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Abstract. This survey is devoted to exper imental and 
theoret ical results on interact ion and self-action processes 
of strongly distorted waves conta in ing shock fronts. Such 
sawtooth-shaped dis turbances can be formed dur ing the 
p ropaga t i on of the wave th rough media where the 
nonl inear i ty p redomina tes over competi t ive factors like 
dispersion, diffraction and absorp t ion . The specificity of 
nonl inear processes for sawtooth-shaped waves is pa r t i c 
ularly emphasised. The recently observed p h e n o m e n a such 
as self-action of beams , self-refraction of shock pulses and 
sa tura t ion of the signal in focus, as well as current applied 
p rob lems , are described. 

1. Introduction 
The sawtooth-shaped wave is an unconven t iona l and 
interest ing subject of investigation which can be experi
mental ly observed in dis tr ibuted systems of diverse physical 
na tu re . A rich variety of exper imental da ta on the 
nonl inear dynamics of sawtooth-shaped waves has been 
obta ined in nonl inear acoustics. Tha t is why it is 
convenient to discuss most of the nonl inear p h e n o m e n a 
associated with the p ropaga t i on and interact ion of such 
waves using the example of a high-intensi ty acoustic wave. 
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Non l inea r acoustics is often referred to no t only as the 
m o d e r n division of acoustics, bu t also as a pr incipal pa r t of 
nonl inear wave physics. The dispersion of sound velocity is 
very weak in acoust ic media , and wave interact ions have 
m a n y distinctive proper t ies under these condi t ions . It is 
agreed tha t in m a n y p rob lems of nonl inear acoustics the 
dispersion is absent al together . In this s i tuat ion, essentially 
all vir tual processes of energy exchange between different 
ha rmonics are resonant . These processes are comparab le to 
one ano ther in efficiency. As the result of this, the cascade
like mult ipl icat ion of spectral componen t s goes on dur ing the 
wave p ropaga t ion . In the s p a c e - t i m e representa t ion , the 
nonl inear b roaden ing of the spectra cor responds to forma
t ion of discontinuit ies in the wave profile or weak shock 
waves with a front of finite width in a dissipative med ium [1]. 

F r o m the s tandpoin t of nonl inear wave physics, the 
intense d is turbance with a sawtooth-shaped profile is 
un ique and therefore is the mos t interesting subject of 
investigation in nonl inear acoustics. 

One can define the sawtooth wave as a travell ing 
d is turbance whose t ime profile conta ins b o t h d iscont inu
ities and smooth sections. A n y periodic d is turbance 
p ropaga t i ng th rough a nondispers ive med ium t ransforms 
its shape to a sawtoo th one at large distances. In doing so in 
quadra t ica l ly nonl inear media the p lane wave takes the 
form of a ' saw' with t r iangular ' tee th ' . The dynamics of the 
t rans format ion of the per iodic signal into a ' saw' are shown 
in Fig. l a . As the distance x increases, the fine details in the 
initial wave profile d isappear smooth ly dur ing the wave 
p ropaga t ion . The profile is the same for b o t h a h a r m o n i c 
initial d is turbance (curve 1) and a m o r e complicated signal 
(curve 2 ) at some distance from the source of the order of 
several characterist ic lengths (x = x2 in Fig. 1). 

A single t ime-limited d is turbance t ransforms itself into 
an N - w a v e (Fig. l b ) at large distances in quadra t i c n o n -
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Figure 1. Format ion of sawtooth-like waves: ( 7 ) harmonic initial 
disturbance; ( 2 ) complicated signal. 

linear media . The integral of the function describing the 
wave profile tends to zero as x —> oo as a result of 
diffraction which is essential because real d is turbances 
are limited in space. 

In cubical ly-nonlinear media the ' tee th ' of the ' saw' have 
a t rapezoida l form (Fig. lc) . Each per iod conta ins two 
shocks: compress ion and rarefact ion. 

The existence of sawtooth-shaped waves other t han 
those shown in Fig. 1 is possible in media with intr icate 
nonl inear , dissipative and dispersive proper t ies . However , 
the dis turbances in Fig. 1 are mos t typical. 

It is significant tha t the wave profiles ment ioned above 
are asymptot ical ly general for the wide range of initial 
d is turbances . After its format ion, the sawtooth wave 
remains quasis table . Only certain of the pa rame te r s m a y 
vary at later p ropaga t ion . The peak pressure varies for 
per iodic ' saws ' , with single pulse changes b o t h in the peak 
pressure and the dura t ion of the pulse. The wave profile is 
relatively stable and varies insignificantly with superposi 
t ion and nonl inear interact ion of the 'saws' , as well as with 
the weak influence of complementa ry effects such as 
diffraction, dispersion, low-frequency modu la t ion , etc. 

Consequent ly , the sawtoo th wave is a widespread wave 
type, whose stability is connected with the s t rong manifes
ta t ion of nonl inear proper t ies of the med ium. 

In nonl inear wave physics ano ther object having n o n 
linear proper t ies which are strongly expressed is m o r e 
famous. Tha t is the soliton, whose stability is provided 
by the compet i t ion between dispersion and nonl inear i ty . 
However , the soliton is stable only in ideal conservat ive 
systems, in the strict sense, whereas quasistabil i ty of ' saws ' 
takes place in real dissipative media . 

While on the subject of in teract ions between ' saws ' or 
solitons, one can d r aw an ana logy to the theories of 
hyd rodynamic turbulence. It is k n o w n tha t in wave physics 
two k inds of nonl inear p h e n o m e n a can be separated: those 
a t t r ibu tab le to weakly expressed nonl inear effects (an 
example is p h o n o n gas behaviour in solids with regard 
to lattice nonl inear i ty) or, on the other hand , those 
connected with the s t rong expression of nonl inear effects. 

In a like manne r there are two ways of looking at 
turbulence: as on the ensemble of weakly interact ing 
quas iha rmonic dis turbances or, on the other hand , as on 
the set of interact ing vor tex structures, where each vor tex is 
essentially a nonl inear object itself. 

The second app roach to turbulence is ana logous to the 
app roach to the p rob lem of the interact ion of wave objects 
with strongly expressed nonl inear proper t ies such as 
sawtooth-shaped waves or soli tons. 

But , whereas the interact ions between soli tons are 
described in great detail in m a n y reviews and m o n o 
graphs , sawtooth waves have received only a little 
considerat ion. 

A n u m b e r of pr incipal exper imental works devoted to 
sawtooth wave format ion, as well as to nonl inear a b s o r p 
t ion and sa tura t ion effects, were completed at the end of the 
1950s [ 2 - 6 ] . 

In recent years new p h e n o m e n a were experimental ly 
observed and explained: namely, self-focusing of sawtooth 
waves [ 7 - 1 3 ] , self-refraction of pulses [14, 15], the existence 
of a physical limit for the peak acoustic pressure in the focal 
region [16] and some others . F u r t h e r m o r e , m a n y of the 
k n o w n p h e n o m e n a like pa ramet r i c interact ion, signal 
suppression and amplification, isolated wave collision, 
etc., h appen quite differently for sawtooth waves t han 
for quas iha rmonic waves or soli tons. These p h e n o m e n a 
were studied in detail recently, because of their specificity. 
To describe the sawtooth wave, special ma themat ica l 
approaches were developed, which are distinct from the 
c o m m o n approaches used in other divisions of nonl inear 
wave theory. 

The interest in these p h e n o m e n a is associated with the 
n u m e r o u s appl icat ions. A m o n g the ' ho t ' p rob lems one can 
emphasise the nonl inear m e t h o d s of nondes t ruc t ive test ing 
and diagnost ics in indust ry [17]; medical p rob lems (disin
tegrat ion of k idney stones and other minera l objects of 
biological origin [18, 19]); sonic b o o m and high-power 
acoust ic noise [20, 21] (the ecological impact of these 
waves is under s tudy n o w in connect ion with the design 
of a new generat ion of supersonic passenger aircraft [22, 
23]). The references to the works which i l lustrate the 
connect ion between the discussed p h e n o m e n a and the 
topical applied p rob lems will be given where appropr i a t e 
in later sections of this review. 

2. Field and spectral approaches in nonlinear 
wave theory 
2.1 General remarks 
It is k n o w n tha t nonl inear waves in weakly and strongly 
dispersive media require different approaches for their 
descript ion. W h e n the med ium has weakly expressed 
dispersive proper t ies or dispersion is absent al together, 
tha t is, p ropaga t i on velocities of different componen t s of 
the wave spectrum are close to or coincide with each other , 
the collinear ha rmon ics can interact resonant ly and 
exchange energy effectively in the process. This leads to 
cascade-like mult ipl icat ion of ha rmonics and to b roaden ing 
of the spectra. In other words , any vir tual d is turbance 
whose p roduc t ion is allowed by the type of nonl inear i ty 
can actually be created dur ing the process of interact ion 
and has an impact on the energy exchange. 

Two possibilities exist here. One can describe the wave 
field using a t e m p o r a l - s p a t i a l representa t ion or by use of 



Nonlinear sawtooth-shaped waves 967 

complex ampl i tudes for each spectral componen t , keeping 
t rack of the space var ia t ion of these ampl i tudes . It is evident 
tha t if the wave conta ins a great n u m b e r of ha rmonics or 
the wave spectrum is cont inuous , the second (spectral) 
app roach is inconvenient . W h e n the analyt ical calculat ions 
are carried out , this me thod is effective only for the strongly 
dispersive media (for strictly specified frequency depend
ences of phase velocity agreeing with the initial wave 
spect rum) in the case of a small number of interact ing 
ha rmonics . Examples are provided by classic p rob lems of 
nonl inear optics [24]. To a r range the effective generat ion of 
the second h a r m o n i c in a quadra t i c nonl inear med ium, it is 
necessary to use a birefringent crystal with ' the direction of 
synchronism' . Two ha rmon ics at frequencies co and 2co 
which are differently polar ised as o rd inary and ex t raord in
ary waves, and are travell ing in tha t direction, have 
approximate ly equal phase velocity and can effectively 
exchange energy. At the same t ime the vir tual higher 
ha rmonics 3co, 4co, . . . , the creat ion of which is permissible 
as a result of the series of cascade-like processes in the 
quadra t i c nonl inear med ium, have strongly different phase 
velocities. These ha rmon ics cannot g row in ampl i tude up to 
the values which allow their par t ic ipa t ion in the redis t r ibu
t ion of energy t h r o u g h o u t the spectrum. 

A correct line of the spectral app roach to the p rob lem of 
wave interact ion in dispersive media reduces to the 
following procedure . Originally, the p rob lem was posed, 
for example, to a r range the resonant triplet co3 = cox + co2 to 
t ransform the energy from the p u m p wave co3 to the lower 
frequencies cox and co2. Thereafter , the condi t ions must be 
found for the con t inua t ion of this resonant process, and in 
par t icular , a med ium with the p roper dispersive charac ter 
istic. Finally, the simplified evolut ion equa t ions for the 
complex ampl i tudes A! , A 2 , A 3 of the resonant triplet must 
be derived in accordance with the real p rob lem tha t was set. 

Of course, the inverse sequence of opera t ions is possible. 
Let a nonl inear med ium with k n o w n dispersive proper t ies 
be available. Analys ing the form of the dispersive charac ter 
istics, one can decide easily which of the vir tual in teract ions 
will be resonant and whether they exist in this med ium in 
principle. Thereafter , the spectrum of the initial signal mus t 
be determined and cor responding equa t ions derived for the 
ampl i tudes of the waves tak ing pa r t in resonant inter
act ions. 

However , in m a n y pape r s au tho r s limit the wave 
spectrum or the number of interact ing ha rmonics , wi thout 
regard for the dispersive proper t ies of the med ium. In doing 
so, they impose on a nonl inear process artificial condi t ions 
different from the real ones. Non l inea r equa t ions for 
spectral componen t s derived in this case can be easily 
solved, because they are much m o r e simple in compar i son 
with the correct and m o r e general equa t ions governing the 
wave field. The results obta ined in this m a n n e r m a y be 
interest ing for ma themat i ca l theory, bu t physical results are 
often in ra ther p o o r agreement with the real observat ional 
da ta . 

It is impor t an t to recognise the possibilities of b o t h 
spectral and field approaches to solving the p rob lems of 
wave interact ion for those s i tuat ions where b o t h 
approaches can be used interchangeably: for acoustic 
waves, surface dis turbances on shal low water , waves in 
p lasma, in part icle s t reams, etc. In addi t ion, a demand arose 
recently in nonl inear optics to use the field app roach for the 
descript ion of b r o a d b a n d signals, namely, femtosecond 

laser pulses [25]. It seems likely, on the other hand , tha t 
acoust ic analogies of nonl inear processes in optics call for 
investigation by the spectral app roach [26]. 

Clearly, an active exchange of ideas and m e t h o d s 
between different divisions of nonl inear wave physics 
must be accompanied by the t ak ing account of the peculiar 
features of the considered p h e n o m e n a . 

In Sections 2 . 2 - 2 . 4 examples of nonl inear processes are 
given, described within the f ramework of the field and 
spectral approaches . It is interest ing to compare results 
obta ined by means of these two m e t h o d s and to establish 
their cor respondence to exper imental da ta . 

2.2 Harmonics generation 
The p ropaga t i on of a p lane wave in a nonl inear med ium 
wi thout dispersion and dissipation can be described by the 
R i e m a n n wave equat ion [1]: 

du 
dx 

du 
dx"' 

0 . (1) 

H e r e u is the part icle velocity, c 0 is the equil ibrium velocity 
of sound, 8 is a pa rame te r of nonl inear i ty , x is the distance 
t raversed by the wave, T = t — x/c0. The field equat ion (1) 
describes realistically the observed p h e n o m e n a , namely, a 
leading front steepening up to a discont inui ty format ion, 
generat ion of ha rmonics and combina t ion frequencies, etc. 
In par t icular , if the ha rmon ic signal u = u0 sin cot is given at 
the input x = 0, from E q n (1) the B e s s e l - F u b i n i solution 
for ampl i tudes of ha rmon ics nco (n = 1, 2, 3, . . . ) follows: 

u02Jn(z) 
Bn{x) 

SCOUQX 
(2) 

which is in close agreement with the measured results. In 
solut ion (2) Jn(z) are n o r m a l (at z ^ 1) or incomplete (at 
z > 1) Bessel functions [27]. 

If the spectrum is restricted artificially by two first 
ha rmonics and one seeks the solution of Eqn (1) in the form 

u = Bi(x) sin COT + B2(x) s in2arr , 

a pair of reduced equa t ions can be obta ined: 

d / i i sco dB2 sco 
dx 2c, 

2 BXB2, 
dx 2c: 2

B t 

The solution of Eqns (3), 

5 i = w0 

cosh(z /2) 
B2 = u0 t anh - , z=—z cou0x 

4 

(3) 

(4) 

provides the correct result (2) at small distances z <̂  1 only. 
But at z <̂  1 there is no sense in using reduced E q n s (3), 
because the result can be obta ined with the same accuracy 
just from Eqn (1) by the successive approx ima t ion me thod , 
when the first h a r m o n i c ampl i tude is t aken as the constant : 
Bi = u0. Over the region z ^ 1 where the reduced Eqns (3) 
could give the new informat ion in principle, they describe 
the wave interact ions inexactly. The behaviour of the first 
two ha rmonics is incorrect and higher h a r m o n i c generat ion 
is ignored completely (see Fig. 2). 

2.3 Degenerate parametric interaction 
Let us consider an interest ing and beneficial example to 
demons t ra t e the special features of nonl inear p h e n o m e n a in 
the sawtooth wave fields. The degenerate pa ramet r i c 
interact ion is a process which has been much studied for 
the waves in dispersive media . 
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Bn/u0 

Figure 2. Amplitude of the harmonics calculated by the successive 
approximation method (dashed curves) and on the basis of reduced 
Eqns (3) (long-short dashed curves). Solid curves correspond to the 
exact solution (2). 

It is k n o w n tha t quas iha rmonic signals with frequency 
and wave vectors interrelated by the law of dispersion are 
stable wave objects in s trongly dispersive media . F o r some 
specifically selected forms of dispersive characterist ics one 
can create condi t ions for effective energy exchange between 
only two waves: the fundamenta l frequency co0 and sub-
h a r m o n i c CQQ/2. Such condi t ions can be achieved, for 
example, in nonl inear opt ical crystals for laser beams . 
R e s o n a n t interact ion between the intense p u m p wave co0 

and a weak signal co 0 /2 (Fig. 3a) is a phase-sensit ive effect. 
At o p t i m u m phase shift one can reach a lmost full 
concent ra t ion of energy in the signal wave and achieve 
by this means a large coefficient of pa ramet r i c amplifica
t ion, K > 1 [1]. 

At first glance it would seem tha t in the solution of the 
p rob lem of interact ion between waves co0 and co 0 /2 one 
should t ake account of p u m p energy losses t h rough the 
generat ion of its own higher ha rmonics . In fact, the 'paras i t ic ' 

0 0.5 1.0 CO/COQ 0 

0 0.5 1.0 2.0 3.0 co/(o0 

0 0.5 1.0 1.5 2.0 2.5 3.0 co/co0 

Figure 3. Basic directions of energy flow at the interaction of pump 
wave and subharmonic signal (a), taking into consideration the higher 
harmonics of the pump wave (b) and higher subharmonics (c). 
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channel of energy rejection, co0 —> 2co0 —> 3co0 . . . , 
m a y depress the beneficial process, co0 —> co 0 /2 (Fig. 3b), 
significantly. Accord ing to calculat ion [28], the amplifica
t ion factor K cannot be greater t han K = T - 1 / 2 . H e r e 
r = bco0/(2sc0p0u0) is the inverse acoustic Reyno lds n u m 
ber (Goldberg n u m b e r ) which is equal to the rat io of 
characterist ic shock format ion p a t h length xs = cl/(sco0u0) 
to the absorp t ion length xa = 2clp0/(bcol), where b is an 
effective pa rame te r of the dissipation. It follows tha t , for 
example, at n u m b e r s r ~ 10~ 2 which can easily be reached 
in l abora to ry experiments , amplification m a y be significant: 
K ~ 10. 

However , this conclusion is incorrect . It was surprising 
because an infinite number of interact ing waves was taken 
into account in the calculat ion [28], namely, all the mult iple 
ha rmonics nco0 (n = 1, 2, 3 . . . ) as well as the subha rmon ic 
signal CQQ/2. It tu rned out tha t it was necessary to t ake into 
considerat ion all the higher subha rmon ic componen t s 
3co 0 /2 , 5co 0 /2 , to obta in the correct result. Each of 
these subharmonics has very small ampl i tude , compared to 
the p u m p ha rmon ics HCOQ, and the losses due to their 
generat ion are insignificant. However , higher s u b h a r m o n 
ics open new channels for the t ransmiss ion of energy from 
the basic subha rmon ic (i.e. from the signal to be amplified) 
up th rough the spectrum. 

As a result of these processes, shown in Fig. 3c by 
dashed lines, the amplification is not pract icable and the 
factor K = 4/TZ W 1.28 [29] barely exceeds uni ty. The result 
is k n o w n for nonl inear waves in long electric circuits [30]. 

The pa t t e rn of interact ion of the great n u m b e r of 
ha rmonics and subharmonics is too cumbersome because 
the spectral app roach is inconvenient for the descript ion of 
nonl inear waves in media wi thout dispersion. If one follows 
the dis tor t ion of the time-profile dur ing wave p ropaga t ion , 
it t u rns out tha t the pa t t e rn is very simple. In Fig. 4 curve 7 
il lustrates the initial profile: 

u . . /co()t TZ\ , N — = sin co0t + 0.2 sin + - , (5) 
u0 \ 2 2) 

which is the sum of the p u m p and the half-frequency 
signal. The phase shift 7i /2 is given, such tha t amplification 
is opt imal . Curves 7 - 7 7 in Fig. 4 cor respond to growing 
distances z=x/xs: 0, 0.5, 1, 1.5, 2, 3, 4, 6, 10, 15, 30. 
D u r i n g wave p ropaga t ion the accumula t ing nonl inear 
dis tor t ion leads to shock front format ion . Because initial 
d is turbance (5) has two nonsymmet r i c half-periods, this 
leads to asymmetry of the fronts relative to the zero level. 
Two ne ighbour ing fronts move relative to each other , 
collide as absolutely inelastic part icles and stick together 
[1]. In consequence of the collision of the fronts, the per iod 
of the result ing wave (curve 77 in Fig. 4) is doubled in 
compar i son with the p u m p wave per iod. So, one can 
observe the pa ramet r i c division of the frequency into two. 

If required, these dis torted profiles can be expanded into 
Four ie r series and the whole spectrum of the wave field can 
be obta ined (Fig. 5). It is clear tha t all the higher ha rmon ics 
are comparab le in ampl i tude , bu t the basic signal co0/2 can 
be amplified insignificantly above its initial value, and 
amplification takes place only in a limited region of 
distances. 

It is no t to be supposed from the above tha t one cannot 
reach a marked amplification in nondispers ive media at all. 
Evidently, higher subha rmon ic generat ion is possible only 
with the presence of the input signal COQ/2. There is a great 
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U/UQ 

Figure 4. Wave profile for degenerate parametric interaction. 

0 1 2 3 4 5 6 6 8 10 12 14 16 18 

Figure 5. Wave spectrum for degenerate parametric interaction. 

numbe r of such subharmonics . Because of this, it is possible 
to extract informat ion abou t the signal from all the spectral 
componen t s by summing their cont r ibut ions . Us ing special 
m e t h o d s of signal processing, one can achieve a consider
able effect [32]. 

In Fig. 6 a possible exper imental scheme is shown [31]. 
The p u m p wave co0 p ropaga te s in insulated reference 
channel 2, as well as in open receiving channel 1 where it 
interacts with the signal wave co 0 /2 . At the input of channel 
2 the profile takes the form of symmetr ic ' saw' whose 
spectrum conta ins only integer frequencies nco0. At the 
input of channel 1 the ' saw' has asymmetr ic fronts a r ranged 
in pai rs ; its spectrum conta ins b o t h h a r m o n i c and sub
h a r m o n i c componen t s . Subt rac t ing two ' saws ' at the inputs 
1 and 2, we have the difference signal in the form of two 

peaks for each per iod, opposi te in sign. The m a x i m u m 
pressure in these peaks is comparab le with ampl i tude of the 
p u m p wave, tha t is, s t rong amplification is obta inable . 

It was demons t ra ted with this example tha t the inter
action pa t t e rn in dispersionless media is very specific and 
inaccessible. It is difficult to unde r s t and it wi thout resor t ing 
to the analysis of the wave profile t rans format ion , if 
a t tent ion is restricted from the outset to considerat ion of 
the spectra. 

2.4 Inertialess self-focusing in cubically nonlinear 
nondispersive media 
This is an example of why the spectral app roach prevents 
the p roduc t ion of correct results for the sawtooth wave 
beams . 
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Space-limited beams exposed to diffraction and self-
action effects can be described by the equat ion [11, 12] 

8T 

du du d2u 
dx + y U 8T 2c3

0p0 8 T 2 
A±u . (6) 

H e r e y is the coefficient of cubic nonl inear i ty , and the 
Laplac ian Aj_ is t aken with respect to the t ransverse 
coordinates . To describe the shock front correctly, the 
dissipative term in Eqn (6) is held p ropo r t i ona l to b. 
However , it is assumed tha t fronts are infinitesimally thin 
and b —> 0; there is a singular pe r tu rba t ion p rob lem 
conta in ing the small pa ramete r for the highest order 
derivative [31]. 

Fo l lowing the spectral app roach formally one can seek a 
solut ion of E q n (6) as a ha rmon ic wave, 

u = A (x, rj_) exp(iarr) + c.c. (7) 

F o r complex ampl i tude A the nonl inear equat ion of 
Schro'dinger type can be obta ined [33, 34]: 

. 6A 
ico — = ^-A±A+yco2\A\2A . (8) 

It is k n o w n tha t E q n (8) describes the instabili ty of the 
initial p lane wavefront in cases where its intensity exceeds a 
critical value [34]. Then the ampl i tude of any spatial 
pe r tu rba t ion h a r m o n i c (per turba t ion being an addi t ion to 
the p lane nonl inear wave ampl i tude) grows exponential ly 
as a function of distance x. Thus , in a self-focusing med ium 
(y > 0) the p lane wave is uns table ; it b reaks down into 
separate focusing b e a m s each carrying a power of the order 
of the critical one [34]. 

On the other hand , one can seek a solut ion of Eqn (6) as 
a p lane wave: 

p=p(x, T ) (9) 

The solution of E q n (6) [35] cor responding to formula (9) 
describes the t rans format ion of the initial ha rmon ic wave 
into a sawtooth one (see Fig. lc) , each ' saw' of which has a 
t rapezoida l form. As a result of nonl inear absorp t ion 
within the thickness of the shock fronts the peak values of 

the wave (ampli tudes of the ' saws ' ) decay with distance 
according to the law [13, 35] 

3 - 2 1 n 2 
A(x) = A 0 ( 1 +cycQA0x)~ -1/2 

471 
(10) 

In this way, two opposi te processes (increase in 
ampl i tude because of self-focusing and nonl inear a b s o r p 
t ion owing to shock front format ion) are being described by 
one, and only one nonl inear te rm in Eqn (6). Evidently, the 
t rans i t ion from (6) to (8) on the basis of assumpt ion (7) is 
incorrect; here adequa te m e t h o d s for analysis are required, 
which t ake into considerat ion the special features in the 
behav iour of the sawtooth-shaped waves. 

Cor re spond ing approaches and results are described in 
Ref. [13]. In par t icular , at the stage where the developed 
t rapezoida l ' saw' does exist one can obta in , us ing the 
nonl inear geometr ic acoustics approx imat ion , the follow
ing system for the intensity J = u2 averaged over the per iod: 

dJ d , x 1 
dx or r 

dV dV dJ 
ox or or 

-acoyJ (11) 

(12) 

The second variable V = dx/j/dr (where \j/ is an eikonal) is the 
angle of inclination of the ray to the beam axis; a is the 
constant determined by the s t ructure of the profile of the 
saw-tooth wave. It is interesting to no te tha t the nonl inear 
te rm ( ~ y) in E q n (6) caused the appearance of the right 
sides in E q n s (11) and (12) s imultaneously. The right side in 
E q n (12) is responsible for the nonl inear bend ing of rays and 
the self-focusing effect, bu t the right side of E q n (11) is 
responsible for nonl inear absorp t ion . The system (11), (12) 
is ana logous to the equa t ions describing one-dimensional 
flow of compressible liquid in the form used for the 
descript ion of aber ra t ion self-focusing of light [33]. H o w 
ever, in the opt ical p rob lem the absorp t ion can be absent and 
right side of Eqn (11) is equal to zero. But in the case being 
considered at y —> 0 no t only will the nonl inear absorp t ion 
disappear , bu t self-focusing as well. 
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As the analysis [13] of b o t h E q n (6) and the system (11), 
(12) has shown, the self-focusing process develops over 
lengths well in excess of the shock format ion scale. H e r e the 
wave profile has a t rapezoida l sawtooth shape. There is 
compet i t ion between two processes, self-focusing and 
damping , b o t h generated by the same nonl inear i ty . As a 
result, the width of the beam m a y be reduced substantial ly 
while the ampl i tude of the ' saw' increases little. 

In s u m m a r y it m a y be said tha t there exist pr incipal 
dist inct ions between beam self-action processes in dispersive 
and nondispersive media . This calls for different approaches 
and descript ion techniques. 

3. Diffracting beams of sawtooth-shaped waves 
The wave interact ions were studied up to the beginning of 
the 1970s on the basis of simple theoret ical models . One -
dimensional waves were considered m a i n l y — p l a n e , spher
ical, and cylindrical. But in real s i tuat ions one has to deal 
with beams , and diffraction effects mus t be taken into 
account . 

The peculiarit ies of the behav iour of nonl inear space-
limited b e a m s were no ted early in the experiments [ 2 - 5 ] . 
Systematic studies, however , were begun later [36, 37], after 
adequa te theory was developed to check it. 

In Fig. 7 the profile of an initially ha rmon ic signal is 
shown measured [37] at different distances from the 
u l t rasonic source in water . A piezoceramic disk, 30 m m 
in diameter , has been used as a rad ia to r of 1 M H z resonant 
frequency. The signal was received by a b r o a d b a n d h y d r o 
p h o n e (piezoquar tz plate , x-cut) of 10 m m diameter and 
14.5 M H z resonant frequency. One can see tha t at small 
distances the signal is similar to the h a r m o n i c one. 
F u r t h e r m o r e , the front becomes m o r e steep and there 
appears an asymmet ry in the dis tor t ion of b o t h compres 
sion and rarefact ion half-periods. At a distance of 25 cm 
approximate ly , the shock is formed in the wave profile. This 
leads to the appearance of oscillations behind the front 
which are connected with resonant excitation of the 
h y d r o p h o n e . In the further p ropaga t ion one can observe 
nonl inear absorp t ion of the wave, bu t its a symmet ry is well-
marked as before: the negative half-period is smoothed and 
expanded, bu t the posit ive one is shor tened and sharped. 

In a series of experiments (see, for example, Ref. [38]) 
' smoo th ing ' of the t ransverse dis t r ibut ion of the acoust ic 
field in a beam has been observed. N e a r the axis the shock 
wave forms earlier, and the intense absorp t ion takes effect 
in the paraxia l region. At the same t ime, the shocks do no t 
yet exist in regions distant from the axis and wave 
ampl i tude is cons tant . So, the stronger absorp t ion near 
the axis leads to b roaden ing of the beam, and the wave 
t ransforms into a p lane wave of small ampl i tude — the 
radia l dis t r ibut ion becomes m o r e h o m o g e n e o u s [39]. This 
p h e n o m e n o n is ana logous to the process of nonl inear 
' smoo th ing ' of the directivity pa t t e rn of a high-power 
acoust ic rad ia tor , which was considered in Ref. [40]. 

The processes of nonsymmet r i c dis tor t ion of diffracting 
nonl inear waves were studied in detail in numer ica l 
experiments [41] where the excess of posit ive peak pressure 
over its initial value has also been observed. 

The theoret ical invest igations of nonl inear effects t ak ing 
diffraction into considerat ion were begun after K h o k h l o v 
suggested supplement ing the slowly varying profile m e t h o d 
[42] with the quasi-opt ic approx imat ion , the ideas of which 

a 

b 

c 

d 

e 

x / c m 

Figure 7. Nonlinear distortion of the wave form on the axis of a beam 
with increase in distance x from the source. / = 0.9 W c m - 2 ; N — 2.5; 
graduation on horizontal scale 0.2 (is, on vertical: (a, b) 2.8 atm, 
( c - e ) 1.1 atm. 

or iginate from the works by Leontovich and F o k on 
rad iowave p ropaga t i on a long the E a r t h ' s surface. After 
the simplification, the system of equa t ions of mechanics of 
compressible media was reduced to the single equat ion [43] 

8 (dp s dp\ c0 

8T \fa~c~lp^P dr) = 2~ ' ( 1 3 ) 
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which we p roposed to n a m e the K h o k h l o v - Z a b o l o t s k a y a 
equat ion (KZ) . At the present t ime this n a m e has come 
into c o m m o n use. In E q n (13) p is acoust ic pressure, and 
other no ta t ions are the same as in E q n s (1) and (6). 

The modified forms of this equat ion were suggested 
later. 

In Ref. [44] the dissipative term which is posed inside 
bracke ts in formula (13) is taken into considerat ion 
(containing the second derivative of the f ie ld)—just the 
same as in Eqn (6). In Ref. [45] the dispersive term with the 
third derivative is t aken into account , giving the o p p o r t u n 
ity to describe the space-limited soli tons. In Ref. [46] the 
integral te rm is added, the kernel of which can be 
reconstructed for any frequency-dependent absorp t ion 
and dispersion [47, 48]. 

M o r e t han 100 works are k n o w n to da te which are 
devoted to calculat ion on the basis of the K Z equat ion or its 
modified forms. These are mainly numer ica l results [41] or 
da ta on ha rmonics and combina t ion frequencies for weakly 
expressed nonl inear i ty [ 4 9 - 5 1 ] . The last works are of great 
applied impor tance for the calculat ion of pa ramet r i c 
underwate r devices [49, 52]. 

However , the present review is devoted to sawtooth 
waves, in beams of which nonl inear effects are expressed 
strongly. There are only a few works on this p rob lem 
because of ma themat i ca l difficulties in their analyt ical and 
numer ica l t rea tment . 

In Ref. [53] the approx ima te me thod was used for K Z 
E q n (13) analysis, based on the power-series expansion of 
the solution in the small pa ramete r , which is a rat io between 
the current value of radia l coord ina te r and the initial width 
a of the beam: 

? / 
p(x, r, T ) =p0(x, T ) + ^P2(X,T) + ^ 4 PA(X, T) + . . . .(14) 

Such an app roach is similar to the aberrat ion-free 
app roach used in the theory of laser self-focusing [53]. 
As distinct from the opt ical case, here the system of 
o rd inary differential equa t ions cannot be obta ined, bu t the 
infinite chain of coupled par t ia l nonl inear equa t ions can. 
Restr ic t ing considerat ion to the first two equa t ions of this 
chain (p 4 = p6 = . . . = 0), one can obta in the canonical 
system 

8_ 

dx 

8 

• - 3 — P 
coPo 8T 

F = | J p 2 d ( G ) T ) (15) 

(here / ? = / ? 0 ( x , T ) is the field on the axis) conta in ing the 
nonl inear opera to r with the same pr incipal par t [54], which 
can be solved exactly. The function g(x) in formula (15) is 
determined from the conservat ion of linear m o m e n t u m of 
the wave, N is the number (the only similarity criterion in 
the K Z equat ion) equal to the rat io of shock format ion 
length to the diffraction length [39]: 

N = xs = cl/(ea)p0) 
xd coa2/(2c0) ' 

In dimensionless no ta t ion , 

(16) 

V = 
Po 

z = - ' = COT , R = 

the K Z equat ion takes the form 

'dV 

dz~' 
ev 
80 

N (d2V 1 dV\ 
JyW^RdRJ ' 

(17) 

(18) 

Figure 8. Influence of diffraction phase shift on the change in 
behaviour of the wave in the beam (solid curves) in comparison with 
the plane wave (dashed curves) at N — 0.4. 

In Fig. 8 results are presented of graphical analysis of 
the solution of the system (15) on the beam axis at number 
N = 0.4. The curve 1 shows the wave profile at z = 0. In the 
case tha t the wave is p lane , the nonl inear effects lead to the 
profile dis tor t ion shown by curves 2r {z = 1) and 3f (z = 2). 
In the presence of diffraction the wave behaviour is 
different: the posit ive half-period decreases in dura t ion , 
bu t the negative increases. Since the areas mus t be equal for 
b o t h half-periods, the excess of posit ive pressure over the 
initial value (curve 2, z = 1) takes place in some region of 
distance x near xs. The excess poin ted out will be 'cut o f f in 
the shock existence region x > xs by the moving front, bu t 
the distinction from the p lane wave (curves 3 and 3') 
manifests itself m o r e significantly. 

These p h e n o m e n a are no t connected with the self-action 
[33] or with the m o r e intense generat ion of ha rmonics in 
the beam [55] t han in the p lane wave. These p h e n o m e n a can 
be explained easily on the basis of the dist inctions in 
diffractional phase shifts or p ropaga t i on velocities between 
fundamenta l and higher ha rmonics [48]. In the case of open 
resona tors , for example, the ana logous shifts will cause the 
splitting of frequencies of different t ransverse modes [48]. 

However , the direct expansion of the sound field in series 
(14) in the t ransverse coord ina te with only two te rms (15) 
t aken into account sets a s t rong restrict ion on the feasibility 
of the results obta ined. It t u rns out tha t the solut ions 
describe the processes precisely near the axis, bu t at small 
distances only, in compar i son with the length of diffraction. 

To eliminate this difficulty, in Ref. [56] the me thod [53] 
was modified in the following way. The solution of E q n (18) 
was sought in the form 

V = V[z,R, T = 0-\l/(z,R)] , (19) 

where \j/ is an u n k n o w n function describing the curva ture 
of the wave front. In place of the K Z equat ion , the 
following system has been obta ined: 

dV 81/A N dV 
dT 4 dT 

N A 

= 4 A ± y , 

81A A f / 8 1 / A 2 N f . 

(20) 

(21) 



Nonlinear sawtooth-shaped waves 973 

Here Q is an a rb i t ra ry function. Choos ing Q from 
considera t ions of simplicity (as in the linear quasi-opt ic 
diffraction theory, for example) and using the paraxia l 
expansion (14) for b o t h functions V and one can obta in 
the solution on the beam axis in the pa ramet r i c form 
V = V(T0), T = T(T0): 

v=j sin(r0 + |" f(y)Mi-y)*y , (22) 

r 0 

1 
~2A^ 

1 n 

Jo 

sin(r0 +y)dy 

f(y')sm(y-y')dy' 

H e r e T0 is the pa ramete r , / = ( c o s ? / ) - 1 , rj = arctanAfz. 
The sawtooth wave format ion process calculated from 

formula (22) is similar to the process shown in Fig. 8. The 
compar i son shows [56] tha t the wave form (22) as well as 
the spatial ha rmonics dis t r ibut ion cor respond closely to the 
numer ica l results at any distance from the source. 

However , in the case where it is necessary to k n o w the 
beam st ructure outs ide the parax ia l region, the approaches 
of Refs [53, 56] are inapplicable. A simple asymptot ic 
theory [57] was developed tak ing into account the influence 
of diffraction and nonl inear i ty on the Gauss ian beams . 
Here the t ransi t ion was used to the implicit 'R i emann 
var iab le ' T = 6 + zV which conta ins the u n k n o w n function 
V. Thereafter the nonl inear equa t ions obta ined were solved 
by the pe r tu rba t ion m e t h o d for the diffracting beams . It 
tu rned out tha t b o t h limiting cases (linear b e a m s or 
nonl inear waves wi thout diffraction) can be described 
exactly by this me thod even in the first approx imat ion . 
In the in termedia te region (for n u m b e r s N ~ 1) errors can 
appear at the distances where the shock format ion process 
is accompanied by the t rans format ion of the p lane wave 
into a spherically diverging one. 

In subsequent works the me thod [57] was refined with 
considerat ion for higher approx ima t ions [58]. A theory for 
non-Gauss i an t ransverse profiles [59] was developed similar 
to the uni form or po lynomia l one. As distinct from 
Ref. [57], the pe r tu rba t ion me thod was used here a long 
with the renormal i sa t ion p rocedure no t only with respect to 
the t ime variable, bu t also to the t ransverse coordinates . A 
high accuracy was reached in Ref. [60] where the r e n o r m a 
lisation procedure , which makes it possible to describe the 
sawtoo th waves, was performed on the basis of three first 
approx ima t ions to quasil inear pe r tu rba t ion theory. 

In conclusion to this section, Refs [60, 61] can be noted , 
where the region of applicabil i ty was analysed for the 
app roach based on the K Z equat ion . This app roach was 
shown to be correct for the descript ion of results obta ined 
dur ing l abora to ry experiments . Recal l tha t for nonl inear 
effects which are weakly expressed and where there are no 
shocks in the wave profile, the accuracy of the K Z equat ion 
is confirmed by underwate r experiments as well as by 
calculat ion of real pa ramet r i c devices [52]. 

Several tens of publ ished works are devoted each year to 
the K Z equat ion and to diverse modif icat ions of such field 
equat ions . Therefore, it is interest ing to no te tha t a long with 
the line of investigation described above, which has its origin 
in classical works on wave theory, there exists p robab ly a 
second independent line. It originates from the works by 
P r a n d t l on hydrodynamics (see, for example, Ref. [63]). In 

fact, the ideas used in the derivat ion of the boundary- layer 
equa t ions (1904) are identical with the ideas of quasi-opt ical 
approx imat ion . Their development provided the foundat ion 
in mechanics for the works , closely connected, in fact, with 
the works on nonl inear wave theory, bu t having essentially 
no influence on it. So, as early as 1948, the equat ion was 
derived [64] coincident with the K Z equat ion in this form, bu t 
the p rob lem definition and the physical sense of the variables 
are different in these two cases. Ins tead of the wave profile 
and the t ransverse beam form at the source, in the 'flow 
a r o u n d ' p rob lem one must specify the b o d y ' s shape and the 
n o r m a l componen t of the s t ream velocity, which equals zero 
at the surface. In Ref. [65] a similar app roach was used to 
calculate the t ransonic flow a round the wing. Some 
reflection on the results [64] is presented in a b o o k 
[63, p . 655] where the s ta t ionary version of the K Z - t y p e 
equat ion is used in the derivat ion of the K a r m a n near-sonic 
similarity law. 

However , the cont inua t ion of the 'mechanical l ine ' of 
investigation b rough t into existence the 'pure wave ' works 
in which the K Z equat ion was derived once again. There are 
works on weak shock wave theory devoted to their focusing 
[66] and instabili ty under t ransverse spatial modu la t i on [67] 
(see also [63, p . 493]). It would be well to have an 
acqua in tance with all of these works , because m a n y of 
them conta in impor t an t ma themat ica l results or physical 
conclusions which can be extended to other subjects of 
investigation. 

4. Waves in inhomogeneous media and 
nonlinear geometric acoustics 
The tendencies t o d a y in fundamenta l research and 
appl icat ions of the theory of sawtooth waves pu t in the 
forefront the p rob lems devoted to intense wave p r o p a g a 
t ion t h rough inhomogeneous media . The p ropaga t i on of 
sonic b o o m pulses generated by supersonic passenger 
aircraft [68, 69], explosive waves in the a tmosphere and 
in the ocean [70], con t inuous acoustic rad ia t ion from 
powerful sound t ransducers , etc., can provide examples of 
such prob lems . 

All the p rob lems arising here can be divided conven
t ionally into three groups . There are p rob lems connected 
with informat ion t ransmiss ion (an example — explosive 
waves in an underwate r sound channel) , and with intense 
wave act ion and envi ronment pro tec t ion from it (sonic 
b o o m ) , as well as inverse p rob lems on nonl inear n o n 
destructive testing and diagnost ics ( reconstruct ion of the 
pa rame te r s of the source, scatterers and med ium th rough 
which the signal p ropaga tes ) . 

To describe the sawtoo th wave it is necessary to 
determine correctly the posi t ion and form of the shock 
front, as well as differentials in pa rame te r s across the front. 
F o r this pu rpose the gas dynamic m e t h o d s used are 
simplified with regard to the small acoust ic M a c h n u m b e r s 
[ 7 1 - 7 3 ] . However , there is a little sense in having da ta for 
the wave front only. The wave has to be considered as a 
signal of complex spectral composi t ion carrying informa
t ion abou t the source and the med ium. F o r example, dur ing 
p ropaga t i on in the a tmosphere , ocean or g round the wave 
interacts with inhomogenei t ies acting as scatterers, na tu ra l 
waveguides, lenses, filters and having m a r k e d frequency-
selective proper t ies . It is necessary therefore to follow the 
dis tor t ion of the wave spectrum. To follow tha t for the 
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s p a t i a l - t e m p o r a l characterist ics of the dis turbance, one has 
to describe the evolut ion of the smooth section in the wave 
profile in paral lel with the shock front, as well as their 
interact ion with each other . This complex p rob lem can be 
solved effectively only on the basis of nonl inear acoust ic 
approx ima t ion with the use of results obta ined in the linear 
theory of wave p ropaga t i on th rough inhomogeneous media 
[ 7 4 - 7 6 ] and the theory of nonl inear nondispersive waves 
[1, 7 1 - 7 3 ] . 

Approx ima t ions of nonl inear geometr ical acoustics type 
were developed and applied to the waves in smooth ly-
inhomogeneous media (see, for example, Refs [77-79] ) . In 
Refs [ 8 0 - 8 2 ] evolution equa t ions of K Z - t y p e were derived 
for i nhomogeneous media tha t m a k e it possible to t ake into 
account the diffraction of beams . However , these p rob lems 
remain difficult in spite of simplification, and therein lies 
the explanat ion why the concrete results obta ined here are 
few in number . 

It is app ropr i a t e n o w to indicate the two m e t h o d s for 
the simplification of the initial equat ions , which m a d e it 
possible to solve nonl inear p rob lems . The first me thod is 
based on the nonl inear geometr ic acoustics approx imat ion ; 
it is applicable to b e a m s with a large ray divergence. 
However , it is no t valid in aber ra t ion areas, where the 
rays intersect each other . The second app roach is applicable 
only to b e a m s with a n a r r o w angular spectrum, bu t in 
re turn it gives a field in the vicinity of focuses and caustics. 

The evolut ion equat ion was derived in Ref. [21] by 
means of the second approach : 

_8_ 
8T 

dp 
ds 2 ds 

1 

" 2 ? 

ln(pc) 
s dp 

c3p P 8T 

(23) 

To describe the acoustic pressure field p in the vicinity of 
an arbi t rar i ly selected ray, the curvilinear coordina tes are 
used here. The distance s is measured a long the ray from 

some fixed point , and the coordina tes £ = ( £ , 7 7 ) are 
assigned in a special way in the cross section: the basis 
of this system is tu rned relative to the Frene t t r ihedra l 
t h rough an angle defined by the curvilinear integral of the 
ray tors ion [21]. Pa ramete r s of the med ium, i.e. sound 
velocity c, density p , and nonl inear i ty s in E q n (23) depend 
on space coordinates . It should be ment ioned tha t the 
app roach [21] makes it possible to generalise Eqn (23) 
for dissipative, relaxing and other media with a rb i t ra ry 
frequency dependences of their linear proper t ies (in the same 
manne r as was done in Ref. [46] for h o m o g e n e o u s media) . 

One can obta in for a per iodic wave with a strongly 
dis torted profile, in the nonl inear geometr ic acoustics 
approx imat ion , the following equat ions : 

4 

V l n p V t A 
en dp 

0 , 

(24) 

(25) 

where p = p(r = t — i / f(r)/c 0 , r ) . Interestingly, the e ikonal 
equat ion (24) has here the same form as in a linear 
p rob lem. The validity of this agreement is evident for 
per iodic signals. In fact, if the diffraction is negligible for 
the fundamenta l frequency wave, it has to be valid for its 
higher ha rmonics . The si tuat ion is different for modu la t ed 
signals, where nonl inear p ropaga t i on gives rise to low-
frequency spectral componen t s , and for intense acoustic 
pulses tha t a l ready contain low frequencies at the input of 
the nonl inear med ium. Sometimes it is convenient to 
modify the e ikonal equat ion by including nonl inear terms. 
Such is the case when allowing for the self-action effects in 
a cubic nonl inear dispersionless med ium [13] and for the 
movement of a shock front in the accompany ing 
coord ina te system [ 1 4 - 1 6 ] . 

Let us consider, for example, the two-dimens iona l 
p rob lem, t ak ing the e ikonal x// and the pa ramete r a 
' number ing ' rays on the straight line x = 0, as independent 

Figure 9. Rays and lines of equal levels of peak pressure for pulse signal (a) and periodic 'saw' (b). 
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variables (Fig. 9). In this case the system of E q n s (24), (25) 
can be reduced to the equat ion [83] 

dp p 8 
# + 2 # pc^ 

s dp 
^-pPd-? = ° 

(26) 

where D = 8 ( x , z ) / 8 ( a , xjj) is a Jacobian of the t r ans fo rma
t ion of the Car tes ian coordina tes x , z into the ray 
coordina tes a, xjj. F o r a stratified med ium in which 
pa rame te r s are dependent only on coord ina te z, the 
solut ion of the e ikonal E q n (24) can be wri t ten in a 
convenient pa ramet r i c form: 

* ( « , z ) = * , ( « ) + r n
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where the function 
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z=0 
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8x 
n cos 9 = const (a) (29) 

describes the inclination of the a -numbered ray to the x-
axis; 6 is the angle between direction x and the tangent to 
the ray. One can fix the angle of depar tu re for each ray 
after the function a(jx) (29) is specified. The a rb i t ra ry wave 
front can be prescribed at the ' fan ' of the constructed ray 
set. In this case the Jacobian is given by [83] 

D 
[n\z)-a\*)\ 

n\z) 

1/2 f daT n2(y)dy \ 

I ^\o[n2(y)-a2(MV2] 
(30) 

W e call a t tent ion n o w to the t r anspor t E q n s (25), (26). 
As distinct from the linear case they conta in an addi t iona l 
t ime variable T . This var iable can be el iminated in linear 
p rob lems by the t ransi t ion from p to the complex ampl i tude 
A: p = A(r) exp(—icoz). However , E q n s (25), (26) can 
describe an essentially n o n h a r m o n i c wave with a wide 
spectrum of interact ing Four ie r componen t s ; it is impos 
sible, in general, to el iminate x for such a wave. 

Nevertheless , in the most interest ing case, when n o n 
linear effects are expressed strongly and the wave profile has 
the sawtooth-shaped form (see Fig. l a ) , one can pu t 

p(t , r) = -2fxA{r) (31) 

and go from E q n s (25), (26) to the equa t ions for the peak 
values A of the field p: 

A A 
WiJ/WA + — Ax// - — VlnpWip + 

2snf 

c3p 
A = 0 , 

8A 

dxj 
+ A 0 

(32) 

(33) 

F o r m u l a (31) describes the straight line section of the 
per iodic ' saw' profile; / is fundamenta l frequency. Shock 
fronts are placed at 2ft n = n(2n + 1), n = 0, ± 1, ± 2, . . . , 
and they cannot be displaced from the po in ts xn dur ing the 
wave p ropaga t ion . E q n s (32), (33) can be linearised by the 
subst i tut ion A = B~l and can be easily solved. 

F o r a bipolar N-pu l se (see Fig . l b ) one can also use 
E q n s (32), (33). But in this case the var iable A (31) has a 
sense of inclination of straight line sections of the wave 
profile, and b o t h fronts will be shifted dur ing the p r o p a g a 
t ion to the posi t ions T = ±T(\jj). To t ake into account these 
differences, we use the conservat ion of linear m o m e n t u m [it 

follows from E q n (26) evidently] and the connect ion 
between ' ampl i tudes ' of N - w a v e (AN) and ' saw' (As) [the 
last follows from Eqn (31)]: 

D 
2 

PC 

1/2 

AN(\j/)T(\jj) = cons t , AN = 2/TA £ (34) 

Solving (33) for A =AS and using condi t ions (34), we 
obta in an ana logous result for AN. 

F o r the p lanar layered med ium whose proper t ies depend 
only u p o n z, these solut ions have the form [83] 

a ( „ 7 \ A o W fDoP\ 
1/2 

1 + 
1 A 0 ( q ) 

k Po 

D0p0s I1/2 

o L Dps{ •a2(a)_ 
dzi (35) 

In formula (35) m = — 1 cor responds to a per iodic ' saw' , 
bu t m = —1/2 to an N-wave . The characterist ic nonl inear 
length (or shock format ion distance) is ls = clp0/(2fs0p0); 
for the b ipolar N-pu l se it is convenient to pu t here 
/ = (2r0) - 1 , where T0 is the initial dura t ion of compress ion 
(or rarefact ion) phase . 

In Ref. [83] solution (35) was used for the acoust ic field 
calculat ion in an a tmosphere stratified with respect to the 
density and sound velocity: 

P(z) = Po e x P jj> c = c o O + fe) • 

The p lane z = 0 is located at a height of 10 k m , the z-axis is 
directed d o w n w a r d a long the vertical; H = 8 km, 
k = 1.3 x 1 0 " 2 k m " 1 , c 0 = 300 m s " 1 , p0 = 0.37 kg m " 3 . 
At z = 0 the curved phase front was specified as well as 
the nonun i fo rm ampl i tude dis t r ibut ion: 

\l/0(x = a) = h 1 + ~ 2 
2 \ 1/2 

^ o ( a ) =Po( 1 + ^ 

-1/2 

,(36) 

where h is the height (over the p lane z = 0) at which lies the 
focus of a cylindrical diverging wave (h < 0 cor responds to 
the converging wave), and a is the current abscissa value 
fixing the poin t of ray depar ture . The shock format ion 
length was set at ls = 2.3 k m corresponding, for example, 
to the N-pu l se with characterist ic dura t ion T 0 = 0.05 s and 
peak pressure p 0 = 180 Pa . 

In Fig. 9 is shown the ray pa t t e rn (28) for the diverging 
beam (h = 21.3 k m ) as well as lines of equal levels of the 
peak pressure for a single pulse (Fig. 9a) and for a per iodic 
' saw' (Fig. 9b). As the distance t raversed by the wave 
increases, the acoust ic pressure decreases because of n o n 
linear absorp t ion and divergence of rays. 

Thereafter the wave penet ra tes into m o r e dense a t m o s 
pher ic layers and the pressure is built u p . As a result, the 
spatial d is t r ibut ions of peak pressure have a ' saddle ' po in t ; 
it is located for the pulse at a height of 5 k m approximate ly , 
bu t for the per iodic saw (which decays m o r e strongly) at the 
distance 1 k m from the E a r t h ' s surface. 

The ampl i tude behaviour is determined by the jo int 
act ion of refraction, the change in pa rame te r s of the 
med ium along each ray, as well as by the nonl inear 
absorp t ion . To select the influence of nonl inear a b s o r p 
t ion, let us consider the converging wave in a h o m o g e n e o u s 
med ium, where E q n s (30) and (28) in te rms of the first 
formula (36) t ake the form 

, , 2 \ - 1 / 2 

D 1 + - a 1 (37) 
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The obvious poin t follows from E q n (37) tha t the decrease 
in ray tube cross section tha t is p ropo r t i ona l to D h appens 
in h o m o g e n e o u s media only because of the divergence of 
the initial ray beam. The rays x(z) remain straight lines in 
this process. On-axis peak pressure decreases at first 
because of nonl inear absorp t ion , bu t thereafter it grows 
indefinitely as it approaches the focus. In contras t , the 
beam width increases because of s t rong absorp t ion in the 
parax ia l region. However , at the poin t z = h the b e a m s 
collapse and their width goes to zero. 

The simplest p h e n o m e n a described above have a 
p r imary effect on the complex pa t t e rn of the sawtooth 
wave field in an inhomogeneous med ium. 

5. Focusing of shock waves 
To create s t rong wave fields, focusing devices can be used 
which have a wide appl icat ion in m a n y ul t rasonic 
technologies and in medical ins t ruments . A concent ra t ion 
of the wave energy occurs dur ing the focusing, and the 
impor tance of nonl inear effects increases significantly. In 
addi t ion, the linear dissipative proper t ies of the med ium 
are essential, bu t in the focal region the diffraction is of 
basic impor tance . 

Let us consider, at first, the role of each of the indicated 
p h e n o m e n a by itself. The solution of the linearised K Z 
equat ion (13) for Gauss ian b e a m s at the axis (r = 0) has the 
form [48, 52] 

sin (COT + cp) 
p0(co) dco 

[ ( 1 _ x / x o ) 2 + x 2 / x 2 ] 1/2 (38) 

cp = a rc tan T ^ j - + n0(x-xo) 
1 —x/x0 

H e r e xd = coa2/2c0 is the diffraction length (16), © is the 
Heavis ide step-function, p is the initial wave spectrum. At 
the geometr ic focus x = x0 the solut ion (38) takes the form 

2c0x0 8T 

xd ~ I 7 1 \ i — Po sin I COT + — ) dco 

I'OC 

Po (co) sin COT dco 
J—oo 

(39) 

Consequent ly , the profile at the focus is the t ime derivative 
of the initial (at x = 0) signal. 

If the signal is a ha rmon ic one, the m a x i m u m of its 
ampl i tude is achieved at the poin t x m a x < x 0 (which is 
located between source and geometr ic focus) and the 
m a x i m u m amplification factor is large, K 1 (for weak 
influence of diffraction). Accord ing to E q n (38) these 
quant i t ies are 

x0 

i+x2

0/xy 
K 1 + 

XD^ 
(40) 

In Ref. [84] the dis tor t ion process is described for a 
un ipola r pulse signal p = p0 exp(— |r | /r 0 ) . D u r i n g the 
p ropaga t i on a negative ' tai l ' appears owing to the diffrac
t ion. As the wave tends to the focus, the ' ampl i tude ' 
increases for b o t h compress ion and rarefact ion phases , 
and the signal becomes differentiated with respect to 
t ime. Behind the focus these max ima decrease because of 
diffraction; the pulse profile tends to the form inverted 
relative to the initial one. 

Figure 10. Distortion of the half-period of a spherical wave at its 
convergence to the focus. Number r — 0.1. The dimensionless distance 
z — x/xs from the current position of the front to the focus is indicated 
for the curves. 

Let us neglect the diffraction n o w and consider the 
behaviour of a nonl inear spherically converging wave. The 
cor responding solution of E q n (18) with an added dissipa
tive term (or the modified Burgers ' equa t ion for converging 
waves [85]) wri t ten in dimensionless variables (17) has the 
form [31] 

~nA{z) 
V =A(z){ - 0 + rctanh 

IT 
(41) 

(42) 

The solution (41) describes, at small n u m b e r s r = xs/xa, 
one per iod (—71 < 9 < k) of the sawtooth wave. It was 
obta ined for the signal ha rmon ic at the source (at x = x 0 or 
z=x0/xs=zo)- The signal p ropaga te s to the centre 
(x = z = 0) and the normal ised distance decreases from 
z0 to 0. 

In Fig. 10 [31] one half-period is shown of the wave for 
Zo = 10, in the case where the distance between the initial 
spherical surface and the focus exceeds the shock format ion 
length significantly. In these condi t ions an interest ing 
p h e n o m e n o n can be observed — the double format ion of 
the shock front [85, 31]. Fig. 10 shows the dis tor t ion of an 
initially (z = Zo = 10) h a r m o n i c wave dur ing p ropaga t i on to 
the focus. In the curve z = 8.2 the steep leading front is 
clearly defined. Thereafter , the m a x i m u m dis turbance 
decreases in the wave and its front expands — up to the 
curve z = 4.5. The shock front width reaches its m a x i m u m 
value at a poin t z m a x = z 0 e x p ( l / z 0 — 1); in its vicinity the 
process of nonl inear absorp t ion of the ' saw' is a t tenuated . 
However , at further app roach closer to the focus, the 
d is turbance star ts to g row again (the convergence d o m 
inates over dissipation), and the front becomes steep again. 

Evidently, nonl inear absorp t ion of the ' saw' leads to a 
decrease in the amplification factor at the focus [5]. 
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Figure 11. Change in linear ( 7 ) and nonlinear ( 2 ) amplification 
factors and their ratio (3) during the wave propagation from source 
(z — 10) to focus (z — 0): solid curves f — 0.1; dashed ones f — 0. 

Accord ing to solut ion (41) the rat io between nonl inear KN 

and linear KL amplification factors is equal to 

KL ~ 

I ) 1 / 2 - orrrnzh UM2\ x y 

n z0 

l , \ y 

exp [r(zo - z)] 

arccosh (v 1 ^ 2 ) ] , y IF (43) 

where A is given by formula (42). The dependences of the 
amplification factors KN, KL , and their rat io (43) on z are 
presented in Fig. 11 (curves 1, 2, 3, respectively). The 
dashed curves cor respond to the vanishingly small 
dissipation, T —> 0, and solid curves to r = 0.1. The 
nonl inear amplification factor KN has a m in imum between 
the source and the focal point , where the wave front 
b r o a d e n s (see Fig. 10). At the app roach to the focus b o t h 
factors KN, KL increase, bu t their rat io tends to zero 
(curves 3 in Fig . 11). 

However , the nonl inear effects cannot only decrease the 
amplification factor, bu t increase it as well because of 
s tronger focusing of higher ha rmon ics generated by the 
intense wave [86, 73]. Such an inverse effect is possible in 
tha t case if nonl inear absorp t ion cannot lead to m a r k e d 
energy losses in the whole p a t h from the source to focal 
region, i. e. even t hough the ' saw' is formed, it h a p p e n s in 
the immedia te vicinity of the focus. The cor responding 
calculat ion is performed in Ref. [87] by the use of a s tep-by-
step approach . 

The wave was supposed, at the first stage of p ropaga t ion 
in the region x 0 > x > x*, to exhibit nonl inear dis tor t ion 
only, like a symmetric spherically converging wave [31]: 

P_ 
Po 

x0 p X x0 

COT H In — 
P0 x s x 

(44) 

The stage b o u n d a r y x* can be chosen from compromise 
considerat ions . It mus t be small in compar i son with the 
focal distance (x <̂  x 0 ) bu t large with respect to the size of 

the focal region (x* > xl/xd). At the second stage 
x* > x > 0 the wave was supposed to exhibit only the 
diffraction t rans format ion ; here nonl inear dis tor t ion 
cannot be cumulat ive (because of the small size of the 
focal region), despite the large peak pressures and steepness 
of the shock front. 

Us ing E q n (44) as a b o u n d a r y condi t ion (at x = x*) for 
the solution of the diffraction p rob lem (39): 

\x=o 2CQX^. 

•copo: 
x0 

a* 

Xq ^ Xq 

x 0 

one can calculate the nonl inear amplification factor 
-l 

KL \ xs x* 
(45) 

As can be seen, the greater the excess of KN over KL, the 
s tronger is the nonl inear i ty (or smaller nonl inear length x^); 
the dependence on the indefinite b o u n d a r y x* of this stage 
is weak. In experiments [88, 89] the increase of the focal 
field in compar i son with the linear case was indicated. 
However , the pr incipal quest ion abou t the m a x i m u m 
possible rat io KN/KL is no t yet unde r s tood . This is 
connected with difficulties in s imul taneous considerat ion 
of the diffraction and dissipation p h e n o m e n a under ' s ha rp ' 
focusing condi t ions . 

It has been possible to obta in the solution of the K Z 
equat ion only for small angles of wave front convergence 
[56], which can describe the nonl inear and diffraction 
evolut ion of the profile. This solut ion can be wri t ten in 
pa ramet r i c form (21), where 

Nzc 

sin?/ + Nzo cos?/ 

rj = %0(z - Zo) + arc tan 
Nz 

1 -z/z0 

(46) 

Here the normal ised distance z=x/xs varies t h rough a 
range from z = 0 (the source) to increasing values of z. The 
geometr ic focus is located at z = Zo =xo/xs-

The profiles constructed in accordance with solution 
(21), (46) are shown in Fig. 12. The increase in ampl i tude as 
well as leading front steepening were observed dur ing 
p ropaga t i on to the focus. Moreover , zero front level po in t s 
of the wave profile are shifted in a forward direction, 
because of diffraction. The profile becomes asymmetr ic in 
geometr ic focus as a result of diffraction dephas ing of 
ha rmonics ; the posit ive pressure area is amplified m o r e 
strongly. Just behind the focus (the curve for x / x 0 = 1.2 in 
Fig. 12) the profile takes a form similar to the derivative 
from the profile ahead of the focus (the curve for 
x / x 0 = 0 . 8 ) . The rat io between nonl inear and linear 
amplification factors for the posit ive peak pressure in 
accordance with this solut ion is equal to 

^ = i + ^ e 
KL 2xs 

xo 
xd. 

(n/2)y-\ny 

1 + v 2 
(47) 

F o r m u l a (47) is somewhat different from the result (45) of 
step-by-step analysis, bu t it shows the same qual i ta t ive 
dependence on XQ/XS. 
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Figure 12. Distortion of the profile of an initially harmonic signal 
passing through the focus. Numbers at curves denote the dimensionless 
distance x/x0 measured in units of focal length x0. Diffraction 
(xd — 10x0) and nonlinearity (xs — 3.3x0) are significant. 

Let us discuss n o w the p h e n o m e n a which appear in the 
focusing process of nonl inear pulse signals conta in ing shock 
fronts. Invest igat ion of these p rob lems in recent years was 
s t imulated by medical appl icat ions and, most of all, by 
shock wave ext racorporea l l i thotr ipsy [18, 19]. I ts pu rpose is 
the noncon tac t r emova l of k idney and gall s tones from the 
h u m a n body . High-power acoustic pulses are generated 
outs ide the pa t ien t ' s body , then they become incident after 
focusing on the target calculus for f ragmenta t ion; the small 
f ragments can be removed by na tu ra l processes. A sig
nificant n u m b e r of pape r s at the recent in te rna t ional 
symposia on nonl inear acoustics, acoust ical congresses 
and seminars was devoted (see, for example, Refs [16, 
9 0 - 9 4 ] ) to physical p rob lems of power pulse generat ion, 
focusing, as well to the calculus d isrupt ion mechanism. 

Three types of sources are used at present for the 
generat ion of intense pulses: electrohydraulic , e lec t romag
netic and piezoelectric [19, 91]. Al ternat ive sources are 
developed to improve the acoustic rad ia t ion characterist ics 
and to diminish harmful side effects, for example, the 
de tona t ion of very small explosive charges [94]. O p t o a -
coustic genera tors [95] in which high-power pulses can be 
excited by absorp t ion of modu la t ed laser rad ia t ion [ 9 6 - 9 9 ] , 
give considerable possibilities of control l ing the pulse 
dura t ion and t ime profile, as well as the directivity pa t te rn . 

There is no clear unde r s t and ing of the causes of calculi 
f ragmenta t ion by such pulses. There exist exper imental 
indicat ions tha t the front surface of the target can be 
destroyed in the main by c a v i t a t i o n — b e c a u s e of high 
pressures developing at gas bubb le collapse or by cumu
lative je ts arising at the nonsymmet r i c compress ion of the 
bubb le [92]. The rear surface can be destroyed by negative 
pressure caused by the reflection of the pulse front from the 
free surface into the sample (the spallat ion p h e n o m e n o n ) 
[100]. 

D u r i n g the design of commercia l l i thotr ipters and 
measurements of the high-power focused pulse fields 
generated by l i thotr ipters , interest ing nonl inear p h e n o m 
ena were observed: self-refraction, sa tura t ion of the peak 
pressure in focus, growth in the size of the focal region, the 
shift of the constr ict ion away from the source, and some 
others [101 - 1 0 3 ] . It was necessary to unde r s t and the na tu re 
of these p h e n o m e n a and to develop a cor responding 
ma themat i ca l descript ion. These purposes have st imulated 
new exper imental and theoret ical research. 

Fig. 13 demons t ra tes the self-refraction process of the 
shock front. F o r compar i son the spherical fronts are shown 
by dashed lines, cor responding to linear focusing; the finite 
size of the constr ict ion is determined here by the diffraction, 
which is different for var ious componen t s of the b r o a d b a n d 
spectrum of the signal. 

Figure 13. Self-refraction of a shock front leading to shift and 
broadening of the focal region. 

Because the velocity of the weak shock wave 
c = CQ [l + sA j(2clp0)] depends on the pressure differential 
across the front, the transfer of the po in t s lying in the front 
surface (marked by ar rows) is greater near the axis t han at a 
dis tance from it. There is s imultaneously the process of 
nonl inear absorp t ion , and the dis t r ibut ion of A over the 
front becomes m o r e h o m o g e n e o u s (see Section 3). Tha t 
slows down the self-refraction process. As shown in Fig. 13, 
the processes described above shift the nonl inear focus xN 

with reference to the linear one x 0 ; the size of the nonl inear 
constr ict ion is increased in this case. 

These p h e n o m e n a were observed in exper iments [15, 
104] as well, in which, moreover , the peak pulse pressures 
were measured at different distances from the source. A 
pulsed neodymium-glass laser was used for acoust ic wave 
excitation. The laser was Q-switched and generated pulses of 
dura t ion 30 ns at a wavelength 1.06 um with energies 5 -
10 J. A n optoacous t ic convert ing cell of special design [95] 
was used which m a d e it possible to generate acoust ic pulses 
of 0.1 - 1 (is dura t ion , peak pressure up to 1000 a tm, and to 
form converging b e a m s with diameter 50 m m and focal 
length 1 5 - 2 0 0 m m . The b r o a d b a n d receiving h y d r o p h o n e 
on a base of piezoelectric film ( P V D F ) was cal ibrated and 
had a t ime resolut ion of order 10 ns, and space resolut ion of 
abou t 1 m m . 

In Fig. 14a the dependences are presented of normal ised 
pressure ' ampl i tude ' A /p0 on the distance x a long the beam 
axis at different values of initial peak pressure p 0 , equal to 
9 a tm (curves 7), 100 a tm (2) and 500 a tm (3). Init ial beam 
rad ius a = 8 m m . Dashed lines pass t h rough exper imental 
poin ts . 

One can see tha t ma rked amplification can be observed 
at small p0 only (curve 7 ) . F o r the focusing of m o r e power 
pulses the amplification was insignificant (curve 2 ) or 
absent al together (curve 3). All the exper imental po in t s 
in the focal region lie be low the solid curve 7, which was 
calculated on the basis of linear theory; this indicates the 
marked effect of nonl inear p h e n o m e n a . Theoret ical depend
ences 2 and 3 (solid curves) were calculated with regard for 
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Figure 14. On-axis dependences of peak pressure at focusing of pulsed 
beams with different initial pressure (a) and different angles of 
convergence (b). 

absorp t ion and self-refraction [14, 105] to describe the 
exper imental (dashed) curves 2 and 3. In the theory the 
rat io XQ/XJ = 2 x 0 c 0 r 0 / a 2 between the focal length and the 
diffraction length was equal to 0.3, bu t the rat io of x 0 to the 
shock format ion length x0/xs = sx0p0/(c0p0T0) for the 
curves 1, 2, and 3 was 0, 3.2, or 16 respectively. 

In Fig. 14b on-axis dependences of the peak pressure A 
are given for different angles of convergence cp = 
2 a rcs in (<2 /x 0 ) equal to 32°, 22°, and 12° for the 
curves 1, 2, and 3. The initial ampl i tude p0 = 140 a tm 
( x 0 / x ^ = 4.5) was cons tant . The following values of the 
pa rame te r s a and x0/xd cor respond to the curves 1-3: 14 
m m and 0.1, 10 m m and 0.18, and 5 m m and 0.75. By 
analogy with Fig. 14a, the peak pressure increase can be 
observed near the focus, bu t no t in all cases. The effect is 
m o r e clearly defined at larger angles cp: in curves 1, 2 the 
value of A exceeds p0 significantly. In dependence 3 the 
pressure decreases with increase in x because of nonl inear 
absorp t ion and self-refraction, and a local m a x i m u m 
appears only near the focus and is weakly expressed. So, 
one cannot reach marked amplification at small angles cp of 
wave front convergence. 

To overcome the injurious effect of nonl inear processes 
it would be appropr i a t e to use, firstly, pulses with a very 

gentle leading slope to inhibit shock-wave format ion (from 
this t ime on, nonl inear absorp t ion is in opera t ion) ; 
secondly, it is necessary to use a s trongly concave n o n -
spherical t ransducer to compensa te for refract ional 
s t ra ightening of the wave front. 

D u r i n g our considerat ion of power focusing we have not 
yet addressed the t rans format ion of the t ime profile of the 
signal passing th rough the focal region. These p rob lems are 
extremely complicated and their solution can be obta ined at 
present by numer ica l m e t h o d s only [106, 107], even t hough 
the simplified mode l — the K Z equat ion — is used. The 
p rob lem can be simplified radically in the special case 
tha t the strongly expressed self-refraction suppresses the 
diffraction dis tor t ions in the focal region (see Fig. 13). 
These cases are of great pract ical impor tance and can be 
analysed by modified m e t h o d s (like nonl inear geometr ic 
acoustics), which use the different t r anspor t and eikonal 
equa t ions for the descript ion of smooth profile sections 
and, on the other hand , shock fronts [14, 105]. 

6. Nonlinear absorption and saturation 
Nonl inea r absorp t ion which depends on the power of the 
d is turbance (on ampl i tude , peak pressure and other 
pa rame te r s of this k ind) is an impor t an t p h e n o m e n o n of 
sawtooth wave physics whose significance was repeatedly 
under l ined above. This p h e n o m e n o n was studied inten
sively in the first works on nonl inear acoustics of 
condensed media (see reviews [3 -5 ] ) , bu t recently here 
new results were obta ined as well. 

The peak values A(x)/A0 in the p lane waves shown in 
Fig. l a - c decrease with the distance x according to the 
laws: 

(\+^coA0x) Ii+^-AQX) , (\+cycoA2

0x)-1/2. 
V co J V < V o / 

(48) 

The absorp t ions (48) are different from the exponent ia l 
one, typical for linear dissipative media , and depend on A 0 

for quadra t i c nonl inear media [two first formulas (48)] or 
on Aq for the media with cubic nonl inear i ty [the last 
formula (48) and (10)]. 

The absorp t ion of sawtooth waves with an infinitely 
steep front does no t depend on linear dissipative cons tants . 
It can easily be shown by means of Burgers ' equa t ion [1], 
which differs from E q n (1) by the presence on its right side 
of the dissipative term (b/2clp0)d2u/dT2; it has jus t the 
same form as in Eqn (6). Let us consider for definiteness the 
per iodic ' saw' in a quadra t i c nonl inear med ium. M u l t i 
plying Burgers ' equa t ion by u and averaging over the per iod 
one can obta in 

dx c3

0p0\dTj 

As can be seen from this equat ion , the decrease of mean 
intensity I = c0p0u2/2 with distance occurs m o r e quickly 
for the presence of fronts having large values of the 
derivative 8w/8T. F o r linear absorp t ion of the h a r m o n i c 
wave u = A (x) sin COT, where there are no steep sections in 
the profile, from E q n (49) follows the usua l law 
A(x) = A0 exp(—ax) with the absorp t ion coefficient 
a = bco2/(2cop0). F o r the sawtooth wave conta in ing 
shocks of m o d e r a t e width one can use the asymptot ic 
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(at T —> 0) solution (41) where A(z) is given by the first 
formula (48). In this case the derivative squared in the right 
side of Eqn (49), ( 8 w / 8 T ) 2 ~ b~2, is large for weakly 
absorb ing media with small dissipation b. The shock 
front region with width ~ b makes the dominan t 
cont r ibut ion to the integral which is to be calculated in 
averaging (49). Therefore, the dependence on b becomes 
weak and (49) takes the form 

du2 2TZ2 sco r i . . , , 
_ = _ A ' ( * ) + 0 ( * ~ n (50) 

At vanishingly small dissipation (b —> 0) the right side of 
E q n (50) re tains only the nonl inear te rm. 

In Fig. 15 are shown by long-short dashed lines the 
dependences of normal ised mean intensity on the distance 
for an initially h a r m o n i c signal in a quadra t i c nonl inear 
med ium. Each curve is denoted by the cor responding value 
of the number T = xs/xa ~ b. At T = 0.01 the dissipation is 
weak and considerable a t t enua t ion occurs over the region 
z=x/xs > 1 only, after the steep front format ion . Wi th 
increase in T the fronts become m o r e gentle and the relative 
cont r ibut ion of linear absorp t ion increases. 

The excess nonl inear absorp t ion calculated on the basis 
of curves for mean intensity, 

1 9 W - l , (51) 
a IT dz 

is shown by solid curves in Fig. 15. It is m a x i m u m at small 
T over tha t space region where steep fronts exist. 

The par t ia l absorp t ion coefficients are often measured 
in experiments for different ha rmonics . F o r their calcula
t ion one has to use the spectral expansions of solut ions (41) 
describing sawtooth waves, such as the F a y expansion [1]. 
In par t icular , for the first h a r m o n i c the expression [5] 

• = exp [ - r ( l + z)] s i n h - 1 [ - r ( l + z)] (52) 

2 xjx 

Figure 15. Dependences on distance of normalised mean intensity 
(long-short dashed lines) and excess nonlinear absorption (solid lines) 
at different numbers T. The excess absorption of the first harmonic is 
shown by dashed lines. 

can be obta ined. It is valid in the region x > 3xs. At smaller 
distances (0 < x < 2xs) the numer ica l da ta [31] are used for 
the const ruct ion of dashed curves in Fig. 15 (T = 0.1, 0.15, 
and 0.3). These curves indicate also tha t the mos t intensive 
absorp t ion occurs in the small region of the front of the 
' saw' . 

In order to t ake into account no t only the losses, bu t 
also energy injection into the wave, let us consider the 
inhomogeneous Burgers ' equa t ion [108]: 

du du b du 
dx Cq 9T 2 c q P 0 8 T 2 o i l = Q (53) 

The field Q of external sources can be created, for example, 
by hea t ing the surface by moving a ' spo t ' of electro
magnet ic rad ia t ion [96] or by striction caused by two 
intersecting laser b e a m s [109]. Let us t ake for definiteness 
tha t Q= 8(/?r ' /2)/8T, created by thermoelas t ic stress 
p = cq PofiT where ft is the the rma l expansion coefficient, 
Tf is the deviat ion of t empera tu re . If Tf varies with t ime 
accord- ing to the h a r m o n i c law, Q = (p0co/2cl p0) sin cot. 
It is convenient to write E q n (53) in this case in 
dimensionless form: 

dU dU dzU A . 
— U ^r-r =- = A Sin ( 
dz dO dO2 

(54) 

where 

6 = COT , 

2sp0c0p0 

b2co2 

x 

CO xa 

2c0 xs 

bcoz 

2 

U • 2ecoPo 
bco 

(55) 

At small distances z t raversed by the wave, its t ime profile 
U & zA s i n# copies the profile of external sources. N o n 
linear dis tor t ion m a y be amplified with increase in 
ampl i tude , and leads to the appea rance of a shock front 
at each per iod of the wave. At z —> oo the s ta t ionary profile 
can be established [108]: 

(56) 

where ce 0 is the M a t i e w function. At A > 1 the s ta t ionary 
wave takes the form of a ' saw' with finite width of the 
front: 

U = 2\[A 0 c o s - + t a n h ( A 1 / 2 0 ) - 1 0 ^ 9 < n . (57) 

Consequent ly , the nons t a t i ona ry process goes on in the 
following way. The energy is in t roduced by sources into the 
whole region — n ^ 6 ^ n of the per iod to be considered. 
Because of nonl inear dis tor t ion of the profile it tends to 
concent ra te in the vicinity of 9 = 0, where the shock front 
exists. The s ta t ionary p ropaga t i on regime is reached at the 
instant when the energy cont r ibu t ion from the source will 
be compensa ted by growing losses at the front. M e a n 
intensity can be described by the equat ion 

dU2 fdU\2 

(58) 

It can easily be shown with the use of solut ion (57) tha t 
b o t h te rms in the right side of E q n (58) are equal to 
( 8 / 3 t t ) A 3 / 2 bu t have different sign. So, there exists an 
energy balance . As this takes place, U2 = 2A = const . 
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Non l inea r absorp t ion of sawtooth waves leads to the 
appearance of a sa tura t ion effect, in some cases. One can 
see from the first formula (48) tha t after several nonl inear 
distances xs = cl/(scoA0) travelled by a wave in a quadra t i c 
med ium, the peak part icle velocity does no t depend on its 
initial value A 0 : A l i m = cl/(scox). It means tha t in paral lel 
with A 0 the nonl inear absorp t ion increases as well, which 
weakens the dependence A ( A 0 ) at definite distance x. At 
A 0 —> oo the d is turbance A no longer depends on A 0 and 
reaches its l imiting value A l i m . 

Similarly, the t rapezoida l ' saw' sa tura tes in a cubic 
nonl inear med ium [the thi rd formula (48)]. In contras t to 
this, the unipolar pulse [the second formula (48)] does no t 
sa tura te ; at x 5> xs a slower (square root- l ike) dependence 
A ( A 0 ) takes over: A = (CITQAQ/SX)1^2. So, by means of 
amplification of the initial pulse signal A 0 , one can reach 
an amplification of the d is turbance A(x) in the med ium as 
large as desired. 

However , l imiting values A l i m can be determined no t 
only by nonl inear constants , bu t by dissipative proper t ies of 
the med ium as well. If at the input the h a r m o n i c signal is 
given and the inverse acoust ic Reyno lds number is T ^ 1, at 
distances x w 2xs the sawtoo th wave can be formed and the 
sa tura t ion effect described above can be observed over the 
region where the ' saw' exists. At larger distances (x w 2xa), 
because of the jo in t act ion of nonl inear absorp t ion and 
dissipative smoothening , the wave t ransforms again to a 
h a r m o n i c wave, the ampl i tude of which does no t depend on 
its initial value A 0 [1]. So, the limiting fields can be 
described within one per iod (—71 ^ COT ̂  n) by formulas 

= [—COT + 71 sign (COT)] , 2xs < x < xa 

2 b co ( x . . 
w l i m — e x P Sin COT , X > 2xa 

sc0p0 

(59) 

It can easily be shown using (59) tha t even in water , which 
is a weakly dissipative med ium, the intensity of an 
u l t rasonic wave with the frequency 4 M H z at the distance 
1 m cannot exceed 0.2 W c m - 2 and at the distance 5 m, 
1 0 " 3 W c m " 2 . 

It is impossible to t r anspor t the high densities of 
u l t rasonic energies t h rough large distances into dispersion-
less media . This fact sets the restr ict ions on the possibilities 
of force and energy act ion of such waves t h rough a 
distance. 

One way to decrease nonl inear losses connected with 
shock front format ion was suggested in Ref. [110]. This 
me thod is based on the following idea. The steep front is 
formed by higher ha rmonics result ing from cascade-like 
nonl inear processes which t ake place with the obl igatory 
par t ic ipa t ion of the second ha rmon ic . If the spectrum is free 
from the frequency 2co, the channel of energy flow will be 
closed in the direction of high frequencies 
(co —> 2co —> 3co —> . . . ) . To remove the h a r m o n i c 2co from 
the coherent componen t of the wave field, it is possible to 
in t roduce into the med ium selectively absorb ing or scat ter
ing objects (like one-size gas bubbles , n a r r o w b a n d filters, 
etc.). But we have no pr ior knowledge of the influence of 
this act ion on the fundamenta l frequency wave co: will it 
decay m o r e slowly or will the new channel of energy losses 
(co —> 2co and then to heat or to the scattered field) replace 
the previous energy s t ream u p w a r d over the spect rum? 

To calculate the wave profile in the nonl inear med ium 
conta in ing elements selectively absorb ing the frequency 2co, 
it is necessary to solve the integrodifferential equat ion [110]: 

dz W 
d2V 

= -DB2(z) sin 29 , (60) 

Bo 
K Jo 

sin 29 d9 . 

Here D is the coefficient of addi t iona l absorp t ion caused by 
selectively absorb ing elements, and B2 is the second 
h a r m o n i c ampl i tude . In the form (60), normal ised 
variables (17) are used. 

The dependences of the ampl i tudes of ha rmonics co and 
2co on the distance [111] show tha t with increase in selective 
absorp t ion D the second h a r m o n i c is generated less 
effectively. In addi t ion, the first h a r m o n i c ampl i tude 
decrease occurs m o r e slowly with increase in z, t han in 
the absence of absorp t ion at the frequency 2co (D = 0). 
Even at D > 4 the profile remains smooth over a length of 
several xs. The shock fronts do no t appear and nonl inear 
absorp t ion is damped . 

This p h e n o m e n o n was studied experimental ly [112]. At 
one end of the open acoustic resona tor an u l t rasonic source 
was placed, the resonant frequency of which could be varied 
in the vicinity of 1 M H z . The mir ror placed at the other end 
could be total ly reflecting or could part ial ly t ransmi t the 
wave with frequency 2co (up to 40% in ampl i tude) . Losses 
for the second h a r m o n i c frequency were created artificially 
by means of a selectively t ransmi t t ing mir ror . It tu rned out 
tha t the Q-factor increased m o r e t han two t imes if the 
nonl inear resona tor had selective losses. So, calculat ions 
and experiments [110-112] showed a surprising, at first 
sight, fact: the insert ion of dissipative elements into the 
med ium leads to the reduct ion of losses. 

The discussion up till n o w has been based u p o n p lane 
sawtooth waves, formed as a result of nonl inear dis tor t ion 
of a signal, h a r m o n i c at the input to the med ium. F o r one -
dimensional converging or diverging waves (spherical and 
cylindrical) the sa tura t ion will be observed as before bu t the 
ra te of the nonl inear processes will be different [31]. 

The radically new behaviour can be demons t ra ted by a 
un ipola r pulse p ropaga t i ng as a focused beam. As was 
ment ioned above the peak pulse d is turbance [second 
formula (48)] does no t sa tura te . However , it was shown 
in Section 5 tha t self-refraction and nonl inear absorp t ion 
lead to the decrease of the amplification factor dur ing 
focusing, as well as to b roaden ing of the focal region (see 
Figs 13 and 14). These are precisely the effects which limit 
the m a x i m u m pressure tha t can be obta ined in the focus of 
high-power pulse concent ra tors . The limiting pressure is 
defined by the characterist ic in ternal pressure of the 
med ium = clp0/2s as well as by the angle of conver
gence = a/x0 at the focus. F o r Gauss ian b e a m s with an 
initially spherical front a theoret ical evaluat ion [14, 100] 
was obta ined: 

P\k 1.5pJ2 (61) 

F o r water and angles of convergence = k/6 the l imiting 
pressure in accordance with (61) is approximate ly equal to 
1300 a tm. This value is near to exper imental da ta [102] 
obta ined in the process of measurements performed in the 
field of commercia l l i thotr ipters . The limiting pressure 
depends , of course, on the shape of the focusing surface as 
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well as on the initial field dis t r ibut ion over it. These 
reasons will influence the coefficient in formula (61). 

7. Kinetics of sawtooth-shaped waves 
It is helpful to use the analogy between an ensemble of 
weak shock waves (Fig. 16) and a gas of perfectly inelastic 
part icles. Let us consider a single ' s tep ' with finite width of 
the front. I ts evolut ion in a dissipative quadra t ica l ly-
nonl inear med ium is described by the solution of Burgers ' 
equat ion [1, 113]: 

+ tanh 
scoPo ui+l ~ ui 

t + 4 
8 -\- U} 

.(62) 

Here ut and ui+x are part icle velocity values just before and 
behind the shock front. W e associate the height of each 
' s tep ' (ui+i — with the mass mt of a part icle correlated 
with the step, and we associate the ra te of displacement of 
the front in the accompany ing coord ina te system 
(z = t — x/c0) with the velocity vt of tha t part icle. 
Accord ing to formula (62), the mo t ion of the front obeys 
the law: 

dx 2r2 (ui+1 + ut) . (63) 

Velocity (63) increases with increase in n u m b e r /. There 
fore, the succeeding front (/ + 1) will over take the 
preceding one (/). They merge together , and the mass 

Figure 16. Merging of two weak shock waves together (a) and the 
analogy with inelastic collision of particles (b). 

and m o m e n t u m of the associated part icles are conserved in 
the collision: 

mi = mt + mi+l, m/v/ = + mi+lvi+l . (64) 

The w a v e - p a r t i c l e analogy will be m o r e i l luminat ing if we 
consider the wave of acceleration instead of the wave of 
velocity: 

du 
8T 

: D cosh (65) 

The expression (65) resembles the soliton solution of the 
K o r t e v e g - d e Vriese equat ion (Fig. 16b). As for a soliton, 
the dura t ion of this pulse d is turbance decreases with 
increase in its ' ampl i tude ' D = (sc0p0/4b)(ui+i — ut)2 

according to D~1^2. But the velocity vt (63) does no t 
depend on D; in accordance with solut ion (62) it is 
determined no t by the ' j ump ' differential (ui+x — ut), bu t by 
the mean value of the d is turbance (ui+i + ut)/2 at the 
front. And , finally, there exists a pr incipal dist inction: the 
soli tons collide with one ano ther like perfectly elastic 
part icles (see, for example, [48]), bu t single pulses (65) 
collide like absolutely inelastic ones. 

The sequence of several 's teps ' , shown in Fig. 16, can be 
achieved, for example, in experiments using shock tubes . 
But there exists a m o r e typical d is turbance having the form 
of a sawtoo th wave with different and r a n d o m l y disposed 
shocks. Such a wave is interest ing for the descript ion of 
characterist ics of one-dimensional acoustic turbulence 
[114 -116] ; it forms dur ing the evolut ion of the profile 
of b r o a d b a n d noise waves travell ing t h rough nonl inear 
weakly dissipative media . As distinct from 's teps ' 
(Fig. 16), there is a decrease of ' tee th ' (dur ing t ime 
intervals between collisions) because of nonl inear dissipa
t ion of energy at fronts. This decrease can be considered as 
' evapora t ion ' of part icles. Thus , the p ropaga t ion of a 
r a n d o m sawtooth wave can be regarded as a one-d imen
sional flow of ' evapora t ing ' particles, which move with 
r a n d o m velocities relative to the flow (its velocity is equal to 
c 0 ) and collide perfectly inelastically with one other . 

Bo th types of statistical ensembles — 's teps ' (Fig. 16) 
and ' tee th ' — can be described by kinetic equat ions . Let us 
in t roduce the dis t r ibut ion function g(x,t,m), which is the 
density function of the probabi l i ty tha t t ime t has elapsed 
between two ne ighbour ing discontinuit ies and tha t the 
height of the second one is equal to m. The evolut ion of 
the function g is a result of the free mo t ion of the 
discontinuit ies in accordance with E q n (63) and as result 
of their pair collisions. 

The kinetic equat ion (of the Bo l t zmann equat ion type) 
for the ensemble of ' s teps ' has the form [117] 

dx 2r2 
(m + (m)) 

8; ' 2r2 

Jo 

xg(x9 0, m - £) d£ • 
NO 

(m - {m))g 
Jo 

(66) 

The quadrat ica l ly-nonl inear r ight -hand side of Eqn (66) is 
responsible for the inelastic pair collisions. 

A n ana logous equat ion for the ensemble of ' tee th ' [118] 
takes into account the nonl inear absorp t ion of shocks (or 
' evapora t ion ' of particles), as well as the change in the slope 
of smoothed sections of the profile. It differs from Eqn (66) 
in the presence of addi t iona l te rms in the left pa r t of the 
kinetic equat ion which describe the probabi l i ty of t r anspor t 
wi thout collisions. 
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The normal i sa t ion condi t ion obviously holds for a 
dis t r ibut ion function g tha t satisfies E q n (66). If the 
function g is known , statistical averaging can be performed 
by the usua l technique: 

<P(x, t, m)g(x, t, m) dt dm . (67) 

In Ref. [117] exact and approx ima te solut ions for the 
kinetic Eqn (66) were obta ined and first integrals were 
derived. One of the exact solut ions cor responds to the 
Poisson process. In t roduc ing the new function / ( x , m) and 
its Laplace t ransform / ( x , s) according to the formulas 

1 / t 
g = - e x p - - -

SX 

*0 
-JTm)f> f = f Qxp(-sm) dm , 

we obta in an equat ion of the R iemann-wave type, 

dx + • •f ds 
0 

(68) 

(69) 

The solut ion of E q n (69) is given by the implicit 
function whose form is determined by the initial (at 
x = 0) dis t r ibut ion: 

= <p[s — ^ — f \ , <P(s) = f(x = 0, m) Qxp(-sm) dm . 
V cofo ) Jo 

(70) 

In an ana logous way the kinetic equat ion describing the 
ensemble of ' tee th ' of a r a n d o m sawtooth-shaped wave 
[118] can be solved. 

In Fig. 17 the typical processes are shown — the t r a n s 
format ion of exponent ia l (a) and del ta-shaped (b) initial 
d is t r ibut ions of masses g(x,m). The normal ised distance 
z = s{m)x/(clt0) t raversed by the wave is indicated for each 
curve. As is seen from Fig. 17b the collisions of discont i 
nuities lead to the format ion of fronts with double (n = 2), 
tr iple (n = 3) or higher mult iples of ampl i tude . They are 
represented by line segments of appropr i a t e height, the tops 
of which for n equal to 1, 2 and 3 at the given z are jo ined by 
dashed curves. Simultaneously, the ampl i tude of each front 
decreases by the factor (1 + z ) _ 1 as a result of nonl inear 
absorp t ion . 

The main t rends in the t rans format ion of the dis t r ibu
t ion functions (Fig. 17) are an increase of the probabi l i ty 
density function for large and small values of \i — m/(m) 
and a decrease of the probabi l i ty in the middle par t of the 
dis t r ibut ion. The increase in the probabi l i ty of small \i is 
a t t r ibu tab le to nonl inear energy losses at the discontinuit ies. 
The main cont r ibut ion here is from the segments of the case 
where the field decreases in the mean , and collisions are 
infrequent. The growth of the density function g at large 
values of \i is a t t r ibu tab le to the merging of discontinuit ies 
and the format ion of cumula t ive-ampl i tude fronts. The 
compet i t ion of these two t rends leads to the appea rance 
of the self-similar asymptot ic , which for the Poisson process 
has the form 

In this case the mean (/j) remains cons tant bu t the var iance 
(fi2) increases linearly with the distance travelled by the 
wave. 

The spectral characterist ics of one-dimensional acoust ic 
turbulence can also be calculated with the use of the 

Figure 17. Transformation of probability distributions of ' jumps' of 
disturbance across discontinuities in a travelling sawtooth wave for 
exponential (a) and delta-shaped (b) distributions of linear sections of 
the profile of a sawtooth wave. 

d is t r ibut ion function g and a solut ion of (62) type tak ing 
into account the finite width of the shock front. In 
par t icular , for the intensity spectrum of the Poisson 
process the following formula [118] can be obta ined: 

G ( © ) = 
2 7 i 3 r 2 

1 + Z 

' g(z, H) du 
sinh2 (nf'cot0/fi) 

(71) 

where r = 8 c 0 p 0 ( m ) ^ 0 / / ? . To il lustrate the peculiarit ies in 
the behaviour of the spectrum let us discuss the result 
obta ined by averaging formula (71) where g is a self-similar 
dis t r ibut ion. It is readily shown tha t two characteris t ic 
intervals are discernible in the spectrum. In the frequency 
range cot0 <^ ( t l T ) - 1 , as in the case of regular waves, the 
universal relat ion G oc co~2 is associated with the discon
t inuous pa r t s of the profile. In the range atf0 > ( f i r ) - 1 the 
asymptot ic form is G oc exp [—(coz)l^2]z~3^2co~ it 
decreases with the growth of frequency m o r e slowly than 
for a regular sawtoo th wave (see Ref. [119] also) where 
G oc exp(-2rcLtf0z) [1]. 

The behaviour of spectra of nonl inear nondispers ive 
waves (not only the sawtooth-shaped ones) was studied 
earlier wi thout the use of the kinetic app roach described 
above; the cor responding results are discussed in detail in 
works [20, 120] on statistical nonl inear acoustics. 
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8. On the interaction and self-action of waves 
containing shock fronts 

A great quan t i ty of investigation is devoted to the effects of 
wave interact ions in media wi thout dispersion; they are 
presented par t ly in m o n o g r a p h s [1, 4, 6, 31, 52, 73, 120]. 
Over the years the interest ing p h e n o m e n a like self-
demodula t ion , scattering of sound by sound, the excess 
absorp t ion of the signal because of interact ion with the 
external (in par t icular , noise) field, and m a n y others have 
been observed and studied. M u c h a t tent ion was given to 
the nonl inear generat ion of low (difference) frequencies in 
the field of a modu la t ed high-frequency p u m p wave. It is 
k n o w n tha t low frequencies can be radia ted by the same 
space region where interact ion occurs and they can 
p r o p a g a t e as a directed weakly absorb ing b e a m over 
large distances; these features are used in pa ramet r i c 
hydroacous t ic systems [52]. 

However , only a few of these works contain informat ion 
on sawtoo th wave interact ion. To s tudy these processes, 
compute r m e t h o d s have been increasingly used in recent 
years. So, to solve diverse p rob lems on weakly dispersive 
wave interact ion, the universal appl icat ion package N A C S I 
[121] (Nonl inear Acoust ics — C o m p u t e r Simulat ion) was 
created. Wi th the help of it one can calculate profiles and 
spectra of strongly dis tor ted waves and wave beams , the 
p ropaga t i on of which is described by evolut ion equa t ions 
like the Burgers ' , K Z , W h i t h a m and their modified forms 
for media with diverse dispersive and dissipative proper t ies . 
F o r the numer ica l solution of such equa t ions the p rob lem is 
to reach high accuracy b o t h for d iscont inuous regions 
(shock waves and contact shocks) and for smoothed 
sections of the profile. To do this one has to eliminate 
the k n o w n imperfections of classical a lgor i thms leading to 
parasi t ic oscillations near fronts (without in t roduct ion of 
significant viscosity), to nonl inear instabilities and errors in 
calculat ion of smoothed pa r t s caused by 'numerical scat ter
i n g ' — the influence of high gradients of the field. To 
eliminate the difficulties ment ioned above the new 'shock 
t r a p p i n g ' codes were worked out in recent years , so-called 
'high resolu t ion ' numer ica l schemes. Their basic proper t ies 
are: the order of accuracy for calculat ion of the smooth pa r t 
of the solut ion must be lower than second, and there should 
be a possibili ty to calculate shocks wi thou t fictitious 
oscillations. In addi t ion, con t ra ry to classical a lgor i thms 
of second and higher order , they do no t require artificial 
viscosity to be set in advance . 

By means of the package N A C S I the p rob lems of 
interact ion of plane, spherical and cylindrical (diverging 
and converging) waves, of diffracting and focused beams , as 
well as of d is turbances p ropaga t i ng in a waveguide, horn , 
concent ra tor and ray tube can be solved effectively if the 
geometr ic acoustics approx ima t ion is used (see Section 4). 

The initial profile can be a single pulse of a rb i t ra ry 
shape or a sequence of several different pulses (if their 
interact ion is studied). The profile can be specified also as a 
sum of several (up to ten) ha rmonics with a rb i t ra ry 
ampl i tudes , phases and frequencies or can be given by 
piece-linear approx imat ion . To obta in the results shown, 
for example, in Figs 4, 5 or 10, one needs persona l 
compute r opera t ion t ime of the order of one minute . 

Numer i ca l m e t h o d s for the s tudy of sawtoo th wave 
interact ion are n o w in progress based on the use of k n o w n 
asymptot ic formulas . 

In solving complicated p rob lems the comput ing t ime 
can be reduced significantly if combined approaches are 
used, compris ing the direct in tegrat ion of the equat ion by a 
difference a lgor i thm and fast calculat ion on the basis of 
available asymptot ics . There exists another way to improve 
a lgor i thms based on the m o r e complete use of pr ior 
knowledge of the wave process . So, the shocked wave 
calculat ion using the spectral app roach necessitates solu
t ion of the system of coupled equa t ions wri t ten for complex 
ampl i tudes of h a r m o n i c componen t s of order 1 0 2 - 1 0 3 . 
However , it is k n o w n in advance , tha t the high-frequency 
wing of the spectrum is formed by synchronised ha rmonics 
whose ampl i tudes decrease according to the law c o - 1 . 
Therefore the ampl i tudes and phases of higher ha rmonics 
can be calculated on the basis of simple algebraic formulas 
connect ing these quant i t ies with numer ica l da ta obta ined 
for the several first (101) order spectral componen t s [122]. 
In this case the calculat ion t ime can be reduced by 1-2 
orders . 

Consequent ly , the sawtoo th wave interact ions are 
diverse, bu t results obta ined there are basically n u m e r 
ical. As a consequence, only the pr incipal or general 
proper t ies of such p h e n o m e n a will be discussed below. 

Let us consider first the interact ion between weak 
dis turbances with bo th smooth and shocked pa r t s of the 
sawtoo th profiles. Let V 0 be a form of p lane ' saw' and its 
d is turbance Vx. Then from the h o m o g e n e o u s Burgers ' 
equat ion [see E q n (60), D = 0] the following can be 
obta ined: 

8Vj_ 
dVoVi) w2 (72) 

F or the sections of ' saw' linear in t ime V0 = (90 — 9)/(z0 + z) 
and the solution takes the form 

vx = | 4 7 i r z ^ i + ^ 

exp 
ATz \1+Z/ZQ 

- 1 V0(t)dt .(73) 

In Fig. 18 one-half per iod of the ' saw' V 0 = 
(k — 0 ) / ( l + z ) , 0 < 9 ^ 7i is shown by dashed straight 
lines. The peak value for the shock which is placed at 
the poin t 9 = 0 decreases with increase of distance z equal 
to 0, 0.3, 0.8, 1.5. The behaviour of the h a r m o n i c initial 
d is turbance Vi(0, 9) = m sin 69, m <̂  1 is calculated in 
accordance with formula (73) for the same distances z in 
the absence of dissipation ( r = 0). It is seen tha t b o t h 
ampl i tude and frequency decrease as (1 + z ) _ 1 . The inverse 
process is possible also: signal amplification and increase in 
frequency at the steepening leading front [123, 20] appea r 
ing in the ' saw' format ion (in Fig. 18 it is no t shown); it 
cor responds to values z 0 < 0 in solution (73). The varying 
of the signal frequency dur ing interact ion with sections of 
the ' saw' which were linear in t ime was observed experi
mental ly [124, 125]. 

So, the t rans format ion of the profile of the intense ' saw' 
is responsible for the ha rmon ic d is turbance ' f lowing' to the 
front from bo th sides of it (see Fig. 18) and d isappear ing on 
the front because of nonl inear absorp t ion (see Section 6). 

To investigate the behaviour of d is turbances in the 
vicinity of the shock, let us pu t in Eqn (72) 
VQ = t a n h ( 0 / 2 r ) . This function describes the in ternal 
s t ructure of the weak shock front. It is convenient to 
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Figure 18. Evolution of harmonic disturbance of linear sections of the 
profile of a sawtooth wave. 

wri te the solution of the result ing equat ion in te rms of 
displacement S, where the velocity can be expressed as 
Vx = dS/d9: 

S = 
e x p ( - z / 4 r ) 

(47trz ) 1 / 2 cosh(0 /2r ) 

exp 
{e-tf 

ATz 
cosh I — \S0(t)dt . (74) 

As the result (74) suggests, the initial d is turbance (see 
Fig. 18) will be concent ra ted near the front and absorbed 
on it. 

The evolut ion pa t t e rn of the interact ion between dis
tu rbances and sawtooth waves, which is i l lustrated by Fig. 18 
and solution (74), can be b roken down with increase in the 
wave intensity. The self-reflection effect can be observed [1]: 
the wave ceases to be a wave travell ing in one direction, after 
the shocks appear . The en t ropy undergoes a small j u m p in 
the t rans i t ion t h rough the shock front [63]. Tha t j u m p is a 
weak inhomogenei ty in the wave profile. The smooth 
por t ions of the profile, incident on the discontinuity, 
interact with it. This interact ion leads to the appea rance 
of reflected waves which p r o p a g a t e in the opposi te (relative 
to the initial wave) direction. In the per iodic ' saw' each 
discont inui ty can be regarded as a 'genera tor ' of reflected 
signals. Therefore, an overall effect caused by the s u m m a 
tion of these signals can be significant and can lead, for 
example, to the appearance of acoustic wind [1]. 

The exper imental observat ion of the self-reflection 
p h e n o m e n o n [126] was performed in the radio-frequency 
range using a mode l of a nonl inear dispersionless med ium: a 
long t ransmi t t ing line of the low-pass filter type. A short 
radio pulse was radia ted , and shock fronts appeared in it at 

the distance xs. F r o m this t ime on, a backward wave was 
beginning to be generated. Tha t reflected wave was received 
at the input of the line with a t ime delay 2xs/c (here c is the 
signal p ropaga t ion velocity). In recent years there have 
appeared new works [127, 128] devoted to the self-reflection 
of sawtooth waves. 

Let us pass n o w to the interact ions of waves intersecting 
each other at an angle. It is k n o w n [1] tha t out of the 
intersection region of two intense b e a m s with frequencies 
coi and co2, only the weak signal of the combina t ion 
frequency cox ± co2 can be measured . This is because it is 
impossible to organise the synchronous interact ion between 
noncol l inear waves in media wi thou t dispersion or, in other 
words , with the absence of the effect of resonant scattering 
of sound by sound. [129]. 

The solution of the p rob lem obta ined by successive 
approx ima t ion m e t h o d s shows tha t nonl inear i ty generates 
two k inds of d is turbances whose behaviour in space is 
essentially different. A long the direction of p ropaga t ion of 
each beam ha rmon ics are excited, the ampl i tudes of which 
increase with increase in t raversed distance. In contras t to 
this, the ha rmonics observed in other directions oscillate in 
space and remain weak in compar i son with the initial 
waves. Averaging the equa t ions over the fast per iodic 
oscillations, it is possible to show [130] tha t the super
posi t ion principle is valid approximate ly for signals per iodic 
in t ime. So, nonl inear waves undergo self-action and their 
form can be distorted strongly, bu t intersection of such 
waves does no t give bi r th to the appearance of intense 
scattered signals. 

N o n s y n c h r o n o u s dis turbances are small in compar i son 
with the ampl i tudes of synchronously excited waves, if the 
angle of intersection is > ( e M ) 1 / 2 , where s is the n o n -
linearity of the med ium, and M is the acoust ic M a c h 
number . F o r typical condi t ions , for example, when u l t ra 
sonic waves with intensities 1-10 W cm _ 1 are interact ing 
in water , the ampl i tudes of non re sonan t d is turbances are 
negligible for angles of intersection > 4°. 

The idea of the superposi t ion of two strongly dis tor ted 
waves travell ing in opposi te directions was used in Ref. 
[130] to represent s tanding waves in a resona tor with rigid 
walls. The d iscont inuous v ibra t ions were shown to appear 
in the resona tor after the opposed waves took the sawtoo th -
shaped form. The Q-factor decreases significantly in this 
case because of nonl inear absorp t ion . The field is no longer 
a s tanding wave; a front of velocity d is turbance appears 
moving between two walls. There can be several fronts of 
such a type ( ' travelling nodes ' ) for higher v ibra t ion modes . 
In Ref. [130] forced v ibra t ions excited by the dis tr ibuted 
external force were analysed; they were represented as a 
sum of two opposed waves described by the inhomogeneous 
Burgers ' equa t ion (53). 

In Refs [131-133] v ibra t ions were considered in a 
resona tor excited at one end by a per iodic force; here 
the format ion of a shocked field was also observed, which 
can be presented as a superposi t ion of opposed waves. 

F u r t h e r development of these ideas is given in Refs [134, 
135]. It was found to be possible to t ake into account the 
impedance character of boundar i e s and their movemen t 
[135]. If these vary the wave form weakly over t ime intervals 
of the order of the wave p ropaga t i on t ime t h rough the 
resona tor , the field can be presented as the sum of two 
opposed travell ing waves interact ing with each other at the 
bounda r i e s only. 
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Let us pass n o w from resona to r s to waveguide systems. 
It is k n o w n [48] tha t n o r m a l waves in a linear layer m a y be 
represented as a segment of an interference pa t t e rn formed 
by two ha rmon ic waves of equal frequency p ropaga t ing at 
angles =b/? to the x axis (Fig. 19). He re in the n o d a l p lanes 
(for example, y = ±a) two absolutely rigid waveguide walls 
m a y be placed wi thout disrupt ing the mot ion pa t t e rn . The 
width 2a of such a waveguide is associated with the 
wavelength by the relat ionship 2asin = nX/2. F o r intense 
waves it is possible to use the ana logous t rea tment of 
n o r m a l nonl inear waves in a waveguide as a sum of two 
p lane nonl inear waves which are per iodic in t ime and travel 
at angles =b/? with respect to the waveguide axis [136]. 

In Fig. 19 the dis t r ibut ions are shown for longi tudinal 
ux (solid curves) and t ransverse uy (dashed curves) velocity 
componen t s in different cross-sections of a waveguide, 
cor responding to the distances before (x = 0.9xs) and after 
(x = 2xs) the format ion of a ' saw' . The curves are d rawn for 
the second m o d e (n = 2) at regular t ime intervals (curves 
0-4) At = r /8 within one-half of the per iod T. Large 
gradients of the velocity ux appear near the axis of a 
waveguide and at its walls; the space dis t r ibut ion over a 
cross section has the ' s awtoo th ' form with two addi t iona l 
' travelling nodes ' . The lines of equal s t ream function, 
represent ing the pa t t e rn of part icle velocities, become 
d iscont inuous [136]; there occur zones where there is s t rong 
nonl inear absorp t ion . 

The s tudy of intense acoust ic and shock waves p r o p 
agat ing in waveguides, tubes, jet flows, etc., is of great 
pract ical impor tance [137]. W h e n the wave is excited in a 
vo lume b o u n d e d by walls, it is possible to avoid diffraction 
losses and improve the observing condi t ions for nonl inear 
effects. Therefore, gas-filled and liquid-filled tubes are used 
often in experiments at high sound pressure levels [138 — 
141]. The m o d e s t ructure of the field is insignificant in m a n y 
experiments , because long waves are used, as compared 
with the size of the cross-section. 

In Ref. [142] the p ropaga t i on of a high-frequency 
intense wave was studied in a r o u n d tube with rigid 
walls. The system of equa t ions was solved for the long
i tudinal and t ransverse componen t s of the part icle velocity. 

Tha t system was derived at the same approx ima t ion as the 
K Z equat ion (18). The tube axis was coincident with the 
axis of the beam. It tu rned out tha t unl ike the case of an 
u n b o u n d e d medium, the wave intensity oscillated a long the 
axis with a space per iod of the order of the diffraction length 
xd (16). Such behaviour is connected with the mult iple 
reflections from the tube walls of the waves, forming the 
beam. At distances equal to 3 - 5 t imes xd the intensity is 
dis tr ibuted uniformly over the cross section due to diffusion 
' smoo th ing ' and the influence of walls; on further p r o p a g a 
t ion the wave behaves like a p lane one. 

The wave form shows interest ing behaviour . In Fig. 20 
the dependences are given of the longi tudinal velocity 
componen t on t ime (within one per iod) at three po in t s 
of the cross-section: at r/a = 0 (on the axis), 0.5 and 0.9 
(near the wall). The n u m b e r N (16) was equal to uni ty. At a 
distance x equal to half of the shock format ion length xS9 

the nonl inear effects are expressed weakly and the profiles 
are similar to the h a r m o n i c ones. However , the diffraction 
influence is marked , and leads to phase shifts and to energy 
diffusion from the central pa r t of b e a m to its borders . At a 
distance x = xs the shock has to be formed in the p lane 
wave. However , the phase discrepancy of the ha rmonics 
slows down this process par t icular ly in regions distant from 
the axis. Stable shock front format ion takes place 
(x/xs = 7) just after the uni form dis t r ibut ion in cross 
section is reached for all wave characterist ics, as result 
of diffusion and reflection from walls. 

Let us discuss n o w the pr incipal effect of nonl inear wave 
theory — the self-focusing of sawtooth wave beams . As 
distinct from the inertialess self-focusing in cubically 
nonl inear media described in Section 2.4, we deal here 
with the rmal self-action in a quadra t i c nonl inear medium. 

The the rmal self-focusing of beams , well k n o w n in 
optics [33], comes abou t because of the dependence of 
the wave velocity on the t empera tu re and because of the 
nonun i fo rm heat ing of the med ium by the beam. The 
the rmal self-focusing of a h a r m o n i c wave, predicted in 
Ref. [143], has been observed in acoustic experiments in 
highly viscous l iquids [144, 145]. The peculiar features of 
these experiments are connected with the b r e a k d o w n of the 
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Figure 20. Profiles of one period of a wave for of cross section r/a of the tube equal to 0, 0.5 and 0.9 at different distances x. 

t he rmal lens by the acoust ic wind, with the complicated 
near-field s t ructure of acoust ic sources (where the concept 
of beam b o u n d a r y is meaningless) , as well as with the 'self-
clearing ' of a med ium which is caused by the absorp t ion 
decreasing as the t empera tu re rises [26]. If these difficulties 
are minimised [147] the p h e n o m e n o n will be similar to the 
self-action of laser b e a m s in media with a large coefficient 
of sound absorp t ion a; the effect d isappears as a —> 0. As 
distinct from the opt ical ana logue , the the rmal self-action of 
' saws ' takes place even in ideal media with a = 0, because 
nonl inear absorp t ion of wave energy occurs, and the 
med ium is heated (see Section 6). 

In Ref. [8] an experiment is described on the observat ion 
of self-focusing of the sawtooth wave. A beam with power 
20 W, width 30 m m and frequency 2 M H z was radia ted 
into water where the per iodic ' saw' was formed dur ing the 
p ropaga t ion . Then the ' saw' penet ra ted to an acetone-filled 
cell. Ace tone was used as the med ium for the rma l self-
focusing investigation, because it has a small coefficient a 
and a negative t empera tu re coefficient of sound velocity 
3 = c$l(dc/dT)p, i.e. it is (in contras t to the water ) the 
focusing med ium. A marked increase of the intensity on the 
axis of the beam was observed. 

The theory of this p h e n o m e n o n is developed in Refs [7, 
9]. The mos t simple mode l will be obta ined if one can 
neglect the diffraction and describe the beam using a 
nonl inear geometr ic acoustics approx imat ion : 

dp s dp b d2p dip dp 1 . . ^ / r i c ^ 

df 
dx + 2 

c o P o 

1 / # 
= ST , 

dT x 

PoCp 
A,T = 

dp 

(76) 

(77) 

E q n (75) differs from the Burgers ' equat ion in the last two 
terms, which t ake into account the change in the 
inclination and in the cross section of the ray tubes ; 
here 6 = t — x/c0 — i / f ( x , r ) / c 0 , ijj is the shift in the wave 
front because of heat ing of the med ium. The eikonal 
E q n (76) describes the bend ing of rays because of the 
increase in the t empera tu re of the med ium T. The right side 
of the heat conduct ion E q n (77) is responsible for the 
t rans format ion of acoust ic energy into the rma l energy; as 
in E q n (49), it t akes into considerat ion two kinds of losses: 
linear and nonl inear ones. 

In considering a sawtoo th wave, each per iod of which 
can be described by the K h o k h l o v solution 

coO 
p = A (x, r) - h t a n h l - AO 

71 \b 
7C < CoO < 7C , 

it is possible to eliminate the 'fast t ime ' 9 and pass from the 
field var iable p ( x , r , 6) to the peak pressure A ( x , r ) . 
E q n s (75), (77) t ake the form 

1 8A di/j 8A . A 

ox or or 2 <A = -
SCO 

TZC3

0 Po 

dT 

p0cp 3TC cl plcp 

(78) 

(79) 

The resul tant set of E q n s (78), (79) and (76) describes the 
the rmal self-action of sawtooth wave beams . It is seen from 
E q n (78) tha t the absorp t ion is purely nonl inear ; in the 
linear case, in place of the right side we would have the term 
—aA. The r ight -hand side of E q n (79) is also connected with 
this feature: the heat release power is ~ A 3 (in the linear 
case it would be p ropo r t i ona l to A 2 ) . 

The results of the solution of this system can describe 
the following processes. At the beginning the beam expands 
with increase in the distance because of isotropisat ion (see 
Section 3), bu t the peak pressure decreases because of 
nonl inear absorp t ion . Wi th the passage of t ime, the med ium 
heats up , and the strength of the the rmal lens increases. 
Self-focusing of the beam occurs, and the focus moves 
t oward the source. At t —> oo the steady-state regime will be 
established; as this takes place, there exists a distance 
between the source and the nonl inear focus where the 
beam width has a m a x i m u m , bu t the peak pressure has 
a m i n i m u m value. 

A n interesting p h e n o m e n o n can be observed for the 
focusing of the beam into a self-defocusing med ium (3 > 0), 
the mos t impor t an t example of which is water at r o o m 
tempera tures . The the rma l self-action in this case h inders 
the focusing and, as a result, nonl inear constr ict ion of finite 
d imensions does appear there [9]. F o r example, let the beam 
of sawtooth waves in water have the following pa ramete r s : 
initial rad ius of 3 cm, curva ture rad ius of the initial wave 
front 9.4 cm, peak pressure 1.3 a tm and fundamenta l 
frequency 4 M H z . The constr ict ion rad ius is equal to 
3.6 m m in this case, while in the absence of self-action 
and with account of diffraction, it would be 0.36 m m . So, 
the self-defocusing b r o a d e n s the constr ict ion by an order . 
This p h e n o m e n o n does no t require extreme values of the 
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wave ampl i tude ; it appears to have been observed m a n y 
t imes dur ing opera t ion with medical ins t ruments (used for 
the imaging of in ternal s t ructure of tissues, for u l t rasonic 
the rapy and hyper the rmy [148]). 

9. Conclusions 
A n a t tempt was m a d e in this review to describe only some 
of the p h e n o m e n a connected with the p ropaga t ion of 
sawtooth-shaped dis turbances , which are interest ing 
(because of their specificity) for nonl inear wave physics. 
The p rob lems of giving complete informat ion abou t these 
waves seemed to be in t rac table from the beginning, because 
almost all the quest ions ment ioned here (state-of-the-art of 
the sonic b o o m prob lem, shock wave l i thotripsy, creat ion 
of extremely s t rong fields at the focus, nonl inear 
diagnostics, p ropaga t i on of shocked waves t h rough 
media with complicated internal dynamics and s tructure, 
and m a n y others) merit individual general isat ion. It would 
be well to consider the ma themat i ca l mode l describing the 
sawtooth waves in more detail as well as the asymptot ic 
and numer ica l m e t h o d s of solut ion of cor responding 
nonl inear equat ions . Pe rhaps it will be done later. 
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