
antisymmetrized correlator decreasing as an exponent. It is
also clear that the smaller the ratio 8Tx=�hg characterizing the
ammeter, the better the separation. If the ratio is rather small,
the contribution of the symmetrized current correlator is
always dominant.

The problem considered in this section is probably similar
to that of the phase breaking of electrons by an electric field.
This phase breaking does occur at zero temperature, but for
basic reasons, it can hardly be calculated by the substitution
of the symmetrized field correlator into the expressions for
the phase breaking in a classical fluctuating field. This
assertion can be proved by analysing diagrams describing
the damping of the `Cooperon', where a certain class of the
diagrams, which is substantial for the phase breaking is zero
in the quantum limit at zero temperature due to specific
cancellations.
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Exchange effects in shot noise
in multi-terminal devices

Ya M Blanter, S A van Langen, M BuÈ ttiker

1. Introduction

The interest in shot noise in mesoscopic systems [1] increased
considerably over the last decade after it was found that the
study of shot noise provides information on the system which
is not contained in the conductance [2 ± 4].

For metallic diffusive wires the bimodal distribution of
transmission coefficients [5] yields a spectacular 1=3-suppres-
sion of shot noise in the low frequency limit with respect to the
Poisson value,

S�o � 0� � 1

3
eGV : �1�

Here S�o� is the Fourier transform of the current ± current
correlator, S�t� � 
DI�t�DI�0��, while G and V are the
conductance of the wire and the applied voltage, respec-

tively; DI � I�t� ÿ hIi. Equation (1) was derived theoretically
in different ways [6 ± 10] and shown to be insensitive to
dephasing at least in the semi-classical theory [11]. After the
initial experimental confirmation of suppressed shot noise
[12] new experiments [13] followed in an interaction-domi-
nated regime [14] and a regime where shot noise is suppressed
by inelastic scattering [6, 15, 16]. A macroscopic metal
exhibits no shot noise [6, 17].

Similar results have been found theoretically for a ballistic
cavity with chaotic classical dynamics. Transport through
such a system can be described under the assumption that the
scattering matrix is a random matrix drawn from a circular
ensemble [18, 19]. As in the diffusive system, a bimodal
distribution of transmission eigenvalues reduces the shot
noise of a many-channel cavity below the Poisson value, but
with a suppression factor of 1=4 instead of 1=3 [19]. This result
does not require phase coherence. However, inelastic scatter-
ing further suppresses the shot noise [1].

Other recent developments of the field include experi-
mental investigation of the shot noise in the fractional
quantum Hall regime [20, 21], the theory of shot noise in the
half-filled Landau level [22], and investigation of the
frequency dependence of shot noise, experimentally [23] as
well as theoretically [24 ± 27].

Below we are interested in exchange effects in shot noise.
The phenomenon considered is known in optics as the
Hanbury Brown and Twiss effect [28] and was investigated
in mesoscopic conductors in Ref. [29]. We consider a
conductor, connected to four reservoirs a, b, g, and d at
equilibrium (examples are shown in Fig. 1), and discuss three
types of experiments. In experiment A the current is incident
from the probe b, i.e. ma � mg � md; mb ÿ ma � eV, ml being
the chemical potential of electrons in the reservoir l. In
experiment B the current is incident from probe d:
ma � mb � mg; md ÿ ma � eV. Finally, in experiment C the
current is incident from both probes b and d: ma � mg;
mb � md; mb ÿ ma � eV. The current correlation in probes a
and g is measured in all the experiments,
Sj�t� � ÿ



DIa�t�DIg�0�

�
, j � A;B;C.

A general analysis of Ref. [29] allows these quantities to be
expressed in terms of scatteringmatrices s ln, with the indices l
and n labeling the probes. Thus, for zero frequency and
temperature{ one obtains

SA

SB

SC

( )
� e2

p
ejVj

X1

X2

X1 � X2 � X3 � X4

( )
; �2�

xg

xd

xb

xa g

d

a

b
b

g

d

a

b
ay

x

Figure 1. Four-terminal conductors; the disordered area is shaded.

Reproduced from Ref. 10.

{ We set o � T � 0 and discuss only the regime linear in voltage V

throughout the paper. We also set �h � 1.
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with quantities Xi defined as follows,

X1 � Tr �syabs absygbs gb� ;
X2 � Tr �syads adsygds gd� ;
X3 � Tr �syabs adsygds gb� ;
X4 � Tr �syads absygbs gd� : �3�
The scatteringmatrices are evaluated at the Fermi surface,

and the trace is taken with respect to channel indices.
Thus, SC 6� SA � SB: experiments A and B are not

additive due to the interference terms X3 and X4. It was
shown in Ref. [29] that these terms come with different signs
for fermions and bosons; hence we will call them exchange
terms, and define the exchange contribution to the current
correlation as

DS � SC ÿ SA ÿ SB :

It follows from the unitarity of matrices s ln that the
quantities X1 and X2 (to be referred to below as direct terms)
are positively defined. At the same time, X3 � X4 can have
either sign. This means that exchange may either suppress or
enhance the direct value.

This is a general result, valid for an arbitrary multi-
terminal conductor. If one considers a metallic disordered or
a chaotic system, it is necessary to average all these quantities
over an ensemble of impurity or cavity configurations,
respectively. Naively, one might think that due to the phases
contained in the quantities X3 and X4 these will average to
zero, and thus the average of the exchange term hDSi vanishes
(here angular brackets are used to indicate the corresponding
average). Below we present the results of explicit calculations
of averaged correlation functions Sj, and demonstrate that
this is not the case. The average exchange correlator hDSi
generally has a nonzero value. For a diffusive system we also
provide a simple explanation of this phenomenon. Details of
the calculation can be found in Refs [10, 30].

Below we disregard the electron ± electron interaction.
For the diffusive system, since in the ensemble averaged
quantities the effect is local and electron trajectories enclos-
ing a large area are suppressed, the effect is not expected to be
sensitive to dephasing. For chaotic cavity, dephasing can be
modeled by an additional fictitious voltage lead. It is found
that the results presented below do not require phase
coherence [30].

2. Diffusive system

We consider a disordered two-dimensional system, connected
to reservoirs by ideal leads. The transverse motion of
electrons in each lead is quantized, and we assume that all
leads are wide, i.e. the number of channels at the Fermi
surface in the lead l is large, Nl � pFWl 4 1. Here pF is the
Fermi momentum, whileWl is the width of the lead.

General relations [31] allow one to express scattering
matrices for an arbitrary geometry through retarded and
advanced Green's functions of the system. The resulting
expressions should be averaged with the use of the standard
impurity diagram technique [32]. At the intermediate stage
one should solve the diffusion equation with boundary
conditions appropriate for a corresponding geometry. This
program was carried out in Ref. [10], where two particular
geometries, shown in Fig. 1, were considered. Before out-
lining our results, however, we would like to note that the

diagrams which give the main contribution to the exchange
terms in the current correlation function, can be translated
back to the language of electron motion in real space. The
typical electron trajectory contributing to these quantities is
shown in Fig. 2. The electron motion is essentially a diffusion
between different leads with ballistic propagation (described
by disorder-averaged single-particle Green's function) close
to the leads and somewhere in the middle of the sample. The
motion in the center is described by the Hikami-box [33], in
which all four points are separated by a distance which does
not exceed the wavelength. This means that within the
standard treatment of metallic diffusive conductors the
trajectories do not enclose any area. This is the reason for
the existence of an ensemble averaged effect. If, as one might
assume naively, the electrons moving along typical trajec-
tories for the exchange contribution assemble phases, the
ensemble average would vanish. The absence of phase
accumulation also makes it evident that the ensemble
averaged correlations are not sensitive to dephasing.

Nowwe describe the results for two particular geometries.

2.1 Box geometry
For the geometry of Fig. 1a we assume all the leads to be wide,
Wl 4 l, l being the mean free path, and then the diffusion
equation can be approximately solved. First of all, the results
both for direct correlation functions SA and SB, the exchange
contributionDS, and their ratio are not universal, and depend
on the geometry of the sample: the widths and positions of the
contacts etc.

Furthermore, for the symmetric sample (square L� L,
four identical contacts of widthW centered at each side of the
sample) one obtains [10]

X1 � X2

X3 � X4

� �
� Z1ÿZ3

� �
pFl

�
W

L

�4

; �4�

with positive constants

Z1 �
1

2 sinh3 p
�cosh pÿ 1��2p cosh pÿ sinhp� � 0:21 ;

Z3 �
1

sinh3 p
�2p cosh pÿ sinhp� � 0:03 :

b

a g

d

Figure 2. Typical electron trajectories, contributing to the exchange terms

in the shot noise. Solid lines denote ballistic propagation (described by

averaged single-particle Green's function), and dashed lines denote

diffusive propagation (described by the diffusion). Reproduced from

Ref. 10.
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It is seen that the exchange effect exists, and has a negative
sign (i.e. the exchange suppresses the result of experimentC in
comparison with the sum of the results of experiments A and
B). Although the relative value of the effect is X3=X1 � 0:1, it
should be clearly observable.

2.2 Cross geometry
We now consider the cross geometry of Fig. 1b, and assume
that all arms of the cross have equal lengths L and widthsW.
For L4W one can consider the diffusion as one-dimen-
sional.We also assume that the center of the cross is described
by a reflection coefficient R and a transmission coefficient
T � �1ÿ R�=3 between any two different arms. Since the area
of the cross is negligible in comparison with the areas of the
arms, we can rule out the possibility of finding the Hikami
box inside the cross, and allow it to be situated only in one of
the arms. Then it follows [10] that

X1 � X2 � l

3L
WpF

3�1� E2� � 4

�3� E�4 ;

X3 � X4 � 4l

L
WpF

Eÿ 1

�3� E�4 ;

with the quantity E defined as

E � 1� l�LT�ÿ1�1ÿ 2T� ; T4 l=L ;

l�LT�ÿ1 ; T5 l=L :

(
�6�

Thus, in the case T4 l=L, when the overall transmission
through the sample is governed by the diffusive arms rather
than by the center of the cross, one has E � 1. The quantities
X1 and X2 are regular for E � 1, and therefore assume the
finite value, X1 � X2 � �5=192��pFWl=L�. At the same time,
the exchange terms X3 and X4 are strongly suppressed in the
parameter l=L,

X3 � X4 � 1

64

pFWl 2

L2T
�1ÿ 2T� :

In the less realistic case T5 l=L (the transmission is
determined by the center of the cross) one obtains E4 1. All
quantities Xi are small, since now all channels are nearly
closed (cf. the situation for two-terminal shot noise [4, 2]),
however the exchange terms are additionally suppressed in
the parameter Eÿ1.

Thus, in the cross geometry of Fig. 1b the exchange noise
hDSi is suppressed in comparison with the regular terms
hSA � SBi irrespectively of the transmission properties of the
center of the cross. It is also quite remarkable that for the
cross geometry the exchange contribution is positive,
although small: the total effect is enhanced by the exchange.

The results obtained for the cross geometry allow us to
make predictions for experiments in real systems. Indeed, we
found that the exchange contribution is suppressed strongly
with respect to the average noise intensities hSAi and hSBi.
This result was obtained by assuming that the intermediate
scattering, described by the Hikami box, does not occur in the
center of the cross, i.e., strictly speaking, for ballistic
propagation through the center. One can imagine that the
center of the cross is itself a disordered or a chaotic system,
and then the entire exchange effect will be determined by
properties of the center of the cross. If the motion within the
center is diffusive, one can apply the results obtained above

for the box geometry. The total exchange effect is expected to
be negative. However, since the arms of the cross (which
correspond to disordered leads in real experiments) contri-
bute to the intensities hSAi and hSBi, but not to the exchange
contribution, the latter will still be suppressed, if disorder
extends far into the leads. Finally, if the center of the cross is a
chaotic cavity (see below), the disordered arms play the role of
high barriers, separating the cavity from the ideal leads. In
this case the exchange contribution is positive and enhances
the effect.

3. Chaotic cavity

We now consider a chaotic cavity, coupled to four reservoirs,
each lead carryingN channels. (For simplicity we assume that
time-reversal symmetry is broken by a small magnetic field.)
Using the uniform distribution on the unitary group of the
4N� 4N s-matrix [18, 19], one can easily average products of
four scattering matrix elements [34], as required for the
current correlations. One finds [30]

X1 � X2 � ÿ3X3 � ÿ3X4 � 3

4

N 3

16N 2 ÿ 1
: �7�

Note that the quantities Xi depend only on the number of
channels. The sign of the exchange contribution is negative,
i.e. the effect is reduced, as in the case of the disordered box
geometry.

The above results hold for ideal coupling of the leads to
the cavity. A set of interesting results is obtained if the cavity
is coupled to the reservoirs via tunnel barriers with a
transmission probability G (Fig. 3). In this case the effective
scattering matrix of the system is a rational function of the
scattering matrix s of the cavity. One can still average the
products of this effective scattering matrix for N4 1, by
expanding the fractions, and evaluating each term in the series
using the diagrammatic theory of Ref. [35]. For G4Nÿ1 one
obtains [30]

X1 � X2

X3 � X4

� �
� NG

64

G� 2
ÿ3G� 2

� �
: �8�

Thus, for G � 2=3 the exchange effect changes sign: if the
barriers separating the cavity from the reservoirs are high
enough, the exchange enhances the correlations. In the other
limit G5Nÿ1 of very weak coupling, the transport is
dominated by a single state at the Fermi level, yielding very
different results. In this case, the two-terminal shot noise

a
G

G

G

G

d

b

g

Figure 3. Chaotic cavity connected to four reservoirs via N-channel leads.

Tunnel barriers of transparency G model the non-ideal coupling of the

leads to the cavity. Reproduced from Ref. [30].
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vanishes, as it does for resonant tunneling through a
symmetric two-barrier system. In the four-terminal config-
uration of experiment C, the fluctuations and correlations of
the current do not vanish [30]. This is purely due to the
partition and unification of the noiseless total current from
lead b and d to lead a and g.

4. Conclusions

In conclusion, we investigated exchange effects in the shot
noise of multi-lead devices. We have demonstrated that this
effect exists not only in each individual experiment, but also in
the average over an ensemble of disordered or chaotic
systems. For the disordered case, the explanation is that
typical electron trajectories do not enclose any area, and
therefore do not average to zero. Furthermore, in the
disordered case both the sign and magnitude of the effect are
not universal and depend on the geometry of the sample. In
particular, for the box geometry shown in Fig. 1a, the
exchange suppresses the effect, and the magnitude of the
corrections is of the same order as the current correlations
themselves. In contrast, in the cross geometry, the exchange
enhances the effect, but the correction is small in comparison
with the direct terms. For chaotic cavities a universal
behavior is found: the exchange terms are equal to one third
of the direct ones and have opposite sign, i.e. the total effect is
suppressed. The potential barriers installed between the
cavity and the ideal leads increase the total effect, and for
high enough barriers the exchange enhances current correla-
tions.

This work was supported by the Swiss National Science
Foundation (Y. M. B. and M. B.) and the Dutch Science
Foundation NWO/FOM (S. A. v. L.).
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