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Abstract. The spin magnet ic m o m e n t of an electron 
moving in a h o m o g e n e o u s magnet ic field is a source of 
e lectromagnet ic rad ia t ion . This rad ia t ion (spin light) shows 
up at high energies and it is available for measurements in 
con tempora ry electron accelerators . The spin light ident i ­
fication p rob lem is considered when the spin rad ia t ion 
proceeds against the b a c k g r o u n d of powerful synchro t ron 
radia t ion , recoil effects, and other relativistic p h e n o m e n a . 
A relativistic neu t ron is considered to be a source of p u r e 
spin rad ia t ion . The cor respondence principle is formulated 
for spin rad ia t ion with and wi thou t the spin flip. 

1. Experimental observation of the spin 
dependence of synchrotron radiation 
As is k n o w n [1, 2], a long with the electron-charge rad ia t ion 
We, the synchro t ron rad ia t ion (SI) an electron emits when 
it moves in a magnet ic field includes the spin magnet ic 
m o m e n t rad ia t ion of the part icle. In the classical 
formulat ion, the electron-charge rad ia t ion power is 
specified by the following expression [1]: 
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m0c 
( i ) 

where E is the electron energy, R is the orbi ta l rad ius in the 
h o m o g e n e o u s magnet ic field, m 0 is the rest mass , and 
e = —e0 is the electron charge; the rad ia t ion power of an 
electron-spin magnet ic dipole precessing in the outer 
magnet ic field at a frequency coR =e0HR/(m0c) m a y be 
evaluated by means of the familiar formula from the 
classical theory [3], 

2 1 
2 A <*>RC± (2) 

in the frame of reference in which the electron is at rest (the 
'classical spin model ' ) . 

In this expression, fi0 = ^ 0 / i / ( 2 m 0 c ) is the Bohr m a g n e ­
ton , £j_ is the componen t of the 'classical ' spin vector 
{ft = —/JLQC) perpendicular to the magnet ic field. 

On conversion to the l abora to ry frame of reference and 
bear ing in mind tha t HR = yH in this case, it follows from 
the preceding formula for tha t 

w^l^cohr^w^-ea (3) 
in the classical in terpre ta t ion. H e r e the q u a n t u m pa ramete r 
£ has the form 

where H* =mlc3/(e0H) = 4.4 x 1 0 1 3 G is the Schwinger 
magnet ic field. 

The magnet ic dipole rad ia t ion power is p ropo r t i ona l 
to H2 and depends on q u a n t u m t rans i t ions accompanied by 
the spin flip (see Refs [1, 2]). However , q u a n t u m correc­
t ions to the classical expression for the synchro t ron 
rad ia t ion power (in the weak-field approx ima t ion { <̂  1) 
depend also on the linear expression in { [1, 2, 4] 

W = W{ 

24 (5) 
^ 5 5 ^ 
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where £ = ± 1 is the spin project ion on to the magnet ic field 
vector (here only the linear te rm is re tained in the 
expansion in te rms of the invar iant £). As shown by one 
of the au tho r s [5], this value cor responds to the complex 
rad ia t ion power , which m a y be described by the expression: 

Wefi = -Wc% (6) 

(see also Ref. [4]). 
The cited classical in terpre ta t ion of an essentially 

q u a n t u m p h e n o m e n o n of spin magnet ic m o m e n t rad ia t ion 
can be considered only as a qual i ta t ive one. It is significant 
tha t , a l though the complex rad ia t ion makes a small 
cont r ibut ion to the overall synchro t ron rad ia t ion power , 
it is available for measurements in experiments . Let us n o w 
proceed to the experiment . 

In 1983 the first q u a n t u m spin-or ienta t ion-dependent 
correct ion to the synchro t ron rad ia t ion power was exper­
imental ly identified at the Ins t i tu te of Nuclear Physics, 
Siberian Branch of the A c a d e m y of Sciences (Novosibi rsk) 
[6]. In this experiment , synchro t ron rad ia t ion was for the 
first t ime observed to be dependent on the spin or ienta t ion 
of a free electron moving in a macroscopic magnet ic field. 

The p rocedure for exper imental observat ion of spin 
dependence of synchro t ron rad ia t ion power was p roposed 
in 1977 [7], and the expe r imen t ! itself was described in 
detail in Ref. [8]. The source of synchro t ron rad ia t ion was a 
compensa ted t r ipolar wiggler j m o u n t e d on the rectilinear 
space in an accumula tor . The field was abou t 20 kG in the 
central pa r t of the wiggler, and its direction could be 
changed wi thout dis turbing the beam in mot ion . A lead 
filter 4 to 6 m m thick was employed to extract the ha rd pa r t 
of the spectrum, where the complex rad ia t ion domina tes the 

f The authors are very grateful to A E Bondarenko and V N Zhilich, 
scientists from the Novosibirsk Institute of Nuclear Physics, for the 
exhaustive information on the experiment. 

JA wiggler is an analogue of the magnetic undulator with a high 
magnetic field [4]. 

synchro t ron radia t ion . The mean p h o t o n energy recorded 
was 2 0 0 - 2 5 0 keV for the field of 16 to 18 kG in the wiggler 
while the synchro t ron rad ia t ion energy was 35 keV in the 
accumula tor . A b o u t 2 x 10 3 p h o t o n s hit the detector per 
pass of the cluster at the current of 0.5 m A in the beam. 

In measurements the intensities of two electron clusters 
ro ta t ing s imultaneously in the beam, with equal currents 
bu t with different degrees of polar isa t ion , were compared . 
A special selective depolariser was designed to a t ta in this 
goal. It enables an experimenter to depolarise only one of 
the two clusters circulating in the accumula tor . At first the 
b e a m s were adjusted by the ra te of count ing of the p h o t o n s 

=Ni/N2 — 1. The quan t i ty A0 was ~ 10~ 3 when the 
currents were equal at a level of 10~ 5 . Then, as the self-
polar isa t ion process occurred in the beams , cont ro l meas ­
u rement s were taken for stability of A0 = const over a 
per iod of one hour . At ta (Fig. 1) the depolariser was 
switched on so tha t one of the clusters was depolarised. In 
this case, an ab rup t change was registered in the rat io of 
count ing rates . The difference in counts remained 
unchanged up to tb when the depolariser was switched 
off. Then the quant i ty A = A(t) smooth ly regained its 
equil ibrium value subject to the S o k o l o v - T e r n o v effect 
[9]. The degree of equil ibr ium polar isa t ion could be 
determined by the t ime for which the polar isa t ion came 
to the equil ibrium state over the per iod tb — tc. In experi­
ments , this value was measured to be 7 1 % , i.e. it 
cor responded to the theoretical ly predicted value for 
such an accumula tor . At tc ano ther cluster was depola­
rised. As a result, the quant i ty A changed its sign and 
remained constant up to td when b o t h b e a m s were 
depolarised. 

In addi t ion, measurements were carried out when the 
direction of the magnet ic field in the wiggler was changed 
after each measurement . In this case, the quan t i ty A 
changed its sign every t ime. 

N o t e tha t the p rob lem of electron spin observabil i ty has 
a long and intr icate history. As Bohr showed, a direct 
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measurement of free electron spin is impossible in experi­
men t s like those of Stern and Ger lach, as the spin 
observabil i ty condi t ion comes into conflict with the 
uncer ta in ty relat ion and the wave na tu re of an electron 
when the Loren tz force comes into play. A comprehensive 
analysis of this p rob lem m a y be found in the paper wri t ten 
by Paul i in 1930 [10]. 

Since the direct me thod of measur ing the spin (by Stern 
and Ger lach) proved to be inconsistent, o ther m e t h o d s were 
p roposed to p roduce and observe free polar ised electrons. 
Some of them were successfully realised [11, 12]. However , 
it was still unclear h o w the spin could be observed in a 
macroscopic magnet ic field [13]. It is possible tha t the 
B o h r - P a u l i ' t a b o o ' syndrome is responsible for the fact 
tha t the cited experiment and its fundamenta l significance 
were hard ly noticed. 

2. Synchrotron radiation and spin light 
In the magnet ic field of a synchrot ron , the electrons are 
na tura l ly polar ised because of the S o k o l o v - T e r n o v 
radiat ive self-polarisation effect [9]. The wel l -known 
explanat ion is as follows. The probabi l i t ies of q u a n t u m 
t rans i t ions are different for the two possible or ienta t ions of 
the spin in the magnet ic field. As a result, electrons tend to 
occupy a m o r e stable state when the spin is oriented 
opposi te to the magnet ic field. Accord ing to Ref. [9] (see 
also Refs [14, 15]), the degree of polar isa t ion of an electron 
beam is 92.4% in ideal condi t ions . The spin re laxat ion t ime 
depends on the electron energy and magnet ic field 
intensity. In par t icular , the re laxat ion t ime is abou t 1 
hour for the typical pa rame te r s E = 1 GeV and H = 10 4 G 
in electron accelerators . Therefore, the effect is best 
observed in electron storage r ings (for details, see Section 
6 and also Ref. [16]). 

The magnet ic dipole rad ia t ion , which accompanies spin 
t ransi t ions , is negligible against the b a c k g r o u n d of the 
electron-charge synchro t ron rad ia t ion . In its p u r e form, 
the spin magnet ic m o m e n t rad ia t ion (spin light) cont r ibutes 
to the synchro t ron rad ia t ion power as a small correct ion 
p r o p o r t i o n a l to H2 [17]. In the experiment performed in 
Novos ib i r sk the rad ia t ion observed was p r o p o r t i o n a l to the 
first power of Ti. It is shown be low tha t this rad ia t ion is due 
to the interference of charge rad ia t ion and the spin 
magnet ic m o m e n t rad ia t ion of the electron, and this gives 
rise to the complex rad ia t ion p ropo r t i ona l to H. 

The progress m a d e in the q u a n t u m theory of synchro­
t ron rad ia t ion [1] based on the exact solut ions to the 
relativistic D i rac equat ion and the r igorous m e t h o d s of 
q u a n t u m electronics m a d e it possible to describe the 
spectral-angular dis t r ibut ion of synchro t ron rad ia t ion 
power with considerat ion for all q u a n t u m features, includ­
ing spin evolut ion [1, 14, 18]. However , the physical 
in terpre ta t ion of the q u a n t u m correct ions to the classical 
theory remained unclear since there was no simple way of 
t rans i t ion to the classical theory . It was established only 
relatively recently tha t synchro t ron rad ia t ion has a complex 
s t ructure depending on a number of fundamenta l p h e n o m ­
ena: the charge rad ia t ion itself (convent ional synchro t ron 
rad ia t ion) ; recoil effects accompany ing the rad ia t ion ; inter­
ference of fields of charge rad ia t ion ; the spin magnet ic 
m o m e n t rad ia t ion (complex rad ia t ion) ; the spin m o m e n t 
rad ia t ion itself; and the rad ia t ion associated with the 
a n o m a l o u s magnet ic m o m e n t of the electron [2, 5]. 

The in terpre ta t ion of spin correct ions to the synchro­
t ron rad ia t ion power is no t simple since spin correct ions 
have an equal compet i tor , namely, the recoil effects 
accompany ing the rad ia t ion . They also m a k e cont r ibu t ions 
to the synchro t ron rad ia t ion power , p ropo r t i ona l to Ti as 
well as to ft2, and, moreover , the recoil effects are essentially 
different for an electron and a charged spinless part icle 
(boson) in the second order in H. 

In this s i tuat ion, the relativistic quasiclassical t h e o r y ! 
p roposed by Schwinger [19] and developed by Baier [ 2 0 - 2 2 ] 
proved to be a h a n d y ins t rument for research. The basic 
conclusions of the strict q u a n t u m theory [1, 14] were 
replicated in the quasiclassical app roach for high-energy 
part icles following macroscopic pa ths . In par t icular , the 
q u a n t u m correct ions to the classical formula for the 
synchro t ron rad ia t ion power , radiat ive polar isa t ion effects 
for electrons and pos i t rons in s torage rings, and q u a n t u m 
widening of orbi ts of part icles were established anew. 
Certainly, this result was predictable , bu t the quasiclassical 
app roach also proved to be appropr i a t e for the physical 
in terpre ta t ion of q u a n t u m effects [17, 2 5 - 2 7 , 5]. 

3. Relativistic semiclassical radiation theory 
The compu ta t iona l technique and scope of the relativistic 
semiclassical theory are presented in the excellent work of 
Jackson [24]. In this theory all features of mo t ion of a 
relativistic electron are considered to be classical a long the 
trajectory and the q u a n t u m processes associated with 
rad ia t ion are accounted for by the replacement of the 
electron velocity with the t ransi t ion mat r ix element: 

/ ? ^ < f | a | i > , (7) 
where ft = u/c is the dimensionless velocity of an elec­
t ron , a = a(f) are the wel l -known Di rac matr ices in the 
Heisenberg representa t ion, |i) is the ket-vector of the initial 
state, and (f| is the bra-vector of the final state. The 
noniner t ia l i ty of mo t ion of an electron is not essential for 
q u a n t u m t rans i t ions in the range of t empera tu res typical of 
synchro t ron rad ia t ion , and the mat r ix element in E q n (7) is 
calculated for the wave functions of a free electron 
( q u a n t u m kinematics) with the ket-vector: 

|i) = 
V2 

( /r + i \ 

10, (8) 

-1 /2 where y = (1 — ft ) ~ ' is the relativistic Loren tz factor, a is 
the Paul i matr ix , and the spin states in project ion on to an 
a rb i t ra ry direction £ = (sin v cos A, sin v sin A, cos v) are 
given by the spin ket-vector 

j / C V l + C c o s v \ 

^ \ V I - C c o s v exp(U) / 

where X and v are the direction angles of the spin 
project ion. The normal i sa t ion is chosen so tha t 

10 C = ± i (9) 

< i |& | i>=/J , <C|<x|C> = £ (10) 

fThe full mathematical justification of the quasiclassical approach is 
given in Ref. [23]. Here we use a simplified semiclassical version of this 
theory which we used earlier in Refs [17, 25-27]. 



1040 V A Bordovitsyn, I M Ternov, V G Bagrov 

Inhomogenei t ies in the leading magnet ic field are assumed 
to have no effect on the electron polar isa t ion process [28, 29]. 

The Four ie r t ransform of the rad ia t ion field is specified 
in the same way as in classical e lectrodynamics: 

Eh. 
Rc 

e x p | k o n*r 
c 

•dt (11) 

where ns are the basis vectors of the linear rad ia t ion 
polar isa t ion (s = cr, n), n is the uni t vector from the charge 
t owards the poin t of observat ion, co is the rad ia t ion 
frequency, and all the other symbols are convent ional 
no ta t ion . 

In the ultrarelativist ic approx imat ion , all variables are 
expanded into series in te rms of small pa rame te r s ct/p, 
and where p is the orbi ta l rad ius of an electron in the 
h o m o g e n e o u s magnet ic field, and \j/ is the angle between the 
vector n and the orbi ta l p lane (the project ion of n on to the 
orbi ta l p lane is paral lel to ft ). W e have 

i <A2 1 c2t2 

IF 

2 

ct G 

n + — rf 
P 

(12) 

o, iA = (o, 1, 0) 

nn = 0, 1 

correct to the second order of smallness (e < 0, the 
magnet ic field is paral lel to the Z axis). 

The mat r ix element of E q n (7) should be calculated with 
the laws of conservat ion of energy and m o m e n t u m : 

: m0c2yf + Hco , 2 
m0c y • yfi = yffif + Bam. (13) 

The spectral-angular dis t r ibut ion of the rad ia t ion is 
specified by the usua l expression [1]: 

d2Ws c2R2 

\F~ I (14) 
dcodQ 87 i 3 p 

4. Recoil effects and complex radiation 
W e in t roduce the recoil pa ramete r s = Hco/(m0c2yf). Then 
instead of E q n (13) we have 

1 + 8 ' 
P1 = ( \ + e ) p - e n . (15) 

In the linear approx imat ion in ft, the mat r ix element of 
E q n (7) is calculated to be: 

<fja|i> = i + ' V - < n o - i 8 

y + l P 

(16) 
In this formula, the first te rm with ft describes the 

rad ia t ion of a charge and the recoil effects associated with 8, 
whereas the second term with the Paul i matr ices is 
responsible for the spin magnet ic m o m e n t rad ia t ion [the 
Bohr magne ton p0 = e0H/(2m0c)]. 

By subst i tut ing the mat r ix element [Eqn (16)] into 
E q n (11) we find 

Eh. 
ecop 
Rcy2 { 0 + | ) < f ' 1 0 ^ +|<C/l*JC>£/f 

+ 8 [ < c , i a + i o ^ + <c,ia_ic)^]} (17) 

where 

US = ^ = ( 1 +?)K2/3{x), US = -lx(l+X2)l/2Klfi(x) , 

Ul = - ^ ( l + x y / 2

K l / i ( X ) , t / f = 0 , 

^ 3 = ^ z ( l + Z 2 ) 1 / 2 ^ / 3 ^ ) 

^ 3 = ± ^ ( l + Z 2 ) 1 / 2 ^ 1 / 3 ^ ) T ( l + Z 2 ) 1 / 2 ^ 2 / 3 ( ^ ) ] , (18) 

and, in addi t ion, 

1 cb * 
x = --r] 

3 co r,=UI+X2y/2, m0cy 

The M c D o n a l d functions Ki/3(x) and K2P(x) appear as 
a result of expansion of the pre-exponent ia l factor in 
E q n (11) with re tent ion of the linear t e rms in ct/p, 
and General ly, the t ime dependences of the o(t) 
opera to r s should be considered. These opera to r s are 
solut ions to the Heisenberg spin precession equat ion for 
a h o m o g e n e o u s magnet ic field (p < 0): 

<r±(t) = G± exp(± ia t f ) , dz(t) = az (19) 
where cr± = ( G X zbicr} ; )/2. However , it suffices to consider 
the pr incipal te rm in the expansion exp( i i a t f ) w 1 ±ict/p 
because all the other t e rms in (f \P\i)'ns are of the first order 
of smallness. This correlat ion will be considered in m o r e 
detail for the ' t rue ' magnet ic m o m e n t of an electron (see 
Section 7). 

If we then use the s tandard p rocedure of classical 
e lectrodynamics one obta ins , according to E q n s (14) and 
(17), the spectral-angular rad ia t ion dis t r ibut ion in the form: 

i + ^ V c w + ^ c V z i o ^ f 2 
d2Ws 2 - 2 

e co 
dcodQ 8 t c Y 

+ 8 2 < r K i o ^ + <cv i0 t / i (20) 

Here we account for the fact tha t the te rms like the 
p roduc t s UQU^3 and UfU^ are odd functions of % and 
vanish u p o n integrat ion with respect to angles. 

If we restrict ourselves to the linear approx imat ion in 8, 
then only the charge radia t ion , spinless recoil effects, and 
complex rad ia t ion of the 'charge + electron ' spin magnet ic 
m o m e n t ' system remain in expression (20): 

e2ti2 1 + C C ' 
[ ( l + 8 ) | ^ 2 + C c O S V 8 ^ r ] . (21) 

d2Ws 

dcodQ 87tY 2 

To deduce the last formula we used the relat ionships 

<C'|C> = ^ = *c.c'. 

( C ' K I C ) =\ [(1 + £ £ ' ) £ c o s v - (1 - CC) sin v] 

(22) 

H e r e v is the spin or ienta t ion angle given by E q n (9). 
If we then integrate Eqn (21) with respect to the 

spectrum and angles in the usua l way, we obta in the 
overall polar ised rad ia t ion power : 

i + c r ws = w SR • • A O . (23) 
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where 

2 e2cy4 

3 

is the synchro t ron rad ia t ion power and the function fs(£) 
specifies the polar isa t ion of the linear rad ia t ion: 

7 25a /3 

no 
no 

1 

12 

5a /3 

{ — ££cosv 9 

8 24 

where £ = 3Hy2/(2m0cp) is the wel l -known dimensionless 
invar iant in the q u a n t u m theory of synchro t ron rad ia t ion 
(sometimes ano ther pa ramete r , % = 2 £ / 3 , is used instead of 

see Ref. [19]). The presence of the coefficient (1 + £ £ ' ) / 2 
in Eqn (21) and others indicates tha t this rad ia t ion is no t 
related to the spin flip since Eqn (21) equals zero for 

c = -c 
Summat ion over s = cr, n yields 

W = WSK1-^M), (24) 
where 

/ ( { ) = l + ^ 5 - « c o s v . 

E q n s (23) and (24) are obta ined on the assumpt ion 
tha t £ <̂  1. In the real s i tuat ion, this condi t ion is satisfied 
for con t empora ry accelerators. There is no pr incipal 
difficulty in extending the result to { > 1 (see, for exam­
ple, Ref. [16]). 

The q u a n t u m correct ions in E q n (24) were calculated 
earlier by m e t h o d s adop ted in q u a n t u m electrodynamics. 
The first q u a n t u m correct ion — ( 5 5 ^ / 2 4 ) £ was determined 
in Ref. [30] (later this result was replicated in Ref. [19]). 
Ano the r q u a n t u m correct ion — which depends on spin 
or ienta t ion, was obta ined in Ref. [18] (see also Ref. [31]). 
However , the physical mean ing of these correct ions 
remained unexpla ined for a long t ime. T o d a y we k n o w 
tha t the first describes the recoil effects and the second is the 
complex rad ia t ion [17], the in terpre ta t ion of which is not , 
however , so simple as it m a y seem at first (see Section 5). 

Let us consider the features of complex rad ia t ion in 
m o r e detail. It follows from the c o m m o n formulas for the 
rad ia t ion power [Eqns (23) and (24)] tha t this rad ia t ion is 
due to q u a n t u m t ransi t ions wi thou t the spin flip. The 
complex rad ia t ion is completely linearly polar ised in the 
orbi ta l p lane (3 componen t ) . Elect rons polar ised a long the 
magnet ic field yield the largest cont r ibut ion to the rad ia t ion 
when v = 0. The complex rad ia t ion power increases 
smooth ly with the degree of polar isa t ion of the electron 
beam [6]. The complex rad ia t ion d isappears for n o n p o l a ­
rised electrons when v = K/2; it is also absent for electrons 
polar ised a long the velocity or orbi ta l rad ius [32]. 

The angular complex rad ia t ion dis t r ibut ion is, in 
contras t to synchro t ron rad ia t ion , m o r e poin ted (Fig. 2). 
The peak rad ia t ion frequency c o ^ a x is percept ibly shifted 
t owards high frequencies in compar i son with cofax (Fig. 3). 

Unfor tuna te ly , only a qual i ta t ive spin dependence of 
synchro t ron rad ia t ion was recorded in the experiment 
performed in Novos ib i r sk . It is desirable to perform a 
m o r e detailed s tudy of the cited features of the complex 
radia t ion . 

- 4 - 3 - 2 - 1 3 4 
x 

Figure 2. Angular distribution: synchrotron radiation X°(x) — 
3/4(1 +f)5/2 ( 7 ) and complex radiation ^ ( x ) = 35/32(1 + f)9/2 ( 2 ) . 

3.0 y 

Figure 3. Spectral distribution: synchrotron radiation 
F e

f f = (9V3/\4n)y[$™K5/3(x)dx+K2/3(y)] ( 7 ) and complex radiation 
Y!ll = {9y/3/Sn)y2Kl/3(y) ( 2 ) . 

5. Interpretation of complex radiation 
The recoil effects m a y be demons t ra ted clearly and 
convincingly by the example of the rad ia t ion of a spinless 
part icle (boson) . In this case, the rad ia t ion associated with 
the spin is absent and q u a n t u m correct ions p ropo r t i ona l to 
% and %2 are reduced to the recoil effects. 

The mat r ix element E q n (7) is calculated for a boson 
with the same semiclassical me thod for spin functions with 
the ket-vector 

The boson n o r m i n g is chosen so tha t (see Ref. [1]) 

(i\yp\i)=p. 

The formal difference from the first condi t ion given by 
E q n (10) is tha t a is changed for yfi. It is easy to see tha t 

(f\yp\i) = vTTe/S . (25) 
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In the linear approx ima t ion in s or in ft, this expression 
coincides with the spinless term in E q n (16), which is no t 
zero for £ = £ ' according to Eqn (22). The recoil effects for 
an electron and a boson are different only for the te rms 
p r o p o r t i o n a l to ft2. This fact is also k n o w n in the exact 
q u a n t u m theory [32] (see also Section 6). 

The fact tha t the term with the Paul i matr ices in 
E q n (16) is related to the spin magnet ic m o m e n t rad ia t ion 
m a y be shown by considering the features of the spin 
precession for a Di rac part icle in electromagnet ic fields. W e 
shall present the interact ion between the electron 's spin 
magnet ic m o m e n t and the field in the form: 

Hi £7 cffi-ro^ A*o (r z7cff\ (26) 

where Hjfp is some effective rad ia t ion field, IT3^ is the 
dimensionless^ spin tensor (p0Tla^ = ff^ is F renkeF tensor 
[33]), £ and Z/off

 are, respectively, the uni t spin vector and 
the effective magnet ic field in the system of an electron at 
rest. The field Hff m a y be determined from the F r e n k e P -
B M T ( B a r g m a n n - M i c h e l - T e l e g d i ) spin precession equa ­
t ion [34, 35]. H e r e we rewrite this equat ion in the form 

£ = -£-(cxffo-) 
dt m0cy v 7 

(27) 

where 

7+1 
= f f f o + - x r ( j 8 x £ 0 ) , 

1 y + 1 

H0 = y^H -

- A 
E0 =y\E+(PxH)-j^-[P(p-E) (28) 

are fields in the rest system of an electron, and the quant i ty 
a = (g — 2)/2 characterises the a n o m a l o u s magnet ic 
m o m e n t of the electron \ia = p0a. The presence of the 
Loren tz factor in the denomina to r of E q n (27) m a y be 
explained by the way in which the var ia t ion of £ with t ime t 
is determined in the l abora to ry frame of reference. 

If we neglect the a n o m a l o u s magnet ic m o m e n t of the 
electron in Eqn (27) and assume tha t g = 2, then 

Hf = H -
y + 1 

In the nonrelat ivist ic approx imat ion , 

77eff • <H-l-(PxE), 

whereas 

•(P*E) 

(29) 

(30) 

(31) 

In contras t to Z/0, the field Z/off
 includes the coefficient 

1/2 k n o w n as T h o m a s ' s ha l f . The reason tha t Hff is 
different from H0 is tha t the spin precession is the sum of 
the L a r m o r and T h o m a s precessions (see also Ref. [1]). 
Correspondingly , the field H{ 

eff 

eff . ••HL

0+HT

0

h 

can be presented in the form 

(32) 

where 

r/l <̂  IT 

"0 — 2 ° ' 

m h = -
7+1 

(33) 

Only in the u l t imate nonrelat ivist ic case when the 
T h o m a s precession can be neglected does E q n (27) coin­
cide with the equat ion for the magnet ic m o m e n t precession 
in classical e lectrodynamics: 

dt ' 
ge 

2m0c (Cx^o) (34) 

(C x H 0 ) (35) 

It could be said tha t in this case the spin magnet ic 
m o m e n t of an electron exhibits the proper t ies of the ' t rue ' 
magnet ic m o m e n t (see the papers by T a m m [36] and 
Ginzburg [37]). 

The ' t rue ' character of the magnet ic m o m e n t of an 
electron manifests itself also in the hypothe t ica l c a s e | g 5> 1 
when the entire magnet ic m o m e n t is a n o m a l o u s and 
E q n (27) takes the form 

dC = ge 
dt 2m 0 cy 

In fact E q n (35) describes the spin precession for a 
neu t ron , the magnet ic m o m e n t of which is entirely a n o m ­
alous. This equat ion m a y also be used in the case of the 
uniform rectilinear mo t ion of an electron in Wien-fil ter-type 
fields when the T h o m a s precession d isappears [ 3 8 - 4 0 ] . It is 
very interest ing tha t the si tuat ion with the ' t rue ' magnet ic 
m o m e n t is the same in rad ia t ion theory (see Section 7). 

However , it is t ime to re turn to the real electron. If 
g = 2, the effective interact ion between the spin magnet ic 
m o m e n t of an electron and the rad ia t ion field is specified, 
according to E q n s (26) and (29), by the expression 

HT = - c { h - ^ [ ^ e ] } (36) 

and the overall interact ion of the charge and magnet ic 
m o m e n t of the electron with the radia t ion field has the form 

H1 Hr+m 

(37) 
Wi th regard for 

E = -\kA, H = nx E (38) 

where k = co/C is the wave number , E q n (37) can be 
rewrit ten in the form: 

Hmt = -e(peff>A) , 

where 

Hk 
i 

2m0cy 
C In 

7+1 

(39) 

(40) 

Clearly, Eqn (40) cor responds to the mat r ix element 
[Eqn (16)] in the relativistic semiclassical theory of rad ia t ion 
bu t wi thout recoil effects which we have no t considered in 
the above purely classical analysis. It is r emarkab le tha t 

fWe do not discuss here the issues of the complicated functional 
dependence of the anomalous magnetic moment of an electron on the 
outer magnetic field intensity and the energy level number [39, 1] since 
we assume that \ia — const and the D i r a c - P a u l i spin equation, from 
which the Frenke l ' -BMT equation follows [2], remains valid for a > 1. 
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(CMC) — C f ° r rad ia t ion wi thout a spin flip and expressions 
(40) and (16) coincide one- to-one when the recoil effect is 
no t t aken into account ; thus the origin of the complex 
rad ia t ion becomes clear. 

6. Structure of quantum corrections to the 
synchrotron radiation power 
Let us n o w study the synchro t ron rad ia t ion with regard for 
the q u a n t u m correct ions of the second order in h. The 
recoil effects and complex rad ia t ion are also present here. 
However , there is a new specific type of rad ia t ion due to 
the na tu ra l magnet ic m o m e n t of an electron (spin light). 
The ft-quadratic rad ia t ion is accompanied by t rans i t ions 
b o t h with and wi thout a spin flip and it has a very complex 
na tu re . In this approx ima t ion the rad ia t ion from the 
a n o m a l o u s magnet ic m o m e n t of an electron becomes 
perceptible and it is, as we shall see, principally different 
from the spin magnet ic m o m e n t rad ia t ion (Bohr magne ton) . 

In the q u a n t u m theory of rad ia t ion which is based on the 
D i r a c - P a u l i equat ion , the a n o m a l o u s magnet ic m o m e n t is 
t aken into account t h rough the following change [41]: 

^eff = a-i^(p3[dxn\+p2a) . (41) 

Convers ion to the semiclassical theory of rad ia t ion 
yields 

/ ? - < f i « e f f | i > (42) 

instead of E q n (7). 
One must bear in mind when calculat ing the mat r ix 

element tha t \iaKJe = sy'a/2 w s in the range of velocities 
typical of synchro t ron rad ia t ion . Therefore, the mat r ix 
element m a y be calculated wi thout t ak ing into account 
the recoil effects (/?' = fi) in the linear approx ima t ion in e. 
Otherwise we will follow the me thod described in Section 4 
and obta in 

If the te rms in the Four ie r t ransform of the field are 
grouped by the same criterion as in E q n (17), then spectral-
angular rad ia t ion dis t r ibut ion does not formally differ from 
tha t given by E q n (20). However , the functions U-
(i = 1, 2, 3) have m o r e complex forms: 

1 
ul3=^x(i+x2f2 

x { ( l +a)Km{x)T2a{l+x2)l/2K2/i(x)} , 

1 
UZ3 = ±-^{[l+2a(l+X

2)]Kl/3(x) 

^(l+2a)(l+X

2y/2K2/3(x)} . (46) 

The functions UQ remain unchanged . In addi t ion to 
E q n (22) there is the re la t ionship: 

< c v ± i o 4 ( f ) 
x [ l T ( C - CO cos v - C C ' c o s 2 v ] 1 / 2 exp(=bU) .(47) 

F u r t h e r man ipu la t ions are per formed in an ord inary 
fashion. Omi t t ing insignificant details we present the final 
expressions for the linearly polar ised rad ia t ion power in the 
linear approx ima t ion in a (in which the D i r a c - P a u l i 
equat ion is also t rue) 

1 + ££.' / 7 25V3 B , 325 

— £ COS V 

8 12 

', 2 4 5 ^ , 2 1 (f 2 4 5 V 3 , 2 

£ C — a £ C 
^ 48 ^ 6 V 72 

<f1«eff|i> < c w > - » y + l 

y a { [<C'|*|0-(» - « ] - «C'l*l0/9-(/* x « ) } • 
(43) 

In compar i son with E q n (16) there are addi t iona l te rms 
with the a n o m a l o u s pa r t of the magnet ic m o m e n t of the 
electron. In the classical in terpre ta t ion (see Section 5), the 
energy of interact ion of the magnet ic m o m e n t and field is 
n o w presented in the form: 

Hi -Ho 

yal{c.[H-(PxE)]}-:Jr[^fi)(m y + l 

As in Section 5, it then follows tha t 

(44) 

£ x [n-

+ x ( n - / ? ) ] -
y + l 

7 + 1 

(C•/*)(/» x »)} .(45) 

This formula is an extension of E q n (40) and an 
ana logue of Eqn (16). 

2 5 ~ a z2 - 2 2 0 1 + 2 

+ cos v —-— C - sin v cos A ——— Q 

+ 
1 - CC' / 5 - a . 2 , / 2 , - 2 • 2 u

 1 + 2 a 

- — s i n v + (cos v + sm vsm / ) -
18 

35a /3 
+ C C 0 S V W ^ 2 } ' (48) 

Wn = W SR 
l + C C ' / l 5 ^ ^ + 25 ^ 2 

- ^ C c o s v f - C 

8 24 

1 . 245a /3 s 2 

C 

18 

432 

+ 

+ 

"5 + 22a . 2 . 13 n , . . 2 ' 
sin / + — (1 + 4a) cos A s in 2 vC2 

1 - C C ' / 5 + 22<2 2 , • 2 2 n 
— (cos v + sm vcos A) 

13 
+ — (1 + 4 a ) ( c o s 2 v + s i n 2 v c o s 2 A ) 

18 

+ Ccosv — h+-a))e (49) 
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The overall rad ia t ion power is 

w w J i ± K 7 i 1 7 5 ^ 

, . 2 / 5 + 22a . 2 7 + 2 7 a 2 A . 2 
+ sin v ( sin X H cos A 1Q 

5 + 22a 
H — ( —-— sm v + 

+ • 

2 \ 9 

7 + 2 7 a 
(cos v + sin vcos X) 

35V3 / 40 u s 2 + Ccosv — ( \ + - a ) )e 

(cos v + sin vcos X) 

(50) 

In these equa t ions the spin or ienta t ion m a y be averaged 
over the az imutha l angle X 

s in 2 X = co s 2 X = ]- , 

cos 2 v + s in 2 v s in 2 X = co s 2 v + s in 2 v cos 2 X 

1 
(1 + c o s 2 v ) , (51) 

and they then coincide with the results given in Ref. [26] 
(see also Ref. [42]). If instead of averaging over A, we 
consider the spin to be oriented a long the velocity of the 
electron (v = n/2, X = 0) or a long the orbi ta l rad ius 
(perpendicular ly to the magnet ic field) (v = n/2, 
X = n/2), then E q n s ( 4 8 ) - ( 5 0 ) go for a = 0 into the 
results t rue in q u a n t u m electrodynamics [43]. 

In the most interesting case of t ransversely polar ised 
electrons (v = 0), E q n s ( 4 8 ) - ( 5 0 ) are simplified and u p o n 
averaging over X t ake the form: 

no=1±f[i 

fn(0 = l-±f[i 

a) 

25y/3 e I 325 g2 
12 * 18 ^ 

_ 5 % / 3 £ + 2 5 *2_ 
24 ^ ^ 18 ^ 

(2) 

- C ( £ - ^ 2 ) 

(5) 

(3) 

i WT [ 2 3 , r 3 5 v g 
^ 2 L18 ^ 48 

(4) 

+*0+C2#s)]«2. 

+i(48+\%^)\e. 
(5) 

(52) 

T h e overall rad ia t ion power is specified by the expres­
sion: 

w = w + w n = w w ( £ ) (53) 

(1) 
55\/3 g | 175 g2 

24 ^ 9 ^ 

(2) (3) 

_ a ?2 
9 

(5) 

+ 5 g2l , WT [ 4 , 3 5 v g 
^ 9 ^ ] ^ 2 L 3 ^ 4 8 

(4) (5) 

The vertical lines separate the charge rad ia t ion (1) from 
the recoil effects (2), complex rad ia t ion (3), spin magnet ic 
m o m e n t rad ia t ion (4), and the rad ia t ion associated with the 
a n o m a l o u s magnet ic m o m e n t (5). 

If we do not separate the s t ructura l elements of the 
synchro t ron rad ia t ion and neglect the a n o m a l o u s magnet ic 
m o m e n t of the electron, then we arrive at the familiar 
expression for the rad ia t ion power [see, for example, 
E q n (14)], where 

/ ( 0 = l - « - ^ « + y « 2 - C ^ « 2 (54) 

A similar calculation for a spinless part icle on the base 
of the mat r ix element [Eqn (25)] yields 

Mi) = i 

5 5 A / 3 „ 56 
(55) 

instead of / ( ^ ) . This expression was first obta ined in 
Ref. [44] (see also Refs [32, 45, 46]). N o t e tha t the 'role of 
spin ' in synchro t ron rad ia t ion was earlier limited to the 
q u a n t u m correct ion ( 8 / 3 ) £ 2 [47]. H e r e it is ob ta ined as the 
averaged difference 

z t = ± i J 

(56) 

However , the s t ructura l role and physical mean ing of this 
and other q u a n t u m correct ions have been revealed only 
because of E q n (50). 

Certainly, the cited m e t h o d enables the p h o t o n emission 
probabi l i ty to be calculated as well. A l though there is little 
sense in quo t ing these equat ions , we shall wri te down the 
expression for the probabi l i ty of rad ia t ion with a spin flip, 
averaged over the az imutha l angle X and summed over 
linear polar isa t ions of p h o t o n s [26] 

1 
'2K 

' 37 
l + y a -

13 s in 2 v 

r
 8 A 1 4 

where 

8a /3 H2 1 (H*T 

(57) 

(58) 
15 m0cel y2 \H 

is the polar isa t ion t ime in the S o k o l o v - T e r n o v effect [1]. 
This will be helpful in the analysis of the pa r t of the 

a n o m a l o u s magnet ic m o m e n t of an electron in the radiat ive 
self-polarisation effect. 

Since the magnet ic field is abou t 10 4 G in a s torage 
r ing (H <| H*Y = mlc3/(e0H) = 4.4 x 1 0 1 3 G) , the polar i sa­
t ion t ime takes a value, which is accessible for observat ion 
of the polar isa t ion effect only in the high-energy range. In 
par t icular , this t ime is approximate ly equal to an hour for 
an electron with the energy abou t 1 GeV. 

Accord ing to E q n (57) the spin-flip t rans i t ions do no t 
depend on the initial or ienta t ion of a spin for v = n/2 when 
the spin is oriented in the orbi ta l p lane , whereas the spin-
flip t rans i t ions depend essentially on the or ienta t ion of the 
spin for v = 0 when the spin is oriented a long the magnet ic 
field and, thus , self-polarisation of the electron beam occurs. 
The spin re laxat ion t ime is specified by the expression 

[ w ( C = l ) + w ( C = - l ) ] r = l . (59) 
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It follows tha t (see also Ref. [28]) 

T = T0 I 1 + ^ a To I 1 - ^- a (60) 

T h u s the a n o m a l o u s magnet ic m o m e n t cont r ibutes only 
to order ing the spin or ienta t ion of the electron dur ing 
rad ia t ion . 

7. 'True' magnetic moment radiation 
W e have seen (see Section 5) tha t the spin magnet ic 
m o m e n t of an electron exhibits the features of the ' t rue ' 
magnet ic m o m e n t only in the relativistic limit or dur ing 
uniform rectilinear mo t ion when the T h o m a s precession 
can be neglected. The case of uni form rectilinear mo t ion 
when the electron charge rad ia t ion and complex rad ia t ion 
are absent m a y be ob ta ined from E q n (46) in the limit 
p —> oo. A l though the me thod of the relativistic semiclass­
ical theory does no t undergo any change in this case, the 
functions £ / | , 3 responsible for the ' t rue ' magnet ic m o m e n t 
rad ia t ion are essentially changed. In wha t follows we do 
no t wan t to restrict ourselves by the assumpt ion tha t the 
a n o m a l o u s magnet ic m o m e n t is small and proceed to 
considerat ion of an arb i t ra ry a. E q n s (46) are no longer 
applicable in this case. In a m o r e general no ta t ion they are 
wri t ten as [25] 

^ 3 = «&7X{(1 +a)A(z±)±qaA '(z±)} , 

U%3 = ±nq{[\ + (1 + X

2 ±aq3)a]A(Z±) ± (l+a)qA \z±)} , 

(61) 

where 

z± = Zo ± aq, z 0 = — fit) y 

The appearance of Airy functions A and their der iva­
tives is explained by the fact tha t the a rgument depends on 
the a n o m a l o u s magnet ic m o m e n t and it is no longer 
possible to employ the M c D o n a l d functions in £ / | , 3 [24]. 
It m a y be shown tha t the previous equat ions for £ / | , 3 in 
E q n (46) follow from Eqn (61) in the par t icular case of 
a <| 1. 

In the limit p —> oo the functions £ / | 3 are simplified: 

^ 2 , 3 =mqxaA(z±) 

Ul,=±Kq[\+X

2±-aq3)A{z±) . (62) 

Moreover , as p —> oo, with regard for Eqn (19), 

1 f°° 
A (z±) —> — dx exp(iz ±x) 

2/3 f 0 , 

7 51+1 CO 

(63) 

where c o m a x = lacoy , we have instead of Eqn (42) tha t 

Ul = 0 , 

^ = ± * ^ H ( i + x 2 ) 8 ( i + r 
co 2 

CON 

CO 
(64) 

If the magnet ic m o m e n t is a n o m a l o u s (neutron) , it can 
be assumed tha t g = 2a, and then 

2 

<»max = — T ~ y ' 
81*0 (65) 

where p0 is the Bohr nuclear magne ton . The frequency of 
spin precession depends generally on the direction of 
mo t ion of the neu t ron in the magnet ic field [48]: 

2\li\H. 
co„ [l-p2 c o s 2 a] 1/2 (66) 

where a is the angle between ft and H. In the case of 
interest, the neu t ron (as the electron in Section 2) moves 
a long the X axis, the magnet ic field is paral lel to the Z axis 
and therefore a = n/2 and 5 3 m a x = 2y2cofi. Accord ing to 
E q n (64) the frequency c o m a x p lays the pa r t of the max imal 
rad ia t ion frequency. 

The full spectral-angular dis t r ibut ion of the ' t rue ' 
magnet ic m o m e n t rad ia t ion (of a neu t ron in our case) is 
calculated by means of E q n s (14), (20), and (64). As a 
result, we have 

i2 4 x 2 + ( l + X 2 ) 2 d2W 64p6H4 

dcodQ nc3H4 

(i+z2) 2 \ 5 

x 8 [ 5 fflmax (67) 

It then follows tha t the rad ia t ion proceeds at the 
frequency 

co • 
con 

2 ' (68) 

F u r t h e r integrat ion with respect to angles and frequency 
yields, with respect to Eqn (47) for (C'lcf-IO? the overall 
rad ia t ion power 

J 1 T 128 p6H4

 4 ( 1 + C c o s v ) ( l - C ' c o s v ) 
W =— r y y 3 

(69) 

In the q u a n t u m theory of rad ia t ion , spin t rans i t ions are 
considered only for t ime-invar iant spin project ions. In our 
case, adap t ion to such t rans i t ions cor responds to v = 0 
when the spin of a neu t ron is oriented a long the field. At 
v = 0 the spin t rans i t ions occur, according to E q n (69), in 
only one direction — opposi te to the magnet ic field when 
C = 1 and £ ' = — 1 (p < 0). The overall power , 

W = ^ ^ C y \ 
3 n ,4J (70) 

coincides entirely with the spin-flip rad ia t ion of a neu t ron , 
calculated from the D i r a c - P a u l i equa t ion [48]. At v = n/2 
when the spin ro ta tes in the p lane perpendicular to the 
magnet ic field vector, the overall rad ia t ion power of the 
neu t ron decreases by a factor of 4 bu t all the qual i tat ive 
features of the rad ia t ion are the same. This case is adequa te 
for the classical s ta tement of the p rob lem on the magnet ic 
m o m e n t rad ia t ion and it is described fully within the scope 
of classical e lectrodynamics [47]. N o t e tha t the ' t rue ' 
magnet ic m o m e n t does no t rad ia te at all in the classical 
theory at v = 0 when p = const . This rad ia t ion is associated 
with spin-flip t rans i t ions and is pure ly q u a n t u m in na tu re . 

In par t icular cases all the above results m a y be obta ined 
by the Loren tz t r ans format ions and direct calculat ions as 
in Ref. [49] by q u a n t u m theory and by the classical theory in 
Ref. [50]. 
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Let us consider in m o r e detail the cor respondence 
principle for the ' t rue ' magnet ic m o m e n t rad ia t ion . In 
classical field theory the magnet ic m o m e n t rad ia t ion at a 
relativistic po in t is specified by the expression (see details in 
Ref. [49]) 

[ICQ 
~Rc~ 

npvP 
(71) 

Here I I ̂ p = II) is the dimensionless spin tensor ; vp is 
the four-dimensional velocity; np = (1, n); and the square 
bracke ts in superscripts imply an t i symmetry with respect to 
these superscripts . 

The Four ie r t ransform of the electromagnet ic field 
tensor [Eqn (71)] has the form 

H ' e x p | k o } dt (72) 

where if9 = Wp/y = (<p,n). It follows then tha t 

(n 
h & ~ Rc2 

( [ ( n - j 8 ) 7 r ] i i 5 ) e x p | i 5 t - ^ - j dt . (73) 

At the same t ime E& is specified, according to the 
relativistic semiclassical theory of rad ia t ion , by means of 
E q n (11), in which the subst i tut ion 

< « - ^ { [ ( « - / 0 < C ' P I C > ] 

7 + 1 
( / * < C ' | 2 f | C » [ » x / f | J (74) 

the velocity vector relative to the magnet ic field vector. 
Moreover , the classical [49] and q u a n t u m [ 5 1 - 5 3 ] theories 
of rad ia t ion of a relativistic part icle with the ' t rue ' magnet ic 
m o m e n t are in full accord for an a rb i t ra ry configurat ion of 
cons tant h o m o g e n e o u s electromagnet ic fields. 

N o t e in conclusion tha t these simple considera t ions m a y 
seem trivial from the poin t of view of con tempora ry 
theoret ical physics bu t these issues will have to be resolved 
sooner or later since a n u m b e r of topics of e lectrodynamics, 
associated with the spin magnet ic momen t , have no t yet 
been considered. There are some single pape r s in this line 
([33, 5 4 - 5 6 ] ) and others ; for a m o r e complete list see 
Ref. [5], bu t no te tha t the au tho r s do not consider h o w their 
results correlate with q u a n t u m theory. This area of electro­
dynamics has been a terra incognita wi thou t the 
cor respondence principle. Certainly, there are still some 
issues which need to be clarified. F o r example, it is unclear 
h o w the cor respondence principle will work for i nhomoge -
neous fields, wha t effect the rad ia t ion react ion will have on 
the magnet ic m o m e n t (for a nonrelat ivist ic discussion of the 
topic see Ref. [37]), etc. However , this does no t exclude the 
possibili ty tha t the spin light will show itself in the near 
future. "Pas t experience, including very recent, shows tha t 
much new and interest ing mater ia l can be found even in 
e lectrodynamics (including opt ics) . . . " (V L Ginzburg [57]). 

This is an area open wide for experimentalists . Precise 
invest igations of the features of spin light in con tempora ry 
accumula to rs would be an excellent appl icat ion of experi­
ment to the s tudy of this new na tu ra l p h e n o m e n o n . 

should be per formed by tak ing E q n (43) into account . 
If we consider tha t the vector n is related to the uni t 

classical spin vector £ by expression [51], 

jt = C-
7 + 1 

P(PQ (75) 

then the semi-classical expression for E& t akes the form 

( [ ( « - |8)<f|ft|i>K) e x p j i S I -
c 

•dt £ |=^j°° T O ( [ («- /5 ) (^ | i ) ]« s ) exp 

(76) 

where n is different from E q n (75) as a result of the 
subst i tut ion £ —> a(t). E q n s (73) and (74) present the 
cor respondence principle for the ' t rue ' magnet ic m o m e n t 
rad ia t ion . 

W e can n o w readily follow all the p rob lems tha t arise in 
classical and semiclassical calculat ions. The classical expres­
sion for the rad ia t ion power , averaged over the per iod of 
spin precession, has the form (a = n/2) 

W 2 n 4 4 (77) 

In a similar form, the cor responding semiclassical 
expression is, according to E q n (69), 

w_^fi2 ^.4(1+Ccosv)(\-t:'cosv) (78) 

At v = 0 we have the result of q u a n t u m theory for 
rad ia t ion from a neu t ron [48] and at v = n/2 the classical 
E q n (77). 

W e have considered the par t icular case when the ' t rue ' 
magnet ic m o m e n t (neut ron) moves perpendicular to the 
magnet ic field, bu t one m a y show tha t the cor respondence 
principle works in a similar way for any other or ienta t ion of 
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