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Abstract. A review is given of the use of the density 
functional theory in calculat ions of the lattice dynamics of 
crystals. This app roach is based on calculat ion, in the first 
order in nuclear displacements , of changes in the poten t ia l 
and charge density. This is done using the linear response 
theory and the linear muffin-tin ( M T ) orbi tals . This makes 
it possible to t reat in a unified manne r b o t h simple systems 
with almost-free electrons and t rans i t ion metals . The 
suitability of the me thod is demons t ra ted by calculat ions 
of the p h o n o n dispersion curves of N b and M o . The 
calculated results are found to be in good agreement with 
the exper imental da ta . 

1. Introduction 
Calcula t ions of the lattice dynamics of crystals are a m o n g 
the most impor t an t tasks in solid-state physics. The main 
interest lies in the t ransi t ion metals , and in their alloys and 
c o m p o u n d s . The interest in these mater ia ls is due to an 
e n o r m o u s variety of the s t ructure of their p h o n o n curves 
and also due to the p h e n o m e n a of lattice instabili ty and of 
superconduct ivi ty; in the latter case, p h o n o n s play the 
central role and the effect is observed at relatively high 
t empera tu res ( 8 - 2 3 K ) . The bulk of the available informa
t ion on the p h o n o n spectra of these mater ia ls has been 
obta ined experimental ly from inelastic neu t ron diffraction. 
In some cases such informat ion has been deduced from 
measurements of the elastic constants , specific heat , and 
tunnel ing characterist ics of superconductors . 
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Initially, in spite of the considerable progress in the 
microscopic theory of the p h o n o n spectra of metals with 
almost-free electrons, which has been st imulated by the 
development and appl icat ion of the pseudopoten t i a l 
me thod (see, for example, Ref. [1]), the progress in the 
unde r s t and ing of the p h o n o n spectra of t ransi t ion metals 
has been relatively slow and difficult. This has pr imari ly 
been due to the difficulty encountered in the appl icat ion of 
the pseudopoten t i a l concept when discussing the effects of 
the electron screening in systems with a s t rong d n a t u r e of 
the conduct ion b a n d . Consequent ly , in the pas t it has been 
usually necessary to b r ing in phenomenolog ica l force 
cons tan ts in order to r ep roduce the dispersion curves 
(without any real unde r s t and ing of the na tu re of the 
observed anomalies) or the t rans i t ion metals have been 
regarded as mater ia ls with almost-free electrons and 
a t t empts have been m a d e to account for the p h o n o n 
dispersion by mode l pseudopoten t ia l s and also by models 
of screening by free electrons. Natura l ly , such m e t h o d s are 
no t theoretical ly justified. 

M o r e recently, there have been m a n y a t t empts to 
develop a complete microscopic theory of the p h o n o n 
spectra of the t rans i t ion metals b o t h formally and by 
complex compute r calculat ions. In the final analysis this 
has resulted in a bet ter unde r s t and ing of the na tu re of the 
dispersion curve anomal ies . However , up to n o w (apar t 
from the very latest cont r ibu t ions [2 -5 ] ) there have been no 
publ ished completely ab initio calculat ions of the p h o n o n 
spectra which would agree with the exper imental results 
a long all the symmetr ic directions. 

In this review we shall consider the main reasons for this 
theoret ical s i tuat ion and give a state-of-the-art account of 
the microscopic theory of lattice dynamics with special 
a t tent ion to the t ransi t ion metals . 

2. Many-body theory of lattice dynamics 
The microscopic app roach to the calculat ion of the electron 
cont r ibut ion to the lattice dynamics is based on the very 
old idea of Born and Oppenhe imer [6] of adiabat ic 
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separat ion of the slow mot ion of nuclei from the fast 
mo t ion of electrons in calculat ion of the energies of 
molecules. A similar app roach was later generalised to 
crystals. The essence of this approx ima t ion can be stated as 
follows. In view of the considerable difference between the 
velocities of electrons and nuclei, characterised by 
( m / M ) 1 / 2 , where m and M are the masses of an electron 
and a nucleus, it is permissible to consider two uncoupled 
[apart from small nonad iaba t i c correct ions of the order of 
( m / M ) 1 / 2 ] systems of electrons and nuclei. The system of 
electrons is described by the Schrodinger equat ion for 
electrons which are in the field of arbi t rar i ly dis tr ibuted 
nuclei and are characterised by the Hami l ton i an 

H = T + V + V 
L L e ^ e ^ v ee ^ v ni 

(2.1) 

where Te is the kinetic energy of electrons, V e e is the 
C o u l o m b interact ion between electrons, and Vne is the 
n u c l e a r - e l e c t r o n interact ion. The nuclear system which 
determines, in par t icular (in the h a r m o n i c approx imat ion) , 
the spectrum of p h o n o n excitat ions, has the Hami l ton i an 

Hn = Tn + Vim+E{R} (2.2) 

Here , Tn is the kinetic energy of nuclei, V n n is the C o u l o m b 
interact ion of nuclei, and E{R} is the electron energy 
described by the Hami l ton i an (2.1). This quant i ty can be 
represented as the average, for any given set of {/?}, value 
of the Hami l ton i an H' 

E{R} = (0R\He\0R) , (2.3) 

where \0R) is the g round state of the electron system for a 
given dis t r ibut ion of nuclei {/?}. 

The above app roach makes it possible to derive quite 
simply, at least from the formal poin t of view, an expression 
for the electron cont r ibut ion to the force acting on a nucleus 
when it is displaced slightly from an equil ibrium posi t ion in 
an ideal crystal, as well as the electron cont r ibut ion to the 
dynamic mat r ix of v ibra t ions . In par t icular , the electron 
cont r ibut ion to the force can be represented by 

dE 
~dR dR 

(0\He\0) (2.4) 

where the averaging is carried out over the g round state of 
the crystal. It follows from the H e l l m a n - F e y n m a n 
theorem, tha t expression (2.4) can be rewri t ten in the form 

QVm 

dR 
8V n e (r ) 

dR 
dr (2.5) 

Therefore, the force act ing on a nucleus when it is 
displaced in a crystal is of purely electrostatic origin 
and, at first sight, it should be easy to find it if we k n o w the 
electron density dis t r ibut ions p(r). In fact, calculat ion of 
the function p(r) for a crystal is a far from simple task and 
we shall re tu rn later to the p rob lem of ac tual calculat ion of 
this quant i ty . 

The electron cont r ibut ion to the dynamic mat r ix of 
v ibra t ions can also be obta ined qui te readily and it can be 
expressed in te rms of the second derivative of the to ta l 
energy: 

^ ' ^ - ^ = d ^ d ^ < 0 | / / e | 0 ) ' (2.6) 

where \i = {x, y, z}. Apply ing again the H e l l m a n - F e y n 
m a n theorem we can rewrite the mat r ix A^i(R — R') in the 
form 

dp(r) 8V n e (r ) 
dr+ 

It follows from formula (2.7) tha t in order to calculate the 
dynamic mat r ix it is not sufficient, in contras t to 
calculat ion of the force, to k n o w just the electron density 
dis t r ibut ion in an ideal crystal: we also need to k n o w the 
change in the electron density due to a change in the 
poten t ia l of the nuclei due to their displacement . This 
change in the electron density should be found, in the 
linear approx imat ion , from the change in the poten t ia l and 
within the f ramework of the linear response theory it can 
be wri t ten as follows: 

Mr) 
dR„ 

%(r', r) dr' . (2.8) 

Here , r ' ) is simply the susceptibility of a system of 
interact ing electrons which are in the per iodic field of 
nuclei. 

This m a n y - b o d y ab initio app roach is mos t readily 
applied to the descript ion of the dynamics of a lattice of 
a simple metal . The relat ionships obta ined are general and 
they apply to a system of 'bare nuclei p lus all the electrons 
in a crystal, including localised electrons in the inner shells ' . 
In general, the ion core electrons m a y be excluded from 
calculat ions by in t roducing the e l e c t r o n - i o n p s e u d o -
potent ia l in place of the simple C o u l o m b e l e c t r o n -
nuclear interact ion. F o r simple meta ls this e l e c t r o n - i o n 
pseudopoten t i a l proves to be a fairly small quant i ty , so tha t 
we can use pe r tu rba t ion theory not only because of 
smallness of the shift of an ion from an equil ibrium 
posi t ion (only this app roach has been used in the above 
discussion), bu t also because of the smallness of the 
pseudopoten t ia l . Since the expressions for the dynamic 
mat r ix (2.7) and (2.8) are quadra t i c in te rms of the 
pseudopoten t ia l , the susceptibility of the electron system 
can be described by the expression for a h o m o g e n e o u s 
electron gas. In this case the Four ie r representa t ion of the 
dynamic mat r ix can be wri t ten in the form 

= <.'(*) + Z> + G W * + G)*(? + G) 
XViefa + G)fa + G)„, 

-Y,G,v^G)y.{G)Vie{G)G^ (2.9) 

Here , Al^(q) is the cont r ibu t ion of ions to the dynamic 
mat r ix ; the wave vector q lies in the first Brillouin zone; G 
is the reciprocal lattice vector; + G) is the susceptibility 
of an interact ing h o m o g e n e o u s electron gas. The third term 
in expression (2.9) follows from the second term in 
expression (2.7) and it is due to the t rans la t iona l 
in var iance. F o r m u l a (2.9) applies to crystals with one 
a tom per uni t cell, bu t it is easily generalised to the case 
of crystals with a basis. The electron susceptibility can be 
expressed simply in te rms of the static dielectric function of 
a h o m o g e n e o u s electron gas s(q, 0): 

1 1 
(2.10) 
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where V(q) is the Four ie r componen t of the C o u l o m b 
interact ion 

(2.11) V(q) = — 

Calcula t ions of the p h o n o n spectra of a whole range of 
simple metals , carried out with the aid of var ious 
approx ima te expressions for the static dielectric function, 
are in very reasonable agreement with the exper imental 
da ta (see, for example, Ref. [1]). 

W h e n the pseudopoten t i a l is no longer small or if all the 
electrons in a crystal are considered in a calculat ion of the 
electron cont r ibut ion to the dynamic mat r ix of v ibra t ions 
A^(q), it is necessary to k n o w the susceptibility of the 
electron subsystem which takes account of the b a n d 
s t ructure of the electron spectrum. In this case the Four ie r 
representa t ion of the susceptibility is no longer a function of 
the m o m e n t u m q a lone, bu t is a mat r ix in the space of the 
reciprocal lattice vectors G and Gf. The exact expression for 
Awir(q) can be wri t ten, in accordance with formulas (2.7) 
and (2.8), in the form 

= + G)„V n e ( « + G)X(q + G,q + G') 
G,G' 

x V n e ( « + G')(? + G'V 

-X )G„V n e (G) Z (G, G ' ) V n e ( G ' ) G ; , , 
G,G' 

(2.12) 

where + G, q + Gf) is the electron susceptibility matr ix . 
This expression has been derived by m a n y au tho r s over two 
decades ago (see, for example, Refs [1, 7]), bu t there have 
been no consistent ab initio calculat ions based on this 
app roach for crystals other t han those of simple metals . 

As is k n o w n (see, for example, Ref. [8]), even calcula
t ions of the dielectric response functions of a h o m o g e n e o u s 
electron gas at densities cor responding to real metals 
represent a very difficult and only par t ly solved p r o b 
lem. The difficulties in calculat ions of the same functions 
for an electron subsystem of a crystal, carried out within the 
f ramework of the s tandard m a n y - b o d y theory, are incom
parab ly greater . However , it should be poin ted out tha t a 
general and absolutely r igorous expression (2.12) for the 
electron cont r ibut ion to the dynamic mat r ix has proved 
very useful in solid-state theory. This expression has been 
used to demons t ra t e a number of r igorous and exact 
re la t ionships describing lattice dynamics , and to develop 
a mul t i tude of app rox ima te and semiphenomenologica l 
approaches to the calculat ions of p h o n o n spectra (see, 
for example, Refs [7, 9]). 

3. Density functional method and lattice 
dynamics 
The m a n y - b o d y app roach to the theory of crystal lattice 
dynamics presented in the preceding section leads to simple 
and physically clear expressions for the electron con t r ibu
t ion to the forces act ing on the nuclei and for the same 
cont r ibut ion to the dynamic matr ix . However , as po in ted 
out already, this app roach is not very suitable for real ab 
initio calculat ions. It is clear from expressions (2.5) and 
(2.7) for the force and the dynamic mat r ix tha t b o t h these 
quant i t ies are determined solely by the dis t r ibut ion of the 

electron charge in an ideal crystal and by changes in this 
quant i ty which are induced by displacements of nuclei or of 
ion cores. The mos t general and r igorous app roach to 
calculat ions of these quant i t ies is at present the density 
functional me thod , p roposed by K o h n , Hohenbe rg , and 
Sham [10, 11] (see also Ref. [12]). A n u n d o u b t e d advan tage 
of this me thod is a pract ical technique for specific 
calculat ions carried out within the f ramework of this 
me thod . 

Briefly, the me thod can be described by a theorem 
proved in Ref. [10]: the energy of the g round state of a 
system of interact ing electrons which are in an external field 
V e x t ( r ) is a single-valued functional of the electron density 
dis t r ibut ion p(r). This functional is extremal when p(r) is 
varied and it reaches its m in imum for a t rue dis t r ibut ion of 
the electron density, i.e. 

8E{p(r)} 0 . (3.1) 

The energy functional E{p(r)} can be wri t ten in the form 

E{p(r)} = T{p(r)} + j p ( r ) V e x t ( r ) dr 

+ 
PirW) 

drdr' + Exc{p(r)} . (3.2) 

Here , T{p(r)} is the kinetic energy functional and the 
second term is the energy of the interact ion with an 
external field which in the case of crystals becomes 

(r) = -y z«e 
(3.3) 

where R are the posi t ions of the basis sites in a uni t cell and 
t are primit ive t rans la t ions . The third term in expres
sion (3.2) is the cont r ibut ion of the electrostatic C o u l o m b 
interact ion between electrons (Har t ree energy) and the last 
(fourth) te rm is the e x c h a n g e - c o r r e l a t i o n functional, 
describing the cont r ibut ion of the e l e c t r o n - e l e c t r o n 
e x c h a n g e - c o r r e l a t i o n interact ion to the poten t ia l energy 
of the electron system. Unfor tuna te ly , the exact form of the 
expressions for the functionals of the kinetic and 
e x c h a n g e - c o r r e l a t i o n energies, needed in specific calcula
t ions, are no t yet k n o w n . Nevertheless , a whole range of 
approx ima te expressions has been p roposed and they can 
be used to carry out calculat ions whose results are in very 
good agreement with the exper imental da ta . The p rob lem 
of the explicit representa t ion of the energy functional will 
be discussed m a n y t imes later in this review: at this stage 
we shall discuss the derivat ion of the expressions for the 
force and for the dynamic mat r ix on the basis of the 
density functional me thod . 

As usual , the force act ing on a nuclei at a site R by the 
electrons when the nucleus is displaced will be described by 

AE{p(r)} 
FK = 

dR 
(3.4) 

and the to ta l derivative will be represented in the form 

(3.5) 
dE{p(r)} _dE{p(r)} + SE{p(r)} dp(r) 

dR dR 8p(r) dR 

In view of the extremali ty of the to ta l energy func
t ional (3.1), the second term in Eqn (3.5) vanishes. Since in 
the expression for the to ta l energy (3.1) only the second 
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term, describing the interact ion with the external field, 
depends explicitly on /? , it follows tha t 

FP=- >(r>-t- dr (3.6) 

Similarly, the electron cont r ibu t ion to the dynamic matr ix , 
given by 

(3.7) 

can be rewri t ten in the form 

dp(r) ey e x t (r) 
QRU 

dr + 
J P { 'QRpQR' 

dr 

(3.8) 

Therefore, the formal expressions for the electron con
t r ibut ions to the force and the dynamic matr ix , ob ta ined 
within the f ramework of the m a n y - b o d y app roach 
[expressions (2.5) and (2.7)], are completely identical with 
the expressions (3.6) and (3.8) obta ined by the density 
functional me thod . This is no t surprising, because in b o t h 
m e t h o d s we start from a considerat ion of the electron 
energy in a given field of nuclei and then deal with the 
change in this energy under the act ion of the displacements 
of the nuclei. The difference between these approaches lies 
in the m e t h o d s used to calculate the energy, the electron 
density dis t r ibut ion and the changes in these quant i t ies . 

Before we discuss the current and most consistent 
m e t h o d s of calculat ion within the f ramework of the density 
functional, we shall consider briefly some of the simplest 
bu t very effective approaches to the theory of lattice 
dynamics based on simple approx ima t ions for the func
t ional (3.2). Let us consider a weakly nonun i fo rm electron 
system. In this case the density functional (3.2) can be 
described by wha t is k n o w n as the local approx ima t ion : 

E{p(r)} = \p(r)t[p(r)] dr + Jp(r )V e x t ( r ) dr 

Here , t[p(r)] is the kinetic energy of electrons per part icle 
in a h o m o g e n e o u s electron gas in which the density is 
everywhere p, and £ x c ( p ) is the cor responding e x c h a n g e -
correlat ion energy. The values of t(p) and £ x c ( p ) are qui te 
well k n o w n for a wide range of densities of a h o m o g e n e o u s 
electron gas; in par t icular , they have been calculated by the 
M o n t e Car lo me thod [13]. If only the exchange energy is 
included, t(p) and £ x c ( p ) can be described by the following 
exact analyt ic expressions 

t(p) = c0p2/3 , 
, x 1 / 3 ( 3 - 1 0 ) 

where c0 and cx are cons tan ts independent of the electron 
density. Subst i tu t ion of these expressions in the func
t ional (3.9) leads to the T h o m a s - F e r m i theory which has 
been well k n o w n since the thirt ies. If £ x c ( p ) in expres
sion (3.10) is supplemented by the correlat ion energy, the 
resul tant expression represents the T h o m a s - F e r m i - D i r a c 
functional. W e shall not discuss in detail this theory and its 
appl icat ions in solid-state physics (see, for example, the 
first chapter in Ref. [12]), bu t we shall consider briefly only 
one of these appl icat ions used frequently and effectively to 

calculate the proper t ies of ionic and molecular crystals. 
These crystals can be regarded as consisting of sa tura ted 
'e lementary ' uni ts : ions, a toms , or molecules with filled 
electron shells. After separa t ion of the M a d e l u n g C o u l o m b 
energy of ionic compounds , the remain ing par t is found to 
be determined by the shor t - range forces and is related 
pr imari ly to the pair overlaps between the nearest 
ne ighbours . This makes it possible to regard quite 
accurately the to ta l electron density of a crystal as a 
superposi t ion of the densities of the individual e lementary 
uni t s and the latter can be found in tu rn from any p r o g r a m 
for a tomic calculat ions. The energy of the pair in teract ions 
is described by the expression 

AE(R)=E{pat(r)+Piit(r + R)} 

-E{pat(r)}-E{pat(r + R)}, (3.11) 

where E{p(r)} is the local T h o m a s - F e r m i - D i r a c a p p r o x 
imat ion. The shor t - range pair interact ion of ions is 
determined by the difference between the expres
sion (3.11) and tha t describing the interact ion of po in t 
ions, and it can be found numerical ly. The to ta l energy of a 
crystal can thus be wri t ten as follows: 

(3.12) 

where EM is the M a d e l u n g C o u l o m b energy for poin t ions 
and URRi is the shor t - range pair interion poten t ia l 
discussed above. 

Firs t calculat ions of this type were carried out back in 
the thirt ies by Jensen, Lentz and G o m b a s [14]. The current 
series of calculat ions was started in the seventies by 
G a y d e n k o and Nikul in [15] who found the pa rame te r s of 
the in tera tomic in teract ions within the f ramework of the 
T h o m a s - F e r m i functional. The work has since been 
developed on the basis of wha t is k n o w n as the G o r 
d o n - K i m electron gas mode l [16]. This mode l has been 
used in calculat ions of the b inding energy, equil ibrium 
in tera tomic distances, elastic constants , pressures of poly
morph ic t rans format ions , etc., for a large number of ionic 
and molecular crystals. A good agreement with the 
exper imental da ta has been achieved. The p h o n o n spectra 
of these crystals have no t been calculated. This has been 
done later [17] in connect ion with var ious types of lattice 
instabilities in ionic crystals: melt ing, t ransi t ion to a 
superionic state, and s t ructura l instability. 

The me thod under discussion has a number of shor t 
comings and the most impor t an t of these is the rigid ion 
approx imat ion . This means tha t any possible deformat ions 
of ions, including those related to their dipole polarisabil i ty, 
are ignored in this app roach . These shor tcomings of the 
G o r d o n - K i m mode l have recently been eliminated. Firs t , a 
suggestion has been m a d e to include the influence, on the 
ions, of the crystal M a d e l u n g C o u l o m b potent ia l , which is 
due to the presence of the su r round ing ions. This requires 
calculat ion of the dis t r ibut ion of the electron density for a 
single ion no t in its free state, bu t in a charged W a t s o n 
sphere. The charge on this sphere is assumed to be equal to 
the charge of an ion bu t opposi te in sign, and the rad ius of 
the sphere is calculated by equat ing the poten t ia l inside the 
sphere to the M a d e l u n g poten t ia l on the ion. This 
p rocedure leads first of all to some compress ion of negative 
ions in a crystal and expansion of posit ive ions, which 
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describes much bet ter (compared with the superposi t ion of 
the densities of free ions) the experimental ly found densities 
in ionic crystals. A change in the interionic distances alters 
also the M a d e l u n g poten t ia l and, consequently, the rad ius 
of the W a t s o n sphere and as a consequence also the 
effective rad ius of an ion. Ions thus seem to ' b rea the ' in 
a crystal so tha t the mode l has been called the po ten t ia l -
induced b rea th ing (PIB) [18]. The to ta l energy of a crystal 
considered in this approx ima t ion is 

E = EM+Y,S(UR) + Y,V(UR, UR.) (3.13) 
R R,R' 

where SR is the energy of a single ion which depends on 
the M a d e l u n g poten t ia l UR and VRR>(UR, RRr) is the shor t -
range pair interact ion, which also depends on the 
M a d e l u n g potent ia ls UR and UR> of the ions at R and 
R'. Calcula t ions of the static and dynamic proper t ies of a 
whole range of ionic crystals carried out within the 
f ramework of this approx ima t ion has m a d e it possible to 
improve considerably the agreement with the available 
exper imental da ta , compared with tha t a t ta inable on the 
basis of the original G o r d o n - K i m model . 

In fact, the P IB approx ima t ion is a me thod for including 
the m o n o p o l e polarisabi l i ty of ions. A n equally impor t an t 
role in ionic crystals is played also by the dipole po la r i s 
ability, describing in the appropr i a t e approx ima t ion the 
cont r ibut ion to the to ta l polarisabil i ty energy of the 
electron subsystem. A general isat ion of the G o r d o n -
K i m mode l p roposed recently [19] takes into account quite 
simply also the dipole polar isa t ion of ions in lattice 
dynamics calculat ions. This is done by calculat ing first 
the behaviour of a single ion in an external electric field E. 
It is well k n o w n tha t an a tom or an ion subjected to an 
external field acquires a dipole m o m e n t 

P = ctE, (3.14) 

where a is the dipole polarisabil i ty of the a tom or ion 
involved. The dipole m o m e n t P can be described qui te 
simply in te rms of the change in the electron density 5p(r) 
due to the action of the field: 

P = j r 5 p ( r ) d r . (3.15) 

The function 5p(r) can be calculated by any p r o g r a m 
designed to give the pa rame te r s of free a toms . Detai ls of 
such calculat ions can be found in M a h a n ' s paper [20]. The 
next step, in full agreement with the G o r d o n - K i m 
approach , is a calculat ion of the pair interact ion of two 
ions with given dipole m o m e n t s PR and P R > . This is done 
with the aid of formula (3.11) for the pair energy with the 
T h o m a s - F e r m i - D i r a c functional. At large distances this 
interact ion reduces to the s t andard interact ion between 
poin t dipoles. However , at short distances, when ions 
overlap, this interact ion differs considerably from tha t of 
poin t dipoles, which can be deduced from formula (3.11) 
by numer ica l me thods . Calcula t ions are also carried out 
relat ing to the interact ion between an ion with a given 
dipole m o m e n t PR and the electric field of a spherically 
symmetr ic ion. At large distances this interact ion is again 
identical with tha t deduced for po in t objects. However , at 
short distances it can be found by numer ica l m e t h o d s 
applying formula (3.11). The final expression for the 
energy of a crystal regarded as the function of the density 

and of the dipole m o m e n t in this approx ima t ion can be 
wri t ten in the form 

E = EM+J2S(UR) + J2V(UR>
 UR')+Y,£r 

R £p> R l a R 

PR 7RR /PR ' 
R,R' R,R' 

PRER . (3.16) 
R,R' R 

The first three te rms in the above expression represent the 
P IB model . The other five terms, which depend on the 
dipole m o m e n t s PR, de termine the polar isa t ion con t r ibu
t ion to the crystal energy. The fourth te rm describes the 
energy needed for the creat ion of a dipole m o m e n t PR of 
an ion with a polarisabil i ty aR. The fifth term is the energy 
of the interact ion between poin t dipoles described by the 
mat r ix ® R R ' , defined as 

4>RR,=R-\l-RR') , (3.17) 

where R =R/R. The sixth term represents the shor t - range 
interact ion of extended dipoles. The mat r ix yRR, is 
determined by the difference between the real interact ion 
of the poin t dipoles described by expression (3.11) and the 
interact ion of dipole m o m e n t s . The last two te rms describe 
the energy of the interact ion of dipoles with the electric 
field of poin t ions (eighth te rm) and also the shor t - range 
interact ion between an extended dipole and a spherically 
symmetr ic ion (seventh term). The mat r ix MRR>, usual ly 
called the deformabil i ty mat r ix by ana logy with the 
te rminology of a phenomenolog ica l theory of a deform-
able ion pu t forward by H a r d y [21], vanishes for an ideal 
cubic lattice. It differs from zero for a deformed crystal and 
it is then p ropo r t i ona l to the ampl i tude UR of the 
displacement of an ion from its equil ibr ium posi t ion. 
Calcula t ions of the electron polarisabil i ty and of the 
p h o n o n frequencies, carried out for a large number of 
b inary ion crystals with cubic symmetry on the basis of 
expression (3.18) for the to ta l energy [19], are in surprisingly 
good agreement with the exper imental da ta . 

As poin ted out above, the m e t h o d for calculat ion of 
lattice dynamics jus t described and based on the use of the 
simplest density functionals of the T h o m a s - F e r m i - D i r a c 
type can be used to tackle a fairly limited class of systems. 
These are mainly the systems composed of ' s a tu ra ted ' 
elements and on top of tha t these elements should no t 
change greatly on t ransi t ion from the free to the crystalline 
state. However , in calculat ions of such extremely impor t an t 
(from the theoret ical and pract ical po in ts of view) mater ia ls 
as metals and covalent semiconductors it is necessary to 
employ m o r e m o d e r n and (unfor tunately) m o r e t ime-
consuming me thods . The main error in the calculat ion 
of the pa rame te r s of crystals by the T h o m a s - F e r m i -
Di r ac functional me thod comes from the local app rox ima
t ion for the kinetic energy. This difficulty is avoided by 
K o h n and Sham [11] by adding to and then subtract ing 
from the funct ional(3.12) , the kinetic energy T0 of an 
interact ing electron gas which experiences an i nhomoge -
neous external field tha t depends on the electron density: 

E{p(r)} = T0{p(r)} + Jp(r)V„ t (r) dr 

+ y j ^ ^ d r d r ' + £ x c { p ( r ) } . (3.18) 
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Here , Exc{p(r)} is the to ta l e x c h a n g e - c o r r e l a t i o n energy, 
which includes the cont r ibu t ions of b o t h the poten t ia l and 
kinetic energies: 

Exc {p(r)} = Exc {p(r)} + T{p(r)} - T0 {p(r)} . (3.19) 

The electron density p(r) is then 

P(r) = ^2fkxrkx(r)^kx(r)9 (3.20) 
k,X 

where fkx are the occupat ion n u m b e r s of single-particle 
states (here k is the wave vector which lies in the irreducible 
pa r t of the Bril louin zone and X n u m b e r s the energy 
bands) , which are equal to uni ty for states with energies sk^ 
lower t han or equal to the chemical po ten t ia l (Fermi 
energy) e F , and which vanish for all other states with 
energies higher t han e F . Minimal i sa t ion of expression (3.1) 
gives the following equat ion for the wave function 
4>kX<r) = \kX): 

P(r') 
- V 2 + Vext(r) + e2 J i^-L dr' + Vxc(r) - ekX 

\kX) 

Here , Vxc{r) is the e x c h a n g e - c o r r e l a t i o n potent ia l : 

^ jExc{P(r)} 

= 0 . 

(3.21) 

(3.22) 
bp(r) • 

Rewri t ing Eqn (3.21) in the form 

[ - V 2 + V e f f W - e * A ] N ) = 0 , (3.23) 

we obta in the usua l single-particle Schrodinger equat ion 
with the self-consistent effective poten t ia l 

M r ) = VeKtW + Vc(r) + Vx c(r) . (3.24) 

The to ta l energy of the system of interact ing electrons can 
be expressed as follows in te rms of the solut ions of 
E q n (3.23): 

E{p(r)} = " Jpto^ef f to d r + j p W ^ e x t W dr 

The first and second te rms in this equat ion represent the 
kinetic energy of nonin te rac t ing electrons. W e shall no t 
discuss in detail the K o h n - S h a m me thod or the 
fundamenta l , for this me thod , p rob lem of deriving the 
e x c h a n g e - c o r r e l a t i o n po ten t ia l Vxc(r). The most widely 
used approx ima t ion for this quant i ty is at present the local 
approx imat ion , i.e. exactly the same approx ima t ion as in 
the T h o m a s - F e r m i - D i r a c me thod . A detailed discussion 
of the feasibility of using the local approx ima t ion and the 
m e t h o d s of going beyond this approx ima t ion can be found 
in a m o n o g r a p h on the subject [12] and in a recent review of 
Jones and G u n n a r s s o n [22]. 

The K o h n - S h a m me thod combined with the expression 
(3.25) for the to ta l energy and with a suitably selected 
expression for the e x c h a n g e - c o r r e l a t i o n functional 
Exc{p(r)} makes it possible, in principle, to carry out a 
self-consistent calculat ion of the proper t ies of the g round 
state of a crystal, including its energy and electron density. 
A detailed discussion of such self-consistent m e t h o d s will be 
given in the following section of this review. Even at the 
stage of calculat ion of the to ta l energies it is possible to find 
the p h o n o n frequencies of some of the v ibra t ional modes of 

a crystal by the 'frozen p h o n o n ' me thod [23]. This m e t h o d 
involves direct calculat ion of the to ta l energy of a crystal 
with an ideal lattice and also in the presence of a dis tor t ion 
cor responding to one of the n o r m a l v ibra t ional modes . The 
p h o n o n frequency can then be found qui te simply from the 
difference between these two energies: 

Mcoi 
\Un\2 

where Uq is the ampl i tude of a n o r m a l m o d e and M is the 
reduced mass . The frozen p h o n o n me thod is, in principle, 
suitable for the calculat ion of the p h o n o n modes with a 
wave vector q commensura t e with any reciprocal lattice 
vector, because only then the distorted lattice remains 
per iodic and the single-particle K o h n - S h a m equat ions can 
be solved. A new unit cell of the dis torted s t ructure should 
no t be too large so as to avoid major technical p rob lems in 
solving the equat ions . Some examples of such calculat ions 
will be given in later sections of this review. 

In calculat ion of the p h o n o n spectra at an arb i t ra ry 
poin t of the Brillouin zone it is necessary to apply, as 
ment ioned earlier in the discussion of the m a n y - b o d y 
approach , the linear response me thod . The calculat ions 
are qui te simple, at least in the formal sense. 

Let us assume tha t displacements of a t o m s from an 
equil ibrium configurat ion described by the posi t ions 
{R + 1 } are 

btR = 8A exp(i#*f) + 8A* exp(—iq't) , 

where 8A is a complex polar isa t ion vector and q is the 
p h o n o n wave vector within the first Brillouin zone. The 
presence of such a displacement field in a crystal alters the 
external C o u l o m b poten t ia l of the nuclei, which acts on 
electrons: 

Ve«(r) = Ei- » Z f 2

 g . i • (3-26) - R 

where ZR are the nuclear charges. W e shall expand the 
external field in te rms of the displacements and retain only 
the te rms of the first order of smallness. Then, the change 
in the external po ten t ia l can be represented by a super
posi t ion of two fields: 

+ E 5 A ^ E e x p ( - i ^ ) v i 
ZRez 

R 

which have the wave vectors +q and — q, i.e. 

(3.27) 

8V e x t ( r ) = ^ S A ^ S + V e x t W + ^ARSRVext(r) . (3.28) 
R R 

W e must po in t out straight away a very impor t an t p rope r ty 
of an external pe r tu rba t ion . If the rad ius vector r acquires 
an increment equal to the primit ive t rans la t ion vector, then 
b o t h componen t s of expression (3.27) t ransform as the 
Bloch-type waves: 

5 ± V e x t ( r + 0 = e x p ( i ^ . 0 5 ± V e x t W . 

(For simplicity, the index R of the var ia t ion 8 will be 
omit ted. ) This means tha t if a pe r tu rba t ion in one uni t cell 
is known , it can be found quite simply for the whole 
crystal, which will be shown to be a very impor t an t 
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c i rcumstance. It should also be ment ioned tha t b o t h 
componen t s have the Hermi t i an proper ty , i.e. 

[ 8 ± V o r t ( r ) ] * = 8 : F V 0 [ t ( r ) . 

T h u s the presence of a p h o n o n with a wave vector q is 
associated with the given external pe r tu rba t ion of the type 
described by formula (3.28) and our next p rob lem is to find 
wha t h a p p e n s to the charge density dis t r ibut ion. Accord ing 
to the K o h n - S h a m theory, the dis t r ibut ion of the density p 
is a sum of the occupied states of absolute squares of one -
electron wave functions described by expression (3.20). In 
the linear response theory [24] the change in the dis t r ibut ion 
of the electron density bp can, in the first order , be wri t ten 
in exactly the same form as 8 V e x t , i.e. 

R R 

and can be expressed in te rms of \jjk)i and also in te rms of 
the first-order correct ions b+\jjk)i and b~\jjk)i\ 

= £ fni^r^kx + fe^fe) , (3-29) 
k,X 

where S ± f e = ( S ^ j m ) * - The first-order correct ion 
l^kA) = b±^/kX is a Bloch function with the wave vector 
k ±q, which can be seen qui te easily on the basis of an 
expression derived by applying s tandard pe r tu rba t ion 
theory: 

| 8 ^ ) = V M ^ ) M i ^ k M . (3.30) 
SkX - Sk±qX' 

Since the electron density, induced by the displacements of 
nuclei, screens the external pe r tu rba t ion described by 
expression (3.27), it follows tha t the mat r ix element of 
this expression should include a screened pe r tu rba t ion 
8 ± V e f f expressed in te rms of 8 ± p is as follows: 

= ? e x p ( ± „ . , ) V F | f L 1 

J \r~r'\ dp 

where the exchange and correlat ion effects are considered 
in the local density approx imat ion . W e shall n o w subst i tute 
the expression for the first-order correct ions (3.30) into 
formula (3.29). The change in the density is then expressed 
in te rms of wha t is k n o w n as the static polarisabil i ty 
function of nonin te rac t ing electrons 

n±q{r,r')= V h % ~ f k ± q X ' 
k,x,x'SkX~Sk±"x' 

x WW*uW#UA'(r')lMr') (3.32) 

as an integral of this function and of the screened 
pe r tu rba t ion : 

5 ± p ( r ) = J j t ^ r , r ' )5 ± V e f f ( r ' ) dr' , (3.33) 

or in symbolic opera tor no ta t ion : 8p = rcSVgff. Calculat ion 
of a screened pe r tu rba t ion in a self-consistent manner , i.e. 
by calculat ion of the response of electrons to an external 

field 5 ± V e x t in accordance with formulas (3.29) and (3.30), 
followed by screening the response in accordance with 
expression (3.31) and repet i t ion of the whole cycle can be 
avoided if the reciprocal of the static dielectric function of 
a crystal is calculated. W e shall rewrite expression (3.31) in 
the symbolic form: 8V e ff = 8V e x t + ( v c + v x c ) 8 p , where 

v c = 7T > v x c = —A— o(r-r) 
\r — r'\ dp 

are integral opera tors . Then , 8V e f f = e _ 1 8 V e x t and 8p = 
x8Vext, where e - 1 is the reciprocal dielectric function 
defined as s~l = (1 — vck — v x c 7 i ) _ 1 and % is the gener
alised susceptibility function which can be expressed 
in te rms of e - 1 as follows: % = 8 _ 1 7 i . This app roach 
requires inversion of the dielectric function mat r ix 
8 = 1 — vck — vxck in some representa t ions (for example, 
the representa t ion of p lane waves or of the angular 
m o m e n t u m ) . The only l imitat ion tha t m a y have to be 
imposed concerns the d imensions of this matr ix . H i s to r 
ically, the success of the pseudopoten t i a l theory in the case 
of simple metals has led to the use of the p lane wave 
representa t ion . F o r example, in the limit of free electrons 
all the linear response functions depend only on the 
difference r — r\ so tha t appl icat ion of the Four ie r 
t r ans format ion yields directly the formulas for simple 
metals discussed in the preceding section. However , even in 
the case of covalent semiconductors with a fairly small 
pseudopoten t ia l , the dimensions of the matr ices which have 
to be calculated in the p lane wave representa t ion are so 
large tha t only a few a t t empts have been m a d e to complete 
these calculat ions. The p rob lem becomes even m o r e 
complex in the case of the t rans i t ion metals . 

It is thus clear tha t calculat ion of the static susceptibility 
function of a crystal or directly of the induced electron 
density is the key to the p rob lem of lattice dynamics . In 
spite of full ma themat i ca l r igour of the derivat ion of 
E q n (3.8), this equat ion is qui te unsui table for any 
pract ical calculat ions of the dynamic mat r ix of a t ransi t ion 
metal . The main reason for this is the need for a large basis 
set in the representa t ion of one-electron wave functions of 
the valence electrons in the calculation of the polar isabi l 
ity (3.32). This has held up this par t of solid-state physics 
for over 20 years . It is well k n o w n tha t in the valence range 
the energy b a n d s t ructure can be reproduced with a small 
basis of test functions. F o r example, in the me thod of linear 
muffin-tin ( M T ) orbi tals discussed in the next section the 
one-electron spectrum can be calculated with a precision of 
the order of 10~ 3 R y employing jus t 9 orbi ta ls per a tom. On 
the other hand , the expression for the polarisabil i ty (3.32) 
conta ins a sum over all the filled and empty states, which 
requires knowledge of highly excited Bloch functions and, 
as a min imum, it is necessary to calculate them in advance. 
The latter can be found formally only by diagonal isa t ion of 
very large Hami l t on i an matr ices , which limits the pract ical 
value of the me thod . Physically, such slow convergence of 
the polarisabil i ty in the case of a t rans i t ion meta l is related 
to a very simple ci rcumstance: b o t h the one-electron wave 
functions \kX) and the first-order correct ions ^kX) to these 
functions oscillate in the region of an ion core. In the case of 
substances with almost-free electrons these oscillations can 
be excluded by replacing the real crystal po ten t ia l with a 
weak pseudopoten t ia l . Unfor tuna te ly , as the energy b a n d s 
become nar rower , expansion of pseudowave functions in 
te rms of p lane waves converges increasingly slowly and the 
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pseudopoten t i a l concept loses its advantages . A calculat ion 
of the dynamic mat r ix in accordance with formula (3.8) 
using expression (3.32) for the polarisabil i ty proves to be 
very sensitive to the errors in the wave functions because of 
incompleteness of the basis. W e shall n o w illustrate this by a 
simple example of the acoust ic sum rule. W e shall assume 
tha t all the nuclei of the lattice a t o m s are displaced by an 
infinitesimally small distance d. W e can then expect all the 
electrons to follow the mot ions of their nuclei and this 
results simply in a rigid shift of the charge density: 
8p = d x Vp. Let us n o w see wha t h a p p e n s to the wave 
functions per tu rbed by a poten t ia l of the d x W type. W e 
then have 

| o U ) = r f £ M ' ) f f i M 
^ skX - skX' 

= d^\kX'){kX'\V\kX) =dx V\kX) . (3.34) 
x' 

W e can see tha t the last equali ty can be derived only if use 
is m a d e of the ma themat i ca l p rope r ty of completeness of 
the wave functions, which is acquired over the whole 
energy scale. In the opposi te case a large error is m a d e in 
de terminat ion of the long-wave limit of the dynamic mat r ix 
and, consequently, the error has an influence for any value 
of q. 

In spite of the unsat isfactory quant i ta t ive descript ion 
of the p h o n o n spectra by the response function me thod , 
based on s t andard pe r tu rba t ion theory, the s t ructure of the 
anomal ies of the dispersion curves of t rans i t ion meta ls has 
been explained quali tat ively by n u m e r o u s p h e n o m e n o l o g -
ical models . The simplest of these models ignores the mat r ix 
element of the e l e c t r o n - e l e c t r o n interact ion. The quant i t ies 
mos t readily amenab le to s tandard b a n d calculat ions are 
the one-electron energies s k ^ and , therefore, it is very 
interest ing to follow the behaviour of the pu re b a n d 
factor (fkX -fk+qx>)/{£kX-Zk+qx') i n expression (3.32), con
sidered as a function of the wave vector q, and to check 
wha t effect it has on the s t ructure of the p h o n o n spectrum. 
As demons t ra ted by Kee ton and Loucks [25], and also by 
Liu et al. [26], if the F e r m i surface has p ronounced 
singularities of the 'nest ing ' type (i.e. singularities result ing 
from the addi t ion of one pa r t of the surface to ano ther by 
t rans la t ion t h rough a certain wave vector q0), one can 
expect a peak in the absolute values of the polarisabil i ty and 
susceptibility functions. However , there are serious diffi
culties associated with ignoring the q dependence of the 
mat r ix elements of the e l e c t r o n - p h o n o n interact ion and 
those related to the fact tha t the peaks of this type are small 
in magn i tude against a fairly smooth background , pa r t i c 
ularly when all the in te rband t rans i t ions are included. These 
circumstances should be taken into account in any a t t empts 
to analyse of the anomal ies of the p h o n o n spectra of the 
t rans i t ion metals . A review of other mode l theories can be 
found in Ref. [7]. 

4. Linear MT orbital method for band structure 
calculations 
It follows from the foregoing discussion, tha t in the theory 
of calculat ions of the force and lattice dynamics the central 
place is occupied by self-consistent calculat ions of the 
electron density dis t r ibut ion for an a rb i t ra ry configurat ion 
of a toms in a uni t cell of a crystal. It is therefore of interest 

to consider the state-of-the-art of the p rob lem of self-
consistent solut ion of single-particle equa t ions by the 
density functional me thod and the appl icat ion of the 
me thod of frozen p h o n o n s to p h o n o n frequency calcula
t ions. In spite of the obvious shor tcomings of the frozen 
p h o n o n me thod , associated with its limited applicabili ty to 
just the h igh-symmetry wave vectors, it is nevertheless 
highly universal and can be applied b o t h to systems with 
wide b a n d s (simple metals and semiconductors) and to 
t ransi t ion metals . This advan tage of the me thod is 
pr imari ly due to the development and appl icat ion of 
wha t are k n o w n as the all-electron m e t h o d s in the b a n d 
theory of solids. 

In calculation of the to ta l energy of a crystal as a 
function of the displacements of nuclei an impor t an t aspect 
is the correct inclusion of the effects of the nonspher ic i ty of 
the dis t r ibut ion of the electron density and poten t ia l at 
interstices of the uni t cell of a crystal, since the v ibra t ions of 
a t o m s directed t owards one another distort considerably the 
electron density in the intersti t ial region. The s t andard 
technique for the solut ion of the Schrodinger equat ion with 
an a rb i t ra ry poten t ia l involves the use of the var ia t ional 
principle. A functional is derived and its minimisat ion by 
var ia t ion of the one-electron wave functions leads to the 
Schrodinger equat ion . The one-electron wave function is 
represented by an expansion in te rms of a certain basis |x«): 

M) = 5 > * ) A * \ (4.1) 
a 

where Ak

a

x are the coefficients of the expansion which, for a 
fixed basis p rov ide the var ia t ional freedom of the 
functional and are found by solving the mat r ix eigenvalue 
p rob lem: 

E<4l - V 2 + yeff - %aIx*M" = 0 . (4.2) 
a 

The main p rob lem is related to the const ruct ion of suitable 
test functions which represent a Bloch state of a valence 
electron. In the pseudopoten t ia l me thod the basis functions 
are p lane waves and this factor simplifies par t icular ly the 
finding of the a lgor i thm for the calculat ion of the b a n d 
s tructure. However , as ment ioned above, as the width of the 
valence b a n d decreases, the expansion of pseudowave 
functions in te rms of p lane waves converges m o r e and 
m o r e slowly, and the pseudopoten t i a l loses its advantages . 
In all-electron m e t h o d s the space in a crystal is divided into 
nonover l app ing spheres centred on each a tom, k n o w n as 
muffin-tin ( M T ) spheres, and the remain ing intersti t ial 
region. With in the M T spheres the basis functions are 
linear combina t ions of numer ica l solut ions of the radia l 
Schrodinger equat ion conta in ing the spherical pa r t of the 
potent ia l . These numer ica l solut ions are multiplied by 
spherical ha rmonics . Such a representa t ion ensures rapid 
convergence of the basis b o t h for delocalised and localised 
states. In the intersti t ial region, where the poten t ia l is fairly 
smooth , the basis functions are selected from the solution 
of the He lmhol t z equat ion: (—V2 — K2)f(r) = 0 (here, k2 is 
the average kinetic energy of an electron in the intersti t ial 
region). In the wel l -known linear augmented p lane wave 
( L A P W ) me thod [27, 28], the solut ions are p lane waves 
which are matched smooth ly to the solut ions of the radia l 
Schrodinger equat ion at the bounda r i e s of the M T spheres. 
In spite of the fact tha t this complete basis set may, in 
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principle, r eproduce the correct behaviour of the Bloch 
states in the intersti t ial region, the slow convergence of the 
p lane waves in the case of s t ructures which are no t close-
packed or loose or in the case of supercells leads to serious 
restr ict ions on the convergence of this me thod . 

On the other hand , the representa t ion of localised 
orbi ta ls and, in par t icular , the representa t ion of linear 
M T orbi tals ( L M T O ) [29] is well k n o w n for its rapid 
divergence of the basis. In the intersti t ial region the linear 
M T orbi tals represent linear combina t ions of the Bessel and 
H a n k e l functions at some fixed energy s = K 2 . In par t icular , 
in the s tandard L M T O me thod [27], in which the a tomic 
sphere approx imat ion (ASA) and the condi t ion K 2 = 0 are 
used, all tha t is needed is 9 orbi tals per a tom in order to 
reproduce the energy b a n d s with an error no t exceeding 
10~ 3 Ry . Several approaches have been developed recently 
for t ak ing account of the nonspher ic i ty of the poten t ia l 
(these are k n o w n as the n o n - M T correct ions) within the 
f ramework of this me thod . Weyrich [30] p roposed the use 
of the Four ie r t r ans format ion for the L M T O in the 
intersti t ial region. Such formulat ion does no t increase 
the size of the Hami l ton i an matr ices or the over lap. 
However , a calculat ion of the cont r ibu t ion of the inter
stitial region to the Hami l ton i an and of the dis t r ibut ion of 
the charge density makes this general isat ion of the m e t h o d 
very t ime-consuming. Blochl [31] m a d e an a t t empt to use 
the t ight-binding approx imat ion in the case of the M T 
orbi tals and to find directly the density at certain po in ts in 
space. Unfor tuna te ly , this app roach has been tested only on 
a small n u m b e r of mater ia ls [31] and further appl icat ion of 
the me thod remains in doub t . It has recently been 
p roposed [32] tha t the to ta l electron density in all space 
can be represented by the values and first derivatives of the 
M T orbi tals at the bounda r i e s of the M T spheres, where the 
p roduc t of two M T orbi tals is m a d e to fit a linear 
combina t ion of two H a n k e l functions. The density dis
t r ibut ion can thus be found approximate ly by in terpola t ion. 

A new app roach to the solution of this p rob lem is 
p roposed in Ref. [33] where use is m a d e of the representa
t ion of the spherical ha rmonics near the M T spheres and at 
the interstices. The space in a crystal is divided into 
po lyhedra l W i g n e r - S e i t z cells and the M T orbi tals are 
represented by one-centre expansions in te rms of the 
spherical ha rmonics inside the spheres su r round ing the 
polyhedra . Such one-centre expansions describe correctly 
the density only in the regions within the a tomic cells. 
Consequent ly , the p rob lems of solution of the Poisson 
equat ion and calculat ion of the mat r ix elements of the 
poten t ia l of the region between the spheres are reduced to 
finding an effective me thod for in tegrat ion of the functions 
in the region between a sphere and the b o u n d a r y of a 
po lyhedron . This can be done either by applying the 
technique of expansion in te rms of the spherical ha rmonics 
of the 6 function [29] or, as shown in Ref. [33], by reducing 
the vo lume to the surface integrals with the aid of the Gauss 
theorem. The advan tage of the p roposed me thod is a 
unified representa t ion of all the quant i t ies in te rms of 
the spherical ha rmonics for b o t h regions of space in a 
crystal, which leads to a calculat ion me thod the ra te of 
which is only several t imes less t han the ra te of the s t andard 
L M T O - A S A me thod . This app roach also retains the 
simplicity and physical clarity of the L M T O - A S A m e t h o d 
and can be readily incorpora ted in the existing compute r 
p rog rams . 

s p s s p s 

Figure 1. Plotting of an M T orbital: (a) initial shell function; 
(b) replacement of the diverging part of a linear combination of the 
numerical radial functions and of the regular Bessel functions in an M T 
sphere at the origin of the coordinate system, and also replacement in all 
other polyhedra (excluding that at the origin of coordinates) of tails with 
one-centre expansions in terms of the Bessel functions (as illustrated by 
the arrows); (c) replacement of the Bessel functions in all the M T 
spheres with the numerical radial functions. The vertical lines identify 
the boundaries of the M T spheres and of the polyhedra. 

W e shall n o w discuss in greater detail the task of 
const ruct ion of the linear M T orbi tals . The space in a 
crystal is divided in a certain way into po lyhedra W i g n e r -
Seitz cells su r round ing each a tom. Inscribed M T spheres as 
well as the spheres su r round ing the po lyhedron are 
in t roduced for these a tomic cells. Both types of spheres 
are centred at the lattice sites. W e shall consider wha t is 
k n o w n as the shell function, which in the L M T O me thod is 
the singular H a n k e l function KL(rR —t) centred at a site 
R +t, as shown in Fig. la , and having the energy s = K 2 . 
(Here and later it is assumed tha t all the radia l functions 
with the vectors in braces are multiplied by spherical 
ha rmonics , where L denotes a combined index for Im; 
the subscript R over r denotes the difference r — R, where 
{R} are the posi t ions of a t o m s in a uni t cell, and {t} are 
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primit ive t ransla t ions . ) Inside the sphere centred at R + 1 
the diverging pa r t of the shell function is replaced by a 
linear combina t ion of numer ica l radia l functions subject to 
the condi t ion of smooth match ing at the b o u n d a r y of the 
sphere. The radia l functions are here the solut ions 
4>RL(rR —t, svRi) of the Schrodinger equat ion which con
tains the spherical pa r t of the poten t ia l and which applies at 
certain energies svRi in the region of interest to us, as well as 
the energy derivatives of these functions 4>RL(rR —t, evRi). 
Inside every other a tomic cell centred at Rf + tr the shell 
function tail is replaced by its own one-centre expansion in 
te rms of the Bessel functions: 

KL{rR ~t) = Y,JL'{rR'-t')SR,VRL{t'-t) , (4.3) 
L' 

where JL(rR —t) is a Bessel function and SRiLiRL(t) are 
s t ructura l cons tan ts in the coord ina te space. (This is 
il lustrated in Fig. lb . ) Since the H a n k e l and Bessel 
functions are described by the expressions 

. , . 1 ( 2 / - 1 ) ! ! 
Jl(r) = ~ — 7 j - Ji(Kr) , 

± (KW) 

(4.4) 

(4.5) 

where ht = j t — m z are the usua l spherical H a n k e l functions, 
and j h rii are the spherical Bessel and N e u m a n n functions, 
the expression for the s t ructure cons tan ts is 

SR.L.RL{t) - 2 - , ( 2 / / - i ) ! ! ( 2 / - l ) ! ! C ^ , { K W ) 

xK^t-R'+RDi-i)1 Yl„{t-R' +R) , (4.6) 

where w is the average rad ius of a W i g n e r - S e i t z cell and 
C\Li are the G a u n t coefficients. Final ly, the linear M T 
orbi tals are found by replacing the Bessel functions in all 
the M T spheres with linear combina t ions of 4>RL and q>RL 

(Fig. lc) , which are selected so tha t the L M T O is 
everywhere con t inuous and differentiable. 

The last step is the summat ion over a lattice of M T 
orbitals , centred at var ious sites, with a phase shift exp(iA>f) 
so tha t the basis functions satisfy the Bloch theorem. This 
can be done quite simply: it involves jus t summat ion of the 
s t ructure cons tan ts given by expression (4.6) since the 
orbi tals constructed in this way are already represented 
everywhere by one-centre expansions . The basis functions 
are then 

)&L(rR>) = ^(rR)SRRi + ^<PiiLi(rRi)Sk

RfLfRL , rR, < sR,, 
v 

A (rRl) = KRL (rR)3RRi + R>L>{rR,)Sk

R,L,RL , rR, G fijf!, 

L' 

(4.7) 

where SR is the rad ius of an M T sphere, QRf is the 
intersti t ial region of a given a tom, and SRILIRL is the 
Four ie r representa t ion of the s t ructure cons tan ts given by 
expression (4.6): 

SR'L'RL = ^2^v(^'t)SRiLiRL(t) . (4.8) 

The radia l functions <&RL{rR) and <&RL{rR) are n o w such 
linear combina t ions of the solut ions 4>RL and q>RL which are 

matched smooth ly to the H a n k e l and Bessel functions at 
the b o u n d a r y of a sphere. 

W e shall n o w m a k e some comment s abou t the expan
sions described by expressions (4.7). Inside nonover lapp ing 
M T spheres these expansions converge rapidly and are 
readily calculated. On the other hand , in the intersti t ial 
region QR

l of a given a tom such expansions converge 
slowly and are generally converging only for radi i rR 

smaller than the distance between the nearest sites. This 
means , in par t icular , tha t the space should be separated into 
po lyhedra which are similar in shape to the compact 
W i g n e r - S e i t z cells of close-packed s tructures in which 
the distances between rR G Qmi and the nearest ne ighbours 
a m o u n t approximate ly to \ . In the case of loose s t ructures 
the technique of empty spheres should be used [34], first in 
order to remove the regions of divergences of the one-centre 
expansions and, second, in order to reduce the number of 
te rms in the sums over L in expressions (4.7). The frozen 
p h o n o n calculat ions have shown tha t the summat ion up to 
/max — 8 ensures a convergence of the p h o n o n frequencies to 
a value of the order of several percent . In par t icular , in the 
case of Al and Si with two empty spheres, such precision 
can be achieved for / m a x = 6, whereas for N b with the 
valence states tha t are strongly of d n a tu re we mus t have 
/max of at least 8. 

Let us n o w consider the selection of fixed energy tails 
8 = K 2 . In his original paper , Andersen [27] developed the 
L M T O me thod m a k i n g use of the K 2 = 0 approx imat ion 
when, in par t icular , all the formulas become simple. This 
approx ima t ion is justified because in the case of close-
packed s tructures the average kinetic energy of the valence 
electrons is approximate ly zero within one energy 'w indow' 
of the order of 1 Ry . The systems of interest to us are 
distorted lattices where the intersti t ial region should be 
treated m o r e r igorously. M a n y approaches are k n o w n for 
the improvement of the basis set of the L M T O 
me thod [35, 36]. It is wor th ment ion ing one of them [36], 
which has become popu la r [37] and in which the size of the 
basis is increased by use of one m o r e value of K 2 . While the 
first energy K 2 is usually placed close to the average 
poten t ia l in the intersti t ial region (known as the M T 
zero), the second (and possibly the th i rd) are taken to 
be large and negative (from —1 to —2 Ry) . The advan tage 
of this me thod is an improvement in the var ia t ional 
freedom of the basis by inclusion of orbi tals of the type 
used in the me thod of linear combina t ion of a tomic orbi tals 
( L C A O ) . On the other hand , a shor tcoming of this m e t h o d 
is the tr ipl ing of the size of the basis, which increases the 
compute r t ime 27-fold. 

It is p roposed in Ref. [33] tha t one or possibly two 
energies K 2 in the filled pa r t of the b a n d be used. This m a y 
be justified directly by the energy-dependent mult iple 
scattering theory. It can be applied to mater ia ls with the 
valence b a n d s < 0 . 8 R y wide, where it is expected tha t 
cont r ibu t ions of the dK/dK and d2K/dK2 type to the 
expansion are small. In the case of mater ia ls with wide 
valence b a n d s or when the M T spheres are very small, one 
should use a basis set consist ing of two or m o r e values of K. 
The cor responding tail energies m a y be located near the 
b o t t o m and top of the valence b a n d and separated from 
them by ^ 1 . 0 Ry . (Smaller separa t ions m a y lead to a lmost -
linear M T orbi tals and a singular overlap matr ix.) 

In any case we have to select posit ive ra ther than 
negative values of K and this m a y give rise to some 
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compl icat ions in calculat ions. The p rob lem is this: the use 
of posit ive tail energies makes the s t ructure cons tan ts 
singular when K 2 is equal to the energy of a free 
electron. The singularity occurs also at k = 0 in the 
s t andard L M T O method , bu t it is bypassed by displace
ment from the poin t f by a certain small vector. H e r e we 
can consider formally K 2 as a complex quant i ty and the 
addi t ion of a small imaginary region (usually a m o u n t i n g to 
several h u n d r e d t h s of a rydberg) avoids this technical 
difficulty. 

W e shall n o w consider expressions for the Hami l t on i an 
matr ices and for the over lap. In the case of the basis L M T O 
set defined by expressions (4.7) the wave functions of the 
valence electrons \kX) are represented in the form of linear 
combina t ions \XRL) with the coefficients Ak

RL found from 
the var ia t ional principle. In the case of the one-electron 
Hami l t on i an in the density functional theory, these coeffi
cients are found from the following generalised eigenvalue 
p rob lem: 

L,R 

~Skx(j^R 'L'\i£RL }]ARL 

= ^2(HK

R,L,RL - EKXOK

R,L,RL )AfL = 0 , (4.9) 
L,R 

where V M T ( r ) denotes the spherical and V N M T ( r ) the 
nonsper ica l pa r t of the potent ia l . W e can easily see tha t the 
cont r ibu t ions of var ious regions of space are separable. The 
Hami l t on i an and the overlap matr ices are 
if k _ j_rk, MT . T J ^ N M T . 2 n & , i n t . T / £ , i n t /VI 1 m 

NR'L'RL R'L'RL NR'L'RL K UR'L'RL VR'L'RL 

OKR'L'RL =0)VL\L + ^R'L'RL ' ( 4 - l l ) 

The first and second te rms in expression (4.10) and the first 
te rm in expression (4.11) represent integrals over M T 
spheres, whereas the other te rms in expression (4.11) 
represent integrals over the interstit ial region. Here , 
HR%?RL * s a m a t r i x element of the opera to r 
- V f + V M T ( r ) and H*>£™1 is a ma t r ix element of the 
nonspher ica l par t of the potent ia l . The thi rd term in 
expression (4.10) is a mat r ix element of the kinetic energy 
in the intersti t ial region. Since the basis functions are the 
solut ions of the He lmhol t z equat ion , they can be described 
in a trivial manne r in te rms of the intersti t ial overlap 
integral [second term in expression (4.11)]. The last t e rm in 
expression (4.10) is a mat r ix element of the intersti t ial 
potent ia l . 

All these cont r ibu t ions are represented by one-centre, 
two-centre , and three-centre integrals, and are simple 
general isat ions of the formulas employed in the s t andard 
L M T O method . The radia l mat r ix elements are calculated 
employing the proper t ies of the radia l Schrodinger equat ion 
and of its energy derivative. 

The intersti t ial element of the overlap mat r ix is an 
integral of the two-centre type, which is expressed in te rms 
of the p roduc t of two H a n k e l functions centred at the sites 
R and Rf. Since they are eigenfunctions of the opera tor 
—V2, they can be expanded in te rms of the Bessel functions 
and represented in the form of one-centre expansions of 
expressions (4.7), which formally are infinite series. On the 
other hand , such one-centre expansions can be used in 
est imat ing an integral by means of a technique p roposed in 

Ref. [33], bu t this complicates finding the overlap matr ix . 
The best me thod is to use many-cen t re expansions and to 
calculate the intersti t ial overlap mat r ix with the help of the 
Green identi ty [38]. 

The al l-potential me thod described above has the same 
advantages as the familiar Green function (or the 
K o r r i n g a - K o h n - R o s t o c k e r ) me thod . The n o n - M T cor
rect ions from b o t h regions of space have the same form and 
can be considered together . They can be separated into k-
dependent s t ructure cons tants and a poten t ia l -dependent 
par t . The latter pa r t can be calculated only once ahead of a 
cycle carried out over po in t s in the k space. Consequent ly , 
the bulk of the compute r t ime is used in calculat ion of the 
convolut ions of the radia l mat r ix elements with the S 
matr ix . The one-centre expansions of expressions (4.7) 
converge inside the M T spheres with / m a x ^ 4 and in the 
intersti t ial region with L m a x ^ 8. This means tha t the sums 
in the two-centre and three-centre integrals should include 
also higher angular m o m e n t a . The compute r t ime is then 
approximate ly equal to the t ime needed to solve the 
eigenvalue p rob lem and, therefore, in the case of the basis 
sets with one value of K the to ta l t ime needed for the 
calculat ion of the matr ices H and O and their subsequent 
diagonal isa t ion is only 2 - 2 . 5 t imes greater t han the t ime 
needed in the s tandard calculat ions by the L M T O - A S A 
me thod . 

The poten t ia l V e f f (r) = VMT(r) + V N M T ( r ) is unde r s tood 
to be expanded in te rms of spherical ha rmon ics bo th inside 
the M T sphere and in the intersti t ial region. I ts e x c h a n g e -
correlat ion par t is usual ly found by direct calculat ion at a 
given set of po in ts in space, which is followed by expansion 
in te rms of the spherical ha rmonics . The C o u l o m b con
t r ibut ion is calculated by solving the Poisson equat ion 
inside a sphere su r round ing an a tomic cell. The con t r ibu
t ion of the external space is then included by mul t ipole 
charges in each cell. 

5. Calculations of the forces and total energy by 
the linear MT orbital method 
As poin ted out above, the density functional theory makes 
it possible to calculate directly the change in the to ta l 
energy of a crystal caused by displacements of the a tomic 
nuclei. This can be done by the L M T O b a n d me thod jus t 
discussed, which takes account of the nonspher ic i ty of the 
density and potent ia l . However , a l though the to ta l energy 
can usual ly be calculated to within a few percent , this 
me thod is unsat isfactory in predict ing the frequencies of 
a tomic v ibra t ions because of the need to carry out several 
self-consistent calculat ions in order to determine the 
dependence of the to ta l energy on the displacements of 
a toms . Ano the r shor tcoming of the frozen p h o n o n m e t h o d 
is subtrac t ion of energies of the order of 10 4 Ry , which 
yields a p h o n o n energy ~ 1 0 - 3 Ry . The best app roach is an 
analytic differentiation of the expression for the to ta l 
energy with respect to displacements , followed by calcula
t ion of the a tomic forces, which should be much m o r e 
accurate . In the development of the me thod for calculat ion 
of the dynamic mat r ix at an a rb i t ra ry poin t in the Bril louin 
zone, which is given below, we shall find this a very 
impor t an t c i rcumstance, because analyt ic calculat ion of the 
first derivative of the force with respect to displacements is 
a simpler task t han calculation of the second derivative of 
the to ta l energy. 



748 S Yu Savrasov, E G Maksimov 

Accord ing to the H e l l m a n - F e y n m a n theorem, the force 
experienced by an a tom is electrostatic and it acts on the 
nucleus of an a tom. Consequent ly , this force can be 
determined precisely if the dis t r ibut ion of the to ta l charge 
density in a crystal is k n o w n . Unfor tuna te ly , this dis t r ibu
t ion is derived from one-electron wave functions, which are 
only approx ima te solut ions of the Schrodinger equat ion 
obta ined by the var ia t ional principle. Consequent ly , the 
forces calculated on the basis of the H e l l m a n - F e y n m a n 
formula m a y be highly inaccurate . On the other hand , the 
a tomic forces deduced by numer ica l differentiation of the 
to ta l energy with respect to displacements give good results, 
so tha t the H e l l m a n - F e y n m a n force should be supple
mented by a correct ion associated with the use of an 
incomplete basis set in the representa t ion of wave func
t ions. This is k n o w n as the Pulay correct ion [39], which 
vanishes in the theory of mult iple scat tering [40] and also in 
calculat ions carried out by the pseudopoten t i a l me thod for 
mater ia ls conta in ing the s and p electrons. There have been 
several investigations of this p rob lem within the f ramework 
of the all-electron L M T O and L A P W m e t h o d s [31,41]. 
Unfor tuna te ly , the validity of the p roposed formulas is very 
doubtful in view of the absence of concrete calculat ions. On 
the other hand , the conclusion reached in Ref. [33] is 
suppor ted by a series of specific calculat ions of the p h o n o n 
frequencies. The results of these calculat ions have been 
compared with those m a d e by the to ta l energy me thod and 
the agreement is sufficiently good for the pract ical use of the 
p roposed formula. (A similar der ivat ion of the formula for 
the calculat ion of the forces within the f ramework of the 
L A P W method has recently been p roposed independent ly 
in Ref. [42].) 

Two approaches to the calculat ion of the forces acting 
on a t o m s in a crystal have been p roposed . These 
approaches are based on the fundamenta l p rope r ty of 
the to ta l energy functional E{p, Vext}, which depends on 
the overall dis t r ibut ion of the electron density p and on the 
external C o u l o m b poten t ia l V e x t of the nuclei: for a given 
value of V e x t this functional is extremal when p is varied and 
its reaches its m i n i m u m for a t rue dis t r ibut ion of the 
electron density. This gives rise to an impor t an t p r o p 
erty: when the external po ten t ia l is altered, the to ta l 
derivative of E with respect to the displacement of an 
a tom is equal to its par t ia l derivative, i.e. dE/dR = dE/dR, 
whereas 

5p dR 

follows from the steady-state condi t ion. This is the 
H e l l m a n - F e y n m a n theorem and it represents the first of 
the k n o w n approaches to the calculat ion of the forces 
based on its use. As demons t ra ted in the preceding sections 
of this review, according to this theorem the forces 
expressed solely in te rms of the change of the external 
field are described by the integral 

and — at first sight — m a y be found in a trivial m a n n e r if 
the electron density dis t r ibut ion is k n o w n . However , this is 
t rue only for calculat ions carried out within the f ramework 
of the pseudopoten t i a l me thod , in which the basis is 
formed by p lane waves independent of the posi t ions of 
a toms . However , the major i ty of the calculat ions, carried 

out with the aid of other basis functions within the 
f ramework of the L M T O and L A P W methods , d e m o n 
strate tha t this formula m a y give results which differ by 
two or three orders of magn i tude from reality. The second 
app roach is based on Ande r sen ' s theorem of forces (see, for 
example, Ref. [43]), which deals with the to ta l energy no t 
as a function of the density bu t of the potent ia l . Accord ing 
to this theorem, the force acting on a nucleus and all the 
electrons which are inside an arb i t ra ry surface Z 
su r round ing a given nucleus is 

dE 5 /V^ \ 
= M h A x ) + F e s + Fxc' (5'2) 

where the first te rm represents the change in the one -
electron energies associated with the vir tual displacements 
of the frozen potent ia l , FES is the electrostatic force 
between the electron and nuclear charges outs ide and 
inside the surface, and F x c is the e x c h a n g e - c o r r e l a t i o n 
cont r ibut ion . If the mo t ion of electrons is self-consistent, 
the force act ing on them vanishes and, consequently, the 
quant i ty calculated from formula (5.2) represents the 
required force act ing on a nucleus. This formulat ion is 
m o r e general t han the preceding one, since it makes it 
possible to deal with the con- t r ibut ion of electrons to an 
a rb i t ra ry to ta l energy, which m a y differ from zero if the 
one-electron wave functions are found approximate ly . One 
of the p rob lems encountered here is a prescr ipt ion for 
selection of the surface I. 

In fact, in pract ical calculat ions the energy is not a 
functional of the charge density or of the potent ia l . In 
minimisat ion of the functional the electron density is 
represented by 

where the wave functions are expanded in te rms of a 
certain basis set 

a 

Consequent ly , for a fixed basis, the var ia t ional freedom of 
the functional applies only to the coefficients A\x and the 
to ta l energy remains cons tant when only these coefficients 
are varied. This var ia t ional principle leads to the mat r ix 
eigenvalue p rob lem of the kind described by expres
sion (4.2), which is obta ined no t only as a var ia t ional 
solut ion of the one-electron Schrodinger equat ion , bu t also 
as a result of global minimisat ion of the total -energy 
functional. This qui te obvious (but missing from the 
publ ished l i terature) s ta tement is very impor t an t for the 
unde r s t and ing of the der ivat ion of any formula for the 
forces. It follows from this s ta tement tha t the to ta l 
derivative dE/dR is equal to the par t ia l derivative 
dE/dR, whereas 

dE d{Ak/}_ 
d{Ak/} dR 

Let us n o w consider a very simple and practical m e t h o d 
for finding the forces based on the theorem under 
discussion. Let us assume tha t a self-consistent calculat ion 
of the a tomic configurat ion {R} is carried out and tha t it 
yields the coefficients AkX{R} and E{R}. W e shall also 
assume tha t the calculation is carried out for the {R + 67?} 
configurat ion and tha t the solution to the eigenvalue 



Ab initio calculations of the lattice dynamics of crystals 749 

p rob lem is no t sought , bu t var ia t ional coefficients are 
subst i tute from the preceding stage of the calculat ion, 
i.e. the coefficients AkX{R} are subst i tuted again. Since 
our basis is m a d e to fit the potent ia l , it is in fact essential to 
ensure par t ia l self-consistency, bu t at each stage it is 
possible to use the old coefficients AkX{R}. In this way 
we obta in the to ta l energy of a dis tor ted configurat ion 
E{R + 8 / ? } . (The tilde symbol means tha t the energy found 
is no t the exact to ta l energy for the investigated config
ura t ion) . It follows from the theorem jus t formulated tha t 
the force field can be found for the configurat ion {R} if the 
function E{R + 8/?}, ra ther t han the exact dependence 
E{R + 8/?}, is differentiated. This requires ensuring full 
self-consistency only once and no significant modif icat ion 
of the compute r p rog rams , so tha t the app roach should be 
very effective. However , at this stage we shall t ry to derive 
directly the formula for the calculat ion of the forces,which 
should be even m o r e effective, and it will be needed in the 
development of the linear response theory discussed in the 
next section. 

W e shall carry out a direct differentiation of the to ta l 
energy of a crystal, described by formula (3.25), with 
respect to the posi t ion of an a tom at a site R. If the 
electron density is self-consistent, we find tha t 

dE 
~dR 

p dr 
dR 

k,X \ 
dR 1 • v z + v; eff • •sn\kl 

where the first te rm represents the H e l l m a n - F e y n m a n 
result and the second is the Pulay correct ion, associated 
with incompleteness of the basis set. W e shall represent the 
one-electron wave function by an expansion in te rms of 
linear M T orbitals . The Pulay correct ion can be found if 
we calculate the following mat r ix element: 

<5xk | -V 2 + V - 8 U | 0 ) , (5.3) 

which obviously does no t vanish if \kX) are found by the 
var ia t ional me thod . [The cont r ibu t ion m a d e by the change 
in the var ia t ional coefficients A d i sappears because \kX) 
satisfy the ma t r ix eigenvalue p rob lem of the type described 
by expression (4.2).] The change 

dR 

in the M T orbi ta l is the difference between the M T 
orbi tals \XR+8RL) a n d \XRL)> defined for the final and initial 
a tomic configurat ions, respectively. W e shall consider their 
approx ima t ion involving replacement of the exact orbi ta l 
\XR+5RL) with a n orbi ta l \XR+SRL) derived from the solut ions 
4>RL and q>RL for an unpe r tu rbed crystal. This leads to the 
' r igid' pa r t of the change \$XRL) which conta ins 
—6RfVxRL(RR') i n e a c n a tomic cell R' p lus a cont r ibut ion 
associated with the change in the s t ructure cons tants . This 
rigid pa r t of the response can be used qui te simply to 
est imate the ma t r ix element (5.3). The ignored cont r ibut ion 
is the 'soft ' pa r t \&XKRL) associated with changes 8s</>, 8s</>. 
Therefore, our next task will be to p rove tha t the soft 
cont r ibut ion to the force can be ignored. Since out test 
functions for the intersti t ial region are independent of the 
pa rame te r s of the potent ia l , the soft cont r ibut ion differs 
from zero only inside the M T spheres. Consequent ly , the 

error in the de terminat ion of the force will be p ropo r t i ona l 
to the following mat r ix element: 

( s y K f i J - v 2 + y - £ u | 0 ) f l M (5.4) 

where the integrat ion vo lume is extended to the region 
occupied by the M T spheres and where the induced orbi ta l 
W^KRL) vanishes and has a zero radia l derivative at the 
b o u n d a r y of a sphere. The equat ion for the change in the 
radia l functions can be wri t ten as follows: 

( _ V

2 + y M T - ev)8s</> + 8 s V M T </> = 0 , (5.5) 

where 8 S V M T is the soft change in the spherical pa r t of the 
potent ia l . [The equat ion for the energy derivatives is 
obta ined by direct differentiation of E q n (5.5).] Since the 
poten t ia l depends on the density, we can wri te 

8 s y M T (§ s v e x t ) M T + 
d V M T dp 

dp d<f> 5
S<£, 

where the cont r ibu t ion represent ing the change in the 
coefficients 8 A ^ , i.e. 

dp 
d{Ak/} 

8A kX 

vanishes on the basis of the var ia t ional principle 
formulated at the beginning of this section. This is 
impor t an t in our analysis, because — in p r i n c i p l e — w e 
can deal with the self-consistent equat ion (5.5) at the radia l 
level and we can thus find the exact force. However , it is 
obvious tha t the bulk of the change in the spherical pa r t of 
the poten t ia l is related to a certain cons tant shift VMT on 
the energy scale inside each M T sphere: 8 s V M T ( r ) = const. 
Then , according to E q n (5.5), the change in the radia l 
functions is 8s</> = —const x 0 and its energy derivative is 
8s</> = —const x </>, and the first pa r t of the error in the 
de terminat ion of the force is est imated by means of the 
integral 

V N M T p dr . 

which is negligibly small, since the electron density is 
practical ly independent of the l inearisation centres e v . The 
second pa r t of the error, which originates from the mat r ix 
element of the opera tor —V2 + VMT in expression (5.4) is 
related directly to the linearised na tu re of the M T orbi tals 
and can also be qui te small if the pa rame te r s sv are selected 
at the centres of gravity of the filled pa r t of the energy 
b a n d . This discussion justifies theoretical ly our a p p r o x 
imat ion. 

If only the rigid displacement of the M T orbi tals centred 
on the a toms is included, whereas the change in the shape of 
these M T orbi tals is ignored, the theorem of forces can be 
formulated even m o r e clearly. W e shall do this by dividing, 
as in the preceding section, the space in a crystal into 
W i g n e r - S e i t z cells. Then the to ta l force can be wri t ten in 
the form [33] 

F « = £ . / k ^ + F*M + f V [ p ( r ) V c ( r ) ] d r 

+ [ V [ p ( r ) £ x c ( r ) ] d r - V 0 [ V p ( r ) d r , (5.6) 

where the last three cont r ibu t ions are also obviously 
integrals over the surfaces of a po lyhedron . This result 
is simply the familiar Andersen theorem on forces [43] and 
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it gives the force in te rms of the change in the sum of one -
electron energies under the influence of vir tual displace
ment s of the frozen potent ia ls plus the electrostatic 
M a d e l u n g cont r ibut ion and the surface terms. (Here, 
V0 is the poin t on the energy scale which is regarded as the 
origin and is called the M T zero.) This is no t surprising, 
because in accordance with this theorem, in the force 
calculat ions it is necessary to assume tha t the self-
consistent crystal potent ia l remains constant when a toms 
are displaced. Since the basis set is m a d e to ma tch this 
potent ia l , the result is simply a rigid shift of the basis 
functions centred on the a t o m s and this shift reproduces 
the shift of all the frozen potent ia ls . 

W e shall n o w consider briefly the pract ical side of the 
calculat ions. Since all the surface integrals and F^ can be 
found qui te simply, the main difficulty is a calculat ion of 
the change in the eigenvalues 8 8 ^ / 8 / ? for each poin t k and 
each b a n d L It has been est imated tha t in this case the 
compute r t ime has to be increased by abou t 50% compared 
with the t ime needed to solve the eigenvalue p rob lem and, 
consequently, such calculat ion of the forces should be very 
effective. 

W e shall n o w give the results of calculat ions carried out 
by the to ta l energy me thod and with the aid of the force 
formula. W e shall do this for a n u m b e r of p h o n o n modes in 
Si, N b , and Al. The results will be compared with the 
cor responding calculat ions carried out by the L A P W 
method , by the pseudopoten t i a l me thod , and by another 
version of the L M T O method ; they will also be compared 
with the exper imental da ta . Some comment s should be 
m a d e abou t the calculat ions. Firs t , a basis set with one K is 
selected for all the mater ia ls , so tha t the Hami l ton ian and 
overlap matr ices are low-dimensional . Second, since the 
me thod relies on one-centre expansions in te rms of the 
spherical ha rmonics for the wave functions, charge density, 
and poten t ia l in the intersti t ial region, it follows tha t 
summat ion over L should include higher angular 
m o m e n t a . U s e has been m a d e of / m a x = 6 - 8 (as specified 
below) in the expansion of the tails of the s, p, and d 
orbitals . (The overlap integral converges much faster as a 
result of many-cent re expansions for the M T orbi tals in the 
intersti t ial region.) A l though convergence of the to ta l 
energy to within 10~ 3 R y per a tom can be achieved for 
/ m a x = 1 0 - 1 2 , the convergence of the difference between the 
energies of dis torted and undis tor ted lattices or of the 
a tomic forces calculated for a given geometry is achieved 
for / m a x = 6 - 8 , which is quite satisfactory for our purposes . 
The wave functions are expanded up to / m a x = 4 in all the 
calculat ions, bu t the charge density and the poten t ia l are 
expanded up to / m a x = 8. This is related to the considerat ion 
of the half-core states. Since the M T spheres should remain 
unchanged for all the dis torted configurat ions of a given 
lattice and since they should no t overlap, they become quite 
small. Consequent ly , the ampl i tude of the high (from 
— 10 R y and higher) core states has a finite value at the 
b o u n d a r y of a sphere. Such states are regarded as of the 
b a n d type and are calculated for separate energy 'windows ' 
on the assumpt ion tha t there is no hybr idisa t ion with the 
valence band . On the other hand , deep core levels are found 
from a tomic calculat ions as the solut ions of the Di rac 
equat ion , used with the spherical pa r t of the potent ia l , and 
are recalculated for each self-consistency i terat ion state. 

W e shall consider the results of calculat ions for an 
optical r p h o n o n in Si. This p h o n o n m o d e is calculated for 

a shift of two silicon a t o m s a long the [111] direction. 
The geometry of the posi t ions of the a toms is 
± ( 1 / 8 +x)a(l, 1, 1), where a = 10.26 a.u. is the experi
men ta l lattice pa ramete r . The calculat ions include also 
two empty spheres, which follow behind the silicon 
a toms ; this is a s t andard pract ice in the L M T O method . 
The posi t ions of these spheres are also altered in order to 
conserve the to ta l number of symmetry opera t ions under 
dis tor t ion condi t ions . The basis set, represent ing the wave 
functions, can be expanded in te rms of spherical ha rmon ics 
up to / m a x = 6. The fixed tail energy is selected to be 0.1 Ry . 
The core states 2s and 2p are regarded as the valence states 
and the tail energies are —9.4 and —6.4 Ry, respectively. 
The radi i of all the M T spheres are assumed to be 2.10 a.u. 
The e x c h a n g e - c o r r e l a t i o n poten t ia l is t aken from Ref. [44] 
and the me thod of t e t rahedra [45] is used for integrat ion 
over the Bril louin zone. 

The results of this calculat ion are presented in Table 1. It 
lists the frequency of the investigated p h o n o n mode , and also 
the th i rd-order force cons tan ts calculated with the aid of 
formulas for the to ta l energy and force. The results are 
compared also in Table 1 with the calculat ions repor ted by 
Yu , Singh, and K r a k a u e r [42] carried out by the L A P W 
method , with the pseudopoten t i a l calculat ions of Yin and 
Cohen [46], with the results of ano ther calculat ion by the 
L M T O me thod repor ted by Methfessel, Rodr iguez , and 
Andersen [37]; they are also compared with the exper imen
tal da ta . Once again, we can see tha t the agreement between 
the calculat ions based on the to ta l energy and on the a tomic 
forces is excellent. The error is 0 .5% and it is comparab le 
with the error in the L A P W and pseudopoten t i a l me thods . 
All the results are in good agreement with the experiments; 
the precision of the calculat ions is close to the precision of 
ano ther L M T O calculat ion, and also to the results of Yu, 
Singh, and K r a k a u e r [42] and of Yin and Cohen [46]. 

Table 1. Frequency of the optical r phonon in Si and the third-order 
force constant kxyz of Si (results of calculations by various methods 
and experimental data). 

Method w / T H z ^ / ( R y / 4 ) 

Our results: 15.43 0.4304 
total energy 15.51 0.4338 
atomic forces 

LAPW [42]: 15.37 0.4026 
total energy 15.40 0.4030 
atomic forces 

Pseudopotential [46]: 15.16 0.357 
total energy 15.14 0.355 
atomic forces 

L M T O [37]: 15.47 0.4212 
total energy 

Experiment 15.53 [47] 0.3820 [48] 

The to ta l energies and forces were calculated for an H 
p h o n o n in N b . The longi tudinal and t ransverse modes of 
the bcc lattice at the poin t H = (0, 0, l)(2n/a) are degen
erate (a = 6.22 a.u. is the exper imental lattice pa ramete r ) . 
The details of the calculat ions are as follows. A basis s, p, d 
with one K, which has a one-centre expansion, is cut off at 
/ m a x = 8. The fixed energy of an M T orbi ta l tail is selected 
to be 0.5 R y at approximate ly the centre of gravity of the 
filled pa r t of the energy b a n d and subject to a small 
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correct ion of 0.03 Ry. The levels 4s and 4p are also regarded 
as the valence levels with the edges of the tails a m o u n t i n g to 
—3 and —5 Ry , respectively. The rad ius of the M T sphere in 
N b is t aken to be 2.568 a.u. and integrat ion over the 
Bril louin zone by the me thod of t e t rahedra is carried 
out for 60 k po in ts . Table 2 gives the calculated to ta l 
energies of four dis tor ted configurat ions, measured relative 
to the equil ibrium configurat ion. The displacements 3 are 
converted to a value per a tom and expressed in uni ts of the 
lattice pa ramete r . The forces are calculated by po lynomia l 
sixth-order in terpola t ion with an even series (because of 
symmetry) . Such in terpola t ion can give the values of the 
force for each displacement 3. Table 2 includes, for the sake 
of compar i son , also the results of calculat ions based on 
formula (5.6). W e can see tha t the difference between them 
is less t h a n 1.8%, which is close to the error of 0.8% found 
earlier for Si. If these results are used, a calculation of the 
to ta l energy can be used to est imate the frequency of an H 
p h o n o n : the value obta ined is 6.56 T H z . A calculat ion 
based on the expression for the forces gives 6.60 T H z , 
which is only 0.7% greater t han the earlier value and by 
1.7% greater than the exper imental frequency which is 
6.47 T H z [49]. W e can therefore d r aw the conclusion tha t 
the agreement with the exper iments is good. 

Table 2. Total energy, measured from the equilibrium configuration, 
and atomic forces as functions of the displacements S (in units of the 
lattice parameter) for the H phonon in N b . 

s 0.005 0.010 0.015 0.020 

AEtot/\0~3 Ry 0.1668 0.6781 1.5696 2.8403 

^ n u m / ( R y / ^ B ) 0.01073 0.02241 0.03494 0.04623 

^ c a l c / ( R y A * B ) 0.01070 0.02233 0.03453 0.04706 

The last example in this section is a calculat ion of an X 
p h o n o n in the fee lattice of Al. The valence electrons with 
K2 = 0.3 R y can be represented by the M T orbi tals 3s, 3p, 
and 3d (Im K2 = 0.03 Ry , exactly as in the preceding 
calculat ions) . The M T orbi tals 3s and 2p are used to 
describe the low-lying levels with K2 = —6.5 R y and 
K2 = —4 Ry, respectively. The basis has a one-centre 
expansion to / m a x = 6. The lattice pa ramete r is 7.64 a.u. 
and the rad ius of an M T sphere in Al is selected to be 
2.623 a.u. Since for an fee lattice the longi tudinal and 
t ransverse modes are no t degenerate at the poin t 
X = (0, 0, l)(2n/a), two separate calculat ions are needed. 
In integrat ion over the Bril louin zone the longi tudinal m o d e 
is calculated at 75 k po in t s and 75 k po in ts for a low-
symmetry t ransverse mode . The calculated results are 
compared in Table 3 with the measured frequencies [49]. 
The agreement between the calculat ions based on formulas 
for the to ta l energy and those based on the forces is good, 
bu t the difference is greater t han tha t found for Si and N b , 
and it a m o u n t s to 7 % . All the theoret ical values are close to 
the exper imental da ta to within 4 . 5 % . 

Table 3. Frequencies of the X phonon (in terahertz) in Al calculated 
from the total energy and atomic forces, and found experimentally. 

Mode Total energy Atomic forces Experiment [49] 

Longitudinal 9.38 10.05 9.69 
Transverse 5.62 6.07 5.79 

6. Variational theory of the linear response 

W e shall n o w consider the development of the linear 
response theory, based on the use of MT-bas i s sets, the 
advantages of which have been demons t ra ted in detail in 
the preceding two sections. The p rob lem of convergence of 
the polarisabil i ty described by expression (3.32), associated 
with the summat ion over highly excited states and, 
consequently, violat ion of the acoust ic sum rule seems to 
be artificial. Let us consider a calculat ion of the pa rame te r s 
of any p h o n o n within the f ramework of the to ta l energy 
me thod described in the preceding section. F o r simplicity, 
we shall assume tha t q vanishes. Then , the displacement of 
all the a toms in the basis in a uni t cell by a certain distance 
d does no t alter any th ing in the calculation process, i.e. it 
simply shifts the origin in the coord ina te space. The self-
consistent density is obviously invar iant under such a 
displacement of the basis and it depends only on the 
relative distances between the a toms . The acoustic sum rule 
is then satisfied identically and if we wish to find the 
change in the density in the coord ina te system of the 
undis tor ted lattice, the result is d x Vp. Hence , we m a y 
conclude tha t the main p rob lem appears in the a t t empt to 
expand the displaced density and the wave functions 
relative to the origin of the coord ina tes of the original 
lattice. Since the wave functions oscillate in the region of 
the ion core, their rigid displacement leads to first-order 
correct ions in the original coord ina te system and these 
correct ions are of the d x W\kX) type; this, in tu rn , is also 
subject to s t rong short-wavelength oscillations and these 
can be found by the use of a mathemat ica l ly complete 
system of functions. Consequent ly , any theory of a tomic 
v ibra t ions should automat ica l ly describe such rigid shifts. 

A very elegant me thod , which makes it possible to 
eliminate the sum over the filled states in expression (3.32) 
for the polarisabil i ty, was p roposed by Sternheimer [50] in 
connect ion with calculat ions of the a tomic polarisabil i ty. It 
is based on the solution of the differential equa t ion which is 
satisfied by the first-order correct ions. Let us consider the 
one-electron Schrodinger equat ion in which the effective 
poten t ia l in the density functional theory is supplemented 
by a weak pe r tu rba t ion . Expans ion of one-electron wave 
functions as a series in te rms of the small pa ramete r of this 
pe r tu rba t ion and re tent ion of only the first-order te rms gives 

( - V 2 + V - en)\8kX) + (5V e f f - 6skX)\kl) = 0 . 

Since in the theory of lattice dynamics a pe r tu rba t ion is in 
the form of a superposi t ion of waves of the type described 
by an expression such as (3.28), this applies also to the 
first-order correct ions, as shown in the preceding section. 
In the case of nonzero wave vectors q, we m a y conclude 
tha t the first-order correct ions to the one-electron energies 
always vanish, since 

bzkX = < U | 5 V e f f | U ) = 0 

because the in tegrand behaves as the function 

exp(—tier) exp(±i#*r) exp(iA>r) = exp(±iA>r) , 

mult iplied by a function which is per iodic over the lattice. 
The integral of the above expression over the whole space 
is identically equal to zero. Consequent ly , we can write 
down 

( - V 2 + V- skX)\^kX) + 5 ± y e f f |A:A) = 0 . (6.1) 
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The result is therefore an inhomogeneous second-order 
differential equa t ion for the correct ions to the wave 
functions. Since the wave functions are of the Bloch 
type, the above equat ion can be solved only for one unit 
cell. The sole condi t ion is, as in the original Schrodinger 
equat ion , tha t the b o u n d a r y condi t ions imposed by the 
Bloch theorem should be obeyed. 

Let us consider the advantages of this me thod . Firs t , it 
does no t require in t roduct ion of supercells, as is done in the 
frozen p h o n o n me thod , so tha t we can use the former 
me thod for any value of q. Second, the p roposed m e t h o d 
does no t require knowledge of any excited states, since 
E q n (6.1) relates the first-order co r r ec t i ons—which , 
according to expression (3.29), have to be found only for 
the filled states — to the filled states themselves. This avoids 
the difficulty encountered in applying pe r tu rba t ion theory 
to the response functions and related to the summat ion over 
highly excited energy levels. As a consequence, the acoust ic 
sum rule is satisfied identically since the wave function 
gradient obeys E q n (6.1) with a poten t ia l of the W type, 
i.e. 

( - V 2 + V- ekX)V\kl) + VV\kX) = 0 . 

This app roach to the p rob lem of lattice dynamics is 
p roposed in Ref. [51] and, independent ly , in Ref. [52], 
where the Sternheimer m e t h o d is generalised within the 
framework of the pseudopoten t i a l formalism and its use is 
demons t ra ted by a calculat ion of the p h o n o n spectrum of 
Si. The use of p lane waves as the basis [53] is very elegant 
and makes it possible to ignore the correct ions associated 
with the change in the basis functions as a result of 
displacements . It is this tha t makes it possible to calculate 
the a tomic forces by the frozen p h o n o n me thod and the 
dynamic mat r ix in the linear response theory by means of 
formulas based on the H e l l m a n - F e y n m a n theorem. 
Unfor tuna te ly , as ment ioned several t imes earlier, the 
very slow convergence of the expansion of the p s e u d o p o 
tential wave functions in te rms of p lane waves for n a r r o w 
b a n d systems makes this m e t h o d unsui tab le for the 
calculat ion of the proper t ies of p h o n o n s in a t ransi t ion 
metal . 

Cons t ruc t ion of a rapidly converging basis set for 
representa t ion of first-order correct ions occupies the cen
t ra l place in the me thod p roposed in Ref. [4]. The M T 
orbi ta l representa t ion is used there and this makes it 
possible to calculate the p h o n o n spectra of any crystals, 
including t rans i t ion metals . The me thod is qui te fast and 
accurate : the t ime needed to calculate the dynamic mat r ix 
for an arb i t ra ry vector q is comparab le with the t ime 
required for a self-consistent calculat ion of the b a n d 
s t ructure of an unpe r tu rbed crystal; the error in the 
calculated p h o n o n frequencies is usually a few percent . 

Two p rob lems are encountered when the MT-bas i s 
functions are used in the linear response theory . The first 
p rob lem is due to the fact tha t the unpe r tu rbed energy 
b a n d s skX and the wave functions \kX) are obta ined in this 
basis with the help of the R a y l e i g h - R i t z var ia t ional 
principle. These wave functions are no t the exact solut ions 
of the one-electron Schrodinger equat ion . It is therefore 
necessary to adop t the var ia t ional formulat ion of the linear 
response theory . The second prob lem, discussed several 
t imes above, is related to the fact tha t the MT-bas i s 
functions are matched to an unpe r tu rbed one-electron 
poten t ia l and, therefore, they cannot be used directly as 

the basis for expansion of the first-order correct ions. They 
should be reconst ructed in order to take account of the 
pe r tu rba t ion characterist ics. In par t icular , the augmented 
par t ia l waves inside the M T spheres should t rack the 
mot ion of their a toms , so as to al low for the rigid shift 
of the wave function in the region of the a tomic core. 

The var ia t ional formulat ion of the linear response 
me thod is needed in connect ion with the solution of the 
linearised Schrodinger equat ion (6.1) with the help of an 
expansion of the first-order correct ions (to the one-electron 
wave functions) in te rms of the basis of the M T orbitals . 
The energy functional should be found the minimisat ion of 
which with respect to ^kX) leads to Eqn (6.1). If the initial 
Schrodinger equat ion is obta ined subject to the condi t ion 
which should be satisfied by the wave functions tha t 
minimise the to ta l energy functional, the functional of 
interest to us can be derived by expanding the to ta l energy 
in te rms of a change in the external po ten t ia l (in te rms of 
the displacements of the nuclei) up to the te rms of the 
second order of smallness. The mos t general form of such 
an expansion is 

h<®E = Y,fn(S+S~kl + 5+5 - V 2 + V - skX\kl) 

+ 2 5 > A ( 8 + W | - V 2 + V - EkX\h+kX) 

+18+p8~ V e f f d r + 18 + p8~ V e x t d r 

+ | p 5 + 5 - y e x t d r + c.c. , (6.2) 

where |8±8TA:A) represents second-order correct ions to the 
wave functions. W e have retained deliberately the first te rm 
in the above expression, because the unpe r tu rbed wave 
functions are only approx ima te solut ions of the Schro
dinger equat ion , as is t rue of the L M T O m e t h o d which is 
used to find them by solving the mat r ix eigenvalue p rob lem 
of the type described by expression (4.9). Var ia t ion of this 
expression with respect to |5d=A:A) and use of the induced 
density given by formula (3.29) leads to the condi t ion 
which should be satisfied by the first-order correct ions tha t 
minimise 8 2 £ , i.e. it leads to the differential Sternheimer 
equat ion in which the change in the one-electron poten t ia l 
8 ± V e f f should be found in a self-consistent m a n n e r in 
accordance with expression (3.31). The expression given 
above — represent ing the second-order change in the to ta l 
energy in the density functional theory (specifically, the 
electron pa r t of this energy) — describes simply the electron 
cont r ibut ion to the dynamic matr ix . (The cont r ibu t ion of 
the nuclei is given by the appropr i a t e Ewald sum and 
finding it is a trivial mat te r . ) The p rope r ty of extremali ty 
follows directly from the H o h e n b e r g - K o h n principle and 
it can be used to calculate the dynamic mat r ix quite 
accurately: since the first-order correct ions and the charge 
densities themselves are var ia t ional ly correct, the error is 
only of the second order of smallness in te rms of the error 
in \bTkX). The second and third te rms are missing from 
expression (6.2) at its min imum and, therefore, the result 
can be interpreted as tha t obta ined from the H e l l m a n -
F e y n m a n theorem (last two contr ibut ions) plus a correc
t ion for incompleteness of the basis set [first te rm in 
expression (6.2)]. This correct ion is due to the approx ima te 
na tu re of the unpe r tu rbed states \kX) and it is completely 
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ana logous to the Pulay force, as used in the calculat ions of 
the a tomic forces described in Section 3. 

There is one m o r e impor t an t p rope r ty which follows 
from extremali ty of the dynamic mat r ix and is associated 
with calculat ion of the thi rd derivative of the to ta l energy. 
This m a y apply to the a n h a r m o n i c coefficients, the 
Gruneisen coefficients, and other nonl inear coefficients. 
Let us consider the derivative of with respect to 
some pa ramete r x (for example, the lattice pa ramete r in 
calculat ion of the Gruneisen coefficient or the displacement 
of a nucleus in calculat ion of the a n h a r m o n i c coefficient of 
any one v ibra t ional mode) . W e then have 

d 5 ( 2 ) £ _ 6 5 ( 2 ) £ d 5 ( 2 ) £ dj^kl)} 
dx ~ dx + d{|5±A:A)} dx 

and the last cont r ibu t ion should banish if the var ia t ional 
derivative is found at the m i n i m u m of 
the functional This p rope r ty makes it possible to 
express all the nonl inear coefficients in te rms of the k n o w n 
first-order correct ions and var ia t ion of the latter due to a 
change in x can be ignored. W e must comment here on the 
second-order changes in the wave functions tha t occur in 
the dynamic matr ix . These functions m a k e only a limited 
cont r ibu t ion to the first te rm of expression (6.2) and they 
are easily calculated for a given set of the basis functions 
[see formula (6.4) given later]. In view of this l imitat ion, 
which is defined below, it is easy to calculate also the 
derivatives of these functions with respect to the selected 
pa ramete r x , so tha t these functions do no t affect the 
s ta tement m a d e above. 

Let us n o w consider the p rob lem of const ruct ing the 
Hi lber t space for represent ing the first-order correct ions. 
Let us re turn to the MT-bas i s set ° f dimension N 
(where a is a combined index denot ing RL\ which 
represents the unpe r tu rbed functions \kX). The space is 
separated into M T spheres, centred on the a toms , and the 
intersti t ial region. Inside the spheres the M T orbi tals are 
linear combina t ions of the numerical ly calculated radia l 
functions multiplied by spherical ha rmonics . In the inter
stitial region they are the H a n k e l functions. The one -
electron wave function can be represented by a linear 
combina t ion 

M) = f > * ) A * \ 
a 

where AkX are the coefficients in the expansion found by 
solving the eigenvalue mat r ix p rob lem: 

£ < 4 | - V 2 + V - £ u l ^ ) A f = 0 . 
a 

(We recall tha t this result is no t only obta ined by solving 
the one-electron Schrodinger equat ion with the aid of the 
var ia t ional me thod , bu t can be regarded as the result of 
global minimisat ion of the to ta l energy functional in te rms 
of the coefficients AkX for a fixed basis {|x«)}.) 

In the linear response me thod the first-order var ia t ion 
18^1) should include the change | 5 ± X a ) m the basis of the 
M T orbi tals and the change h^AkX in the expansion 
coefficients: 

l 8 ± W > = E D ^ M " + lz«±'>8±A*i] . (6.3) 
a 

Since this function is a Bloch wave with the wave vector 
k±q, the functions \Xa±9)> I^Xx) a r e a l s o Bloch waves. 

The first of them is the initial M T orbi ta l with the wave 
vector k+q and the second is a linearised M T orbi ta l 
constructed as follows: inside the M T spheres the basis 
|8±x«) represents a change in the numer ica l radia l 
functions plus a cont r ibu t ion associated with the change 
in the s t ructure cons tants . The change in the radia l 
functions is described by an incomplete set of differential 
equat ions , derived by l inearisat ion of the radia l Schro
dinger equat ion in te rms of the pe r tu rba t ion 5 ± V e f f [2]. This 
change conta ins two cont r ibut ions . The first is trivial and it 
is associated with a rigid shift of the poten t ia l inside an M T 
sphere and the second is related to the change in the profile 
of the potent ia l . In the intersti t ial region the basis | 5 ± X a ) 
can be represented as the sum 

Y,QxV[i(k±q).t]VK„(rR -t) 
t 

of the gradients of the H a n k e l functions centred at the 
lattice sites. The expansion of ^kX), wri t ten in the form of 
expression (6.3), converges rapidly because the basis | 5 ± X a ) 
matches a pe r tu rba t ion in exactly the same way as the 
initial basis \xk) matches the unpe r tu rbed crystal potent ia l . 
Expression (6.3) can also be interpreted as an expansion of 
^kl) in t e rms of the basis \Xa±q) m a local coord ina te 
system shifted together with its nucleus; in this case the 
convergence in respect of the number of orbi tals per a tom 
should be approximate ly the same as for the unpe r tu rbed 
states. 

W e should also consider the second-order correct ions. 
They appear in the formulat ion of the me thod described 
here because the states \k2) are no t exact and represent only 
the var ia t ional solut ions [see the first te rm in expres
sion (6.2)]. The second-order change in the wave 
functions is 

a 

+ 1 5 ^ ) 5 ^ + | 5 ± 5 ^ ^ ) A f ) , (6.4) 

where PtiFA*1 and |6±5=Fz«> 
are the second-order changes in 

the expansion coefficients and in the basis functions, 
respectively. Subst i tut ion of the above expression into the 
first te rm of formula (6.2) demons t ra tes tha t the con t r ibu
t ion represent ing the second-order changes in the 
coefficients can be ignored, because they occur in 
expression (6.4) only as the coefficients of the unpe r tu rbed 
basis functions, i.e. 

^ S ^ A ^ I - V 2 + V - ekX\kX) = 0 . 
a 

On the other hand , the last three cont r ibu t ions to 
expression (6.4) are impor t an t in calculat ion of 

There are a n u m b e r of fundamenta l consequences of the 
fact tha t the second-order changes in the coefficient A kX can 
be ignored. W e can see tha t in the second-order change in 
the wave function described by expression (6.4) only the last 
three te rms are really needed. In selection of the Hilber t 
space {\x}; of the basis functions the var ia t ional 
freedom of the functional (6.2) arises only from the 
coefficients S^A^. This is fully ana logous to the var ia 
t ional freedom of the to ta l energy functional represented 
solely by the coefficients Akk, as shown in the preceding 
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section. There , this aspect has a consequence in the 
calculat ion of the forces acting on a toms : if the var ia t ions 
in the to ta l energy are considered in te rms of the 
displacements , the steady-state condi t ion means tha t there 
is no need to include the cont r ibut ion cor responding to the 
change in the var ia t ional coefficients. In the present case the 
consequence is the same: in calculat ion of the nonl inear 
pa ramete r s , discussed in the preceding section, the s teady-
state n a t u r e of implies tha t there is no need to include 
the cont r ibut ion cor responding to the changes in the 
coefficients ti^A^. The coefficients fi^A^ themselves are 
found by a minimisat ion procedure . Var ia t ion of &®E with 
respect to ti^A^ gives the following mat r ix system of linear 
equat ions : 

a 

+ E [ < 4 ± * | 5 ± ^ ) ( 5 ± 4 W | - V 2 

eff • 

+ < x f , | - V 2 + V e f f - 8 W | * * ) U i kX (6.5) 

This system of linear equa t ions represents , as expected, a 
var iant of the initial mat r ix eigenvalue p rob lem described 
by expression (4.9). It gives the min imum of the functional 
h^E in the space of the coefficients ti^A1^ and any second-
order changes in the basis, such as | 8 ± 8 T X a ) ' do n o t 

influence the posi t ion of the min imum. On the other hand , 
the functions | 8 ± 8 T X a ) determine the value of b^E at its 
min imum and should be included in calculat ion of the 
dynamic matr ix . 

The linear system of equa t ions (6.5) is readily solved for 
8 ^ ^ . This requires inversion of the mat r ix 

( ^ | _ V 2

 + y - e u | X ^ ) , 

whose eigenvalues are k n o w n to be skx — h±qx' and whose 
eigenvectors are A\^qX , where X' = 1, . . . , N. The result for 
8 ^ ^ is then subst i tuted into formula (6.3), which yields 
the final expression for 18^1) in the following form: 

the thi rd te rm disappears : we again obta in expres
sion (3.30). However , the use of the functions in the 
basis reduces considerably the number of states \k±q2.') 
needed to reach convergence in expression (6.6). Fo l lowing 
this conclusion, the summat ion in the last three con t r ibu
t ions is carried out only over the lowest N energy states, 
where N is the size of the basis for the unpe r tu rbed system. 
Moreover , the acoustic sum rule is obeyed. If q = 0 and 
8 ± y e f f = d x VVgff and |8#«) = d x V|x«) are subst i tuted, 
the last three cont r ibu t ions in expressions (6.6) are 
combined together in an integral of the gradient of the 
per iodic function, which vanishes, and which is calculated 
over the surface of a uni t cell. This comment is related to 
excited states. It follows from the logic of the above 
conclusion tha t the change in the charge density associated 
with a p h o n o n , which is a p rope r ty of the g round state of 
unpe r tu rbed and per tu rbed crystals, should be calculated 
beginning from knowledge of just the occupied states, 
whereas all the empty states can (in principle) be arbi t rary . 
The L M T O me thod has a major advan tage in tackl ing this 
p rob lem: it is fast and exact within a certain energy 
'window' . The states \k ± qXf) are the eigenstates of the 
mat r ix of the Hami l ton i an {Xp±9\ — V 2 + Veff\x!x±q} which is 
constructed specifically to rep roduce well only the filled 
bands . (The energy w indow of interest to us conta ins the 
centres sv of l inearisat ion.) Consequent ly , the excited states 
in expression (6.6) should no t be interpreted as the real 
states: in this formulat ion the linear response theory 
requires knowledge only of the filled energy bands . 

It is interest ing to consider the in terpre ta t ion of the 
excited states in the exact Green function (or the K o r r i n g a -
K o h n - R o s t o c k e r ) m e t h o d s and in the augmented p lane 
wave me thod . Since the energy b a n d s skx and the eigen
vectors in the K o r r i n g a - K o h n - R o s t o c k e r (and the 
augmented p lane wave) m e t h o d s can be obta ined from the 
matr ices of the Hami l t on i an 0$(e v ) | - V 2 + V r

e f f | xJ(8 v ) ) of 
the L M T O ( L A P W ) m e t h o d s for all values of ev = skx, the 
states \k ± qXf) in expression (6.6) should be regarded as the 
eigenstates of the mat r ix 

( z r ( 8 u ) | - V 2 + V e f f |z^(^)>, 

\8±kX)='£\8±ti)Ak

a

1 

a 

I V \k ± gX') ( K ± 9 \ - V 2 + V e f f - eu l E? 8 ±

X * A ^ ) 
y SkX - Sk±qX' 

+ ± \ k ± q X ' ) < k ± ^ ± V ^ 
y SkX - Sk±ql' 

(6.6) 

This formula has a simple physical meaning . The first three 
terms, conta in ing {|8x)}, appear because of the use of the 
variational solut ions. They can be regarded as correct ions, 
associated with incompleteness of the basis set, to the last 
cont r ibut ion (with 8 ± y e f f ) , which has the form of 
expression (3.30) deduced by s tandard pe r tu rba t ion 
theory. If all the unpe r tu rbed states are found r igorously 
and represent a mathematically complete system of 
functions, then the first and second te rms cancel out and 

and only the b a n d s £k±qx' with energies close to skx will then 
be described correctly. In this case knowledge of such an 
auxiliary spectrum for each filled b a n d skx is needed in 
order to find ^kl). 

W e shall n o w demons t r a t e appl icat ion of the linear 
response m e t h o d to the p h o n o n spectra of N b and M o . W e 
shall m a k e a number of commen t s abou t these calculat ions. 
The first comment relates to selection of the size of the basis 
set used in expansion of the one-electron wave functions 
and of the first-order correct ions to these functions. In 
m a n y cases it is sufficient to use the M T orbi tals s, p , and d 
selected with one tail energy K2 approximate ly at the centre 
of the filled pa r t of the b a n d . However , this is insufficient in 
the case of some p h o n o n wave vectors (this applies in 
par t icular to a longi tudinal m o d e a long the [001] direction 
in M o ) . The var ia t ional freedom of the dynamic mat r ix 
functional is improved by the use of the basis functions 
represent ing linear combina t ions of the orbi tals s, p , and d 
with two energies K 2 . The first energy is selected, as usual , 
approximate ly at the 'centre of gravi ty ' and it is close to 
0.5 Ry , whereas the second one is 1 R y higher, i.e. it 
represents 1.5 Ry . Both energies have small imaginary 
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pa r t s (0.03 Ry) by bypass ing the singularities of the 
s t ructure cons tan ts at posit ive energies. 

The second comment is related to the one-centre 
expansion of the response functions in the intersti t ial 
region. As in the s t andard L M T O method , when expan
sions in te rms of spherical ha rmonics are used, the higher 
angular m o m e n t a must be included. In the major i ty of 
calculat ions of the expansions of the tails of the M T orbi tals 
it has been assumed tha t / m a x = 8, which implies a 
p rocedure of in ternal summat ion in three-centre integrals 
represent ing changes in the Hami l ton i an and overlap 
matr ices . The wave functions and the first-order correc
t ions are expanded up to / m a x = 4, bu t the changes in the 
charge density and in the potent ia l are expanded to 
/ m a x = 8. It is also found tha t in some cases (this applies 
par t icular ly to a t ransverse N b m o d e a long the [111] 
direction at low values of q), the dynamic mat r ix converges 
only for / m a x = 1 0 - 1 2 . 

The third comment is related to selection of the number 
of the k po in ts in the irreducible pa r t of the Bril louin zone, 
which are needed in integrat ion by the me thod of te t ra -
hedra [45]. F o r all the wave vectors q the n u m b e r of po in t s 
is selected to ensure tha t the dynamic mat r ix converges to 
within 0 . 1 % - 0 . 3 % . In the majori ty of cases, convergence 
of this order is reached for abou t 100 points , a l though in 
final calculat ions this number was selected to be 256. In ra re 
cases this number had to be increased to 508. The last 
comment is related to the number of i terat ions needed for 
self-consistency of the induced density. The number of 
i terat ions for finding a self-consistent change in the density 
depends strongly on h o w close is a given p h o n o n wave 
vector q to the centre of the Brillouin zone. F o r those wave 
vectors which lie near the zone b o u n d a r y , this number is 
approximate ly 50. However , in the long-wavelength limit 
the n u m b e r of i terat ions had to be increased greatly because 
of the C o u l o m b divergence of the &Q/q2 type, where 8 g are 
charge oscillations inside a cell. In principle, such a 
divergence can be summed by in t roducing an effective 
permit t ivi ty s(q), which for metals increases p r o p o r t i o 
nately to q2 if q is small. This is fully ana logous to the 
summat ion of all the loop d iagrams in the r a n d o m phase 
approx imat ion . However , this p rocedure has no t yet been 
implemented and self-consistency in the long-wavelength 
limit is achieved, as in the case of large values of q, by the 
me thod of admixing the density from the preceding 
i terat ion step. In the limit q —> 0, the admixing pa rame te r 
is selected to be very small (of the order of 0.01), so tha t the 
number of i terat ions needed for self-consistency is of the 
order of 1 5 0 - 2 5 0 . 

Since from the compu ta t iona l po in t of view the linear 
response me thod is fairly difficult, it is necessary to test all 
the compute r a lgor i thms and p rog rams . Such testing should 
involve first a calculat ion of the charge density induced by 
the a tomic displacements in a uni t cell. In a compar i son of 
the induced densities the reference s t andard can be a 
calculat ion carried out by the frozen p h o n o n technique, 
based on the al l -potential L M T O me thod described in 
Sections 2 and 3. By way of example, let us consider a 
longi tudinal p h o n o n m o d e at the poin t (0, 0, \) in the 
Bril louin zone of N b . A suitable selection of a supercell with 
four a toms enables us to construct self-consistent dis t r ibu
t ions of the charge density as a function of the 
displacements of nuclei from equil ibr ium posi t ions . The 
density change associated with this p h o n o n was found by 

Induced density (rel. units) 
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Figure 2. Self-consistent change in the charge density for an arbitrary 
phonon mode with q — (0, 0, j) in N b , deduced within the framework 
of the all-potential L M T O method. The dependence of the radial 
component for / = 0 and m — 0 is shown. 
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Figure 3. Self-consistent change in the charge density for an arbitrary 
phonon mode with q — (0, 0, in N b , obtained within the framework 
of the all-potential L M T O method. The dependence of the radial 
component for / — 2 and m — 0 is shown. 

numer ica l differentiation of this displacement function at 
each poin t of the uni t cell. This was the me thod used to find 
the induced density (Figs 2 and 3). In view of the use of an 
expansion in spherical ha rmonics , these figures show only 
two examples of the dependences of the radia l componen t s 
of the change in the density on the distance from a nucleus: 
/ = 0, m = 0 in Fig. 2 and / = 2, m = 0 in Fig. 6. The linear 
response m e t h o d s was applied to the investigated p h o n o n 
mode : this did no t require any supercells or numer ica l 
differentiation procedures . The calculated dependences of 
the induced density are shown in Figs 4 and 5. C o m p a r i s o n 
of the figures in pai rs (Figs 2 and 4, and Figs 3 and 5) 
demons t ra tes tha t the cor responding curves are practically 
identical, i l lustrat ing strikingly the advan tages of the linear 
response me thod : the me thod is accura te and fast. M o r e 
over, it is evident tha t a change in the density is an 
oscil latory function in the core region of an a tom. Let 
us consider in detail the na tu re of these oscillations and the 
related topics. The initial electron density oscillates in the 
core region and this is a consequence of the shell s t ructure 
of the a toms . It is na tu ra l to expect tha t a rigid shift of this 
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Induced density (rel. units) 
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Figure 4. Self-consistent change in the charge density for an arbitrary 
phonon mode with q — (0, 0, \) in N b , obtained by the linear response 
method. The dependence of the radial component for / = 0 and m — 0 is 
shown. 
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Figure 5. Self-consistent change in the charge density for a longitudinal 
optical mode with q — (0, 0, \) in N b , deduced within the linear 
framework method. The dependence of the radical component for 
/ — 2 and m — 0 is shown. 

Figure 6. Calculated distribution of the charge density gradient for N b 
in a (110) plane. 

density in the core also gives rise to oscillations of the 
change in the density, because bp = V x p applies in this 
region. This is evident from Fig. 6, which gives the 
dis t r ibut ion of the density gradient in a (110) p lane . 
However , oscillations of this k ind are subtracted from 
the induced densities shown in Figs 2 - 5 , i.e. only the 
soft cont r ibut ion to the linear response is shown. Fig. 7 
demons t ra tes the pa t t e rn of the behaviour of the soft 
cont r ibut ion to a change in the density for a p h o n o n 
with q = (0, 0, in a (110) p lane , which also reveals 
oscillations of the dipole na tu re , bu t of much smaller 
ampl i tude . A direct compar i son of these oscillations with 
those of the valence density is m a d e in Fig. 8, which 
demons t ra tes tha t the spatial posi t ions of the peaks of 

Figure 7. Calculated soft contribution to the density, induced by the 
formation of a longitudinal phonon mode with q — (0, 0, ^) in N b . The 
(110) plane is shown. 

Induced densi ty/(e/<2B) 
2 

0.2 0.4 
(0, 0, x)a/a.u. 

Figure 8. Comparison of the oscillations of the valence density and of 
the density induced by a longitudinal phonon mode with q — (0, 0, \ ) 
in N b . 
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Dynamic m a t r i c / ( R y / a | ) F requency / THz 

Figure 9. Contribution to the dynamic matrix made by the dipole 
oscillations in the region of an atomic core, induced by a longitudinal 
phonon mode with q — (0, 0, \ ) in N b . 

b o t h functions coincide and , consequent ly the oscillations 
of the soft cont r ibut ion to the linear response are also due 
to the shell s t ructure of the a tomic cores. At first sight, it 
seems tha t the force act ing on a nucleus is established inside 
the core region and is then screened by the dis t r ibut ion of 
the valence charge. However , we shall n o w show tha t this is 
incorrect . Fig . 9 shows tha t the cont r ibut ion to the dynamic 
matr ix , (within the f ramework of the H e l l m a n - F e y n m a n 
theorem) can be represented in the form of a force which is 
a function of the distance to a nucleus (cont inuous curve). 
The dashed curve in this figure is the induced density 
dis t r ibut ion. W e can see (and this follows also from Fig. 6) 
tha t within the core the nucleus is inside nest ing dipoles and 
the cont r ibu t ions of these dipoles fully compensa te one 
another . The first peak in the dependence of the force 
established at a distance of abou t 0.05 a.u. cor responds to 
the innermost induced dipole. The ampl i tude of this peak is 
an order of magn i tude higher t h a n the real value of the 
dynamic matr ix . The force is then screened by the second 
inner dipole and it can be seen to vanish near r = 0.1 a.u. 
On emergence from the core region the cont r ibut ion to the 
dynamic mat r ix decreases cont inuously and at abou t 
0.4 a.u. it a lmost reaches the expected value. W e can see 
tha t there is a sum rule according to which the combined 
cont r ibu t ion to the force m a d e by the core region is 
negligible. This result helps us to unde r s t and the great 
sensitivity of the expression for the dynamic mat r ix derived 
within the f ramework of the H e l l m a n - F e y n m a n theorem 
for a t rans i t ion metal . Since this force is purely electrostatic, 
acts on a nucleus, and is related to a change in the density 
a r o u n d a nucleus, the cont r ibu t ion m a d e by the oscillations 
inside the core (which is no t eliminated by in t roduct ion of a 
pseudopoten t ia l ) should be e n o r m o u s and it should be 
calculated very accurately. A n y slight error in the deter
mina t ion of hp results in a major error in the dynamic 
matr ix . 

W e shall n o w discuss the results of calculat ions of the 
p h o n o n spectra. W e shall begin with N b . The dispersion 

curves of this meta l have been calculated a long the T 
r~P, and P-H direct ions in the Brillouin zone, which 
cor respond to the [OOx] and [xxx] direct ions in the 
reciprocal space. The lattice pa ramete r is selected to be 
6.15 a.u., as predicted theoretically by calculat ions based on 
the to ta l energy me thod . (The exper imental lattice p a r a 
meter is 6.22 a.u.) The rad ius of an M T sphere is selected to 
be 2.72 a.u. A n e x c h a n g e - c o r r e l a t i o n poten t ia l from 
Ref. [44] is used. The valence states are represented by 
the basis set s, p d, with K \ = 0.55 R y and K \ = 1.5 Ry . In 
addi t ion to the real valence states, the half-core states 4s 
and 4p also remain of the valence kind (in some energy 
windows) when calculated by the linear response me thod . 
The cor responding energies are K \ S = —3 R y and 
KIP = —1.5 Ry . Fig. 10 gives, for the sake of compar i son , 
the calculated dispersion dependences (points) and the 
exper imental results of Ref. [49] (cont inuous curves). W e 
can see tha t a long all the direct ions the agreement between 
the theory and experiment is very good and the error does 
no t exceed 3 .4%. In par t icular , the theory reproduces 
satisfactorily the a n o m a l o u s behaviour of the dispersion 
curve of a longi tudinal m o d e in the range of the wave 
vectors q near the poin t (0, 0, 0.7) and near the poin t (0.7, 
0.7, 0.7), and also of a t ransverse m o d e a long the T-H 
direction if q is low. All the curves behave correctly at long 
wavelengths and this means tha t the acoust ic sum rule is 
obeyed. This correct behaviour of the curves in the long-
wavelength limit also makes it possible to d r aw the 
conclusion tha t the calculated velocities of p ropaga t ion 
of longi tudinal and t ransverse acoustic waves a long var ious 
direct ions are close to their exper imental values. Moreover , 
this means tha t the theory describes well also the elastic 
cons tan ts of this mater ia l . 

W e shall analyse the na tu re of the anomal ies of the 
longi tudinal modes near the po in ts (0.7, 0.7, 0.7) and (0, 0, 
0.7). W e shall do this by considering the behaviour of the 
b a n d s t ructure factor in the crystal polarisabil i ty described 
by expression (3.32). The dispersion of this function a long 
the h igh-symmetry directions is shown in Fig. 11. (Only the 
cont r ibu t ion of the in t r aband t rans i t ions is shown: at q 
approach ing zero, this cont r ibu t ion becomes the density of 
states in mat ter . ) The dependence in quest ion has a small 
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singularity near the poin t (0.7, 0.7, 0.7) related to nest ing of 
the F e r m i surface for this wave vector and usual ly employed 
to account for the a n o m a l o u s behaviour of this longi tudinal 
mode . W e can also see tha t the function under considera
t ion has a n u m b e r of singularities near which there are no 
significant anomal ies ; also this function has no singularities 
at the poin t where the anoma ly of the longi tudinal m o d e Aj 
is observed. This anomaly was elucidated by calculat ing the 
dis t r ibut ion pa t t e rns of the induced densities for the wave 
vectors q = (0, 0, x ) , which are p lot ted in Fig. 12 for a (110) 
p lane at x = 0.9, 0.8, 0.7, and 0.6 (from top to b o t t o m ) . It is 
evident from these results tha t at x = 0.9 and 0.8 a nucleus 
is inside a quad rupo le charge induced in the intersti t ial 
region and this charge d isappears on passing th rough the 
region of the anomaly (x = 0.7 and 0.6). Consequent ly , the 
force acting on the nucleus changes there abrupt ly . This 
behav iour of the density should be a t t r ibuted to the 
n o n s m o o t h behaviour of a mat r ix element of the 
e l e c t r o n - p h o n o n interact ion, which has a singularity 
near the poin t in quest ion. W e can summar ise the results 
by concluding tha t the anomal ies of the v ibra t ional modes 
of t rans i t ion metals are mos t likely related to a very fine 
interplay which establishes the dis t r ibut ion of the induced 
electron charge, as reflected in the electrostatic cont r ibut ion 
to the dynamic matr ix . It cannot be explained by the simple 
nest ing theory. 

In par t icular , a dip of the p h o n o n dispersion curve near 
the m o m e n t u m q = (0.7, 0.7, 0.7) is observed for practically 
all the bcc metals , b o t h simple and t ransi t ion. This dip is 
most likely related to the behaviour of a s t ructure factor of 
the type 

^ e x p ^ . / O V ^ V ^ , 
R 

which appears in calculat ions of the b a n d s t ructure and 
p h o n o n spectra. F o r bcc metals the dependence of this 
factor has a s t rong dip near the m o m e n t u m q = (0.7, 0.7, 
0.7). 

W e shall conclude with a discussion of the results of 
calculat ions of the p h o n o n spectrum of M o . As in the case 
of N b , the dispersion curves of this meta l were calculated 
a long the T r ~ P , and P-H directions in the Bril louin 
zone. The lattice pa ramete r was selected to be 5.89 a.u., as 
predicted theoretically by calculat ions based on the to ta l 
energy me thod . (The exper imental lattice pa ramete r is 
5.95 a.u.) The rad ius of an M T sphere was taken to be 
2.55 a.u. The e x c h a n g e - c o r r e l a t i o n poten t ia l was t aken 
from Ref. [44]. The valence states were represented by a 
basis set s, p, and d with K \ = 0.51 R y and K \ = 1.5 Ry . In 
addi t ion to the real valence states, the half-core states 4s 
and 4p were also assumed to be of the valence type (in 
separate energy windows) in the linear response calcula
t ions. The cor responding energies were t aken to be 
K \ S = —3.3 R y and K \ P = —1.6 Ry. A compar i son of the 
calculated dispersion curves (points) with the exper imental 
results [49] (cont inuous curves) is m a d e in Fig . 13. As in the 
case of N b , the agreement between the theory and 
experiment [49] is very good a long all the directions and 
the error does no t exceed 4 . 1 % . In par t icular , the theory 
reproduces well the familiar a n o m a l o u s behaviour of the 
dispersion curves of the longi tudinal and t ransverse modes 
in the range of the wave vectors q near the poin t (0, 0, 1). 
All the curves behave in the expected manne r at long 
wavelengths , which means tha t the calculated velocities of 
the longi tudinal and t ransverse waves travell ing a long 
var ious direct ions and also the elastic cons tants of this 
meta l are close to their exper imental values. 
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Figure 12. Charts of the densities induced by vibrations of atoms near 
a longitudinal mode (0, 0, x) anomaly at x — 0.7. The changes in the 
densities for x — 0.9, 0.8, 0.7, and 0.6 (from top to bot tom) are shown. 

Figure 13. Phonon dispersion curves for M o : the continuous curves 
are the experimental data obtained by inelastic neutron diffraction; the 
points are the values calculated by the linear response method. 
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