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The Hawking effect in the sudden gravitational collapse model 
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Abstract. The H a w k i n g effect is studied on the basis of 
the sudden gravi ta t ional collapse model . Vir tua l p a r t i c l e -
ant ipart icle pai rs are shown to be pulled apar t by the t idal 
forces of the black hole, in full accord with the current 
viewpoint . 

1. Introduction 
W h e n studying the H a w k i n g effect [1] for the q u a n t u m 
rad ia t ion of a black hole, and par t icular ly when explaining 
it to s tudents , one is p r o m p t e d to find the simplest 
gravi ta t ional collapse mode l revealing all the impor t an t 
features of the p h e n o m e n o n . Fo l lowing Ref. [3] we have 
chosen the two-dimens iona l spacetime model , in which 
there are the t ime t and the radia l coord ina te r only. 
Unfor tuna te ly , the ma themat ica l calculat ion is cumber ­
some and no t s t ra ightforward even in this approx imat ion . 
Therefore, it is only na tu ra l to t ry to find simpler models . 
One of them — the sudden gravi ta t ional collapse 
mode l — is considered in this paper . However , it t u rns 
out tha t such an approx imat ion is too rough — the sudden 
gravi ta t ional collapse mode l leads to an interest ing p a r a ­
dox. The resolut ion of the p a r a d o x , which is the subject of 
this paper , helps one to unde r s t and the physical na tu re of 
the H a w k i n g effect. 

A collapsed star of mass M emits a s teady the rmal 
rad ia t ion flux with t empera tu re T0 = l / (47 i r g ) , where 
r g = 2M is the gravi ta t ional rad ius (from here on 
H = c = G = 1) [1]. In the l i terature there are two opinions 
on the na tu re of this fundamenta l effect (we shall call them 
Mechan i sms 1 and 2). Accord ing to Mechan i sm 1 [3, 4], the 
crucial role belongs to the initial stage of collapse, dur ing 
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which the gravi ta t ional field is no t static. Other au tho r s [ 5 -
11], as well as H a w k i n g himself, th ink tha t there is an analogy 
between the p roduc t ions of part icles in a black hole and a 
h o m o g e n e o u s electric field (Mechanism 2). In the static bu t 
i nhomogeneous field of a black hole a vir tual pair appears . 
The const i tuent part icles fall in with different accelerat ions 
because of the t idal forces, the effect of which is significant 
since the characterist ic size of the pair is r g . As a result a real 
part icle appears and goes to infinity while the other part icle 
d rops into the singularity. Clearly, the spectrum and 
intensity of the rad ia t ion do no t depend on the peculiarit ies 
of the collapse in Mechan i sm 2. Mechan i sm 2 is m o r e 
at t ract ive because in the first case an infinite a m o u n t of 
energy must of necessity be concent ra ted in a finite spacet ime 
region [8, 10]. Mechan i sm 2 is suppor ted by calculat ions of 
the renormal ised mean value of the e n e r g y - m o m e n t u m 
tensor (see, for example, Ref. [2], Sec. 8.2), which show tha t 
the energy flux coincides at infinity with the result of 
H a w k i n g in the steady state. These calculat ions also 
show tha t a negative energy of pu re q u a n t u m origin falls 
u p o n the hor izon of a black hole and exactly ba lances the 
posit ive energy going to infinity. The last fact conforms to 
the covar iant conservat ion (0 |7^ v |0) . 

In Section 2 the sudden collapse mode l is formulated and 
the intensity and spectrum of the H a w k i n g effect are 
calculated by the Bogolyubov t rans format ion me thod [2, 
11, 13] in the two-dimens iona l space-t ime approx imat ion . 
The rad ia t ion t empera tu re tu rns out to be equal to 2T0 and it 
seems at first sight tha t this co r robora tes Mechan i sm 1 ra ther 
t han Mechan i sm 2. To delve into the si tuat ion the e n e r g y -
m o m e n t u m tensor is studied in Section 3. It t u rns out tha t 
the ' o d d ' energy appears when the metr ic changes suddenly 
and is then emitted with constant intensity and super imposes 
u p o n the c o m m o n H a w k i n g rad ia t ion . Thus , Mechan i sm 2 
is co r robora ted in the sudden collapse mode l t oo . 

2. Temperature of a black hole in the sudden 
collapse model 
W e shall calculate the number of part icles in the massless 
scalar Hermi t i an field, p roduced in the two-dimens ional 
spacetime with the metr ic 
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ds2 = h(t,r)dt2 - 1 

Kt, r) 
drz 

(1) 

where 

r > 0 , h(t, r) 
1 , t < 0 , 
1 - - ^ 

r 
f > 0 

This mode l describes an initially quiescent nonrelat ivist ic 
star (of rad ius R: r g <̂  —> oo) collapsing with infinite 
velocity at f = 0. A l though this geometry is physically 
unreal isable , the considerat ion of the sudden collapse 
mode l is p r o m p t e d by the following fact. In Mechan i sm 
2, q u a n t a — which come to an observer at the poin t 
r = const > r g at t —> + o o (its wor ld line is straight line 1 in 
the f igure )— are p roduced near the event hor izon (line 
ABC) . The trajectory of such a q u a n t u m is the upper 
section of line 2. Since in the sudden collapse mode l the 
gravi ta t ional field does not differ for t > 0 from the field of 
a black hole b o r n in a real collapse, in accordance with 
Mechan i sm 2 the ut ter coincidence should be expected with 
the result of H a w k i n g in the limit of t —> + o o . However , as 
is shown in this section, these expectat ions are no t realised. 

I l l 

D 

W e in t roduce the null coord ina te in region I (see the 
figure) 

u = t - r* ( r ) , 

where 

d r 

(2) 

r * ( r ) = — r + r g In 1 . 

Then in regions I and II , u = F(t — r ) , where the function F 
is determined from the sewing condi t ions for Eqn (2) on 
the line BD (i.e. t = 0), 

-t + r - r e 

u — t — r — r g In (3) 

Ano the r null coord ina te (v) is chosen such tha t 

v = t + r (4) 

in regions I and II . 
There is a critical incident ray v = v 0 = —rg (line 3), 

which reaches the centre of the star and moves a long the 
event hor izon A B C u p o n reflection. This reflection of the 
ray in the two-dimens iona l mode l in quest ion m a y be 
unde r s tood by tak ing into account the fact tha t such 
rays represent the mo t ion of spherically symmetr ic wave 
packe ts in the real four-dimensional space. 

The ray v < v 0 (curve 2) goes u p o n reflection to infinity 
a long the trajectory u =f(y). The func t ion / (v ) can readily 
be found from sewing the rays (3) and (4) on the line r = 0: 

/ ( v ) = v - r g l n ^ = ^ (5) 

where v 0 = —rg. 
N o w we shall calculate the Bogo lyubov coefficients 

(see, for example, Ref. [2]) for a massless scalar field. In 
the null coordinates , metr ic (1) takes the form 

ds2 = C(w, v) du dv, (6) 

and the wave equat ion d2W/dudv = 0. I ts general solution 
is W = Fi(y) + F2(u). The wave function of the in-basis, the 
b o u n d a r y condi t ion for which is imposed at t —> —oo, is 
specified by the expression 

W k = {C X P
 ^ ~ l k P ^ ~ C X P } ' ^ 

where p(u) =f~l(u), k > 0. The physical mean ing of Wk 

can be unde r s tood by considering the wave packet 

0 
- f 

Jo 

dk CkWk. (8) 

W h e n t —> —oo, it is concent ra ted near the poin t r + 1 = 0 
and consists of undis to r ted incident waves exp(—ikv) = 
exp [—ik(r +1)]. The cont r ibu t ion of the first te rm in 
E q n (7), which describes reflected dis torted waves, vanishes 
as t —> —oo. 

On the line r = 0 (which is represented by the curve 
u =f(v) in t e rms of the null coordinates) , the function Wk 

satisfies the b o u n d a r y condi t ion Wk = 0, which na tura l ly 
arises when one goes from the four-dimensional wor ld to 
the two-dimens iona l model . Similarly, if we consider the 
p ropaga t i on of s-waves described by the equat ion 
( 8 2 / d t 2 — V 2 ) i / f = 0 and subst i tute ifr = %/r, then we arrive 
at the ' two-dimens ional ' equat ion (d2/dt2 — d2/dr2)x = 0 
and the b o u n d a r y condi t ion %(t, r = 0) = 0. 

In contras t to the in-basis W the complete set of 
q u a n t u m n u m b e r s for wave functions of the out-basis W 
is the un ion q=(k,X), where k is the m o m e n t u m and 
X = =bl is a new q u a n t u m number — 'observabi l i ty ' [2]. The 
reason why the out -solu t ions of the wave equat ion are 
decomposed into two o r thogona l classes can readily be 
unde r s tood from the figure. The b o u n d a r y condi t ions for 
the wave functions of the out-basis W are imposed at 
t —> + o o . If a wave packet of the type given by E q n (8) 
is composed of W (in essence these are the rays considered 
above) , then it will move away from the star, fall into the 
singularity for a finite lapse of the affine pa ramete r , or be a 
coherent admix ture of these two states. In the first case the 
packet is registered by inertial detectors at infinity (let them 
be numbered by X = + 1 ) . In the second case (X=—\) 
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detectors are located under the event hor izon and fall into 
the singularity. Since the detectors X = + 1 and X = — 1 are 
no t causally related, the third case is physically meaningless. 
The figure shows the pa th s which these packe ts follow. 
Packets with X = + 1 fall onto the star a long trajectories 
v < v 0 and packets with X = — 1 do so a long trajectories 
v > v 0 . It follows then tha t the incident wave is nonzero for 
v < v 0 only when X = + 1 . It m a y be seen in the figure tha t 
the reflected wave F2(u) is nonzero outs ide the event 
hor izon, i.e. on the right of the line A B C (for X = — 1 
the case is just the reverse). If the wave function of the ou t -
basis with X = + 1 satisfies the zero b o u n d a r y condi t ion at 
r = 0, i.e. on the line u =f(v), then it takes the form 

= {6 X P ~ 6 X P ^ / ( V ) ] 9 { V ° ~ V )} ' ( 9 ) 

A wave packet of the form given by Eqn (8), composed 
of Y n , goes from the black hole as t —> + o o and consists of 
undis tor ted diverging waves exp ( — iku) = 
exp [—ikt + i&r*(r)]; while the second term in E q n (9) 
makes a negligible cont r ibut ion to 0. The logar i thmic 
dependence of the phase in exp(—iku) on r is explained by 
the long-range character of the gravi ta t ional field of the 
star and is fully ana logous to the C o u l o m b phase in 
q u a n t u m mechanics . 

The number of new part icles with m o m e n t u m k is 
specified by the expression (the detailed calculat ion is 
summarised in Ref. [2]) 

Nk = Y,\Pt P=(vkl,n-)- (io) 
k' 

The part icles are observed when r —> + o o (i.e. with the 
q u a n t u m n u m b e r s X = +1) . The inner p roduc t (the 
Bogolyubov t rans format ion coefficient) is the integral over 
a space-like surface Z and does not depend on the choice of 
Z. W e shall use this fact to calculate ft on the hyperp lane 
t = const —> —oo, where the space is Eucl idean and the 
expression for has a simple form: 

Qt (11) 

In this case t — r —> —oo and , therefore, the s u m m a n d with 
the logar i thm in E q n (3) m a y be omit ted. The wave 
functions are then wri t ten in the form 

*k = ^ = {exp [-ik{t - r)] - exp [-ik{t + r)] } 

= —j= sin(£r) exp [—ikt). 

(13) 

where 

G(v) =^={exp(-ikv) - e x p [ - i A f ( i i ) ] 0 ( v o - v ) } . (14) 

The first te rm in E q n (13) makes zero cont r ibut ion to 
E q n (11) because it is o r t hogona l to W\r, therefore, Wn can 
be replaced with G(v). The function G(v) t ends to zero as 
one moves away from the line v = v 0 ; therefore, the lower 
limit in E q n (11) can be subst i tuted with —oo. Consider ing 
dG(v)/dt = dG(v)/dr we have u p o n integrat ion tha t 

POO 

= Vl? d v G * ( v ) e x p ( i ^ v ) . 
J — o o 

(15) 

F r o m here on we omit unessent ial cons tant phase 
coefficients. The cont r ibut ion of the first te rm in E q n 
(14) to ft is p ropo r t i ona l to S(k + kf) and is zero since 
k > 0, k' > 0. Ul t imate ly we get the expression for ft in the 
two equivalent forms: 

1 Ik* fv° 

P = 2\/T\ dvexp[i*'v + i*f (v) ] ; 

Si du exp [iku + ik'p(u)] . 

(16) 

(17) 

To t ransform Eqn (16) into Eqn (17) we used the change of 
the var iable of integrat ion u =f(v) and performed 
integrat ion by par t s . Express ions (16) and (17) are 
ana logous to those obta ined in Ref. [2], where the 
rad ia t ion of an accelerating mir ror was studied. N o t e 
tha t expression (16) obta ined in Ref. [2] as a result of a 
series of assumpt ions is actually exact. 

Us ing the subst i tut ion x = (v0 — v ) / r g we obta in from 
E q n s (5) and (16) 

R 1 V 

dx exp [i(kf + k)rgx~\x~ -ikrs 

It is necessary for this integral to be convergent as x —> + o o 
to m a k e the change k + k' —> k + k' — id and to consider it 
as the limit when S —> + 0 . Then, 

\tf= nk'r* nB(k), 
1 1 2 ( * + * ' ) 2 

(18) 

where 

nQ(k) exp 
i - i 

1 

Q2) ^ follows from E q n s (9) and (18) tha t 

NK=^\P\2=^rgnB(k)J, 

(19) 

(20) 

(21) 

where 

= 1 
J( 

OO 7 / A jf k! dk! 

o {k+k'f 

and the rule of replacement of a sum with an integral, 
J2k' ~^ 5 dkf/k, has been applied. The integral / is 
divergent at the upper limit since rad ia t ion of constant 
intensity is established in the collapse; therefore, an infinite 
number of part icles will be emitted for a finite t ime. 

To unde r s t and the na tu re of the integral / we shall 
follow Ref. [2] in employing a simple, t hough no t strict, 
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me thod (there is ano ther calculat ion in Ref. [2] — m o r e 
strict bu t physically less meaningful) . The Bogolyubov 
coefficient ft (10) can be interpreted as the ampl i tude of 
t ransi t ion of a part icle with a m o m e n t u m k' into a part icle 
with a m o m e n t u m k, which comes to the detector a long the 
straight line 1 (see the figure) (for a nonhermi t i an field, ft is 
the ampl i tude of t ransi t ion of an ant ipart icle with an 
impulse kf into a part icle with an impulse k). Let two 
p h o t o n s be sent from the detector hang ing at the poin t 
r = r 0 t owa rds the black hole at t0 and t0 + At0 a long the 
trajectories v = const and v + Av = const, where 
v = £o + r 0 < v o and v + Av = t0 + At0+ r 0 < v 0 . U p o n 
reflection from the centre of the star these m o m e n t a are 
directed away from it a long the trajectories 
ii = ii\ = f(v) = const, u = u\ + Au = f(y + Av) = const . 
They arrive at the poin t r = r 0 at tx and tx + Atu where 
Ati = Au &ff(v)Av =ff(v)At0. Consequent ly , 

1 
"12 t t 

1 
1271 

C 1 / 2 8 j C " 1 / 2

J 

c ^ a j c - 1 / 2 , (23) 

= 0™ = 0 

The first te rm in E q n (22) vanishes for a specific choice 
of coordina tes (w, v), which coincide with the coordina tes of 
the p lane spacetime u = t — r, v = t + r in regions I and II 
and are specified by the expressions 

u = p(u) = - r * 1 [-t + r # ( r ) ] 

v = v = r~l[t+ r*(r)] 
(24) 

in region I I I . These coordina tes cor respond to the metr ic 
(6) with 

At_ 
At0 

- = — = / (v) = — o c exp — oc exp — . C(w, v) = 
o Av v 0 - v \rj \rj 

1 - r J r 

(\-rJv){\+rJuy 
(25) 

Thus , reflected waves lag far behind as tx —> oo; there­
fore, the frequency experiences a heavy red shift: 

kf Ati ftx — = - — = const x exp — 
k At0 \rg 

Hence , it follows tha t dkf /kf = &t'/rg. Therefore, 
J = ti/rg9 where t\ is the to ta l t ime of detection of 
part icles. Then, it follows from E q n (21) tha t 

dNk 1 
nQ(k). 

The to ta l n u m b e r of part icles enter ing the detector per uni t 
t ime is 

dAf ^ dAf, f°° dk 

The last expression shows tha t the rad ia t ion is the rmal and 
its t empera tu re is T from E q n (20). 

3. The initial energy of the field 
The calculat ion of the number of new part icles performed 
in the previous section was based on the Heisenberg 
representa t ion of states of a field when a state is considered 
to be fixed and the t ime dependence is ' t ransferred t o ' the 
field opera to rs , t h rough which the observed variables are 
expressed in their tu rn . 

In par t icular , if the field was in the vacuum state 
= |0,in) = |0) before the collapse, then the e n e r g y -

m o m e n t u m tensor of the new particles is the state-averaged 
opera tor of the e n e r g y - i m p u l s e tensor . Different 
approaches to regular isat ion of the average yield the 
same result. The si tuat ion is essentially m o r e simple in 
the two-dimens iona l mode l since any two-d imens iona l 
metr ic g^v is conformally flat: g^v = Crj^. This fact enables 
the expression for the renormal iseded average 
e n e r g y - m o m e n t u m tensor to be obta ined wi thout difficul­
ties (see Refs [6, 2]). In te rms of null coordina tes (w, v) 
metr ic (1) has the form of E q n (6). In this metr ic we have 

(T;(8,P))ien = (-8r1/2(T;(r1Xp))ien + e;-^Rd;,(22) 

and the posit ive-frequency wave function (7) takes the 
simplest form. 

U p o n simple ma themat i ca l man ipu la t ions with the use 
of formulas (22) and (23) we obta in 

(Tuu) 
r 

1 

~ 2 4 t i 

1 
/ r e n " 2 4 ^ 

( ^ v w ) r e n i^uv) 

8 2 l n C - i ( 8 w l n C ) 2 

8 2 l n C - ^ ( 8 v In C)2 

RC 
96% 9 

(26) 

where R = — 2 r g / r 3 is the curva ture of the space (1). 
It m a y seem tha t , because of the singularity of the metr ic 

at t = 0, it is impossible to examine the e n e r g y - m o m e n t u m 
tensor near this surface. However , T^ is a local object and 
the renormal i sa t ion p rocedure does no t violate this locality. 
Therefore, expression (26) is t rue everywhere except the 
po in t s on the surface t = 0. 

In the metrics (24) and (25) calculat ions yield the 
following result: 

— ( 6 | ^ | 6 ) r e n 

3 

8 r 4 ( l + r g / w ) 2 

2K 
2 r 3 ( l + rjuf 2 £ 4 (1 + rjuf u3(l + rjuf 

< 6 | ^ | 6 ) r i 

24 tc - \ 2 8 r 4 ( l + r g / v ) 
(27) 

2ri 

2 r 3 ( l + r g / v ) 2 2 v 4 ( l + r g / v ) 2 v 3 ( l + r g / v ) 

t» = < 6 | ^ | 6 ) r e n = r « = (b\Tn\6)m 

=

 rg 0 - rJr) 
487ur3 ( l - r g / v ) ( l + r g / M ) ' 
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N o w we shall determine the rad ia t ion intensity of the 
black hole and compare it with the results of calculat ions 
performed in the second section. 

In the limiting case of r = const > r g , t —> +00 the 
following expressions are t rue: 

r exp 

: r p In (28) 

4 8 7 1 ^ ( 1 +rjuf 

Next , we pass to the null coord ina te in the Schwarzschield 
metr ic , 

u •• t - r*(r) w r In 
1 

+ cons t , 
-u - r g 

for which the energy flux is wri t ten in the form 

du j 

T = uu 1 1 1 * J -* WW i n ? = / t . (29) 

H e r e 7t is the overall rad ia t ion intensity. This energy flux 
cor responds to the rmal rad ia t ion with the t empera tu re 
T = 2 7 V 

>kdk 
~2n 

nB(k) 
tzTz 

12 

N o w we shall calculate the rad ia t ion which is p roduced 
when the metr ic is ' shaken u p ' . 

At t = + 0 the metr ic has the form 

ds2 = hdt2 - 1 dr2 = dx2 - dx2 , 
h 

where dx = y/h dt, dx = dr/y/h. In te rms of the coor ­
dinates (t,x) of a quiescent observer at a poin t r > r g , the 
energy of the cloud of q u a n t a p roduced at t = 0 within the 
interval + dx) is 

dEp = Txx dx . 

To calculate this expression we shall employ the formulas: 

2 

,8 t 
1 

the energy tha t has gone to infinity is equal to 

&E = ^h(TM + Tn + 2Tn)dr. 

A q u a n t u m moves from a poin t r to the detector at po in t 
r = r0 in the t ime 

>r° d r 
r Kr) ' 

t{r) 

i.e. the energy dE goes t h rough the detector in the t ime 
dt = dr/h. Hence , the intensity of rad ia t ion p roduced in 
' shaking u p ' is 

h=\h2(Juu + T^ + 2Tui). 

Here all the quant i t ies are taken at t •• 
E q n (27) tha t 

(30) 

+ 0 . It follows from 

\6nr3h 
1 + 

4rh 4 8 ; ^ / * 
(31) 

W h e n t —> +00 the rad ia t ion comes from r w r g . Us ing 
this fact we can conclude from E q n s (30) and (31) tha t 
q u a n t a p roduced in ' shaking u p ' m a k e a cons tant con­
t r ibut ion to the intensity at t —> +00, which is 

1 
647cr? 

(32) 

As one would expect, the difference between It and 7S 

coincides with the intensity of the t rue H a w k i n g radia t ion: 

1 = nT2

0 

1927cr? 12 If 

The results m a y be summarised as follows. 
1. A n infinite a m o u n t of energy is used to ' shake u p ' the 

metr ics (this fact a lone shows tha t the sudden collapse 
mode l is physically unreal isable) . 

2. The 'wrong ' energy released in the shaking of the 
metr ic is emitted and super imposes on the regular H a w k i n g 
spectrum. Thus , we have verified tha t the details of a 
collapse are no t impor t an t in the sense tha t the energy flux 
is the sum of two par t s : pu re H a w k i n g and nonphysical . 
The latter is due to the sudden change in the metric . The 
only impor t an t feature for the H a w k i n g componen t is the 
presence of the hor izon while the rad ia t ion itself is formed 
by Mechan i sm 2. 

In conclusion, the au tho r s wan t to express their 
gra t i tude to E L Surkov and P O Fedichev for helpful 
discussions on this paper . 

The componen t Ttt is expressed th rough the componen t s of 
the ene rgy-momentum tensor in te rms of coordina tes (w, v) 
[see E q n (27)] by means of the c o m m o n t rans format ion 
formulas for a tensor . The desired expression on the 
surface t = + 0 , where the re la t ionships du/dt = dv/dt = h 
are valid, has the form 

Tn=rf{Jm + Tn + 2Ti$). 

One half of the energy dEp will fall to the hole and the 
other half will go to infinity. (No te tha t the energy flux, i.e. 
Txx, should be calculated from the start if we wish to be 
m o r e consistent.) Since the quant i ty y/hdEp is preserved 
when the cloud moves in the gravi ta t ional field of the hole, 
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Appendix 
In this section we give a strict p r o o f of the above results. 
The expression for the energy flux registered by a detector 
following an a rb i t ra ry trajectory with a 4-velocity has 
the form 

/ = < 6 | r » r e n t / V (33) 

where n^n^ = — 1, U^n^ = 0. In te rms of coordina tes (24) 
we have for the detector with a t rajectory r = const tha t 

1 1+-

Then the energy flux is 

1 

\ 
1+-

-1 + 
u 

V 

<0|7^|0>ren 1 + <o|rw|o)n 

N o t e tha t the energy flux (33) tha t the detector measures 
consists of two te rms of distinct physical na tu re : a te rm due 
to the polar isa t ion of vacuum (it is zero for the trajectory 
r = const) and a term related to the rad ia t ion going to 
infinity. If we consider only the second term, then the 
componen t s (0|7^v|0)ren in Eqn (33) should be replaced 
with (0|rajg|0)ren— (0|ra jg|0)r e n, where the second term is 
calculated similarly to the first one (see Section 3) bu t with 
the use of other coordina tes cor responding to the ou t -
vacuum |0): 

u = t — r*(r) = - r * ( - w ) , 

v = r~l[t + r*(r)] = v . 

Simple man ipu la t ions yield the result of E q n (29). 
The energy which is emitted when the metr ic is shaken 

up can be calculated by means of the formula 

d£ = ( 6 | r , v | 6 ) r e n ^ d r , 

where is a time-like Kil l ing vector present in the region 
t > 0, r > r g : C = 1 + rju, <f = 1 - r g / v , 

8 x v 

d £ „ 
8r 

d r 

is an elemental area of the surface t = const [11], and is 
the skew-symmetric tensor in the two-dimens ional space. 
Simple calculat ions (see Section 3) yield the results of 
E q n (32). 


