Abstract. X-ray lasers have been the subject of intense research
since the mid-1980s owing to continuous advances in technology
and computer engineering. By the mid-1990s, extreme ultravio-
let (XUV) and soft X-ray lasing has already been achieved for
approximately a hundred lines, with a lower boundary within
the `water window.' At present, the generation of highly direc-
tional and highly coherent laser radiation is of great interest for
a variety of scientific, technological and medical applications.
The formation of X-ray laser radiation is only one aspect of the
general field of X-ray lasing, where a number of interrelated
atomic physics, plasma physics, and quantum electronics pro-
blems are also to be solved. In the present paper, the historical
development and current state of theoretical and experimental
work on the angular divergence and spatial coherence of X-ray
laser radiation is reviewed. Various approaches to the dynamics
of laser-amplified radiation are considered and prospects for
improving laser beam quality and increasing radiation intensity
discussed. A comparison is made between the experimental
results and theoretical predictions.

1. Introduction

From the first steps of the development of quantum
electronics and the advent of optical lasers, the quest to

move to the shorter-wavelength region, in particular, to
create an X-ray laser was natural and attractive. Efficient X-
ray lasers promise to provide substantial progress in numer-
ous fields of science, techniques, and medicine. One of the
examples of application of X-ray lasers, which cannot leave
the scientific and simply human imagination indifferent, is the
possibility of studying in detail the structure of a biological
cell in vivo with a high spatial resolution.

The X-ray wavelength range corresponds to electronic
transitions between inner shells of atoms or outer shells of
multiply-charged ions in a plasma. The pumping intensity
required for obtaining the inverse population is proportional
to n3Dn and is quite high for the X-ray range. According to the
first estimates [1], it should be equal to 1017 ± 1018 W/cm2,
which corresponds to a thermal radiation source with a huge
(for the Earth's conditions) temperature of 1 ± 3 keV. The
only radiation source of this type is a nuclear or thermo-
nuclear explosion. For this reason, the development of X-ray
lasers in the 1960s could proceed only within the framework
of military programs and was the privilege of a few research
groups of the Nuclear Powers. The reality of the development
of X-ray lasers pumped by nuclear explosion radiation was
accepted by experimental studies of X-ray lasers in the USA
reported in 1981 [2]. Papers [3, 4] report the successful
engineering of an X-ray laser pumped by a nuclear explosion
with a power of 20 ± 100 kilotons.

As of now, the full-scale experimental work at this
project is not to proceed in view of the nuclear test
moratorium. At the same time, in the late 1970s Ð early
1980s substantial progress was achieved in the develop-
ment of multi-beam optical laser systems producing
nanosecond pulses with powers from 0.01 to 10 TW for
studies in the field of controlled thermonuclear fusion.
Powerful optical lasers used as drivers for laser thermo-
nuclear fusion were applied for pumping laboratory
plasma X-ray lasers in the XUV and soft X-ray
wavelength ranges. This stimulated extensive studies of
X-ray lasers, although with moderate parameters (wave-

P D Gasparyan, F A Starikov Russian Federal Nuclear Centre,

All-Russian Research Institute of Experimental Physics (VNIIEF),

607190 Sarov (Arzamas-16), Nizhegorodskaya region, Russia

Tel. (7-831-30) 4-55-22, 4-58-93, 4-56-46; Fax (7-831-30) 5-45-65

E-mail: pdg@albatross.md08.vniief.ru; starikov@otd13.vniief.ru

A N Starostin State Research Centre of the Russian Federation ±

Troitsk Institute for Innovation and Fusion Research (TRINITI),

142092 Troitsk, Moscow region, Russia

Tel. (7-095) 334-06-97; Fax (7-095) 334-57-76

E-mail: staran@fly.triniti.troitsk.ru

Received 22 October 1997

Uspekhi Fizicheskikh Nauk 168 (8) 843 ± 876 (1998)

Translated by M N Sapozhnikov; edited by A Radzig

REVIEWS OF TOPICAL PROBLEMS PACS numbers: 42.25.Kb, 42.55.Vc

Angular divergence and spatial coherence of X-ray laser radiation

P D Gasparyan, F A Starikov, A N Starostin

Physics ±Uspekhi 41 (8) 761 ± 792 (1998) #1998 Uspekhi Fizicheskikh Nauk, Russian Academy of Sciences

Contents

1. Introduction 761
2. Theoretical methods for studying the radiation dynamics of X-ray lasers 764

2.1 The transport equation; 2.2 The parabolic equation for the field amplitude; 2.3 The equation for the transverse

correlation function of the field

3. Basic features of the radiation dynamics of X-ray lasers 775
3.1 A regular medium without refraction; 3.2 A regular symmetric medium with refraction; 3.3 A regular asymmetric

medium with refraction; 3.4 A randomly inhomogeneous medium

4. Methods for improving the radiation parameters of X-ray lasers 783
4.1 Improvement of the parameters of the gain medium; 4.2 Improvement of the beam quality in a high-quality gain

medium; 4.3 Compensation for refraction distortions

5. Conclusions 790
References 790



lengths and powers), but under laboratory conditions. The
first successful laboratory experiments on X-ray lasing in
a multiply-charged ion plasma were performed in 1984
[5 ± 7].

In experiments [5] at the Lawrence Livermore National
Laboratory (LLNL), USA, an extended X-ray laser plasma
was produced by transverse focusing of radiation from an
Nd:glass laser to a line on an ultrathin foil covered with a
selenium film 750A in thickness [6]. A schematic of this
experiment is shown in Fig. 1. The target was irradiated with
0.45-ns laser pulses at 0.53 mm of 1 kJ energy and an intensity
of �5� 1013 ± 1014�W/cm2. In [5, 6], a collisional excitationX-
ray laser operating on the transitions between discrete excited
states in Ne-like ions was demonstrated, which has been
originally suggested in [8]. In this laser scheme, the absorp-
tion of intense laser radiation causes heating and evaporation
of the target with the formation of a high-temperature
multiply-charged expanding coronal plasma. In the low-
density region, the ionized plasma corona contains Ne-like
ions at a high concentration. In the plasma produced by the
foil explosion, soft X-ray lasing was detected on two
1s22s22p53p J � 2 Ð 1s22s22p53s J � 1 transitions of Ne-
like selenium at 20.6 and 20.9 nm. Lasingwas observed during
pumping for � 200 ps. The measured gain coefficient and
output power were 4 ± 5 cmÿ1 and 2 ± 5MW, respectively. The
population inversion on the 3p ± 3s transitions was achieved
in the three-level pumping scheme (Fig. 2). Pumping of the
upper laser levels of the 1s22s22p53p configuration occurs
upon monopole excitation from the ground state of Ne-like
ions (the 1s22s22p6 configuration) in collisions with free
electrons. The radiative decay of these levels to the ground
state is strongly suppressed. The lower laser levels of the
1s22s22p53s configuration are predominantly depopulated via
radiative decay to the ground state, whose rate in the
multiply-charged plasma substantially exceeds the rate of
electronic excitation of these levels from the ground state.
The population inversion produced in this way in the plasma
with slowly varying temperature and density has a quasi-
steady-state nature, because the rates of collisional and
radiative processes are significantly higher than the energy-
exchange rates in the plasma. This scheme can be implemen-
ted in a pure form only in an infinitely thin, optically
transparent (in transverse direction) layer of an open
plasma. Under real conditions, the thickness of the X-ray
laser medium is finite, and the rate of radiative decay of the

lower laser level decreases because of its pumping by
radiation from the ground state, i.e. due to reabsorption of
the resonance radiation. This effect, which is substantial in
most multiply-charged ion X-ray laser schemes, restricts the
gain-medium lateral dimension to the mean free path of
resonance photons. In the X-ray laser scheme under con-
sideration, an increase in the probability of emission of the
resonance photons from the gain medium due to the Doppler
frequency shift reduces the spurious effect of reabsorption of
the resonance radiation. Indeed, for the large transverse
gradient of the plasma velocity typical of the reaffection
wave of the plasma corona, the Doppler shift for the
resonance quanta of the X-ray laser medium emitted in the
transverse direction is comparable and even greater than the
Doppler width of the resonance lines. Under such conditions,
the X-ray laser medium becomes more transparent for the
resonance radiation, which allows one to produce inversion
over a sufficiently wide gain region. At the same time, the
transverse velocity gradient does not affect the line shift and
does not prevent X-ray lasing in the longitudinal direction
(the gain direction){.

The three-level Ne-like ion X-ray laser scheme considered
above is simplified. Note that pumping of the upper laser level
is also facilitated by recombination of the F-like ions and
subsequent cascade transitions from the Ne-like highly
excited states. Under real conditions, a variety of kinetic
effects (a great number of levels and reactions in the multiply-
charged plasma, the nonequilibrium distribution functions of
free electrons, diffusion processes, etc.) also plays a certain
role.

In experiments [7] performed at Princeton University,
USA, the pumping radiation (a wavelength of 10 mm, a
pulse duration of � 50 ns, and an energy of � 1 kJ) was
focused onto a small spot on a solid target. During
expansion of the magnetically confined plasma the plasma

l

Target

lpump

lpump

y

x

z
Plasma

Figure 1. Schematic of experiments on X-ray lasing upon irradiation of a

thin foil [5, 6].
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Figure 2. Energy diagram of the X-ray laser operating on the 3p ± 3s

transition of the Ne-like ion.

{ Reabsorption of the resonance radiation, being spurious in the

collisional pumping scheme, is advantageous in X-ray lasers with

resonance optical pumping [15]. In these laser schemes, the lasing medium

is surrounded by an optically thick converter of the resonance radiation

with photon energy equal to the excitation energy of the upper laser level.

The resonance photons are accumulated in the converter and the lasing

medium due to reabsorption, providing optical pumping of the upper laser

levels. In the resonance pumping schemes, it is important to ensure the

absence of the plasma velocity gradients which enhance the loss of

photons.
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column was formed in the direction opposite to the
pumping direction. In [7], the laser action was observed on
the n � 3ÿ 2 transition of H-like carbon at l � 18:2 nm
upon recombination pumping when the plasma was sub-
jected to complete ionization followed by rapid cooling,
recombination, and cascade electronic transitions from
highly excited levels of the hydrogen-like ion [9]. The rapid
plasma cooling can be achieved during its hydrodynamic
expansion or during processes of radiation emission and
heat conduction, as in [7]. The duration of the X-ray laser
pulse in [7] was 10 ± 30 ns.

The first experiments on laboratory optical-laser-pumped
X-ray lasers [5 ± 7] were followed by rapid progress in this
field of research described in reviews [10 ± 14], monograph
[15], and the proceedings of regular International Confer-
ences on X-Ray Lasers [16 ± 19]. A number of physical
mechanisms of pumping and operating X-ray laser schemes
are discussed in detail in monograph [15]. By the mid-1990s,
X-ray lasing had been obtained at � 100 lines in the
wavelength range down to 3.56 nm [14]. This lower wave-
length boundary is located within the `water window' (2.3 ±
4.4 nm) suitable for biological and medical applications of X-
ray lasers. The observed small-signal gains are equal to
several cmÿ1 for an X-ray laser plasma length from several
millimetres to � 10 cm. For pumping energies of 1 kJ and
higher, a gain saturation was demonstrated which requires a
gain length, i.e. the product of the small-signal gain by the X-
ray plasma length, of the order of 15 ± 20. The maximum
power, energy, and brightness of the X-ray laser radiation are
� 10 MW, � 5 mJ, and � 1023 photon/(s mm2 mrad2) in the
0.01% band, respectively [10].

In the last years, great efforts have been expended on
reducing the required pump energy and producing lasing
without the use of large laser facilities of which only a few
exist in the world [14, 18, 19]. Recent progress has resulted in
the development of the first small-scale X-ray lasers pumped
by ultrashort laser pulses with energies of the order of several
joules only and even lower. Thus, in Ref. [20] X-ray lasing was
observed at 32.6 nm on the 3p ± 3s J � 0 ± 1 transition in Ne-
like titanium by heating a preliminary prepared plasmawith a
picosecond pulse. The pumping intensity was � 1015 W/cm2.
In contrast to the quasi-steady-state scheme of producing
population inversion in Ne-like ions, the inversion is created
here during rapid plasma heating (in a time of the order of
intraion relaxation) due to transient collisional processes
proceeding with different rates [21]. Such a sharply nonsta-
tionary regime allowed the authors ofRef. [20] to obtain a gain
coefficient of 19 cmÿ1 and a gain length of about 10. TheX-ray
laser pulse duration was about 20 ps.

A new interesting possibility for the development of theX-
ray laser appeared with the advent of femtosecond optical
lasers operating at repetition rates from 10 Hz to 1 kHz. The
passage to femtosecond pumping results in a substantial
increase in power. The irradiation of a gas or preliminary
prepared plasma by a femtosecond pulse causes tunnelling
ionization in superstrong fields. The mechanism of producing
the inverse population substantially depends on the type of
polarization of the pump radiation (see a brief review [22]). In
the case of linear polarization, the ionized electrons are cold,
and the population of the depleted laser levels occurs via
recombination. In the case of circular polarization, hot
electrons are produced, and the laser levels are collisionally
populated. The maximum gain length � 11 was achieved for
the 41.8-nm line of the 4d95d1S0 ± 4d95p1P1 transition in the

Pd-like xenon upon excitation of a cell with xenon by� 40-fs,
� 70-mJ laser pulses [23].

A remarkable achievement was the engineering of a
tabletop X-ray laser operating at 46.9 nm on the 3p ± 3s
J � 0 ± 1 transition in Ne-like argon in a capillary discharge
where the quasi-stationaryX-ray lasing was obtained without
laser pumping [24]. The energy of the laser was 30 mJ, and gain
saturation was achieved [25]. Although tabletop X-ray lasers
have modest parameters compared to those of X-ray lasers
pumped by powerful optical lasers, their advent is quite
important. The lower cost of their fabrication facilitates
more extensive distribution and makes them available as an
object and a research tool for many laboratories.

While themain goal of the first studies onX-ray lasers was
the demonstration of lasing, in the course of the development
of this field, along with the search for new lasing conditions
andmedia and further shortening of the laser wavelength [26],
increasing attention is being paid to experimental and
theoretical studies aimed at controlling and optimizing the
quality of the X-ray laser radiation. Notwithstanding the fact
that the present-day brightness and monochromaticity of X-
ray lasers substantially exceeds those of the conventional
alternative X-ray sources (X-ray tubes, synchrotrons, relati-
vistic electron beams, a dense laser plasma, and an electric-
discharge plasma). For this reason, X-ray lasers are already
used for interferometric and X-ray diffraction diagnostics of
plasmas [19]. Nevertheless, the complete set of properties of
X-ray lasers required for studies of elementary processes in
atomic physics, X-ray microscopy and holography, X-ray
lithography, etc. [15, 27] has not been obtained so far. For the
X-ray laser to become a true laser satisfying its promising
applications, the X-ray laser radiation should be not only
powerful but also of low-divergence and highly coherent. As
was experimentally shown [28], the X-ray laser radiation is
characterized by the degree of monochromaticity
Dl=l < 10ÿ4, which yields, for the soft X-ray region, a
longitudinal coherence length equal to tens and hundreds of
micrometers, which is sufficient for many X-ray laser
applications.

More important for X-ray lasers is the problem of angular
divergence and transverse spatial coherence [29]. In the case
of optical lasers, open resonators are often used to obtain
single-mode lasing, and it would be reasonable to apply this
approach in the X-ray range. However, for X-ray lasers it is
difficult to realize the multipass gain mode in the open
resonator. Firstly, although modern technology permits the
fabrication ofmultilayer mirrors for the soft X-ray range with
reflection coefficients equal to tens of percent at normal
incidence [30], their parameters still are poor according to
laser standards, and, in addition, there exists the problem of
radiation stability of the mirrors. Secondly, the multipass
gain mode is hindered by the short time of the population
inversion occurrence in a plasma. The X-ray laser can
operate, as a rule, in the single- or double-pass amplified-
spontaneous-emission (ASE) mode. In the ASE mode,
spontaneous emission of ions with the inverse population is
amplified when the magnitude of inversion, the transition
probability, and the linewidth are unsuitable for the appear-
ance of superfluorescence [31]. The maximum ASE signal is
observed in the direction of the maximum length of the
medium. To obtain a noticeable level of induced emission, a
high-gain plasmamedium extended in one direction should be
produced (see Fig. 1). For the laser line to be distinctly
detectable against the background of nonlaser lines, the
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noise should be usually amplified at least by a factor of e5. A
number of fundamental principles of the development of ASE
have been experimentally verified for mirrorless IR gas lasers
with a homogeneous lasingmedium [32, 33]. The properties of
the X-ray ASE are determined by a number of physical effects
observed in the X-ray laser plasma and substantially depend
on the optical inhomogeneities present in the plasma gain
medium. The specific ASEmode and optical inhomogeneities
affect the quality of the X-ray laser radiation and hinder
producing a single-mode regime.

This review is devoted to the specific features of forming
the angular divergence and spatial coherence of ASE in X-ray
lasers and the possibilities of improving the quality of the X-
ray laser beam. The results of theoretical considerations are
compared with experimental data obtained in this field.

It is important to note that the problem of X-ray lasers,
being related to atomic physics, plasma physics, and quantum
electronics, has many aspects. A complete theoretical descrip-
tion of theX-ray laser involves, alongwith theASEdynamics,
first of all such aspects as (1) the two-dimensional (and three-
dimensional) radiative plasma hydrodynamics, and (2) the
radiative-collisional kinetics of populations of ion levels. The
combined solution to the equations of hydrodynamics, the
population kinetics, and radiation transfer can be only
obtained by the methods of numerical simulation. The
numerical computations are quite expensive even in the case
of a one-dimensional geometry for the X-ray laser targets
because of the multidimensionality of the problems (spectral,
angular, spatial, and time dependences) and the different
scales of physical processes in X-ray lasers. For this reason,
theoretical calculations of X-ray lasers are performed by
steps, based on physical conditions and concepts. Hydro-
dynamic processes are much more inertial than kinetic and
radiative processes. Because of its low energetics, ASE does
not usually affect the hydrodynamic behaviour of the X-ray
laser plasma. Therefore, hydrodynamic calculations can be
performed without consideration of the ASE dynamics.
Moreover, these computations can be restricted to simplified
models of the plasma kinetics which take into account only
the slowest processes of energy exchange and ionization. The
space-time distribution of the ion composition, temperatures,
and densities of ions and free electrons obtained from
hydrodynamic calculations is used in refined calculations of
the population kinetics (not completely compatible with the
gasdynamics) with a great number of ion states. These, as a
rule, quasi-steady-state calculations, which use the high rate
of population of the excited ionic levels, yield the distributions
of the gain coefficients and spontaneous sources in the X-ray
laser medium which govern the ASE dynamics. At this stage
of calculations, a careful consideration of reabsorption of line
emission in the X-ray laser medium is important, because in
most physical schemes the lower state of the operating
transitions is depopulated mainly due to radiative decay.
Calculations of the linear gain coefficient should take into
account the nonunidimensional geometry of the gainmedium
and the Doppler line shift in an accelerated plasma.

A system of kinetic equations for populations of the ionic
levels and nonlaser radiation transfer can be solved indepen-
dently of the ASE dynamics equations if the gain saturation is
absent. In some cases, the effect of gain saturation can
noticeably change the temporal dynamics of inverse popula-
tion of the operating ionic levels, and the ASE dynamics
should be calculated conformingly by taking into account the
influence of ASE on the level populations (the cases of lasing

at close lines on strongly-coupled transitions). The specific
features of computations of X-ray lasers, based on many
approximations and simplifications, require an estimate of
their accuracy. The usual approach to such problems on
numerical simulation of plasma kinetics consists in the
simplification of the dimensionality of the initial statement
of the problem and calibration of approximations against the
benchmark calculations. The estimate of the accuracy of
simplified models for the population kinetics is generally
performed in the local statement of the problem or in the
one-dimensional approximation.

Note that new information, new approaches to the
solution of problems, and explanations of observed anoma-
lies rapidly change the state and the general picture of the
problem. Studies of X-ray lasers are undergoing rapid
expansion due to the continuous development of technologi-
cal and calculation possibilities. At present, a sufficiently
consistent and comprehensive discussion of different aspects
of X-ray laser research is not available in the literature. It is
necessary to make up for this drawback in order to consider
the interrelation between all these aspects. Monograph [15]
was written immediately after first successful laboratory
experiments and represents the first book in this field.
However, it virtually does not discuss the problems of
divergence and coherence of ASE in X-ray lasers which will
be considered in this review.

The review outline is as follows. Section 2 is devoted to
theoretical approaches describing the amplification of short-
wavelength noise radiation in an optically inhomogeneous
plasma. Section 3 considers the principal features of the
angular divergence and coherence of ASE in X-ray lasers
with typical parameters of the gain medium. Finally, Section
4 discusses the methods for producing gain media aimed at
the improvement of the X-ray laser beam quality and the
enhancement of radiation brightness.

2. Theoretical methods for studying the radiation
dynamics of X-ray lasers

The complexity of the problem of ASE dynamics requires
various approaches to its solution. The use of alternative
methods based on close physical approximations enhances
the reliability of the data obtained. In addition, various
approaches can take into account different physical effects
and complement each other. ASE dynamics in an inhomoge-
neous X-ray laser medium is studied by methods of geome-
trical or wave optics. In the first case, the transport equation
for the ASE intensity is used, while in the second case, the
parabolic equation for the complex amplitude of the ASE
field and the equation for the transverse correlation function.
Because of the smallness of the wavelength in the XUV and
soft X-ray ranges (l � 0:2ÿ100 nm) compared to the size of
possible optical inhomogeneities, the X-ray laser medium is
assumed continuous.

2.1 The transport equation
The line radiation transfer plays a dominant role in kinetic
processes in a multiply-charged X-ray laser plasma. First of
all, this is explained by the fact that the intensity of radiative
processes in amultiply-charged plasma, which is proportional
to Z 4, sharply increases as compared to collisional processes
whose intensity is proportional toZÿ2. It is this circumstance
that allows one to produce the substantial nonequilibrium
state and population inversion of levels in a hot open
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multiply-charged ion plasma using one of the classical (three-
or four-level) pumping schemes. In many X-ray laser
schemes, the population inversion of ionic levels is main-
tained in the quasi-steady state of the gain medium, which is
close to the coronal plasma state, with radiative decay of the
lower laser levels. The `quasi-particle' theory of line radiation
transfer in a weakly dispersive plasma and gases in the
approximation of complete redistribution over frequencies
under photon scattering and with allowance made for the
effects of partial redistribution over frequencies [34, 35] was
developed for the cases of a low-density weakly nonideal
plasma and isolated lines (transitions between the levels). The
theory is used in balance radiative-collisional models of the
X-ray laser plasma kinetics for description of the transfer
both of laser and nonlaser line radiation. In a number of
cases, the balance approximation of the level population
kinetics in the radiative-collisional model is invalid (transi-
tions between strongly degenerate levels that undergo Stark
splitting in plasma microfields). Then, the level population
kinetics and radiation transfer should be described taking
into account nonlinear interference effects [36]. At present, a
rigorous theory of radiation transfer is absent for these cases,
except for optically-thin media [37]. Recently, the theory of
resonant radiation transfer in dense dispersive strongly-
absorbing media was developed [38], in which the equation
for the generalized radiation `intensity' was derived using the
formalism of the kinetic Green functions.

For the laser radiation, the quasi-particle transport
equation for radiation intensity introduces a maximum error
near the lasing threshold when the effects of the ASE
frequency and amplitude fluctuations are strong. For this
reason, along with the quasi-particle approach, ASE
dynamics in X-ray lasers is studied by semiclassical and
classical methods developed in the theory of optical lasers
(see, for example, Ref. [39]). Below, we describe these
methods and their applications for studying the divergence
and coherence of X-ray laser radiation. We consider the
simplest case of lasing at isolated lines in the case of
homogeneously-broadened levels involved in the operating
transitions.

2.1.1 The content of the transport equation. The trans-
port equation for the radiation intensity Io (measured in
W/(cm2 sr Hz) in the spectral rangeoÐo� do has the form
[34, 40, 41]�

1

v

q
qt
� n�R� q

qR
ÿ a�Io;R; t� � b�R; t�

�
Io�n;R; t�

� Qo�n;R; t� ; �1�

where v is the speed of light in a medium. The intensity Io has
the conventional photometric meaning, i.e. represents the
energy characteristic of a light beam at the point R in the
direction of the unit vector n � k=k. This corresponds to the
geometrical optics approximation, which is valid only in the
case of statistically quasi-uniform radiation fields when the
mean radiation parameters weakly change on the scale of the
statistical inhomogeneity [41]. In accordance with this
condition, the diffraction effects that restrict the ASE
divergence from below are neglected. In the case of X-ray
lasers, the neglect of diffraction effects is substantiated by the
smallness of l. The wave effects can be considered within the
framework of the classical transport equation only upon
passage to nonclassical photometry. In this case, the equa-

tion for the generalized `intensity' is derived from the wave
statistical theory [38, 41]. In this theory, the intensity
represents the Fourier transform of the correlation function
of a random radiation field over the difference (correlation)
variable.

Equation (1) should be solved in the spatial region filled
with the X-ray laser plasma and the surrounding passive
plasma. Consider the terms entering (1).

The spatial derivative in (1) is taken along the direction of
the beam whose path in the medium is determined from the
principal equation of geometrical optics [42, 43]

d

ds

�
Z
dR

ds

�
� HZ ; �2�

where R is the radius vector of the beam position, ds is the
increment of the path length, and Z is the refractive index of
the medium. The contribution from the resonance ions to the
refractive index is usually small for the wavelengths, tempera-
tures, and densities of interest, and the effect of anomalous
dispersion can be neglected. In most real situations, the
dielectric constant e of a plasma (its real part) is determined
by the contribution from free electrons. At the frequencyo, it
takes the form [42]

e � Z2 � 1ÿNe

Nc
; �3�

where Ne is the density of free electrons, and
Nc � meo2=�4pe2� is the critical density. For the soft X-ray
and XUV ranges (l � 0:2ÿ100 nm), the critical density
Nc � 3� �1028ÿ1023� cm3, which considerably exceeds the
characteristic values of Ne in the X-ray laser plasma [15].
Thus, e is close to unity. In most X-ray laser schemes, the
active plasma exhibits regular large-scale inhomogeneity of e
caused by its macroscopic motion. The refractive index
gradient causes refraction of radiation according to (2). The
ASE dynamics is most sensitive to the transverse (relative to
the optical axis, i.e. the direction of plasma extension)
gradient of Z. As follows from (2) and (3), for Z 6� const, the
beam is deflected to lower values of Ne. For this reason, a
plasma column produced upon irradiation of a solid target
and freely expanding into vacuum, represents a defocusing
medium. The quantitative parameters of the spatial distribu-
tion of Ne are found from hydrodynamic calculations of X-
ray laser targets.

The gain coefficient in (1) for the laser radiation near the
isolated transition at the frequency o has the form (see, for
example, Ref. [39])

a � c2

4o2
AulWcul�o� ; �4�

where Aul is the probability of spontaneous radiative
transition between the upper u and lower l laser levels,
W � Nu ÿ guNl=gl is the population inversion (gu, gl, Nu,
and Nl are statistical weights and populations of the upper
and lower levels, respectively), and cul�o� is the gain line
profile normalized to unity in area. For the linear amplifica-
tion mode, the gain line profile takes into account the
homogeneous broadening of laser transitions and inhomoge-
neous (Doppler) line broadening. The distribution of the gain
coefficient a in (1) is generally nonuniform in space and time.
The gain profile performs spatial, spectral, and angular
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filtration of ASE. The radiation propagating at compara-
tively large angles to the optical axis of a laser leaves more
rapidly the active region through its side surface and makes
small contribution to the total energy.

The absorption coefficient b in (1) characterizes the
effective absorption of laser radiation in a plasma due to
reverse bremsstrahlung, Compton scattering by free elec-
trons, photoionization, and discrete-discrete transitions in
ions. Usually, b is much lower than a, and the effect of
absorption on ASE is significant only in the case of strong
gain saturation.

The calculation of ASE requires consideration of the
nature of light sources Q, which are distributed over the gain
medium and are stochastical. In the transport equation
method, they are modelled by an isotropic source of line
radiation emitted upon spontaneous decay of the upper level
of the operating transition. The specific power of sponta-
neous emission per unit solid angle in the right-hand part of
Eqn (1) is determined by the population of the upper level:

Q � �hoAulNucul�o�
4p

: �5�
In the general case, equations (1), (4), and (5) are solved in

combination with a system of local balance equations of the
radiative-collisional kinetic model forM ionic levels (see, for
example, Ref. [44]):

dNi

dt
� Di �

X
i

KjiNj � di

�
4p

dOn

�
doa

Io�n;R; t�
�ho

;

i � 1; . . . ; u; . . . ; l; . . . ;M : �6�

Here, Kji is the relaxation matrix,Dj is the electron flux to the
state j from the continuum and the states that were not taken
into account in the relaxationmatrix, di � ÿ1 for i � u, di � 1
for i � l, and di � 0 in the remaining cases. To solve the
system of transport equations and equations of the radiative-
collisional kinetic model for ionic levels (1) ± (6), one should
calculate consistently the emission intensity in the medium at
all frequencies, taking into account the geometry and move-
ment of the active and inactive regions ofX-ray lasers both for
laser and nonlaser transitions. The numerical solution to this
system of equations involves time-consuming calculations
(because of the great dimensionality of the problem) and
requires the development of a suitable difference method of
solution, because the different physical nature of usual
nonequilibrium plasma emission and ASE requires various
methods for solving the transport equation in the correspond-
ing regions of absorption coefficient variation for laser
radiation (positive or negative). For this reason, the system
of equations (1) ± (6) is solved by approximate methods, of
which we note the following. Firstly, the method of
probabilities of escape for the approximate consideration of
reabsorption of line radiation in equations of the radiative-
collisional kinetic model, which makes kinetic equations
almost local. Secondly, this is the `angles of vision' approx-
imation (see below Section 2.1.3) used for the calculation of
the ASE dynamics, which takes into account the ASE
directivity and simplifies the calculations of lasing in the
saturation mode.

The intensity Io entering (1) and (6) as the Fourier
transform of the correlation function of the radiation field,
i.e. as a mean statistical quantity, does not take into account
radiation pulsations due to the finite coherence time tc. The

value of Io is in fact averaged over a time exceeding tc. This
means that the radiation being amplified is assumed to be
broadband and tc is assumed to be significantly shorter than
the radiative decay time in Eqn (6). But if the spectral line is
quite narrow (for example, if the external narrow-band signal
is amplified or the ASE line narrows upon amplification) and
this condition is not satisfied, the population kinetics should
in some degree follow the field pulsations. In this case, the
approach under consideration should be changed.

Despite the exclusion of wave effects from the considera-
tion, the use of the method of geometrical optics for the
description of the ASE dynamics in X-ray lasers is quite time-
consuming. The total picture of the ASE formation is
determined from a combined solution of equations (1) and
(2) for frequencies near the laser transitions and from
equations of the radiative-collisional model (6) for a set of
beams emerging from different points of space in various
input directions. In the linear approximation in ASE, when
the effect of laser radiation on populations in Eqn (6) can be
neglected, the system (6) can be solved independently of the
transport equations (1) and (2) for laser radiation. Then, the
set of equations (1) and (2) is integrated, taking into account
the distributions of a, b, and Q obtained from (6), by the
method of characteristics over each beam and yields the total
distribution of the laser radiation intensity.

Most studies of qualitative features of the ASE dynamics
use the quasi-steady-state two-dimensional approximation to
(1) andmodel profiles of Z, a, andQ [45, 46]. Tomodel specific
experiments (see, for example, Refs [47 ± 50]), the gasdynamic
parameters of the X-ray laser medium are calculated using
transverse-one-dimensional or two-dimensional nonequili-
brium hydrodynamics codes based on the simplified radia-
tive-collisional kinetic models (LASNEX [51], ZARYA [52],
SAGE [53], MIMOZA [54], FILM [55], etc.). The kinetic
parameters of the laser plasma are computed using codes for
detailed multilevel radiative-collisional models of the plasma
kinetics in the local approximation ([56], XRASER [57], CC-9
[58], TARAN [59], etc.) or codes for the consistent solution of
equations of nonequilibrium radiative hydrodynamics (CC-9
[58], GIDRA [60], EHYBD3 [61], etc.). Codes that calculate
the gain along the beam paths in 3D space are in fact used for
postprocessor computations.

2.1.2 The two-level quasi-steady-state model. The ASE
intensity can become quite high during light amplification
and will affect the level populations in (6). The case of gain
saturation is interesting from a practical point of view,
because in this case the potential of the X-ray laser medium
is more fully realized. Equations (1), (2), and (6) should be
solved simultaneously. In the simplest case, when in the
saturation mode a single-lasing transition dominates (as a
rule, the transition with the maximum margin of the
population inversion) and ASE weakly affects the energy
balance of the medium and relaxation of nonlasing levels, the
system of equations (6) can be simplified by replacing the
multilevel radiative-collisional kinetic model with the effec-
tive open two-level model [44]:

dNu

dt
� Deff

u ÿ KuNu � KulNl ÿ
�
4p

dOn

�
doa

Io�n;R; t�
�ho

;

dNl

dt
� Deff

l ÿ KlNl � KluNu �
�
4p

dOn

�
doa

Io�n;R; t�
�ho

:

�7�
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Here, the quantities Deff
u andDeff

l and the total decay rates Ku

and Kl of the operating levels are found from the solution of
complete system (6) in the absence of radiation. If the rate of
changes in Io, D

eff
l , and Deff

u are noticeably lower than the
decay rates of laser levels, the quasi-steady-state approxima-
tion to the balance equations for populations can be applied.
By assuming the derivatives in Eqn (7) to be zero, the
populations Nu and Nl can be calculated and substituted
into Eqns (4) and (5), which results in reducing of the set of
equations (1) and (6) to one transport equation�

1

c

q
qt
� n�R� q

qR
ÿ a0�R; t�
1� F�R; t� � b�R; t�

�
Io�n;R; t�

� Q0�R; t� �Q1�R; t�F�R; t�
1� F�R; t� ; �8�

where

a
0
� c2

4o2
AulW0�R; t�cul�o� �9�

is the gain coefficient of a weak signal;

W0 � Deff
u �Kl ÿ Klu gu=gl� �Deff

l �Kul ÿ Ku gu=gl�
KuKl ÿ KluKul

is the inverse population in the absence of radiation effect;

Q0 � �hoAul

4p
Deff

u Kl �Deff
l Kul

KuKl ÿ KluKul
cul�o� ;

Q1 � �hoAul

4p
gu�Deff

u �Deff
l �

gu�Ku ÿ Klu� � gl�Kl ÿ Kul� cul�o� �10�

are the powers of spontaneous radiation in the absence of
radiation effect and in the case of complete saturation,
respectively. The saturation function in (8) has the form

F�R; t� �
�
4p

dOn

�
do

cul�o�
cul�o0�

Io�n;R; t�
Jsat

;

where c�o0� is the value of the spectral function at the line
centre, and

Jsat � 4�ho3

c2Aulcul�o0�
gl�KuKl ÿ KluKul�

gu�Ku ÿ Klu� � gl�Kl ÿ Kul� �11�

is the saturation flux density.
The nonstationary equation (8) takes into account sources

of spontaneous radiation and determines the total intensity
spectrum of the lasing medium. In the stationary case (with
respect to radiation), the numerical solution of Eqn (8) for a
homogeneous amplifying medium of finite length with
cylindrical symmetry was obtained in Ref. [62]. The calcula-
tions showed that a significant part of the energy of X-ray
ASE, as in the IR region [33], is contained within a
comparatively narrow solid angle along the X-ray laser axis
z in two mutually opposite directions. In the general case, the
nonlinear equation (8) is solved numerically using iteration
methods and specialized exact difference approximation
schemes.

2.1.3 The `angles of vision' approximation. The problem of
calculation of the ASE intensity distribution in the gain
saturation mode can be significantly simplified in the `angles

of vision' approximation suggested by A N Starostin and
L P Feoktistov and developed by A N Anisimov for the
nonstationary case. This approximation uses the presence of
the distinctly manifested spatial selection of ASE in an
extended amplifying medium and spectral selection of ASE
in the vicinity of a quite narrow gain line.

Let us integrate equation (8) over frequency in the
approximation of the narrow spectral line by introducing
the integrated-in-frequency intensity I and assuming that the
approximate equality

I�n;R; t� �
�
do

cul�o�
cul�o0� Io�n;R; t� �

�
o
I�n;R; t� do

is satisfied. Then, the saturation function F in Eqn (8) is
estimated as

F�R; t� �
�
4p

dOn
I�n;R; t�

Jsat
: �12�

Further, we will use for the transport equation (8) the
approximation of two radiation fluxes with mean intensities
I� and Iÿ counter-propagating along the optical axis. In this
approximation, function (12) is approximated by the expres-
sion

F�z; t� � Iÿ�z; t�DOÿ�z; t�
Jsat

� I��z; t�DO��z; t�
Jsat

: �13�

In Eqn (13), it is assumed that the laser radiation intensity
weakly varies over the cross section of the X-ray lasermedium
and is mainly contained within the solid angle where the gain
length is maximum. For the elongated geometry of the laser
medium, the gain length is maximum in the directions of the
X-ray laser axis and sharply changes when the beams leave the
laser medium. The region of solid angles, in which the gain
length is close tomaximum, determines some anglesDO��z; t�
and DOÿ�z; t� within which radiation intensities I� and Iÿ

change weakly. Estimate (13) was obtained assuming the
intensities I� and Iÿ to be constant within angles DO� and
DOÿ, respectively. Beyond these angles, we have
I� � Iÿ � 0. The summation in Eqn (13) in two directions
takes into account the geometry of the amplifying medium.

As for the transformation of the right-hand side of
equation (8), because of a weak dependence of the solution
on the noise intensity upon strong amplification, the volume
noise sources can be replaced by equivalent surface sources
located at the ends of the X-ray laser medium. In this case,
angles DO� and DOÿ will be the angles of vision of the cross
section from the point with coordinate z lying on the X-ray
laser axis. Thus, the multidimensional equation (8) for the
integrated intensity of laser radiation is approximately
reduced to two one-dimensional equations. In the stationary
case, we have�

� q
qz
ÿ a0
1� �I�DO�z� � IÿDO�zÿ zL�

�
= Jsat

� b
�

� I��z� � 0 ; I��0� � Q0

a0
;

�
ÿ q
qz
ÿ a0
1� �I�DO�z� � IÿDO�zÿ zL�

�
= Jsat

� b
�

� Iÿ�z� � 0 ; Iÿ�zL� � Q0

a0
; �14�
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where zL is the X-ray laser length. If the `travelling wave'
pumping scheme is considered, one can neglect the counter
beam effect and solve only one of the equations (14). The
solution of the transport equation in the `angles of vision'
approximation approximately determines the spatial distri-
bution of the laser radiation energy in the X-ray laser
medium, the effect of saturation on the gain coefficient, and
also the average parameters of the ASE intensity in the main
direction of propagation of radiation. In particular, by using
balance relations, one can easily estimate the energy fraction
of the laser radiation propagating along the X-ray laser axis
and in the transverse direction. A detailed spectrum and the
angular ASE distribution can be obtained from linear
equation (8), in which the influence of saturation on the gain
coefficient is taken into account in the `angles of vision'
approximation.

In the stationary approximation in the absence of ASE
refraction, we have the obvious geometric relation
DO�z� � S=z2 for small angles of vision DO5 1, where S is
the cross-section area and z is the distance to the end of the X-
ray laser medium. In the presence of refraction, the effective
angles of vision depend on the refractive length of ASE and
the refractive index profile. For some refractive index profiles,
the angles of vision can be determined analytically. The
approach considered above also permits a phenomenologi-
cal consideration of the diffraction restrictions imposed on
the magnitude of the angular spectrum of laser radiation, if
the magnitude of the angle of vision is restricted by the
characteristic angle of diffraction of radiation from the
aperture of the laser medium.

Comparison of the results of the numerical solution to the
complete transport equation ofASE in the two-level system in
the case of cylindrical geometry of the laser medium with the
solution obtained in the `angles of vision' approximation
showed that the error of measurements of absolute values of
the ASE angular spectrum based on the `angles of vision'
approximation does not exceed 30% over a broad range of
gain lengths, diameters, and ratios of the refractive ASE
length to the X-ray laser length. The `angles of vision'
approximation is also useful for studying lasing media with
numerous laser transitions.

2.2 The parabolic equation for the field amplitude
The geometrical optics approximation can be used provided
the qualitative criterion kl 2?4 z is satisfied (see, for example,
Ref. [40]). This criterion means that the diffraction length on
the lateral dimension of the optical inhomogeneity l? should
be substantially greater than the X-ray laser length. A plasma
contains comparatively small-scale optical inhomogeneities
caused by various instabilities (see reviews [63, 64] and
references cited therein and also more recent experimental
papers [65 ± 69]). In the case of the laser plasma, the
inhomogeneities can result from nonuniform irradiation of a
solid target, the filamentation of the pump beam in the
plasma produced, stimulated scattering of the pumping
radiation, turbulence, etc. They cause random variations in
the dielectric constant and gain coefficient. For l? � 10 mm
and l � 0:2ÿ100 nm, we have kl 2? � 0:6ÿ300 cm, which can
be of the order of the characteristic length of the X-ray laser
� 1 ± 100 cm or even lower. For this reason, it is unlikely that
methods of conventional geometric optics can take into
account the effect of microscopic inhomogeneities on the
partially coherent ASE.Note that thewave effects should also
be considered in the description of the highly-coherent mode

when the transverse coherence length is comparable with the
beam width.

2.2.1 Thewave equation.The dynamics of the radiation field in
the presence of emitting ions and refraction of radiation in an
isotropic polarizable electrically-neutral plasma is described
by Maxwell's equations (see, for example, Ref. [70])

divB � 0 ;

divD � 0 ;

rotH � 4p
c

sE� 1

c

qD
qt

;

rotE � ÿ 1

c

qB
qt

: �15�

Here, B and D are the magnetic and electric induction,
respectively; H and E are the strengths of the electric and
magnetic fields, respectively, where s is the electric conduc-
tivity of a medium which takes into account the losses caused
by all transitions except for the laser transition. The
additional constitutive equations are taken in the form

B � mH ; D � eE� P 0 ; �16�
where m is the permeability of the medium, and e is the
permittivity of the medium characterizing its dielectric
properties caused by all transitions except for the transition
under study. Polarization related to the transition under
study is separated and denoted as P 0.

Let us substitute the first equation from (16) into the last
equation in (15), taking into account that m � 1 for a
nonmagnetic plasma, and take the rot of the equation
obtained. Then, taking into account the third equation in
(15), we obtain

rot rotE � ÿ 4p
c2

q
qt

sEÿ 1

c2
q2D
qt 2

:

By substituting the second equation from (16) into this
expression and assuming that s and e change in time much
more slowly than E, we arrive at

rot rotE � ÿ 4ps
c2

qE
qt
ÿ e
c2

q2E
qt 2
ÿ 1

c2
q2P 0

qt 2
: �17�

The refractive index of the medium relating to all
transitions except for the transition under study is
Z � �em�1=2 � e1=2 . Let us introduce the absorption coeffi-
cient b � 4ps=cZ, so that in the absence of polarization the
density of the flux of the plane wave propagating along the z-
axis decreases as exp�ÿbz�. Let us take into account the
notation introduced and use the identity
rot rotE � grad divEÿ H 2E. In an isotropic medium,
divE � 0; therefore we obtain from Eqn (17)

H 2Eÿ Z2

c2
q2E
qt 2
ÿ b

Z
c

qE
qt
� 1

c2
q2P 0

qt 2
: �18�

In the approximation of the isotropic two-level medium,
polarization P 0 and the population inversion
W � Nu ÿ guNl=gl are described by the equations [71, 72]

q2P 0

qt 2
� 2

t2

qP 0

qt
� o2

0P
0 � ÿ 2o0

�h

Z2 � 2

3

jdj2
3

WE

� ÿ 2o0

3�h
jdj2WE ; �19�
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qW
qt
�WÿW0

t1
� 2

�ho0
E
qP 0

qt
; �20�

where t1 and t2 are the longitudinal and transverse relaxation
times, respectively; o0 is the frequency of the l ± u laser
transition; d is the matrix element of the dipole moment
operator for the l ± u transition, and W0 is the population
inversion in the absence of radiation. In Eqn (19), the
condition Z2 � 1 is also used.

The system of equations (18) ± (20) cannot be solved
analytically in the general case. A numerical solution
requires the specification of a spatial grid with a step smaller
than l, which is unacceptably small for the X-ray spectral
range. An analogous problem appears for a step in time.

2.2.2 The quasi-optical approximation. The system of equa-
tions (18) ± (20) can be simplified by passing to the quasi-
optical approximation or the method of slowly varying
amplitudes, when the laser radiation is treated as a `quasi-
plane and quasi-monochromatic wave'. The quasi-optical
approximation to the wave equation, originally suggested in
Ref. [73], has been widely used in the theory of optical lasers.
Let us assume that the polarization of radiation does not
change substantially on propagation, so that the scalar wave
equation can be used instead of the vector equation (18). Let
us further assume that the amplitude of such an `almost plane
wave' slowly changes along the propagation direction z and
the laser beam size in the transverse plane (x, y) is much
smaller than the characteristic sizes along the z-axis. Then, a
solution of equation (18) can be sought in the form

E�R; t� � iE ReA�r; z; t� exp�ÿikz� iot� : �21�

Here, the complex function A�r; z; t� is slowly varying (as
compared to the exponential factor) complex amplitude of
the laser radiation field describing the difference between the
field and the plane wave; r � ix� j y is the transverse radius
vector; o is the characteristic frequency of a comparatively
narrow emission line; k � Z0 o=c is the characteristic wave
number in the inhomogeneous medium, and Z0 is the mean
value of the refractive index. Thus, we assume that the wave
number k varies in the medium considerably more weakly
than the field amplitude A. Let us also suppose that the
polarization P 0 related to the transition under study varies as
the electric field E, i.e.

P 0�R; t� � iP ReP�r; z; t� exp�ÿikz� iot� ; �22�

where P is a complex function of coordinates and time slowly
varying compared to the exponential factor. By substituting
(21) and (22) into (18) and (19), respectively, we obtain�

H2
? �

q2

qz2
ÿ 2ik

q
qz
ÿ k2 ÿ Z2

c2

�
q2

qt 2
� 2io

q
qt
ÿ o2

�

ÿ b
Z
c

�
q
qt
� io

��
A � 1

c2

�
q2

qt 2
� 2io

q
qt
ÿ o2

�
P ;

�23��
q2

qt2
� 2io

q
qt
ÿ o2 � 2

t2

�
q
qt
� io

�
� o2

0

�
P

ÿ 2o0

3�h
jdj2WA ; �24�

where H2
? is the Laplacian over transverse coordinates. It is

assumed that the emission frequency o0 is close to the
transition frequency o0, so that o2

0 ÿ o2 � 2o�o0 ÿ o� in
Eqn (24). In accordance with the physical assumptions made
above, we also suggest that the following inequalities are
satisfied:���� q2Aqz2

����5 2k

���� qAqz
���� ; ���� q2Aqz2

����5 k2jAj ;
���� q2Aqt 2

����5 2o
���� qAqt

���� ;���� q2Aqt 2

����5o2jAj ;
���� qAqt

����5ojAj ;

���� q2Pqt 2

����5 2o
���� qPqt

���� ; ���� q2Pqt 2

����5o2jPj ;
���� qPqt

����5ojPj :

Taking into account these inequalities, we obtain from (23)�
q
qz
� Z2

cZ0

q
qt
� i

2k
H2
? �

ik

2

�
Z2

Z20
ÿ 1

�
� b

2

Z
Z0

�
A � k

2iZ0
P :

Because e � 1, the latter equation can be simplified, taking
into account the inhomogeneity of e only in the term
responsible for refraction. Then, we obtain from here and
(24) and (20):�

q
qz
� 1

c

q
qt
� i

2k
H2
? �

ik

2
�eÿ 1� � b

2

�
A � k

2i
P ; �25�

i
qP
qt
� i

P

t2
� DoP � ÿ 1

3�h
jdj2WA ; �26�

qW
qt
�WÿW0

t1
� i

2�h
�A�Pÿ AP�� ; �27�

respectively, where Do � o0 ÿ o. Expression (27) was
obtained from (20) using the fact that a change in the
population inversion W on the wavelength scale for a time
of the order of the period of radiation vibrations is negligibly
small.

The parabolic equation (25) represents the quasi-optical
approximation to the classical wave equation (18) in the
isotropic inhomogeneous absorbing (amplifying) medium.
Together with equations (26) and (27), it forms a closed
system of equations describing the interaction of the laser
radiation with a two-level quantum medium.

The system of equations (25) ± (27) describes the amplifi-
cation of radiation incident on the medium from the outside.
In our case, we should consider a spontaneous source in the
medium. It was shown in [74] that the quantum-mechanical
description of ASE is determined by a system of equations for
the field and polarization operators, which is formally
identical to the semiclassical system of equations (25) ± (27)
with the additional fluctuation Langevin force R in the
equation for polarization (26):

i
qP
qt
� i

P

t2
� DoP � ÿ 1

3�h
jdj2WA� R ; �28�

which is delta-correlated in time and space:

R�r1; z1; t1�R�r2; z2; t2�i � 8p2jdj2GNud

�2��r1 ÿ r2�
� d�z1 ÿ z2�d�t1 ÿ t2� ; �29�

where G is the full linewidth.
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Let the population inversion be independent of the
radiation intensity, i.e. a linear amplification mode is being
considered. Then, we omit equation (27) and in (25) and (28)
pass to the new variable t � tÿ z=c to obtain
q=qz� �1=c�q=qt � q=qz and q=qt � q=qt. Let us change
equations (25) and (28) using the Laplace transform over the
variable t:

f L�r; z; s� � L
�
f �r; z; t�� � �1

0

exp�ÿst� f �r; z; t� dt :

Let us next multiply (25) and (28) by exp�ÿst� and integrate
over t from zero to infinity. Then, using properties of the
Laplace transform L

�
d f�t�= dt� � sf L�s� ÿ f �0�, the system

of equations (25) and (28) is reduced to one parabolic
equation for the Laplace transform of the field amplitude
[75]:�

q
qz
� i

2k
H2
? �

ik

2
�eÿ 1� � b

2
ÿ ik

6�h

jdj2W
i�s� tÿ12 � � Do

�

� AL�r; z; s� � ik

2

RL�r; z; s� � iP�r; z; t � 0�
i�s� tÿ12 � � Do

: �30�

The initial polarization in (30) is also assumed to be delta-
correlated in space:


P�r1; z1; t � 0�P��r2; z2; t � 0��
� 8p2jdj2Nud

�2��r1 ÿ r2�d�z1 ÿ z2� : �31�

2.2.3 The quasi-steady-state case. In the case of amplification
saturation, i.e. when W depends on A, the problem becomes
more complicated. The solution of practically important
problems requires additional simplifications. Below, we
consider two limiting cases.

In the first case, when the coherence time tc of the
amplified radiation substantially exceeds t1 and t2, the
medium has time to `follow' pulsations of the field ampli-
tude. This can be observed in a noticeable narrowing of the
spectral line taking place at the stage of linear amplification.
It was found [75] that the duration of the transient process
related to the finite time t2 is equal to a0zt2 (where a0 is the
weak-signal gain, see below), which is substantially shorter
than the characteristic generation time in the quasi-steady-
state mode. By neglecting the time derivative in (26), i.e.
transient phenomena, we obtain

P � ÿ jdj2WA

3�h�Do� i=t2� � wA ; �32�

i.e. the complex polarization amplitude P is proportional to
the complex field amplitude A with a proportional constant
equal to the complex susceptibility w. By separating it into real
w0 and imaginary w00 parts, we rewrite Eqn (25) in the form�

q
qz
� 1

c

q
qt
� i

2k
H2
? �

ik

2
�eÿ 1� � b

2

�
A � k

2i
�w0 � iw00�A :

�33�

The term containing w0 in the right-hand part of (33)
represents the contribution of the resonance transition to the
refractive index. As was noted above, the effect of anomalous
dispersion can be neglected in the case of X-ray lasers. The

term of equation (33) containing

w00 � jdj2W
3�ht2�Do2 � 1=t22�

�34�

describes the saturating absorption or amplification
(depending on the sign of W) of laser radiation at the u ± l
transition. By substituting (32) into (27), we obtain

qW
qt
�WÿW0

t1
� ÿ 1

�h
w00jAj2 : �35�

After substitution (34) into (35), we find the stationary value
ofW:

W �W0

�
1� J

Jsat

1=t22
Do2 � 1=t22

�ÿ1
; �36�

where

J � chjEj2i
4p

� cjAj2
8p

; Jsat � 3�h2

8pt1t2jdj2

are the densities of the radiation and saturation fluxes,
respectively. Therefore, in the quasi-steady-state case the
system of equations (25) ± (27) is reduced to a parabolic
equation for the field�

q
qz
� 1

c

q
qt
� i

2k
H2
? �

ik

2
�eÿ 1� � b

2

ÿ a0=2
1� J=Jsat � t22Do

2

�
A � 0 ;

where

a0 � kt2jdj2 W0

3�h

is the gain coefficient of a weak signal. In so doing the effect of
the amplifying medium is taken into account in the form of
terms of the equation with linear or nonlinear spatially-
nonuniform coefficients. Unfortunately, in the presence of a
spontaneous source and the gain saturation, the system of
equations (25), (27), and (28) cannot be rigorously reduced to
the parabolic equation. A spontaneous delta-correlated
source S is added to the right-hand side of the parabolic
equation as a phenomenological term. Further, we will also
assume that the carrier frequency o in Eqns (21) and (22),
corresponding to the laser line centre, coincides with the
transition frequency, i.e. o0 � o. Then, the parabolic equa-
tion takes the final form�

q
qz
� 1

c

q
qt
� i

2k
H2
? �

ik

2

�
e�r; z� ÿ 1

�� b�r; z�
2

ÿ a0�r; z�=2
1� J�r; z�=Jsat

�
� A�r; z� � S�r; z� ; �37�

where

a0 � c2

4o2
AulW0�r; z�t2 ; �38�

Jsat � �ho3

2pc2Ault1t2
: �39�

In expressions (38) and (39), we used a relation for the
Einstein coefficient Aul � 4o3jdj2=�3�hc3� accepted in atomic
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physics. Relations (38) and (39) are qualitatively similar to
relations (9) and (11) obtained by the transport equation
method. The field amplitude A in (37) can be renormalized in
such a way that J � jAj2. Then, the source in the right-hand
side of Eqn (37) satisfies the relation


S�r1; z1�S��r2; z2�
� � l2Q�r1�d�2��r1 ÿ r2�d�z1 ÿ z2� ;

�40�

where Q is the average power of the spontaneous noise.
The term in equation (37), responsible for the nonlinear

amplification, is close in form to the analogous term in the
transport equation (8). Note, however, that the value of J in
the denominator of the nonlinear term in (37) represents the
instant value of the flux density rather than its mean value.
The influence of the finite width of the spectral line on
saturation in the transport equation (8) is taken into account
by integrating over frequency in (10), whereas in (37) the finite
linewidth is taken into account in the dependence of A on
time. The characteristic time scale of variations in A (the
reciprocal linewidth) is determined by the coherence time tc of
ASE.

In the second case, when tc is shorter than t1 and t2, the
medium `has no time' to follow the field fluctuations. In this
case, the stationary approximation in (26) and (27) is only
valid for tc 5 t1, t2, and J in (37) becomes a quantity
averaged over a time much longer than tc (but much shorter
than the characteristic time of variations of the mean values).
The nonlinear gain coefficients in (37) and (8) have the same
mean statistical sense. The dependence of the gain coefficient
on the moment of the field in the stochastic equation (37)
written for instantaneous field intensities makes the solution
of this equation difficult. The closed equation for this
moment can be obtained from (37) by statistical averaging
(see below Section 2.3).

Note that in the case of saturation, in general the
degeneracy of the laser levels should be taken into account,
because the degenerate levels related to the same energy level
interact differently with radiation. However, as was shown in
Ref. [76], one can neglect the degeneracy and consider a single
energy level if the rate of elastic collisions between ions and
electrons is high. Fortunately, this is observed in many
practical situations. Collisions produce mixing of popula-
tions of the degenerate states proportionally to their statis-
tical weights even at high radiation intensities.

2.2.4 Methods for solving the parabolic equation. Equation
(30) was solved in [75] by the method of Green functions
satisfying equation (30) in which the right-hand side is
replaced by the delta-function. The solution for the Laplace
component of the field amplitudeAL is formally written as the
multidimensional integral of the Green function GL:

AL�r; z; s� �
�
dr0G�r; r0; z; 0; s�AL�r0; 0; s�

� ik

2

�
dr0

�z
0

dz0G�r; r0; z; z0; s�

� RL�r0; z0; s� � iP�r0; z0; t � 0�
i�s� tÿ12 � � Do

with the subsequent inverse Laplace transform. From a
practical point of view, this is quite unsuitable. In Ref. [75],

the simplified solution of the problem was given for large
Fresnel numbers NF � ka2=z4 1 (a is the half-width of the
gain region) in the geometrical optics approximation for the
Green function and for parabolic transverse profiles ofW and
e. In Ref. [77], theWentzel ±Kramers ±Brillouin method used
in [75] was generalized to two-dimensional media with
profiles ofW and e close to parabolic.

In Ref. [78], the case of small Fresnel numbers NF was
considered using the mode expansion of the Laplace
component of the field amplitude in the Gaussian ±Laguerre
functions:

AL�r; z; s� �
X
m;n

cLmn�z; s�Un
m�r; z� : �41�

The Gaussian ± Laguerre functions are solutions of the
parabolic equation in free space�

q
qz
� i

2k
H2
?

�
Un

m�r; z� � 0

and form a complete orthonormalized basis set. The substitu-
tion of (41) into (30) yields a system of coupled stochastic
ordinary differential equations for the expansion coefficients
cLmn from (41). The solution in the general case involves
difficulties. This system was simplified in [78] for a particular
case of special profiles ofW and e.

In papers [79 ± 81], an equation of type (37)�
q
qz
� i

2k

q2

qx2
� ik

2

�
e�x� ÿ 1

�ÿ a0�x�
2

�
A�x; z� � S�x; z�

�42�

was solved in the stationary two-dimensional case (with one
transverse coordinate) in the absence of gain saturation
(Jsat � 1) using the expansion of the field amplitude over
the uncoupled modes

A�x; z� �
X
n

cn�z�Un�x� : �43�

The substitution of (43) into (42) leads to the eigenvalue
problem for eigenfunctions Un with eigenvalues En:�

i

2k

d2

dx2
� ik

2

�
e�x� ÿ 1

�ÿ a0�x�
2

�
Un�x� � ÿEnUn�x� :

�44�

Equation (44) is identical in form to the stationary SchroÈ din-
ger equation with a complex potential; therefore, its eigen-
functions Un are nonorthogonal in the ordinary sense, i.e.�
Un�x�U�m�x� dx 6� dnm, but they satisfy the condition�
Un�x�Um�x� dx � dnm. Hence,

qcn�z�
qz
ÿ Encn�z� �

�
S�x; z�Un�x� dx : �45�

This approach is more useful as compared to that in Ref. [78],
however, the incompleteness and nonorthogonality of the
transverse basis set results in the nonphysical effect of so-
called excess spontaneous noise. In Ref. [80], the method of
reducing excess spontaneous noise due to the extension of the
transverse basis set by introducing the functions of the
continuous spectrum was considered. The mode analysis in
the case of linear amplification allows one to simplify the
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initial problem and obtain practical results for some model
profiles of a0 and e, when the transverse modes Un are
determined analytically. For the saturation regime, the
mode approach has not been realized.

The direct solution of the parabolic equation (37), which
can only be numerical in the general case in the presence of a
spontaneous source, is more often applied in practice. In the
case of strong amplification, the distributed source S can be
replaced in Eqn (37) by a random source located in the input
section of the gain medium. If the `travelling wave' amplifica-
tion mode is considered, it is sufficient to solve one equation
(37) [82, 83]. But when, in the gain saturation mode, the
counter-propagating ASE fluxes affect each other, equation
(37) should be supplemented by the equation for the field of
the counter beam, similar to Eqn (14) [84, 85].

The step of the transverse grid used for solving the
parabolic equation is equal to Dx � l=ys, where ys is the
angle of divergence of the source radiation. The value of ys
should be sufficiently large because of the strong divergence
of the spontaneous noise, while the value of l in the X-ray
range is small. For this reason, the number of points used in
calculations is usually large and the step of integration over
z, Dz � kDx2, is small. Because of this, modern computa-
tional facilities permit the consideration of two-dimensional
media only. In addition, a single solution of the parabolic
equation with a random source gives the result of a single
statistical test (a realization of the random process). To
obtain mean characteristics, which are of practical interest,
the obtained solutions of the parabolic equation should be
averaged over an ensemble of realizations [83] or in time [84,
85]. It is known that the convergence of this procedure is
quite slow, and time-consuming computer calculations are
usually required. Note that the additional consideration of
the randomness of the medium parameters, which has not
been taken into account in the literature on X-ray lasers in
the framework of the parabolic equation approach, presents
further difficulties.

2.3 The equation for the transverse correlation
function of the field
In order to avoid the problem of averaging over an ensemble
of realizations, one should obtain the equation for the
required mean quantity from the stochastic parabolic equa-
tion (37). For this purpose, it is convenient to choose the
transverse correlation function (TCF) of the radiation field
B � hA�r1; z�A��r2; z�i, where A is the slowly varying field
amplitude from (21), and the angle brackets mean statistical
averaging. The proceeding processes are assumed ergodic,
and averaging over an ensemble is equivalent to time
averaging over an interval much longer than the coherence
time tc. The TCF determines the spatial correlation of the
radiation field at the points r1 and r2 in the transverse plane
z � const. This function is a particular case of the mutual
intensity function [43] and contains information on the
average flux density, the angular distribution of the radiation
intensity, and its transverse spatial coherence. The TCF and
the intensity fromEqn (1) are related by the expression [40, 41]

B�r; r0; z� �
�
I�n; r; z� exp�ikn?r0� dOn ; �46�

where r0 � r1 ÿ r2, r � �r1 � r2�=2, and n? is the projection of
the unit vector n defining the beam direction onto the
transverse plane. Because we do not consider effects related

to the finite linewidth, the correlation dependence of the TCF
on time and the frequency dependence of the intensity are
omitted in (46).

2.3.1 Derivation of the equation for the TCF. According to
Refs [86 ± 88], we will derive the equation for the TCF from
the parabolic equation (37) in the stationary approximation,
which is most typical, for example, for travelling-wave
pumping. For this purpose, we multiply from the right
equation (37) written for A�r1; z� by A��r2; z� and then
combine the obtained equation with its complex conjugate
equation by interchanging the subscripts 1 and 2 [89]. Then,
by passing to new variables r0 � r1 ÿ r2 and r � �r1 � r2�=2,
we obtain the equation for g�r; r0; z� � A�r1; z�A��r2; z�:�

q
qz
� i

k

q2

qrqr0
� ikm�r; r0; z�

2

�
g�r; r0; z� � n�r; r0; z� ; �47�

where

m�r; r0; z��e�r1; z� ÿ e�r2; z�ÿ i

k

�
b�r1; z� � b�r2; z�

�
� i

k

a0�r1; z�
1� J�r1; z�=Jsat�r1; z� �

i

k

a0�r2; z�
1� J�r2; z�=Jsat�r2; z� ; �48�

n�r; r0; z� � S�r1; z�A��r2; z� � S��r2; z�A�r1; z� : �49�

Let us take into account the presence of optical microscopic
inhomogeneities in a plasma, by representing e, a0, and b as
the sum of regular and fluctuation components

e � �e� ~e ; a0 � �a0 � ~a0 ; b � �b� ~b ;

then,

m � �m� ~m : �50�
Fluctuations of parameters of the medium have zero mean
values: h~ei � h~a0i � h~bi � h~mi � 0.

According to the recipe [40, page 349], we will rewrite
equation (47) in the identical form

q
qz

�
exp

�
ik

2

�z
0

m�r; r0; z1� dz1
�
g�r; r0; z�

�
� exp

�
ik

2

�z
0

m�r; r0; z1� dz1
��
ÿ i

k

qg�r; r0; z�
qrqr0

� n�r; r0; z�
�
:

The integration of this equation over z2 from zero to z yields

g�r;r0; z� ÿ T�r; r0; 0; z�g�r; r0; 0�

�
�z
0

dz2T�r; r0; z2; z�
�
ÿ i

k

q2g�r; r0; z2�
qrqr0

� n�r; r0; z2�
�
; �51�

where

T�r; r0; z2; z� � exp

�
ik

2

�z
z2

m�r; r0; z1� dz1
�
: �52�

Because the integrand factors in the right-hand side of
equation (51) are statistically independent, it can be averaged:

B�r; r0; z� ÿ 
T�r; r0; 0; z��B�r; r0; 0�
�
�z
0

dz2


T�r; r0; z2; z�

�
�
�
ÿ i

k

q2B�r; r0; z2�
qrqr0

� 
n�r; r0; z2��� : �53�
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Thus, the functionT�r; r0; z2; z� should be averaged, which
finally reduces to averaging m�r; r0; z�. We will assume that
fluctuations in ~e, ~a0, and ~b are described by Gaussian
statistics. For the ASE coherence time tc < t1, t2, the values
of J�r1; z� and J�r2; z� in the denominators of nonlinear terms
in (48) can be considered in fact averaged over time or an
ensemble (see Section 2.2.3). But for tc > t1, t2, when the
populations of the laser levels have time to relax for the time
tc, the values of J�r1; z� and J�r2; z� in (48) represent
instantaneous values of the flux density. Then, averaging of
the nonlinear terms in (48) responsible for amplification and
depending on J presents difficulties. They can be averaged by
the method of statistical linearization [89]. In our case, it
consists in the replacement of the fluctuating flux densities
J�r1; z� and J�r2; z� in (48) by their mean statistical values
B�r1; 0; z� and B�r2; 0; z�, respectively. Thus, for all relations
between tc and t1, t2, the nonlinear terms in (48) have the
same form and only the values of a0�r1; z� and a0�r2; z�
fluctuate in them. Then, the statistics of ~m and the integral of
it in (52) is also Gaussian, and the averaging of (52) can be
performed analytically [89]. Taking into account Eqn (50), we
obtain from (52)


T�r; r0; z2; z�
� � exp

�
ÿ ik

2

�z
z2

�m�r; r0; z1� dz1

ÿ k2

8

�z
z2

dz1

�z
z2



~m�r; r0; z1�~m�r; r0; z01�

�
dz01

�
:

If the longitudinal length of the ASE spatial coherence
noticeably exceeds that of the mutual correlation of fluctua-
tions of the medium parameters ~m and ~n, the Markovian
approximation can be used [40]. The Markovian approxima-
tion requires the validity of the necessary conditions

kl?4 1 ; kl 2?4 ljj ; �54�

where l? and ljj are the transverse and longitudinal lengths of
the mutual correlation of fluctuations of ~m and ~n. The general
criteria for the applicability of theMarkovian approximation
(54) are usually satisfied for X-ray lasers. Then, cross-
correlation functions for ~m and ~n can be considered delta-
correlated in the longitudinal direction:


~m�r1; z�~n�r2; z0�
� � Amn�r; r0; z�d�zÿ z0� ; �55�

where each symbol m and n denotes e, a0, or b. Note that the
presence of correlations between fluctuations of various
parameters of the gain medium is substantiated because they
depend on the hydrodynamic parameters of the plasma such
as its density and electron and ion temperatures. Taking into
account (55), we have


T�r; r0; z2; z�
� � exp

�
ÿ ik

2

�z
z2

�m�r; r0; z1� dz1

ÿ pk2

4

�z
z2

H�r; r0; z1� dz1
�
:

Let us substitute the latter relation into (53), divide (53) by
hT�r; r0; 0; z�i, and differentiate with respect to z. Averaging
(49) by the method of averaging of equations with delta-
correlated coefficients [89] using condition (40) yields


n�r; r0; z�� � l2Q�r�d�2��r0� :

Then, we finally obtain the equation for the TCF:�
q
qz
� i

k

q2

qrqr0
� ik

2

�
�e�r1; z� ÿ �e�r2; z�

�� �b�r1; z� � �b�r2; z�
2

� pk2

4
H�r; r0; z� ÿ �a�r1; z�=2

1� B�r1; 0; z�=Jsat�r1; z�

ÿ �a0�r2; z�=2
1� B�r2; 0; z�=Jsat�r2; z�

�
B�r; r0; z��l2Q�r; z�d�r0�; �56�

where

H�r; r0; z� � Aee�r1; 0; z� � Aee�r2; 0; z� ÿ 2Aee�r; r0; z�
2p

ÿ Aaa�r1; 0; z� � Aaa�r2; 0; z� � 2Aaa�r; r0; z�
2pk2

�
1� B�r; 0; z�=Jsat�r?; z�

�2
ÿ Abb�r1; 0; z� � Abb�r2; 0; z� � 2Abb�r; r0; z�

2pk2

� i
Aea�r1; 0; z� ÿ Aea�r2; 0; z� � Aea�r; r0; z� ÿ Aea�r;ÿr0; z�

2pk
�
1� B�r; 0; z�=Jsat�r?; z�

�
� Aab�r1; 0; z��Aab�r2; 0; z��Aab�r; r0; z� � Aab�r;ÿr0; z�

2pk2
�
1� B�r; 0; z�=Jsat�r?; z�

�
ÿ i

Aeb�r1; 0; z� ÿ Aeb�r2; 0; z� � Aeb�r; r0; z� ÿ Aeb�r;ÿr0; z�
2pk

:

�57�

Relation (57) is satisfied when the mean density of the ASE
flux weakly varies on the scale of the transverse correlation
length for parameters of the medium.

In the case of quasi-uniform fluctuations of the medium
when its mean parameters weakly vary on the scale of l?, the
transverse part of the cross-correlation function (55) has the
form [40]

Amn�r; r0; z� � 2p
�
Fmn�r; r? ; rjj � 0; z� exp�ir?r0� dr? ;

where

Fmn�r; r?; rjj; z� � �2p�ÿ3
�
h ~m�r1; z�~n�r2; z0�i

� exp
�ÿ ir?r

0 ÿ irjj�zÿ z0�� dr0 d�zÿ z0�
is the mutual spatial spectrum of fluctuations of ~m and ~n. For
the Gaussian cross-correlation function

h ~m�r1; z�~n�r2; z0�i � s2�r; z� exp
�ÿjr0j2

2l 2?
ÿ �zÿ z0�2

2l 2jj

�
;

where s2 is the variance, we obtain

Amn�r; r0; z� � �2p�1=2s2�r; z�ljj�r; z� exp
� ÿjr0j2
2l 2?�r; z�

�
:

�58�
Thus, in the case of linear amplification, equation (56) for

the TCF and the parabolic equation (37) have the same
accuracy, while in the case of gain saturation the statistic
linearization impairs the accuracy of the equation for the
TCF at tc > t1, t2. The error in the determination of themean
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energy parameters of ASE caused by the statistical lineariza-
tion in deriving the equation for the TCF was discussed in
Refs [83, 90] in the absence of fluctuations of the medium
parameters. In [83], comparison wasmade between the results
of a single solution of equation (56) and the repeated solution
of the `exact' equation (37) by the method of statistical tests
(the Monte-Carlo method) with averaging of the required
parameters over an ensemble of realizations of the sponta-
neous noise. It was shown that the statistical linearization
does not distort the profile of themean angular distribution of
ASE but overestimates the absolute values of the mean ASE
intensity. This overestimation reaches a maximum of � 30%
when the ASE intensity is close to the saturation intensity. In
the cases of a weaker and stronger saturation, the error is
reduced.

2.3.2 Analysis of the equation for the TCF. In contrast to the
parabolic equation (37) with a random source, equation (56)
for the TCF has analytic solutions. To obtain them, firstly, we
represent the profile of �e inside the gain medium (for jrj4 a)
in the form of a power function

�e�r� � �em�r� � 1ÿ De
�
1ÿ jrj

m

am

�
; �59�

wherem > 0 (for jrj > a, it is assumed that a0 � 0 and �e � 1).
Consider a particular case of the distribution (59), namely, the
defocusing parabolic profile�e � �e2. This profile is widely used
in qualitative studies of ASE dynamics in X-ray lasers.
Secondly, in the case of significant amplification, when
exp�a0z�4 1, the distributed source in the right-hand side of
equation (56) can be replaced by the delta-correlated source
located at the X-ray laser end:

B�r; r0; 0� � Is�r�l2d�2��r0� ; �60�
where Is is the intensity (brightness) of the source radiation.
Then, in the absence of fluctuations of the parameters of the
medium and neglecting amplification, the solution of equa-
tion (56) for the TCF of ASE emerging from the opposite end
of the X-ray laser has the form [86 ± 88]

B0�r; r0; z� � qs

z2
F

�
kar 0

z

�
exp

�
ÿ ikrr0

cosh �z=zr�
z

�
; �61�

where qs �
�
Is�r� dr � IsS is the strength of the source

radiation, S is the source area, z � zr sinh�z=zr�, and

zr � a

�De�1=2
�62�

is the refraction length determining the characteristic distance
passed by the beambefore its emerging from the active region.
In the case of axial symmetry of the medium, we have

F�y� �
�1
0 Is�ax�J1�xy�x2 dx�1

0 Is�ax�x dx
; �63�

where J1 is the Bessel function. Expression (63) is analogous
to the van Cittert ± Zernike theorem [43, 89].

For z < zr, when sinh�z=zr�5 1, the effect of refraction is
minimal, and expression (61) takes the form

B0�r; r0; z� � qs
z2

F

�
kar 0

z

�
exp

�
ÿ ikrr0

z

�
: �64�

Relations (61) and (64) are characteristic of an infinite free
space. Nowwe take into account the light amplification under
the condition that the mean gain coefficient �a0 and the mean
absorption coefficient �b are uniform in the cross section of the
X-ray laser, i.e. they have step-like profiles. The solution of
equation (56) for the TCF of ASE emerging from the end of
the X-ray laser, by neglecting the wave effects related to the
limited cross section of the gain medium, has the form [91]

Br�r; r0; z� � f�z�B0�r; r0; z� ; �65�

where f is the gain factor. By substituting (65) into (56), we
obtain the equation�

q
qz
ÿ �a0
1� qs f=Jsatz

2
� �b
�
f�z� � 0 ; �66�

for the gain factor, which coincides in formwith the transport
equation (14) in the `angles of vision' approximation.
Comparison of (66) with (14) shows that I � Is f and the
angle of vision of the source is DO � S=z2, and in the case of
weak refraction, DO � S=z2 [cf. the text after Eqn (13)]. Like
the basic equation (56), equation (66) obtained from it is
written in the approximation of the unidirectional photon
flux for the travelling-wave pumping mode. Otherwise,
equations (56) and (66) should be supplemented by equations
for the TCF and the gain factor for the field of the counter
beam, similar to Eqn (14).

Now we take into account fluctuations of parameters of
the medium by assuming that their field is statistically
uniform, i.e. H�r; r0; z� � H�r0�. Then, in the approximation
of a transversely unbounded medium, the solution of
equation (56) is sought in the form [92]

B�r?; r0?; z� � Br�r?; r0?; z� exp �ÿ V�r0?; z�� ; �67�

where Br is defined in Eqn (65).
By substituting (61) into (56), we obtain the equation�
q
qz
� r0 cosh�z=zr�

z
q
qr0

�
V�r0; z� � pk2

4
H�r0� ;

the equations for the characteristic curves of this equation
have the form

dz

ds
� 1 ;

dr0?
ds
� r0?

cosh�z=zr�
z

;
dV

ds
� pk2

4
H�r0?�

with conditions z � 0, r0 � r00, and V�r00; 0� � 0 for s � 0.
From the first two equations for characteristic curves, we
obtain z � s and r0? � r00 sinh�s=zr�. Taking this into account,
we find from the third equation

V�r0; z�� ÿ pk2

4

�1
0

dyH�yr0�
�
y2 � sinhÿ2

�
z

zr

��ÿ1=2
: �68�

Analysis of the real part of (57) shows that the contribu-
tion of fluctuations of ~e, ~a0, and ~b to (56) results in narrowing
of the TCF over r0?, i.e. in the broadening of the angular
spectrum and deterioration of coherent properties of ASE.
This occurs because the corresponding terms of H�r; r0; z�
increase with increasing r0. The presence of correlation
between ~a0 and ~b, on the contrary, improves coherent
properties because the term in (57) with Aab decreases with
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increasing r0. The imaginary terms in (57) responsible for the
correlations of~ewith ~a0 and ~b are in a certain sense analogous
to the term in (56) describing the regular refraction from the �e
profile. They cause the shift of the angular spectral compo-
nents of ASE.

By considering (56) and (57) for r0? � 0, we obtain the
local gain and nonresonance absorption coefficients

a�r; z� � �a0�r; z�
1� B�r; 0; z�=Jsat �

Aaa�r; 0; z�
2
�
1� B�r; 0; z�=Jsat

�2
� 1

2
Abb�r; 0; z� ;

b�r; z� � �b�r; z� � Aab�r; 0; z�
2
�
1� B�r; 0; z�=Jsat

� :
Thus, upon scattering of ASE from fluctuations of ~a0 and ~b,
additional (compared to the average level) amplification
takes place, while the correlation between ~a0 and ~b leads to
additional absorption.

In the numerical integration of the equation for the TCF
in the case of great Fresnel numbers, when the transverse
coherence length is noticeably smaller than the beam width,
the method of the equation for the TCF is substantially more
`economical' than the method of statistical tests of the
parabolic equation [83]. This is explained not only by the
absence of averaging over an ensemble but also by the smaller
number of points on the transverse grid for calculations and a
significantly larger integration step in z. As a rule, a medium
with one transverse coordinate is considered, however, the
results are also available for the axially symmetric medium
[87]. For the wave approach, they are the only ones in the
literature on X-ray lasers.

3. Basic features of the radiation dynamics
of X-ray lasers

One of the important parameters of ASE is the strength of
radiation emerging from the X-ray laser in the plane
z � const at the angle y � jn?j to the optical axis. In
accordance with the approach chosen for studying ASE
dynamics, it is written in the form

q�n?; z��
�
I�n; r; z� dr �

D
jlÿ1

�
A�r; z� exp�ik?r� drj2

E
� lÿ2

� �
B�r; r0; z� exp�ik?r0� dr dr0 ; �69�

where k? � kn? is the projection of the wave vector k onto
the transverse plane. The strength of radiation is measured
in W/sr. This determines the angular divergence of the
radiation, i.e. the far-field distribution of its flux density,
and is one of quantities being experimentally established.
Expression (69) is valid for the geometrical optics and wave
approximations in conjunction with relation (46) in the case
of a statistically quasi-homogeneous field, when the flux
density weakly varies on the scale of the transverse length of
the spatial coherence Lc [41].

The ASE power is defined as

P�z� �
�
q�n?; z�On �

� 
jA�r; z�j2� dr � � B�r; 0; z� dr

and gives the ASE energy after integration over time.

The coherence length Lc in the vicinity of the point �r; z� is
determined from the drop of the coherence coefficient [43, 89]

m�r; r0; z� � jB�r; r0; z�j�
B�r1; 0; z�B�r2; 0; z��1=2 ; �70�

from 1 (for r0 � 0) to a certain level when jr0j varies. If the flux
density weakly changes on the scale of the coherence length,
i.e. when the quasi-homogeneity condition is met, then the
estimate

Lc�r; z� � 1

kDyloc
�71�

follows from (46), where Dyloc is the half-width of the angular
distribution of I at the point �r; z�. Note that expression (71)
represents only an appraisal. It can be reliably used only in the
case when the angular distribution of I has one characteristic
angular scale Dyloc. If such a scale is not the only one (for
example, the distribution of I consists of a narrow bright corn
and weak but extended wings), appraisal (71) will be over-
estimated. Note also that the quantity Dyloc in (71) can be
treated as the local divergence of ASE (although it is not
measured in experiments). In the scientific literature, the
relation Lc�r; z� � 1=�kDy� is often used, where Dy is the
total divergence of the ASE beam. It should be remembered
that the angular divergence is determined by the TCF itself
[see Eqn (69)], while the coherence length depends on the TCF
modulus [see Eqn (70)]. For this reason, the coherence length
is directly connected with the total divergence Dy of the beam
only when Dyloc and the angle of maximum I are independent
of r in the most important part of the beam. Note that these
conditions are often not satisfied for ASE, so that the relation
Lc�r; z� � 1=�kDy� is invalid in the general case.

3.1 A regular medium without refraction
The divergence and coherence of ASE are most simply
determined in X-ray lasers in which the electron density
gradient is negligible, resulting in weak refraction of ASE.
For operating X-ray lasers [11 ± 19], as a rule, the condition of
large Fresnel numbers NF � ka2=z4 1 is satisfied, where 2a
and z are the transverse size and length of the active region,
i.e. diffraction effects from the X-ray laser aperture are small.
We neglect here small-scale fluctuations of parameters of the
medium, so that a0 � �a0 and b � �b in this section.

3.1.1 Divergence and power. The divergence Dy of ASE in X-
ray lasers, as in a mirrorless IR laser [33], is substantially
characterized by the aspect ratio yg � 2a=z. For a � 100 mm
and z of several centimetres, we obtain the value of yg � 1ÿ10
mrad, which exceeds the diffraction limit by several orders of
magnitude. For appreciable values of a0z in the absence of
saturation, ASE emerging through the end of the gain
medium dominates, whereas ASE emerging through the side
surface is only weakly amplified. The total divergence of ASE
is characterized by the value of yg. The angular distribution of
the end ASE, in the case of the uniform amplification, is
described by a function with a maximum at y � 0 and
monotonically decaying to zero with increasing y up to
y � yg:

qend�y; z� � q0�z�
�
arccos wÿ w�1ÿ w2�1=2� ; �72�

where w � y=yg. In order to take into account the influence of
noise in the medium volume, which is substantial for small
a0z, relation (72) should be integrated over z.
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It follows from Eqn (8) that the increase in the strength of
radiation along the axis, q0�z� � q�0; z�, with increasing z is
exponential:

q0�z� � Q0

a0

�
exp�a0z� ÿ 1

�
; �73�

where b can be neglected (or included in a0). Expression (73) is
related to the frequency component of radiation within the
spectral line. If the X-ray line is too narrow to be experimen-
tally resolved, the frequency dependences of a0 andQ0 should
be taken into account [see Eqns (9) and (10)]. The result of
integration of equation (73) over the frequency, which is valid
for any shape of narrow line, has the form [93]�

q0�z� do � Q0

a0

�
exp�a0z� ÿ 1

�3=2�
a0z exp�a0z�

�1=2 ;

where the quantities a0 and Q0 in the right-hand side are
already related to the centre of the spectral line. The
observation of such a dependence in experiments represents
the most conclusive demonstration of the laser action in a
plasma [15].

As the X-ray laser length or a0 increase and a0z reaches a
value of 15 ± 20, gain saturation is observed. ASE begins to
affect the populations of the laser levels, by decreasing the real
gain coefficient. By considering the travelling-wave pumping
mode, we assume in the system of equations (14) that I� � I,
Iÿ � 0, and DO�z� � S=z2. Then the system is reduced to one
equation for the intensity at the line centre [cf. Eqn (66)]�

q
qz
ÿ a0
1� I�z�S=�Jsatz2� � b

�
I�z� � 0 : �74�

For weak nonresonance losses (bz5 1) and strong gain
saturation, the solution of (74) yields the expression

q0�z� � I�z�S � a0z3

3
Jsat ;

which is independent of the noise power and determined by
the inversion margin in the medium and the value of the
saturation intensity. The fast exponential increase of q0�z�
(73) changes to a slower cubic increase upon gain saturation.
Then the powers of the end and side ASE are described by the
expressions

Pend�z� � q0�z�DO�z� � a0z
3

Psat ;

Pside�z� � a0

�
2z

3
ÿ zsat

�
Psat ; �75�

where Psat � SJsat and zsat are the saturation power and
length, respectively. The power of the end ASE increases
linearly over z. From Eqn (75), important conclusion follows
that approximately one third of the total ASE power
P�z� � a0zPsat emerges through the X-ray laser end (see also
Refs [94, 95]). Approximately two thirds of the total power
leaves the gain medium through its side surface. The angular
distribution of the end ASE is still characterized by relations
(71). Because the fraction of ASE leaving the X-ray laser
through its side surface increases upon gain saturation, the
total divergence of ASE exceeds the value of yg.

If the travelling-wave pumping mode is not used, then in
the case of gain saturation, the interaction between the

counter-propagating ASE fluxes should be taken into
account. The estimate of the asymptotic solution of system
(14) then yields

P�end�z� � Pÿend�z� �
3a0z
8

Psat :

In the case of considerable nonresonance losses, when
bz > 1, we have [91]

Pend�z� � a0
b

Psat :

Pside�z� � a0
b

�
2 ln�bz� ÿ 2ÿ bzsat

�
Psat : �76�

The power of the end ASE tends to a constant value.
However, even upon a complete halt to the increase in Pend,
the total power P�z� can still increase owing to ASE escape
through the side surface and the logarithmic increase in Pside.
The X-ray laser length can be increased to z � ka2 for bz4 1
as well until diffraction begins to play a role, because the
quantity q0 continues to grow at constant Pend due to
decreasing divergence. As z further increases in the diffrac-
tion regime, q0 ceases to increase, while Pside will continue to
increase slightly because of the diffraction escape of ASE
through the side surface.

3.1.2 Coherence. One can see from Eqn (65) that the uniform
amplification in the geometrical optics approximation affects
the amplitude of the end ASE field rather than its phase. The
coherence coefficient of the end ASE, by neglecting the
volume noise in the case of a uniform source, is determined
from (70) using (63). In the approximation of a uniform
source, it follows from (63) that

m�r; r0; z� � 2

���� J1�kar 0=z��kar 0=z�
���� ;

where J1 is the Bessel function. This gives a characteristic
coherence length of ASE at the laser output in the form of

Lc�z� � z

ka
; �77�

i.e. ASE represents the superposition of � N2
F transverse

modes. Coherent properties of ASE are the same as in free
space [43, 89]. Relation (77) remains valid in the presence of
gain saturation and consideration of the volume noise and the
influence of the counter beam, as numerical calculations of
stochastic parabolic equations (37) have shown [85].

For l � 0:2ÿ100 nm, z � 5 cm, and a � 100 mm, the
value of Lc�z� lies in the range � 0.02 ± 8 mm. Because it is
difficult to experimentally determine such a small coherence
length, the coherence is measured away from the X-ray laser,
where the far-field condition is usually satisfied. In the on-axis
far-field region (y � 0), we have according to (64)

Lc�Z� � Z

ka
; �78�

where Z is the distance from the X-ray output to the plane of
measurements. Thus, moving away from the X-ray laser
allows one to increase the coherence length by a factor of
Z=z, although at the expense of a decrease in the ASE flux
density by a factor of �Z=z�2. The power of the coherent ASE,
defined as the integral of the flux density over the coherence
plane, remains constant as the distance from the X-ray laser
increases.
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The beam quality is quite sensitive to the profile of a0.
When this profile in the X-ray laser is close to the stepwise
profile, the coherence degree of the side far-fieldASE is higher
than that of the end ASE [96]. As the distance from the beam
centre (y � 0) increases, Lc�Z� increases, reaches a maximum
at y � yg, and then decreases. The ratio ofLc�Z� at y � yg and
y � 0 is equal to � a0z in the case of linear amplification and
to 2 ± 3 in the case of strong saturation. Thus, the coherent
power of ASE also remains approximately constant over the
cross section of the ASE beam for y4yg.

In the case of linear amplification, the bell-shaped non-
uniformity of the amplification results in an additional spatial
selection of ASE and its `pulling' into the vicinity of the
maximum of a0, which leads to a decrease in the divergence
and an increase in the degree of coherence [89]. For example,
for the parabolic profile of a0 at the X-ray laser output [80,
81], one finds

Lc�z� �
�
a0�0�z

3

�1=2
z

ka
;

i.e. a normal linear law (77) changes to the dependence� z3=2.
Due to a decrease in the size of the output source, the far-field
value of Lc�Z� increases compared to (78), and no on-axis
hole is observed in the distribution of Lc�Z� over the beam
cross section [96]. The gain saturation makes the gain profile
steeper, which results in the deterioration of coherent proper-
ties, approaching case (77), (78).

3.2 A regular symmetric medium with refraction
The electron density required for obtaining population
inversion at the 3p ± 3s transitions in Ne-like ion X-ray
lasers and at the 4d ± 4p transitions in Ni-like ion X-ray
lasers is quite high: � 1020 ± 1022 cmÿ3 [15]. In the first
experiments at LLNL, a thin foil target was used [5, 6, 10 ±
12] (a schematic of the experiment is shown in Fig. 1). The
foil is exploded upon two- or one-sided irradiation with
light from a pump laser with a wavelength of 0.53 mm, a
pulse length of � 0:5 ns, and an intensity of � 1013 ± 1014 W/
cm2 on the foil. The width of the irradiated line along the y-
axis is � 100 ± 300 mm. Due to `burning through' the foil
and two-sided expansion of the plasma produced, the
profiles of the parameters are approximately symmetrical
with respect to the target plane. The gradient of Ne�x�
formed in the expanding plasma is usually sufficient for
regular refraction of the radiation to be appreciable for an
X-ray laser length z of several centimetres.

In Ne-like ion X-ray lasers with targets in the exploding-
foil form, the distribution �e � �e2 from (59) approximately
describes the real profile �e in the direction x perpendicular to
the foil. Figure 3 shows the experimental distribution of the
electron density Ne�x� in an Ne-like selenium X-ray laser
within 100 ps after the end of the pump pulse [6] and the
parabolic approximation of it.

3.2.1 Divergence and power. As was noted above, a plasma
column freely expanding into a vacuum with the refractive
index increasing to the periphery is the defocusing medium.
Consider a flat medium with �e � �e�x�, where �e! 1 for
x!1. We neglect small-scale fluctuations in parameters of
the medium, assuming that a0 � �a0 and b � �b. Let us assume
that after leaving themedium at x!1, the beam propagates
at an angle y1 to the optical axis. Then, we easily obtain from
Eqn (2) [97]

dz

dx
�
�

�e�x�
cos2 y1

ÿ 1

�ÿ1=2
:

It follows from this equation that the beamwas parallel to the
axis at the point x0, where �e�x0� � cos2 y1, which gives
sin2 y1 � 1ÿ �e�x0� � De0, or for small angles, y1 � �De�1=2.
Thus, the beam emitted from the point withH�e 6� 0 parallel to
the optical axis leaves the medium at an angle of �De0�1=2,
which is independent of the profile of�e and is only determined
by the transverse variation in �e.

Defocusing refraction leads to bending of the beam path
and its premature escape to the peripheral regions of the
space. Because the gain region occupies a plasma region that
is comparatively narrow along the transverse coordinate, the
refraction displacement of beams to the plasma column
periphery causes undesirable reducing in the beam gain
length and a decrease in the power and brightness of ASE.

The effect of refraction on the integral parameters of
radiation can be qualitatively estimated from analysis of the
propagation of the waves bymeans of the wave equation (18).
By substituting E�r; t� � iEE�r� exp�iot� into (18), we obtain
the Helmholtz equation for monochromatic radiation in a
non-amplifying and nonabsorbing medium

H2Eÿ k2�eE � 0 ;

which admits an analytic solution in the case of a flat Epstein
layer with �e�x� � 1ÿ De=cosh2�x=d�. The fundamental mode
of this solution has the form [98]

E � coshs
�
x

d

�
exp

�
ikz

�
1ÿ De

2

�
ÿ �De�1=2 z

2d

�
;

where s � ÿ1=2ÿ ikd�De�1=2. It decreases exponentially with
respect to z with the coefficient of intensity term �De�1=2=d.
Based on this fact, an important conclusion was made [98]
that refraction in the plasma column is similar to the
nonresonance losses (from the point of view of the effect on
the radiation intensity), which increase the gain threshold of
the fundamental mode.
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Figure 3.Experimental distribution of the electron densityNe in anNe-like

selenium X-ray laser perpendicular to a foil within 100 ps after the end of

the pump pulse (+) [6] and a parabolic approximation of it (Ð).

August, 1998 Angular divergence and spatial coherence of X-ray laser radiation 777



In the case of ASE, we consider the TCF (65), taking into
account (61) and (66), obtained for the parabolic profile of
�e � �e2 from (59). According to (61), for z < zr (sinh ~z5 1), the
effect of refraction onASE is small. Refraction is an analogue
of the nonresonance losses, if sinh ~z4 1. In this case, the flux
density of the end ASE and the axial strength of radiation
vary with the laser length as exp�a0zÿ 2z=zr�. They increase
exponentially along z for a0zr > 2, but because of the
refraction escape of ASE from the gain region the observed
gain coefficient decreases by the value of the coefficient of
refraction losses

br �
2�De�1=2

a
� 2

zr
: �79�

For a0zr < 2, refractive losses dominate over the amplifica-
tion, and no laser action is observed despite the positive gain
coefficient a0.

By substituting (65) into (69) and taking into account (61),
we find that the divergence of the end ASE forming the on-
axis peak in the directivity diagram, in the case of strong
refraction (sinh ~z4 1) does not change with increasing z and
is equal to Dy � yr, where yr � �De�1=2 is the angle of
refraction. For z > 2zr, the value of yr exceeds the geome-
trical value yg of the divergence typical of a homogeneous
medium. Therefore, refraction results not only in a decrease in
the brightness and power but also in the deterioration of the
divergence of the end ASE.

In Ref. [45], the formation of ASE was considered by the
method of geometrical optics for linear amplification in a
two-dimensional medium with parabolic distributions of �e
and a0. It was shown that the angular width of the on-axis
peak corresponding to the end ASE is equal to yr=G

1=2
r , where

Gr � a0�0�zr, i.e. by a factor of G
1=2
r is smaller than for the

uniform profile of a0. This is explained by the fact that in the
case of the bell-shaped profile of a0, ASE is `pulled in' to the
region of enhanced amplification, resulting in a decrease in
the divergence. Analysis of the amplification of a Gaussian
beam shows [99] that under certain conditions imposed on the
parameters of parabolic profiles of �e and a0, in principle,
beam channelling can be produced by means of amplification
without refraction defocusing. However, experimental imple-
mentation of this idea presents difficulties.

The general picture of divergence deterioration caused by
refraction is aggravated by the fact that ASE escaping
through the side surface of the laser medium forms side
peaks at y � �yr [45]. The angular distribution of the side
ASE at Gr > 1 and z > 3zr has the form

qside�y� � q0
1

Gr
exp

�
Gÿ Gr

2

�
� exp

�
ÿ Gr

8 exp�ÿ2z=zz�
�

y
yr
ÿ 1

�2�
:

It exponentially sharpens with increasing z. The ratio of
powers of the side and end ASE tends to a constant with
increasing z:

Pside

Pend
�

�����������������
2=�pGr�

p
exp�ÿGr=2�

�Gr ÿ 1�erf� ����������
Gr=2

p � ;

which sharply decreases with increasing Gr. The ratio of the
strength of radiation in the side peak to that in the cases of
parabolic and uniform profiles of a0 is equal to

exp�z=zr�=�2p exp�Gr=2�� and exp�z=zr�=�4Gr�, respectively
[100]. In the case of strong refraction, a narrow low-power
side peak in the angular distribution of ASE dominates over
the broad high-power on-axis peak.

Despite their identical influence on the axial strength of
radiation, refraction differs from nonresonance absorption in
a medium in that the radiation is `displaced' through the side
surface of the gain medium rather than lost inside it. In the
case of gain saturation, this difference is especially interesting,
because refraction can remove the restriction on the total
radiation power of the X-ray laser existing in media without
refraction [98] due to saturation of Pend�z� and the weak
logarithmic increase in Pside�z� [see Eqn (76)]. In the case
�e � �e2 and uniform a0, it follows from the solution of equation
(66) at z > zr that [91]

Pend�z� � a0
b� br

Psat ;

Pside�z� � a0

�
brz

b� br
ÿ zsat ÿ 1

br

�
Psat : �80�

For bz5 1, refraction does not affect the total ASE power
and only differently distributes it between Pend and Pside [cf.
Eqn (75)]. For bz > 1, Eqn (80) gives a more rapid, linear
increase in Pside instead of a slow logarithmic one. Thus, the
total power increases linearly with increasing z, in accordance
with the qualitative conclusion of Ref. [98], and the side ASE
dominates over the end ASE.

In the far field, more powerful off-axis radiation peaks are
formed, which aremainly determined by the side ASE and are
located at angles of y � �yr (in an axially-symmetric
medium, an angular distribution with an annular structure is
formed). The half-width at half-maximum of the side peak is
equal to [100]

Dy � 8

�
p
4

�nÿ2
yr exp

�
ÿ z

zr

�
:

It may be noticeably smaller than the values of the character-
istic angles yg and yr. Thus, the useful radiation can be taken
in a distributed way through the side surface. The numerical
solution of the parabolic equations [84] showed that, taking
into account the action of the counter beam, the qualitative
structure of the angular distribution of the ASE intensity is
retained.

Experiments with Ne-like selenium X-ray lasers (l � 20:6
and 20.9 nm) at LLNL showed that the far-field ASE beam
splits in the x direction perpendicular to the foil (see Fig. 1).
As z increases, two peaks appear in the ASE intensity
distribution at both sides from the X-ray laser axis, which
are separated by a dip on the axis [10 ± 12, 101, 102]. Figure 4
shows the time-integrated experimental distribution of the
strength of radiation over x for the Ni-like Se X-ray laser at
l � 20:6 nm [102]. The divergence Dyx of ASE is of about
10 mrad. A certain asymmetry of the q�x� profile is explained
by the fact that selenium was deposited onto a Formvar
(C10H16O5) substrate. This results in some asymmetry in the
plasma expansion and the location of the gain region. The
beam splitting is unexpected, because numerical calculations
and estimates at�e � �e2 give the ASE distribution with one on-
axis maximum.

Firstly, the beam splitting could be explained by the non-
uniform distribution of the gain coefficient over x, which
exhibits an on-axis dip [12, 45]. In this case, ASE is
predominantly formed in the off-axis regions with enhanced
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a0, where the gradient of�e deflects beams from the axis. In the
on-axis region, where refraction is weak, the ASE intensity is
low. However, such an explanation of the effect casts doubt
on the validity of the kinetic model, because kinetic calcula-
tions yield a bell-shaped profile for a0�x� with a maximum on
the axis. In addition, the experimental ASE distribution in the
near field does not contain distinct off-axis maxima [102].

Secondly, the beam splitting in the case of the bell-shaped
profile of a and �e � �e2 can be explained by the refraction
escape of ASE upon gain saturation [45, 84, 91]. In this case,
the maximum of ASE emerging from the laser end is located
at the zero angle. ASE coming out from the side surface of the
laser can form bright off-axis peaks only upon gain saturation
[see Eqn (80)]. Against this interpretation is the important fact
that the ASE beam begins to split in experiments at values of z
when saturation is not yet observed. For z � 3, the ASE beam
splitting is absent in calculations [84], although it is distinctly
manifested in experiments [10, 101].

Thirdly, it was found that the profile of the angular
distribution of ASE strongly depends on the profile of �e. In
contrast to the profile of �e � �e2, in the case of the profile of �e
showing a noticeable nonuniformity in the on-axis region of
the gain medium, for example, a linear profile, the distribu-
tion of end ASE exhibits a dip on the axis and off-axis peaks
[86, 103].Moreover, the axial dip in the distribution of the end
ASE also appears for smooth profiles of �e of type (59) with
m < 2 [104]. The closer m to 2, the greater the z at which the
dip appears. The centre of the off-axis peak shifts to the value
of the angle of refraction with increasing z. Because the side
ASE still has side peaks centred at y � �yr, form < 2 the far-
field ASE beam as a whole acquires an axial dip. For m > 2,
the angular spectrum also contains an on-axis peak along
with side peaks. The coefficient br of refractive losses is
greater (for m < 2) or smaller (for m > 2) than the value
from (79) obtained for the parabolic profile of �e.

The presence of linear and concave parts in the profile of
Ne, where the law of variation is much weaker than the
parabolic one (m < 2), was confirmed in experiments
(Fig. 3). Then the distribution of the end ASE splits both
upon gain saturation and in its absence. The use of the

experimental profile of �e in calculations [104] provides
qualitative agreement with experimental angular ASE spec-
tra [10, 101, 102] (Fig. 4). Note that the ASE beam splitting
can also be caused by the nonstationary conditions of the
laser plasma in the course of generation [10, 102].

The experimental angular distribution of the ASE
intensity in the y direction parallel to the foil plane (Fig. 1)
has a symmetric bell shape with a maximum on the axis [10,
101]. For z � 3 cm, the divergence Dyy is of about 20 mrad,
which is also unexpected. X-ray lasing occurs during the
action of the pump pulse for� 0:2 ns [10]. Because by the time
of the onset of lasing and during lasing the plasma has no time
to noticeably expand in the y direction [6], the width of the
gain region in this direction cannot noticeably exceed the
width of the line on a target irradiated by the pump laser. The
profile of �e�y� should be quite steep (of type (59) for m > 2),
and the role of refraction is less important than form � 2. For
an irradiated line of width 200 mm, the geometrical divergence
is equal to yg � 7 mrad, which is appreciably lower than the
observed experimental value.

3.2.2 Coherence.By neglecting the volume noise for�e � �e2, the
coherence coefficient of the end ASE is found, in the case of
uniform amplification and source, from (70), taking into
account (61):

m�r?; r0?; z� � 2

���� J1�kar 0?=z�kar 0?=z

���� ;
which yields the coherence length of ASE at the X-ray laser
output

Lc�z� � z
ka
� zr sinh�z=zr�

ka
: �81�

Comparison of (81) with (77) shows that the presence of
defocusing refraction leads to a sharp increase in the
coherence length of the end ASE. In the case of strong
refraction, Lc�z� increases exponentially. The value
Lc�z� � a is achieved for an X-ray laser length of
z � zr ln�ka2=zr�, which can be easily obtained in the experi-
ment. Thus, selecting the refraction mode accompanied by a
decrease in the ASE flux density and an increase in the
divergence, at the same time, represents an efficient mechan-
ism for improving coherence. In the case of a parabolic profile
of a0 and linear amplification, the coherence length of ASE
estimated from (71) for sinh�z=zr�4 2z=zr has the form [80]

Lc�z� �
�
Gr

8

�1=2
zr
ka

exp

�
z

zr

�
:

For the parabolic profile, Lc�z� increases by a factor of
� �Gr�1=2 as compared to a uniform profile of a0 in (81).

WhenLc�z� is considerably smaller than the characteristic
width of the ASE beam, the power of coherent ASE at the
laser output takes the form

Pc � So
l
4

ÿ
exp�a0z� ÿ 1

�
;

i.e. in the case of low coherence, the coherent power is
independent of the geometry of the medium and the presence
of refraction. For sufficiently high z, when Lc�z� reaches the
beam size, we arrive at

Pc � So2

�
payr
a0zr

�2
exp�a0z� ÿ 1

sinh�2z=zr� ÿ 2�z=zr� ;
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Figure 4. Experimental (Ð) [102] and theoretical (- - -) [104] time-

integrated distributions of the strength of radiation q for an Ne-like

selenium X-ray laser of length z � 3 cm perpendicular to a foil.
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i.e. in the case of high coherence, the coherent power sharply
decreases with increasing refractive losses (note that here the
geometric optics approximation becomes invalid).

According to Ref. [96], in the on-axis far-field region
where the main contribution comes from the end ASE, we
have for transversely uniform amplification:

Lc�Z� � Z
cosh�z=zr�

ka
; �82�

i.e. the coherence in the presence of refraction is substantially
higher than in its absence [cf. (78)]. For nonparabolic profiles
of�e (59), the on-axis value ofLc�Z� additionally increases (for
m < 2) or decreases (for m > 2).

The far-field ASE coherence substantially varies over the
beam cross section [96, 105]. In the direction y � yr, where the
radiation has maximum strength, the coherence coefficient
takes the form [96]

m �
����sinh kaX 0

2Z cosh�z=zr� �
cosh�z=zr�

gzr ÿ ikaX 0=Z

����
�
�
1� cosh�z=zr�

gzr

�ÿ1
; �83�

where g � a0 for linear amplification, and g � 1=zr for strong
saturation. For gzr 5 cosh�z=zr�, one finds Lc�Z� �
2Zgzr=ka, i.e. is independent of z and substantially smaller
than its value in the on-axis region (82). The ASE coherence
only weakly depends here on the profile of �e. Thus, the beam
region with enhanced radiation strength is characterized by a
lower coherence, and vice versa, so that the coherent power is
approximately independent of the profile of �e for y4yr.

Figure 5 shows the time-integrated experimental distribu-
tion of the coherence coefficient m�X;X 0;Z� in an Ne-like
selenium X-ray laser for z � 4 cm (l � 20:6 and 20.9 nm)
[106]. The measurements were performed at a distance
Z � 113:6 cm from the X-ray laser in the direction perpendi-
cular to the foil for y � X=Z � 8 mrad, i.e. in the vicinity of
the point where the radiation strength was maximum (see
Fig. 4). The diffraction pattern of ASE was analyzed after
passing a diffraction grating with a variable step. The profile

of m over X 0 has the form (83), i.e. it consists of a narrow core
and a long low-coherence wing. The coherence length is about
40 mm. In [106], the calculation was performed by the method
of the parabolic equation [84] taking into account the counter
beam, the nonuniform profile of a0 under gain saturation and
�e � �e2 for De � 2� 10ÿ4. The method of TCF under similar
conditions (except for the inclusion of the counter beam) gave
a distribution of m [96] very close in the coherence region to
that obtained in calculations [106]. Both calculated profiles of
m differ sharply from the experimental profiles and over-
estimate the coherence length by a factor of � 5 (see Fig. 5).
This occurs because the value of De � 2� 10ÿ4 used in the
calculations, which qualitatively corresponds to the moment
of the maximum gain, yields an angle for the maximum
radiation strength equal to yr � 14 mrad rather than 8 mrad.
This results in an overestimation of the degree of coherence
and an error in modelling the time-integrated distribution.
The calculation performed in [96] for De � 6:4� 10ÿ5 and
yr � 8 mrad was in good agreement with experimental data
(Fig. 5). The experimental studies also did not show a
noticeable change in the degree of coherence upon increasing
z from 3 to 7.5 cm, in agreement with the theory [96].

Analysis of coherence and divergence in the experiment
[106] in the direction parallel to the foil presents difficulties.
For example, the size of a source at the X-ray laser output
estimated from the width of the core in the distribution of m is
twice as large as the width 300 mm of the irradiated line. The
narrowing of the irradiated line to 100 mm results in an
improvement of coherence by a factor of 6, and the estimated
size of the source corresponds to the width of the irradiated
line.

3.3 A regular asymmetric medium with refraction
Later on, after experiments with thin foil targets, massive slab
targets irradiated from one side were investigated [47, 107,
108]. In the case of massive slabs with chemical elements of
small nuclear charges, there was a decrease in the required
pumping intensity to� 5� �1012 ± 1013�W/cm2 as compared
to that for thin foils and a longer X-ray lasing of Ne-like ions
at comparable gain coefficients. However, in the case of one-
sided plasma expansion, the profile ofNe in the gain region is
strongly asymmetric. Under these conditions, the ASE beam
as a whole undergoes an angular shift and displacement from
the gain region [47, 108]. Compared to the exploding-thin-foil
X-ray laser scheme, the efficiency of the massive-slab X-ray
laser is more strongly restricted by refraction with increasing
laser length.

A thin-foil X-ray laser on the 3p ± 3s transition in Ne-like
yttrium is characterized by a high degree of monochromati-
city, with the J � 2 ± 1 line at 15.5 nm dominating [10]. In Ref.
[48], a Nova laser was used for one-sided irradiation of a
thicker target which was not burnt through during maximum
amplification, thereby providing a strongly asymmetric
distribution of Ne in the gain region, which was confirmed
by calculations of the transversely two-dimensional hydro-
dynamics using LASNEX code [51] and of the population
kinetics using XRASER code [57]. Pumping was performed
with 0.53-mm, 0.5-ns, 1:4� 1014-W/cm2 laser pulses. Figure 6
shows the time-integrated experimental and calculated far-
field ASE distributions in the directions perpendicular (x) and
parallel (y) to the target. The experiments were simulated
using LASNEX and XRASER codes for three-dimensional
nonstationary calculations of ASE along beam trajectories.
For z � 1:5 cm, good agreement was observed between the
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Figure 5. Distribution of the coherence coefficient m at a distance of

Z � 113:6 cm from an Ne-like selenium X-ray laser of length z � 4 cm for

y � X=Z � 8 mrad perpendicular to a foil: experiment [106] (Ð); calcula-

tions [106] for De � 2� 10ÿ4 (- : - : -); calculations [96] for De � 2� 10ÿ4

(::::) and De � 6:4� 10ÿ5 (- - -).
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calculated and experimental curves in the x direction (see
Fig. 6a). However, for z � 2:5 cm, the calculatedmaximum of
the distribution proved to be shifted by� 10 mrad relative to
the experimental one. The divergence Dyx was equal to
� 15 mrad. A more serious problem appears in modelling
the ASE distribution in the y direction, where the divergence
Dyy is � 25 mrad and the width of the experimental ASE
distribution is twice as large as that of the calculated one
(Fig. 6b). The experimental distribution of ASE over the y-
axis does not change as the X-ray laser length varies from 1.5
to 2.5 cm and is independent of the width of the irradiated
line.

In Ref. [50], an attempt was made to take into account the
nonuniformity of plasma parameters over z caused by the
longitudinal nonuniformity of the irradiated line on the
target. Three-dimensional nonstationary calculations of the
gain were performed in the geometrical optics approximation
for a Ne-like germanium X-ray laser using LASNEX and
XRASER codes. A separate calculation performed with a
Cray supercomputer took at least 20 hours. The resulting
angular distribution of ASE was not shifted from the centre
along the x-axis, as has been observed in all experiments. All
this demonstrates the complexity of the problems of three-
dimensional modelling of experiments yet to be solved.

3.4 A randomly inhomogeneous medium
One can see from the preceding discussion that the interpreta-
tion of experimental data still involves a number of problems.
Among these are the higher divergence and lower coherence
observed in experiments as compared to calculations in the y
direction parallel to the target in the case of Ne-like ion X-ray
lasers with an exploding-foil [10, 102, 106] and massive-slab
[48] targets. For an Ne-like argon capillary-discharge X-ray
laser [25], an ASE distribution was obtained consisting of an
on-axis core and low-intensity but long wings that may
contain a considerable fraction of the energy. The appear-
ance of the wings in the angular spectrum of ASE also needs
interpretation. For this reason, some additional physical
effects should be included in the theoretical models along
with those considered in Sections 3.1 ± 3.3.

One reason for the deterioration of coherence and
divergence in experiments as compared to the theoretical
expectations may be the presence of small-scale optical
inhomogeneities in the amplifying medium. A plasma
(including a laser plasma) possesses a number of instabilities
(see reviews [63, 64] and references cited therein). In a laser
plasma, they can be caused by the nonuniform structure of the
target and its surface, nonuniform irradiation of the target,
the presence of filaments in the pump beam in the plasma
being formed, stimulated scattering of the pump radiation
(SRS and SBS), turbulence, etc. These factors lead to a small-
scale perturbation of the plasma density, velocity, and
temperature, resulting in nonuniformity of the dielectric
constant and gain. Such inhomogeneities in the form of
filaments, jets, and vortices on the scale of � 1 ± 10 mm were
observed in experiments (see, for example, Refs [65 ± 69]). The
possibility of the presence of turbulent fluctuations in the
plasma on the scale of 1 mmand lower was noted in Ref. [6]. A
detailed experimental study of inhomogeneities on this scale
presents serious difficulties.

Numerous successful X-ray laser experiments suggest that
the instabilities developed during X-ray lasing are not
sufficiently strong and do not drastically affect the ASE, as
it would be the case for significant build-up and regulariza-
tion of the perturbations. This fact, taking into account the
great variety of possible instabilities, allows us to treat
perturbations of plasma parameters theoretically as ran-
dom. For this reason, ASE dynamics can be considered in
an X-ray laser medium with a specified field of fluctuations of
the dielectric constant with Gaussian statistics and correla-
tion lengths equal to characteristic perturbation lengths
obtained in experiments. This problem is solved with the
help of the equation for the TCF (56).

Usually b5 a0, so that the effect of fluctuations of ~b on
ASE can be neglected in many cases. For the same scale and
amplitude of fluctuations in ~e and ~a0, the effect of the former
on the angular and coherent properties of ASE is more
substantial, because they directly affect the emission phase
[88]. Therefore, we will neglect the influence of fluctuations of
~a0 and their statistical coupling with fluctuations of ~e on
angular and coherent parameters ofASE. Then, we have from
(57), taking into account (58):

H�r?; r0?; z� �
���
2

p

r
s2�r?; z�ljj�r?; z�
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Figure 6. Time-integrated experimental (Ð) and calculated (&, ) angular
distributions of ASE for an Ne-like yttrium X-ray laser (l � 15:5 nm) (a)

perpendicular, and (b) parallel to a target [48].

August, 1998 Angular divergence and spatial coherence of X-ray laser radiation 781



where s2, l? and ljj are the variance, and the transverse and
longitudinal correlation lengths of ~e, respectively.

For the parabolic profile �e � �e2 (59), uniform transversely
unbounded amplification, and statistically uniform fluctua-
tions of ~e, the TCF of ASE has the form (67). By substituting
(84) into (68), we obtain for weak refraction (z < zr):

V�r0; z� � d
�
1ÿ

���
p
p
2

erf� ���rp ����
r
p

�
; �85�

and for strong refraction (z > zr)

V�r0; z� � d
C� ln r� E1�r�

2z=zr
; �86�

i.e. V�r0; z� changes with increasing z only for
r�5 l? sinh�z=zr�. In (85) and (86), E1 is the integral power
function, r � r02=�2l 2?�, d � �p=8�1=2k2s2ljjz, and C � 0:58 is
Euler's constant.

From Eqn (69), taking into account (67) and (85), an
important spatial scaleÐthe scattering length of ASE, is
determined as follows [109]:

zsc �
�
6

�
2

p

�1=2 �al?� 2
s2ljj

�1=3
:

It gives the characteristic distance after passing which a
noticeable fraction of ASE is scattered by fluctuations of ~e
and comes out through the side surface of the gain medium.
The ASE parameters depend on the relation between zsc and
the refraction length zr.

It is possible that the case zsc < zr is typical of the ASE
development in Ne-like ion X-ray lasers [5, 6, 10 ± 12, 48] in
the y direction parallel to the target, where the profile of �e is
quite steep and marked refraction is observed only at the
periphery of the gainmedium (see Sections 3.2.1 and 3.2.2). In
this case, the ASE is predominantly affected by scattering
from~e, while the role of diffraction can be neglected. As noted
above, the laser action is experimentally manifested by an
exponential increase in the axial strength of radiation with
increasing z. Calculations in the plane-wave approximation
showed [109] that in the case of a transversely restricted gain
medium the analytic solution (67) takes place only at z < zsc.
Scattering of ASE by ~e and its displacement through the side
surface of the X-ray laser is analogous to linear absorption of
ASE with the coefficient of intensity Ksc. Therefore, fluctua-
tions in ~e decrease the observed gain increment, as does
regular refraction [see Eqn (79)].

The character of the dependence Ksc�s� is determined by
the parameter d � kal?=zsc. For strong fluctuations of ~e,
when d 3 5 1, we obtain [109]

Ksc � 1

zsc

[cf. Eqn (79)], i.e. Ksc � s2=3. In the case of an axially
symmetric medium, this value, most likely, is doubled;
however, this needs verification. For weak fluctuations of ~e,
when d 3 5 1, we obtain [110]

Ksc � 3d 2

zsc

and, therefore, Ksc is independent of l? and a. Here, Ksc � s2 is
similar to the coefficient of scattering of energy from a

restricted coherent beam in an infinite randomly inhomoge-
neous gain medium [111]. Thus, the influence of ~e may be
another reason for observing experimental gains that are
typically lower than their values calculated using kinetics
codes.

The scattering of ASE from ~e decreases its spatial
coherence at the X-ray laser output, in accordance with
experimental data obtained in the y direction [106]. In this
case, the power of coherent ASE also decreases (for large
Fresnel numbers as well), in contrast to the case of only
regular refraction. There is the value of l? for which the
coherence length Lc has a minimum, whereas for larger and
smaller values of l? the influence of ~e on ASE is weaker [92].
As z increases, the value of Lc grows and tends to a constant
value

Lc �
�
1ÿ h

2

�1=2 lzm
pa

;

where

zm �

�
2

3

�1=3

zsc ;
6d 2

1ÿ h
4 1 ;

�2=9��1ÿ h�zsc
d 2

;
3d 3

�1ÿ h�3=2
5 1 :

8>>><>>>:
For large values of d 2, we haveLc < l?, while for small d 3, we
obtainLc 4 l?. As for the far-field ASE coherence, in the case
of the stepwise profile of a0, the effect of ~e results in an
insignificant increase inLc, while for the bell-shaped profile of
a0, coherence, on the contrary, may become weaker.

The angular distribution of the ASE intensity is broa-
dened upon scattering from ~e. The decrease in the angular
divergence with increasing z due to spatial filtration by the
gain medium is followed by a tendency to the constant value
Dy � 2ysc, where ysc � a=zsc is the characteristic angle of
scattering [109]. The angle ysc exceeds the geometrical angle
yg. As noted above, the excess ofDy in the y direction over the
geometrical angle and the independence of z have been
observed in experiments with selenium [10 ± 12, 101, 102]
and yttrium [48] (Fig. 6), in accordance with the theory
considered above. An example of possible inhomogeneities
are filaments in a plasma of small size in the y direction and
strongly elongated in the x direction, thus only weakly
affecting the ASE distribution over x (see Fig. 4).

Note that in the case of an infinite medium, there is a
restriction on the path length imposed by the Markovian
approximation [112]. In the case of a gain medium of finite
transverse size, this restriction is removed [92, 109].

Gain saturation results in an additional increase inDy and
a decrease in Lc. Upon strong saturation, the angular
distribution of ASE exhibits an off-axis peak which is mainly
formed byASE that has passed through the side surface of the
X-ray laser, i.e. fluctuations of ~e cause splitting of the ASE
beam [109]. In this case, the maximum radiation strength is
observed in the direction y � ysc.

The effect of ~e on the ASE coherence can be approxi-
mately neglected at X-ray laser lengths z4 zm. The estimate
at the maximum density Ne � 1021 cmÿ3, z � 5 cm, and
l? � 1 ± 10 mm shows that this effect will be noticeable when
the level of fluctuations of ~e reaches several percent of its
maximum value.

Consider now the case zsc > zr. This situation is probably
typical of the development of ASE in the Ne-like selenium X-
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ray laser in the x direction where a smooth decrease in �e is
observed due to predominant plasma expansion in this
direction. Although in this case the ASE is mainly affected
by regular refraction, nevertheless the role of scattering from~e
cannot be neglected. Scattering of ASE from ~e decreases the
high degree of coherence of the end ASE at the laser output
and in the far field and also decreases the coherent power. For
g � kal?=zr < 1 and d > 1, the behaviour of jBj in (67) in the
main interval r 0 < l? sinh�z=zr� is predominantly determined
by the second factor and is independent of z, according to
(86). As z increases and the influence of ~e grows, the
exponential increase in Lc�z� changes to the constant value

Lc �

���
w
3

r
lzsc
pa

; d 2 > w ;���
2
p

l? exp
�

w
3d 2
ÿ C

2

�
; d 2 <

w
2
;

8>><>>:
where w � �zsc=zr� ln�1=h�. In the first case, Lc < l?, and in
the second case, Lc 4 l?; in both cases, Lc may be much
smaller than the width of the ASE beam.

Calculations show that for zsc > zr, scattering of ASE by~e
is not analogous to linear absorption, as in the absence of
refraction. The presence of fluctuations of ~e in the case of
strong refraction results in the interesting effect of the so-
called `hidden' influence onASE [92]. This effect ismanifested
in the destruction of the refraction-induced high degree of
coherence at the X-ray laser output and in the far field,
whereas the flux density changes only weakly, the broad-
ening of the beam as a whole is comparatively weak, and the
decrease in q0 is relatively small. The effect of the hidden
influence of ~e is demonstrated in Fig. 7 for parabolic profiles
of �e and a0 and linear amplification: when Lc�Z� decreases by
a factor of 3.5, the value of q0 decreases by only 20%. The
great difference between the values of Lc�Z� for the end and
side ASE, existing in the presence of refraction only,
disappears. Upon gain saturation, only the prominent off-

axis peak in the distribution of q broadens more noticeably.
When the refraction coherence level is almost destroyed, a
noticeable broadening of the beam and a decrease in q0�z� are
observed with increasing z.

For zsc > zr, a rough estimate of the plasma irregularity at
which full coherence can be achieved, shows that the level of
fluctuations of the plasma electron density should not exceed
several percent of its maximum regular value. This value is
quite low and can be achieved in many cases.

Recently, significant fluctuations of ~a0 on a scale of
� 10 mm and depth sa � 10 cmÿ1 were detected for an
average level of �a0 � 25 cmÿ1 in a Ne-like yttrium X-ray
laser [69]. These results can be used for analysis of the
influence of ~a0, by making the substitution s � sa=k. Then,
the value of d � �p=8�1=2s2aljjz is of the order of unity.
According to the necessary criterion d5 1 for the influence
of fluctuations of ~a0 on ASE [88], the quality of the ASE beam
may be noticeably affected at such a level of sa.

Thus, as is shown above, comparatively weak fluctuations
of ~e reduce the quality of the ASE beam, which is inherently
low in a multimode regime (except for coherence in the
presence of strong regular refraction). However, one should
bear in mind that the problem of small-scale inhomogeneities
of parameters of the medium can become much more
important in attempts to produce single-mode X-ray lasing.
In Ref. [113], fluctuations of the plasma parameters caused by
nonuniform irradiation of the target were considered within
the framework of mode analysis [79 ± 81]. The fluctuations
were modelled by random displacements of parabolic profiles
of�e�x� and �a0�x� along x direction at different sections of z. It
was shown that such a random transverse displacement of �e
and �a0 profiles sharply reduce the ASE coherence in the
regime close to the single-mode one.

4. Methods for improving the radiation
parameters of X-ray lasers

A highly efficient, high-brightness, highly coherent, low-
divergence X-ray laser can be developed by various meth-
ods. For example, one can search for conditions to obtain an
X-ray laser medium with good optical properties. Having
obtained a medium with an acceptable degree of optical
homogeneity, one can use various approaches for increasing
the power and brightness of the X-ray laser. However, in a
number of cases, the great potential of the gain medium (the
high gain coefficient) is very poorly realized because of optical
losses during amplification, which can even result in no lasing.
If the inhomogeneity of such a medium cannot be initially
eliminated, one should search for the possibility to compen-
sate for distortions of the phase front of the beam caused by
optical inhomogeneities. In a number of cases, a combination
of different methods for improving ASE parameters can be
employed.

4.1 Improvement of the parameters of the gain medium
We consider here some procedures for improving the optical
quality of an X-ray laser medium. The imposition of an axial
magnetic field on a plasma, modification of the time profile of
the pumping intensity, and the use of targets of special types
result in a reduction in the large-scale electron density
gradients in the gain region.

4.1.1 Magnetic confinement of a plasma. One of the first
recombination pumped X-ray lasers [15] was the H-like
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carbon laser in which the laser plasma is produced by a long
pulse and confined by a magnetic field [7, 114]. The geometry
of the experiment differs from that shown in Fig. 1: the pump
radiation is focused on a solid target to a small spot rather
than to a line, and a plasma column is formed along the x-axis
during plasma expansion in the direction opposite to the
direction of pumping. In the (y; z) plane, the plasma is
confined from expansion by a magnetic field. The magnetic
field improves the uniformity of the electron density in the
plasma column in the (y; z) plane, thereby minimizing
refraction losses. The plasma is cooled not owing to the
transverse expansion but due to radiation and thermal
conductivity. The ASE beam in the recombination H-like
carbon X-ray laser does not experience refraction deflection,
and the experimental angular distribution of ASE has a
maximum on the X-ray laser axis [114] (Fig. 8).

Note that the optimum electron density Ne required for
producing the maximum population inversion in recombina-
tion H-like and Li-like ion X-ray lasers is noticeably lower
than that in Ne-like and Ni-like ion X-ray lasers [15].
Correspondingly, the drop in the dielectric constant in the
gain region is comparatively small, and in lasers with small
lengths z refraction is not manifested even in freely expanding
plasma, not confined by a magnetic field. However, in the
event of relatively large z, the refraction length can become
lower than z. In this case, the idea of magnetic confinement of
a plasma used inRefs [7, 114] was applied to theNe-like argon
X-ray laser in a capillary discharge of length up to 24 cm [24,
25]. Calculations showed that the imposition of an axial
magnetic field allows one to obtain a smoother angular
distribution of the electron density during lasing [115]. The
gradient of Ne decreases with increasing magnetic field
strength, resulting in an improvement of the uniformity of
the X-ray laser beam, which allows enhancement of the ASE
intensity by an order of magnitude (Fig. 9). However, the
intensity of the 46.9-nm laser line at first increases mono-

tonically with the magnetic field strength and after reaching a
maximum begins to decrease also monotonically. This is
explained by the Zeeman splitting and broadening of the
laser line, which becomes substantial in strong magnetic
fields. One can see from Fig. 9 that the calculated results are
in good agreement with experimental data [115].

4.1.2 Temporal profiling of the pump. X-ray laser experiments
using the Ne-like ion 3p ± 3s quasi-steady-state inversion
scheme and performed in the mid-1980s to early 1990s
revealed an `anomaly' which has been widely discussed [15 ±
17]. It was found that two closely spaced lines, �3=2; 3=2�J�2 ±
�3=2; 1=2�J�1 (or the 1D2 ± 3P1 line in the LS-coupling
notation) and �1=2; 3=2�J�2 ± �1=2; 1=2�J�1 (3P2 ± 1P1), domi-
nated in the experimental ASE spectrum, whereas the kinetic
calculations predicted the highest gain for the �1=2; 1=2�J�0 ±
�1=2; 1=2�J�1 (1S0 ± 1P1) line. It was found later that this
occurs, in particular, because of the high (and different for
various lines) refraction losses. In the case of the J � 0 ± 1 line,
which is pumped exclusively by collisional monopole excita-
tion from the ground state, the population inversion appears
earlier in time and the distribution of the gain coefficient is
localized closer to the target, i.e. at higher values of the
electron density Ne and its gradient. Because pumping of the
J � 2 ± 1 line is further substantially determined by recombi-
nation of the F-like ions and subsequent cascade transitions
fromNe-like highly excited ionic states [116], lasing at this line
is observed later and for smaller values ofNe and its gradient.
For this reason, the J � 0 ± 1 line exhibits higher refraction
losses compared to the J � 2 ± 1 lines, so that the resulting
gain on the J � 0 ± 1 transition becomes smaller than that on
the J � 2 ± 1 transitions. These losses become so high for all
lines on decreasing the nuclear charge of the target substance
that lasing is no longer observed at all.

To compensate partially for refraction, a massive target is
commonly irradiated by pump radiation with a low-energy
prepulse [117, 118] or a pulse train [119]. The typical duration
of the pump pulse is up to 1 ns when a prepulse is used, and
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100 ps when a pulse train is used, with typical energies of
100 ± 1000 J. The role of the prepulse (the first pulse) consists
in preliminary heating and creation of the large-scale plasma
region. The expanding plasma is cooled and becomes non-
transparent for the pump radiation in the subcritical region
with a low gradient ofNe. It is here, before achieving a critical
surface, the main (next) pump pulse is strongly absorbed,
resulting in rapid heating of the plasma up to the tempera-
tures required for population inversion.

Figure 10 shows the calculated profiles of Ne and a0 for
the J � 0 ± 1 transition of Ni-like titanium in the direction of
plasma expansion, obtained with the help of the LASNEX
code with and without a prepulse [118]. The energies of the
main pulse and prepulse are 550 J and 3 J, respectively, the
duration of the pulses is 0.6 ns, and the interval between the
pulses is 7 ns. One can see that with the prepulse the role of
refraction losses decreases in importance for two reasons: a
decrease in the gradient of Ne and broadening of the gain
region. When the conditions for the amplification of the
J � 0 ± 1 line change substantially, the corresponding condi-
tions for the J � 2 ± 1 line change more weakly [120].

The use of the prepulse permitted the observation of the
laser lines, which otherwise were not observed due to
refraction losses [117]. This resulted in substantial progress
in the detection of lasing from ions with low nuclear charges
[18, 19]. Later, the dependences of the ASE intensity on the
fraction of the energy in the prepulse and the interval between

pulses were experimentally investigated [121] and the possi-
bility of combined use of a prepulse and multiple-pulse
pumping was demonstrated [122].

The technique of the prepulse allows one to reduce the
refraction losses but does not completely eliminate the effect
of refraction. Numerical calculations [118, 120] (see Fig. 10)
and experiments [123] with prepulse and multipulse pumping
showed that the gain region is characterized by a convex
exponential profile of Ne, i.e.

�e�x� � 1ÿ De exp
�
ÿ x

d

�
: �87�

Detailed three-dimensional geometrical optics calcula-
tions of the gain were performed in Refs [120, 124]. The
distributions of the far-field ASE intensity obtained in these
papers qualitatively describe specific experiments on Ne-like
germanium and zinc ions. The TCF calculations with profile
(87) [125] showed that the amplification of radiation produced
in a narrow transverse layer sharply decreases after passing a
distance of � zr, where zr � �8a=He0�1=2 and He0 is the
gradient of �e at the point of maximum gain. As z further
increases, this fraction of ASE is almost completely displaced
from the gain region and theASEpower remains constant and
proportional to exp�a0zr�. Consideration of the noise source
over the entire volume of themedium gives a linear increase in
the ASE power for z > zr: P�z� � exp�a0zr��zÿ zr�. In the
analogous case of a symmetric profile of �e, refraction only
reduces the real gain coefficient by the value of the coefficient
of refraction losses (79), while the ASE power still increases
exponentially. Thus, the asymmetric profile of �e reduces the
pumping efficiency more significantly. The effect of the
asymmetry of the �e profile on the behaviour of P�z� is in
some sense similar to the gain saturation in the case of a
symmetric profile of �e [see Eqn (80)]. Note in this connection
that saturation of the dependence P�z� observed in experi-
ments (see, for example, Ref. [126]) does not necessarily
indicate gain saturation.

According to [125], the width of a source in the near field
increases, as does its power, proportionally to z for z5 zr.
The distribution of the radiation flux density is predomi-
nantly localized outside the gain region and has a quite flat
top, in accordance with experiments [127]. The maximum
value of Lc�z� is achieved at the beam side far from the target
and is estimated as Lc � l=�4Dy�. It increases along z and
tends to a constant value.

The use of a prepulse results in a decrease in the ASE
divergence Dy [120]. Dy first decreases along z and then tends
to a constant value Dy � 1=zr. The far-field ASE distribution
is also characterized by the angular displacement of the ASE
beam from the target, which is observed upon single-pulse
pumping (see Section 3.3). The angle of deflection ymax of the
ASE beam, for which q � qmax, at z4 zr is equal to
ymax � �z=4�H0, in accordance with experiment [128]. For
z > zr, the value of ymax gradually tends to a constant value.

The degree of far-field ASE coherence significantly
changes over the beam cross section [125]. The coherence
length in the far field was estimated to be Lc � lZ=�4D�,
whereD is the characteristic width of the distribution of I over
x [96]. At the beam periphery from the side closest to the
target, the contribution from weakly refracted and weakly
amplified (but, however, noticeably exceeding the noise level)
spontaneous radiation is significant for small y, so that
coherence here is independent of z and is mainly determined
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by the size of the gain region a:Lc � lZ=�4a�.Lc�Z� decreases
with increasing angle, because this part of the angular
spectrum is mainly determined by the region of the near
field of size D > 2a, located outside the gain region. Because
the source size in the near field increases linearly with z, at the
beam centre Lc � zÿ1. As z increases, the value of Lc at the
beam centre becomes substantially smaller than at its
periphery from the left. Therefore, the coherent power
remains approximately constant with angle. The effect of
the inhomogeneity of Lc in the far field was experimentally
examined inNe-like zinc ion [129], where a drop by a factor of
4 in the values of Lc at the beam wing closest to the target and
at the beam centre was detected.

As was mentioned above, the population inversion in Ne-
like ions in a conventional quasi-steady-state X-ray laser is
produced by collisional and recombination pumping of the
upper laser level followed by fast radiative depopulation of
the lower level. In the case of more rapid plasma heating (for
a time of the order of intraion relaxation processes),
population inversion can be achieved through transient
collisional processes proceeding with different rates [21].
According to calculations, such a transient, sharply nonsta-
tionary regime provides a gain coefficient that is one-two
orders of magnitude higher and completely eliminates the
problem of reabsorption of the resonance radiation. While in
the quasi-steady-state case the use of a prepulse is not, in
principle, always necessary to obtain lasing, in the transient
regime it is inherently needed [20]. A long (� 1 ns) pump
pulse produces a plasma containing sufficient number of Ne-
like ions, and the next short (� 1 ps) pulse rapidly overheats
the plasma and produces the conditions for lasing. The
prepulse pump beam intensity is � 1012 W/cm2 and that of
the picosecond pulse is � 1015 W/cm2. The energy per pulse
is several joules. The gain coefficient on the 3p ± 3s J � 0 ± 1
transition of Ne-like titanium ion at 32.6 nm was measured
to be a0 � 19 cmÿ1 and the gain ± length product a0z � 10
[20]. Because of the short time of the population inversion
occurrence, the X-ray laser pulse is also short (� 20 ps). Note
that a combination of long and short pump pulses results in
a quite high gradient of Ne, so that the actual path of the
beam in the active region is smaller than a millimetre [130].
The gradient of Ne can be reduced by using an additional
pump prepulse, which can be long, low-energy or short [131].

In the case of femtosecond pumping, the mechanism of
interaction between radiation and matter is different. The
irradiation of a gas or a preliminary prepared plasma by a
very intense femtosecond pump pulse results in tunnelling
ionization. The mechanism of producing the population
inversion depends on the polarization of the pump radiation
[22]. In the case of linear polarization, the ionized electrons
are cold, and the laser levels are populated by recombination.
In principle, the ground state may be the lower laser level,
which allows one to substantially reduce the lasing wave-
length compared to the quasi-steady-state collisional scheme.
In the case of circular polarization of the pump radiation, hot
electrons are produced and the levels are populated through
collisional excitation by free electrons. The maximum gain-
length product a0z � 11 was achieved for the
4 d95 d1S0 ÿ 4 d95p1P1 line in Pd-like xenon ion at 41.8 nm,
pumped by a� 70mJ,� 40 fs pulse [23]. The pump beamwas
focused longitudinally on a cell filled with gas. A serious
problem encountered in this approach is the ionization-
induced refraction caused by the self-action of the pump
radiation. It is explained by the fact that upon longitudinal

focusing of the pump beam with a bell-shaped intensity
profile, an inhomogeneous transverse profile of the plasma
electron density is produced which leads to defocusing
refraction of the pump radiation and reduces its intensity.
This limits the X-ray laser length and decreases a0z.

4.1.3 Alternative targets. The uniformity of the transverse
distribution of plasma parameters can be improved using
solid targets of special construction, for example, with a
modified surface. Calculations [131] showed that the use of a
grooved target with a cylindrical longitudinal groove along
the line of the pump radiation focusing allows one to obtain a
smaller gradient of the plasma density. This explains the fact
that the use of the same plane target in a series of experiments
focusing the picosecond pump radiation onto the same spot
improves the output parameters of the X-ray laser.

Another example is collisional Ne-like argon and Ni-like
xenon X-ray lasers [132, 133] in which instead of the solid
target in the scheme in Fig. 1, a gas puff is injected to a
vacuum chamber through a narrow nozzle. In such a scheme,
the uniformity of the distribution of Ne in the plasma
produced is the same as that for the initial gas. In the case of
a sufficiently uniform distribution of the gas density in the
region being pumped, a small gradient ofNe in the plasma can
be ensured and amplification in the X-ray laser with a length
of � 3 cm can be achieved almost without refraction [133].

4.2 Improvement of the beam quality
in a high-quality gain medium
If a method exists for obtaining a gain medium with high
optical homogeneity, the intensity of ASE can in principle be
increased, its divergence decreased, and coherence improved
by increasing the X-ray laser length z [see Eqns (72), (73),
(77)]. However, in order to obtain single-mode lasing which is
realized at the Fresnel number NF � 1, an X-ray laser length
is required that cannot be provided by the available pumping
conditions, degree of medium homogeneity, etc. For this
reason, other methods for improving the radiation para-
meters of the homogeneous X-ray laser are used. Among
them are the master ASE oscillator ± amplifier scheme, the
amplification mode with several ASE passages through the
gain medium, and the travelling-wave pumping mode. These
methods also provide a certain improvement in the ASE
parameters in the presence of optical inhomogeneities in the
X-ray laser medium.

4.2.1 The master oscillator ± amplifier scheme. The quality of
the X-ray laser beam can be improved by using the master
ASE oscillator ± amplifier scheme with spatial filtration [134].
Because the amplifier is far from the oscillator, the radiation
incident on it possesses improved coherence and angular
properties [see Eqn (78)]. Of course, the intensity of the
oscillator ASE should substantially exceed the intensity of
spontaneous amplifier noise in order to suppress the self-
excitation of the latter. It is also necessary to provide the
required time interval between the pump pulses for the
oscillator and amplifier.

The master oscillator ± amplifier scheme was used in an
Ne-like yttriumX-ray laser on the 3p ± 3s transition at 15.5 nm
with the targets irradiated from one side [135]. The oscillator
and amplifier lengths were 2.52 and 1.68 cm, respectively.
Pumping was performed with a two-beam Nova laser facility
operating at a wavelength of 0.53 mm, a pulse length of 0.5 ns,
and an energy and intensity per pump beam of 2.52 kJ and
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1:4� 1014 W/cm2, respectively. The time-integrated angular
distribution of the oscillator ASE in the x direction perpendi-
cular to the target has a maximum at an angle of about
13 mrad (see Section 3.3). The oscillator ASE reflected from a
multilayer X-ray mirror was incident on the amplifier. The
amplifier was located at an angle of 13 mrad and a distance of
� 30 cm from the oscillator. The time-integrated experimen-
tal distributions of the oscillator radiation passed through the
amplifier and of the intrinsic ASE of the amplifier in the x
direction in the far field showed that the excess of the
amplified input signal over the intrinsic ASE of the amplifier
is insignificant. After passage through the amplifier, the
divergence of the radiation did not improve and the
maximum of intensity somewhat shifted towards larger
angles. It is obvious that one reason for the low efficiency of
the scheme is the too high optical inhomogeneity of the
amplifying medium. Nevertheless, note that an Ne-like
yttrium X-ray laser is characterized by a maximum bright-
ness of � 1023 photon/(s mm2 mrad2) at the 0.01% band
among other X-ray lasers.

The master oscillator ± amplifier scheme can also be used
to produce linearly polarized X-ray laser radiation [136]
which is required in a number of applications [27]. The ASE
itself is fully nonpolarized, as has been experimentally
confirmed [136]. The oscillator ASE was made linearly
polarized (with � 98% degree of polarization) with the help
of a grazing-incidence multilayer mirror and was incident on
the amplifier input. After passage through the amplifier, the
radiation completely retained its polarization.

4.2.2 The multipass amplification mode. In optical lasers, open
resonators are widely used which require a gain coefficient
sufficient to overcome losses in the resonator and a long time
of population inversion occurrence to provide the multipass
mode. Modern technology permits the manufacture of
normal-incidence multilayer mirrors in the soft X-ray range
with the reflectivities achieving up to several tens of percent
under normal incidence [30]. However, because of the short
time of the population inversion occurrence in an X-ray laser,
the multipass amplification mode cannot be obtained. As a
rule, X-ray lasers producing pulses of duration of several
hundreds of picoseconds can operate in the double-pass
amplification mode using a mirror located on one side of the
laser and having the highest possible reflectivity. Such amode
was demonstrated in H-like carbon ion [7] and Ne-like
selenium ion [137] X-ray lasers. In Ref. [138], triple-pass
amplification was observed in an Ne-like selenium ion X-ray
laser. The closer the mirror to the gain medium, the more
efficient the system. However, for high ASE intensities the
threat ofmirror damage exists, resulting in a sharp decrease in
the reflectivity (see, for example, Ref. [135]), whereas
removing the mirror from the gain medium can eliminate
the advantages of the amplification scheme.

At present, the use of a half-resonator in laboratory setups
is quite common. In the case of an Ne-like zinc ion X-ray
laser, the use and alignment of a curved mirror allows one to
increase the ASE intensity by a factor of � 80, thereby
producing saturation with an output power of � 1 mJ and
an average power of 12 ± 15 MW upon moderate pumping
(450 ps, 450 J) [126], whereas in the single-pass mode,
saturation is achieved for a pump energy 5 1 kJ. In
addition, the spatial coherence of ASE is also improved [126].

For a tabletop Ne-like argon ion X-ray laser in a capillary
discharge operating in double-pass amplification mode, an

energy of 30 mJ was obtained and saturation was achieved at a
lower discharge length [25]. Figure 11 shows the dependences
of the ASE intensity on the 3p ± 3s J � 0 ± 1 transition of the
Ne-like argon ion at 46.9 nm on the length of the capillary for
single- and double-pass amplification modes.

Upon irradiation of a massive target with a train of 16
laser pulses with energies of 1.5 ± 2 J, the Li-like aluminium
recombination X-ray laser produced pulses of duration
longer than 1 ns [139]. This allows one not only to obtain the
double-pass amplification mode but also to employ a
resonator. The experiment showed a noticeable increase in
the intensity of the 3d ± 4f and 3p ± 4d lines at 15.47 and 15.06
nm, respectively, when both stable and unstable resonators
were used.

4.2.3 The travelling-wave pumping mode. For the time 100 ps,
which is of the order of the time of the population inversion
occurrence in the quasi-steady-state regime, ASE travels a
distance of 3 cm which is close or even smaller than typical X-
ray laser lengths. This means that the finite time of passage of
the medium by photons can substantially limit the real gain
length when simultaneously producing the gain medium over
its entire volume. Travelling-wave pumping allows one to
increase the effective gain length and thereby to use the
potential of the gain medium more efficiently. In this case,
the pump wave propagates through the medium not perpen-
dicularly to the X-ray laser axis (see Fig. 1), i.e. to the
direction of the ASE propagation, but as close to this
direction as possible. Such a matching between the directions
of propagation of the pump beam and ASE results in
predominantly unidirectional X-ray lasing. The use of
travelling-wave pumping reduces the divergence of ASE and
increases its intensity.

Travelling-wave pumping has been demonstrated on the
3p ± 3s transition in the Ne-like yttrium X-ray laser using
exploding-foil targets [140]. Figure 12 shows the dependences
of the ASE intensity on the X-ray laser length for the 3p ± 3s
J � 0 ± 1 transition in an Ne-like germanium X-ray laser
[119]. Here, a combination of travelling-wave and multipulse
pumping was used. A massive target was irradiated on one
side by a train of three 0.53-mm, 100-ps pump pulses separated
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by intervals of 400 ps. The intensity per pulse was 1:4� 1014

W/cm2. The main amplification was observed during the
third pump pulse. For an angle of 45� between the direction
of the pump propagation and the X-ray laser axis, the 10-fold
increase in the intensity of the `co-propagating' ASE beam
was achieved compared to the case of perpendicular pump-
ing. The intensity of the counter-propagating ASE beam was
100 times lower than that of the co-propagating beam.

In the case of promising tabletop X-ray lasers pumped by
high-intensity picosecond and femtosecond pulses, the use of
a travelling-wave pump seems to be necessary. For example,
in a Pd-like xenonX-ray laser the maximum value of a0z � 11
was obtained using longitudinal femtosecond pumping of a
cell filled with xenon [23].

4.3 Compensation for refraction distortions
Refraction causes premature escape of the beams from the
gain region, thereby decreasing the intensity of the ASE beam
and reducing its quality. Below, we consider the cases when
attempts are made to compensate for refraction distortions of
ASE or to produce an inhomogeneity of a special type rather
than to eliminate the large-scale inhomogeneity of the
electron density in the plasma. In the first case, this is
achieved using a curved target and an arrangement of two
ormore targets in series, and in the second case, by placing the
targets in parallel.

4.3.1 A curved target. This method for compensation of
refraction is based on the use of a massive target curved in
the longitudinal direction with a constant radius of curvature
[141] (see Fig. 13). Upon propagation, the beams are deflected
due to refraction, but the plasma is also displaced to the
defocusing side, so that the beam propagates through the
plasma not leaving the gain region.

The effect of target curvature on ASE can be readily
elucidated from analysis of equation (56) for the TCF. We
assume that the radius of curvatureR of the target is constant
and satisfies the condition �R=z�2 4 1. Then, distributions of
�a0 and �e in the plasma can be approximately modelled with
functions depending on x� Cz2=2, where C � 1=R is the

curvature. By omitting in Eqn (56) fluctuations of the
parameters of the medium, amplification, and a volume
source and passing to the new variable u � x� Cz2=2, we
obtain in the two-dimensional case [125]:�

q
qz
� Cz

q
qu
� i

k

q2

qu qx 0
� ik

2

�
e�u1� ÿ e�u2�

��
B�u; x 0; z� � 0 :

�88�

We seek the solution of equation (88) in the form
B�u; x 0; z� � F�kx 0=z� exp�ikux 0=z�=z, i.e. the TCF of radia-
tion from a delta-correlated source located in the plane z � 0
[see Eqn (64)], propagating through a flat homogeneous
medium. After substitution of the solution into (88), we
obtain the relation Cx 0 � ��e�u1� ÿ �e�u2�

�
=2, from which it

follows that C � H�e=2 under the condition H�e � const. Thus,
for a given value of C, the radiation from a delta-correlated
source propagates in a curved medium without refraction. In
a real plasma, the gradient H�e is not constant; for this reason,
the optimum value Copt should be chosen based on the value
of H�e in the case of maximum amplification [141].

The approach [141] was implemented on the 3p ± 3s
transitions at 19.6 and 23.6 nm in an Ne-like germanium X-
ray laser with a half-resonator [142]. Figure 14 shows the
angular distributions of intensity for the J � 0 ± 1 ASE line at
19.6 nm in the cases of flat and curved targets. One can see
that a curved target with R � 2:7 m provides an increase in
the maximum strength of radiation qmax by a factor of � 10
and reduces by a factor of � 2 its divergence Dy in the x
direction. Note that in these experiments a single-pulse pump
was used (with a wavelength of 1.053 mm, a pulse length of 1
ns, and an intensity per pump beam of 1:7� 1013 W/cm2), so
that the gradient H�e was quite large. Later, the experiments
were performed with curved targets irradiated by a prepulse
and two or three subsequent pulses [144], which resulted in a
reduction of H�e. In the case of two-pulse irradiation, the
brightness of a given line increased by a factor of 25 compared
to that for single-pulse irradiation. Three-pulse pumping
leads to a further increase in the X-ray laser brightness and a
decrease in the beam divergence due to further relaxation of
H�e. The geometrical optics calculations of the angular
distribution of the ASE intensity [144, 145] correspond to
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the experimental data. Both experiments and calculations
show that the use of curved targets results in more noticeable
increase in qmax than a decrease in Dy [125]. The maximum
qmax and minimum of Dy are observed for C � Copt.

Figure 15 displays experimental dependences of the angle-
integrated ASE intensity on the 3p ± 3s J � 0 ± 1 transition of
Ne-like germanium ion at 19.6 nm on the target curvature C
for different ratios of the prepulse energy to the main pulse
energy, which was 600 J [146]. When the fraction of energy in
the prepulse was 4 1%, the use of a curved target resulted in
an increase in the X-ray laser energy by two orders of
magnitude. This positive effect decreased with increasing
prepulse energy.

A curved target does not eliminate refraction completely
because of the inhomogeneity of H�e in the gain region. The
residual effect of refraction in the case of a convex profile for�e
(or a concave profile forNe) of type (87) is of a focusing nature

[47, 141, 142]. For this reason, in the case of a curved target,
the residual focusing effect allows one to obtain a power that
is even greater than in the absence of refraction [125].

A decrease in Lc�Z� at the beam centre in the far field with
increasing z, observed in the case of a plane target (see Section
4.1.2), changes to an increase in the case of a curved target
[125]. Owing to the confinement of the ASE beam in the gain
region, resulting in a decrease in the source size, the value of
Lc�Z� considerably exceeds the corresponding values in the
case of a plane target. The use of a curved target not only
substantially increases Lc�Z� but also provides a quite flat
distribution of it in the main part of the ASE beam (Fig. 16).
Nevertheless, the values of Lc�Z� are still smaller than in the
absence of refraction because of the residual focusing effect.
The values of Lc�Z� can be increased provided the residual
defocusing effect is obtained for the curved target by
producing a concave profile of �e (or a convex profile of Ne)
in the gain region. One can see from Fig. 16 that such an
improvement in coherence is achieved at the expense of a
substantial decrease in the ASE power and brightness and an
increase in the beam divergence. However, this decrease in the
power and brightness on passing from a concave to a convex
density profile is not dangerous, because it will be substan-
tially compensated by amplification saturation, while the
effect of an increase in coherence remains because amplifica-
tion saturation does not appreciably affect it.

4.3.2 Targets placed in series. Refraction losses can be also
compensated for by using two massive targets placed in series
and irradiated from the opposite sides [147]. Figure 17
demonstrates the principle of operation of such an X-ray
laser. Plasma regions formed near each target expand in
opposite directions. The ASE refracted in the first plasma
bunch emerges from it and enters the second plasma bunch
with an analogous profile of�e but with the opposite sign ofH�e.
The refraction distortion is compensated for during the ASE
propagation through the second plasma volume. The use of a
chain consisting of several pairs of such targets makes it
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possible to obtain stronger amplification. The efficiency of
this system, which is obviously more complex than the
configuration with one curved target, is substantially deter-
mined by the accuracy of its alignment.

Despite the complexity of such an approach, the opera-
tion of this scheme has been successfully demonstrated in
experiments [148 ± 150]. At present, such targets are com-
monly used in the Ne-like germanium ion X-ray laser in the
Vulcan facility at the Rutherford Laboratory [151]. A pump
with an energy of 1kJ using a prepulse makes it possible to
achieve amplification saturation over a comparatively small
length of 1.8 cm for both targets. The ASE divergence in the
plane parallel to the targets is � 30 mrad and is 4 ± 5 times
larger than that in the plane perpendicular to the targets.

4.3.3 Targets placed in parallel. Plasma bunches produced
upon irradiation of the inner surfaces of two targets placed
parallel to each other expand toward each other and collide
[152 ± 154]. The profile of Ne has a hole in the gain region
between the targets and possesses focusing properties.

In Ref. [46], radiation amplification was studied in an X-
ray laser with a transverse parabolic increase of Ne to the
periphery, i.e. with focusing properties. The gain coefficient
was assumed to be proportional to Ne, but limited at high
pressures. Thus, the laser medium was characterized by an
enhanced gain at the periphery for x � �xm.

It was found that upon amplification of the parallel beam
of rays the distribution of the output emission periodically
changed over z with the period zper � �p=2�zr [46]. Generally,
the angular distribution of emission consists of two peaks
with coordinates ypeak � �j sin�2z=zr�jym, where
ym � 2xm=zr. For z � �m� 1=2�zper, all the rays intersect at
a node on the optical axis, and the angular distribution of
emission has a maximum width of the localization area which
somewhat exceeds 2ym. For z � mzper, the rays are parallel to
the optical axis, and the amplified emission forms one on-axis
core in the far field with diffraction divergence, which is ideal
for X-ray laser applications. Note that in this case refraction
does not lead to additional losses in the gain coefficient over z
of type (79): the gain is equal to a half-sum of the on-axis and
maximum gain coefficients multiplied by the X-ray laser
length. Therefore, the use of the focusing profile of Ne allows
one to avoid refractive losses of the emission power.

The ASE regime gives the same rate of power increase
over z as upon amplification of a parallel beam of rays.
However, attempts to obtain a collimated beam during
amplification have failed. For any z, the width of the angular
distribution of ASE somewhat exceeds 2ymax.

Finally, note that the methods for compensation of the
ASE refraction described in this section permit improvement
of the beam quality only in the transverse x direction parallel
to the target, whereas in the perpendicular y direction the

negative effect of refraction by the symmetric profile ofNe on
the ASE power and divergence remains. One method for
improving the situation consists in creating a hole in the
distribution Ne�y� [155]. The hole can be produced using a
prepulse or multipulse pumping. In this case, the subsequent
pulse (pulses) should be focused to a narrower line in a
preliminary prepared plasma as compared to the previous
pulse (pulses), which provides more rapid expansion of the
plasma in the central region.

5. Conclusions

At present, stable laser action has been obtained in soft X-ray
region in multiply-charged ion plasmas at large unique laser
facilities. The minimum lasing wavelength achieved lies
within the `water window'. A number of tabletop soft X-ray
lasers have been demonstrated which, although having
modest energies and wavelengths, are more accessible. X-ray
lasers are already used for the diagnostics of high-tempera-
ture plasma. However, from the point of view of the problem
of coherence and divergence discussed in this review, existing
X-ray lasers do not yet satisfy the standards commonly
accepted in quantum electronics.

Nevertheless, the studies performed from the early 1980s
have made it possible to understand principal macroscopic
effects reducing the X-ray laser beam quality and to suggest a
number of methods for reducing the negative action of these
effects. In our opinion, the discrepancy between some
experimental data and theoretical results can be eliminated
by more detailed studies of plasma effects leading to a
comparatively small-scale perturbation of the optically uni-
form X-ray laser medium. At present, studies on the
possibilities of improving the beam quality are being devel-
oped along with a search for new X-ray laser schemes aimed
at obtaining shorter X-ray laser wavelengths and pulses.
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