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Abstract. A n analyt ical theory is developed of the 
nonl inear stage of the Jeans instabili ty in a cold n o n ­
dissipative gas in an expanding Universe . It is shown tha t 
the growth of this instabili ty creates a giant da rk -mat te r 
ha lo , of 200 kpc size, a r o u n d galaxies. This halo has a 
density singularity described by p o c r - a , where a « 1 .7 -
1.9. A compar i son is m a d e of this analyt ic theory with the 
results of numer ica l s imulat ions and a good agreement 
between them is demons t ra ted . Analyt ic dynamic solut ions 
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are used to develop a statistical me thod for calculat ion of 
the correlat ion functions of galaxies and galaxy clusters. 
The theory is compared with the available observat ional 
da ta . The physical consequences of the p roposed theory are 
considered. 

1. Introduction 
Observa t ions show that , over distances of the order of the 
hor izon radius , our Universe is homogeneous , isotropic, 
and expands uniformly. The expansion leads to a rapid 
cooling of mat te r . A cold gravi ta t ing gas is uns tab le 
because of the act ion of universal gravi ta t ional forces. 
G r o w t h of the Jeans instabili ty creates regions of s t rong 
compress ion with dimensions much smaller t han the 
hor izon radius . This is of decisive impor tance for the 
format ion of the large-scale s t ructure of mat te r in the 
Universe: galaxies, galactic clusters, super clusters, etc. 

mailto:alex@td.lpi.ac.ru
mailto:zybin@td.lpi.ac.ru


688 A V Gurevich, K P Zybin 

The main role in this process is played by the h idden 
mass , also called da rk mat te r . This h idden mass manifests 
itself only in the gravi ta t ional interact ion. It was first 
in t roduced in 1933 by Zwicky [1], who investigated galaxies 
in the Virgo cluster and observed tha t the masses of 
luminous galaxies are insufficient to account for the 
observed dynamics : it is necessary to in t roduce addi t ional ly 
the h idden mass [1]. Subsequent ly, dynamic h idden mass 
has been observed in m a n y other clusters and galaxies, 
including our galaxy. 

The existence of h idden mass and its special n o n -
baryon ic na tu re are suppor ted also by invest igations of 
the process of nucleosynthesis . Heavy elements cannot form 
in the early Universe and their format ion involves secon­
dary nucleosynthesis in stars. The p r imord ia l 
nucleosynthesis yields, according to recent calculat ions, 
the following mass abundances X of some of the light 
elements [2]: 

X ( H e 4 ) « 0.24, X ( D ) - X ( H e 3 ) - 1 0 " 5 , X ( L i 7 ) - 1 0 " 1 0 . 

These p r imord ia l abundances of light elements impose 
severe const ra ints on the rat io of the ba ryon ic density of 
mat te r p b to the critical density p c , represented by the 
pa ramete r Qb = ph/pc: 

0.010/T 2 < Qh < 0 .015/T 2 , (1) 

where h is the H u b b l e constant , normal ised to 100 k m s _ 1 

M p c - 1 . On the other hand , a s tudy of the dynamics of 
mat te r and, in par t icular , invest igations of the gas in 
galactic g roups and clusters give an est imate of the 
dynamic mass which is an order of magn i tude larger [3, 4]: 

Q = — ^0.2 . (2) 
Pc 

Ano the r impor t an t a rgument in suppor t of the existence 
of the nonba ryon ic da rk mat te r follows from the an iso t ropy 
of the microwave b a c k g r o u n d rad ia t ion . The a rgument is as 
follows. F luc tua t ions in the ba ryon ic mat te r can g row only 
after the m o m e n t of recombina t ion , which is characterised 
by a red shift z R ~ 1000. U p to tha t m o m e n t the density 
and t empera tu re f luctuat ions are related by 

5 r R _ 5p R 

T ~ Po 

The very existence of s t ructures in the Universe indicates 
tha t up to n o w the density f luctuat ions 8 p R / p 0 have been 
greater t han or of the order of unity. Consequent ly , at the 
m o m e n t of recombina t ion we should have 

^ ^ i o - 3 . 
Po 

However , observat ions show tha t the initial pe r tu rba t ions 
are considerably less t han this value. Accord ing to the 
C O B E (Cosmic Background Explorer) observat ions [5], the 
t empera tu re f luctuat ions 87 /T a m o u n t to just 10~ 5 . The 
da rk -mat te r concept makes it possible to solve this p rob lem 
as well, because the da rk -mat te r f luctuat ions grow much 
earlier t han the m o m e n t of recombina t ion . As a conse­
quence, dark mat te r forms poten t ia l wells into which the 
ba ryon ic mat te r d rops after recombina t ion . 

Therefore, a l though we do no t k n o w yet the part icles of 
which dark mat te r is composed, it is qui te clear tha t these 
part icles are of nonba ryon ic na tu re and, consequently, 
interact very weakly with one ano ther and with the 

ba ryon ic mat te r . It is usua l to assume tha t these part icles 
are either a low-mass neut r ino (known as hot da rk mat te r — 
H D M [6]) or some hypothe t ica l heavy particles, such 
pho t ino , neut ra l ino , etc. (known as cold dark mat te r — 
C D M [7 -9 ] ) . In recent years a combina t ion of b o t h 
( C D M + H D M ) has been considered. 

F r o m all this it follows tha t invest igations of the 
dynamics of da rk mat te r , represent ing over 90% of the 
mass of the Universe (when Q = 1), are of key impor tance 
for the unde r s t and ing of the nonl inear s t ructures tha t 
appear in the Universe . 

The p rob lem of the appearance of a large-scale s t ructure 
in the Universe can be formulated as follows. Small initial 
pe r tu rba t ions g row linearly in the h o m o g e n e o u s and 
isotropic, uniformly expanding, Universe . It is na tu ra l to 
assume tha t correla t ions of linear pe r tu rba t ions of different 
scales are independent and are of Gauss ian na tu re . The 
p rob lem is then determined entirely by the form of the 
initial spectrum and by the pa ramete r Q. The na tu re of the 
spectrum of the initial f luctuat ions was considered on the 
basis of very general ideas by ZePdovich [10] and H a r r i ­
son [11]. The pa ramete r Q is usual ly taken as uni ty. In 
par t icular , a spectrum close to the Z e P d o v i c h - H a r r i s o n 
spectrum (for Q = 1) follows from the inflation theory [12]. 

Large-scale s t ructures g row as a result of nonl inear 
dynamics of the initial f luctuations. The p rob lem has been 
tackled recently mainly by the me thod of direct numer ica l 
s imulat ion. A nondiss ipat ive gas is replaced by an ensemble 
of identical part icles interact ing in accordance with the 
N e w t o n i a n law. The initial dis t r ibut ion of the part icles is 
assumed to be uni form with r a n d o m small pe r tu rba t ions . 
The initial spectrum is represented by a power law, quite 
close to tha t describing the Z e P d o v i c h - H a r r i s o n spectrum. 
It is usua l to vary the power exponent m of this spectrum 
and the pa ramete r Q in such calculat ions. 

M o r e complex spectra, result ing from a combina t ion of 
C D M and H D M fluctuations, have also been analysed. In 
such cases the s imulat ion is three-dimensional . U p to 
3 x 10 6 particles have been considered recently [ 1 3 - 1 5 ] . 
It should be po in ted out tha t such s imulat ion is used only in 
the case of the nondiss ipat ive dark mat te r . Some inves­
t iga tors have also tackled the mot ion of the small fraction 
of the dissipative ba ryon ic mat te r , described by h y d r o -
dynamic equa t ions [16]. 

These results of numer ica l calculat ions are then com­
pared with as t ronomica l observat ions and par t icular ly with 
the da ta on nonl inear s tructures. The conclusions of the 
current theories can be formulated as follows [17]. 

(1) After normal i sa t ion to the C O B E da ta on the scale 
of 10°, the C D M mode l is in agreement with the recent 
measurements of linear pe r tu rba t ions with other scales. The 
only possible exceptions are measurements on the scale of 
1 - 5 arcmin in the R I N G experiments [18]. The latter are 
3.3 t imes greater than the results of ex t rapola t ion of the 
C O B E da ta in accordance with the linear Z e P d o v i c h -
Har r i son spectrum. It should be poin ted out tha t 1 - 5 
arcmin cor responds to a scale of several megaparsecs . 

(2) On scales of the order of (10—15) M p c the g a l a x y -
galaxy and cluster - cluster correla t ions are considerably 
higher t han those deduced from the s t andard C D M 
scenario. 

(3) A compar i son of the galactic velocity dis t r ibut ion 
with observat ions shows tha t numer ica l calculat ions predict 
a much greater dispersion of the velocities, i.e. a m o r e 
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chaot ic mot ion . The observed mot ions include a correlated 
coherent componen t , which is considerably greater t han the 
chaot ic componen t . 

(4) A preferred theory is tha t pos tu la t ing the format ion 
of galaxies a l ready at the stage cor responding to the red 
shift Z = 5 - 1 0 . A m o n g the investigated numer ica l models 
this condi t ion is obeyed by the pu re C D M mode l only at 
low values of Q, such as 0.2. 

(5) A n impor t an t role is played by direct collisions of 
galaxies, result ing in their coalescence. The influence of 
these processes on the dis t r ibut ion of galaxies is no t yet 
clear. 

(6) Accord ing to the current observat ions , the H u b b l e 
constant H0 is closer to 6 0 - 8 0 k m s _ 1 M p c - 1 . The n u m e r ­
ical calculat ions under discussion lead to the preferred value 
H0 W 5 0 - 3 0 k m s _ 1 M p c - 1 and also to small values 
Q w 0 . 2 - 0 . 3 (in the p u r e C D M model) . 

(7) Admiss ion of a possible H D M + C D M combina t ion 
eliminates a large number of these cont radic t ions . At 
present this mode l seems to be the most p romis ing [19]. 

On the whole , the r emarkab le success of numer ica l 
s imulat ions is due to the feasibility of verifying the 
selection of the s tar t ing mode l of the initial spectrum 
and of the composi t ion of dark mat te r on the basis of a 
detailed compar i son with observa t ional da ta . At present , it 
is mos t p robab le tha t the spectrum of the intial p e r t u r b a ­
t ions is close to the modified Z e P d o v i c h - H a r r i s o n 
spectrum of a combina t ion with 0.75 C D M + 0 . 2 5 H D M 
of dark mat te r with Q = 1. It should be stressed however 
tha t other versions of the models , par t icular ly open models 
with Q w 0.2, cannot be excluded. 

It is impor t an t to stress tha t very accura te answers 
cannot be obta ined by numer ica l s imulat ion, because of the 
fundamenta l l imitat ions of the models . Even for the 
m a x i m u m possible number of part icles considered at 
present (of the order of 1 0 6 - 1 0 7 ) , the three-dimensional 
na tu re of the p rob lem means tha t each measurement 
cor responds to ( 1 - 2 ) x l O 2 particles. This means tha t the 
m a x i m u m range of the change in the pe r tu rba t ion spectrum 
considered in a mode l is only one to one-and-a-ha l f orders 
of magni tude : 

| ™ ~ 1 0 - 3 0 . 

This is insufficient to cover all the changes in the real 
spectrum, from the linear range (greater or of the order of 
1 0 0 - 3 0 0 M p c ) to the subgalactic scales. 

Moreover , the use of ' large ' part icles, whose mass is 
m a n y orders of magn i tude greater t han the mass of d a r k -
mat te r part icles (in reality, their mass is between two and 
four orders of magn i tude greater t han the mass of a galaxy) 
in numer ica l calculat ions leads to a colossal overest imate of 
the role of the C o u l o m b scattering. This m a y have a 
significant influence on the part icle velocity dis t r ibut ion 
and can distort the role of the dissipative processes. The 
need to use ' large ' part icles is one of the most serious 
shor tcomings of the numer ica l me thods . Moreover , it 
should be po in ted out tha t the Poisson equat ion is usual ly 
solved by the fast Four ie r t ransform method , which leads to 
an effective smooth ing out of singularities. 

These shor tcomings do no t apply to the analytic 
app roach developed greatly in recent years . A n analyt ic 
descript ion of nonl inear dynamics of gravi ta t ing mat te r 
dates back to the paper of C h a n d r a s e k h a r and M u n c h [20], 

who p roposed to use statistical m e t h o d s for the dynamics of 
con t inuous media , used extensively earlier in the theory of 
hyd rodynamic turbulence. The theory has been utilised to 
the greatest extent in the wel l -known m o n o g r a p h of Peebles 
[21]. The under ly ing assumpt ion of this theory is s m o o t h ­
ness of the higher correlat ion functions, which makes it 
possible to decouple approximate ly a chain of coupled 
nonl inear equat ions . 

Unfor tuna te ly , it is this assumpt ion which is no t 
satisfied in reality: special singular regions are selected 
where chains of correlat ion functions diverge. These 
regions are determined by the nonl inear dynamics of 
compress ion of cold gravi ta t ing mat te r and they play a 
fundamenta l role in the establ ishment of a nonl inear 
s tochast ic state. It should be poin ted out tha t recent 
developments in the theory of hyd rodynamic turbulence 
also suppor t the decisive role of nonl inear singularities in 
higher correlat ion functions [22]. In the theory of a 
gravi ta t ing gas the role of singularities is considerably 
greater because of the Jeans instabili ty of the h o m o g e n e o u s 
state of a system. 

ZePdovich [23] was the first to poin t out singular 
format ions in the dynamics of a nondiss ipat ive gravi ta t ing 
gas. These are the wel l -known ZePdovich pancakes , 
investigated also by o thers [24, 25]. It has been found 
since tha t a flat singularity of the p a n c a k e type is no t 
the only one and no t the main one. A three-dimensional 
compress ion singularity, which is of the highest order and is 
the basis of the s teady-state s ta t ionary solution, has been 
discussed [ 2 5 - 2 9 ] : it is k n o w n as a nondiss ipat ive gravi ta­
t ional singularity (N G S) . It is the N G S tha t determines the 
characterist ic features of the pair correlat ion function in an 
advanced nonl inear s tochast ic state of dark mat te r [30]. 
Singularities of the ZePdovich p a n c a k e type manifest 
themselves clearly only in the correlat ion functions of 
higher orders . 

These singularities of the dynamics of a gravi ta t ing gas 
s tand out clearly in the dis t r ibut ions of the density and 
velocity of mat te r , and in the behaviour of the correlat ion 
functions. This facilitates qui te definite predict ions, some of 
which (for example, the giant da rk-mat te r halo a r o u n d 
galaxies, the dis t r ibut ion of the velocities on the ro ta t ion 
curves, and the singular law of the behaviour of a pair 
correlat ion function) have al ready been confirmed by 
observat ions . 

The present review is concerned with the state of the art 
of the analytical theory of the large-scale s t ructure of the 
dis t r ibut ion of mat te r in the Universe . Section 2 gives the 
initial formulat ion of the p rob lem and provides the 
equa t ions describing the dynamics of the nondiss ipat ive 
cold mat te r , as well as the initial and b o u n d a r y condi t ions 
for these equat ions . The impor t an t role of t runca t ion of the 
Z e P d o v i c h - H a r r i s o n spectrum in the short -wavelength 
range, due to the finite mass of da rk -mat te r particles, is 
stressed. 

Section 3 deals with the nonl inear g rowth of the initial 
f luctuat ions. The general solution is obta ined and a growing 
uns tab le m o d e is identified. The re la t ionships between the 
density and velocity in a growing mode , impor t an t for the 
development of a nonl inear theory, are considered. The 
nonl inear solution, obta ined in the hyd rodynamic a p p r o x ­
imat ion, is discussed in Section 4. In the initial pe r tu rba t ion 
there are singularities near which the nonl inear i ty plays a 
decisive role. It is shown tha t after a finite t ime a singularity 
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appears near these po in t s in the initial hyd ro d y n ami c 
system of equa t ions and then the system becomes invalid. 

Section 5 deals with the solution after the appearance of 
a singularity. It is stressed tha t the initial singularity in the 
early flow is followed by regions of mul t i s t ream flow. Wi th 
t ime, the number of s t reams in such regions increases. 
Detai led studies have been m a d e of the one-dimensional 
p lanar case. In the limit t —> oo, the number of s t reams 
tends to infinity and in the vicinity of an initial singularity a 
s ta t ionary mixed kinetic N G S state is formed and it has a 
singularity of the average density p o c x - 4 / 7 . 

Section 6 is devoted to an N G S in the spherically 
symmetr ic case. It is shown tha t in this case the format ion 
of an N G S is much faster t han in the p lanar case. A n 
infinite n u m b e r of s t reams appears practical ly immediately 
after the initial singularity and a quas is ta t ionary density 
dis t r ibut ion p oc r~2 l n 1 ^ 3 ( l / r ) is established. The general 
case is considered in Section 7. It is stressed tha t , in general , 
a s ta t ionary spherically symmetr ic dis t r ibut ion appears near 
the initial singularity and at its centre there is a density 
singularity which can be extrapola ted sufficiently accurately 
by the power law p oc r _ a , where a = 1 .7-1 .9 . 

It is shown in Section 8 tha t the con t inuous growth of 
the Jeans instabili ty creates N G S s of var ious scales and tha t 
large-scale singularities can capture small-scale ones, thus 
giving rise to a hierarchical s t ructure in those regions where 
a mul t i s t ream flow has developed and a quasis teady state 
has been established. 

Section 9 discusses s t ructures of the largest scale, which 
appear in t rans i t ion regions of flow where kinetic mixing is 
no t yet complete and separate caustic singularities are 
observed. The s t ructure pa t t e rn is then cellular. It is stressed 
tha t in these regions the th i rd-order and higher correlat ion 
functions should have singularities due to this cellular 
s t ructure. 

Section 10 deals with the correlat ion functions and 
presents a theory tha t takes account of the presence of 
s t rong correla t ions near singular poin ts . It is shown tha t the 
observed singular s t ructure of the pair correlat ion function 
£ oc r _ a is related uniquely to an N G S . Some astrophysical 
appl icat ions of the p roposed theory are discussed briefly in 
Section 11. 

It should be stressed tha t when speaking of an analyt ic 
theory of the hierarchical and large-scale s tructures, our 
aim is no t to regard this theory as in any way opposi te to 
numer ica l s imulat ion, ment ioned at the beginning of this 
review. A b o v e all, it is clear tha t the term 'analytic t heo ry ' 
used by us is arbi t rary , because in this theory the derivat ion 
and analysis of specific solut ions rely significantly on 
numer ica l me thods . 

Moreover , the analytic theory concentra tes mainly on 
the behaviour of mat te r in the vicinity of singularities. 
However , as shown below, the bulk of mat te r is concen­
t ra ted at the per iphery, i.e. effectively outs ide the 
singularities. Therefore, the general re la t ionships applicable 
to the average behaviour of the relatively smooth pa r t of the 
s t ructure of mat te r are undoub ted ly best described by direct 
numer ica l s imulat ion. 

On the other hand , the analyt ic theory is undoub ted ly 
superior in the description of the behaviour of the density of 
mat te r near singularities of the dis t r ibut ion of the velocities 
and of the s t ructure of the t r app ing regions, and also in the 
descript ion of singular proper t ies of the correlat ion func­
t ions. The two approaches are mutua l ly complementa ry and 

obviously the fullest and most accura te description of the 
dynamics of the appea rance and growth of the s t ructura l 
mat te r in the Universe requires a sensible combina t ion of 
b o t h approaches . 

2. Initial equations. Initial and boundary 
conditions 
2.1 M a i n simplifications 
As poin ted out above , it follows from the observat ional 
da ta tha t our Universe is on the whole homogeneous , 
isotropic, and expands uniformly. The m a x i m u m size of 
inhomogenei t ies , which govern the large-scale s t ructure of 
mat te r , is / < 3 0 0 - 5 0 0 M p c , i.e. the inhomogenei ty scales 
are much less t han the hor izon rad ius R w 5 x 10 3 M p c . 
Consequent ly , in a theoret ical investigation of this p rob lem 
we need consider only such f luctuat ions whose scale / is 
small compared with the hor izon rad ius RR: 

R± 
< 1 (3) 

At the same t ime, the peculiar flow velocities V can be 
regarded as low compared with the velocity of light c: 

c (4) 

In fact, the peculiar velocities obey V ^ IH, where the 
H u b b l e constant H, governing the expansion of the 
universe, is 

H « ( 5 0 - 1 0 0 ) k m s " 1 M p c " 1 (5) 

Hence and from inequali ty (3), bear ing in mind tha t 
RHH = c, we obta in relat ionship (4). U n d e r the condi t ions 
described by expressions (3) and (4), the relativistic effects 
are no t impor t an t and the N e w t o n i a n dynamics is 
sufficient. 

As po in ted out above, according to current ideas, da rk 
mat te r consists of nonin te rac t ing or very weakly interact ing 
part icles. The mean free p a t h of such part icles lf is 
considerably greater t han the scale of inhomogenei t ies . 
Then , the pa ramete r 

T 
k 

makes it possible, at least in the first approx imat ion , to 
ignore collisions of dark mat te r part icles, i.e. to consider 
dark mat te r as a gas of nonin te rac t ing part icles. 

D u r i n g the per iod of nonl inear g rowth of f luctuations, 
cooling in the course of expansion of the Universe ensures 
tha t the gas of part icles forming dark mat te r always remains 
cold. 

2.2 Kinetic and hydrodynamic equations 
The dynamics of dark mat te r is tha t of a gas of 
nonin te rac t ing part icles moving in its own self-consistent 
gravi ta t ional field. U n d e r the condi t ions described by 
expressions (3), (4) and (6), this dynamics is described by 
the kinetic equat ion 

Qt dr 8r 9v 

(7) 
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Here , f(r, v, t) is the part icle dis t r ibut ion function and 
i/f(r, t) is the poten t ia l of the gravi ta t ional field. In 
expressions (7) and later the system of uni ts , selected for 
compactness , is such tha t 4KG = 1, where G is the 
gravi ta t ional cons tant . 

The specific form of the dis t r ibut ion function / m a y 
generally depend on the previous his tory of the appea rance 
of f luctuations, on the masses of the part icles forming da rk 
mat te r , and on the interact ion cross sections of these 
part icles. However , in the epoch of interest to us , da rk 
mat te r has a l ready cooled (as poin ted out above) and it has 
formed a cold collision-free gas with a negligible t empera ­
ture . The initial dis t r ibut ion function can then be selected in 
the form 

f(r, v, t)=p(r,t)S[v-V(r,t)] , (8) 

where p is the gas density and V is the hyd rodynamic 
velocity. 

Subst i tut ion of formula (8) into the set of expres­
sions (7) and rewri t ing the resul tant system of equa t ions 
for the pa rame te r s p and V, bear ing in mind the cosmo-
logical expansion of the universe, i.e. adop t ing an 
expanding system of coordinates , yields the following 
hyd rodynamic system of equat ions : 

^ - + aTlV-VV+ cTldV+ cTl W(p = 0 , 

d3 
dt 

+ a-lV-[(\+d)V] = 0 , (9) 

W2cp = a2p03 

Here , V = V(x, t) is the peculiar velocity of mat te r , 
3 = d(x, t) = \p(x, t) — Po(t)]/p0(t) is the deviat ion of the 
density of the investigated gas from the average b a c k ­
g round density p0(0» a n < ^ a ( 0 * s t n e scaling factor. 

Trans fo rmat ion of the variables x , V, and t from an 
expanding system of coordina tes to any fixed system can be 
m a d e in accordance with the familiar re la t ionships [21]: 

r = a(t)x , u = V + xd , 

p = p 0 ( l + 3), <p = \jj +1 ax2 , 
(10) 

where a dot represents differentiation with respect to t ime. 

2.3 Initial and boundary conditions 

The system of equa t ions (9) can be solved by selecting the 
initial and b o u n d a r y condi t ions for the functions V and 3. 
U n d e r the condi t ions described by expression (4) the 
inhomogenei t ies of interest to us g row in an expanding 
h o m o g e n e o u s Universe . The b o u n d a r y condi t ions are then 
u n i m p o r t a n t , since the requi rement of the vanishing of 
pe r tu rba t ions at infinity is readily satisfied by the expansion 
process . 

Formal ly , the initial condi t ions for solving the system of 
equa t ions (9) can be selected by specifying a set of four 
initial functions at some m o m e n t t = t(. 

d(x, tt) = 5t{x), V(x, ti) = Vi(x) . (11) 

Which m o m e n t tt should be selected as the initial depends 
on the physics of the interact ion of the part icles forming 
dark mat te r and the mass of these part icles. In our case, the 
m o m e n t tt cor responds to the beginning of tha t epoch of 
the evolut ion of the Universe when its general cosmological 

expansion is governed by dark mat te r . Usual ly , this is the 
m o m e n t when the da rk -mat te r particles become n o n -
relativistic [21]. Na tura l ly , the initial f luctuat ions at this 
m o m e n t are small: 

\8t(x)\<\. (12) 

The above inequali ty allows us to consider the initial 
stage of the growth of f luctuat ions in the linear app rox ima­
t ion. In combina t ion with the spatial d is t r ibut ion given by 
expression (11), we can n o w define the initial f luctuat ions in 
te rms of their Four ie r spectrum: 

r+oo 
\di(k)\2, 3t{k)= S , . (x)exp ( i*.x)dx . (13) 

2.4 Fourier spectrum of initial fluctuations 
The linear theory is given in Section 3 of this review. Here , 
we shall consider some general proper t ies of the initial 
spectrum. The form of the spectrum |<5;(A;)|2 depends on the 
previous his tory of the format ion of f luctuat ions and their 
g rowth at the t ime when 0 < t < tt. W e shall consider first 
the initial spectrum |^ (A: ) | 2 . The ac tual form of this 
spectrum is determined by the physical processes which 
have occurred in the early Universe . Fai r ly general ideas on 
this topic were pu t forward by ZePdovich [10] and 
Har r i son [11]. 

In fact, from the physical poin t of view, it is na tu ra l to 
expect tha t var ia t ions of the metr ic are no t strongly 
divergent. In the N e w t o n i a n approx ima t ion the metr ic is 

1 + ^ W 2cp 
( d x 2 + d / + d z 2 ) , 

where cp is the gravi ta t ional field potent ia l . Hence , the 
var ia t ions of the metr ic are 

|8g0ol = |8g«/?| =2<pc2 . 

Consequent ly , 

r+oo 
\8gik \ oc exv(\k-x)(p\0)(k)dk . 

J—oo 

(14) 

The condi t ion for a weak ( logari thmic) rms divergence 
of expression (14) is 

1 
<p?\k)\oc 

k3/2 

Then, the relat ionship between the poten t ia l q>t and the 
density deviat ion 3t from the system of equa t ions (9) leads 
to 

|$?(*)| 2 oc* (15) 

In the limit k —> 0, the spectrum described by expres­
sion (15) is t runca ted na tura l ly by the hor izon scale R^1. 

In the case of smaller scales (k —> oo), the t runca t ion of 
the spectrum is determined by evolut ion at t imes 0 < t < tt. 
This process can be described by some ' t rans i t ion ' function 
C(k), which is mult iplied by the initial spectrum |<5?(&)| and 
determines the spectrum at a m o m e n t tt: 

|3,.(*)| 2 = $ ( * ) | 2 C ( * ) . (16) 

The function C{k) basically dis tor ts the ' init ial ' spectrum 
on a small scale and t runca tes it qui te abrupt ly . The 
t runca t ion is determined by the na tu re of the da rk-mat te r 
part icles. Since at present these particles are no t known , we 
do no t k n o w the exact form of the function C{k). 
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W e shall however limit ourselves to such t ransi t ion 
functions C(k) which fall sufficiently rapidly in the limit 
k —> oo and we shall thus identify the smallest scale k m a x . 
W e shall show later (Section 4) tha t dur ing the nonl inear 
stage of the Jeans instabili ty the dominan t role is not played 
by the spectrum |(5;(A;)|2, bu t by the specific real isat ion of 
the initial f luctuat ions Si(x). A sufficiently rapid fall of the 
spectrum in the limit k —> oo implies a sufficiently smooth 
function d^x). 

It will be shown in Section 4 tha t the function d^x) 
should have a second derivative. It then follows from the 
Four ie r spectrum (13) tha t 

(17) 
fizfi. f+°° 

oc J k2 3t (k) Qxp(ik'x) dk , 

and hence we obta in the following const ra in ts on the 
spectrum |<5;(A;)|2 when k kmax: 

\Si(k)\2<k- • oo . (18) 

Condi t ion (18) is always satisfied by cold dark mat te r . 
Therefore, at low values of \k | the initial spectrum is 

close to tha t given by expression (15) and it decays rapidly 
in the limit k —> oo. The smallest scale k = k m a x , cor re ­
sponding to the m a x i m u m of the initial spectrum, is 
governed by the mass of the da rk -mat te r part icles [31]. 
It should be stressed tha t , as shown later (Section 4) the 
presence of a m a x i m u m in the spectrum and the rapid fall of 
the spectrum for k > k m a x is — according to condi ­
t ion (18) — of fundamenta l impor tance for an evolving 
nonl inear s t ructure. 

The set of the initial condi t ions (11) and of the 
condi t ions imposed on the initial spectrum, described by 
expressions (15) and (18), satisfy all the requi rements 
necessary for the development of a theory. 

3. Linear growth of initial perturbations 
As poin ted out above, according to the latest observat ional 
da ta (part icular ly on the an i so t ropy of the relic r ad ia ­
t ion [15]), the f luctuations in the early Universe are very 
small [see expression (12)], so tha t their initial g rowth can 
be described by a linear theory . Linear isa t ion of the system 
of equa t ions (9) gives [21] 

ay _ i _ i 
— + a aV + a 1 Vcp = 0 , 

— + a~l v v = 0 
Ot 

V2cp = a2 p0(t)d . 

(19) 

The system of equa t ions (19) can be solved qui te 
rapidly. In fact, it follows from the second equat ion of 
this system tha t the density changes only under the 
influence of the velocity divergence. The ro ta t iona l com­
ponen t of the velocity deduced from the first equa t ion of 
the system (19) is 

V r o t = V" 
a(t) 

(20) 

W e can see tha t this ro ta t iona l (vortex) componen t of the 
velocity always decays because of the overall cosmological 
expansion. Calcula t ion of the divergence from the first 
equat ion in the system (19) and its subst i tut ion into the 

second equat ion , gives the following equat ion for the 
eigenmodes: 

d2D ^ d(t) dD 
dt2 a(t) dt 

= p0(t)D (21) 

E q n (21) describes two modes : a growing one Dx and a 
decaying one D2. In the absence of expansion (d = 0, 
Po = const) these modes would have been exponent ial . 
However , expansion of the Universe alters in a radical 
manne r the t ime dependences of the modes . F o r example, if 
Q = 1 (where Q is the rat io of the density to the critical 
value) the t ime dependences of the modes are described by a 
power law. In fact, subst i tut ion of a(t) oc t3^2 and, cor re ­
spondingly, of po = (2/3)t~2 into Eqn (21) gives 

2/3 

Do (22) 

It is evident from rela t ionships (20) and (22) tha t , as stated 
above, only one m o d e in the linear solut ion grows with 
t ime. 

The e igenmodes Dx and D2 can then be used to find the 
complete solut ion of the linear p rob lem tha t satisfies the 
initial condi t ions (11) [21]: 

6=^{Dl{t)D2{i)-D2{t)Dl{i)} 

+ ^{Dl(t)D2(i)-D2(t)Dl(i)}, 

(23) 

Here , at is the scaling factor at the m o m e n t tt; the 
quant i t ies S^x) and Vt(x) are determined by the initial 
condi t ions (11); VT

DW is the divergent componen t of the 
velocity. The normal i sa t ion constant E is defined by the 
relat ionship 

E = Dl(i)D2{i)-D2{i)Dl{i) , 

where the index / in expressions D\(i) and D2(i) means tha t 
these functions are t aken at the m o m e n t tt. 

W e shall n o w consider some impor t an t proper t ies of the 
linear solution of the system of equa t ions (23). Firs t , we 
shall separate a growing mode : 

5 = | D 1 ( r ) Z J 2 ( f ) + ^ D 1 ( 0 Z J 2 ( i ) , 
E, O-iE 

(24) 

CljE 

W e can see tha t dur ing the linear stage all the scales in a 
growing m o d e increase identically, i.e. there is no dis tor t ion 
of the initial spectrum of f luctuat ions in this m o d e and the 
ampl i tudes of all the ha rmonics increase with t ime 
p ropor t iona te ly to the eigenfunction Dx. Consequent ly , 
the nonl inear effects begin to p lay a role first on a scale 
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cor responding to the m a x i m u m kmax of the spectrum (16) 4. Nonlinear growth of the Jeans instability 
of the initial f luctuat ions. 

Moreover , out of all the possible initial condi t ions set by 
selecting four a rb i t ra ry functions (representing the density 
and three componen t s of the velocity), only one very 
definite combina t ion increases with t ime. In fact, it follows 
from the first equa t ion of the system (23) tha t the growing 
m o d e Di(t) is associated with the following combina t ion of 
the initial functions: 

Si(x)D2(i)+^D2(i) . (25) 

A simple t rans format ion of the second equat ion in the 
system (23) readily shows tha t indeed the combina t ion (25) 
increases with t ime. 

Therefore, out of an arb i t ra ry set of four scalar initial 
functions a much na r rower class of functions increases with 
t ime and this class cor responds to just one scalar initial 
function. This initial function can be selected to be, for 
example, the gravi ta t ional field po ten t ia l CP. Then the initial 
density and velocity of the growing m o d e can be expressed 
in te rms of this potent ia l : 

V2<Pi V, = - V<Pi Mi) 
«,-Po(0 D i ( 0 

(26) 

W e can also use a different, m o r e convenient , me thod of 
specifying the initial condi t ions [27]. This can be done by 
the following selection at t = tt: 

8\t=ti=8,{x), V U , = 0 . (27) 

In fact, it is evident from E q n s (24) and (25) tha t , instead 
of the usua l density S^x), we can always in t roduce a new 
'effective' density 

5 , ( x ) D 2 ( 0 + ^ D 2 ( 0 

Then , apar t from relatively u n i m p o r t a n t decaying terms, 
the solution of the system of equa t ions (24) becomes 

a(t) 
S(x, t) =Si(x)Dl9 V(x, t) 

f 

d3x'8i(x') 
4KE _ 

^ [ ^ ( 0 ^ 2 ( 0 - ^ 2 ( 0 ^ 1 ( 0 ] • 

It should be noted tha t at the initial m o m e n t t = tt = i 
the term in the braces is identically equal to zero. The 
solution obta ined is thus equivalent to the solution of 
E q n s (23) and (24) where the initial velocities are assumed 
to be zero. 

It therefore follows tha t only one growing m o d e is 
obta ined by solving the linear p rob lem for arb i t ra ry selected 
initial condi t ions . The initial condi t ions specified by 
expression (27) complete the solution of the prob lem for 
this mode . In future, when we shall develop a nonl inear 
theory, we shall begin with the initial condi t ions given by 
expression (27) and we shall s tudy the nonl inear evolut ion 
of the growing uns tab le mode . The influence of the 
decaying m o d e on the nonl inear dynamics of the growing 
m o d e is of little impor tance . This par t icular poin t will be 
considered in the Appendix . 

4.1 Appearance of the initial singularity 
In the preceding section we discussed the linear theory and 
demons t ra ted tha t in a cold nondiss ipat ive gas, considered 
in the linear approx imat ion , the ampl i tude of the initial 
f luctuat ions in an uns tab le m o d e increases wi thout 
dis tor t ion of the initial profile. This means tha t the linear 
approx ima t ion b reaks down first and the nonl inear effects 
become impor t an t at those po in t s where the initial density 
pe r tu rba t ions are largest, i.e. near each m a x i m u m of the 
initial d is t r ibut ion of the effective density d^x). Therefore, 
in the investigation of the nonl inear stage of the Jeans 
instabili ty it is impor t an t to consider first the dynamics of 
the system in the vicinity of a single m a x i m u m . 

W e shall solve the prob lem by selecting the system of 
coordina tes at a poin t cor responding to some arb i t ra ry 
initial density m a x i m u m . W e shall bear in mind tha t the 
first to reach the nonl inear stage of growth are the 
inhomogenei t ies with the scale of kmax. W e shall begin 
our analysis from these inhomogenei t ies . A special feature 
of the dynamics of these inhomogenei t ies is tha t large scales 
(k <^ kmax) have not yet been reached and smaller fluctu­
at ions are completely absent because of the rapid decay of 
the initial spectrum (16) for k > kmax. Therefore, we can 
consider them as separate smooth maxima . 

Trans fo rmat ion of the coordina tes and velocities in 
accordance with expressions (10), and replacement of an 
expanding system of coord ina tes with one at rest and with 
its origin at the poin t of the density m a x i m u m 3h t ransform 
the system of equa t ions (9) to 

8p . 8 
8 / + S ^ ) = ° 

du ( 8 \ 8i/f ^ 
(28) 

V2«A = P 

In the vicinity of a density m a x i m u m when the con­
dit ions (15) and (18) are satisfied, the initial density 
dis t r ibut ion can be represented, apar t from te rms of higher 
orders of smallness, in the form 

(29) 

The coefficients a, b, and c in expressions (29) are, 
respectively, the te rms of a Taylor expansion of the 
density near the poin t of the m a x i m u m r = 0: 

'2 dx2 2 6 Z

2 ' 2 6 y

2 ' 

W e can assume tha t the following inequalit ies are always 
satisfied: 

a ^ b ^ c . 

The condi t ion specified by the first formula in expres­
sion (29), selected at the m o m e n t t = t b is one of the initial 
condi t ions for the system of equa t ions (28). The other 
initial condi t ion is selected, in accordance with expres­
sion (27), in the form 

V,(r) = 0 . (30) 



694 A V Gurevich, K P Zybin 

4.2 One-dimensional flow 
W e shall n o w consider the solut ions of the system of 
equa t ions (28) subject to the initial condi t ions (29), (30). 
The relat ionships between the coefficients a, b, and c in 
expression (29) can be arbi t rary . W e shall begin with the 
limiting case 

The functions Hx(y) and M x(y) are determined by the 
initial condi t ions (29), (30): 

Ml(y) = 0, x=Hl(y) (37) 

Solut ions of the system of equa t ions (37) in the vicinity of a 
density m a x i m u m gives 

< 1 

Then , in the first approx ima t ion with respect to the small 
pa rame te r s b/a and c/a, the p rob lem can be regarded as 
one-dimensional . The system of equa t ions (28) then 
becomes 

^- + — (pu) = 0 , 
8; dxyH J 

du f ^ \ 8 ¥ / _ ( ) 

dt \ dx J dx 
(31) 

Hi(y) 
Po a2 

(38) 

[see E q n (34)]. It therefore follows from rela t ionships (36) 
and (38) tha t the solution is 

x = i — ~ ) y + y 

Po 2JJ 3p\a2 
(39) 

F o r short t imes [t < ( 2 / p 0 ) ^ 2 ] , it follows from expres­
sion (39) tha t the solution in the vicinity of a density 
m a x i m u m (x = 0) becomes 

dx' 
> = P , 

and the initial condi t ions (29), (30) can be wri t ten in the 
form 

, 2 \ 

t = 0, VT = 0, p.(x)=p^--y (32) 

In the above expressions, t ime is measured from t = tt. 
The system of equa t ions (31) can be integrated exactly 

(26). In fact, in t roducing y = dxjj/dx and subst i tut ing the 
third equat ion into the first, we find tha t integrat ion with 
respect to x gives 

^ _L_ ^ fA 

du du 

(33) 

(34) 

E q n (33) describes the mass t r anspor t law since y(x) = 
£ p(xi)dxi = m(x) is the mass of mat te r in the interval 
(0, x). Therefore, if the to ta l mass is conserved in the 
system, the cons tant c{t) = 0. 

Appl ica t ion of the h o d o g r a p h t ransformat ion , i.e. the 
assumpt ion tha t t = t{u, y) and x = (w, y), and subst i tut ion 
of the variables from expressions (33) and (34) gives 

1 1 

l / p 0 - ^ / 2 p 5 V ( l / p 0 - ; 2 / 2 ) 4 

xt 
(40) 

• + l/p0-tz/2 • 3 p ^ ( l / p 0 - f 2 / 2 ) 4 

W e can see tha t the density at the x = 0 m a x i m u m 
increases rapidly with t ime t, the peak becomes nar rower , 
and flow towards the centre appears . 

It is impor t an t to stress tha t the solution represented by 
expressions (36) and (39) exists only for a finite t ime. In fact, a 
flow singularity appears at t ime t = tc = ( 2 / p 0 ) ^ 2 : 

/ 3 * y 2 / 3 P O « V 3 * \ 4 / 3 

u = ( 2 p 0 ) ^ 2 a 
3x 1/3 

t = tc 

Po 

1/2 (41) 

The density tends to infinity in the limit x —> 0. The 
velocity and the poten t ia l remain finite and the expression 
for the singularity conta ins only their derivatives. The 
appearance of a singularity in one-dimensional flow of a 
cold nondiss ipat ive gravi ta t ing gas was poin ted out by 
ZePdovich and A r n o l ' d [23, 24]. 

dx dt 
cu cu 

dx 
l+y 

dt 
0. (35) 

The second equat ion of the system (35) can be separated 
into two: either 

dx 

dt_ 
du 

1 

y ' 

o 

It is easy to show tha t the first equat ion is degenerate 
and does not satisfy the initial condi t ions (26). It follows 
implicitly from the second equat ion tha t 

2 

x = ~ + Hl(y), t = -^ + Ml(y) . (36) 

4.3 Spherically symmetric flow 
W e shall n o w consider ano ther impor t an t l imiting case, 
tha t of the spherically symmetr ic geometry when the 
pa rame te r s a, b, and c are all equal : 

a = b = c, pi(r)=pAl 

The system of equa t ions (28) then becomes 

du du Qi/f 
^ 7 + w ; r + i r = 0 ' 
0£ or or 

(42) 
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On in t roduct ion of y = r2dij//dr, we find from the system of 
equa t ions (42) tha t 

dy dy du du y 
+ M _ = C ( , ) , _ + w _ + _ = 0 

8; dr 
(43) 

Calcula t ions ana logous to those represented by the systems 
of equa t ions ( 3 3 ) - ( 3 5 ) yield the following implicit solu­
t ions [26]: 

t = (2y)-l/2H-3/2(y) f a r c t a n Z + - Z 

1 

H(y)(\+Z2) 
Z = 

1 + Z ^ 

u 
(44) 

[2yH(y)] 
1/2 

The expression for the function H(y) in the vicinity of a 
m a x i m u m is found by ana logy with expression (38): 

H(y) = 
-1/3 2/3' 

yo 3 
(45) 

A n analysis of expressions (44) and (45) shows tha t a 
singularity again appears and this t ime this happens at a 
m o m e n t t = = 7 i ( 3 / 8 p 0 ) ^ 2 in the vicinity of the poin t 
r = 0: 

3 / 4 0 \ 6 / 7 (r -12/7 

Ur • 
1/2 

a j 
1/7 

2 \a 

2/7 

3 

4 0 \ 6 / 7 

9n) • 

(46) 

The singularity described by expressions (46) is in tegra-
ble. In fact, the poten t ia l \j/ is finite and the mass function is 
M(r) oc r 9 / 7 , i.e. M = 0 in the limit r —> 0. This means tha t , 
in spite of the presence of a singularity of the density p at 
the centre, a black hole does not form since the mass does 
no t rise sufficiently rapidly (in the case of a black hole, we 
should have M oc r). 

However , it should be stressed tha t , if we select a flatter 
initial density dis t r ibut ion pt{r) 

Piif) = Po 
In -i 

n^2 (47) 

a black hole forms at the same m o m e n t as a singularity at 
the centre. In fact, in the limit r —> 0, the density is 

p{r) oc r - l 2 n ' ^ . (48) 

This means tha t M(r) oc r

9 / ( 3 + 4 n ) in the limit r -> 0, i.e. if 
n^2, the mass at the centre rises m o r e rapidly than in the 
case of a black hole. W e can demons t ra t e tha t expres­
sions (47) and (48) are valid also in the general relativity 
case. 

It therefore follows tha t if the initial dis t r ibut ion of the 
density of nondiss ipat ive mat te r in the spherically symmet­
ric case is sufficiently flat, nonl inear compress ion of this 
mat te r creates a black hole at the m o m e n t of appea rance of 
the initial singularity. A black hole does no t form in the case 
of the usua l nondegenera te initial d is t r ibut ion described by 
expression (29). 

4.4 General case 
Finally, let us consider the solution of the system of 
equa t ions (28) with the general initial condi t ions (29), (30). 

W e shall in t roduce pa rame te r s Si and e 2 , represent ing 
deviat ions from the spherical symmetry: 

a — b a — c 
s2=-

a a 

The pa rame te r s Si and s2 vary within the limits 

0 < fi! < 1, 0 ^ 82 ^ 1 . 
It follows from the condi t ion b ^ c tha t we always 
have e 2 ^ E\. 

W e shall consider first the case which does not differ too 
greatly from the spherically symmetric geometry [28]: 

fii < 1 , s2 ^ 1 . 

The system of equa t ions (28) can then be rewri t ten 
conveniently in the form 

8p d , x 

du ( 8 \ - „ 

d i v F = p , d i v F = 0 . 

(49) 

Here , the gradient of the po ten t ia l Vi/f is represented as the 
difference between the forces F — F. The forces F is 
p r o p o r t i o n a l to the small pa rame te r s sx and s2. In the 
spherically symmetr ic case, we have F = 0. 

Ignor ing, in the first approx imat ion , the force F and 
in t roducing the no ta t ion 

u = r-U^,t), F=V-B{i,t), 

we find from the system of equa t ions (49) tha t 

(50) 

dt + { 2 8 { ^ ' dt ' ~ ds, ^ + ^ ( ^ ) = o. ¥ + ^ + £ = 0 , (51) 

where { are the ellipsoidal coordina tes defined in 
accordance with expression (29). 

The system of equa t ions (51) is ana logous to the 
spherically symmetr ic system (43) with the rad ius r 
replaced by the var iable It follows tha t the solution 
of the system (51) is known : it is exactly the same as the 
solut ion of the system (44) if the subst i tut ion r —> { is made . 
The only difference is this: it follows from expression (50) 
tha t c u r l F no longer vanishes because of the smallness of 
the pa rame te r s EX and s2. The angular m o m e n t u m is 
included by assuming tha t the force F in the system of 
equa t ions (49) is such tha t divF = 0. The force F ba lances 
out exactly the ro ta t iona l (vortex) componen t of the force 
F. 

W e shall n o w take account of the presence of the force 
F. The solution of the system of equa t ions (51) makes it 
possible to represent the velocity in the form 

u = - U(£, t)+v (52) 

Subst i tut ing expression (52) into the system of equa ­
t ions (49), bear ing in mind tha t r x V£ ~ £\ ~ e 2 , and 
tak ing the curl of the first equat ion , we find to within 
0 ( e 2 ) and 0 ( e 2 ) tha t 

do (r \ 
— = curlf - U x v ] - c u r l F , (53) 

where o = cur lv, curl F = r x V(#/<!;). 
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The solution of the linear equat ion (53) — subject to the 
initial condi t ions (29), (30) — can be expressed in te rms of 
the solut ion of the system (51). The new solution has the 
simple form 

o = -r x V j , (54) 

which can easily be demons t ra ted by direct subst i tut ion of 
expression (54) into E q n (53), and by several vector 
opera t ions . It is clear from expression (54) tha t the value 
of |co| is of the order of EX ~ e 2 . Therefore, at the m o m e n t 
of appea rance of a singularity t = when — according to 
expression (46) — the rad ia l velocity VY is 

Vr = -W)l~" 

the velocities u± t ransverse to the rad ius r remain small (of 
the same order of magni tude) . In fact, it follows from 
expression (54) tha t 

3 
2 V r - ( f i i r + f i 2 r ) , 

2 r 
3 T7 * 
2 r 

(55) 

It is evident from expressions (55) for these velocities 
tha t near a singularity the t ransverse componen t s are no t 
equivalent . It means tha t the compress ion is asymmetr ic . 
The velocity is lowest a long the major semiaxis a of the 
initial ellipsoid. It follows from the above expressions tha t 
this velocity can be ignored. 

Let us n o w identify the direction a long which the 
compress ion ra te is maximal . W e shall do this by in t roduc ­
ing the function 

(56) 

where Ex > s2 since a > b > c. Rewr i t ing relat ionship (56) 
in polar coordinates , we shall find the po in t s of extrema of 
the function g(9, cp): 

0 = 0 , 6. 
71 

''2' 
cp = 0 , cos cp • (57) 

The last expression in formula (57) cannot be correct 
because e 2 > £ i . W e can therefore easily see tha t 
gmax = 1 + ^ 2 is reached at 6 = 0. Therefore, the highest 
velocity is a t ta ined a long the z axis, i.e. a long the 
semiminor axis of the initial ellipsoid. This is in full 
agreement with the results of ZePdovich [43] showing tha t 
the strongest compress ion occurs a long the shortest of the 
axes of the initial ellipsoid. 

The t ransverse velocity u± determines the density m of 
the angular m o m e n t u m of a gas relative to an i nhomoge -
neity centre, because 

m=rxu = rxu± . 

It follows from the law of conservat ion of the angular 
m o m e n t u m tha t the to ta l (integral) m o m e n t u m M na tura l ly 
remains always zero. However , the mean square of the 
angular m o m e n t u m is no t conserved: at the m o m e n t when 
a singularity appears , it ha s a finite value p r o p o r t i o n a l to 
82. The density of the square of the angular m o m e n t u m is 
then 

v2 , . . . ,2 ^ 2 1 
2 2 

4.5 Region near a singularity. General comments 
It is evident from the above discussion tha t the evolut ion of 
the nonl inear solut ion of the system of equa t ions (28) leads 
to the appearance of a singularity after a finite t ime. A 
descript ion of the dynamics of the system dur ing the 
subsequent stages can be provided if the system of 
equa t ions (28) is supplemented by the rules of passage 
th rough a singularity. These rules are governed by the 
physical proper t ies of the investigated system. 

In the Euler approx ima t ion the system of equa t ions (28) 
describes equally the hydrodynamics of o rd inary (baryonic) 
mat te r and of nondiss ipat ive (dark) mat te r . However , after 
the appea rance of a singularity the two cases differ 
fundamental ly . In an ord inary gas the dominan t role at 
a singularity and beyond it is played by dissipative 
processes. The dissipation, p r o p o r t i o n a l to higher deriva­
tives of the velocity is not impor t an t before the appea rance 
of a singularity, bu t at the singularity the velocity gradient 
becomes |VV| —> oo and it begins to play the dominan t role. 

The dissipation means tha t the mo t ion remains always 
of single-stream na tu re and is described by the system of 
equa t ions (28). These equa t ions should be supplemented by 
large discontinuit ies (shock waves) at which energy dissipa­
t ion takes place, and also by a change in t empera tu re which 
alters the pressure of the gas heated due to dissipation in the 
shock waves [32]. 

A different s i tuat ion applies in the case of completely 
dissipation-free (dark) mat te r . There is n o w no dissipation 
so tha t the velocity can have any gradient . Moreover , 
special macroscopic flows are also possible when at the 
same poin t r in space there are several nonin te rac t ing 
s t reams travelling at different velocities Vt(r, t). It is the 
passage of the initial singularity of the Jeans instabili ty in 
nondiss ipat ive mat te r which is responsible for the appea r ­
ance of mul t i s t ream flows. 

5. Multistream flows 
It is na tu ra l to use the kinetic system of equa t ions (7) in the 
descript ion of mul t i s t ream flows. H e r e f(r, v, t) is u n d e r ­
s tood to be a function of the dis t r ibut ion of s t reams of 
mat te r in the velocity space. In other words , if there is one 
s tream, the dis t r ibut ion function f(r, v, t) is defined by 
expression (8). If there are n s t reams, then 

/(r, v, 0 = £ p f ( r , t)h[v-Vt{r9 t)] (58) 
i=i 

It should be stressed tha t the adop t ion of the kinetic 
descript ion represented by expressions (7) and (58) is 
justified by the equivalence of the gravi ta t ional and inertial 
masses: only because of this equivalence is the term 
(9i/f/9r)*9/"/9v, describing the interact ion with the field in 
expression (7), independent of the density of each of the 
s t reams pt [26]. 

The gravi ta t ional forces acting on each of the s t reams 
are p ropo r t i ona l to its density pt (gravi ta t ional mass) , bu t 
the inertial forces are also p ropo r t i ona l to the density pt 

(inertial mass) . Consequent ly , the density pt d rops out of 
the system of kinetic equa t ions (7). Consequent ly , the 
system (7) for a n u m b e r of s t reams which have different 
densities pt is exactly the same as the kinetic equat ion for a 
system of identical part icles. 
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5.1 Solution near a singularity. Planar one-dimensional 
case 
W e shall n o w consider the behaviour of the solution near a 
singularity in the one-dimensional case. As poin ted out 
already, in this case we should no t use the system of 
equa t ions (28), bu t the m o r e general system of kinetic 
equa t ions (7) and (58). U p to the m o m e n t of appea rance of 
a singularity t = tc = ( 2 / p 0 ) ^ 2 , the flow is of single-stream 
na tu re and the solution (36) is still valid. 

The solution of the kinetic system of equa t ions (7) and 
(58) can be represented in the form of expression (8) with 
the pa rame te r s p (x , t), V(x, t) defined in accordance with 
formulas (36) and (41). Therefore, if we use expressions (8) 
and (41), we find tha t at the singularity t = tc we have 

f{x,v,t)t=t = p 1 * - 2 / 3 8 ( v + v 1 x 1 / 3 ) , 

Pi = Po 

2/3 
(59) 

The solution described by the above expressions is 
na tura l ly valid only if x <̂  a. 

Let us n o w consider the solution directly beyond the 
singularity i.e. in the case when T > 0, where T = t — tC9 

T <^ tc. W e shall bear in mind tha t in the region of interest to 
us, x <̂  a, the kinetic energy K = v 2 / 2 of a s t ream is 
considerably higher t han its poten t ia l energy: 

K- v 
: ~2 

1 ,2 2/3 V\X 
1 

p0a 
3xX 
a J 

4/3 

This means tha t the influence of the poten t ia l in the kinetic 
equat ion is no t very great , so tha t in the first ap p ro x i ma­
t ion we can ignore the potent ia l . Then the solution of the 
kinetic system of equa t ions (7) has the simple form 

f(x, v, T ) =f(x - V T , v, 0) . 

It follows from expressions (59) and (60) tha t 

f(x, v, T ) =Pi(x- V T ) " 2 / 3 8 [V + vx(x - V T ) 1 / 3 ] . 

(60) 

(61) 

It is impor t an t to no te tha t the a rgument of the 8 function 
has one roo t for \x\ > x c , bu t for 

\X\ < Xn 
3a /3 

( V ! T ) 
3 /2 (62) 

it has three roo t s . It then follows tha t three-s t ream flow 
appears in the vicinity of a singularity when % > 0. The 
dis t r ibut ion function (61) can then be rewri t ten in the form 
given by expression (58): 

3 
fix, v, T) = £ ) p , . ( x , T ) 8 [V + v,. (x, T ) ] , (63) 

where the quan t i ty 

Pi = Pi[x - V , - ( T ) ] " 2 / 3 

dV; fa) 

represents the density of the iih s t ream and vt = vt(x, T ) 
are the roo t s of the equat ion 

ff(v,-)=vI- + v 1 ( ^ - v , - T ) 1 / 3 = 0 . (64) 

Rela t ionships (58) together with the system of kinetic 
equa t ions (7) are together equivalent to in t roduct ion of 
mul t i s t ream hydrodynamics . In fact, use of representa t ion 
of the dis t r ibut ion function in the form of expression (58) 
leads to modif icat ion of the system of equa t ions (7) to a 
new system 

dPi c , x 

dt + 

0 , 

6<A 

dx1 

' dx 
(65) 

The caustics, i.e. the surfaces on which s t reams [the roo t s 
of Eqn (64)] coalesce or mult iply, are impor t an t in the 
systems of equa t ions (65) and (7). The caustics cor respond 
to the po in t s xc. 

It in fact follows from expression (61) tha t if |x| > xc, 
there are three s treams, bu t only one stream if |x| < xc. At 
the po in t s xc the derivatives of the coalescing velocities v\ 
and v 2 have singularities: 

9vi I 9v 2 I 
— —> —oo, — 
OX \x=xc OX \x = 

+ o o (66) 

The s t ream densities px and p 2 , like the second derivative of 
the field 9 2 i ^ / 9 x 2 , also become infinite at the po in t s =bxc. 
However , the poten t ia l itself and its first derivative remain 
cont inuous : 

1 8 2 I / M 
Pl\x=xc Pl\x=Xc 2dx2\x=x 

= C ( x c , T ) [xc(T) - x ] 

dx \x^xc-0 dx \x^xc+0 

-1/2 

iA(xc + 0) = il/(xc - 0) 
(67) 

The condi t ions described by expressions (66) and (67) 
apply at each poin t of coalescence of the s t reams. They 
represent a complete system of the b o u n d a r y condi t ions for 
the system of equa t ions (65) describing mul t i s t ream h y d r o ­
dynamics . 

5.2 Numerical simulation 
The system of equa t ions (7) had been integrated n u m e r ­
ically by the particle-in-a-cell me thod [33]. Numer i ca l 

10 -

Figure 1. Distribution of the density p(x) at the moment of 
appearance of a singularity. 
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calculat ions were carried out for ( 1 - 2 ) x l O 5 part icles. The 
solut ions are presented in Figs 1 - 3 . Fig. 1 shows the 
dis t r ibut ion of the part icle density p(x) at the m o m e n t 
t = tc when a singularity appears . W e can readily see from 
Fig. 1 tha t the results of numer ica l calculat ions (points) are 
in agreement with the analytic expression (41). 

Fig. 2 demons t ra tes the format ion of three-s t ream flow. 
W e can see clearly the caustic singularities described by 
expression (66) and the behaviour of the density near the 
caustics described by the system of equa t ions (67). D u r i n g 
the subsequent evolut ion the field gradual ly slows down the 
central s t ream, which stops and begins to move in the 
opposi te direction; at a certain m o m e n t this s t ream is 

reversed, i.e. a singularity ana logous to tha t described by 
expression (41) again appears at the centre of the dis t r ibu­
t ion. This is followed by the format ion of a five-stream flow 
zone near the centre. 

Na tura l ly , caustics separa t ing the five-stream and th ree-
stream flow zones also appear . In the (x-v) space the flow 
is in the form of a spiral twisted t owards the centre 
(Fig. 3a). On each of the caustics the density still has a 
singularity described by expression (67) (Fig. 3b). The 
spiral subsequent ly twists t ighter and t ighter, and the 
number of the s t reams near the centre increases. Regions 
with different n u m b e r s of s t reams are separated by caustics. 
The result is tha t the density function is s trongly jagged, bu t 
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the integral of the density m and the poten t ia l \\f still remain 
fairly smoo th functions described by expression (67). 

W e shall n o w consider the state established as a result of 
p ro longed mixing in the limit t —> oo. As poin ted out above, 
at the m o m e n t of appea rance of the initial singularity the 
kinetic energy near the singularity is much higher t han the 
poten t ia l energy. Consequent ly , there is no local t r app ing of 
mat te r , so tha t immediately after the initial reversal the 
singularity at the centre d isappears (Fig. 2b) and the density 
dis- t r ibut ion becomes smooth in the vicinity of the poin t 
x = 0. 

It would be na tu ra l to expect tha t also after p ro longed 
mixing a similar smooth density dis t r ibut ion would also 
appear : 

\ 2 -

P = fh 
a* 

(68) 

which would differ from the initial density dis t r ibut ion only 
by a change in the cons tants p* and a*. However , this is 
incorrect . 

A numer ica l calculat ion shows tha t after a long t ime 
there is accumula t ion of mat te r at the centre. The density 
p(x) f luctuates strongly in view of re la t ionships (67). 
Therefore, such accumula t ion can be seen m o r e clearly 
in the case of the integral density curve, i.e. when the mass 
of mat te r is 

m(x) = p(x\) dxi , 
Jo 

as shown in Fig. 4. F o r values t ^ \0tc the curve plot ted in 
Fig. 4 practical ly ceases to vary: it t hus shows the s teady-
state dis t r ibut ion of the integral density. W e can see tha t it 
differs considerably from the dependence m(x) = p^x 
represented by formula (68). 

It is also evident from Fig. 4 tha t in this steady state the 
average density p(x) = dm/dx rises s trongly on app roach to 
the centre (x = 0) . Moreover , in this region the f luctuat ions 

of the density p becomes stronger, indicat ing accumula t ion 
of the caustic singularities and a considerable deviat ion of 
the mean field poten t ia l from the law ifr oc x2 in the limit 
x —> 0 [this law follows from formula (68)]. 

5.3 Adiabatic approximation 
The na tu re of the singularities predicted by the numer ica l 
solut ion can be identified by analyt ic considerat ion of the 
process of mul t i s t ream mixing after a long t ime t. Then, 
instead of the var iable v, it is convenient to in t roduce a new 
variable into the system of kinetic equa t ions (7); this 
var iable is the ad iaba t ic invar iant 

vdx = p [ 2 ( £ - i / 0 ] 1 / 2 d x (69) 

Here , E = v2j2 + is the energy of a s t ream and the 
reflection poin ts ±xm are defined by the condi t ion 
E = \jj{xm). F o r a given potent ia l , the definition (69) 
establishes a un ique relat ionship between the energy E 
and the invar iant I: 

E = E{I) . 

If, in accordance with expression (69), we adop t new 
variables in the system of equa t ions (7), the result is 

|*m 8iA(x, t)/dt-di//(xu t)/dt 

i-xm {2[E-^(xut)]}l/2 9/~ 
0 , 

9 2 iA 
(70) 

ox2 U [ 2 ( £ - i / 0 ] 
1/2 dE . 

W e shall n o w consider the approx ima t ion which will be 
called the adiabat ic model . This mode l can be described as 
follows. The process of mixing involves oscillations of the 
s t reams and the appearance of mul t i s t ream flows. The 
adiabat ic invar iant I is conserved in these oscillations if 
they appear against the b a c k g r o u n d of a sufficiently slowly 
varying potent ia l . The dis t r ibut ion function of the ad iaba t ic 
i n v a r i a n t s / ( / ) is then also conserved, which follows directly 
from the system of kinetic equa t ions (70). 

The b o u n d a r y of the mul t i s t ream region (mixing region) 
is the first caustic which appears immediate ly after the 
initial singularity. In the adiabat ic mode l it is assumed tha t 
sufficient mixing, accompanied by conservat ion of the 
adiabat ic invar iant 7, occurs immediate ly after the passage 
of the first caustic. 

It therefore follows tha t the dis t r ibut ion function / ( / ) is 
conserved in the region b o u n d e d by the first caustic. It 
follows from the law of conservat ion of the mass of mat te r 
crossing the first caustic tha t 

dm dx dlc — = p ( x c ) — = , / ( / c ) — - , 
dt H v CJ dt J v CJ dt 

(71) 

where xc is the coord ina te of the caustic and 7C is the 
adiabat ic invar iant on the caustic. Rela t ionships (41) and 
(69) then give 

Figure 4. Integral density m{x) at times t > \0tc 

udx • 3 V T 4 / 3 

• 4 V l X c 

(72) 



700 A V Gurevich, K P Zybin 

If xc is found from formula (72), then expressions (71) 
and (41) can be used to determine the dis t r ibut ion function 

Ahy-

Ah) = p ( * c ) dl. 
(73) 

In view of the conservat ion of the dis t r ibut ion function of 
the adiabat ic invariance, it follows tha t for any value of 7, 
we have 

An =Ah\=l 
(74) 

The equat ion for the field poten t ia l can then be wri t ten in 
the form 

9V 
ox [ 2 ( £ - i / 0 ] 1/2 dE (75) 

where the dependence 1(E) is defined by expression (69). 
The system of equa t ions (70) considered in the ad iaba t ic 

approx ima t ion thus assumes the form of expressions (69), 
( 7 3 ) - ( 7 5 ) . I ts solut ion in the limit x —> 0 should be sought 
na tura l ly in the form of the power law: 

iA = i A i * a • 

It then follows from expression (69) tha t 

^ l / 2+l / a 
Co 

l/a 
Co )l/2 

Jo 
l - / ) 1 / 2 d y 

W e can see from expressions (73) and (74) tha t 

3/4 1/2 

f UcJ v\ Vx Ui 
-(3a+6)/8a 

(76) 

(77) 

Subst i tut ion of expression (77) in the equat ion for the 
poten t ia l (75) gives finally the required steady-state solu­
t ion: 

10 
a : 7 ' 

where 

C, = 2-1'2 

41 r f - L f 4 * 

3 0 C l V 4 C 0 J vi 

8/7 

(78) 

-0 .9 

>V2 ( 1 _ 3 , 1 0 / 7 ) 1 / 2 ^ 

The solution described by expressions ( 7 6 ) - ( 7 8 ) is fully 
mixed and steady-state, since the dis t r ibut ion function then 
depends only on the s t ream energies E. 

It is thus evident from the adiabat ic mode l tha t 
mul t i s t ream mixing establishes a s teady-state dis t r ibut ion 
with a singularity of the average density at the poin t x = 0 . 
In fact, if a = 10/7, we have 

P = f 9 h x - 4 / 1 - (79) 

A singularity appears also in the s teady-state dis t r ibut ion 
function (77): 

/ o c £ - 9 / 1 0 . (80) 

As poin ted out above, relat ionship (79) is best examined 
by considering the curve m(x) shown in Fig. 4. W e can see 
tha t , in the limit x —> 0, relat ionship (79) agrees well with 
the results of a numer ica l s imulat ion. It follows from the 

Figure 5. Time dependence of the minimum of the potential. 

d is t r ibut ion described by expression (58) tha t the real 
dis t r ibut ion function consists of a set of 8 functions and, 
therefore, it f luctuates strongly. However , once again the 
agreement is satisfactory between numer ica l calculat ions 
and relat ionship (80) [29]. 

Let us n o w consider our adiabat ic approx imat ion . W e 
can see tha t the solution described by expressions (79) and 
(80) is of scaling na tu re , tha t the real f luctuat ions of the 
poten t ia l are small (Fig. 5), and tha t moreover the per iod of 
the oscillations of the s t reams 

(81) 

tends to zero for E —> 0. Therefore, if E —> 0 (x —> 0), the 
adiabat ic solut ion is asymptot ical ly correct. Consequent ly , 
it is also valid for all energies E <̂  1, as confirmed by a 
compar i son with numer ica l results. 

Rela t ionship (81) and the scaling na tu re of the solution 
described by expressions (79) and (80) provide essentially 
the justification for the use of the adiabat ic approx imat ion . 

5.4 Accumulation of caustics 
The reduct ion in the oscillation per iod with energy 
described by expression (81), means tha t in the limit 
E —> 0, i.e. near the b o t t o m of a po ten t ia l well, the 
caustics form m o r e and m o r e frequently. W e shall n o w 
consider the law governing such accumula t ion of the 
caustics. Accord ing to expressions (61) and (63), the 
process of mult ipl icat ion of the caustics is equivalent to 
the appearance of new roo t s of the 8 function. At any 
m o m e n t t the dis t r ibut ion function retains its general form: 

f=p(x, t)8[v-V(x0, v, t)] , 

where x = t — t0, t$ is the initial m o m e n t of t ime and x 0 is 
the initial poin t of a p a t h which is an integral of mot ion . 

W e shall assume tha t this mo t ion occurs asymptot ical ly 
in a mixed potent ia l . W e then have 

1 0 / 7 N - 1 / 2 dxi 2E (82) 
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At x = 0, it follows from expression (41) tha t 

V = -Vxx, 1/3 

new variable c o s # = (2xl/l/v2)l^2x5^7 gives 
Replacement of the var iable x in expression (82) with a 

(83) 
' v 2 \ 7 / 1 0 r 

VX = ( —— | C O S 2 / 5 0 d 0 , 

a = arccos [ ( 2 i A 1 ) 1 / 2 X Q / 7 / V ] and b = arccos [ ( 2 ^ 1 ) 1 / 2 x 5 / 7 / v ] . 
In view of the symmetry of the pa t t e rn relative to the 

variables v - x , the appearance of the new roots , i.e. of the 
new tu rns of the spiral, can be observed m o r e conveniently 
a long the v axis. The po in t s vn can be found by subst i tut ing 
x = 0, i.e. b = 7 i / 2 , in E q n (83). Then after a long t ime in 
the limit x —> o o the solut ion of E q n (83) becomes 

arccos (2*i) 1/2 -*Q 

V 
(84) 

where 

<7o 
1 f27C 

= — c o s 2 / 5 0 d 0 
2 t t Jo 

If x0 is expressed in te rms of v by means of re la t ion­
ships (82) and (84), the result is the following 
t ranscendenta l equat ion: 

• 7 / 1 0 s i n 7 / 5 (2*i) 7/10 _ 

<?0 v 2 / 5 
(85) 

After a long t ime (t —> o o ) the solution of Eqn (85) is 
practical ly coincident with zeros of the sine: 

2/5 = Tin 

Therefore, the sequence of roo t s vn obeys 

v 5 / 2 

(86) 

where n = 1, 2 , . . . , N. 
The m a x i m u m number N of the caustics can be 

est imated from Eqn (85). Since the sine is always less 
t han unity, we find tha t 

> T ( 2 ^ ) ' V 
7/10 v 3 / 4 (87) 

Accord ing to inequali ty (87), the number of caustics 
increases p ropor t iona te ly to t ime x. 

The relative separat ion between the caustics Avn/vn 

decreases with increase in N. In fact, we find from 
formula (86) tha t 

^ = f , (88) 
vn In 

i.e. according to equali ty (88), the reduct ion in the scale 
(and, consequently, the reduct ion in the smallest dis tance 
between the caustics) obeys 

Av/y _ 5 1 

vN ~ 2N ^ x 
(89) 

In view of the above rela t ionship, similar re la t ion­
ships ( 8 6 ) - ( 8 9 ) are obeyed also by the coordina tes xn of 
the caustics. W e recall tha t on each caustic the density 

becomes infinite [see the system of equa t ions (67)]. There ­
fore, with the pass ing of t ime, the ac tua l pa t t e rn of the 
density dis t r ibut ion becomes m o r e and m o r e jagged and the 
degree of jaggedness increases on app roach to the centre of 
a singularity in the region where x —> 0. 

5.5 Natural oscillations 
Only small-scale caustic waves have been considered so far. 
The steady kinetic state of expression (80) can be regarded 
as an equil ibrium dynamic system. A deviat ion from the 
posi t ion of equil ibrium, such as (in par t icular ) the initial 
state described by the condi t ions (32), should result in the 
excitation of na tu ra l oscillations of the system. 

These na tu ra l oscillations can be described by represent­
ing the dis t r ibut ion function and the field poten t ia l as 
follows: 

f=fo(E)+fl9 iA = * A o M + <Pi , (90) 

where f0 and \j/0 are the steady-state dis t r ibut ion function 
and the field potent ia l ; fx and q>x are the deviat ions of the 
dis t r ibut ion function and of the poten t ia l from the 
equil ibrium values. 

Subst i tut ion of expression (90) into the system of 
equa t ions (7) gives 

8/i ^ 8/i 6iAQ 8/! d(px 8/p dcpx 8fi 
8^ 8x 8x 8v 8x 8v 8x 8v 

= 0 , 

dx2 

•+oo (91) 

fidv 

The linear pa r t can be separated in a na tu ra l m a n n e r from 
the system of equa t ions (91): 

8/i ^ 8/i 8iAQ 8/! dcpx 8/0 = Q 

8^ 8x 8x 8v 8x 8v 

dx2 

(92) 

/ i d v . 

The system (92) describes e igenmodes of linear oscilla­
t ions. The first ( fundamental ) m o d e can be seen in the 
oscillations of the field poten t ia l shown in Fig. 5. The 
per iod and, consequently, the angular frequency of this first 
mode , are 

T = 4 .2 , CD = 1.50 

Since the investigated system is nondissipat ive, linear 
oscillations should na tura l ly be u n d a m p e d . However , 
Fig. 5 demons t ra tes clearly tha t the ampl i tude of the 
oscillations decays: this is due to the fact tha t the 
oscillation ampl i tude is finite. The decay of this ampl i tude 
is a consequence of the nonl inear interact ion of the 
eigenmodes. 

W e shall describe this process by expanding the function 
fx in te rms of the ket eigenvectors \gn(x, v)) of the system of 
equa t ions (92): 

fx = ^ e x p (Xnt)An(t) \gn(x, v)> , (93) 

where Xn are the eigenvalues of the system (92); An{t) is the 
ampl i tude cor responding to the e igenmode \gn(x, v)). 
Subst i tut ion of expression (93) into the system of equa ­
t ions (91) and mult ipl icat ion by the cor responding b ra 
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vector of the system (92) gives the following equat ion for 
the ampl i tude of the / th-mode: 

dA 
~dt 

(94) 

formula (80), we find tha t in this state — in accordance 
with expression (97) — the en t ropy has the finite value 

Sf = % ^ v f l n G o + / ? l n ^ P 

where 

K, l,m,n is, dxi dvi gn(xu vx) — | g m ) 

E q n (94) for A z can be used to find the asymptot ic law 
of decay of the ampl i tudes after a long t ime t. Bear ing in 
mind tha t all the eigenvalues Xn of the system are purely 
imaginary, E q n (94) considered in the limit t —> oo becomes 

dA, 
dt 

' ^ ^ ^ l—m A m m ^ i_m 
(95) 

The form of E q n (95) for the m o d e ampl i tudes is a na tu ra l 
consequence of the quadra t i c na tu re of the nonl inear i ty in 
the system of equa t ions (91). 

E q n (95) has the obvious solution 

(96) 

where the cons tan ts Q satisfy the following system of 
algebraic equat ions : 

y ^ { Q - m Cm ^l,m,l-m + ^m,l^m} = 0 • 
m 

W e can thus see tha t after a long t ime the ampl i tudes of the 
eigenmodes decrease as l/t. 

The cor respondence between the decay law of the 
eigenmodes (96) and the law describing the reduct ion in 
the scale by the caustic waves (89) is quite na tu ra l . The 
decrease in the m o d e ampl i tudes is due to con t inuous 
transfer of energy to higher ha rmonics , which occurs 
precisely because of the caustic-induced reduct ion in the 
scale. In this sense the process of nonl inear re laxat ion is 
fully ana logous to the nonl inear L a n d a u damping of p lasma 
oscillations [34]. The first ( fundamental ) m o d e decays mos t 
slowly and the dynamics of this m o d e can be judged on the 
basis of the t ime dependence of the m i n i m u m of the 
poten t ia l shown in Fig. 5. W e can see tha t the l/t law 
is suppor ted quite well by the numer ica l calculat ion. 

5.6 Change in the entropy 
Since the investigated system is conservative, b o t h the 
decay of the modes and the caustic-induced reduct ion in 
the scale imply simply the transfer of energy to smaller 
scales. In view of this, it is useful to consider the to ta l 
en t ropy of the system 

dx (97) 

It follows from E q n s (7), (58), and (97) tha t in the initial 
state the to ta l en t ropy is —oo. The dynamic process 
described by the system of equa t ions (7) cannot change 
the ent ropy. Therefore, at any m o m e n t the en t ropy should 
be —oo. The validity of this conclusion is readily confirmed 
if we bear in mind tha t the dis t r ibut ion function can always 
be represented in the form given by expression (58). 
However , if we consider a mixed state described by 

Here , according to formula (80), ft = 9/10, \jtm is the depth 
of a poten t ia l well, and 

4C0y Vi Vi T l 

The whole en t ropy of the mixed state is therefore 
concent ra ted not in the mean average dis t r ibut ion, bu t 
in giant small-scale f luctuat ions governed by the presence of 
an infinite set of caustics. In this sense we can say tha t 
re laxat ion of the investigated system to a mixed kinetic state 
by the purely dynamic forces discussed above is incomplete: 
in the absence of dissipation the system always conserves 
nonequi l ibr ium (giant) f luctuations. 

6. Spherically symmetric singularity 
6.1 Spherically symmetric case 
W e shall n o w consider the process of compress ion of a 
spherically symmetr ic bunch after the appearance of a 
singularity. W e shall analyse first the quali tat ive features of 
flow. Accord ing to expression (46), near a singularity the 
s tream velocity is 

vr = -(2pf2!"W 

and the poten t ia l of the gravi ta t ional field is given by 

2/7 

2 \a 

It is thus clear tha t the kinetic energy of a s t ream is less 
t han the potent ia l energy: 

V 

This means tha t the gravi ta t ional field has the dominan t 
influence on the flow of a gas near a singularity right up to 
the m o m e n t of reversal at t = t^\ 

The form of the gravi ta t ional po ten t ia l after a reversal 
at t > 4^ can be found if, instead of the usua l density p , we 
in t roduce the effective density p = r2p, which takes account 
of the spherical accumula t ion of flow. The system of 
equa t ions (42) can be rewri t ten in the form 

du ( d\ d\\f 
dt \ dr) dr 

dr dr P , (98) 

i.e. the hyd rodynamic equa t ions have exactly the same 
form as in the p lanar case and only the Poisson equat ion is 
modified. 

If we assume tha t after reversal the density p at the 
centre (at r = 0) is — as in the p lanar case — finite (see 



Large-scale structure of the Universe. Analytic theory 703 

Fig. 2b), i.e. if p = p 0 , it follows from the system of 
equa t ions (98) tha t in the limit r —> 0 the po ten t ia l is of 
the form 

*A = P o l n r ' (99) 

In other words , an infinitely deep poten t ia l well appears 
after reversal. However , the velocity v is low. It is therefore 
clear tha t the mot ion of the gas and the part icle density 
near a singularity in the limit r —> 0 are governed entirely 
by the act ion of the field. 

It is also impor t an t to no te tha t a logar i thmic poten t ia l 
well which appears at a t ime t close to 4̂  is very na r row. 
This means tha t the frequency of the oscillations of the 
s t reams t r apped in the well is high and, as shown below, it 
increases rapidly with the depth in the well, i.e. on app roach 
to the limit r —> 0. Consequent ly , in the vicinity of a centre 
an infinite set of caustic singularities appears immediately at 
t > 4̂  and these singularities converge t owards the poin t 
r = 0. Consequent ly , an infinite number of s t reams also 
appears . A s t ructure of this kind will be called a n o n ­
dissipative gravi ta t ional singularity ( N G S ) . 

6.2 Adiabatic theory 
It is na tu ra l to describe a gravi ta t ional singularity with the 
aid of the theory of ad iaba t ic t r app ing [35], since the 
pa rame te r s of a poten t ia l well vary slowly with t ime 
compared with the frequency of the oscillations of the 
s t reams t r apped in the well [see inequali ty (106) given 
later]. This means tha t , in the first approx imat ion , the 
dis t r ibut ion function can be represented in the form 

f=f(E, t) =/(/), 

V d r = 2 2 / 3 

Jo d r , iA(ri> t) = E 

Here , E = V2/2 + ij/ is the energy, / is the adiabat ic 
invariant , and rx = ri(E, t) is a reflection poin t . 

F u r t h e r calculat ions, fully ana logous to those repre ­
sented by expressions ( 7 0 ) - ( 7 5 ) in the p lana r case, yield a 
nonl inear integrodifferential equa t ion for the poten t ia l [26]: 

d 2 ^ # f° 

d x 2 dx 

F(y)=\ [y-^x)]l/2exdx, ^{xl)=y. 
J —oo 

Here , x = ln [ r / r 0 ( f ) ] , r0(t) is the coord ina te of the first 
caustic, and F(y) is the dis t r ibut ion function of the s t ream 
energies, 

[ > 8 w ( y - ^ - ^ d y , 

t - t { 

(1) 

y iA(x, T) = II/1T1/3]/(X) . 

Let us consider the asymptot ic behaviour of the function 
\j/ in the limit x —> oo or r —> 0. Let us assume (this will be 
justified later) tha t the function F(y) falls qui te rapidly in 
the limit y —> oo, so tha t the following integral converges: 

F^(y)dy=B0 . 

Then, the first equa t ion in the system (100) assumes the 
following form in the limit x —> — oo: 

d 2 iA # = b0 

d x 2 dx ( - * / , ) 1 / 2 ' 
(101) 

The solut ion of Eqn (101), which becomes 
limit x —> — oo, is 

2/3 ' 2 1 n ( - x ) 

9 —x 

-oo in the 

(102) 

Therefore, in 
poten t ia l is 

the limit r —> 0 the gravi ta t ional field 

iA(x) oc l n 2 / 3 - . 

This po ten t ia l \jj t ends to —oo when r -
density p vanishes on app roach to r -
with the following logar i thmic law: 

1 
p oc (—x) ! / 3 oc ln -1 /3 

(103) 

-> 0. The effective 
0 in accordance 

(104) 

A compar i son of expressions (103) and (104) with expres­
sion (99) demons t ra tes near a singularity tha t the 
dis t r ibut ions of the field / and of the density xjj are 
governed entirely by the act ion of the gravi ta t ional field. 

The asympto te of the energy dis t r ibut ion function for 
E —> —oo is also readily obta ined from expressions (100) 
and (102): 

f(E, T)=BLTl'\-y) 
-1/32 

exp -o(-y) 
3/2 (105) 

The above dis t r ibut ion function falls exponential ly in the 
limit E —> 0, which is in par t icular the justification for 
E q n (101). It should be poin ted out tha t , in spite of its 
exponent ia l na tu re , the dis t r ibut ion function (105) is very 
far from a Bo l t zmann equil ibr ium. 

Final ly, let us consider the validity of the ad iaba t ic 
approx imat ion , i.e. the slowness of the change in the 
poten t ia l xjj dur ing one oscillation per iod T: 

T 8iA 
P = 2mj/ dt 

< 1 • (106) 

Direct calculat ions, carried out by the technique of 
ad iaba t s of an invariant , readily show tha t the pa rame te r 
p is given by [26] 

P=Po(-y)1/4M-(-y)3/2] > (107) 
where p 0 is a cons tant of the order of uni ty and y is defined 
by system (100). 

It therefore follows tha t the condi t ion of validity of the 
adiabat ic approx imat ion , given by inequali ty (106) at 
sufficiently high values of \y\, is always well satisfied, 
i.e. in the vicinity of the b o t t o m of a poten t ia l well the 
solut ions (103) - (105) are asymptot ical ly exact. 

W e shall n o w consider some proper t ies of the solution 
obta ined. The average density obeys 

1 
p oc r In -1/3 (108) 

and, by analogy with the p lanar case described by 
expression (79), it has a singularity at r —> 0. The actual 
(not average) density is strongly jagged by the caustics (in 
the adiabat ic limit the jaggedness is everywhere dense), bu t 
the first integral 

Jo 
i ( r ) = 4TT I r pdr , 

is, as in the p lanar case (Fig. 4), smoo th and tends to zero 
in the limit r —> 0. 
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In contras t to the p lanar case, in the spherical case the 
singularity at r —> 0 also has the field poten t ia l given by 
expres-sion (103). Consequent ly , local t r app ing and mul t i -
s t ream flow occur immediate ly after the format ion of the 
initial singularity described by formula (46) and, in view of 
the na r rowness of the wall, i.e. because relat ionships (106) 
and (107) are obeyed, the processes of mixing and t ransi t ion 
to a kinetic state occur practical ly immediately at t > t[l\ 
whereas in the p lanar case such a state appears only after 
t>tc. 

P r 

Figure 6. Distribution of the density p(f) at the moment of 
appearance of a singularity. 
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Figure 7. Potential \j/{f) at the moment of appearance of a singularity. 

Figure 8. Phase plane in the case of spherically symmetric compres­
sion. 

6.3 Numerical simulation 
In addi t ion to the adiabat ic theory, the p rob lem has been 
tackled by numer ica l s imulat ion of the process of kinetic 
mixing in the spherically symmetr ic case [36]. The results of 
such s imulat ion are presented in Figs 6 - 8 . W e can see tha t 
a density singularity (curve 1 in Fig. 6) appears at the 
m o m e n t t = However , the poten t ia l at this m o m e n t 
still has a finite value (curve 1 in Fig . 7). The results 
obta ined are in good agreement with the exact analyt ic 
solut ion given by formula (46). 

Accord ing to the ad iaba t ic theory predict ions , a sharp 
dip of the poten t ia l appears at the centre of the initial 
dis t r ibut ion of mat te r at t > 0 (curve 2 in Fig. 7). Even at 
very low values of T there are mult iple reflections of 
part icles (in the limit r —> 0) from the self-consistent field 
poten t ia l and a density dis t r ibut ion close to tha t described 
by the law (108) is established (curve 2 in Fig. 6). 

In the spherically symmetr ic case the behaviour of the 
system differs considerably from tha t in the p lanar case. 
Immedia te ly after the appearance of a singularity a mixed 
mul t i s t ream state begins to evolve and this state is 
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characterised by a dis t r ibut ion function in which it is 
impossible to identify 8-like peaks typical of mul t i s t ream 
flow (Fig. 8). 

W e recall tha t in the p lanar case the dis t r ibut ion 
function is formed by consecutive tr ipling of the s t reams 
at the centre of the dis t r ibut ion and qui te a long t ime is 
required for the appea rance of a fairly smoo th average 
function. 

It therefore follows tha t the analyt ic adiabat ic theory 
predic t ions are well suppor ted by the numer ica l s imulat ion 
results. The spherically symmetr ic flow seems to be a un ique 
system in which the dynamic process establishes a kinetic 
mixed state after a singularity in a t ime interval which can 
be as short as we please. It is evident from Fig. 8 tha t the 
incoming 8-like h yd rodyna mic s t ream is rapidly converted 
into a s t ream with a wide dis t r ibut ion function. 

The p lanar and spherically symmetr ic cases represent 
the limits of the initial general p rob lem described by the 
system of equa t ions (28). In b o t h cases a density singularity 
appears under s teady-state condi t ions: the differences are 
solely in the order of the singularity and in the t ime taken 
to reach the steady state. It is therefore na tu ra l to expect 
tha t the main features of this limit will be manifested also in 
the general case. 

7 . Nondissipative gravitational singularity 
7.1 General case 
The spherically symmetr ic case is degenerate in the sense 
tha t all the part icle mo t ion occurs only a long the rad ius r. 
W e shall n o w study the evolut ion in t ime of a general 
singularity described by expressions (55), when — apar t 
from the radia l mo t ion — there are also t ransverse 
componen t s of the velocity. By analogy with expres­
sions ( 4 9 ) - ( 5 5 ) , the ellipticity pa rame te r s near the 
m a x i m u m of the initial density will be regarded as small: 

a — b 
< 1, e 2 < 1 • 

W e shall deal with this p rob lem by rewri t ing the kinetic 
equat ion (7) in spherical coordinates : 

8 / 8 / W.PeQf, 
dt P r dr r2 69 'r2 cos 2 9 dtp 

Pv 

+ \dt r2 cos 2 9dcp]dE 

-2\Pe^E + 
Pq, 8 / 6jA_6/ = 0 

cos29J 6m2 QcpQpcp 

fdpv dpe dpr, (109) 

[expressions (46) and (55)] should be regarded as the 
initial condi t ions for the system of equa t ions (109). 

W e shall n o w consider a system of expressions (55). 
Two velocity componen t s , and uq, are t ransverse to the 
radia l velocity vr. Consequent ly , the componen t s , u±y , 
u±z are not independent and, as can be seen from 
expressions (55), the componen t can be ignored near 
a singularity. This means tha t one of the t ransverse 
componen t s , for example w^, can be assumed to be zero. 

Wi thou t l imitat ions on the generality, the expression for 
the t ransverse componen t ue is described by the following 
expression, accurate to within e 2 : 

3 
uo = 2 Vr& 

where s2 = e 2 + si — EXE2- Consequent ly , 
equa t ions (109) can be simplified. In fact, 
t ion function is represented in the form 

f=f&(pv) , 

the result is 

dt P r dr r

2 Q9 dt dE d9 dm 

(110) 

the system of 
if the dis t r ibu-

2(E-i/j-
'ir2 

1/2 (111) 

F o r simplicity, we shall omit the tilde a b o v e / . 
A n analysis of the solution of the systems of equa ­

t ions (51) and (55) shows tha t 

m ~ s, 
dxjj_ 
80 

~ 8 

i.e. the angular pa r t of the dis t r ibut ion function is small. 
Moreover , this angular pa r t decays with t ime because of 
energy transfer to higher ha rmonics , in full ana logy with 
the process discussed in Section 5. 

Averaging over the angle 0 in E q n s (111) and bear ing in 
mind tha t the quant i t ies E and m2 are integrals of mot ion , 
we find tha t the spherical pa r t of the dis t r ibut ion function is 
described by the following kinetic equat ion: 

8; 
2\E . m 

• + -2? 

1 / 2 8 / , 8 j A _ 8 / = 0 

dr dt dE 
(112) 

The Poisson equat ion then becomes 

dr V dr 

f0 

dm 

x 
2 \ - l / 2 

f(E, m\r,t)[E-\lf-^j) dE . (113) 

where the m o m e n t a pr, pe, and j 
velocities v r , vq , and by 

Pep 

are related to the 

vr = Pr , 
Pe 

ve = — , 
r 

V<P=~ Q> 
r r co s t / 

where E = p2

r/2 -\-p2

e/2r2 + p2/(2r2 c o s 2 0) + \j/ is the energy 
of the system, m2 = p2

e +P(p/cos2 6 is the square of the 
angular m o m e n t u m , and p^ = has the physical mean ing 
of the angular m o m e n t u m relative to the z axis. As usual , 
the re la t ionships applicable to the initial singularity 

7.2 Adiabatic theory 
W e shall use the adiabat ic approx ima t ion (see Sections 5 
and 6) to find the solution of the system of equa t ions (112), 
(113) [28]. In this approx ima t ion the f u n c t i o n / d e p e n d s on 
the square of the angular m o m e n t u m m2 and on the 
adiabat ic invar iant : 

2-i 1/2 

2r\\ 
d n (114) 



706 A V Gurevich, K P Zybin 

where r m i n and r m a x are zeros of the rad icand . The energy E 
in Eqns (113) and (114) is measured from the caustic. It 
follows from the hyd rodynamic solution tha t 

m = m()r( 

2 16/7 
O'o 
9 
1 

E(r0)=E, 

E(r0)=-^0rl/7+o(s) (115) 

m2

0 = 0 . 0 8 8 1 p 0 e 2

; Po = P o < 2 1 2 / ? 

The condi t ion of cont inui ty of flow on the caustic gives 

p(r0) dr0 =/(/„) d/0. (116) 
Accord ing to the adiabat ic theory, the form of the 

dis t r ibut ion function / ( / ) is governed by the condi t ions at 
the t r app ing b o u n d a r y , i.e. on the caustic at I = I0(t). 
Conserva t ion of the adiabat ic invar iant means tha t the 
dis t r ibut ion function is 

/ ( / ) = / ( O I / m = / • 0 1 7 ) 
It follows from relat ionships ( 1 1 4 ) - ( 1 1 7 ) and from the law 
of conservat ion of the angular m o m e n t u m tha t 

/ ( / ) = / 0 / 1 / 8 ( £ ) 5 ( m 2 - / 2 / 2 ) , 

where 

(118) 

. 4 9 p 0 

,7/2 

/ o - 7 2 i o U 0 ) ^ 

C, >V2 «AoK2/7 

ll 

ml 
2K2 

7_\*ml 
Wo) C\ 

1 

W~o 

1/2 

d?c 

Subst i tut ion of relat ionship (118) into Eqns (113) and 
(114) gives 

f x 
Jxjj+m1 jlr 

I = 21'2 

I^(E)8(mz-lz

0Iz)[E-iP-^ 
-1/2 

t lV2 

2rx 

dE 

(119) 

W h e n l0 t ends to zero, the system of equa t ions (119) 
reduces exactly to the system (100) derived in the absence of 
the m o m e n t u m . In this limit, the field poten t ia l is 

2 r 

2/3 

(120) 

where r 0 is the posi t ion of the caustic separat ing the regions 
of single-stream and mul t i s t ream flow, and C 0 is a 
normal i sa t ion constant . 

A n analysis of the system of equa t ions (119) by a 
p rocedure ana logous to tha t described above shows tha t 
in a region of rad ius 

0 ^ r ^ r P r P = 0.0731 
*Ao 

7/2 
46/49 

there is a power- law solution of the system (119): 

•A = -Xo( ' ) + » A / / 7 , <Ai = 5.742 « A 0 £ - 3 2 / 4 9 • (121) 

Outs ide the region defined by the above expressions the 
m o m e n t a are u n i m p o r t a n t and, therefore, the solution 
described by expression (120) is valid. The depth of the 

10* r 

106 -

104 

10z -

10u 

101 \02 \05 104 r 0 / r 

Figure 9. Radial distribution (r e = 10~ ) of the density in a mixed state: 
( 7 ) in accordance with expression (120); ( 2 ) in accordance with 
expression (121). 

po ten t ia l well / 0 (0 in the solution (121) is found by 
assuming cont inui ty of the poten t ia l at a poin t r = re. Wi th 
logar i thmic accuracy, we have 

Co In m ( N " " V 
- 7 / 2 - 4 6 / 4 9 

^1/2 
. (122) 

Rela t ionships (120) - (122) solve, in the adiabat ic 
approx imat ion , the p rob lem of the appea rance of a n o n ­
dissipative gravi ta t ional singularity in the presence of 
m o m e n t u m . The radia l dis t r ibut ion of the density near 
this singularity is shown in Fig. 9. The dashed line in Fig. 9 
is the behaviour of the density described by expres­
sions (120) and (121) (curves 1 and 2, respectively). The 
difference between these two curves is slight. F o r example, 
if they are represented by the power low r _ a , then for the 
value r8 = 10~2 adop ted in this figure, we have a = 1.87 and 
1.72 for curves 1 and 2, respectively. 

It therefore follows tha t the s teady-state dis t r ibut ion of 
the density near a singularity can be described a p p r o x ­
imately by a power law: 

Kr~ 1.7-1 .9 (123) 

where with an error of abou t 5% the value of a can be 
regarded as cons tant . 

7.3 Numerical simulation 
In numer ica l s imulat ion of the s i tuat ion after the m o m e n t 
of appea rance of a singularity we solved E q n s (112) and 
(113) subject to the initial condi t ions (110) at t = tc. The 
s imulat ion results show tha t immediate ly after the 
singularity a steep dip of the poten t ia l appears in the 
vicinity of the centre at r = 0, bu t the dip is shallower t han 
in the spherical case. The solution then obta ined has the 



Large-scale structure of the Universe. Analytic theory 707 

P E 

103 

104

 r 

10J r 

102 -

101 

I 

J i i i i i i i I l i i i 

10" 10" 

Figure 10. Spatial distribution of the density in the case when 
e2 = 0 . 1 . 

p roper t ies of b o t h spherically symmetr ic and p lanar 
solut ions. 

W e can see in fact three clearly separate zones in Fig. 10: 
( l ) 0 < r < r 0 is the zone where intense mixing of the 
s t reams takes place; (2) r > r c is the region of h y d r o -
dynamic single-stream flow, separated from the third 
zone by a caustic located at the poin t r c ; (3) r 0 < r < rc 

is an in termedia te t ransi t ion zone, the s t ructure of which 
resembles the mult icaust ic pa t t e rn of one-dimensional flow 
(in this zone the mixing is no t complete and the separate 
caustics can be seen). The con t inuous line in Fig. 10 is the 
dis t r ibut ion of the average density formed after the 
appearance of the singularity. W e can see tha t the results 
of the numer ica l calculat ion agree well with the adiaba t ic 
theory predic t ions represented by expression (123). This 
predict ion [25, 27] and the calculat ions [35] are suppor ted 
by the results of numer ica l calculat ions carried out recently 
by other au tho r s [58]. 

It therefore follows tha t dur ing the development of the 
Jeans instabili ty in cold nondiss ipat ive mat te r in the vicinity 
of the initial m a x i m u m of the effective density we can 
expect, after a sufficiently long t ime, a density singularity of 
the type described by expression (123) and this singularity is 
practical ly independent of the ellipticity s of the initial 
m a x i m u m . However , the quant i ty s influences significantly 
the t ime taken to reach the steady-state solution: the larger 
the value of 8 , the longer the t ime needed for a system to 
assume a mixed state. 

8. Hierarchical structure 
8.1 General qualitative pattern 
W e have considered above the nonl inear dynamics of a 
single bunch which appears in the vicinity of the effective 
density m a x i m u m described by expression (29). Beginning 
from this section, we shall analyse the behaviour of a 
r a n d o m dis t r ibut ion of the density of a nondiss ipat ive self-
gravi ta t ing gas which has a wide spectrum of the initial 

f luctuations. It is impor t an t to stress tha t this is the 
Z e P d o v i c h - H a r r i s o n spectrum tha t te rminates abrupt ly at 
the wave number k = kmax, which cor responds to the mass 
of dark mat te r part icles (see Section 2). In the region of 
k = kmax the spectrum therefore has a clear m a x i m u m , so 
tha t inhomo-genei t ies which are specifically of the 
R w Rm = &~ax scale are the first to reach the nonl inear 
evolut ion stage. 

U n d e r the condi t ions specified by expression (18) there 
are no small-scale f luctuat ions and the large-scale fluctu­
at ions are still weak: they have no t reached the nonl inear 
stage. This means tha t the nonl inear g rowth of the first 
inhomogenei t ies is of pure ly dynamic na tu re and, con­
sequently, it can be described accurately by the solut ions 
given above. 

In a t ime exceeding the Jeans t ime [tg = (4nGp0)~1^2] the 
first s teady-state dynamic N G S structures form on a scale 
of Rm. They are characterised by a definite scaling law of 
the dis t r ibut ions of the density, velocity, and field potent ia l , 
described by expression (121), which depend little on the 
actual form of the initial max ima . 

It is very impor t an t to no te tha t dur ing the per iod of the 
linear g rowth of inhomogenei t ies their scales increase with 
t ime in the course of the H u b b l e expansion of the universe, 
p ropor t iona te ly to the scaling factor. After the separat ion 
of a nonl inear b o u n d object (NGS) , the scale and s t ructure 
of this object become fixed. D u r i n g the subsequent H u b b l e 
expansion such N G S s par t ic ipa te as separate elements or 
objects separated by distances which increase, bu t the 
objects themselves do no t change. 

Moreover , the process of expansion of the Universe 
reduces the average density of mat te r , bu t the density in an 
N G S remains constant . The latter density is governed by 
the characterist ic scale of the N G S and by the m o m e n t at 
which it forms. At a given m o m e n t the observed size of the 
object R ' in comoving coordina tes is related to its size R at 
the m o m e n t of format ion by 

(124) 
1 +ZR 

where zR is the cosmological red shift associated with the 
m o m e n t of format ion of the N G S . 

The m o n o t o n i c na tu re of the fluctuation spectrum 
cor responding to k < kmax and the cont inui ty of the growth 
of the f luctuation ampl i tude with t ime [we are speaking here 
na tura l ly of an uns tab le m o d e described by expression (24)] 
imply tha t the initial scale Rm of the nonl inear stage of the 
evolut ion is followed by larger scales (R = \/k>Rm). 
Then, N G S s of scale Rm < R m a y occur as separate 
elements of an N G S scale R. Then , after complet ion of 
nonl inear re laxat ion, N G S s of scale R also become separate 
objects in the expanding universe, so tha t the H u b b l e 
expansion inside them ceases. 

This is followed by the nonl inear stage of the evolut ion 
of N G S s of scale Rx > R. They m a y include N G S elements 
of scale R and of scale Rm. This is h o w a hierarchical 
s t ructure of N G S s of var ious scales, embedded in one 
another , gradual ly grows. The present section is intended 
to give a descript ion of this process . 

It should be stressed tha t , since the initial f luctuation 
spectrum is r a n d o m , different n u m b e r s of N G S s with 
different scales m a y combine to form separate objects of 
a hierarchical s t ructure , depending on the statistics of the 
max ima in the initial spectrum. Some of these objects m a y 
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no t combine with others at all and they retain their 
independence. 

A s tudy of var ious possible combina t ions of these 
objects should identify their statistics and the correlat ion 
proper t ies . The statistics is dealt with in Section 10. Finally, 
we should ment ion tha t we are discussing here only 
completely formed N G S s . Some structures appear also 
in the course of their format ion. Moreover , these s t ructures 
are the largest-scale objects tha t separate out in the 
Universe . They are dealt with in Section 9. 

8.2 Hierarchy of scales 
W e shall n o w consider a r a n d o m dis t r ibut ion of the initial 
density of a gravi ta t ing gas characterised by a wide 
spectrum of f luctuat ions which are assumed to be 
h o m o g e n e o u s and isotropic. The dynamics of this gas is 
still described by the system of equa t ions (7) subject to the 
initial condi t ions (27), where d^r) is a r a n d o m function 
with a wide spectrum of scale R. Let us in t roduce a 
dis t r ibut ion function averaged over the scale R: 

fi R(r, v, t) = ^f(r + s, v, t)W(s)ds . (125) 

H e r e W(s) is a smoothed-ou t function, which is normal ised 
and falls rapidly at infinity: 

f + O O 

W(s)ds = 1 . 

Suitable averaging in the system of equa t ions (7) gives 

(126) -^- + -z ^ + SR = 0 > 
ot or or ov 

fdv, 

where 

M 

SR=^(ty).^f(r + s)W(s)ds, 

8 ^ = tfr(r + s ) - ^ ( r ) . 

W e shall show tha t the correlat ion integral SR is 
generally small, so tha t in the first approx ima t ion it can 
be ignored. In the same approx imat ion the system of 
equa t ions (126) is practical ly identical with the initial 
system of equa t ions (7). The only difference is tha t the 
initial density dis t r ibut ion d^r) is averaged: 

f + O O 

(127) 
f + O O 

8{r,R,ti)=\ WQr-yDSfatddy 
J OC 

This means tha t all the max ima of the initial density with a 
scale smaller than R are smoothed out . Therefore, the 
solut ion of the system of equa t ions (126) with the 
dis t r ibut ion (127) gives rise to an N G S of scale R or 
greater . It is unde r s tood tha t the singular law of the density 
dis t r ibut ion in an N G S , described by expression (123), 
applies also to scales of order R. 

Let us n o w consider a scale Ri R. The equa t ions for 
fRi are of the same form as the system of equa t ions (126), 
bu t the initial inhomogenei t ies m a y contain only the density 
max ima of scales R^RX because of the averaging 
described by expression (127). The dynamic evolut ion of 
such systems leads to the format ion of s ta t ionary gravi ta­
t ional singularities of scale R\ which contain singularities 

described by the function fR of scale R, which behave as 
small elements t r apped in the field of an N G S of scale Ri. 
This applies also to singularities of scale R2 <^ R t r apped in 
the field of an N G S of scale R and described by a function 

In accordance with expression (124), it is impor t an t to 
stress tha t the size of each object R, R\, or R2 is governed by 
the red shift zR which cor responds to its format ion. The 
bulk of the objects of size R is formed when 

(3 2 ( r , R, t)) = 32

0 ~ 1 . (128) 

The quant i ty 30 is no t k n o w n exactly, bu t in the case of a 
power- law spectrum it is independent of the smooth ing-out 
scale RQ and it is a universal cons tant . 

Ex t rapo la t ion of the linear law represent ing the increase 
in the density up to the m o m e n t t, described by expres­
sion (128), readily yields a relat ionship between zR and R 
for a power- law spectrum of the initial pe r tu rba t ions : 

= 
(m+3)/2 

(129) 

where m is the power exponent of the spectrum of the 
initial density pe r tu rba t ions (for the Z e P d o v i c h - H a r r i s o n 
spectrum we have m = 1) and Rf is the m a x i m u m scale 
which at a given m o m e n t begins the nonl inear stage of its 
evolut ion described by expression (128) (zR{ = 0). F r o m 
rela t ionships (124) and (129) we can n o w obta in an 
expression relat ing the sizes of the objects in the comoving 
coord ina te system in the present epoch and at the m o m e n t 
of their format ion 

R = R{ (m+5)/2 R-(m+3)/2 (130) 

It therefore follows tha t a complete solution for the 
established range of scales R < Rf represents a hierarchical 
s t ructure consisting of N G S s of different scales embedded 
in one ano ther and moving a long finite pa ths , and also of 
separate N G S s moving independent ly . Typical d imensions 
of N G S s are then described by re la t ionships (128) and 
(130). 

Scaling relat ionships (123) for the dark mat te r density, 
for the potent ia l , and for the velocity are independent of the 
initial spectrum and remain the same for all the scales where 
mul t i s t ream flow has a l ready been established. On the other 
hand , the n u m b e r of growing N G S s of different sizes 
depends strongly on the dis t r ibut ion of the initial fluctu­
at ions . 

8.3 Cloud-in-cloud parameter and estimate of the 
correlation integral 
The main pa ramete r tha t characterises the degree of 
embedding or inclusion of smaller objects of a hierarchical 
s t ruc-ture in larger ones is the cloud-in-cloud pa ramete r 
e(R), i.e. the probabi l i ty tha t an object of size R is inside 
some other object. This probabi l i ty is governed by the 
dependence of the ' concen t ra t ion ' of the max ima of the 
initial density dis t r ibut ion on their size n(R) and by the 
spatial correla t ions of these maxima . 

If in the long-wavelength range the initial spectrum 
obeys a power law |<5(&)|2 oc km (see Section 2), then in the 
case of sufficiently large values of R the scaling invar iance 
of the spectrum leads to 

n(R)dR =3pR~4dR , (131) 
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where is a dimensionless pa ramete r which depends on the 
power exponent m of the spectrum. The concent ra t ion of 
objects of size exceeding R is n ( > / ? ) = fi(R~3 — Rf3), 
where Rf is the size of the largest objects tha t have formed 
up to a given m o m e n t . 

Ignor ing the correla t ions in the dis t r ibut ions of the 
objects, we can est imate the cloud-in-cloud pa ramete r from 

e(R) ' 1 
, 3 

nR3n(R) dR =4jtj81n 
Ri 
R 

(132) 

A n est imate of the dimensionless pa ramete r deduced 
from observa t ional da ta on clusters and groups of galax­
ies [37] gives 

« 6.4 x 1 0 " 3 . 

This empirical est imate m a y be somewhat underes t imated 
because the cont r ibu t ion of dark mat te r to the masses of 
the objects is not taken fully into account . A theoret ical 
est imate of the upper limit of ft for a spectrum with the 
power exponent m also gives a low value [38]: 

P < 0.016 m + 5 

3/2 

Therefore, the degree of embedding of objects in a real 
hierarchical s t ructure is no t very large. The evolut ion 
pa t t e rn of a hierarchical s t ructure depends on t ime t. At 
any given m o m e n t t a hierarchical s t ructure evolves from a 
scale Rm to a scale R(t), which is given by expression (128). 
The m a x i m u m turbulence scale is of the order of Rf it is 
governed by the range of scales tha t have reached the 
nonl inear stage up to the m o m e n t in quest ion. 

W e shall n o w est imate the correlat ion integral SR in the 
system of equa t ions (126). Such an integral for an N G S of 
smaller scale R t r apped in an N G S of larger scale Ri differs 
from an integral for u n t r a p p e d N G S s , i.e. for those tha t 
move independent ly . In view of the smallness of the 
pa ramete r the interact ion between N G S s can be esti­
ma ted from the C o u l o m b law. 

The order of magn i tude of a correlat ion integral is 

••pt., (133) 

where the pa rame te r p is the rat io of the 'mean travel t ime ' 
to the Jeans t ime. F o r a freely mov ing N G S this pa rame te r 
is 

(Mr (134) 

where A is the C o u l o m b logar i thm. 
W e shall n o w consider the case of t r apped N G S s . In 

view of the smallness of the dimensionless pa ramete r the 
probabi l i ty of t r app ing an N G S of smaller size R by one of 
larger size Ri is low: it is of the order of If we est imate the 
pa ramete r p for this case and bear in mind the density 
dis t r ibut ion described by expression (123), we obta in 

(AP2)-1 
18/7 6/7 

(135) 

W e can see tha t the pa ramete r p is always large: this is t rue 
b o t h in the case of a freely moving N G S , described by 
formula (134), and in the case of t r apped N G S s described 
by formula (135). Therefore, in the first approx imat ion , we 
can ignore SR in the system of equa t ions (126). 

In the case of a freely moving N G S a collision occurs 
mainly at the 'edges ' , which does no t affect the s t ructure of 
a singularity. However , in the case of t r apped N G S s when 
t > tR a dis tor t ion occurs in the central pa r t of the 
singularity. However , it should be poin ted out tha t the 
est imate given by formula (135) is obta ined on the a s s u m p ­
t ion tha t in the course of a mo t ion of an N G S of smaller 
scale R in an N G S of larger scale Rx the former does no t 
lose its mass . On the other hand , according to expres­
sion (123) the bulk of the mass is concent ra ted at r~R. 
Consequent ly , dur ing the mot ion of an N G S of scale R in a 
po ten t ia l of scale Rx there is a loss of the mass of the N G S 
in a region of high gradients . 

The process of inelastic head-on collisions m a y also be 
impor tan t . F o r example, it should be no ted tha t , apar t from 
the scattering of N G S s by one another , there is also 
scattering of da rk -mat te r part icles by an N G S . In view 
of the large mass of an N G S , the scat tering of da rk-mat te r 
part icles changes only the angle bu t not the energy. Such 
scattering accelerates the change of the dis t r ibut ion function 
to the isotropic form by averaging this function over the 
angles. 

In principle, the collisional processes discussed here lead 
to ' thermal isa t ion ' of mat te r . As is well known , under 
the rmal equil ibrium condi t ions , we have 

Vp 
ViA = - t 

p 
V 2 i A = 47iGp (136) 

where T is the t empera tu re of a gas in equil ibr ium. The 
solution of the system of equa t ions (136) yields a singular 
density dis t r ibut ion (an i so thermal sphere): 

^ IUTZG ^ ^ 

The law given by expression (137) is close to expres­
sion (123), bu t the dis t r ibut ion function described by 
E q n s (118) and (119) differs very greatly from the M a x ­
we l l -Bo l t z m a n n function. This is because the law described 
by expression (123) reflects mainly accumula t ion of s t reams 
directed t owards the centre, whereas the equil ibrium 
dis t r ibut ion described by expression (137) is domina ted 
by the part icles t r apped inside a po ten t ia l well. There ­
fore, a long per iod is necessary to convert the dis t r ibut ion 
function to its equil ibrium form. Such an equil ibrium is 
never reached in cold nondiss ipat ive mat te r . 

In fact, the a t t a inment of an equil ibrium described by 
expression (137) requires a t ime much longer t han the mean 
free t ime 

tf< {navy1 , (138) 

where n is the da rk -mat te r density, a is the collision cross 
section of da rk -mat t e r part icles, and V is their charac ter ­
istic velocity, found from the dis t r ibut ion function defined 
by E q n s (118) and (119). Even in the case of a light 
neut r ino with mass m v w 2 eV the t ime tf is between eight 
and nine orders of magn i tude longer t han the lifetime of 
the Universe . In the case of heavy da rk -mat te r particles the 
t ime tf is obviously even longer. 

W e have considered so far only the nondiss ipat ive da rk 
mat te r . It is the absence of dissipation in cold self-
gravi ta t ing dark mat te r tha t gives rise to N G S s . H o w ­
ever, the dynamics of the baryonic mat te r is largely 
determined by dissipative processes. Such mat te r loses 
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energy by emission of rad ia t ion and d rops to the b o t t o m of 
the poten t ia l wells formed by the cold dark mat te r . The 
luminous ba ryon ic mat te r then acts as an indicator of the 
s t ructure of dark mat te r , identifying in par t icular the 
posi t ion of the centre of an N G S . This p roduces a un ique 
object: ba ryon ic mat te r with a halo of da rk mat te r . 

Examples of such objects are galaxies: in this case the 
evidence for the presence of a da rk -mat te r halo is provided 
by flat ro ta t ion curves [39]. Other examples of such objects 
are clusters which contain a t r apped hot gas. It should be 
poin ted out tha t as the baryonic mat te r d rops to the b o t t o m 
of the poten t ia l wells, its density rises and, in the region 
where the average densities of the baryonic and dark mat te r 
become equal , there m a y be considerable dis tor t ions in the 
canonical dis t r ibut ion of dark mat te r described by 
E q n s (118) and (119). 

9. Large-scale structure 
In the preceding section we discussed a mixed kinetic state 
of nondiss ipat ive dark mat te r . This state appears in those 
regions where mat te r has oscillated m a n y t imes in a self-
consistent gravi ta t ional field. Kinet ic mixing establishes a 
s teady-state dis t r ibut ion function of mat te r . This s teady 
state, which we call here an N G S , forms at the min ima of 
the poten t ia l of the initial spectrum of f luctuat ions. It is 
characterised by a definite dis t r ibut ion function (118) and 
by a density singularity described by expression (123). A 
system of N G S s of different scales forms a hierarchical 
s t ructure. 

However , a general pa t t e rn of the s t ructures tha t form 
in the Universe changes with t ime and depends on the initial 
f luctuation spectrum. F o r example, for the Z e P d o v i c h -
Har r i son spectra a hierarchical s t ructure of N G S s appears 
first of all on a small scale. U p to the present epoch, N G S s 
have evidently formed on scales R ^ 5 - 10 M p c (galaxies, 
clusters). On the other hand , in the range of very large 
scales (R > 1 0 0 - 2 0 0 M p c ) the f luctuat ions are small and 
their g rowth is described by the linear theory . The 
dis t r ibut ion of mat te r in this range of scales is essentially 
homogeneous : there are no clear s t ructures. 

The range of scales 10 M p c ^ R ^ 100 M p c represents 
the t ransi t ion between the two cases. With in this range we 
can identify a subrange of in termedia te scales R&50-
100 M p c where pe r tu rba t ions just reach the nonl inear stage 
(3 ~ 1). In this subrange the flow is of poten t ia l na tu re and 
it is described by single-stream hydrodynamics . The density 
of mat te r grows rapidly near a min imum of the potent ia l . 
The dis t r ibut ions of the density and velocity are described 
by the system of equa t ions (51) and by the set of 
expressions (55): they are characterised, apar t from the 
scale R, by the dimensionless pa rame te r s ex nd e 2 . 
Subranges of in termedia te scales cor respond in the U n i ­
verse to nonl inear s truc-tures of the 'Grea t A t t r a c t o r ' 
type [40] and in these s t ructures the density contras t at 
the m a x i m u m reaches 3 ~ 2 - 5 . 

In the subrange R w 2 0 - 5 0 M p c the flow is no longer of 
single-stream na tu re : the first caustics appear , bu t the 
number of s t reams is still small. The caustics represent 
bent flat objects of the ZePdovich p a n c a k e type. The 
caustics intersect, forming f i lamentary objects and 
'nodes ' , and a cellular s t ructure is established. 

This section deals with the cellular s t ructure. The main 
s t ructure elements are the caustics (Section 4) which are 

p lanar objects separa t ing the zones of single-stream and 
tr iple-stream flow at which two s t reams merge [see expres­
sions (66) and (67)]. 

W e shall consider par t icular ly the solut ion of the system 
of equa t ions (49) near a caustic. A n initial singularity, 
described by the set of expressions (41), is followed by 
the format ion of a pair of caustics. Expans ion of the 
solution (36) near a caustic for T <̂  1 gives the following 
expressions for the s t ream densities pl9 p2> and p 3 : 

Pi : 

Pi --

p3 --

where 

i-C? Po 

1+T C?-T/(l+T) ' 
Po 1 — Cl 

1 + U ! - t / ( 1 + t ) 

Po i -ci 
1 + t C § - t / ( 1 + t ) 

1/2 

1+T 3 at 

1/2 

3 \l+T 

On app roach to a caustic the densities p2 and p3 increase 
wi thout limit p ropor t iona te ly to (x — x c ) - 1 ^ 2 . The to ta l 
density of mat te r 

3 

P = Y, pi(*> *) > 03 9) 

on p lo t ted in Fig. 2b, also increases as (x — xc)~1^2 

app roach to a caustic. Differentiat ion of the expression 
for xc gives the velocity and acceleration of a caustic: 

dxc 

dr 
d2xc 

dT2 

1 

1 + T \\+T 

1 

V 2 / o ' 

T - ^ I + T ) 
-5/2 

A reference system moving together with the caustic is 
accelerated. Therefore, the following inertial force appears 
in the system: 

Wc = 2p0awc . 

If we use this c i rcumstance and also the system of 
equa t ions (65), we can find the poten t ia l in the vicinity of a 
caustic: 

*A = *Ao + 

+2 

Ppa 
1 + T " 

1 + T 

1/2 

- 1 / 2 

1 - -

-3 /2 

6 T V a 

4 9(x-xc) 
3 T i / 4 ( 1 + T ) 

1/4 (140) 
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It is evident from the solution (140) tha t the poten t ia l does 
no t form a well. Therefore, mat te r flows across the caustic 
and a t r apped state of mat te r does no t appear in its 
vicinity. 

The solution (140) is valid at t imes close to the t ime 
t = tc of appearance of the initial singularity (i.e. at T ̂  1). 
After a sufficiently long t ime (T > 1) the form of the 
solution (140) depends on h o w fast the density of the 
initial dis t r ibut ion of mat te r decreases. If it decreases in 
accordance with the power law, i.e. if 

P o M = P o 3A 1 / 3 
for x 5> a , 

where A and \i are arb i t ra ry posit ive constants , the 
poten t ia l of the field near the caustic front is given by 

*A = * A o + P o ^ { 

2V2 

A~1/3(KT) 
-JI /3 (x - xc) 

+ _ _ C^l, A ) T - d / 2 + M / 3 ) / ( l + M / 3 ) ( x _ X c ) 3 / 2 Q { x _ 

+ T 7 T ^ ( 7 l T r ( 1 + " / 3 ) ( x " X c ) 2 ^ ( X c " x ) ) ' ( 1 4 1 ) 

where 

C(^A)=2A-l^+3^\+fj~ ^ 
1/2 / # A l / 2 ( l + J u / 3 ) 

Therefore, the solution (141) derived for T > 1 is 
quali tat ively similar to the solution (140) derived for 
T <̂  1. Only the t ime dependences of the coefficients are 
different. 

W e shall n o w consider f i lamentary s t ructures tha t form 
as a result of crossing of caustic surfaces. W e shall assume 
tha t caustic crossing does not create a deep poten t ia l well, 
capable of t r app ing s t reams. (This assumpt ion will be 
justified later.) Then, in the first approx imat ion , near a 
poin t of intersection all the s t reams move freely and do not 
influence one another . This means tha t the to ta l po ten t ia l of 
the gravi ta t ional field is a superposi t ion of the potent ia ls of 
two caustics. 

It follows from the solution (141) tha t 

7=1.2 ^ 

- - A - 1 / 3 - 0 / 3 

+ 
2V2 
3a j 

• (1 /2+/I /3 ) / (1+/I /3 ) ,3/2 

+• 12cijA 1/3 
(142) 

Here , the index j n u m b e r s the caustics, dj denotes the 
distance from the poin t X where the poten t ia l up to the jth 
caustic is calculated; dj > 0 if the poin t X is in the region of 
three s t reams of the jth caustic, bu t dj < 0 if the poin t X lies 
outs ide this region. The shading of the caustic shown in 
Fig. 11 is directed t owards the region where there are three 
s t reams for a given caustic. 

It is evident from Fig. 11 tha t the expressions for dj 
(j = 1, 2) are given by 

di = x cos cp — y sin cp, d2 = — x cos cp — y sin cp , (143) 

Figure 11. Pattern of intersecting caustics (X is the point at which the 
potential is calculated). 

where ( x , y) are the coordina tes of the poin t X. 
Subst i tut ion of the formulas for dj into expression (142) 
gives the poten t ia l near the poin t of intersection of two 
caustics. The general expression is very cumbersome. 

The behaviour of the poten t ia l can be m a d e quali tat ively 
clear by considering the simplest case when the intersecting 
caustics have the same paramete r s , i.e. when 

(2) 
Pi) a \ — a 2 — a 3 •> T | = T 2 

Then, 

\l/(x, v ) = 1A0 + 2Po<2 j y sin cp 

+ ^ C ( / i , A ) t - ( 1 / 2 + " / 3 ) / 1 + " / 3 ) 

x [(x cos cp — y sin cp)3^29 (x cos cp — y sin cp) 

+ (—x cos cp — y sin cp)3^29 (—x cos cp — y sin cp)] 

V ^ - ( l + A * / 3 ) ( x 2 C 0 S 2 9 + y 2 s i n 2 9 ) | _ ( 1 4 4 ) + 12aA 1/3 
( t i t ) " 

All the terms, apar t from the linear, in expression (144) 
are posit ive and they increase with distance away from the 
poin t of intersection of the caustics. In other words , the 
poten t ia l \j/(x9 y) has the shape of a bent 'd ish ' tilted in the 
direction of negative values of y. It follows from expres­
sion (144) tha t the tilt of this dish is so large tha t the 
poten t ia l has no min imum in the vicinity of a f i lamentary 
singularity. The edges of the dish are only slightly bent 
since T - ( i / 2 + / V 3 ) / ( i + ^ 3 ) < ^ T - ( i + A . / 3 ) < L 

The poten t ia l behaves similarly also for caustics with 
any set of pa ramete r s . It is evident from expression (144) 
tha t the linear te rm in the potent ia l vanishes only in the 
degenerate case when cp = 0, i.e. when the caustic fronts 
collide. 

It therefore follows tha t intersection of the caustics 
creates f i lamentary objects which also have a purely 
k inemat ic s t ructure: their self-consistent gravi ta t ional field 
is incapable of t r app ing s t reams of mat te r , which jus t i -
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f i e s— in par t icular — the hypothes is on the superposi t ion of 
the potent ia l described by expression (141). 

In addi t ion to f i lamentary objects, which are formed as 
a result of intersection of a pair of caustics, ' nodes ' m a y 
form as a result of intersection of a filament with a p lane. 
Let us consider the s t ructure of the poten t ia l near objects of 
the n o d e type. W e shall do this by adop t ing a reference 
system in which the poin t of intersection is at rest. W e shall 
describe the spatial or ienta t ion of a caustic by the vector 

; : / - ( a ( , / ; ; , V ( ) . |^.| = l , ./ = 1, 2, 3 , 

which is oriented a long the n o r m a l to the caustic front and 
directed to the region of three s t reams. 

The distance from the poin t X to the jth caustic is 

dj = AjX. 

Calcula t ions similar to those m a d e in the derivat ion of 
expression (144) yield the potent ia l : 

1 / 3 / x - j i / 3 
- A ' (TtTy) y, z) = ^ 0 + $ ^ o ) f l j { -

j = i ^ 

+ W^TTJI K-r ( 1 + / V 3 )
 4 0 ( -4o) . (145) 

YlcijA ' J J j 

Expression (145) is fully ana logous to (144). As in the case 
of a filament, in the vicinity of a node there is in general no 
poten t ia l well capable of t r app ing and thus forming a 
steady kinetic state. 

It therefore follows tha t the range of scales in which a 
large-scale cellular s t ructure (pancakes , filaments, nodes) 
appears is — in a ma themat i ca l sense — an in termedia te 
a sympto te between the region of linear g rowth of p e r t u r b a ­
t ions and the kinetic region of mul t i s t ream flow. 
Consequent ly , such large-scale s t ructures cannot reach a 
steady state. 

The whole pa t t e rn evolves in t ime because, on the one 
hand , all the larger scales app roach the nonl inear stage and, 
on the other , the number of caustics, filaments, and nodes 
increases in the case of small scales. The strength of these 
singularities decreases with t ime (Fig. 5) and the range of 
scales gradual ly shifts to a mixed kinetic region where 
a hierarchical s t ructure of N G S s , discussed above, is 
formed. 

It should also be po in ted out tha t singularities of the 
density of nondiss ipat ive mat te r in cellular s t ructures are 
weaker t han N G S s . In fact, it follows from expres­
sions (141), (144), and (145) tha t the density singularities 
near pancakes , filaments, and nodes can be described by 

where d is either a coord ina te a long the n o r m a l to a 
caustic, a rad ius in a p lane perpendicular to a filament, or a 
rad ius vector in the case of a node . In contras t to N G S s , 
the cont r ibut ion of the singularities to the pair correlat ion 
function is no t the main one. F i l amen ta ry singularities can 
m a k e a singular cont r ibut ion to a three-point correlat ion 
function, whereas singularities of the p a n c a k e type can 
m a k e a cont r ibut ion only to the four th-order correlat ion 
function. 

10. Correlation functions 

10.1 General comments. Definition of an object 
In the preceding sections we have considered the s t ructure 
of nonl inear format ions of da rk mat te r . This section deals 
with invest igat ions of the statistical proper t ies of such 
format ions . As shown in Section 7, in the vicinity of an 
initial density m a x i m u m the nonl inear gravi ta t ional self-
compress ion creates an N G S , which is a s teady-state self-
t r apped spherically symmetr ic dis t r ibut ion of the da rk 
mat te r density p( r ) with a singularity at its centre described 
by expression (123): 

p( r ) = p 
R 

(146) 

Accord ing to expression (123), the quan t i ty a lies in the 
range 1 .7-1 .9 . W e shall use the average value: a w 1.8. W e 
can see tha t the power exponent a is cons tant under s teady-
state condi t ions and independent of the profile and scale of 
the initial m a x i m u m . This is in fact the main scaling 
p rope r ty of three-dimensional nonl inear gravi ta t ional 
compress ion of cold nondiss ipat ive mat te r . 

It therefore follows tha t each N G S represents a 
spherically symmetr ic format ion with the intensity dis t r ibu­
t ion described by expression (146) and this singularity is 
characterised by just two pa ramete r s : R and p . The rad ius R 
is a comoving size of the density m a x i m u m at a m o m e n t tR 

[see expression (128)], when (5(0, tR) = 30 ~ 1. The m o m e n t 
tR is a characterist ic m o m e n t in t ime when a given density 
peak becomes separated by a nonl inear process from the 
overall cosmological expansion and the physical (intrinsic) 
size of the peak becomes fixed. The red shift cor responding 
to the m o m e n t tR will be denoted by zR. 

It follows from the definition of tR tha t at t > tR a peak 
passes t h rough a nonl inear evolut ion stage and is t r a n s ­
formed into an N G S of size R. It then exists as an 
independent object with a cons tant physical size and a 
s teady-state dis t r ibut ion of the density inside it. The size R ' 
of an object, expressed in comoving coordinates , observed 
dur ing the present epoch, is related by expression (124) to 
its comoving size R at the m o m e n t of format ion. 

In this section an object is unde r s tood to be a fully 
formed N G S , which is a gravi ta t ional ly b o u n d dark-mat te r 
format ion, in which the density dis t r ibut ion is given by 
expression (146) and whose size is R. Such objects form a 
hierarchical s t ructure (Section 8). The degree of clusterisa­
t ion of the s t ructure is slight [see expression (132)]. 

The main task in this section is the development of a 
statistical theory of such objects. This will be done 
following Ref. [30]. W e shall use the language of the 
statistics of N po in ts represent ing the posi t ions in space 
of all the objects formed with all possible sizes. The s tar t ing 
poin t in our theory is combined dis t r ibut ion of the 
probabi l i t ies P(yt, Ri) of the format ion of N objects of 
given dimensions Rt with centres at given po in t s yt. 

The influence of nonl inear dynamics on the statistical 
proper t ies of a system of objects is usual ly described by an 
infinite chain of coupled equa t ions for the m o m e n t s of an N 
part icle dis t r ibut ion function, k n o w n as the B o g o l y u b o v -
Born - Green - K i r k w o o d - Y v o n ( B B G K Y ) chain. This 
p rob lem has been discussed on m a n y occasions for the 
case of self-gravitating mat te r and, in par t icular , it is dealt 
with in Peeble 's m o n o g r a p h [21]. 
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Such a chain of equa t ions is usual ly solved by t runca t ing 
it and neglecting higher m o m e n t a . However , as po in ted out 
above, a strongly correlated singular dis t r ibut ion of mat te r 
appears in regions of the effective density max ima , where a 
pair correlat ion function and higher m o m e n t a are char­
acterised by { > 1 and where , consequently, such a 
t runca t ion p rocedure is incorrect . The format ion of 
strongly correlated dis t r ibut ions should be taken into 
account p roper ly and this aspect underl ies the m e t h o d 
considered below. 

The appea rance of strongly correlated dis t r ibut ions can 
be described by in t roducing the t rans i t ion probabi l i ty 
determined on the basis of the nonl inear solution described 
by expression (146). This app roach makes it possible to find 
directly the relat ionship between the final values of the 
correlat ion functions and their initial values, and it is the 
main new feature of our me thod . It makes it possible to 
avoid solving a chain of coupled equa t ions and it can 
effectively t ake care of the whole B B G K Y hierarchy in the 
region defined by { > 1. 

10.2 Mode l of the formation of correlations 
As poin ted out above, an N G S is formed fairly rapidly 
after the effective density, given by expression (29), reaches 
3 ~ 1 at a m a x i m u m . In our statistical mode l we shall 
assume tha t this occurs ins tantaneously . If some smaller 
object is t r apped by a given N G S , the p r o b a b i l i t y / ( r ) of 
finding it at present in a uni t vo lume at a distance r from 
its centre can be regarded as p ropo r t i ona l to the density of 
mat te r given by expression (146): 

/ ( r ' * ) = T * ' ~ 3 0 ( * ' ~ r ) G p ) a - ( i 4 ? ) 

The cons tant in the above expression is found by 
pos tu la t ing mass conservat ion in a vo lume r < R dur ing 
the format ion of an N G S when the comoving size R ' of an 
object dur ing the present epoch is given by formula (124). 

The density dis t r ibut ion inside an N G S , which is 
governed by the laws of nonl inear compression, is given 
by expression (146) only in the asymptot ic limit r—> 0 and 
the error cont r ibuted by it is of the order of 1 at r ~ Rf. 
Consequent ly , at distances r^Rf we can expect the 
correct ions to the probabi l i ty dis t r ibut ion (147) to be 
significant. 

W e shall n o w determine the condi t ions for t r app ing one 
object by another . A n object of size R2 with its centre at a 
poin t y 2 t r aps an object of size Ri with its centre at the poin t 
y x if the following condi t ions are satisfied: 

Ri<R2, \y\-yi\<Ri- 0 4 8 ) 

If the above condi t ions are not satisfied by any objects ( y l 9 

R2)9 we can regard an object (yx Ri) as remain ing in place. 
In calculat ion of d iagrams of higher order in te rms of 

the n u m b e r of par t ic ipa t ing objects the impor t an t aspect is 
the dis t r ibut ion of the t imes of format ion of objects of a 
given size (red shift). Strictly speaking, the t imes of 
format ion are subject to a scatter, bu t for the sake of 
simplification let us assume tha t all the objects with a given 
size R are formed s imultaneously and the cor responding red 
shift is ZR. Here , zR cor responds to the m o m e n t when the 
major i ty of the objects of size R forms. The value of ZR is 
determined by the spectrum of the initial inhomogenei t ies 
\3t(k)\2 (Section 8). 

Every object in our mode l is thus characterised by the 
coordina tes of its centre xt and by its size Rt. The s t ructure 
of the dis t r ibut ion of mat te r is described by the statistics of 
a large number N of po in t s in the physical space x and in 
the space of sizes R. The nonl inear evolut ion is described by 
a r a n d o m process of consecutive t r app ing of smaller objects 
by larger ones. The rules for finding the appropr i a t e 
t rans i t ion probabi l i ty in the case of a single t r app ing event 
are discussed below. In calculat ion of the final j - p o i n t 
correlat ion functions it is essential to k n o w also the initial 
correla t ions of all the N objects and the rules for calculat ion 
of the t ransi t ion probabi l i ty for mult iple t rapp ing . Let us 
n o w consider these topics. 

10.3 Calculation of y-point correlation functions 
W e shall determine the t ransi t ion probabi l i ty for a test 
object which is t r apped by several other objects. Let the 
rad ius of the first object, which has captured the test 
object, by Ri. This is followed by the format ion of an 
object of size R2 > Ru which t r aps the first object. The 
probabi l i ty W{f) of a t rans i t ion of the test object to the 
final state, given by the vector r relative to the centre of the 
second object, can be represented in the form 

W(r) = ^f(\r + x\9Rl)f(\x9R2\)dx , 

if in accordance with our assumpt ion the internal s t ructure 
of the t r apped object is no t altered by collisions and t idal 
forces because of insufficient t ime. 

F o r the sake of brevity, let us adop t the term the 'density 
of the probabi l i ty of finding objects (of a given size) at such 
po in t s ' to mean the density of the probabi l i ty of finding 
objects per uni t vo lume (per uni t interval of sizes) in the 
vicinity of such poin ts . 

Since in the process of mixing the var ious t r apped 
objects quickly ' forget ' their initial correlat ions, the n o m ­
inal densities of the probabi l i ty of a t rans i t ion involving 
several objects within one other object can be calculated 
independent ly and multiplied. F o r example, if there are two 
objects of sizes Rx and R2 and they are t r apped by an object 
of size R3 which is at a poin t x 3 , the density of the probabi l i ty 
of detecting them after mixing at po in ts x~\ and x2 is qui te 
simply 

W (*!, x2) =f(\xl -x3\9 R3)f(\x2-x3\9 R3) . 

The density of the probabi l i ty of a t ransi t ion in general 
is calculated in a similar manner . W e shall use 
Wa(x~i, y i 9 Ri) to denote the density of the probabi l i ty of 
finding n objects with d imensions Rt at po in ts xt on the 
assumpt ion tha t they are formed at po in t s y t . Then the 
density of the probabi l i ty of finding, dur ing the present 
epoch, j objects with d imensions Ri,...,Rj at po in t s 

Xj can be represented by 

P(xl9...9xJ9Rl9...9Rj) 

= Y,Pa(xl9...9xJ9Rl9...9Rj) 
a 

= E E f • • • fw" y» *-•) p« Ri) 
n=j a J J 
n n 

x j ] d y , dxidRi . (149) 
i=i H+i 
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Here , the index a is used to number all possible var iants of 
the spatial embedding of n objects in one another (in other 
words , all the different t r app ing configurat ions) . F o r 
example, if j = 2 and n = 2 or 3, all possible var iants of 
the embedding of objects 7, 2, and 3 have the form shown 
schematically in Fig . 12a. 

n — 2 n — 3 

a 

• • • < • 
1 2 1 2 

1 2 1 2 1 2 1 2 1 2 

1 2 1 2 1 2 1 2 

b 

Figure 12. (a) Schematic representation of all the variants of spatial 
embedding of n objects in one another, corresponding to Eqn (149) 
with j — 2. (b) All permissible diagrams with n < 4 that contribute to 
the pair (j — 2) correlation function of the participating objects. 

It is impor t an t to no te tha t in the enumera t ion of the 
t r app ing configurat ion in expression (149) only those 
objects are included which actually t rap at least one of 
the objects The objects which are t r apped , bu t 
themselves do no t t rap any other object are ignored. 
Final ly, the summat ion in expression (149) over n up to 
oo is meaningful if the Universe conta ins any number of 
large objects. In reality, because of the limited evolut ion 
t ime of galaxies it is sufficient to consider only, for example, 
n < (2-3)7*. This is justified further by the c i rcumstance 
tha t the te rms with large values of n should be small because 
of the smallness of the cloud-in-cloud pa ramete r e. 

In expression (149) the quan t i ty Paiyh Ri) *s t n e density 
of the probabi l i ty of the format ion of given n objects at 
po in t s yt in the configurat ion shown in Fig. 12a, so tha t 
none of these objects t r aps any other external objects. This 
probabi l i ty density can be described by 

Here , Pn (yh Rt) is the density of the probabi l i ty of the 
format ion of some n objects of d imensions Rt at po in t s yh 

and of the format ion of all the other objects wherever 
possible, bu t in such a way tha t they do no t t rap the 

selected objects. The function ©a(yh Ri) ^ equal to uni ty if 
the objects are in the configurat ion shown in Fig. 12a and 
zero in the opposi te case. This function ensures tha t the 
condi t ions of expression (148) are satisfied for each pair of 
objects. Thus , in the case when 7 = 2 and n = 2 or 3 the 
above configurat ions are described by the following 
functions: 

= 0(1* - y 2 \ - R 2 ) , 

©\ = 9(R2 - \y\ -y~i\), 

©I = 9(R3 -R2)9(R3-\yl-y3\)9(\y2- y3\- -R3) 

x 0(1* -y2\-R2)+9(R3-Rl)9(R 
2 - R 3 ) 

x9(R3 - \y~i -y~3\)0(\y~2 - h \ - R

2 ) 

e\ = 9(R3 - R2)9(R3-\y2- y31)0(|* - h \ -•R3) 

x 9{\yx - y 2 \ - R 2 ) , 

©I = 9(R3 -R2)9(R3-\y2-y3\)9(R2- y2\) 

©I = 9(R2 -R3)9(R3-Rl)9(R3-\yl- 9s\) 

x9(R2 - \y2 -h\). 
©I = 9(R3 -R2)9(R3-\y2-y3\)9(R3- 73 1) 

x 0 ( |* -y2\-R2) • 

The cor responding densities of the t ransi t ion probabi l i t ies 
are of the form 

= 8(xi --yx)?>{x2-y2) 1 

w\ = /(l*i -x2\, R2)?>(x2 --yi), 
w\ = /(l*i -x3\, fl3)8(*2 " -yi)^3 -ys), 

w\ = /(l*2 -x3\, R3)b(xi --Ji)S(x3 -y3) , 
wl = /(l*i -x2\,R2)f(\x2 -x3\, R3)*(x3 - ys) 
w3

5 = /(l*i -x3\,R3)f(\x2 - x 3 \ , R2)S(x2 ~ yi) 

w3

6 = /(l*i -x3\,R3)f{\x2 - x 3 \ , R3)S(x~3 ~ h) 

Each term in the sum (149) can be assigned a d iagram in 
accordance with the following rules: 

(1) each a r row / k cor responds to a factor f{\xt —xk\, 
Ri); 

(2) a vertex with / ^ 1, . . . ,j which is no t approached 
by any a r row (/• —>) cor responds to a factor 8(jcf — yt); 

(3) the whole d iagram with n vertices is assigned 
addi t ional ly a factor Pa(yi9 Rt). 

In tegra t ion is carried out over all the values of xh yh 

and Rt apar t from xl9 ...,xJ and Ru...,Rj. The 
sum (149) conta ins all possible d iagrams tha t include 
n ^ 7 vertices and which are characterised by the following 
proper t ies : 

(4) no t m o r e t han one a r r o w enters any vertex; 
(5) the only vertices from which no t even one a r row 

emerges are those labelled 1 , . . . , j . 
In this way the sum conta ins only the d iagrams tha t do 

no t contain loops or pa r t s which are no t associated with the 
vertices All permissible d iagrams ^ ^ 4 , which 
cont r ibu te to the pair (7 = 2) correlat ion function are 
p lo t ted in Fig. 12b. 

Summat ion of all the possible d iagrams for a given 7 
yields the density of the probabi l i ty of finding, dur ing the 
present epoch, 7 objects of given dimensions at given poin ts . 
Therefore, expression (149) and the d iagram procedure 
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described above solve, in principle, the p rob lem of calculat­
ing the final y-point correlat ion function on condi t ion tha t 
the probabi l i ty density Pn(yi, Ri) is k n o w n for any initial 
dis t r ibut ion of an a rb i t ra ry number n of u n t r a p p e d objects 
at the m o m e n t of their format ion . 

The quant i ty Pn(yt, Ri) represents the density of the 
probabi l i ty of finding a given relative configurat ion of the 
density max ima of var ious dimensions dur ing the linear 
stage and , as assumed by us , it is governed entirely by the 
initial spectrum of inhomogenei t ies | ^ ( ^ ) | 2 . Calcula t ion of 
this quant i ty for an a rb i t ra ry spectrum is a separate task, 
which is no t considered here. 

W e shall use later Pn(yt, Ri) in tha t simple case when 
there are no initial correla t ions between the pos i t ions of all 
the objects formed. W e can show tha t this simplification does 
no t alter the form of the pair correlat ion function { in the 
s t rong correlat ion range > 1). In this case, on condi t ion 
tha t the to ta l number of the objects formed is large, we 
obta in 

(150) 

where 

£(V) = 
>(YM 

n(R)dR dy 

In tegra t ion in the above expression is carried out over the 
full r ange of v in the space of(y, R) which conta ins objects 
tha t have t r apped at least one of the objects (yh Rt); 
n(R)dR is the concent ra t ion of the objects with dimensions 
ranging from R to R-\-dR. In the case of a scaling-
invar iant object this concent ra t ion is given by for­
mula (131). 

10.4 Pa ir correlation function 
W e shall n o w consider in greater detail the mos t 
interesting, from the poin t of view of observat ions , pair 
correlat ion function. W e shall calculate this function from 
expression (149) for j = 2. W e shall use expression (150) to 
describe Pn. W e no te tha t in the case of small values of n of 
interest to us , the quant i ty e(v) is a small pa rame te r 
p r o p o r t i o n a l to the cloud-in-cloud pa ramete r (132): 

i=l i=l 1 

All the d iagrams tha t cont r ibute to the pair correlat ion 
function consist of one or two connected pieces and are of 
the form shown in Fig. 13a. It can readily be demons t ra ted 
tha t any of these d iagrams conta in ing a ' tai l ' of k l inks (or 
two tails having a to ta l of k links) represents a small 
correct ion of the order of ek to the cor responding d iagram 
wi thout a tail. Thus , all the leading te rms in the expansion 
in te rms of e have no tails. W e shall number these d iagrams, 
beginning from those mos t impor t an t in te rms of the small 
pa ramete r e, exactly as shown in Fig. 13b. 

In view of the homogene i ty and i so t ropy of the statistics 
of the initial pe r tu rba t ions , the required probabi l i ty density 
(and the pair correlat ion function) depend only on 
r= \x~i — x2\. The zeroth d iagram describes the cont r ibu­
t ion of the initial correla t ions of the objects no t t r apped by 
any other objects. Since in this app rox ima te calculat ion the 

J S 

2 1 

1 2 1 2 
0 1 

1 2 1 2 
2 3 

Figure 13. (a) General form of all the diagrams that contribute to the 
pair correlation function (/, _/, k — 0, 1, 2, . . . ) . (b) Diagrams for j — 2, 
n < 4, which are the leading diagrams in terms of the small 
parameter e. 

initial corre la t ions are ignored, the cont r ibu t ion of the 
zeroth d iagram is trivial: 

P0(r, Rl9 R2) = nxn2 0(r - R2) { l + 0 ( e ) } , 

Hi = n(Ri), n2 = n(R2) . 

The first d iagram describes the cont r ibut ion of pairs : 

Pl(r,Rl9R2)=nln20(Rl-r) ^ (1 + z 2 ) 3 Qy) , (151) 

where z2=R2lR'2 - 1 = (Rf/Rf

2)^^m+5^ - 1 [see expres­
sion (29)] is the red shift at the m o m e n t of format ion of the 
larger object in a pair . If r < R2 and Ri ^ R2, it is this first 
d iagram tha t domina tes the pair correlat ion function. 

The next d iagrams describe the cont r ibut ion of th ree-
member systems: 

P2(r9Rl9R2)=nln2l^—^A 
3 m + 5 

x j 8 ( l + z 2 ) 

P3(r,R1,R2)=nln2

3

1^A 

x £ ( l + z 2 ) 3 

17 
~6 

r 

R! 

R2 

R'i 

3 - 2 a 

/ \ 3—a 

r^R2, (152) 

• + -
22 

y - i 

3 - 2 a 

r^R'i, (153) 

where y = (m + 5)(3 — a) + 3 and A is a cons tant of the 
order of 1. 

Express ions (151) - (153) contain the leading te rms of 
the expansion in e. W e can show tha t there are no other 
cont r ibut ions , diverging in the limit r —> 0, to the correla-
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t ion function. In calculat ion of the dominan t d iagram 
described by expression (151) no use has been m a d e of 
the relat ionship (130) between the m o m e n t of format ion of 
an object and its size. In view of this, the main cont r ibut ion 
to the correlat ion function can be considered ignoring the 
relat ionship (130) and assuming tha t Rt and Z[ are inde­
penden t characterist ics of an object. 

Moreover , we need not use the assumpt ion represented 
by expression (150) tha t there are no correla t ions in the 
pos i t ions of the objects formed and we can consider the case 
of an a rb i t ra ry probabi l i ty Pn(yt, Ri). Then , the con t r ibu­
t ion of the main d iagram becomes 

Pl(r9Rl9R2) = C(Rl9R2)nln2 0{R'2 

3 

r) 

3 ( 1 + Z 2 ) 

where 

C(Rl9R2) = 
4nn1n2R2 J\n\<R 

P2(yu0, RuR2)dyl 

is a factor which is independent of r and takes account of 
the initial correlat ions. Therefore, in the mos t general case, 
the main cont r ibut ion to the probabi l i ty has the form given 
by expression (155) below, accura te apar t from the factor 
C which is independent of r. 

The observed objects (such as clusters of certain 
richness, etc.) cor respond in reality to a whole range of 
sizes from Rn to Ri2 (or, correspondingly, of masses from 
Mti to Mi2)9 and also possibly to a range of the m o m e n t s of 
format ion. Therefore, a m o r e correct, i.e. cor responding 
closer to reality, expression for (for example) the pair 
au tocor re la t ion function is 

Ur) = ~2 P P P(r9 Rl9 R2) dRx dR2 - 1 

nt = [ n(R)dR . 

(154) 

In the case of s t rong correla t ions ( ^ > 1) the leading 
term found from expressions (151) and (154) is 

( a d ; : (155) 

where 

«=/? l / 3 i i - ^ Y / 3 ( 3 - « ) 1 / B ( ! + Z i ) ( 3 - " ) / a (156) 

on the condi t ion tha t the ranges of the masses Mi2-Mn 

and of the t imes of format ion Zn-Za are fairly na r row. 
Here , dt = n^1^ is the average distance between the objects, 
given by 

4 = * n / r - ( i - ^ 
Mi -1/3 

(157) 

The quant i ty Z{ denotes the average m o m e n t of format ion 
of the investigated objects: Mn^2 = (4 /3) np0R^2. The rat io 
of the ba ryon ic and dark componen t s of the masses of the 
objects is, on average, constant , so tha t the ba ryon ic 
masses (156) and (157) can be subst i tuted in expressions 
Mn and Mi2. 

11. Conclusions 

W e shall conclude by considering briefly some of the 
as t rophysical manifes ta t ions of the processes discussed 
above. 

11.1 Giant halo of galaxies 
Nonl inea r s t ructures which appear in the dark mat te r 
dis t r ibut ion are discussed above. However , it is the 
ba ryon ic mat te r which is observable . It is na tu ra l to 
assume tha t in a h o m o g e n e o u s Universe the ba ryon ic da rk 
componen t s are mixed uniformly. The rat io of their 
densities is given by the pa ramete r 

P = Pb 
Pd 

(158) 

which is a universal constant . 
It should be no ted tha t this pa rame te r P is related to 

other universal cons tan ts by 

D 8TU Gph 

3 QH 2 • (159) 

If Q = 1 and 50 k m s" 1 M p c " 1 ^ H ^ 100 k m s" 1 M p c " 1 , 
and since p b w 3 x 1 0 " 3 1 g c m " 3 , we obta in 

0.02 ^ P ^ 0.08 , (160) 

which is in agreement with the current ideas [2]. 
D u r i n g the linear stage of the evolut ion of i nhomoge -

neous s t ructures in the universe, after recombina t ion , the 
rat io of the densities of the ba ryon ic and dark mat te r 
componen t s (158) is conserved. D u r i n g the nonl inear stage, 
stable spherically symmetr ic N G S s form in the nondiss i ­
pat ive mat te r dis t r ibut ion. This is accompanied by the 
appearance of gravi ta t ional po ten t ia l wells. The ba ryon ic 
gas is heated dur ing the nonl inear stage by compress ion and 
explosion of supernovas . It emits rad ia t ion , losing energy, 
and gradual ly d rops to the b o t t o m of a potent ia l well, 
forming a galactic system. 

L u m i n o u s galaxies become distr ibuted in the central 
regions of spherically symmetr ic dark mat te r s t ructures 
(NGSs) , which appear as a giant halo of the galactic 
systems. This halo was predicted in Refs [25, 41]. 

Let us determine the size of the giant halo [42]. W e shall 
bear in mind tha t , according to expression (123), the 
dis t r ibut ion law of the density of the nondiss ipat ive mat te r 
in an N G S is 

p = Kr 

Consequent ly , the to ta l dark mat te r mass in a galactic 
N G S is 

M=-^KR3-« 
3 - a * 

(161) 

where Rg is the effective size of the da rk -mat te r ha lo . 
Hence , 

R* = 
"(3 - a)M" l/(3-a) K3 - a ) M G l l/(3-a) 

4%K 4nKP 
(162) 

Here , MG is the observed ba ryon ic mass of a galaxy; P is 
the universal pa ramete r , defined above [expressions (159) 
and (160)], and the cons tant K is a typical pa ramete r which 
can be different for different galaxies: it is governed by the 
scale of the galaxies and by the m o m e n t of appea rance of 
an N G S . 
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Figure 14. Rotat ion of our galaxy. Dashed curve is the theoretical % 

dependence V(r). 
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The cons tant K can be determined from the ro ta t ion 
curves. The observat ion of these curves has m a d e it possible 
to detect the latent (dark) mat te r in the vicinity of galaxies. 
Fig. 14 shows the ro ta t ion curve of our galaxy. The dashed 
curve is the theoret ical dependence V(r), which is p lot ted — 
in accordance with the virial theorem — for the density 
dis t r ibut ion given by expression (123): 

10" 10u 101 

V 2 = ( 2 - o # = - ^ - KGr ,2 -a 

The cons tant K is then 

Kz* 1.7 x 1 0 1 6 g cm -1/2 (163) 

It follows from formula (163) tha t if the distance of the 
Sun from the centre of the galaxy is t aken to be r 0 = 8 kpc, the 
da rk -mat te r density is of the order of 0.5 G e V c m - 3 . This 
value is in agreement with the results obta ined by other 
au tho r s [43]. Subst i tu t ion of formula (163) into expres­
sion (162), gives the size of the giant halo of our galaxy: 

Rn = R( 

5% Mr 

P 3 x l 0 4 V 

l/(3-a) 
RG ^ 200 kpc . (164) 

Hence , the size of the halo of our galaxy is of the order of 
200 kpc. 

It should be stressed tha t the dis t r ibut ion law of the 
da rk -mat te r density in an N G S given by expression (123) is 
well suppor ted by the ro ta t ion curves of other spiral 
galaxies (Fig. 15). On the other hand , de terminat ion of 
the size of the giant halo gives values similar to those in 
formula (164). bu t with a larger scatter which is associated 
mainly with the difference between the masses of such spiral 
galaxies [44]. 

The m o m e n t of creat ion z of galaxies is determined 
similarly. If we take into account an increase in the scales 
because of the H u b b l e expansion from the m o m e n t z to the 
present epoch, and if we assume tha t the scale of a given 
galactic system at the m o m e n t z of its creat ion is R0 = Rg, 
we find tha t in the present epoch this size is 

R=Rg(\+z) . 

On the other hand , the size R can easily be expressed in 
te rms of the ba ryon ic mass MG of a galaxy: 

1/3 

5 

R/Rn 

Figure 15. Distribution of the dynamic mass in the vicinity of spiral 
galaxies [39]. The continuous line is the theoretical dependence. 

where p b w 3 x 10~ g c m - is the average density of the 
ba ryon ic mat te r dur ing the present epoch. Hence , it follows 
tha t 

F o r our galaxy, this relat ionship leads to z « 9. 
The existence of a giant halo of galaxies whose size is 

given by formula (164) and in which the da rk -mat te r 
dis t r ibut ion is described by expression (123) is typical 
only of the objects with a fully formed N G S . This 
condi t ion is far from being satisfied in every case. F o r 
example, the s t ructure of an N G S is dis turbed by collisions 
of galaxies (it should be stressed tha t such galaxy collisions 
represent pr imari ly the collisions of their N G S s ) , in the 
presence of a s t rong gradient of the gravi ta t ional field, and 
also in the case of objects which are not fully formed. 

The last s i tuat ion m a y be observed dur ing the present 
epoch, first, because of the scatter of the m o m e n t s of 
creat ion of galaxies and, second, because the t ime to form 
an N G S depends strongly on the s t ructure of the initial 
f luctuations: in the case of pe r tu rba t ions characterised by a 
large value of e, i.e. those which are strongly elongated or 
p lanar , the t ime needed for the format ion of an N G S is 
considerably longer t han the t ime before the appearance of 
the initial f luctuat ions with small values of s (Sections 4 and 
6). A criterion of complet ion of the format ion of an N G S 
m a y be, for example, the shape of a galaxy: it is most likely 
tha t an N G S has no t yet been formed in the case of 
irregular galaxies. Therefore, the ideas on the s t ructure of 
da rk -mat te r format ions pu t forward in Ref. [45] on the 
basis of an analysis of several irregular galaxies cannot be 
regarded as sufficiently wel l -grounded. 

Observa t iona l da ta confirming the existence of a giant 
da rk -mat te r halo have started to appear recently [46]. 
Moreover , some suppor t for the existence of a giant 
halo follows from the observat ions of gamma- ray burs ts . 
This is discussed below. 
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11.2 Giant halo of neutron stars (model of the origin of 
gamma-ray bursts) 
It is wel l -known tha t in the course of format ion of a galaxy 
the initial ba ryon ic mat te r — conta in ing hydrogen , helium, 
and small a m o u n t s of light elements (Section 1) — becomes 
enriched with heavy elements tha t are created by nuclear 
react ions in stars. It is very impor t an t to stress tha t 
considerable enr ichment occurs a l ready at the very early 
stage of a p ro toga laxy [47]. It is usual ly assumed tha t this 
is the result of an explosion of a large n u m b e r of 
supernovas . 

A p a r t from changes in the chemical composi t ion and 
the heat ing of the p r imord ia l gas, supernovas should also 
generate relic neu t ron stars [48]. These neu t ron stars suffer 
hard ly any collisions. Consequent ly , their dynamics dur ing 
the stage of format ion of the galactic s t ructure is identical 
with the dynamics of nondiss ipat ive mat te r . Specifically, 
neu t ron stars occupy a region of size Rg and their density 
p N is dis tr ibuted in accordance with the law 

(165) 

where N is the to ta l n u m b e r of relic neu t ron stars. 
The existence of such a halo is poin ted out in Ref. [42] 

and it is suggested there tha t relic neu t ron stars are the 
sources of g a m m a - r a y burs ts . This makes it possible to 
explain the main statistical proper t ies of these burs ts , which 
are their highly spherical symmetry and a considerable 
concent ra t ion at the centre of our galaxy, which is k n o w n as 
the l o g A f - l o g S curve. The observa t ional da ta of Ref. [49] 
are compared in Fig. 16a with the results of a calculat ion of 
the pa rame te r s of g a m m a - r a y burs t s based on the dis t r ibu­
t ion given by expression (165). The agreement in the region 
of nearby burs t s can be proved if account is t aken of the 
creat ion and expansion of neu t ron stars after the explosions 
of supernovas in the galaxy at a later stage (dashed 
curve) [42]. 

The weak asymmetr ies in the dis t r ibut ion of g a m m a - r a y 
burs t s are very impor tan t . They are due to two factors. 
Firs t , the Sun is no t at the centre of our galaxy bu t is shifted 
relative to this centre in the galactic p lane to a distance 
r 0 = 8 kpc . Second, there should be an asymmetry due to 
the interact ion between the giant ha los of our galaxy and 
the M 3 4 ( A n d r o m e d a ) galaxy located at a dis tance of 
600 kpc and moving in the direction t owards us at the 
velocity of 200 k m s _ 1 . In view of the sizes of the giant 
ha los of the two galaxies, their per iphera l s t ructure should 
be dis torted because of the interact ion. 

A n analysis of recent da ta obta ined by the C O M P T O N 
Observa tory [50] shows tha t the B A T S E (Burst and 
Transient Source Exper iment ) sensitivity is sufficient to 
detect g a m m a - r a y burs t s at distances up to 1 5 0 - 2 0 0 kpc. 
The observat ional da ta reveal b o t h dipole and weak local 
asymmetr ies , demons t ra t ing clearly the interact ion with the 
giant halo of the A n d r o m e d a galaxy, in satisfactory 
agreement with the giant halo mode l (Fig. 16b) [51]. 

It therefore follows tha t the mode l of a giant halo of 
relic neu t ron stars, which is based on the theory of a giant 
dark mat te r ha lo , can describe quite satisfactorily no t only 
the spherical symmetry and the spatial dis t r ibut ion of the 
g a m m a - r a y burs ts , bu t also their weak asymmetry . The 
mode l is also in satisfactory agreement with recent observa­
t ional da ta . 

s/sn 

-1 .00 
0.00 0.52 1.05 1.57 2.09 2.62 3.14 3.66 4.19 4.71 5.23 5.76 6.26 

Figure 16. (a) Curve representing the l o g N - l o g S dependence, plotted 
in accordance with Eqn (165) on the basis of the 'standard candle' 
assumption. The dots represent the observational data [49]. 
(b) Contours of fluctuations of the number of sources of gamma-ray 
bursts corresponding to 1<7, 2<7, and 3a. The shaded area is the giant 
halo of the dark matter of Andromeda [50]. 

11.3 Pa ir correlation functions 
In the s t rong correlat ion range > 1) the main con t r ibu­
t ions to the pair correlat ion function comes from b inary 
systems (Section 10). Their cont r ibu t ion no t only d o m ­
inates the pa ramete r bu t it rises most rapidly with 
reduct ion in the distance r. 

It follows from expression (155) tha t the s teady-state 
pair correlat ion functions of galaxies, clusters, superclus-
ters, etc. should increase with reduct ion in the distance in 
accordance with r _ a , where a w 1.8 is the universal scaling 
pa ramete r governed by the laws of three-dimensional 
nonl inear compress ion of self-trapped nondiss ipat ive 
dark mat te r . It is well k n o w n tha t this dependence is in 
full agreement with the observed pair correlat ion functions 
of galaxies and clusters [52]. The examples shown in Fig. 17 
demons t ra t e a good agreement between the theory and 
observat ions . 
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Figure 17. Correlation functions of galaxies (a) and galaxy clusters (b). 

In recent years the same dependence of the pair 
correlat ion function has been repor ted also for other 
objects such as g roups of galaxies, quasars , and var ious 
clusters. W e can therefore conclude tha t the nonl inear 
compress ion theory [ 2 6 - 3 0 ] presented above is confirmed 
by the observat ional da ta . Moreover , since the law 
described by expres-sion (123) is derived relying strongly 
on the low the rmal velocities of the da rk-mat te r particles, 
we m a y conclude tha t the observat ions provide indirect 
suppor t for the conclusion tha t the dark mat te r is cold. 

In the range of high values of the correlat ion function, 
no t only the scaling law of expression (155) is obeyed, bu t 
also the ampl i tude of the function depends on the average 
distance between the objects. Fig. 18 gives the results of 
observat ions t aken from Ref. [53]. In the range of distances 
20h~1 < dt < 8 0 / T 1 M p c the ampl i tude of the correlat ion 
function A, increases in accordance with the law 

At = {,-(! Mpc) 
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A,. = 6 ( l M p c ) = (0.44.)U (166) 

Figure 18. Dependence of the amplitude of the pair correlation 
function on the average distance between objects [53]. 

As poin ted out above, objects with these dimensions 
have no t yet completed (or have done so qui te recently) the 
nonl inear stage of the evolut ion process, i.e. the red shift at 
the m o m e n t s of their format ion is small and lies somewhere 
in the interval 0 < zi < 0.5. In this case the scatter of Z[ is 
u n i m p o r t a n t and the dependence of At on dh which follows 
from theoret ical formulas (155) and (156), is in agreement 
with the observed dependence (166). 

It is evident from Fig. 18 tha t galaxies do no t obey the 
law (166): the ampl i tude of their correlat ion function is 
considerably greater. The same effect, t hough to a lesser 
degree, is observed also for quasars . However , galaxies 
appear much earlier t han the other objects for which da ta 
are p lot ted in Fig. 18. If in expression (156) we subst i tute 
the average red shift at the m o m e n t of format ion of galaxies 
z g ? ^ 5 - 8 and the cor responding value for quasars 
zq « 1 .5 -2 , we find tha t the results are in agreement 
with the observat ions . It should be no ted however tha t 
the cons tant 0.4 in the exper imental law (166) is a p p r o x ­
imately twice tha t obta ined from expressions (155) and 
(156) on the assumpt ion tha t Z[ < 0.5. 

W e have discussed so far only the main cont r ibut ion to 
the correlat ion function in the range of its high values 

> 1), where expression (155) obta ined above is valid. 
This cont r ibut ion is related solely to b ina ry systems. 

The next, in te rms of the pa rame te r cont r ibut ion to £ 
depends on the distance as r 3 _ 2 a . The cont r ibu t ion is small if 
the correlat ion function is calculated by averaging over a 
sufficiently large region of space. However , it m a y become 
comparab le with the main cont r ibu t ion if we consider, for 
example, only the correlat ion of objects of one type in close 
vicinity to their large cluster. In this case the dependence r _ a 

should change to r 3 _ 2 a as £ is reduced. 
It is interest ing to no te also tha t a similar change in the 

slope is indeed observed for the correlat ion functions of 
galaxies inside the clusters [54]. However , a reliable com­
par i son requires bo th an increase in the a m o u n t of 
observa t ional da ta and a further development of the theory 
p roposed here. In par t icular , in the calculat ion of the 
correlat ion function in the range of values { ~ 1 we 
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need to t ake account accurately of the initial correla t ions 
and the dis t r ibut ion of objects in accordance with their 
format ion t imes. 

It is impor t an t to stress tha t the pair correlat ion 
function manifests strikingly the specific proper t ies of 
N G S s no t only because they represent the strongest 
singularities in respect of the density compression, bu t 
also because they are spherically symmetric . The con t r ibu­
t ion of other large-scale s t ructural singularities, such as 
filaments or pancakes (Section 7), to the pair correlat ion 
function is much smaller because of the averaging over 
directions. 

There is therefore a considerable interest in the s tudy 
of higher correlat ions. F o r example, a triple correlat ion 
function depends on two vectors: Ri=ri~r2 and 
R2=r2— r 3 . The presence of filament or p a n c a k e s t ruc­
tures should manifest itself by a singularity of the triple 
correlat ion function ^ when the dependence on the angle 
6 between the vectors Ri and R2 is considered: the function 
^ diverges in the limit 9 —> 0. 

Similar singularities are na tura l ly expected also for 
higher correlat ions. One would h o p e tha t the progress in 
the gather ing of observat ional da ta and their analysis will 
m a k e it possible to identify in future such singularities of 
the higher correlat ion functions of the observa t ional da ta . 

11.4 Centre of a nondissipative gravitational singularity 
In addi t ion to a giant ha lo , a fully formed N G S has also a 
sharply defined centre, which is a density singularity 
described by expression (123). The presence of this 
singularity is impor t an t in da rk -mat te r diagnost ics [55]. 
In fact, a l though the cross section of the interact ion of the 
da rk -mat te r particles with one ano ther is extremely small, 
irrespective of the na tu re of da rk mat te r , the rad ia t ion flux 
created by this interact ion is 

F o c j < 7 p 2 d 3 r , (167) 

where o is the part icle interact ion cross section. Subst i tu­
t ion of expression (123) for the density into the above 
relat ionship shows tha t the above integral diverges at r = 0, 
i.e. at the centre of an N G S . 

It follows tha t the main rad ia t ion flux, which can be 
used in da rk -mat te r diagnostics, is associated with the 
centre of an N G S . It is at this centre tha t we can expect 
the greatest effect. The rad ia t ion flux is determined by 
t runca t ion of the law governing the increase in the N G S 
density described by expression (123). The actual t runca t ion 
of the divergence of the density described by this expression 
depends pr imar i ly on the stage in the hierarchy in which a 
given N G S has formed. 

F o r example, if an N G S has grown from the max ima of 
scale k = kmax, the t runca t ion region is extremely small: it is 
determined by the decaying m o d e in the initial spectrum of 
the f luctuat ions (Appendix) . However , if an N G S has no t 
yet formed, the t runca t ion rad ius of the singularity is 
determined by the current m o m e n t of t ime and decreases 
with t ime. 

The assumpt ion tha t an N G S in our galaxy has a l ready 
developed is used in Ref. [54] to calculate the expected 
rad ia t ion flux from the centre of this singularity. It is 
assumed tha t dark mat te r is in the form of weakly 
interact ing super symmetr ic part icles. It is shown tha t the 
strongest t runca t ion of the N G S in our galaxy can come 

from a massive black hole. A compar i son of the predicted 
rad ia t ion flux with observat ions sets limits on the mass of 
super symmetr ic part icles. 

The existence of a singularity is impor t an t also in the 
dynamics of the pro togalac t ic ba ryonic gas. As poin ted out 
above, the ba ryon ic mat te r density is only a few percent of 
the da rk mat te r density. Therefore, dur ing the initial stage, 
the ba ryon ic gas moves in a given field of an N G S and 
drops to the b o t t o m of a poten t ia l well. 

The density of the ba ryon ic gas near a singularity then 
increases strongly and the mot ion of this gas is always of 
poten t ia l na tu re . Consequent ly , a massive p ro tos t a r forms 
near the centre. Nuc lea r processes in such objects are 
k n o w n to be very fast [56] and they lead to the format ion 
of a giant black hole. A n est imate of the mass of the 
resul tant black hole can be found in Ref. [28]. 

One might ment ion here also other predic t ions which 
should be checked in detail by compar i son with observa­
t ional da ta . These predic t ions include, first, a giant halo of 
established clusters with the dark mat te r dis t r ibut ion in 
accordance with the law described by expression (123). The 
existence of such a halo should give rise to ro ta t ion curves 
of galaxies or other objects t r apped in the gravi ta t ional field 
of the ha lo . The size of the halo is est imated to be 2 -
5 M p c . The second predict ion is the appearance of pancake , 
filament, and n o d e structures, and of the s t ructure of the 
biggest large-scale objects which have no t reached the stage 
of the initial singularities (these are objects of the Grea t 
At t r ac to r type [40]). 

W e should ment ion also the quali tat ive differences 
between the regions in space which are inside and outs ide 
the giant ha los of galaxies. In view of the H u b b l e expansion 
the dark mat te r density and, consequently, the average 
density of the ba ryon ic mat te r are very different in these 
regions. This difference is likely to affect the format ion of 
condensed objects, for example, small galaxies. It can be 
investigated in par t icular by considering the example of the 
near cosmic space of our galaxy and its closest n e i g h b o u r s . ! 
In principle, it should be possible also to observe directly 
the interact ion of p lanets with da rk mat te r [57]. J 

It should be stressed tha t the analyt ic theory of the 
large-scale s t ructure of mat te r presented in this review is as 
yet far from complete . A m o n g the m a n y p rob lems tha t need 
to be discussed further, we would like to ment ion the 
following. 

(1) It is necessary to generalise the solution of the 
dynamic p rob lem of the format ion of an N G S to the 
case of an arb i t ra ry value of the pa rame te r e, to include 
in greater detail the influence of the an i so t ropy of the initial 
da ta , and also to discuss fully the process of th ree -
dimensional mixing. A m o r e effective use of numer ica l 
m e t h o d s is needed to solve these p rob lems . 

(2) It is desirable to s tudy the process of collisional 
re laxat ion. It should be stressed tha t this means collisions of 
galactic systems and pr imari ly the collisions of giant d a r k -
mat te r halos . The influence of the ba ryon ic mat te r and, in 
par t icular , of the ba ryon ic gas, can then be very significant: 
the ba ryon ic mat te r determines dissipation and this mus t 
affect the overall dynamics of the process . 

fThis was pointed out by G V Chibisov. 

JA numerical error was made in estimating a constant in Ref. [57]. In 
spite of the underestimation of this constant, the effect in question 
should remain within the limits of observability. 
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(3) It is essential to extend the statistical theory in order 
to t ake account of b o t h the initial correla t ions and the 
correla t ions of higher orders . Moreover , it is necessary to 
separate the singularities of the correlat ion functions of the 
third and fourth orders when these singularities cor respond 
to dynamic filament or p a n c a k e s tructures (Section 9). It is 
obviously equally impor t an t to identify the same types of 
singularities in the higher correlat ion functions also in the 
observa t ional da ta . 

There are also other interest ing p rob lems . However , it is 
obviously most impor t an t to find a way for correct 
ma tch ing of this anayt ical theory to the direct numer ica l 
s imulat ion me thods . This app roach could m a k e the greatest 
cont r ibut ion to further developments of the theory. 
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Appendix: Influence of a decaying mode on the 
formation of a nondissipative gravitational 
singularity 
In considering the nonl inear theory of a growing 
pe r tu rba t ion m o d e we have ignored completely a decaying 
m o d e and we have thus na r rowed down the class of initial 
condi t ions . In fact, a rb i t ra ry initial condi t ions are set by 
four scalar functions Si(x) and v z (x) , whereas in the case of 
a growing m o d e they are set by just one function. However , 
since separat ion into growing and decaying modes is 
possible only dur ing the linear stage, it is necessary to 
consider the influence of all possible pe r tu rba t ions tha t we 
have ignored on the solution described by expression (123). 
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The velocity of part icles in a decaying m o d e is 

v = -D2(t) ^ {ZMO I dVa,.(*') 

- o i ( 0 4 r ) + v f - ^ . ( A l ) a(t)) a(t) 

Let us first consider the i r ro ta t iona l mot ion , i.e. let us 
assume tha t v] = 0. W e shall be interested in the solut ion 
given by expression ( A l ) in a region close to the effective 
density m a x i m u m considered above. Then , in general, the 
velocity v can be expanded as a Taylor series. If only the 
nonl inear t e rms are retained, the result is 

where the velocity ua and the coord ina te xa are m a d e 
dimensionless in accordance with formula (46). 

The descript ion of the velocity by expression ( A l ) is 
valid as long as 3 < 1. If 3 ^ 1, we have to consider a 
cont rac t ing solut ion, described by re la t ionships (51). A 
characterist ic tensor Uaj at the m o m e n t when 3 = 1, 
will be denoted by e. It depends on the ra te of expansion 
of the Universe and on the f luctuation ampl i tude 3t. If 
Q=l, then 

(A2) 

A n analysis of the solut ion described by expression ( A l ) 
demons t ra tes tha t , wi thout l imiting the generali ty of the 
discussion, we need to consider only those initial values of 
the field of velocities of the decaying m o d e which are 
characterised by d ivv = 0. Then , on reduct ion of the mat r ix 
Uaj to the d iagonal form (bearing in mind tha t cur lv = 0), 
we obta in 

Uy _ X • 
x 3 -

-3ey, (A3) 

In wri t ing down the relat ionships in expression (A3) we 
are assuming tha t the gradient of the field of velocities near 
the poin t r = 0 of the density m a x i m u m is directed a long the 
y axis. W e shall n o w consider h o w the selection at the 
m o m e n t t = t* (3 = 1) of the initial velocity given by 
expression (A3) affects the process of compress ion of a 
bunch when this process is due to the growing mode . Since 
we are interested in the vicinity of r = 0, at the compress ion 
stage we can expand the solut ion given by expression (51) 
near this specific point : 

3 1 P = (A4) 
3(1 -xf 

Here , the quant i ty r is normal ised to a and T is normal ised 
to tc. 

Subtrac t ion of formulas in expression (A4) from the 
complete hyd rodynamic system of equa t ions (28) and 
designat ion of the differences by 8v, 8p, 8i/f, yields 

9 a 2 

^ 5 V ~ 3 ( T ^ ) 
(r-V) 5v + 

3 ( 1 - T ) 
8v + V5tA 

+ ( 8 v V ) 8v = 0 , 

^ + 3 7 T V V - 5 V ) - ^ V W 

(A5) 

The initial condi t ions for the system of equa t ions (A5) are 
specified in expression (A3). W e shall seek the solut ion of 
the system of equa t ions (A5) in the form 

§vk = rkhkrj4 , 5p = q(rj) rj4 , V8^r = \r§P > (A6) 

where rj = (1 — T ) - 1 ^ 3 , and there is no summat ion over k. 
Subst i tut ion of the re la t ionships in expression (A6) into 

the system of equa t ions (A5) gives 

1 8 2q y—^ 2 2 , 
(A7) 

Since, according to expression (A2), we have e <̂  1, it is 
sufficient to consider just the linear solut ion of the system 
of equa t ions (A7). D r o p p i n g the nonl inear t e rms from the 
system of equa t ions (A7) and subst i tut ing the initial 
condi t ions given in expression (A3), we obta in 

5p = 0 , 5 v , = £ , r , ( l - T ) - 4 / 3 , 

6 2 6 (A8) 
8\ 3 ' 82 3e ' # 3 3 

It therefore follows from expression (A8) tha t in the 
linear approx ima t ion the density does no t rise, i.e. q = 0, 
bu t the velocity rises faster t han the velocity of the main 
s t ream described by expression (A4) and near a singularity 
it is much higher t han the latter. 

W e shall therefore consider the nonl inear solution of the 
system of equa t ions (A5) on the assumpt ion tha t n —> oo. It 
follows asymptot ical ly from the first equa t ion of this 
system (A7) tha t 

3 W + ^ = ° 
(A9) 

The above equat ion described the k inemat ic mo t ion of 
part icles. I ts solut ion is 

Mo) hin) l + 3 A t ( 0 ) f a - l ) • 
(A 10) 

It is impor t an t tha t a long the coord ina te y the 
pe r tu rba t ions g row faster t han a long the other two 
coordinates . If f/ = l + e / 2 , it follows from the initial 
condi t ions given by expression (A3) tha t a singularity 
appears in the solut ion given by expression (A 10). This 
singularity [see E q n (A9)] is the result of a nonl inear 
k inemat ic reversal. It is one of the possible Lagrang ian 
singularities [25]. This means tha t the central singularity of 
expression (123) discussed by us spreads out over a certain 
small region a r o u n d r = 0 because of k inemat ic mixing. 
Es t imates of the energy show however tha t the charac ter ­
istic size 8r of the spreading region is extremely small: 

e2 = dj . 8 r ' ( A l l ) 

Consequent ly , under real physical condi t ions this process is 
of little impor tance . 

W e shall conclude by no t ing tha t inclusion of low 
ro ta t iona l (vortex) velocities v] leads to a similar small 
region of smooth ing out of the centre of an N G S . 

+ V-(5p5v) = 0 


