
Abstract. Experimental and theoretical data on tunneling and
barrier-suppression ionization of atoms and atomic ions in a
low-frequency laser radiation field are considered. The yields of
single- and multi-charged ions, the energy and angular distribu-
tions of photoelectrons, and effects of the laser pulse length and
laser polarization are analyzed.

1. Introduction

Immediately after the discovery of lasers at the beginning of
the sixties, both experimenters and theoreticians became
interested in the process of nonlinear ionization of atoms
and ions. This is the main process in the interaction of
powerful laser radiation with matter. Its investigation was
based on known laws for the ionization of atomic particles
with a constant electric field (the tunneling effect and above-
barrier decay) and for single-photon ionization. It was clear
that in the nonlinear case when the photon energy is less than
the atomic ionization potential, analogous nonlinear pro-

cesses should also occur. Such processes are multiphoton
ionization, the tunneling effect and above-barrier decay in a
variable field. A theoretical description of these processes and
an experimental verification of theoretical results should be
developed. First of all, it was important to find interrelation
between the above processes.

Among the many papers we should like to underline the
work of L V Keldysh [1]. Its results are fundamental for the
modern theory of nonlinear ionization by a variable field with
a field strength which is small compared to the atomic field
strength. Two principal results were obtained in this work
using a model of the short-range atomic potential.

Firstly, it was found that multiphoton and tunneling
ionization are two limiting cases of the universal process of
nonlinear ionization; this process is determined by three
parameters Ð the laser frequency o, the amplitude of the
laser field strength F, and the atomic ionization potential Ei.

In themultiphoton limit the ionization rate depends on the
field strength according to the power law:

w / F 2K ;

where K � hEi=o� 1i is the number of absorbed photons;
here h. . .imeans the integral part of this number. (We use the
atomic system of units e � me � �h � 1.)

In the tunneling limit the ionization rate increases
exponentially with the field strength; it is of a simple form
(with exponential accuracy):

w / exp

�
ÿ 2�2Ei�3=2
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�
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For example, the tunneling ionization rate for the ground
state of a hydrogen atom by a circularly polarized electro-
magnetic field is given by the well-known expression (at
F5 1):

w � 4

F
exp

�
ÿ 2

3F

�
: �2�

In the case of a linearly polarized field we should substitute
F! F cosot in Eqn (2) and average the ionization rate over
the field period. Then we obtain an expression which differs
from Eqn (2) by pre-exponential factor only:

w � 4

������
3

pF

r
exp

�
ÿ 2

3F

�
: �3�

Secondly, it was shown that the boundary between
multiphoton and tunneling ionization is determined by the
value of the so called adiabaticity parameter:

g � o
�������
2Ei

p
F

: �4�

The values of g2 4 1 correspond to multiphoton ioniza-
tion; this process is realized at a relatively high frequency and
low field strength of laser radiation. Oppositely, the values of
g2 5 1 correspond to tunneling ionization, which is realized at
a low frequency and high field strength. Thus, at a fixed
radiation frequency first multiphoton ionization and then
tunneling ionization should take place. This is shown
schematically in Fig. 1.

Besides the different dependence of the ionization rate on
the field strength F, both processes have different depen-
dences on the radiation frequency o. The rate for multi-
photon ionization of an atom or of an ion depends sharply on
the radiation frequency due to intermediate (including multi-
photon) resonances between the energy of some number of

absorbed photons N < K and the transition energy in the
discrete atomic spectrum. An interesting experiment [2]
demonstrates the transition from the multiphoton to the
tunneling ionization at a fixed radiation frequency for the
increasing field intensity. In Figure 2 the electron energy
spectrum is depicted. For the tunneling ionization (Fig. 2b) it
does not contain narrow peaks which occur in the above-
threshold multiphoton ionization. These peaks are explained
by the absorption of an excess number of photons compared
to the minimum number permitted by the energy conserva-
tion law, and also by resonances with the intermediate
discrete atomic levels (Fig. 2a).

2. Tunneling and barrier-suppression ionization

Numerous investigations made after the above cited work [1]
have given today's detailed picture of the process of multi-
photon ionization of atoms and atomic ions [3 ± 5]. However,
the tunneling effect and, especially, above-barrier decay have
been less investigated. The reason is that for many years
experimenters observed the tunneling effect only in a field of
IR laser radiation (low radiation frequency o). For example,
the first convincing observations of tunneling ionization were
obtained using IR radiation of a CO2-laser with frequency
o � 0:1 eV [6]. Recently progress in power lasers has allowed
the observation of tunneling ionization and above-barrier
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Figure 1. Schematic dependence of the logarithm of the ionization

probability on the adiabaticity parameter g.
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Figure 2. Electron energy spectrum in the ionization of atoms: (a) Xe

(g � 2ÿ 8); (b) He (g � 0:5ÿ1) [2].
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decay using high intense visible light. Therefore it is interest-
ing to compare all the data on these processes obtained over
recent years.

Investigations of above-barrier decay are still in the initial
stages. The barrier-suppression field strength FBSI is deter-
mined from the condition that the atomic ionization potential
is equal to the top of the effective one-dimensional potential
barrier in a constant electric field:

FBSI � E2
i

4Z
: �5�

Here Z is the charge of the atomic core. However, this
formula does not take into account two important circum-
stances. Firstly, it follows from quantum mechanics that
above-barrier reflection occurs; part of the electrons are
reflected back from the top of the barrier. The probability of
penetration achieves unity at the essential excess of energy
above the top of the barrier only, i.e. at a value of the field
strengthwhich is greater thanFBSI fromEqn (5). Secondly, we
should take into account the AC Stark shift in order to obtain
the correct value of the barrier-suppression field strength. It
was found that the correct value for the barrier-suppression
field strength is greater than the estimate (5). Finally, the
competition of tunneling ionization on the edge of laser pulse
at F < FBSI can be important for the significant durations of
the laser pulses in experiments.

In comparing the experimental data with theoretical
predictions some methodical factors should be taken into
account. Any theoretical approach is applied to an isolated
atom and to monochromatic radiation with a fixed field
strength (fixed radiation intensity). Meanwhile, the total
yield of ions (or of electrons) produced in the target (for
example, in a rarified gas) by the laser radiation with a spatial-
temporal distribution of intensity is measured in the experi-
ments. The quantities which are proportional to the total
ionization probability W � wt (t is the length of the laser
pulse) are measured in the experiments; hence, ionization
saturation can occur, when instead of above dependence we
haveW � 1. The inhomogeneous distribution of radiation in
the target can mean that some lower value of the intensity is
the most effective instead of the maximum intensity in the
center of the spatial-temporal distribution. Besides this, most
atoms may be ionized on the edge of the laser pulse. Then the
ionization process at the maximum of intensity does not
occur, in general.

Therefore at the all stages of experimental investigation of
nonlinear ionization from the experimental project up to data
processing we should take into account the possibility of
saturation and of a spatial-temporal inhomogeneity of
distribution.

Finally, the general situation for obtaining experimental
data should be clearly explained. In theoretical derivations we
can fix the laser frequency and vary the laser intensity; thenwe
can obtain the excitation curve including all three regimes of
ionization: multiphoton ionization, the tunneling effect and
above-barrier decay. However, any experiment with a fixed
atom and fixed parameters of the laser pulse gives only one
point on this excitation curve. Because of the large non-
linearity of the ionization process the ionization rate for a
lower radiation intensity is very small, so that the total
number of ions (or electrons) will be less than the threshold
of the experimental set; but at a greater radiation intensity the
saturation occurs quickly. Therefore only the combination of

results of many experiments with different atoms and ions
having different ionization potentials, radiated by laser pulses
with different frequencies and durations, can give a general
picture of the process of nonlinear ionization. Even for
observation of the narrow transition region between tunnel-
ing and multiphoton ionization several atomic substances are
needed (see Fig. 2).

Finally, it should be noted that electron energy and
angular distributions in the tunneling and barrier-suppres-
sion ionization give important information about the pro-
cesses. However, experimental investigation of the electron
spectra is difficult since these spectra are distorted on the way
from the parent ion up to the detector due to the ponder-
omotive acceleration of electrons in the inhomogeneous field
of laser radiation. Therefore, only for extremely small laser
pulse lengths, these distortions are negligibly small, since an
electron does not change its coordinates during the laser
pulse. Another method can also be used; this is connected
with taking into account the inhomogeneous field upon
moving electrons. But this method is realized only using
cumbersome computer calculations.

Below we consider experimental data and theoretical
approaches to the tunneling effect and above-barrier decay
of atoms in a variable field. Some of this material has been
generalized previously in some reviews [7 ± 10] and in a
monograph [5]. Therefore the main attention will be devoted
to the new data.

3. Rates for the tunneling ionization of atoms
and ions by a laser radiation field

The rate of tunneling ionization for an excited state of a
hydrogen atom with principal quantum number n, orbital
quantum number l, and magnetic quantum number m by a
linearly polarized field of laser radiation has been obtained in
Ref. [11] (see also the monograph [5]):

w �
����������
3n3F

p

r
�2l� 1��l� jmj�!24nÿ2jmjÿ2nÿ6n�3jmj
�n� l�!�nÿ lÿ 1�!�jmj�!�lÿ jmj�!

� exp
�ÿ 2=�3n3F��
F 2nÿjmjÿ1 : �6�

This expression is applicable when the field strength is small
compared to the atomic field strength (5), i.e. compared to the
quantity 1=16n4. In the case of a circularly polarized field a
relation analogous to Eqn (6) is valid, without the factor���������������
3n3F=p

p
. In the case of the ground state of the hydrogen

atom, Eqn (6) reduces to Eqn (3), as expected.
We consider further the case of complex atoms and atomic

ions. Using the method of the quantum defect, we substitute
the principal quantum number n by the effective principal
quantum number

n� � Z�������
2Ei

p :

After such a substitution into Eqn (6) and using the Stirling
formula for factorials we obtain in the case of a linearly
polarized field (an s-state is taken for simplicity) [12]:

wADK �
������������
3n�3F
pZ 3

r
FD2

8pZ
exp

�
ÿ 2Z 3

3n�3F

�
; �7�

(this is so called ADK formula).
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The notation introduced here will often be used below:

D �
�
4eZ 3

Fn�4

�n�

: �8�

In the case of a circularly polarized field the ionization rate is
of a more simple form:

wADK � FD2

8pZ
exp

�
ÿ 2Z 3

3n�3F

�
: �9�

It is seen from Eqn (6) that the ionization rate for states
with a nonzero magnetic quantum number is small compared
to the ionization rate for the state with zero magnetic
quantum number (for the same values of other parameters).
The corresponding expressions can be found in Ref. [12]. It
should be noted that in the averaging over the magnetic
quantum numbers of the binding state being considered (this
takes place in the case of identical populations of these states)
the result for the ionization rate coincides with Eqns (7), (9).
Thus, these expressions can be used practically for all atoms
and positive ions with arbitrary charge multiplicity.

Of course, the application of the Stirling formula is
formally only correct for large values of the principal
quantum numbers. However, it is valid with a good accuracy
even for ground states of atomic systems for numerical
reasons [12].

Let us consider the applicability of the expressions
obtained. The Stark decrease of the atomic ground levels
diminishes the ionization rate. In principle, if the AC Stark
shift is known, we can simply modify Eqns (7), (9) by
substitution of the perturbed value of the energy into Eqn
(6) instead of the unperturbed energy. This effect is taken into
account in Refs [13, 14]. It should be noted that the
perturbation theory is inapplicable in such strong fields, so
it is necessary to calculate the AC Stark shift exactly. It was
found that the ionization rate decreases approximately 1.5 ± 2
times for a fixed value of the field strength, and the excitation
curve has a lesser slope.

The ionization rates were derived numerically in Ref. [15]
for the ground states of He and Li atoms with a constant
electric field. The Hartree ± Fock approximation was used for
wave functions of these states. The results were compared
with Eqn (9) for a circularly polarized field. Indeed, as we said
above, the corresponding rates are of the same form as for a
constant electric field. It was found that numerical calcula-
tions give rates lower than according to Eqn (9). Probably, the
reason is that deviations from tunneling formula (9) already
appear in relatively weak fields. Corrections for tunneling
ionization rates are of the form of the factor
(1� C1 F� C2 F

2 � . . .), where the coefficients C1;C2; . . . of
this asymptotic series are very large numbers. It follows from
Ref. [15] that expressions for the tunneling ionization rates
[including Eqns (2) and (3)] are valid up to values of the field
strength which are much less than the atomic field strength. It
will be seen below that this conclusion is in contradiction with
experimental data. We do not presently know the reason for
this contradiction.

The results obtained refer to a monochromatic electro-
magnetic field. In the case of a non-monochromatic field the
instantaneous value of its intensity I�t�may be higher or lower
than the average value hI�t�i � I. Due to the strong non-
linearity of the tunneling ionization process, large values of
the intensity contribute more to the ionization rate than lower

values (compared to average). Hence, the ionization rate by a
non-monochromatic field is greater than by a monochro-
matic field for the same average intensity [16]. The factor for
this amplification can be calculated for known distribution
functions of laser intensity (see Ref. [17] for details).

4. Energy and angular distributions
of photoelectrons in tunneling ionization

4.1 Linearly polarized radiation
The formulae of the previous section refer to the ionization
rate integrated over all values of the energy and directions of
ejected photoelectrons.

The expression for the rate of tunneling ionization for a
fixed value of electron momentum p by linearly polarized
radiation was obtained in Refs [18, 19]:

w�pjj; p?� � w�0� exp
�
ÿ
p2jjo

2�2Ei�3=2
3F 3

ÿ p2?�2Ei�1=2
F

�
: �10�

Here pjj and p? are the components of photoelectron
momentum along and normal to the axis of polarization of
laser field. The approach of Ref. [18] in the derivation of Eqn
(10) is based on the classical motion of an electron in the
vicinity of the maximum of the laser field strength:

F cosot � F

�
1ÿ o2t 2

2

�
; t � pjj

F
: �11�

Thus, an electron obtains longitudinal momentum over the
time t from the force F. Relations (11) are substituted into
Eqn (7), and we obtain result (10). Oppositely, the approach
of Ref. [19] is based on the quantum mechanical theory of
strong adiabatic perturbations suggested by L D Landau and
A MDykhne (see Ref. [3] for details).

The exact value of the pre-exponential factor in Eqn (10)
was obtained in Ref. [20] using the Keldysh ±Faisal ±Reiss
method [21] and taking into account the Coulomb correction
according to semiclassical perturbation theory:

w�0� � po2D2

8p3n�F
exp

�
ÿ 2�2Ei�3=2

3F

�
: �12�

Here the quantity D is determined by relation (8). It is seen
from Eqn (10) that the ionization rate has a maximum at zero
electron energy, and decreases exponentially when this energy
grows. According to Eqn (10) the width of the photoelectron
energy spectrum is

DEjj � 3F 3

o2�2Ei�3=2
5

F 2

o2
: �13�

Thus, this width is small compared to the oscillation energy of
an electron in the laser field (unlike the case of a circularly
polarized field, see below).

According to Eqn (10), typical value of the transverse
energy of a photoelectron is

DE? � F�������
2Ei

p : �14�

Thus, it is small compared to the typical longitudinal energy
(13), since the ratio of Eqn (14) to (13) is the square of the
adiabaticity parameter (4).
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It should be noted that after integration of Eqn (10) over
all values of longitudinal and transverse photoelectron
momenta we obtain Eqn (7), as expected.

Now we discuss the angular distribution of photoelec-
trons. It follows from Eqn (10) that it has sharp maximum in
the direction of laser polarization, since p? � p sin y � py;
y5 1 is the angle between the direction of the ejected
photoelectron and the polarization of a linearly polarized
laser radiation. According to Eqn (10) the width of the
angular distribution is

Dy �
���
F
p

p�2Ei�1=4
: �15�

It should be noted that the dependence of Eqn (10) on the
transverse momentum has the same form as for a constant
electric field. The dependence of the distribution on the laser
frequency appears only in the next order of approximation of
the adiabaticity parameter (4):

w / exp

�
ÿ 2

3F

�
1

2
p2? � Ei

�3=2�
1ÿ 1

10
g2
��

: �16�

The frequency correction is small even for an adiabaticity
parameter of the order of unity; this allows tunneling
expressions to be applied in the intermediate case between
the tunneling and multiphoton limits.

Thus, it follows from Eqn (10) that the angular distribu-
tion of the photoelectrons in the low frequency linearly
polarized field is of the form

w�y� � w�0� exp
�
ÿ p2

�������
2Ei

p
F

y2
�
: �17�

The probability of ejection decreases exponentially with
increasing angle y. This conclusion is confirmed by experi-
mental data (see below, Section 6.4).

4.2 Circularly polarized radiation
The maximum value of the ionization rate in the low
frequency field of circular polarization occurs when the
longitudinal energy is equal to the oscillation energy of a
photoelectron in the field of circularly polarized electromag-
netic wave (unlike the case of linear polarization where
maximum value of the ionization rate takes place at zero
energy, see the previous section):

Ejj � F 2

2o2
; E? � 0 : �18�

Anonzero value of the energy corresponds to circular motion
of a photoelectron in a circularly polarized field.

The energy spectrum of ejected photoelectrons is of the
form [18, 19] [instead of Eqn (10)]:

w � wmax

X
N

exp

�
ÿ o4

�������
2Ei

p
F 3

�NÿN0�2
�
: �19�

HereN is the number of absorbed photons of laser radiation ,
and the quantity

N0 � F 2

o3
� 4Ei

3o
� F 2

o3
�20�

corresponds to the number of photons in the case of the
maximum ionization rate. The number of absorbed photons

can be expressed via the kinetic energy Ee of the ejected
photoelectron by a relation which follows from the energy
conservation law:

No � F 2

2o2
� Ei � Ee : �21�

The first term in the right side of Eqn (21) represents the
oscillation energy of the photoelectron in a circularly
polarized field. This quantity is equal also to the positive AC
Stark shift of the continuum edge. The maximum rate is
achieved when the kinetic energy of the photoelectron is near
the oscillation energy in the circularly polarized field.

The maximum value of the ionization rate in Eqn (19) was
found in Ref. [20] in the framework of the Keldysh ±Faisal ±
Reiss approach (the Coulomb correction was again calcu-
lated according to semiclassical perturbation theory):

wmax � o2D2

8
����������������
p3n�ZF
p exp

�
ÿ 2�2Ei�3=2

3F

�
1ÿ 1

15
g2
��

: �22�

The correction in this expression depending on the frequency
corresponds to the deviation from the tunneling regime
(analogously to the case of linear polarization discussed in
the previous section). It should be noted that the pre-
exponential factor strongly increases the tunneling ioniza-
tion rate.

An important peculiarity of the ionization in a circularly
polarized field is thatmost of the photoelectrons are ejected in
the polarization plane. The radius of the electron orbit in this
plane F=o2 is large compared to the size of an atom, but, of
course, it is small compared to the radius of the laser focusing
region. The number of electrons ejected at an angle c is
determined by the relation

w�c� � w�0� exp
�
ÿ F

���������
2 Ei

p
o2

c2

�
: �23�

The width of this angular distribution is

Dc � o�������������
2EiF 24

p : �24�

The exponential decrease of the ionization rate with increas-
ing angle is confirmed by experimental data (see Section 6.4).

4.3 Ponderomotive acceleration of photoelectrons
The classical motion of an electron in an alternating
electromagnetic field can be presented as superposition of
rapid oscillations with small amplitude and slow drift due to
spatial dependence of the laser intensity in the focusing
volume. We underline once more that this amplitude F=o2 is
always small compared to the focusing radius R.

The results obtained above refer to the case when the
electron coordinate is not shifted essentially during the laser
pulse duration tl. This means that the electron path is
L � v tl 5R, where v is the electron velocity. Such a
situation is realized for ultrashort laser pulses with durations
of picoseconds and less.

In the opposite limiting case of long laser pulses an
electron is accelerated by a spatial gradient of the laser field
in the direction perpendicular to the laser beam. Thus, the
electron's direction is changed after the ionization process.
The corresponding force is called the ponderomotive force (or
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gradient force). The electron's acceleration is called ponder-
omotive acceleration. The ponderomotive force is of the form
(in the case of a linearly polarized field)

j � ÿH
�
F 2�r; t�
4o2

�
: �25�

The right side of this expression should be multiplied by two
in the case of a circularly polarized field.

Ponderomotive acceleration changes only the angular and
energy distributions of photoelectrons, but the total ioniza-
tion rate is not varied. The kinetic energy which a photoelec-
tron obtains in a long pulse is

Ee � F 2�r0; t0�
4o2

: �26�

Here the quantities r0, t0 are the radius-vector and the
moment of ionization in the focusing volume, respectively.
Since the values of the field strength on the right side of Eqn
(26) vary in the focusing volume, there is some photoelectron
distribution of kinetic energies which is weighted with a
different probability of production at various points. Of
course, the average kinetic energy is larger than the mean
value of the right side of Eqn (26) because of strong
nonlinearity of the tunneling ionization process.

In the intermediate case L � R the kinetic energy of a
photoelectron after leaving the laser focus can be derived only
numerically [22]. Calculations had been made for Gaussian
and more realistic envelopes of the radiation intensity in the
focusing volume. It should be noted that above considera-
tions refer only to the average part of the kinetic energy.
Rapid oscillations of an electron with a small amplitude are
produced by the instantaneous value of the field strength:
they deplete slowly to zero when this electron goes out of the
laser focusing volume. The total electron kinetic energy is the
sum of the ponderomotive energy and the kinetic energy
obtained by this electron in the ionization process according
to the energy distributions (10), (19). The maximum value of
the kinetic energy is achieved for electrons ejected from the
center of the laser focus. The distribution over the final kinetic
energies was calculated in Refs [23, 24] for the case of linearly
polarized radiation. The approximation was made that the
spatial distribution of laser radiation is of a Gaussian form in
the direction perpendicular to the direction of the laser beam.
This distribution has the analytical form

w�Ee� � w�Ep� exp
�
ÿ 4

o2�2Ei�3=2
3F 3

�Ep ÿ Ee�
�
; Ee < Ep ;

w�Ee� � w�Ep� exp
�
ÿ 2

o2�2Ei�3=2
3F 3

�Ee ÿ Ep�
�
; Ee > Ep :

�27�

Here the maximum ponderomotive energy is determined by
the maximum values of the radiation field strength in the
center of the laser focusing volume:

Ep � F 2
max

4o2
: �28�

Let us underline once more that the distribution (27) is valid
for long laser pulses. The position of the peak of the spectrum
is determined by the maximum value of the ponderomotive

energy. It is seen that distribution (27) is asymmetrical with
respect to its maximum. The width of the distribution (27) is
small compared to the energy (28) at maximum, i.e. this peak
is rather narrow. The spread of the peak is determined by
photoelectrons with nonzero initial kinetic energies, i.e. it is of
the order of the width (13).

Experimental electron spectra for the ionization of Xe
atoms [25] are in good agreement with the above theoretical
expressions, if the (negative) AC Stark shift of the ground
state is taken into account. In this case the AC Stark shift
coincides with the static Stark shift due to the low laser
frequency. This effect shifts the position of the maximum in
the energy spectrum due to the change in the count off for the
photoelectron kinetic energy.

Let us discuss briefly the angular distribution of photo-
electrons in the case of long laser pulses. In the case of linear
polarized radiation, most of the electrons are ejected in the
plane perpendicular to the laser beam, while immediately
after ionization they are ejected along the direction of the
laser polarization. In the case of circular polarized radiation
the duration of the laser pulse does not influence the angular
distribution: electrons are always ejected in the plane
perpendicular to the laser beam; besides this, the angular
distribution is axially symmetric.

4.4 Return of ejected electrons to the atomic core
We assumed above that after leaving the effective potential
barrier an electron goes to infinity. In fact, this is correct only
in the case of a constant electric field. In the field of laser
radiation an electron oscillates; hence, it returns to the atomic
core and scatters after approximately half the radiation
period. Of course, such a process occurs if the initial
electron's velocity after leaving the effective potential barrier
is zero, so that this electron does not have any drift velocity.

We will consider the electron's motion outside the
potential barrier in the framework of classical mechanics,
neglecting the spreading of the corresponding quantum
mechanical wave packet. During the classical motion the
electron can acquire some energy from the external electro-
magnetic field. The value of this energy depends on the field
phase when the electron leaves the barrier. Such an effect was
first suggested by Kuchiev [26] and investigated in detail in
Refs [27 ± 31].

After elastic scattering on the atomic core the electron
goes to infinity with the excess energy from the external field.
In principle, multiple scattering is also possible; however, the
probability is small, from the practical point of view.

Besides scattering, after returning the electron can
recombine into the initial binding atomic state. The excess
energy is lost through the ejected photon. We do not consider
this process in detail. Finally, the returning electron can
inelastically scatter on the atomic core with ejection of the
second electron. Since the energy of the returning electron
may be of the order of the oscillation energy of the electron in
the field of the electromagnetic wave, in the tunneling regime
this is much more than the ionization potential of the atomic
core. Thus, the second electron may obtain an energy much
greater than the ionization potential; in this case the above-
threshold ionization of both electrons occurs. It is accompa-
nied by the absorption of many more photons than required
for ionization according to the energy conservation law.

Let us calculate the energy which may be obtained by an
electron from the electromagnetic field in returning to the
atomic core. It should be noted that this problem is reason-
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able only in the tunneling regime. In the opposite case of
multiphoton ionization when the adiabaticity parameter
g4 1, the amplitude of electron oscillations F=o2 is small
compared to the length Ei=F for which the electron is under
the potential barrier. Consequently, in this case we can
neglect classical oscillations outside the barrier.

Besides this, we consider the case of linear polarization of
laser radiation only. Obviously, the classical rescattering of
an electron is impossible in the field of circularly or elliptically
polarized radiation. For simplicity, in this section, the charge
and mass of an electron are chosen to be equal to unity.

The one-dimensional Newton equation for the motion of
a free electron along the polarization axis after leaving the
effective potential barrier is of the form

a�t� � ÿF sin�ot� j� : �29�

Here a�t� is the electron's acceleration,j is the initial phase of
the electromagnetic field, and F, o are the field strength
amplitude and field frequency, respectively.

Integrating Eqn (29), we obtain the electron's velocity as a
function of time:

v�t� � v�0� � F

o

�
cos�ot� j� ÿ cosj

�
: �30�

Here v�0� is the electron's velocity for the initial moment t � 0
when the electron leaves the effective potential barrier.
Further we put v�0� � 0 for the tunneling quasi-static
process.

Integrating Eqn (30), we obtain the electron's coordinate
as a function of time:

x�t� � x�0� � F

o2

�
sin�ot� j� ÿ sinj

�ÿ Ft

o
cosj : �31�

Here x�0� is the initial electron coordinate.
In tunneling regime the oscillation amplitude of an

electron F=o2 is large compared to the coordinate Ei=F of
the right classical turning point (this is the point where an
electron is going out of the barrier). Hence, we can approxi-
mately put x�0� � 0.

At some time t > 0 the electron returns to the atomic core.
Thus, we again have x�t� � 0. According to Eqn (31) we find
the equation

sin�ot� j� ÿ sinj � ot cosj : �32�

Our goal is to derive the electron's velocity for the moment of
return v�t�. This quantity is a function of the phase j. We
calculate the maximum value of this velocity only. The
condition for maximum is

dv�t�
dj

� 0 : �33�

Substituting Eqn (30) into (33), we obtain�
o

dt
dj
� 1

�
sin�ot� j� � sinj : �34�

From the other side, differentiating Eqn (32) on j, we have�
o

dt
dj
� 1

��
cos�ot� j� ÿ cosj

� � ÿot sinj : �35�

Dividing Eqn (35) by (34) we obtain an equation which does
not contain derivatives:

cos�ot� j� ÿ cosj � ÿot sin�ot� j� : �36�
It follows from the algebraic system of equations (32) and (36)
that

4j � ÿpÿ 2ot : �37�
Substituting Eqn (37) back into (32), we find the equation for
the returning time:

ot�1� cotot� � 1 : �38�

A numerical solution of this transcendental equation is
ot � 4:08556. Then it follows from Eqn (37) that
j � ÿ1:25739. It should be noted that the returning time is
somewhat greater than half of the field period of the laser
radiation.

Substituting the values obtained for ot, j into Eqn (30),
we find the maximum velocity of an electron when it returns
to the atomic core:

Emax � 1

2
v2max�t� �

F 2

2o2

�
cos�ot� j� ÿ cosj�2 � 3:173Ep ;

�39�

here Ep � F 2=4o2 is the maximum ponderomotive energy of
an electron in the linearly polarized field. This result was
obtained first in Ref. [30]. It is seen that due to the effect of
returning an electron may acquire an energy of the order of
the ponderomotive energy, while the average energy of an
electron without returning is much less than the ponderomo-
tive energy [see Ref. (13)].

On the assumption that the field phase takes random
values, the energy distribution of electrons after returning to
the atomic core was obtained in Ref. [32]. It was found that a
very sharp peak occurs near Emax. It was also obtained that
the electron's return is impossible for field phases in the
interval 0 < j < p. Thus, approximately half of the electrons
return to the atomic core in half of the field period of the laser
radiation.

The conclusion can be made that the effect of returning
influences the energy distribution of electrons at the tunneling
ionization, producing hot electrons. However, the number of
such electrons is very small.Moreover, the value of Eqn (39) is
the maximum electron energy only in the process of harmonic
generation; in this case the electron recombines into the
ground state of an atom with the emission of a spontaneous
photon having the energy (39). Besides this, rescattering of the
electron on the atomic core is possible. After rescattering the
laser radiation can also give energy to this electron. The
maximum value of the energy (of the order of 10Ep) is
achieved when the electron is moving back after rescattering
(backscattering) [33].

The return of the electron can also be described quantum
mechanically using the Keldysh ±Faisal ±Reiss approach.
This approach uses the first order perturbation theory on
the potential of the atomic core, an unperturbed initial
binding atomic state and a Volkov wave function for the
final continuum state. The exact transition amplitude can be
written using the second iteration on the potential of the
atomic core. In the approximation that the electron is moving
in the intermediate state in the field of the electromagnetic
wave only, and that its final wave function is again a Volkov
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function, in Ref. [34] the electron energy spectrum was
calculated for a helium atom. The energy spectrum obtained
contains hot electrons as well with energies up to 10Ep. Thus,
quantum mechanical calculations confirm the results of the
simple classical theory described above. However, the
Coulomb correction is not taken into account in [34]; a zero-
range potential was used as the potential of the atomic core.

5. Barrier-suppression ionization

The classical expression (5) corresponds to a step-wise
classical dependence of the ion yield on the electric field
strength of the low frequency laser radiation: the yield is
zero for F < FBSI; otherwise all atoms are ionized. However,
such a classical model is too simplified. In this section the
quantum mechanical approach of Ref. [20] for barrier-
suppression ionization is developed; it also includes the
tunneling ionization considered above as the limiting case of
a weak laser field. Thus, this approach should make the step-
wise dependence smoother. We use the Keldysh ±Faisal ±
Reiss method [21] which does not have a restriction on the
laser field from above, unlike the Keldysh theory [1]. Besides
this, the Coulomb correction for the Volkov wave function of
the final continuum state is taken into account. The
conclusion is that the extrapolation of tunneling expressions
into the region of critical fields FBSI overestimates the
ionization rate (see Fig. 3). The dependence of the ionization
rate on the field strength is still smoother at large field
strengths.

In this section the role of the Stark shift of the initial
binding state is discussed for the problem considered. It
follows from numerical calculations for the hydrogen atom
that the values of the Stark shift diminish strongly with
increasing field strength compared to predictions based on
the second order perturbation theory.

Though tunneling ionization in a constant electric field is
only possible in the framework of quantum mechanics,
barrier-suppression ionization is a classical threshold effect.
Tunneling ionization in a low frequency variable field is
possible, in principle, in the framework of classical mechan-
ics, but for a small set of initial values of the trajectory
parameters (this is the so called Arnold diffusion [36] ); this
process is not described by any analytical dependencies.

5.1 Coulomb correction
The Keldysh ±Faisal ±Reiss method is based on the S-matrix
approach; the final electron state is supposed to be a state of a
free electron in the field of laser radiation. The Coulomb
potential of the atomic, or ionic core is taken into account in
the framework of semi-classical perturbation theory as a
small correction to the classical action [20, 35]. The transition
amplitude from the initial binding state i to the final
continuum state f is described by an element of the S-matrix:

Aif � ÿi
� 


C�V�f IjV�r; t�jC�0�i

�
dt : �40�

Here

V�r; t� � 1

c
�p � A� � 1

2c2
A2

is the interaction potential between the atomic system and the
external electromagnetic field in the velocity gauge, which is
taken into account in the dipole approximation. The
Coulomb correction I is determined below. The Volkov
wave function of the final continuum state calculated in the
same gauge is

C�V�f �r; t� � exp

�
ÿ i�p � r� � i

2

�t �
p� 1

c
A�t 0�

�2
dt 0
�
:

For simplicity we suggest first that the initial binding state is
an s-state. Then we will consider other values of the initial
angular momentum. The unperturbed wave function of the
initial binding state is of asymptotic form [at distances which
are large compared to the size of the atomic system: just these
distances are important in the integral of Eqn (40)]:

C�0�i �r; t� �
�������
Z 3

8p2

r �
2e2

p

�n�

�Zr�n�ÿ1 exp
�
ÿ Zr

n�
� iEit

�
:

Here the Stirling formula has been used for the factorial of the
effective principal quantum number n� � Z=

�������
2Ei

p
; Z is the

charge of atomic or ionic core.
The Coulomb correction to the Volkov wave function is

determined in the framework of semi-classical perturbation
theory with respect to the Coulomb potential U � ÿZ=r. We
find

I � exp

�
ÿ i

�
U dt

�
: �41�

Further we change the integration over time for integration
over the radial coordinate, using the obvious relation

dt � dr

p
� dr�����������������������������

�Z=n��2 ÿ 2Fr

q :

Here p is the radial momentum of the electron. We neglect
here the centrifugal energy and also the contribution of the
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Figure 3. Barrier-suppression ionization rate for the ground hydrogen

state by low frequency circularly polarized radiation according to the

calculations of Ref. [35]. The dotted line is the result of the tunneling

expression (2).
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Coulomb potential to this momentum, since we restrict
ourselves to first order semi-classical perturbation theory
with respect to the Coulomb potential.

The upper limit of integration over the radial coordinate
in Eqn (41) is the right classical turning point where p�r0� � 0,
since larger distances change the constant phase of the
transition amplitude only. The lower limit of integration is
some arbitrary value of r which satisfies two conditions
restricting this value from above and below. This quantity is
restricted from above by the condition that in this region we
can neglect the external electric field, i.e. Fr5Ei. It is
restricted from below by the condition that we use an
asymptotic expression for the unperturbed wave function of
the initial binding state, i.e. r4 n�2=Z. Both inequalities can
be strictly fulfilled in the case of tunneling ionization.
However, in the case of barrier-suppression ionization all
quantities are of the same order of magnitude, so that the pre-
exponential factors obtained in the rate for barrier-suppres-
sion ionization are of semi-quantitative accuracy only.

It should be noted that though the low frequency field of
the electromagnetic radiation is a variable, we consider in the
derivation of the Coulomb correction only the maximum
value of the field strength, since the ionization rate is nonzero
only in the vicinity of this maximum value.

After calculation of the simple integral in Eqn (41) we
obtain the Coulomb correction in the form [20]

I �
�

2Z 2

n�2Fr

�n�

: �42�

Integration of expression (40) by parts simplifies its form [21]:

Aif � i

�
1

2
p2 � Ei

�� 

C�V�f jIjC�0�i

�
dt : �43�

Further we present the results of calculations for circularly
and linearly polarized fields.

5.2 Circularly polarized radiation
The vector potential of circularly polarized radiation is
written in the form

A � cF

o
�ix cosot� iy sinot� :

Here the basic vectors along the x and y axes are introduced.
Substituting this expression into the Volkov wave function
contained in Eqn (43), we calculate the transition amplitude
and then the ionization rate. Recall that we assume the energy
of a photon of laser radiation is small compared to the
binding potential of the atomic system considered, and the
field strength is of the order of the critical field strength (5).
After calculations we obtain the energy and angular distribu-
tion of the ejected photoelectrons:

dw

dO
� oZD2

�2pn��2 ������
2F3
p

� Ai 2
�
2Ei � �Fc=o�2 � o4�NÿN0�2=F 2

�2F�2=3
�
: �44�

Here N is the number of absorbed photons of laser radiation
which determines the kinetic energy of the ejected photoelec-
tron according to the energy conservation law (21). The
quantity N0 corresponds to the maximum value of the

ionization probability; it is determined by Eqn (20). The
quantity c is the small angle between the direction of the
ejected photoelectron and the polarization plane of the laser
radiation. Finally, Ai�x� is the Airy function. Equation (44)
reduces to the energy and angular distributions for tunneling
ionization (19) and (23) in the tunneling limit of a weak field.

The width of the energy spectrum having the maximum at
the kinetic energy of the electron F 2=2o2 (this is the
oscillation energy in the field of circularly polarized radia-
tion) according to Eqn (44) is

DEe � F 3=2

o
�������
2Ei

4
p :

The spectral width increases with growing field strength.
Thus, the energy spectrum for barrier-suppression ionization
is broader than for tunneling ionization.

Integrating Eqn (44) over all energies (i.e. summing over
all numbers of absorbed photons in the vicinity of N0) and
angles of ejected photoelectrons, we obtain the rate for
barrier-suppression ionization by circularly polarized radia-
tion:

wBSI � ZD2
������
2F3
p

2n�2

��
dAi�k�
dk

�2

ÿ kAi 2�k�
�
: �45�

Here the notation is introduced

k � 2Ei

�2F�2=3
: �46�

We can take into account the Stark shift of the initial
binding state by means of the change Ei ! Ei�F� where the
perturbed binding energy is found from the unperturbed
energy by addition of the AC Stark shift in all orders of the
perturbation theory. Due to the smallness of the radiation
frequency this AC Stark shift can be considered as a static
Stark shift. However, numerical calculations for the Stark
shift from the framework of the lowest approximation of the
perturbation theory are known only for the hydrogen atom
[37]. In this case it was found that at a field strength ten times
less than the critical value (5), the Stark shift differs strongly
from the quadratic Stark shift. For a further increase of the
field strength, the value of the Stark shift is much less than the
extrapolation of the quadratic Stark shift into this region of
critical fields. For this reason, probably, it is better to neglect
the Stark shift in the above expressions than to substitute the
values of the quadratic Stark shift and to extrapolate them
into the region of critical fields.

Using the known asymptotic properties of the Airy
function and of its derivative, we can obtain the ADK
formula (9) from Eqn (45) in the limit of a weak field
(k4 1), as expected. In the case of ground state of hydrogen
atom we obtain the well-known formula (2) from Eqn (45) in
the limit of a weak field with an accuracy of 18% (the
difference is explained by application of the Stirling formula
for 1! ).

In Figure 4 the ratio of the rate for barrier-suppression
ionization derived according to Eqn (45), to the rate for
tunneling ionization derived according to the ADK formula
(9) is shown as a universal function of the universal parameter
k (46). The conclusion can be made that the rate for barrier-
suppression ionization is less than the extrapolation of the
rate for tunneling ionization into the above-barrier region.
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The larger the field strength, the stronger the difference
between the rates.

Numerical calculations of the ionization rate in a constant
electric field with a field strength of the order of value (5) and
higher were reported in Ref. [37] for the ground and some
excited states of a hydrogen atom.

In Figure 5 the dependence of the ionization rate for the
ground state of a hydrogen atom is shown as a function of the
strength of the constant electric field. It was found in
comparison with Eqn (45) that the numerical values are 5 ± 8
times less than according to Eqn (45) in the region of critical
fields. Thus, the conclusion can be made that both the
tunneling ADK expressions and the above expressions for
barrier-suppression ionization overestimate the correct value
of the ionization rate.

Here we have considered the ionization from the binding
state with zero angular momentum. p-states are also of
practical interest (atoms and ions of noble gases). It follows
from analysis of the pre-exponential factor in Eqn (6) that
the main contribution to the ionization rate is given by the
initial sub-state with the magnetic quantum number m � 0.
The ionization rates of sub-states with m � �1 and ÿ1 are
much less. These statements are valid both for tunneling
and barrier-suppression ionization. Further, it follows from
Eqn (6) that the ionization rate from the p-state with m � 0
is three times larger than that from the s-state. Therefore the
ionization rate of the p-state averaged over all magnetic
quantum numbers (this procedure is correct when all sub-
states are equipopulated) is equal to the ionization rate of
the s-state, i.e. to Eqn (45). The same conclusion can also be
made for initial atomic states with arbitrary angular
momenta.

5.3 Linearly polarized radiation
The vector potential of a linearly polarized electromagnetic
field is written in the form (in dipole approximation)

A � ÿ cF

o
sinot :

Substituting this expression into the Volkov wave function
contained in the amplitude (43) we calculate this amplitude
and then the square of its modulus. Thus, we obtain the
energy and angular distribution of ejected electrons . Again
we consider the case of initial an s-state and assume that the
energy of a photon of laser radiation is small compared to the
ionization potential of the atomic state considered, and also
that the field strength is of the order of the critical value of
Eqn (5). Details of the calculations can be found in Ref. [20].
Unlike the case of circular polarization, the expansion of the
Volkov wave function in a Fourier series is impractical, since
in the general case of arbitrary values of the adiabaticity
parameter it gives the generalized Bessel functions [21]. Direct
calculation of Eqn (4) by the saddle-point method gives the
distribution of ejected photoelectrons on the longitudinal
momenta pjj and on the transverse momenta p? with respect
to the direction of polarization of laser radiation and is of the
form

dw

dO
� po2ZD2

�pn��2�2F�4=3
Ai 2
�
2Ei � p2? � Fg3p2jj=�3o

�������
2Ei

p �
�2F�2=3

�
:

�47�
Here the transverse momentum can be expressed via the small
angle y between the direction of the ejected electron and the
polarization of laser radiation: p? � p sin y � py. The quan-
tity D is determined by relation (8), and the adiabaticity
parameter is determined by relation (4).

Expression (10) follows from Eqn (47) in the tunneling
limit, as expected (with correct pre-exponential factor).
Analogously to the case of tunneling ionization, the energy
spectrum of barrier-suppression ionization has a maximum
for zero kinetic energy of the electron.

Integrating Eqn (47) over all energies and angles of the
photoelectron, we obtain the ionization rate for barrier-
suppression ionization by a linearly polarized field:

wBSI � 4
���
3
p

FD2

pn�
������
2F3
p

�1
0

Ai 2
�
x2 � 2Ei

�2F�2=3
�
x2 dx : �48�
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Figure 4. Ratio of the barrier-suppression ionization rate [20] to the

tunneling ionization rate (ADK formula) as a function of the universal

parameter k: (1) circular polarization, (2) linear polarization.
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Figure 5. Ionization rate of the ground state of a hydrogen atom by a

constant electric field as a function of the field strength according to the

calculations of Ref. [37].
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This expression reduces to the ADK formula (7) in the
tunneling limit of a relatively weak field, as expected.

In Figure 4 the ratio of expression (48) to expression (7) is
shown as a function of the parameter k (46). The conclusion
can be made that the rate for barrier-suppression ionization is
less (as in the case of circular polarization) than the
extrapolation of the tunneling ADK expression into the
region of critical fields. Again the difference grows with
increasing field strength.

It should be noted in conclusion that these simple
expressions are also applicable for molecular systems.

The energy and angular distribution of ejected electrons in
the tunneling ionization of atomic systems by a field of
elliptical polarization was considered in Ref. [38]. The
Volkov wave function of the final continuum state also was
not expanded in a Fourier series; instead, the integrals in the
transition amplitude were derived by the saddle-point
method. The Coulomb correction was not taken into
account, so that only the exponent is correct in the expres-
sions obtained. The dependence of this exponent on the
degree of ellipticity was found analytically.

6. Experimental data and interpretation

6.1 Experimental values of the adiabaticity parameter
It follows from the results of the previous section that
tunneling ionization takes place under the conditions g2 5 1
and F5FBSI. The adiabaticity parameter g is defined by
relation (4). This parameter first appeared in the problem of
ionization of a particle bound by zero-range forces. The
applicability of this parameter for atoms and positive ions
follows both from experimental data and from calculations.

Some experiments [2, 39] confirm this conclusion. The
radiation frequency is fixed in these experiments, and the
radiation intensity varied. The ionization of atoms of noble
gases has been observed, and the electron energy spectra have
been measured. It is found that resonance maxima in the
spectra occur at g > 1 and disappear at g < 1. Resonance
maxima describe the above-threshold absorption of photons
for multiphoton ionization (see Ref. [10] for details) and also
resonances with high excited atomic states. Smooth energy
spectra correspond to the tunneling regime of ionization. In
Figure 2, typical results of the experiment reported in Ref. [2]
are shown. It is seen, in particular, that tunneling ionization
takes place at g � 1. This conclusion is in agreement with the
above theoretical considerations. It should be noted that the
transition from tunneling to multiphoton ionization occurs
over a narrow range of variation of laser intensity. It is
partially explained by the fact that the ionization rates
depend on the quantity g2 .

6.2 Ion yield in tunneling ionization
The first attempts to observe tunneling ionization were made
in Refs [40 ± 42]. In these experiments atoms were irradiated
by a Nd:glass laser. The dependence of the ion yield on the
radiation intensity was measured for the atoms of several
noble gases. Helium and neon ions appear for an adiabaticity
parameter of g � 0:3 ± 0.5. The authors of Refs [40, 42]
suggested that multiphoton ionization occurred. The
authors of Ref. [41] gave arguments for tunneling ioniza-
tion. It should be noted that it is very hard to differ tunneling
ionization from multiphoton ionization for high nonlinearity
because of the limited intensity range in those experiments.

Systematic investigation of the process of tunneling
ionization began in 1983 [43] (see the historical review in
Ref. [8]). The yields of ions of gases were measured for
irradiation by an IR CO2-laser of wavelength 10 mm. The
adiabaticity parameter g and the amplitude of the field
strength were, respectively: K atomsÐ g � 0:3, F � 0:01 a.u.
[25]; Xe atoms Ð g � 0:01, F � 0:05 a.u. [7]; Hg atoms Ð
g � 0:03, F � 0:01 a.u. [44]. In Figure 6 the typical dependen-
cies of ion yields on the intensity of laser radiation (the so
called excitation curves) are shown. A comparison of
experimental data with the results of calculations according
to the tunneling ADK expressions [12] (see Section 2)
demonstrates a good agreement in most cases.

A large amount of experimental data with radiation of IR,
visible and nearUV ranges was obtained in other experiments
at g < 1, F � 0:1 a.u. [45 ± 49]. These data are also in good
agreement with the predictions of the ADK approach.

Linearly polarized laser radiation was used in all above
cited works. Circularly polarized radiation was used in the
experiments reported in Refs [46, 48]. The ratio of the ion
yield for circular polarization to the ion yield for linear
polarization of radiation was measured in Ref. [50]. The
ionization of Ar atoms using radiation of a Ti ± Sapphire
laser with a pulse length of 200 fs was considered. It was found
that this ratio increases with increasing radiation intensity.
The measured ion yields are in good agreement with the
predictions of the ADK approach, though the values of the
adiabaticity parameter were of the order of unity or a little
less. The field strength for circular polarization is

���
2
p

times
less than for linear polarization at the same laser intensity. On
the other hand, a circularly polarized field acts instanta-
neously, unlike a field of linear polarization. This produces a
difference in the pre-exponential factors of the ADK
expressions (7) and (9). This difference is of the order of 2 in
the case of the experiments of Ref. [48] for Xe and Ar atoms.
An intensity one and a half times higher is needed for the
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Figure 6. Yield of Xe+ and Xe2+ ions as a function of the intensity of the

CO2-laser according to experimental data [25]. The solid lines represent

the result of the calculations by the ADK approach.
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ionization of these atoms by a circularly polarized field
compared a linearly polarized field. This theoretical conclu-
sion was confirmed experimentally [48].

6.3 Production of multicharged ions
The production of multicharged ions was observed in some
experiments with atoms of noble gases irradiated by light in
the visible and near IR ranges at g < 1 and F < FBSI. The
excitation curves for doubly-charged ions correspond to a
cascade process of ionization (see Ref. [3]):

A� K1o! A�; A� � K2o! A�� :

Doubly-charged ions are observed at the radiation intensity
for which the saturation of yields for single-charged ions
occurs: the total ionization probabilityW � wtl � 1, where w
and t1 are the ionization rate and duration of the laser pulse,
respectively. Excitation curves for the yield of doubly-
charged ions are described well by ADK expressions both
for linear and circular polarization. These experimental data
were obtained in Refs [47 ± 49, 51]. A typical excitation curve
is shown in Fig. 7. Qualitative forms of the excitation curves
and a quantitative agreement between experimental data and
predictions of ADK approach confirm the assumption about
the cascade mechanism for the production of doubly-charged
ions. Besides this, such an agreement permits us to conclude
that theADKexpressions are also applicable for ionization of
positive charged ions with multiplicities up to q � 8 [49].

It should be noted that while cascade ionization was
observed in some experiments [47 ± 49, 51], a strong devia-
tion from the cascade process took place in other experiments
[39, 45, 52 ± 55], though approximately the same values of the
radiation intensity and of the adiabaticity parameter were
realized in all experiments. Typical excitation curves are
shown in Fig. 8. It is seen that the experimental values of ion
yields are essentially higher than the estimates according to

the ADK expressions for low radiation intensity. The
theoretical and experimental dependencies coincide only at
moderate and high laser intensities. Two models of direct
ionization (simultaneous detachment of two electrons) at low
radiation intensity were suggested to explain this effect:

1. `Shake-off' model [52]. The first electron quickly leaves
the region near of the atomic core producing the `shake-off' of
the second electron; this process takes place over a quarter of
a laser period, or less. The ionization of the second electron
occurs due to the sudden change of the effective potential of
the atomic core in the production of a new ionic potential,
when the first electron is leaving [56]. Thewave function of the
second electron does not change in this process; its overlap
with thewave functions of the continuum spectrumof the new
basis determines the ionization amplitude.

2. Rescattering model (see above, Section 4). The first
ejected electron interacts with the field of laser radiation;
approximately half of the electrons return to the parent ion
over approximately half of the optical period. The returning
electron ionizes the second electron by means of inelastic
scattering, since the returning electron can obtain a large
energy from the external electromagnetic field (of the order of
its oscillation energy).

The strong dependence of the ion yield on the polarization
of the laser radiation observed in Ref. [54] is in agreement
with the second model: this effect is observed for a linearly
polarized field only. At present we cannot make any single-
valued conclusion from the results obtained.

Besides this, it is unclear why the effect takes place for low
radiation intensity only where strong deviations from ADK
expressions occur. It is also unclear why this effect exists for
one kind of atoms while it is absent for other atoms.

Thus, the experimental data do not allow us to make
some conclusions about why the ion yield increases
compared to the predictions about the cascade mechanism
of ionization. It is unclear why the models of shake-off and
rescattering are applicable for weak fields and inapplicable
for strong fields.
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Figure 7. Yield of singly-charged and doubly-charged 3He ions as a

function of the intensity of laser radiation according to the experimental

data of Ref. [51]. The solid lines represent results of calculations by the

ADK approach.
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Figure 8. Yield of doubly-charged He and Ne ions versus the intensity of

linearly polarized laser radiation according to the experimental data of

Refs [52, 54]. The solid lines are the results of calculations by the ADK

approach.
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It is possible that the rise of the ion yield at relatively low
laser intensity can be explained by the fact that these ions are
produced on the borders of the laser focusing volume where
the adiabaticity parameter is larger than unity. Then the
multiphoton resonance process of ionization (with high
excited atomic states) may be realized in this region. Of
course, such a model is very sensible to the details of the
experiment: the spectrum of atomic states, the radiation
frequency, the AC Stark shift, and the spatial-temporal
distribution of the intensity of laser radiation. The observed
effects may be explained by such details.

Onemore explanation was suggested in Ref. [57]. The rate
for nonlinear simultaneous two-electron ionization had been
calculated by the Keldysh ±Faisal ±Reiss method; the inter-
electron interaction was taken into account following Ref.
[58] in the Coulomb ±Volkov approximation (see also Ref.
[59]). This approximation is that the final state of the two
electrons interacting each with other according to the
Coulomb law in the presence of the external electromagnetic
field is presented in the analytical form. The temporal part of
the final wave function was taken as in the Volkov wave
function, while the coordinate part was taken as the Coulomb
wave function of the continuum spectrum. It was found in
Ref. [57] that the results of such a calculation are in agreement
with the experimental observation of a `knee' in the
dependence of the ion yield on the laser intensity. The
simultaneous detachment of two electrons dominates at
intensities less than 1015 W cm2. The cascade ionization
process is realized at higher intensities.

A lot of experimental and theoretical papers have been
devoted to this problem over recent years [60 ± 65]. However,
we cannot at present give any definitive explanation for the
excitation curves of some multicharged ions in the region of
relatively low laser intensities.

6.4 Electron energy spectra
The electron energy spectra produced in the atomic ionization
were measured in Refs [2, 18, 25, 66 ± 68]. As said above, the
measured electron energies far from the points where these
electrons were produced, are equal to the energies immedi-
ately after the ionization process if there is no ponderomotive
acceleration of the electrons by the spatial-inhomogeneous
field of laser radiation. This is correct for small electron
energies, short laser pulses and large focusing volumes. Then
an electron is not shifted over the whole laser pulse, i.e. its
energy does not change. In the opposite case the effect of
ponderomotive acceleration is important; it may be taken
into account if the spatial-temporal distribution of the laser
intensity is known sufficiently well.

We consider here the experimental data of papers [18, 25].
They were obtained for an adiabaticity parameter g � 0:01
and for a field strength less than the critical value of (5).

The duration of laser pulse in the experiment of Ref. [18]
was 2.5 ps. The electrons are shifted over a distance of the
order of 25 mm or less during this time, while the focusing
radius is 170 mm. Hence, we can neglect the ponderomotive
acceleration of electrons. The measured electron energy
spectrum is shown in Fig. 9. It is in a good agreement with
the experimental data of the theoretical curve calculated
according to Eqn (10) for a linearly polarized field. Most of
the electrons are ejected with low kinetic energies. The yield of
high-energy electrons decreases exponentially.

The energy spectra for the ionization of K and Xe atoms
by a long laser pulse (2 ps) were measured in Ref. [25]. The

ponderomotive acceleration of electrons is taken into account
in the calculations, and the initial energy distribution is
described by Eqn (10). The experimental and theoretical
energy spectra are shown in Fig. 10. A good agreement is
seen between the theory and experiment. In the case of Xe
atoms the experimental data are in better agreement with
theoretical predictions if the Stark shift of the energy of the
ground state of an atom is taken into account (see also the
calculations in Refs [13, 14]). Further, the experimental data
for the ionization of singly-charged Xe ions are also in a good
agreement with calculations according to Eqn (10).

The electron energy spectrum for tunneling ionization by
a field of circular polarization was measured in Ref. [66]. It is
shown in Fig. 11. It is seen that this energy spectrum differs
strongly from the above discussed spectrum for linearly
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Figure 9.Electron energy spectrum in the ionization of Xe atoms by a short

pulse of linearly polarized laser radiation with frequency 0.133 eV and

intensity 5� 1013 W cmÿ2 according to experimental data [18]. The

theoretical curve corresponds to Eqn (10).
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Figure 10. Electron energy spectrum for the ionization of Xe atoms by a

long pulse of linearly polarized CO2-laser radiation according to the

experimental and theoretical data of Ref. [25].
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polarized radiation. The peak of the spectrum occurs at the
energyF 2=2o2 which is the oscillation energy of an electron in
a circularly polarized field. This is in agreement with the
theoretical spectrum, Eqn (19).

Thus, the observed electron energy spectra for the
tunneling ionization (g < 1, F < FBSI) agree well with the
theoretical predictions.

6.5 Barrier-suppression ionization
The ionization of atoms and ions of noble gases by a laser
pulse with a duration of about 1 ps and for an adiabaticity
parameter g < 1 was observed in Refs [49, 69 ± 71]. The
authors of these works interpreted their results as barrier-
suppression ionization, since the radiation field strength
exceeded the estimate (5).

However, it follows from the calculations of Ref. [72] that
this conclusion is incorrect. Firstly, according to the quantum
mechanical calculations of Ref. [37] for the ground state of a
hydrogen atom the value of the critical field is 0.20 a.u.
instead of 0.067 a.u. according to Eqn (5). Therefore the
values of Eqn (5) correspond to the tunneling regime of
ionization. Secondly, we should take into account the
negative Stark shift of the ground atomic state. This effect
also increases the critical field strength compared to estimate
(5). Finally, the tunneling ionization at the edge of the laser
pulse may dominate in comparison with the barrier-suppres-
sion ionization at the peak of the pulse (see also calculations
of Ref. [73]).

The estimates of Ref. [72] on the assumption of a
Gaussian form laser pulse show that if the duration of the
laser pulse is less than 300 fs for the ionization of the ground
states of noble gas atoms and less than 100 fs for the
ionization of atomic ions, we can neglect tunneling ioniza-
tion at the edge of laser pulse. However, the durations of the
pulses in Refs [49, 69 ± 71] were much larger than these. Thus,
in fact, tunneling ionization at the edge of laser pulse was
observed in these experiments.

Let us consider now what should be the optimal experi-
mental conditions for the observation of above-barrier decay.
It follows from the results of the calculations in Ref. [72] that
an attempt to observe above-barrier decay requires strong
restrictions on the parameters of the laser radiation. In the
case of ionization of a Kr atom the pulse length should be less
than 30 fs, and the intensity at the peak of the pulse should be
greater than 3� 1014 W cmÿ2. In the case of multicharged
ions, the requirements for the pulse length are more gentle,
but for the pulse intensity are harder. So, in the case of above-
barrier decay of Xe7+ ion the laser pulse should have a
duration less than 200 fs and a peak intensity greater than
1016 W cmÿ2.

Another, more realistic possibility for observing above-
barrier decay is to use alkali atoms. The low ionization
potentials of such atoms produce a low critical field strength
(5), low ionization rates and large times for saturation in a
critical field. It should be noted that the polarizability of
alkali atoms is more than 10 times greater than the
polarizability of noble gas atoms. However, the Stark shift
of the ground states is relatively small because of the low
critical fields. It follows from the calculations of Ref. [72] that
the pulses should have a duration less than 1 ps and a peak
intensity greater than 1012 W cmÿ2. The radiation of a CO2-
laser with a large wavelength should be used in order to fulfil
the condition of tunneling ionization g5 1 in this case.

The above-barrier decay of atoms can be also observed
under the condition g > 1. However, for a fixed radiation
field strength the conditions for pulse duration become
harder with rising laser frequency, i.e. with rising adiabaticity
parameter, since the saturation time in the critical field
diminishes with increasing g.

We have discussed above the conditions for the realization
of above-barrier decay. Now we consider the problem of how
to separate tunneling ionization and above-barrier decay in a
direct experiment. It should be noted that the electron energy
spectra in tunneling ionization and in above-barrier decay at
g5 1 are practically the same [20]. It follows from the
predictions of the calculations in Ref. [21] and from the
results of the experiment in Ref. [50] that the ratio of
tunneling ionization rates for circular and linear polarization
(at the same radiation intensity) is less than unity, and this
quantity rises with radiation intensity. It is of the order of
unity at the critical and greater field strengths. In the latter
case it does not depend on the intensity according to the
results of Ref. [20]. If in any experiment this ratio were of the
order of unity, then ionization would take place in a field with
above-barrier field strength.

7. Relativistic effects

In the previous sections we considered tunneling and barrier-
suppression ionization in the framework of non-relativistic
quantum mechanics. Thus, we assumed that the electron's
velocity is small compared to the speed of light both in the
initial binding state and in the final continuum state. Even for
ions with multiplicity of order 10, the initial motion of the
binding electron can be considered non-relativistic. However,
in a strong field of laser radiation the ejected electron can
obtain a relativistic energy in the final continuum state., i.e. a
quantity of the order of the rest electron energy mc2. The
typical kinetic energy of an electron in a circularly polarized
field is of the order of its oscillation energy F 2=2o2. We find
that relativistic effects are important for the radiation of a
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Figure 11. Electron energy spectrum for the ionization of He atoms by a

short pulse of circularly polarized laser radiation with an intensity of

6� 1015 W cmÿ2 according to the experimental data of Ref. [66]. The

dotted line is the result of calculation [66] based on Eqn (19).
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CO2-laser at a field strength higher than 6� 10
9

V cmÿ1, i.e.
at an intensity higher than 5� 1016 W cmÿ2. If we consider
visible radiation, then the required minimum value of the
laser intensity rises to 5� 1018 W cmÿ2. Hence, above cited
expressions for the ionization rates, energy and angular
distributions of the ejected electrons should be generalized
to the relativistic case, though above estimates are higher than
in realistic experiments. We will see below that relativistic
effects take place in weaker laser fields having linear
polarization. Though most of the electrons are ejected with
small, non-relativistic energies, we will be interested in the
ejection of a small number of `hot' electrons where relativistic
effects are important.

We do not consider high-frequency fields with the laser
intensities higher than in the cases of tunneling, or barrier-
suppression ionization. We will see below that relativistic
effects are most important in the energy and angular
distributions of photoelectrons. Besides this, we will see that
tunneling ionization is realized for relativistic electrons in
fields that produce barrier-suppression ionization for non-
relativistic electrons.

7.1. Ionization rates
The tunneling ionization rate is given by the Landau ±
Dykhne expression [3] (with exponential accuracy):

wif / exp

�
ÿ 2 Im

�t0
0

ÿ
Ef�t� � Ei

�
dt

�
: �49�

Here Ei is the unperturbed energy of the initial binding state,
andEf�t� is the energy of the final continuum state taking into
account the field of laser radiation. The classical turning point
in the complex plane of time is determined from the condition
Ef�t0� � ÿEi

Let us underline that Eqn (49) is also valid in the
relativistic case. Indeed, the classical action S � Pi dx

i is the
relativistic invariant. The coordinate part of the classical
action determines the pre-exponential factor in the transition
probability only. We neglect this part in this consideration.
Thus, Eqn (49) is valid in the relativistic case, and we should
use the relativistic expression for the energy of the final
continuum state Ef. In the calculations of this section we
also neglect the Coulomb correction produced by the
potential of the atomic core.

The adiabaticity parameter g < 1 determines the tunnel-
ing ionization process as in the general relativistic case.
Indeed, only the relativistic electron mass increases, but it is
equal to its rest mass in order of magnitude.

This problem was considered in Refs [74, 75] using the
approximation that relativistic effects are small, and the
magneto-dipole interaction between an electron and the
electric field should be taken into account in addition to
the non-relativistic dipole electric interaction. The general
relativistic case was considered in Ref. [76]; it operates with
simple analytic expressions for the classical relativistic
motion of a charged particle in the field of an electro-
magnetic wave.

7.2 Relativistic energy spectrum of photoelectrons
We apply the above described approach for the derivation of
the relativistic energy distribution of photoelectrons in the
field of linearly polarized low frequency laser radiation [77].
We restrict ourselves to the case of the ejection of an electron
along the polarization axis of the radiation only, sincemost of

electrons are ejected in this direction. Then the classical
relativistic energy of an electron in the laser field is given by
the well-known expression [78]:

Ef�t� � 1

2

�������������������
p20c

2 � c4
q

ÿ c2 � p2c2 � c4

2
�������������������
p20c

2 � c4
q : �50�

Here we put the electron's mass equal to unity, p � p�t� is the
electron momentum for the moment t, and p0 � p�0� is the
initial electronmomentum for themoment t � 0. The value of
p is determined from the cubic equation [77]:

2F
sinot
o
�
�
1� c4

p20c
2 � c4

�
�pÿ p0�

� c2

3�p20c2 � c4� �p
3 ÿ p30� : �51�

Substituting Eqn (50) into (49) and taking into account
Eqn (51), we obtain the relativistic energy distribution of
electrons in the tunneling ionization of an atom (with
exponential accuracy). We restrict ourselves to the case of
moderate values of kinetic energies of ejected photoelec-
trons:

Ee �
�������������������
p20c

2 � c4
q

ÿ c2 < c2 ;

i.e. to the case when this energy is less than the electron's rest
energy. Then the calculation of the integral in Eqn (49) is
essentially simplified, and we find

wif � w0 exp

�
ÿ 2Eeg3

3o
ÿ E 2

e g
c2o

�
: �52�

Here the quantity w0 is the non-relativistic ionization
probability. Together with the first factor in the exponent it
determines the non-relativistic energy distribution of photo-
electrons in a linearly polarized field [see Eqn (10)].

It follows from Eqn (52) that the relativistic effect
presented by the second term in the exponent is important
under the condition Ee > g2c2. This condition does not
contradict the above cited condition Ee < c2 if the adiabati-
city parameter g is small compared to unity in the tunneling
regime.

Thus, the relativistic width of the energy distribution is
given by

DErel
e � c

����
o
g

r
: �53�

For example, at g � 0:1 the conditions c2 > Ee > g2c2 are
fulfilled in the range of kinetic energies of photoelectrons
5 keV < Ee < 500 keV. According to Eqn (53) the width of
the energy distribution is of the order of 20 keV in the case of
radiation of a CO2-laser.

Thus, the conclusion can be drawn that the linearly
polarized radiation of a CO2-laser with an intensity higher
than 1015 W cmÿ2 produces a relativistic distribution for the
ejected photoelectrons with energies of the order of several
keV along the polarization axis of the laser radiation, though
the kinetic energies of these electrons are less than their rest
mass. The results can be used for the analysis of experimental
data [68].
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7.3 Relativistic barrier-suppression ionization
Here we consider the relativistic approach for barrier-
suppression ionization following Ref. [79]. The transition
amplitude from the initial binding state to the final con-
tinuum state is given in the general relativistic case by the
element of the S-matrix [80]:

Aif � ÿi
�
d4x



C�V�f jAmgmjC�0�i

�
: �54�

Here the quantity Am is the relativistic 4-vector of the
potential of the electromagnetic field, and gm is the Dirac
matrix. The wave function of the final continuum state is the
relativistic Volkov wave function which satisfies the Dirac
equation for an electron in the field of an electromagnetic
wave.

Of course, expression (54) describes both the case of
tunneling and barrier-suppression ionization. However, it
does not take into account the Coulomb correction for the
final wave function, so that results are valid only to
exponential accuracy. Relativistic effects are important
when the electron's velocity F=o is of order of the speed of
light.

Numerical calculations have been made for circularly
polarized field, since in the case of linear polarization
analogous calculations would be much more cumbersome.
The ionization of the ground hydrogen state is considered in
Ref. [79].

The most interesting results have been obtained for the
angular distribution of photoelectrons. We have said above
that most non-relativistic electrons are ejected in the polariza-
tion plane of circularly polarized laser radiation. However, in
the relativistic case this maximum is shifted to the direction of
propagation of the electromagnetic wave. The angle corre-
sponding to the new maximum is

cd � arctan

�
F

2co

�
:

From the physical point of view, this shift is explained by
magnetic part of Lorentz force which is directed along the
wave vector of the electromagnetic radiation. This effect also
takes place in the case of linearly polarized radiation [74].
Thus, we can conclude that the angular distribution of
photoelectrons in the case of a circularly polarized field is
very sensitive to relativistic effects.

The relativistic spectrum of photoelectrons produced by
circularly polarized field has a maximum at the relativistic
oscillation energy of an electron. The width of this maximum
increases with the electron's velocity.

8. Conclusions

The first conclusion from the results is that the condition of
tunneling ionization for the adiabaticity parameter, g2 < 1, is
also applicable for atoms and positive ions, if the radiation
field strength is much less than the critical strength (5).
Experimental data on ion yields are in a good agreement
with the predictions of the tunneling formulae of the ADK-
approach [12]. The energy spectra of photoelectrons for
tunneling ionization by linearly and circularly polarized
fields are also described well by simple theoretical expres-
sions. However, in most experiments, experimenters observe
tunneling ionization at the leading edge of the laser pulse,

instead of barrier-suppression ionization. It is possible that
only in one experiment [81] the ionization occurred in the
above-barrier regime: in this work the highly-excited states of
a hydrogen atom with the principal quantum numbers
n � 24ÿ 32 were irradiated by a linearly polarized micro-
wave field. The experimental data were compared to the
predictions of tunneling theories. It was found that the
ADK-expressions give larger values for the ionization rates
compared to the experimental data. One of the possible
reasons for this contradiction is that above-barrier decay
occurs in this case, instead of tunneling ionization.

In conclusion it should be noted that tunneling ionization
of atoms and atomic ions has been investigated in detail both
experimentally and theoretically. Simple ADK-expressions
well describe the experimental excitation curves for tunneling
ionization. The electron energy spectra for tunneling ioniza-
tion by both a linearly and circularly polarized field have been
explained. However, some problems arise, for example, the so
called `knee' in the region of weak intensities on the excitation
curves. Oppositely, the observation of the above-barrier
decay of atoms is now only in the initial stage of investiga-
tions, since hard conditions on the parameters of radiation
should be fulfilled for its realization.

This work was supported in part by the RFBR
(No. 96-02-18299) and by a NATO grant. We acknowledge
fruitful discussions with S L Chin.
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