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Abstract. Theoret ical ideas for deriving singularities of 
t he rmodynamica l functions at the second-order phase 
t rans i t ions in spin systems with weak quenched disorder 
are considered. In par t icular , p - c o m p o n e n t vector magne t s 
and the two-dimens iona l Ising mode l with disorder in 
s p i n - s p i n interact ions are studied. General isa t ion of the 
t rad i t iona l renormal i sa t ion-group scheme, which takes into 
account nonper tu rba t ive spin-glass degrees of freedom, is 
p roposed . Low- tempera tu re proper t ies and the phase 
t ransi t ion in the Ising systems with quenched r a n d o m 
fields are also considered. 

1. Introduction 
This review is devoted to the theory of critical p h e n o m e n a 
at the phase t rans i t ions of the second order . It is generally 
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believed tha t this pa r t of statistical mechanics is well 
unde r s tood , at least at the quali tat ive level. Moreover , it is 
one of the few fields where close coopera t ion with 
experiments is possible and in certain cases one is able 
to th ink in te rms of the quantitative cor respondence of 
exper imental results with a theory, and vice versa. In this 
sense, it is t empt ing to conclude tha t no th ing very new 
could be expected any m o r e in the wor ld of second-order 
phase t ransi t ions . One of the main po in t s of the present 
review is to demons t ra t e tha t this is no t so. Life is no t so 
bor ing . 

The theory of the critical p h e n o m e n a deals with 
macroscopic statistical systems which are close to the 
phase t rans i t ion point , where spon taneous symmetry b r eak 
ing takes place. This s i tuat ion is characterised by large-scale 
instabilities, or f luctuat ions (unfor tunately , these can be 
observed even in everyday life). Accord ing to the t rad i t iona l 
scaling theory of the second-order phase t ransi t ions , the 
large-scale f luctuat ions are characterised by a certain 
dominan t scale, or the correlat ion length, Rc. The correla
t ion length grows as the critical po in t is approached , where 
it becomes infinite. The large-scale f luctuat ions lead to 
singularities in the macroscopic characterist ics of the system 
as a whole . These singularities are the main subject of the 
theory. 

In the studies of the second-order phase t ransi t ions , the 
systems considered were usually assumed to be perfectly 
homogeneous . In real life, however , some defects or 
impuri t ies are always present . Therefore, it is na tu ra l to 
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consider the effect impuri t ies might have on the phase 
t ransi t ion p h e n o m e n a . 

Originally, m a n y years ago, it was generally believed 
tha t impuri t ies either completely destroy the long-range 
f luctuations, such tha t the singularities of the t h e r m o d y 
namic functions are smoothed out , or can p roduce only a 
shift of a critical po in t bu t cannot affect the critical 
behav iour itself. Later it was realised tha t an in termedia te 
s i tuat ion is also possible, in which a new critical behaviour , 
with new universal critical exponents , is established suffi
ciently close to the phase t rans i t ion point . However , 
according to the most recent developments in this field, 
the s i tuat ion could appear to be much m o r e sophist icated, 
such tha t completely new types of critical p h e n o m e n a of the 
spin-glass na tu re could be established near the critical 
poin t . The considerat ion of the disorder- induced p h e n o m 
ena near the second-order phase t rans i t ions is the main 
subject of the present review. 

To a certain extent, the review is assumed to be of 
pedagogical character (it is based on the lecture course for 
the s tudents of the L a n d a u Inst i tute) . It is supposed to be 
self-contained so tha t the reader is no t required to go 
th rough all the references. One of the purposes of the 
present review is to in t roduce the reader to the subject. To 
do tha t , the reader need only unde r s t and the basic 
principles of statistical mechanics . The only exception is 
Section 4, where in certain places the elements of the theory 
of replica symmetry b reak ing of spin-glasses are used 
wi thout detailed explanat ion (the reader m a y refer, for 
example, to Ref. [9]). The calculat ions, a l though sometimes 
ra ther tedious (where this canno t be avoided) , are m a d e as 
e lementary as possible, while the emphasis is placed on the 
quali tat ive physical ideas. 

Section 2 is devoted to the systematic considerat ion of 
the t rad i t iona l scaling theory of the critical p h e n o m e n a , 
including e-expansion. This topic has been a pa r t of the 
t ex tbooks [ 1 - 3 ] for m a n y years now, so the reader who is 
familiar with the subject m a y easily skip this section. 

In Section 3 the concept of quenched disorder is 
in t roduced. H e r e the physical idea of self-averaging is 
discussed and the technical me thod , k n o w n as the 'replica 
me thod ' , is considered in general te rms. Besides, in t e rms of 
the renormal i sa t ion-group ( R G ) approach , the t rad i t iona l 
p rocedure for ob ta in ing a new universal impuri ty- induced 
critical regime is considered for the ferromagnet ic spin 
vector systems. 

In Section 4 we s tudy the renormal i sa t ion-group theory 
generalised to t ake into account essentially nonper tu rba t ive 
p h e n o m e n a of the spin-glass (SG) na tu re . It is shown that , 
whenever the disorder is relevant for the critical behaviour , 
the t rad i t iona l R G flows, which are usually considered as 
describing the disorder- induced universal critical behaviour , 
are uns tab le with respect to the SG-type pe r tu rba t ions . It is 
demons t ra ted tha t in general there exist no stable fixed 
points , and the R G flows lead to the so-called strong-
coupling regime at a finite spatial scale. The physical 
consequences of the R G solut ions obta ined are dis
cussed. In par t icular , we argue tha t the s t rong-coupl ing 
p h e n o m e n a discovered indicate the onset of a completely 
new SG-type critical behaviour in the close vicinity of the 
phase t ransi t ion. 

In Section 5 we consider the critical proper t ies of the 
two-dimens iona l Ising mode l with impuri t ies . H e r e the 
exact solution for the critical behaviour of the specific 

heat is derived, and the phase d iagram as well as the results 
of the recent numer ica l s imulat ions are discussed. 

Final ly, in Section 6 the Ising spin systems with 
quenched r a n d o m fields are considered. These are a type 
of statistical mode l which exhibits quali tat ively different 
proper t ies from those considered before. The random-field 
Ising systems are of special interest for two reasons . First , 
because they have m a n y experimental ly accessible realisa
t ions and, second, because despite extensive theoret ical and 
exper imental efforts dur ing the last twenty years very little 
is unde r s tood abou t their basic proper t ies even at the 
quali tat ive level. 

The Conclus ions are wri t ten to inform the reader of the 
main idea of the present review, which is encoded in the 
text. It cannot be decoded, however , unt i l the whole review 
is carefully studied. 

2. Scaling theory of the critical phenomena 
2.1 General principles of statistical mechanics 
In the mos t simple terms, the basic s ta tements of statistical 
mechanics could be in t roduced in the following way. Let 
the microscopic state of some macroscopic system having 
m a n y degrees of freedom be described by the configura
t ions of N variables {st}9 where / = 1 , 2 , . . . , A/". The basic 
quant i ty character is ing the microscopic states is called the 
energy H, and it is defined as a function of all the 
microscopic variables {st}: 

H = H(sus2,...,sN) =H[s] . 

The microscopic dynamic behaviour of the system is 
defined by dynamic differential equa t ions such tha t , in 
general , the energy of the system tends to a m in imum. 
Besides, it is assumed tha t no observable system can be 
perfectly isolated from the su r round ing world , and the 
effect of the interact ion with the sur roundings (the the rmal 
b a t h ) is believed to p roduce the so-called thermal noise in 
the exact dynamica l equat ions . The the rmal (white) noise 
acts as r a n d o m and uncorre la ted f luctuat ions which 
p roduce the r andomisa t ion and mixing of the exact 
dynamica l trajectories of the system. 

Let A[s] be some observable quant i ty . The quant i t ies 
which are of interest in statistical mechanics are the 
averaged values of the observables. In other words , instead 
of s tudying the exact change in t ime values A one 
in t roduces the averaged quant i ty 

1 f? 

(A) = l i m - dtfA[s(tf)] , (2.1) 
t—>oo t Jo 

which could be formally obta ined after the observat ions 
dur ing an infinite t ime per iod. 

The fundamenta l hypothesis of equil ibrium statistical 
mechanics lies in the following. It is believed tha t , owing to 
the mixing of the dynamic trajectories, after an infinitely long 
observat ion t ime, the system in general Visits ' its different 
microscopic states m a n y t imes, and therefore the averaged 
quant i ty in E q n (2.1) could be obta ined by averaging over 
the ensemble of the states instead of tha t over the t ime: 

dsi ds2... dsNA[s]P(sl,s2,sN) (2.2) 

H e r e P[s] is the probability distribution function of the 
microscopic states of the system. In other words , it is 
believed tha t because of the mixing of the dynamica l 



Critical phenomena and quenched disorder 459 

trajectories, instead of solving the exact dynamics , the 
system could be statistically described in te rms of the 
probabi l i t ies of its microscopic states given by the function 
P[s]. The probabi l i ty dis t r ibut ion function, whatever it is, 
mus t be normal ised: 

dsi ds2 . . . d% P(si, s2, • • •, sN) = 1 (2.3) 

The fundamenta l quan t i ty of statistical mechanics which 
characterises the probabi l i ty dis t r ibut ion itself is called the 
ent ropy. It is defined as the average of the logar i thm of the 
dis t r ibut ion function: 

S = -<log(P[s])> = -1 ds1 ds2... dsN P[s] \og(P[s}) . (2.4) 

Firs t of all, it is obvious from the above definition tha t 
because of the normal i sa t ion (2.3), the en t ropy is at least 
nonnegat ive . In general, the value of the en t ropy could tell 
to wha t extent the probabi l i ty dis t r ibut ion of the system is 
'ordered ' . Consider a simple illustrative example. Let the 
(discrete) microscopic states of the system be labeled by an 
index a, and let us assume tha t the probabi l i ty dis t r ibut ion 
is such tha t only L ( among all) states have nonzero and 
equal probabi l i ty . Then, as a result of the normal i sa t ion 
(2.3), the probabi l i ty of any of these L states must be equal 
to 1/L. Accord ing to the definition of the ent ropy, one gets 

L 
S = - ^ P 0 1 l o g P a = l o g L . 

a 

Therefore, the b roade r the dis t r ibut ion (the larger L) , the 
larger the value of the ent ropy. On the other hand , the 
m o r e concent ra ted the dis t r ibut ion function is, the smaller 
the value of the ent ropy. In the extreme case, when there is 
only one microscopic state occupied by the system, the 
en t ropy is equal to zero. In general , the value of exp(S) 
could be interpreted as the average number of the states 
occupied by the system with a fairly large probabi l i ty . 

N o w let us consider wha t the general form of the 
probabi l i ty dis t r ibut ion function must be. Accord ing to 
the basic hypothesis , the average value of the energy of 
the system is 

E=(H) = ^PXHX (2.5) 

The interact ion of the system with the su r round ing wor ld 
p roduces the following fundamenta l effects. Firs t , the 
average value of its energy in the rma l equil ibr ium is 
conserved. Second, for some reason N a t u r e is constructed 
in such a way tha t , irrespective of the in ternal s t ructure of 
the system, the value of its en t ropy in the equil ibrium state 
tries to a t ta in a m a x i m u m (bounded by the condi t ion tha t 
the average energy is constant ) . In a sense, it is na tu ra l : 
r a n d o m noise makes the system as disordered as possible. 
Let us n o w consider the value of the probabi l i ty 
dis t r ibut ion function which would maximise the ent ropy. 
To t ake into account the two const ra in ts — the conserva
t ion of the average energy, E q n (2.5), and the 
normal i sa t ion J2a^^ = 1 — o n e c a n u s e t n e me thod of 
the Lagrang ian multipliers. Therefore, the following 
expression must be maximised with respect to all possible 
dis t r ibut ions Pa: 

Sf>,y[P] = - J 2 P « l ° Z ( P J - P f e P « H « ~ E ) 
a V a / 

where and y are the Lagrang ian multipliers. Var ia t ion 
with respect to Pa gives 

where 

Z = £ ) e x p ( - / « f a ) = e x p ( y + l ) 

(2.7) 

(2.: 

is called the par t i t ion function, and the pa ramete r which 
is called the inverse t empera tu re , is defined by the 
condi t ion 

(2.9) 

In pract ice, however , it is the t empera tu re which is usual ly 
t aken as an independent pa ramete r , whereas the average 
energy is obta ined as a function of the t empera tu re by 
E q n (2.9). 

The other fundamenta l quant i ty of statistical mechanics 
is the free energy defined as follows: 

F = E-TS , (2.10) 

where T = l/fi is the t empera tu re . Us ing E q n (2.7), one 
can easily derive the following basic relat ions a m o n g the 
free energy, the par t i t ion function, the ent ropy, and the 
average energy 

F=-T\og(Z) , (2.11) 

,2 8 F 

s=pz 

8 / r 

E = - k o g ( z ) = F + ^ -

(2.12) 

(2.13) 

N o t e tha t according to the definition given by 
E q n (2.10), the principle of m a x i m u m en t ropy is equivalent 
to tha t of the m i n i m u m of the free energy. One can easily 
confirm tha t t ak ing the free energy (instead of the ent ropy) 
as the fundamenta l quant i ty , which mus t be min imal with 
respect to all possible dis t r ibut ion functions, the same form 
of the probabi l i ty dis t r ibut ion as given by Eqn (2.7) is 
obta ined. 

2.2 The mean-field approximation 
In magnet ic mater ia ls , the microscopic state of the system 
is supposed to be defined by the values of the local spin 
magnet i sa t ions . In m a n y magnet ic systems, the electrons 
responsible for the magnet ic behaviour are localised near 
the a toms of the crystal lattice, and the force which tends 
to orient the spins is the (short - range) exchange interact ion. 

The mos t popu la r models which describe this s i tuat ion 
quali tat ively are called the Ising models . The microscopic 
variables in these systems are the Ising spins at which by 
definition can t ake only two values: + 1 or — 1 . The 
t rad i t iona l form for the microscopic energy (which from 
n o w on will be called the Hami l ton i an ) as the function of all 
the Ising spins is the following: 

H (2.14) 

Here the no ta t ion (/, j) indicates the summat ion over all the 
lattice sites of the nearest ne ighbours , Jtj are the values of 
the s p i n - s p i n interact ions, and h is the external magnet ic 
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field. If all the values of Jtj are equal to some posit ive 
constant , then one gets the ferromagnet ic Ising model ; 
otherwise, if all the Jtj values are equal to some negative 
constant , one gets the ant i ferromagnet ic Ising model . 

In spite of the apparen t simplicity of the Ising model , an 
exact solution (which means the calculat ion of the par t i t ion 
function and the correlat ion functions) has been found only 
for the one - and two-d imens iona l systems in the zero 
external magnet ic field. In all other cases, one needs to 
use approx ima te me thods . One of the simplest m e t h o d s is 
called the mean-field approx imat ion . In m a n y cases, this 
me thod gives results which are no t too far from the correct 
ones, and very often it makes it possible to get some 
quali tat ive unde r s t and ing of wha t is going on in the system 
under considerat ion. 

The s tar t ing poin t of the mean-field approx ima t ion is 
the assumpt ion abou t the s t ructure of the probabi l i ty 
dis t r ibut ion function. It is assumed tha t the dis t r ibut ion 
function in the equil ibr ium state can be factorised as the 
p roduc t of the independent dis t r ibut ion functions in the 
lattice sites: 

P[<7]=-exp(-|8ff[c7])~]p>,(c7,). (2.15) 
The normal ised site dis t r ibut ion functions are taken in the 
form 

Pi(°i) = 8(<r, - 1) + 8(<r,. + 1) , (2.16) 
where 0; are the pa rame te r s which have to be specified. 

The factorisat ion of the dis t r ibut ion function, 
E q n (2.15), means tha t the average of any p roduc t of 
any functions at different sites is also factorising on the 
p roduc t of the independent averages 

</fa)*(o>)> = </fa)><s(o>)> , (2-17) 

where, according to the initial s ta tement (2.15), 

< M ) > = 1 ^ i / ( l ) + ^ / ( - l ) • (2-18) 

In par t icular , for the average site magnet i sa t ions , one easily 
gets 

= </>;• (2-19) 

Therefore, the physical mean ing of the pa rame te r s in 
the tr ial d is t r ibut ion function is tha t they describe the 
average site spin magnet i sa t ions . Accord ing to the general 
principles of statistical mechanics , these pa rame te r s mus t 
be such tha t they would minimise the free energy of the 
system. 

Us ing E q n s (2.15) and (2.16) for the en t ropy and for the 
average energy, we get 

s = - < i o g ( P M ) ) ~ - x ; < i o g [ W ] > 

i 

E = -lj2JU(l>i(l)J-hJ2(l>i 

(2.20) 

(2.21) 

F o r the free energy, E q n (2.10), one obta ins 

(u) 

(2.22) 

To be m o r e specific, consider the ferromagnet ic system 
on the Z)-dimensional cubic lattice. In this case, all the 
s p i n - s p i n couplings are equal to some posit ive constant 
Jy = J/2D > 0 ( the factor 1/2D is inserted just for con
venience), and each site has 2D nearest ne ighbors . Since the 
system is homogeneous , it is na tu r a l to expect tha t all the 0; 
values must be equal to some cons tant 0. Then, for the free 
energy [Eqn (2.22)], one gets 

+T 
1 + 0 ( \ + 0 

log + 
1 - 0 (\-(t> —z— l og ' 

(2.23) 
where V is the vo lume of the system a n d / i s the density of 
the free energy. 

The necessary condi t ion for the min imum of / is 

4f(0) . 
d0 0 , 

-J(j) -h + T a rc tanh(0) = 0 (2.24) 

The result ing equat ion , which defines the order pa ramete r 
0, is 

0 = t anh [p(J<j) + h)] (2.25) 

N o t e tha t the m i n i m u m of the free energy is condi t ioned by 
d 2 / / d 0 2 > 0. Us ing Eqn (2.24), we can reduce this 
condi t ion to 

1 
1 - 0 -

•>PJ . (2.26) 

Consider first the case of a zero external magnet ic field 
(h = 0). One can easily see tha t , if T > TC = / , the only 
solution of Eqn (2.25) is 0 = 0, and this solut ion satisfies 
condi t ion (2.26). Therefore, at all t empera tu res higher t h a n 
Tc, the m i n i m u m of the free energy is achieved in the state 
in which all the site spin magnet i sa t ions are zeros. 

However , if T < TC9 then in addi t ion to the solution 
0 = 0, E q n (2.25) (with h = 0) has two nontr iv ia l solut ions 
0 = ± 0 ( r ) ^ 0. One can easily check tha t in this t em
pe ra tu re region the solution 0 = 0 becomes the m a x i m u m 
and no t the m i n i m u m of the free energy, while the t rue 
min ima are achieved at 0 = ± 0 ( 7 ) . Therefore, in the low-
tempera tu re region T < TC9 the free energy has two minima, 
which are characterised by nonzero site magnet i sa t ions with 
opposi te signs. 

N e a r Tc, the magnet i sa t ion 0(7") is small. In this case, 
the expansion in powers of 0 in Eqn (2.25) can be made . In 
the leading order in T E (T/TC — 1), |T| <^ 1, one gets 

|V2 0 ( 7 ) = const | T | 1 / Z , T < 0 . 

Thus , as T -> Tc, 0 ( 7 ) -> 0. 

(2.27) 
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The expansion of the free energy Eqn (2.23) as the 
function of a small value of 0 yields 

/ ( 0 ) = ^ T 0 2 + ^ 0 4 - / * 0 , (2.28) 

where g = T/3, and for simplicity we have taken / = 1. 
The quali tat ive shape of / ( 0 ) at T > Tc (T > 0) and at 
T < Tc (T < 0) is shown in Fig. 1 N o t e tha t , since the to ta l 
free energy F is p r o p o r t i o n a l to the vo lume of the system, 
the value of the free energy barr ier separat ing the states 
with 0 = ± 0 ( 7 ) at T < Tc is also p ropo r t i ona l to the 
vo lume of the system. Therefore, in the thermodynamic 
limit V —> oo (which cor responds to the considerat ion of 
the macroscopic systems) the barr ier separat ing the two 
states approaches infinity. 

Figure 1. Free energy of the ferromagnetic Ising magnet: (a) in the 
zero external magnetic field; (b) in the nonzero magnetic field. 

The simple considerat ions described above demons t r a t e 
on a quali tat ive level the fundamenta l p h e n o m e n o n called 
spon taneous symmetry breaking . At the t empera tu re 
T = Tc, the phase t rans i t ion of the second order occurs, 
such tha t in the low- tempera ture region T < Tc the 
symmetry with respect to the global change of the signs 
of the spins is b roken , and the two ( instead of one) g round 
states appear . These two states differ by the sign of the 
average spin magnet isa t ion , and they are separated by the 
macroscopic barr ier of the free energy. 

In a small nonzero magnet ic field (h <̂  1), the qual i tat ive 
shape of the free energy is shown in Fig. lb N e a r the phase 
t rans i t ion poin t for the equat ion df/d0 = 0, one gets 

T 0 + g(jy> = h . (2.29) 

This equat ion always has nonzero solut ions for the order 
pa ramete r 0 at all t empera tures . In par t icular , in the low-
tempera tu re region (T < 0), one finds tha t 

vl /2 

0 : 

where 

h hc(r). 

(2.30) 

1 

F o r the h igh- tempera ture region (T > 0), one finds tha t 

( h 

<l>~{ 

h <^ hc(r), 

1/3 (2.32) 

h>hc(T). 

Therefore, at h ^ 0 the phase t ransi t ion is ' smoothed o u t ' 
in the t empera tu re interval kl ~ [Eqn (2.31)] near Tc. 
T h u s in systems in a nonzero external field, the sharp phase 
t rans i t ion does no t exist. 

The physical quan t i ty which describes the react ion of 
the system on the infinitely small magnet ic field is called 
susceptibility. It is defined as follows: 

80 
dh 

(2.33) 
h=0 

Accord ing to E q n s (2 .30) - (2 .32) , one finds tha t near the 
critical poin t the susceptibility becomes divergent: 

T > Tc 

X - < I 
T <TC 

F o r the nonl inear susceptibility x(h) 
poin t ( # " 1 / 2 | T | 3 / 2 ^ h\ we get 

- 2 / 3 

(2.34) 

• 80/8/z at the critical 

(2.35) 

T h e other basic physical quan t i ty is the specific heat , 
which is defined as follows: 

C = -T 
] 1 

87*2 
(2.36) 

F o r the specific heat near the critical po in t (in the zero 
magnet ic field), according to the E q n s (2.27) and (2.28), 
one ob ta ins 

r i 
const = — , T > Tc, 

C ~ I 2g (2.37) 
k0, T < Tc. 

Of course, all the above cases which were considered in 
te rms of very primit ive mean-field approx ima t ions cannot 
pre tend to give reliable results. Nevertheless , on a qua l 
itative level they demons t ra t e a very impor t an t physical 
p h e n o m e n o n : near the poin t of the second-order phase 
t ransi t ion, at least some of the physical quant i t ies become 
singular (or nonanalyt ic) . 

N o w let us consider one simple and na tu ra l improve
ment of the mean-field theory discussed above. 

2.3 The Ginzburg - Landau theory 
The apparen t defect of the mean-field approx ima t ion given 
above is tha t it does no t t ake into account correla t ions 
a m o n g spins. This can be easily amended if we are 
interested in the studies of only large-scale p h e n o m e n a , 
which will be shown to be responsible for the leading 
singularities in the the rmodynamica l functions. In this case, 
the order pa rame te r s 0, are a lmost spatially homogeneous , 
and they can be represented as slowly varying (with small 
gradients) functions of the con t inuous space coordinates . 
Then the interact ion term in the Hami l ton i an (2.14) can be 
represented as follows: 

(2.31) \ E M ^ \ \ d°x {4>2M + [ V 0 M ] 2 } • (2-38) 

The Hami l t on i an in which only small spatial f luctuat ions 
of the order pa ramete r are t aken into account can be 
wri t ten as follows: 

H = jdDx [V*(*)] 

(2.39) 
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The theory which is based on the above Hami l ton ian is 
called the G i n z b u r g - L a n d a u app roach . In fact the 
G i n z b u r g - L a n d a u Hami l ton i an is no th ing bu t the first 
few terms of the expansion in powers of </> and V</>. In the 
vicinity of the (second-order) phase t ransi t ion point , where 
the order pa ramete r is small and the leading cont r ibu t ions 
come from large-scale f luctuations, such an app roach 
appears to be quite na tura l . 

Consider the cont r ibu t ions caused by small f luctuat ions 
at the b a c k g r o u n d of the h o m o g e n e o u s order pa rame te r 

</>o = VWs, 

4>(x) = < / > 0 + (2.40) 

where cp(x) <^ </>0. 
F o r simplicity, let us consider the case of the zero 

magnet ic field. Then the expansion of the H a m i l t o n 
ian (2.39) to the second order in cp yields 

H = H0 + jdDx {i[V<K*)]2 + |Tk>2M} 

In te rms of the Four ie r representa t ion 

= <p(k)exp(-\kx) , 
J (271) 

one gets 

H = 
dDk 

(2t t ) 
^ ( / : 2 + 2 | T | ) | ^ ) | 2 + / / 0 -

Therefore, for the correlat ion function 

G B W ^ <k(ib) | 2 > ^ J P ^ W I ^ ) L 2 ^ > ( - g M ) 

(2.42) 

(2.43) 

(2.44) 
exp (-#[<?]) 

one obta ins the following result: 

G „ ( * ) = - 1 (2.45) 
k2+2\x\ ' 

Besides, it is obvious that 

((p(k)(p(k')) = G0(k)?>(k + k') . (2.46) 

Therefore, for the spatial correlat ion function 

g0(x) = «<Ko)<£W» = <<Ko)<K*)> - (<K0)X<K*)) 

we obta in 

dDk 

(271) 
^(\<p{k)\z)exp{ikx), (2.47) 

G0(x) ~ < 

-(D-2) \x\<Rc(t) 

e x p - ^ , \x\>Rc(t). 

Here the quan t i ty 

* c t o 
- 1 / 2 

(2.48a) 

(2.48b) 

(2.49) 

is called the correlation length. 
Thus , the si tuat ion near Tc ( |T| <^ 1) is as follows. At 

scales much greater t han the correlat ion length Rc(r) 5> 1, 
the f luctuat ions of the field </>(x) a r o u n d its equil ibrium 
value 0 O (0 O = 0 at T > TC9 and </>0 = y/\x\/g at T < Tc) 
become effectively independent (their correla t ions decay 
exponential ly [see E q n (2.48b)]. On the other hand , at scales 

much smaller t han Rc(t)9 in the so-called f luctuation region, 
the f luctuat ions of the order pa ramete r are strongly 
correlated, and their correlat ion functions exhibit weak 
power- law decay [see E q n (2.48a)]. Therefore, inside the 
fluctuation region at scales <^ Rc(r)9 the gradient or the 
fluctuation term of the Hami l ton i an (2.39) becomes crucial 
for the theory . At the critical point , the fluctuation region 
becomes infinite. 

Let us est imate to wha t extent the above simple 
considera t ions are correct. Expans ion (2.41) could be 
used and the result [Eqn (2.48)] justified only if the 
characterist ic value of the f luctuat ions cp are small in 
compar i son with the equil ibrium value of the order p a r a 
meter 0 O . Since the correlat ion length Rc is the only relevant 
spatial scale which exists in the system near the phase 
t ransi t ion point , the characterist ic value of the f luctuat ions 
of the order pa rame te r could be est imated as follows: 

(2.41) < P 2 = i f dDx(<p(p)<p(x))~R-c 

K c J\x\<Rc 

(D-2) (2.50) 

The above simple mean-field est imates for _the critical 
behav iour are justified only if the value of cp2 is much 
smaller t han the cor responding value of the order p a r a 
meter (f>l at equil ibrium: 

R -D+2 (2.51) 

Us ing Eqn (2.49) we find tha t this condi t ion is satisfied if 

g|Tp"4>/2 < 1 . (2.52) 

Therefore if the dimensions of the system are greater t han 
4, near the phase t rans i t ion point , x —> 0, condi t ion (2.52) is 
always satisfied. On the other hand , if the d imensions D are 
less than 4, this condi t ion is always violated near the critical 
poin t . 

Thus , these simple est imates reveal the following 
impor t an t poin ts : 

(1) If the dimensions D of the considered system are 
greater than 4, then its critical behaviour in the vicinity of 
the second-order phase t rans i t ion is described successfully 
by the mean-field theory. 

(2) If the dimensions of the system are smaller t han 4, 
then, according to Eqn (2.52), the mean-field app roach 
gives correct results only in the range of t empera tu res 
no t too close to Tc: 

(2.53) 

(here it is assumed tha t g <̂  1, otherwise there would be no 
mean-field critical region |T| <^ 1 at all). In the close vicinity 
of TC9 |T| <^ T*, the other (non-Gauss ian) type of critical 
behav iour can be expected to occur. 

2.4 Critical exponents 
In general , it is believed tha t critical behaviour of the 
physical quant i t ies near the phase t rans i t ion poin t can be 
described in te rms of the so-called critical exponents. In 
par t icular , for the quant i t ies considered above, the critical 
exponents are defined as follows: 
— order pa ramete r 

0 o - | T | ^ , h<hc(z); x < 0; 

0 O ~ h l ' d

9 h>hc(x) ; 
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-specific heat 

C ~ M ~ " , h<hc(r) ; 

-susceptibili ty 

X ^ | T | - 7 , h<hc(T); 

X ~ h l / 6 - \ h>hc(T) ; 
-corre la t ion function 

-D+2-ri 
\x\<Rc G(x) ~ |x 

where the value of the critical field is hc(r) ~| 
est imate follows from the compar i son of the 
lengths in small and in large fields). 

In fact, no t all the critical exponents listed in 
are independent . One could easily derive (see 
following relat ions a m o n g them: 

(2.54) 

T | V / " (this 
correlat ion 

E q n (2.54) 
below) the 

a = 2-Dv, (2.55) 

3 _ D + 2-rj 

~ D - 2 + 77 ' 
(2.56) 

y = ( 2 - * 7 > , (2.57) 

2£ = 2 - y - a , (2.58) 

2 
^~ D + 2 - n ' 

(2.59) 

F o r 7 exponents there are exist 5 equat ions , which means 
tha t only two exponents are independent . In other words , 
to find all the critical exponents one needs to calculate only 
two of them. 

In par t icular , the Ginzburg - L a n d a u mean-field theory 
considered above gives v = 1/2 and rj = 0 [see E q n s (2.48), 
(2.49)]. Us ing E q n s (2.55) - (2.59) we can easily find the rest 
of the exponents : a = - ( D - 4 ) / 2 ; 3 = (D + 2)/(D - 2); 
y = 1; ft = (D — 2 ) / 4 ; and \i = 1/3. These critical expo
nents fully describe the critical behaviour of any scalar 
field, D-dimens iona l system with D ^ 4. 

Let us n o w calculate the relat ions (2.55) - (2.59). 
Accord ing to the definition of specific heat , 

C 

one gets 

d2f 

dr2 (2.60) 

c = 1J dDx | dV[<</>2(*)</>V)> - <</>2(*)><</>V)>] 

where 

t\x\<Rc 

dDx$2(x) . 

i W 2

5 (2-61) 

(2.62) 

Accord ing to Eqn (2.39), the equil ibr ium energy density of 
the system (at scales greater t han Rc) is p ropo r t i ona l to 
\t\0. Thus , the equil ibr ium value of (0) is defined by the 
condi t ion \t\($) ~ T (T ~ Tc = \ in our case). Therefore, 
from Eqn (2.61) we get 

C >R7DU\ 
I D V - 2 (2.63) 

On the other hand , according to the definition of the 
critical exponent a, C ~ | T | _ A , and one obta ins Eqn (2.55). 

Us ing the definitions of the susceptibility as well as the 
critical exponents of the correlat ion function rj and tha t of 
the correlat ion length v [see Eqn (2.54)], one ob ta ins 

• R°R2-D-1 

: J d D *«</>(0)<^)» 

v{2-t,) (2.64) 

On the other hand , % ~ | T | ~ 7 , which provides E q n (2.57). 
The value of the susceptibility, E q n (2.64), can be 

est imated in another way: 

X ~ K ? * § ~ | T | - D ^ . (2.65) 

This yields y=Dv — 2fi. Us ing Eqn (2.55), one gets 
E q n (2.58). 

N o w let us define the value of the order pa ramete r in the 
region, which is less t han the correlat ion length 

dDx</>(x) (2.66) 

The characterist ic value of the field \j/ is 

1/2 

W dD*<<K0)4>W>) ~ * f + 2 - " ) / 2 . ( 2 . 6 7 ) 

The critical value of the external field hc(z) is defined by 
the condi t ion 

,AA ~ r (= l ) . 

Therefore, at this value of the field 

* c ( / 0 ~ / R 2 / ( D + 2 - " \ 

(2.e 

(2.69) 

which yields E q n (2.59). 
On the other hand , \j/c ~ 4>oRc- Us ing condi t ion (2.6^ 

the result (2.69), and the definition </>0 ~ / z 1 ^ , one gets 

,1/d h-2D/{D+2-n) (2.70) 

Simple algebra gives the result, which is the same as 
E q n (2.56). 

In actual calculat ions, one usually ob ta ins the critical 
exponent of the correlat ion length v and tha t of the 
correlat ion function rj, while the rest of the exponents 
are derived from the relat ions (2.55) - (2.59) automat ical ly . 

2.5 Scaling 
The concepts of the critical exponents and the correlat ion 
length are crucial for the theory of the second-order phase 
t ransi t ions . In the scaling theory of the critical p h e n o m e n a , 
it is implied tha t Rc is the only relevant spatial scale which 
exists in the system near Tc. As we have seen in the G L 
mean-field app roach discussed above, at scales smaller t han 
Rc all the spatial correla t ions are power-l ike, which means 
tha t at scales much smaller t han the correlat ion length 
everything must be scale-invariant. On the other hand , at 
the phase t ransi t ion poin t the correlat ion length becomes 
infinite. Therefore, the proper t ies of the system at scales 
smaller then Rc mus t be equivalent to those of the whole 
system at the phase t ransi t ion point . 

The other impor t an t consequence of scale invar iance 
is tha t the microscopic details of a system (lattice s truc-ture, 
etc.) should no t be expected to affect the critical behaviour . 
W h a t m a y appear to be relevant for the critical proper t ies 
of a system are only its 'g lobal ' characterist ics, such as space 
dimensional i ty, topo logy of the order pa ramete r , etc. 
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All the above a rguments m a k e a basis for the so-called 
scaling hypothesis, according to which the macroscopic 
proper t ies of a system at the critical poin t do no t change 
after a global change in the spatial scale. 

Let us consider, in brief, wha t the immedia te general 
consequences of such a s ta tement would be. Let the 
Hami l ton i an of a system be the following: 

H = J d D * { ± [ V # * ) ] 2 + G / i ^ " ( * ) } . (2.71) 

Here the pa rame te r s hn describe a concrete system under 
considerat ion. In par t icular : hx = —h is the external field; 
h2 = t is the 'mass ' in the G inzburg - L a n d a u theory; 
h4 = g/4; and the rest of the pa rame te r s could describe 
some other types of interact ions. 

After the scale t rans format ion 

x —> he, X > 1 

one gets 

1 
2 

(2.72) 

| dDx [ V 0 ( x ) ] 2 - > i hD~2 | dDx [VHkc)f 

^dDx$n(x)^XD^dDx$n(hc) . (2.73) 

To leave the gradient te rm of the Hami l ton i an (which is 
responsible for the scaling of the correlat ion functions) 
unchanged , one has to rescale the fields 

with 

Ath=-
D — 2 

(2.74) 

(2.75) 

The scale dimensions A^ define the critical exponent of the 
correlat ion function 

G{x) = (<K0)<l>{x))~\x\-2A* (2.76) 

To leave the Hami l ton i an (2.71) unchanged after these 
t rans format ions , one must also rescale the pa rame te r s hn 

h n ^ r A « h n , (2.77) 

where 

An=-(2-n)D+n (2.78) 

The quant i t ies An are called the scale dimensions of the 
cor responding pa rame te r s hn. In par t icular 

Ax =Ah = l-D+\, (2.79) 

A2=AX = 2, (2.80) 

AA= Ag=A-D . (2.81) 

Correspondingly , the rescaled pa rame te r s hx, T^, and gx of 
the G i n z b u r g - L a n d a u Hami l ton ian are 

hk = k A h h , (2.82) 

Tx = hA% t , (2.83) 

gx = * A g g . (2-84) 

These equa t ions demons t ra t e the following poin ts . 

(1) If the initial value of the ' m a s s ' T is nonzero , then the 
scale t r ans format ions m a k e the value of the rescaled %x 
grow, and at the scale 

-\/Ax (2.85) 

the value of %x becomes of the order of 1. This indicates 
tha t at X > Rc we are gett ing out of the scaling region, and 
the value Rc mus t be called the correlat ion length. 
Moreover , according to E q n (2.85), for the critical 
exponent of the correlat ion length we find tha t 

v = - j - . (2.86) 
T 

(2) The value (and the critical exponent) of the critical 
field hc(r) can be obta ined from E q n s (2.79) and (2.82) 
a long the same lines: 

\X=RC 

•hc~R7Ah ~\T\Ah,A* (2.87) 

(3) If the dimensions D of the system are greater than 4, 
then according to E q n s (2.81) and (2.84), Ag < 0, and the 
rescaled value of the pa ramete r gx t ends to zero at infinite 
scales. Therefore, the theory becomes asymptot ical ly 
Gauss ian in this case. Tha t is why the systems with 
dimensions D > 4 are described correctly by the Ginz 
b u r g - L a n d a u theory. 

On the other hand , at d imensions D < 4, Ag > 0, and 
the rescaled value of gx grows as the scale increases. In this 
case, the si tuat ion becomes highly nontr iv ia l because the 
asymptot ic (infinite scale) theory becomes non-Gauss i an . 
Nevertheless , if the d imensions D are formally t aken to be 
close to 4, such tha t the value of s = 4 — D is t reated as the 
small pa ramete r , then the deviat ion from the Gauss ian 
theory is also small in 8, and this allows us to t reat such 
systems in te rms of the pe r tu rba t ion theory (see Sec
t ion 2.6). In the lucky case, if for some reason the series 
in 8 would appear to be ' good ' and quickly converging, then 
one could h o p e to get the critical exponents close to the real 
ones if we set s = 1 in the final results. 

It is a miracle, bu t a l though the ac tual series in s can by 
no means be considered as ' good ' (it is no t even converg
ing), the results for the critical exponents given by the first 
three te rms of the series at s = 1 (D = 3) appear to be very 
close to the real ones. 

2.6 Renormalisation-group approach and £-expansion 
Let us assume tha t at large scales the asymptot ic theory is 
described by the Hami l ton ian (2.39) (for simplicity, the 
external field h is t aken to be zero): 

H = j dDx 11 [V«/>(*)]2 +1 T<£ 2 (X) +1 g<j>\x)}, (2.88) 

where the field (f>(x) is supposed to be slowly-varying in 
space, such tha t the Four ie r - t rans formed field </>(&), 

</>(*) = f 
J | 

dDk 

\k\<kQ (2tc) 
£ 4>(k) e x p ( f c ) , (2.89) 

has only long-wave componen t s : | k |< k0 <̂  1. The p a r a m 
eters of the Hami l ton i an are also assumed to be small: 
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|T| <^ 1; g <̂  1. Correspondingly , the Four ie r - t rans formed 
Hami l ton i an is 

^J\k\<k0{2n) * J | 

dDk 

\k\<k0 (2k) 

+-
\k\<k0 

dDkidDk2 d D ^ 3 d D ^ 4 

(̂ T 
x ^ k ^ k ^ k ^ k , ) 8(*! + * 2 + * 3 + * 4 ) . (2-90) 

In the most general terms, the p rob lem is to calculate the 
par t i t ion function 

n 
k=0 J 

e x p ( - f f t o [</»]) , (2.91) 

and the cor responding free energy F= — I n Z . 
The idea of the renormal i sa t ion-group ( R G ) app roach is 

described below. 
In ihG first step one integrates only over the componen t s 

of the field </>(&) in the limited wave b a n d Xk0 < k < k0, 
where X <̂  1. In the result, we get a new Hami l ton i an which 
would depend on the new cutoffA&0: 

e x p ( - ^ 0 [</»]) n WW 
k=U„ J 

e x p ( - f f t o [ 0 ) . (2.92) 

It is expected tha t under certain condi t ions the new 
Hami l ton i an HXK0[4>] would have a s t ructure similar to 
the original one, given by Eqn (2.90): 

HXH=\~A{X) \ 1 JL 

x f 

i\k\<Xk0 (2k) 

Jl 

dDk , 9 , , , , , , 2 . 1 

\k\<Xk0 (2n) 
-K2\$(K)\ + ~ M 

dDkldDk2 dDk3 dDk4 

)\k\<Xk0 ( 2 7 T ) 4 

X^(k1)^(k2)^(k3)^)(k4)6(k1 + k2 + k3 + kA) + (...)• 

(2.93) 

All the addi t iona l te rms which could appear in Hkko[(j)] 
after the integrat ion in E q n (2.92) [denoted by ' ( . . . ) ' ] will 
be shown to be irrelevant for x <̂  1, g <̂  1, X <̂  1, and 
8 = (4 — D) <̂  1. In fact, the leading te rms in E q n (2.93) will 
be shown to be large with respect to the pa rame te r 
{ = ln ( l /A) > 1, condi t ioned such tha t 8M(l/A) <| 1. 

In the second step one makes the inverse scaling 
t rans format ion (see Section 2.5) with the aim of res tor ing 
the original cutoffscale k0: 

k^Xk, 

(2.94) 

The pa rame te r Q(X) should be chosen such tha t the 
coefficient of the k2\4>(k)\2 te rm remains the same as in 
the original Hami l ton ian (2.90): 

0 = r ( o + 2 ) / 2 [ 5 ( A ) ] - 1 / 2 . (2.95) 

The two steps given above compose the so-called 
renormalisation transformation. The renormal ised H a m i l 
ton ian is 

^J\k\<k0 ( 2 7 C ) 

+ T 

W F 

Jl 

Jl 

\k\<k0 (2TT) 
D D I L * W I 2 

d % d % dDk3 d % 

\k\<kQ ( 2 7 C ) 

x$(kl)$(k2)$(k3)4)(k4)S(kl +k2 + k3+ k4) . (2.96) 

This Hami l t on i an depends once again on the original 
cutoff&o, whereas its pa rame te r s are renormal ised: 

T(R)(X) = X~2 d(X)-1 t(X) , 

(X)=X-^d(X)-2g(X) . 

(2.97) 

(2.98) 

The above R G t rans format ion must be applied 
(infinitely) m a n y t imes, and then the p rob lem is to s tudy 
the limiting proper t ies of the renormal ised Hami l ton ian , 
which is expected to describe the asymptot ic (infinite scale) 
proper t ies of the system. In par t icular , it is hoped tha t the 
limiting Hami l ton i an would arrive at some fixed-point 
Hami l t on i an H* which would be invar iant with respect 
to the above R G t rans format ion . The hypothesis abou t the 
existence of the fixed-point (non-Gauss ian) Hami l ton i an 
H*9 which would be invar iant with respect to the scale 
t r ans format ions in the critical point , is no th ing bu t a m o r e 
convent ional formulat ion of the scaling hypothes is dis
cussed in the Section 2.5. 

Let us consider the R G procedure in some m o r e detail. 
To get the R G E q n s (2.97) and (2.98) in explicit form, one 
has to obta in the pa rame te r s a(X), and x(X),g(X) by 
integrat ing over the 'fast ' degrees of freedom in Eqn (2.92). 

Let us separate the 'fast ' fields (with Xk0 < \k\ < k0) and 
the 's low' fields (with \k\ < Xk$) explicitly: 

4>(x) = fox) + <p(x), 

fa) = f 

<p(x) = 

J Xk0< 

d°k ~ 

\k\<kk0 (2TT) 
-p <j)(k) e x p ( f c ) , 

dDk 

\k\<k0 (2n) 
-p cp(k) e x p ( f c ) . (2.99) 

Then the Hami l ton i an (2.90) can be represented as follows: 

+ z JXk0< 

dDk 

|t |<t„ (2ji) 
^Go\k)\<p{k)\ +V[j>, cp], 

where 

G0(k)=k~2

9 

(2.100) 

(2.101) 
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V[j>,<p]=-T f 
JXk0< \k\<k0 (2tz) 

o W ) \ 

f dLfk1dLfk2 dJ 

J (2kY 

+^{kl)cp{k2)cp{k3)cp{kA) + fokl)fok2)fok3)cp{kA) 

+ 4 <p(ki)q>(k2)(p(k3)(p(kA) 8(kl+k2+k3+k4) . 

(2.102) 

In s tandard d iagram no ta t ions , the interact ion te rm V[</>, cp] 
is shown in Fig. 2, where the wavy lines represent the 's low' 
fields </>, the straight lines represent the 'fast ' fields cp, the 
solid circle represents the 'mass ' T, the open circle 
represents the interact ion vertex g, and at each vertex 
the sum of entering ' impulses ' k is zero. 

V[<j),<p\ -

Figure 2. Diagram representation of the interaction energy V[(/),(p]. 

Then, the integrat ion over the cp values, Eqn (2.92), 
yields: 

«PHW£]) = e x p ( - ^ 0 [ ^ ] ) < e x p ( - V & cp])), (2.103) 
where the averaging ( ( • • • ) ) * s per formed as follows: 

k=k0 » 

n wik) 
k=Xk0 J 

2 ,U£0<|£|<£0 ( 2 7 C ) 
x exp 

dDk 
^Go\k)\<p(k)[ ( • • • ) • 

(2.104) 
Standard pe r tu rba t ion expansion in V gives 

H»M = # « 0 M + <V> - \ [(V2) - (V)2] . (2.105) 

In te rms of the d iagrams (Fig. 2) the averaging ( . . . ) is jus t 
the pai r ing of the straight lines. The nonzero cont r ibut ion 
to (V) is shown in Fig. 3, where each closed loop is 

dDk 

«O< l * l« :O (2JC) ' 
D G 0 ( k ) (2n)D(D-2) 

(2.106) 
(here SD is the surface area of a unit Z)-dimensional 
sphere). 

• = o + > o +
 o x * 

In wha t follows we are going to s tudy the limiting case 
of the small cutoff&0 (large spatial scales). Besides, at each 
R G step the rescaling pa ramete r X will also be assumed to 
be small, such tha t in all the in tegrat ions over the ' in ternal ' 
k values (Xk0 < \k\ < k0), the 'external ' k values (\k\ < Xk0) 
could be considered as negligibly small. 

The result for the first-order pe r tu rba t ion expansion (V) 
consists of three cont r ibut ions . The d iagrams (a) and (c) in 
Fig. 3 p roduce only irrelevant cons tants (they do no t 
depend on </>). The d iagram (b) is p r o p o r t i o n a l to \4>(k)\2 

and gives the cont r ibut ion to the mass term, bu t since this 
cont r ibut ion is p ropo r t i ona l to k^~2\ in the asymptot ic 
region k0 —> 0 it could be ignored as well. In fact we are 
going to look for the cont r ibut ions , which: (1) do no t 
depend on the value of the cutoff&0; and (2) are large in the 
R G pa rame te r £ = ln ( l /A) > 1. 

Consider the second-order pe r tu rba t ion cont r ibut ion 
( ( V 2 ) ) = ( V 2 ) - (V) 2 (Fig. 4 ) . He re the d iagrams (a), (c), 
and (i) give irrelevant cons tants . The d iagrams (d), (g), and 
(h) are p ropo r t i ona l to the posit ive power of the cutofffc0 

and therefore their cont r ibut ion is small. 
The relevant d iagrams are (b), (e), and (f). The d iagram 

(e) is p ropo r t i ona l to 

d°k 

)\k\<Uo (2TC) 

\ 
JXk0< O<|£ I , 2\<k0 

J\k\<Xk0 (271) JXk0<\kl92 

d % d % G0(kl)G0(k2)G0(k + kl + k2) 

dDkidDk2 

\ < k o k\k2

2(k + kl +k2y 

(2.107) 

Since k <̂  the pr incipal cont r ibu t ion in E q n (2.107) is 
given by the first t e rms of the expansion in k/kX2 

0{2n) hk0<\kh: 

Ji 

d % d % 

\<k„ k\k\{kx + k2) 

\k\<Xk0 (2JI) 

D \ i ( k ) \ k 

JXk0<\kL 

dDkx dDk2 

\<k0 k\k2

2(kx +k2) 
(2.108) 

) X X 0 OCCXO 

Figure 3. Diagrammatic representation of the first-order perturbation Figure 4. Diagrammatic representation of the second-order perturba-
contribution ( V ) . tion contribution ( (V 2 ) ) . 
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dD-2) 
The first cont r ibu t ion in Eqn (2.108) is of the order of 

and is therefore irrelevant. As for the second 
cont r ibut ion , it could be easily checked tha t at d imensions 
D = 4 — 8, where 8 <̂  1, the integrat ion over k\ and k2 does 
yield the factor p r o p o r t i o n a l to ln ( l /A) > 1 independent of 
the cu tof f^ . Therefore this d iagram gives a finite con t r ibu
t ion of the order of g2\n(l/X) into a [Eqn (2.93)]. However , 
as will be demons t ra ted below, the renormal ised fixed-point 
value of g appears to be of the order of 8. It means tha t the 
d iagram in Fig. 3e gives the cont r ibu t ion of the order of 
8 2 l n ( l /A) in a (which provides the correct ion of the order of 
8 2 into the critical exponents) . Therefore unt i l we s tudy only 
the first order in s correct ions, the cont r ibut ion of the 
d iagram (e) should no t be t aken into account : 

d=\ + 0{g2)^ 

where { = \n(l/X). 
Fig. 4b gives the following cont r ibut ion: 

3 f _ D ^ l f d ° k \ 1 ( I A \ 

2GL,ko<lkl<ko(2nf *4J|*|<*0(2*)" | W | 

(2.109) 

3 S d k f - A \ \ - X ^ ) dDk 

2 g T (2k)d D-4 J | ^ 0 ( 2 7 i ) L 

(2.110) 

F o r D = 4 — 8, where 8 <̂  1, this gives the finite cont r ibu
t ion to the pa ramete r T, 

3 
8 ^ 

T = T • (2.111) 
(we have taken SD=4 = 2n ) . 

F o r Fig . 4f one gets 

9 y 
d°k i 

4 ° J« 0 < | i |< i o (2nf kA 

JL )\k\<XkQ (2ny 

9 2 SD kf-*\l-X^) 

' 4 8 (2k)d D-4 

\k\<Xk0 

d ^ 1 d % d % d % ^ 1 ) ^ 2 ) ^ 3 ) ^ 4 ) 

(2*y 

(2.112) 

F o r D = 4 — 8, this gives the following cont r ibu t ion 

_9 

8TT 
(2.113) 

After the opera t ion of rescaling to the original cutoff&0, 
according to the E q n s (2.97) and (2.98) for the renormal ised 
pa rame te r s and g^R\ we get 

T { R ) = ( T - ^ 2 T g d ) exp(2£), 

_9_ 
8 7 1 2 

g2£ exp (8^) (2.114) 

W h e n g£ ^ 1 and 8^ ^ 1, these equa t ions can be wri t ten as 
follows: 

3 
l n ( T W ) - l n ( T ) = 2 { - ^ ? g { , 

(2.115) 

Assuming tha t the R G procedure is performed con
t inuously, the evolut ion (as the scale changes) of the 
renormal ised pa rame te r s could be described in te rms of 
the differential equat ions . F r o m E q n s (2.115), one obta ins 

^ l = 2 - 8 ^ 

dg 9 2 

D R 8 * - ^ • 

(2.116) 

(2.117) 

The fixed-point solut ion g* is defined by the condi t ion 
dg/d£ = 0, which yields 

J2. 
8TT_Z 

~9~ 
8 . (2.118) 

Then , from E q n (2.116) for the scale d imensions Ax we find 
tha t 

A = 2 - \ s (2.119) 

Correspondingly , according to Eqn (2.86) for the critical 
exponent v, we obta in 

1 1 
2 + 1 2 8 

(2.120) 

Since the fixed-point value g* is of the order of 8, 
according to E q n s (2.109), (2.94), and (2.95) there are no 
correct ions in the first order in s to the scale dimensions 
of the field </>. Accordingly [see E q n s (2.76), and (2.75)], in 
the first order in s the critical exponent rj [see Eqn (2.54)] of 
the correlat ion function (</>(0)</>(x)) remains zero, as in the 
G i n z b u r g - L a n d a u theory. 

Us ing relat ions (2.55) - (2.59), one can n o w easily find 
all the other critical exponents 

1 

(5 = 3 + 8 , 

1 + -i 

1 
: 3 

1 1 

(2.121) 

In Table 1 we give the values of the critical exponents in 
the first order in s formally cont inued for d imensions D = 3 
(8 = 1). These are compared with the cor responding values 
given by numer ica l s imulat ions and the G i n z b u r g - L a n d a u 
theory. 

Table 1 

Physical quantities e-expan- Numerical Ginzburg 
and corresponding sion simulations Landau 
critical exponents theory 

Specific heat a 0.167 0.125 ± 0 . 0 1 5 0 
Susceptibility y 1.167 1.250 ± 0 . 0 0 3 1 
Correlation length V 0.583 0.642 ± 0.003 0.5 
Correlation function rj 0 0.055 ± 0 . 0 1 0 0 
Order parameters P 0.333 0.312 ± 0 . 0 0 3 0.5 

S 4 5.15 ± 0 . 0 2 3 
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To obta in results in the second order in 8, one proceeds 
in a similar way tak ing into account g d iagrams of the next 
order (see, for example, Refs [2], [3]). 

It is interest ing to no te tha t a l though the R G 8 -
expansion p rocedure discussed above is mathemat ica l ly 
no t well g rounded , it provides ra ther accurate values for 
the critical exponents . 

2.7 Specific heat singularity in four dimensions 
N o t e also tha t a l though in dimensions D = 4 the critical 
exponent a is zero, it does not necessarily mean tha t the 
specific heat is no t singular at the critical poin t . Actual ly in 
this case, the specific heat is logari thmical ly (and no t 
power- law) divergent. As a useful exercise, let us calculate 
the specific heat singularity for the four dimensions. 

Accord ing to the definition of the specific heat [see 
E q n s (2.60), (2.61)] we have 

1 
C 

d2f 

dr2 , | d 4 x | d V « 0 2 ( x ) 0 2 ( x O ) ) 

\X\<Rc(T) 
d4*<<</>2(0)</>2(*)>> (2.122) 

Here the upper cutoffin the spatial integrat ion is taken to 
be the correlat ion length Rc(r) ~ , since for larger 
scales all the correlat ions decay exponentially. The integral 
in Eqn (2.122) can be calculated by summing up the so-
called ' pa rque t t e ' d iagrams [4] shown in Fig. 5. The idea of 
the ' pa rque t t e ' calculations is tha t all the cont r ibut ions from 
the (f>4 interact ions in the correlat ion function 
{{4>2(x)4>2(xf))) can be collected into the mass-like vertex 

c *\ -
J | * | > . ^ (2it) 

L<ln f < l n ( l / T ) 

G2

0(k) 
m(k) f d£ 

J|£|>v^ k 

m(k) 

(2.123) 

Here the renormal isa t ion of the 'dressed' mass m(£) is 
defined by the d iagram shown in Fig. 5b [also see 
E q n s (2.110) - (2.113)] 

t < * > = m - 3 m g [ ^ G 2 { k ) 
JXk0<\k\<k0 (271) 

where, as usual , £ = l n ( l /A) . In differential form 

r(0 
8TI 2 

(2.124) 

(2.125) 

G0(k) 

Figure 5. (a) Diagrammatic representation of the specific heat, (b) The 
diagram which contributes to the renormalisation of the 'dressed' mass 

with the initial condi t ions m(£ = 0) = T. The renormal i sa 
t ion of the interact ion pa ramete r for the dimensions 
D = 4 is defined by the R G Eqn (2.117) with 8 = 0: 

_9 

87T 2 (2.126) 

The solut ions of E q n s (2.125) and (2.126) are 
-1 /3 

m(£) = T ( 1 + 

(2.127) 

where g = g(£ = 0). Then for the specific heat , E q n (2.123), 
one gets 

C(T) ~ [ 

«h(i/x) [1 + ( 9 s / 8 J I 2 K ] 

3 7 

1/3 

2/3 

(2.128) 

This result demons t ra tes tha t there exists a characteris t ic 
t empera tu re interval 

Tg ~ exp - —— ^ 1 (2.129) 

such tha t at t empera tu res no t too close to Tc, Tg <^ |T| ^ 1, 
the system is Gauss ian (it does no t depend on the n o n -
Gauss ian interact ion pa rame te r g): 

C ( r ) ~ l n - . (2.130) 
T 

This result could be easily obta ined just in the f ramework 
of the Gauss ian G inzburg - L a n d a u theory: 

C ( T ) ~ J d 4 x « ^ 2 ( O ) 0 2 ( x ) } ) 

rsj f IN — 

\k\<i 
d4k (k2 + T)-

(2.131) 

On the other hand , in the close vicinity of the critical po in t 
(T <^ Tg) the theory becomes non-Gauss ian , and the result 
for the specific heat becomes less trivial 

C ( T ) ~ - ( g l n -
8 V T 

1/3 
(2.132) 

T h u s a l though the critical exponent a is zero for the 4-
dimensional system, the specific heat still r emains 
( logari thmically) divergent at the critical poin t . 

3. Critical behaviour in systems with impurities 
3.1 Harris criterion 
In the studies of the phase t ransi t ion p h e n o m e n a , the 
systems considered before were assumed to be perfectly 
homogeneous . In real physical systems, however , some 
defects or impuri t ies are always present . Therefore, it is 
na tu r a l to consider wha t effect the impuri t ies might have 
on the phase t rans i t ion p h e n o m e n a . As we have seen in 
Section 2, the t he rmodynamics of the second-order phase 
t ransi t ion is domina ted by large-scale f luctuat ions. The 
dominan t scale, or the correlat ion length, 
Rc ~ \T/TC — l | _ v grows as T approaches the critical 
t empera tu re Tc, where it becomes infinite. The large-
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scale f luctuat ions lead to singularities in the t h e r m o d y -
namica l functions as |T| = \T/TC — 1| —> 0. These 
singularities are the main subject of the theory. 

If the concent ra t ion of impuri t ies is small, their effect on 
the critical behaviour remains negligible so long as RC is no t 
too large, i.e. for T no t too close to TC. In this regime, the 
critical behaviour will be essentially the same as in the 
perfect system. However , as |T| —> 0 (T —> TC) and RC 

becomes greater t han the average distance between impur 
ities, their influence can become crucial. 

As TC is approached , the following change of the scale 
takes place. Firs t , the correlat ion length of the f luctuat ions 
becomes much larger t han the lattice spacing, and the 
system 'forgets ' abou t the lattice. The only relevant scale 
tha t remains in the system in this regime is the correlat ion 
length R C ( t ) . W h e n we move close to the critical point , RC 

grows and becomes larger than the average distance 
between the impuri t ies , so tha t the effective concent ra t ion 
of impuri t ies , measured with respect to the correlat ion 
length, becomes large. It should be stressed tha t such a 
s i tuat ion is reached for an a rb i t ra ry small initial concen
t ra t ion u. The value of u affects only the width of the 
t empera tu re region near TC in which the effective concen
t ra t ion becomes effectively large. If mR® 1, there are no 
g rounds for believing tha t the effect of impuri t ies will be 
small. 

Originally, m a n y years ago, it was generally believed 
tha t impuri t ies either completely destroy the long-range 
f luctuations, such tha t the singularities of the t h e r m o d y -
namica l functions are smoothed out [5, 6], or can p roduce 
only a shift of a critical poin t bu t cannot affect the critical 
behav iour itself, so tha t the critical exponents remain the 
same as in the pu re system [7]. Later it was realised tha t an 
in termedia te s i tuat ion is also possible, in which a new 
critical behaviour , with new critical exponents , is es tab
lished sufficiently close to the phase t rans i t ion poin t [8]. 
Moreover , a criterion, the so-called Har r i s criterion, has 
also been developed, which makes it possible to predict 
quali tat ively the effect of impuri t ies by using the critical 
exponents of the pu re system only [6, 8]. Accord ing to this 
criterion, the impuri t ies change the critical behaviour only if 
the specific heat exponent A of the pu re system is greater 
t han zero (the specific heat of the pu re system is divergent at 
the critical poin t ) . In the opposi te case, A < 0 (the specific 
heat if finite), the impuri t ies appear to be irrelevant, i.e. 
their presence does no t affect the critical behaviour . 

Let us consider this po in t in m o r e detail . It would be 
na tu r a l to assume tha t , in the </>4 Hami l ton i an (Section 2.6), 
the presence of impuri t ies manifests itself as small r a n d o m 
spatial f luctuations of the reduced t ransi t ion t empera tu re T. 
Then near the phase t rans i t ion point , the D-dimens iona l 
Ising-like systems can be described in te rms of, for a scalar 
field, the G i n z b u r g - L a n d a u Hami l ton i an with a doub le -
well po ten t ia l 

H = j d D * | i [V<p(x)]2 +\ [T - 5T(*) ]< /> 2 (* ) +1 g4>\x)} . 

(3.1) 

H e r e the quenched disorder is described by r a n d o m 
fluctuat ions of the effective t ransi t ion t empera tu re 8T(X) 
whose probabi l i ty dis t r ibut ion is t aken to be symmetr ic and 
Gauss ian : 

P[8T] = j P o e x p | - i - | d°x[5T(*)]2j, (3.2) 

where u <̂  1 is the small pa ramete r which describes the 
disorder, and p 0 is the normal i sa t ion cons tant . F o r 
no ta t iona l simplicity, we define the sign of 8T(X) in 
E q n (3.1) so tha t posit ive f luctuat ions lead to locally 
ordered regions, whose effects are the object of our study. 

Conf igura t ions of the fields (f>(x) which cor respond to 
local min ima in H satisfy the saddle-point equat ion 

-A</>(x) +T0(x) +g</>3(x) = 5T(X)0(X) . (3.3) 

Such localised solut ions exist in regions of space where 
T — 8T(X) assumes negative values. Clearly, the solut ions of 
E q n (3.3) depend on a par t icular configurat ion of the 
function 8T(X) being inhomogeneous . Let us est imate under 
which condi t ions the quenched f luctuat ions of the effective 
t ransi t ion t empera tu re are the dominan t factor for the field 
configurat ions of the local min ima. 

Let us consider a large region QL of a linear size L > 1. 
The spatially averaged value of the function 8T(X) in this 
region could be defined as follows: 

bx{QL) 
1 

'L5 

xeQL 

dDx 8T(X) (3.4) 

Correspondingly , for the characterist ic value of the 
t empera tu re f luctuat ions (averaged over realisat ions) in 
this region, we get 

8T L = [ 8 T 2 ( D l ) ] 1 / 2 = V ^ L -D/2 (3.5) 

Then , the average value of the order pa rame te r 4>(QL) in 
this region can be est imated from the equat ion 

:&t(QL) (3.6) 

One can easily see tha t if the value of T is sufficiently small, 
i.e. if 

5 T ( G l ) ^ T , (3.7) 

then the solut ions of Eqn (3.6) are defined only by the 
value of the r a n d o m tempera tu re 

H<2L)1V2 

<p(QL) ~ ± (3.8) 

N o w let us est imate up to which sizes of locally ordered 
regions this m a y occur. Accord ing to E q n (3.5), the 
condi t ion 8T L > x yields 

L < ,2/D * (3.9) 

On the other hand , the est imat ion of the order pa ramete r 
in te rms of the saddle-point equat ion (3.6) could be correct 
only at scales much larger t h a n the correlat ion length 
RC ~ T _ v . Thus , one has the lower b o u n d for L: 

L > T (3.10) 

Therefore, quenched t empera tu re f luctuat ions are relevant 
when 

i Id 

,2/D 

or 

T 2 " V D < U . 

(3.11) 

(3.12) 

Accord ing to the scaling relat ions [see E q n (2.55)], one has 
2 — vD = A . T h u s one recovers the Har r i s criterion: if the 
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critical exponent of the specific heat of the pu re system is 
positive, then in the t empera tu re interval, 

(3.13) T < T* EE Ul/a 

the disorder becomes relevant. This a rgument identifies 1/a 
as the cross-over exponent associated with r andomness . 

A special considerat ion is required in the marg ina l 
s i tuat ion a = 0. This is the case, for instance, for the 
four-dimensional </>4-model (Section 3.3), or for the t w o -
dimensional Ising mode l to be studied in Section 5. The 
calculat ions show tha t , a l though the critical exponent of the 
specific heat remains zero in the impur i ty models , the 
logar i thmic singularities are affected by the disorder. 

3.2 Self-averaging and the replica method 
The main p rob lem in dealing with impur i ty systems is tha t 
the disorder in their interact ion pa rame te r s is quenched. 
Formal ly , all the results one m a y hope to get for the 
observable quant i t ies for a given concrete system mus t 
depend on the concrete interact ion mat r ix J i j 9 i.e. the result 
would be defined by a macroscopic number of r a n d o m 
paramete r s . Apparen t ly , the results of this type are 
impossible to calculate and, moreover , they are useless. 
Intuit ively it is clear, however , tha t the quant i t ies which are 
called the observables should depend on some general 
averaged characterist ics of the r a n d o m interact ions. This 
br ings us to the concept of the self-averaging. 

Trad i t iona l way of reasoning why the self-averaging 
p h e n o m e n o n should occur is as follows. The free energy of 
the system is k n o w n to be p ropo r t i ona l to the vo lume V of 
the system. Therefore, in the t h e r m o d y n a m i c limit V —> oo, 
the main cont r ibut ion to the free energy must come from 
the volume, and not from the b o u n d a r y , which usually 
p roduces the effects of the next orders in the small 
pa ramete r l/V. 

A n y macroscopic system could be divided into a 
macroscopic number of macroscopic subsystems. Then 
the to ta l free energy of the system would consist of the 
sum of the free energies of the subsystems, plus the 
cont r ibut ion which comes from the interact ions of the 
subsystems, at their boundar ies . If all the interact ions in 
the system are short range (which takes place in any n o r m a l 
system), then the cont r ibu t ions from the m u t u a l inter
act ions of the subsystems are just the b o u n d a r y effects 
which vanish in the t h e r m o d y n a m i c limit. Therefore, the 
to ta l free energy could be represented as a sum of the 
macroscopic number of te rms. Each of these te rms would be 
a r a n d o m quenched quant i ty since it contains , as the 
pa ramete r s , the elements of the r a n d o m s p i n - s p i n inter
action matr ix . Next , in accordance with the law of large 
numbers , the sum of m a n y r a n d o m quant i t ies can be 
represented as their average value, obta ined from their 
statistical dis t r ibut ion, t imes their number (all this is t rue, 
of course, only under certain requi rements on the charac ter 
istics of the statistical dis t r ibut ion) . Therefore, the to ta l free 
energy of a macroscopic system must be self-averaging over 
the realisations of the r a n d o m interact ions in accordance 
with their statistical dis t r ibut ion. 

The free energy is k n o w n to be given by the logar i thm of 
the par t i t ion function. T h u s in order to calculate the 
observable the rmodynamics , one has to average the 
logar i thm of the par t i t ion function over the given dis t r ibu
t ion of r a n d o m J t j values after the calculat ion of the 
par t i t ion function itself. To perform such a p r o g r a m , the 

following technical trick, which is called the replica me thod , 
is used. 

Formal ly , the replicas are in t roduced as follows. In 
order to obta in the physical (self-averaging) free energy of 
the quenched r a n d o m system we have to average the 
logar i thm of the par t i t ion function 

F EE J> = - I l n Z 7 , (3.14) 

where ( . . . ) denotes the averaging over r a n d o m interact ions 
(Jy) with a given dis t r ibut ion function P[J]: 

In 

and the par t i t ion function is 

Z y = ^exp(- / t f / [<7]) . 

(3.15) 

(3.16) 

To perform this p rocedure of the averaging, the 
following trick is invented. Let us consider the integer 
power n of the par t i t ion function (3.16). This quan t i ty is the 
par t i t ion function of the n nonin te rac t ing identical replicas of 
the original system (i.e. having identical fixed s p i n - s p i n 
couplings Jtj) 

Z? = (till) e x p ^ ^ v W ) • (317) 

\a=\ aa ) \ a=l i<j ) 

Here the subscript a denotes the replicas. Let us in t roduce 
the quant i ty 

1 
fin 

l n Z n , (3.18) 

where 

Zn =Z-. (3.19) 
N o w , if a formal limit n —> 0 is t aken in expression (3.18), 
the original expression for the physical free energy (3.14) 
will be recovered: 

1 1 
lim F„ = — lim — \n(Z„) = — lim — In f exp (n In Z r) 1 
n ^ 0

 n n^O Pn V J n^O fin 1 V J ' 1 

1 (3.20) l n Z , = F . 

Thus , the scheme of the replica me thod can be described 
in the following steps. Firs t , the quant i ty Fn for the integer n 
must be calculated. Second, the analytical cont inua t ion of 
the obta ined function of the pa ramete r n should be m a d e 
for an arb i t ra ry noninteger n. Final ly, the limit n —> 0 has to 
be taken . 

A l though this p rocedure m a y look ra ther doubtful at 
first, it is actually quite logical. Firs t , if the free energy 
appears to be an analytic function of the t empera tu re and 
the other pa rame te r s ( so tha t it can be represented as a 
series in powers of /?), then the replica me thod can be easily 
proved to be correct in a strict sense. Second, in all cases, 
when the calculat ions can be performed by some other 
me thod , the results of the replica me thod are confirmed. 

One could also in t roduce replicas in ano ther way as 
described in Refs [9], [10]. Let us consider a general spin 
system described by some Hami l ton i an H[J;<t], which 
depends on the spin variables {fft} ( / = 1,...,A/") and the 
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s p i n - s p i n interact ions Jtj ( the concrete form of the 
Hami l ton i an is irrelevant) . If the interact ions Jtj are 
quenched, the free energy of the system would depend 
on the concrete realisat ion of the Jtj values 

F[J] logZ[7] . (3.21) 

N o w , let us assume tha t the s p i n - s p i n interact ions are 
partially annealed (i.e. no t perfectly quenched) , so tha t they 
can also change their values, bu t the characterist ic t imescale 
of their changes is much larger t han the timescale at which 
the degrees of freedom of the spin reach the rmal equil ib
r ium. In this case, the free energy given by E q n (3.21) would 
still m a k e sense, and it would become the energy function 
(the Hami l ton i an ) for the degrees of freedom of Jtj. 

Besides, the space in which the interact ions Jtj t ake their 
values should be specified separately. The interact ions Jy-
could be discrete variables tak ing on the values =L/0, or they 
could be the con t inuous variables t ak ing on values in some 
restricted interval , or they could be something else. In the 
quenched case, this space of Jtj values is defined by a 
statistical dis t r ibut ion function P[J]. In the case of the 
par t ia l anneal ing, this function P[J] has a mean ing of the 
internal po ten t ia l for the interact ions Jij9 which restricts the 
space of their values. 

Let us n o w assume tha t the spin and the degrees of 
freedom of the interact ion are not thermally equilibrated, so 
tha t the degrees of freedom of the interact ion have their 
own t empera tu re Tf, which is different from the t empera 
ture T of the degrees of freedom of the spin. In this case for 
the to ta l par t i t ion function of the system, we get 

Z = Jd/P[ / ] e x p ( - £ ' F [ / ] ) = Jd/P[ / ] exp (jj logZ^ 

- J 
DJP[J\(Zj)n = (Zj)n

9 (3.22) 

where n = T/Tf. Correspondingly , the to ta l free energy of 
the system would be 

F=-T'\og{{Z[J]Y} . (3.23) 

In this way we have arrived at the replica formalism again, 
in which the 'number of repl icas ' n = T/Tf is still the finite 
paramete r . 

To ob ta in the physical (self-averaging) free energy in the 
case of the quenched r a n d o m interact ions Jij9 one takes the 
limit n —> 0. F r o m the poin t of view of par t ia l anneal ing, 
this s i tuat ion cor responds to the limit of the infinite 
t empera tu re Tf in the system of Jtj values. This is na tu ra l 
in tha t in this case the the rmodynamics of the degrees of 
freedom of the spin has no effect on the dis t r ibut ion of the 
s p i n - s p i n interact ions. 

In the case where the degrees of freedom of the spin and 
the interact ion are thermal ly equil ibrated, Tf = T (n = 1), 
we arrive at the trivial case of the purely annealed disorder, 
irrespective of the difference between the characteris t ic 
t imescales of the Jtj in teract ions and the spins. This is 
also na tu ra l because the t h e r m o d y n a m i c descript ion for
mally cor responds to the infinite t imes, and the 
characterist ic t imescales of the dynamics of the internal 
degrees of freedom become irrelevant. 

If n ^ 0 and n ^ 1, one gets a si tuat ion which could be 
called the par t ia l anneal ing and which is the in termedia te 
case between quenched disorder and annealed disorder. 

3.3 Critical exponents in the 0 4 - theory with impurities 
Consider a general case of a weakly disordered p-
componen t spin system which, near the critical poin t in 
the con t inuous limit, can be described by the Hami l t on i an 
[cf. E q n (3.1)]: 

#[8T,0] 

i=l ij=l 

(3.24) 
where the r a n d o m quant i ty 8T(X) is described by the 
Gauss ian dis t r ibut ion [Eqn (3.2)]. 

In te rms of the replica approach , we have to calculate 
the following replica par t i t ion function 

Zn = J D ^ ( x ) e x p ( - H [ 5 T , ( / 

| d 5 T ( X ) j D # ( * ) e x p ^ - i J dDx [ 5 T ( X ) ] 2 

- f ^ l ^ E E t ^ w ] 2 

i=l a=l 

+ ; * £ B t f ( * ) ] 2 [ # ( * ) ] 2 } 
«,7=1 a = L > 

(3.25) 

where the superscript a labels the replicas. (Here and in 
wha t follows all irrelevant preexponent ia l factors are 
omit ted. ) After Gauss ian integrat ion over 8T(X) , one gets 

Z„ = j D # ( * ) e x p f - J dDx { i g g [ V # ( * ) ] 2 

+**££[#(*)] 

+-

I=L A=L 

l s-
£ J2gah[4>K^]2[^(x)]2)), (3.26) 
ij=l A, b=l J J 

where 

gab = g$ab ~ W (3.27) 

N o w we shall calculate the critical exponents by using 
the R G procedure developed in Section 2.6 for dimensions 
D = 4 — 8 assuming tha t 8 ^ 1 . Tak ing into account the 
vector and the replica componen t s , the </>4 interact ion te rms 
in the Hami l ton i an (3.26) can represented in te rms of the 
d iagram shown in Fig. 6. 

If we proceed similarly to the calculat ions of Section 2.6, 
we find tha t the (one-loop) renormal i sa t ion of the inter
action pa rame te r s gab (Fig. 6) are given by the d iagrams 
shown in Fig. 7. Tak ing into account cor responding 
combina t iona l factors, one obta ins the following con t r ibu
t ions: 

to" • gib 
dDk 1 

<D G o t o .-Sab ^ 2 l n ) 
Xk0<\k\<k0 {2k) \Z<1 07U A 
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7/7 ^ 

kc 

kc 

Figure 8. The diagrams which contribute to the renormalisation of the 
'mass ' term T[(/>^(x)]2. 

Figure 6. Diagrammatic representation of the interaction term 

&*[#(*)] 2[#(*)] 2-

i a ~A!̂  

Jb'gab j b gab Jb gaa ^ 

Figure 7. The diagrams which contribute to the renormalisation of the 
interaction terms gabiffii*)]2^(x)]2• 

(P)^l-(gaa + gbb)gab 
JXk0<\ |*|<*„ (2jl)D ' U l 

(gaa gbb)gab "' ^ ' 
1 i n 1 

C=l 
>ac6cb 

dDk 

«0<l*l<*O (2lt) 

c=l 

The cor responding R G equat ions are 

dgab = _ J _ 
d£ g a b 8TT2 

4glb + 2 ( g a a + g ^ ) g a f c +P ^ 
gacgc, c=l 

(3.28) 

(3.29) 

Tak ing into account the definition (3.27), one easily gets 
two R G equat ions for two interact ion pa rame te r s 
8 = gaa = g ~ w and ga+h = -u 

^ = sg-^[(8+p)g2+p(n-\)u2], 

^ = s u - ^ { ( 4 + 2p)gu- [4+p(n-2)]u2} . (3.30) 

In the limit n —> 0 we obta in 

^ = eu - ± [(4 + 2p)g M - (4 - 2p)u2] . (3.31) 

Similarly, the renormal isa t ion of the 'mass ' te rm 
T[</>f(x)]2 is given by the d iagrams shown in Fig. 8. Their 
cont r ibu t ions are 

f dDk 
(a) - > Tgaa T T T D 

JYUFC0<|fc|<*O (271) 
— In -

0 <i*i<* 0 W " V ' % a 8 7 i 2 N R 

(b) \ p ^ g c a f 

1 ^ 
c a 87U2 A 

|£|<£0 (2n) 
D G0(k) 

(3.32) 

N o t e tha t the above cont r ibu t ions do no t depend on the 
replica index a (which for simplicity can be taken to be, for 
example, 1). 

The cor responding R G equat ion for the renormal ised 
'mass ' T is 

~ h l n | t | = 2 " i {^gaa + p f i g c a ) ' ( 3 ' 3 3 ) 

In the limit n —> 0 we finally obta in 

In T = 2 - JL [(2 + p ) g ( { ) + pu(0], (3.34) 

where the renormal ised interact ion pa rame te r s g(E) and 
w(£) are defined by the E q n s (3.31). 

The fixed-point values g* and u are defined by the 
condi t ions dg* / d£ = 0 and dw*/ d£ = 0, which according 
to E q n s (3.31) yield: 

(Z+p)g2-pu2 = Zn2sg, 

(4 + 2p)gu - (4 - 2p)u2 = 8TC28W . 

These equa t ions have two nontr iv ia l solut ions: 

8rcz 

w* = 0 ; 

(3.35) 

(3.36) 

g = £71 
2(p-\) 

u = en2 ^ P ^ (p ^ 1) . (3.37) 
2(p-\) 

The first solution, Eqn (3.36), describes the pu re system 
wi thout disorder. Us ing E q n (3.33) and the relat ions (2.86) 
and (2.55) for the critical exponents of the pu re system [we 
m a r k them by the label '(0)'] o n e gets 

4 0 ) = 2 - - ^ ( 2 + / % 7 0 ) = 2 -8TT 

2+p 
8 + p 

1 1 2+p 
^ v ^ = ^ ^ 2 + W T p j s > 

a ( 0 ) = 2 - ( 4 - 8 ) v ( 0 ) ^ ^ y e . 

(3.38) 

(3.39) 

By using relat ions (2.55) - (2.59), we can automat ica l ly 
obta in the rest of the exponents . 

Simple analysis of the evolut ion trajectories defined by 
R G E q n s (3.31) near the fixed po in t s given by E q n s (3.36) 
and (3.37) shows tha t the ' pu re ' fixed poin t [Eqn (3.36)] is 
stable only for p > 4. N o t e tha t the value of u in the other 
fixed poin t [Eqn (3.37)] becomes negative for p > 4, which 
means tha t this fixed poin t becomes essentially nonphysical , 
since the pa rame te r u being a mean square value of the 
quenched disorder f luctuat ions is only positively defined. 

Thus , the critical behaviour of the p - c o m p o n e n t vector 
system with p > 4 is no t modified by the presence of 
quenched disorder. It should be stressed tha t this is just 
the case when the critical exponent a of the specific heat is 
negative [Eqn (3.39)], in accordance with the Har r i s 
criterion (Section 3.1). 
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F o r p < 4, the ' pu re ' fixed poin t given by Eqn (3.36) 
becomes uns tab le and the critical proper t ies of the system 
are defined by the ' impure ' fixed poin t given by Eqn (3.37). 
Us ing Eqn (3.33), one gets 

A = 2-^[(2+p)g*+pu*]=2-
3p 

8 ( P - 1 ) 

V ~ T T - 2 + 32(p-\) 

B = 2 - ( 4 - 8 ) v * - g ± = ^ 8 , 

(3.40) 

(3.41) 

where p mus t be greater t han 1. The rest of the exponents 
are obta ined automat ical ly . 

The case of the one -componen t system, p = 1, requires 
m o r e detailed considerat ion, because for p = 1 the equa 
t ions (3.31) become degenerate . However , such degeneracy 
is the p rope r ty only of the first order in the s a p p r o x i m a 
t ion. It could be proved tha t by t ak ing into account the next 
order in the s d iagrams the degeneracy of the R G equat ions 
is removed. It could be shown then tha t a new ' impure ' 
fixed poin t of the R G equat ions exists for p = 1 as well, and 
in this case the correct ions to the critical exponents appear 
to be of the order of ^/e [8]. W e omit this analysis here 
because it is technically much m o r e cumbersome, and on a 
quali tat ive level provides results similar to those obta ined 
above. 

Thus , in agreement with the Har r i s criterion (Sec
t ion 3.1) in the p - c o m p o n e n t vector system with p < 4, 
the critical behaviour is modified by the presence of 
quenched disorder. In the vicinity of the critical point , a 
new critical regime appears , and it is described by a new set 
of (universal) critical exponents . N o t e tha t the ' impure ' 
critical exponent of the specific heat [Eqn (3.41)] appears to 
be negative, unl ike tha t of the pu re system. Therefore, the 
disorder makes the specific heat finite (a l though still 
singular) at the critical point , unl ike the divergent specific 
heat of the cor responding p u r e system. 

It should be stressed, however , tha t because of n o n 
per turba t ive spin-glass p h e n o m e n a , the relevance to real 
physics of the app roach considered in this Section, a l though 
it is qui te elegant and clear, m a y be quest ioned (see next 
Chapte r ) . 

3.4 Critical behaviour of the specific heat in four 
dimensions 
In the full analogy, with the cor responding considera t ions 
for the pu re systems [Eqns (2.122) and (2.123), and 
Section 2.6], for the singular pa r t of the specific heat at 
D = 4, we get 

C 
d4k 

\k\>^ (2TC) 
Gl{k) 

m(k) 

j£<ln(l/r) 
Mi)' 

(3.42) 

Here the renormal isa t ion of the 'dressed ' mass m(£) is 
defined by the ' pa rque t t e ' d iagrams of Fig. 8. Accordingly, 
the renormal i sa t ions of the interact ion pa rame te r s g(£) and 
u(£) are defined by the R G E q n s (3.31) with 8 = 0: 

df 

ln \m\ 
1 

87? 
[(2+p)g+pu]9 

1 
8TC: 2 [i*+P)82 - pu 

(3.43) 

(3.44) 

du 
~[(4 + 2p)gu-(4-2p)u2] . (3.45) 

The initial condi t ions are: m(£ = 0) = T, g ({ = 0) = g0, and 
w(£ = 0) = Uq. 

In the p u r e system, u = 0, and the solut ions for m(£) and 
g{Cj = g{Cj are 

g{Cj = go l +

 ( 8 + ^ Q j 
8TT2 

m({ - oo) ~ C { 2 + P W + P ) 

8rc2 

8 + p 

(3.46) 

In tegra t ion in Eqn (3.42) yields the following specific heat 
singularity: 

C - I N 
(4-/0/C8+/0 

(3.47) 

F o r the system with a nonzero impuri ty interact ion 
pa rame te r u, one finds the following asymptot ic (for 
£ -> oo) solut ions of the E q n s (3.43) - (3.45) 

2 ( 4 - p ) 
2(p-l) 

£-3p/[8(p-l)] 

2(P-l) 
r 1 ; 

(3.48) 

Such solut ions exist only for p < 4, otherwise u becomes 
formally negative, which is the nonphys ica l s i tuat ion. 
Actual ly, in this case the vertex w(£) becomes zero at a 
finite scale and then the asymptot ic solut ions for m(£) 
and coincide with those of the pu re system. 

The case of the one -componen t field, p = 1, requires 
special considerat ion. As in the case of d imensions 
D = 4 — 8 (see above) , one has to t ake into account 
second-order loop terms, which makes the analysis ra ther 
cumbersome, and we will no t consider it here. On a 
quali tat ive level, however , the results for the specific 
heat appear to be similar to those for p < 4: the one -
componen t system with impuri t ies exhibits a new type of 
( logari thmic) singularity. 

F o r p < 4, the integrat ion in E q n (3.42) yields 
/ i\-(4-/0/[4(/>-l)] 

C - M n - J . (3.49) 
It is interest ing to no te tha t , a l though at d imensions 

D = 4 the critical exponent a of the specific heat is zero, the 
Har r i s criterion, t aken in the generalised form, still works . 
Namely , if the specific heat of the pu re system is divergent 
at the critical poin t [the case of p < 4, E q n (3.47)], the 
impuri t ies appear to be relevant for the critical behaviour , 
and change the behaviour of the specific heat into a new 
type of (universal) singularity [Eqn (3.49)]. Otherwise, if the 
specific heat of the pu re system is finite at the critical po in t 
[p > 4, Eqn (3.47)], then the presence of impuri t ies does no t 
modify the critical behaviour . 

4. Spin-glass effects in critical phenomena 
4.1 Nonperturbative degrees of freedom 
In this section we consider nontr iv ia l spin-glass (SG) effects 
p roduced by weak quenched disorder, which have been 
ignored in the previous Section. It will be shown tha t these 
effects could dramat ica l ly change the whole physical 
scenario of the critical p h e n o m e n a . 

Accord ing to the t rad i t iona l po in t of view (considered in 
the previous Section), the effects p roduced by weak 
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quenched disorder in the critical region could be s u m m a 
rised as follows. If a, the specific heat exponent of the p u r e 
system, is greater t han zero (i.e. the specific heat of the p u r e 
system is divergent at the critical poin t ) , the disorder is 
relevant for critical behaviour , and a new universal critical 
regime, with new critical exponents , is established suffi
ciently close to the phase t rans i t ion poin t x < xu = u1^. In 
contras t , when a < 0 (the specific heat is finite), the disorder 
appears to be irrelevant, i.e. its presence does no t affect the 
critical behaviour . 

Actual ly, if the disorder is relevant for the critical 
behaviour , the s i tuat ion could appear to be much m o r e 
sophist icated. Let us consider the physical mot iva t ion of the 
t rad i t iona l R G approach in some m o r e detail. 

N e a r the phase t rans i t ion poin t the Z)-dimensional Is ing-
like systems are described in te rms of the G inzburg -
L a n d a u Hami l ton ian , of a scalar field, with a doub le -
well po ten t ia l 

H = ^dDx j i [Vcp(x)]2 + \ [T - c\i{x)}<t>\x) + 1 g4>\x)} . 

(4.1) 

Here , as usual , the quenched disorder is described by 
r a n d o m fluctuat ions of the effective t ransi t ion t empera tu re 
8T(X) , whose probabi l i ty dis t r ibut ion is t aken to be 
symmetr ic and Gauss ian : 

P[8T] = j P o e x p | - i - | dDx [ 5 T ( X ) ] 2 J , (4.2) 

where u <̂  1 is the small pa ramete r which describes the 
disorder, and p0 is the normal i sa t ion cons tant . 

N o w , if one is interested in the critical proper t ies of the 
system, it is necessary to integrate over all local field 
configurat ions up to the scale of the correlat ion length. 
This type of calculat ion is usual ly performed with a 
renormal i sa t ion-group ( R G ) scheme, which self-consis-
tently takes into account all the f luctuat ions of the field 
on scale lengths up to Rc. 

In order to derive the t rad i t iona l results for the critical 
proper t ies of this system, one can use the usua l R G 
procedure developed for d imensions D = 4 — 8, where 
8 <̂  1. Then we find tha t in the presence of the quenched 
disorder the fixed poin t of the pu re system becomes 
uns table , and the R G rescaling trajectories arrive at 
ano ther (universal) fixed poin t ^ 0; ^ 0, which yields 
the new critical exponents describing the critical proper t ies 
of the system with disorder . 

However , there exists an impor t an t poin t which is 
missing in the t rad i t iona l app roach . Consider the g round 
state proper t ies of the system described by the Hami l t on i an 
E q n (4.1). Conf igura t ions of the fields </>(x) which corre
spond to local min ima in H satisfy the saddle-point 
equat ion 

-A</>(x) + [T - 5T(X ) ]0(X) + £ < / > 3 ( X ) = 0 . (4.3) 

Clearly, the solut ions of these equa t ions depend on a 
par t icular configurat ion of the function 8T(X) being 
inhomogeneous . The localised solut ions with nonzero 
values of </> exist in regions of space where x — hx{x) has 
negative values. Moreover , one finds a macroscopic number 
of local m in imum solut ions of the saddle-point equat ion 
(4.3). Indeed, for a given realisat ion of the r a n d o m function 
8T(X) , there exist a macroscopic number of spatial ' i s lands ' 
where x — hx{x) is negative (so tha t the local effective 

t empera tu re is be low Tc), and in each of these ' i s lands ' one 
finds two local m i n i m u m configurat ions of the field: one 
which is ' u p ' , and another which is ' down ' . These local 
m in imum energy configurat ions are separated by finite 
energy barr iers , whose heights increase as the size of the 
' i s lands ' are increased. 

The p rob lem is tha t the t rad i t iona l R G app roach is only 
a per turba t ive theory in which the deviat ions of the field 
a r o u n d the g round state configurat ion are t reated, bu t it 
cannot t ake into account other local m i n i m u m configura
t ions which are 'beyond bar r i e r s ' . This p rob lem does no t 
arise in pu re systems, where the solut ion of the saddle-point 
equat ion is un ique . However , in a s i tuat ion such as tha t 
discussed above, when one gets n u m e r o u s local m in imum 
configurat ions separated by finite barr iers , the direct 
appl icat ion of the t rad i t iona l R G scheme m a y be ques
t ioned. 

In a systematic app roach one would like to integrate in 
an R G way over f luctuat ions a round the local m in imum 
configurat ions. F u r t h e r m o r e , one also has to sum over all 
these local min ima up to the scale of the correlat ion length. 
In view of the fact tha t the local m in imum configurat ions 
are defined by the r a n d o m quenched function 8T(X) in an 
essentially nonloca l way, the possibili ty of implement ing 
such a systematic app roach successfully seems ra ther 
hopeless. 

On the other hand , there exists ano ther technique which 
has been developed specifically for dealing with systems 
which exhibit n u m e r o u s local m i n i m u m states. It is the 
Parisi replica symmetry b reak ing (RSB) scheme which has 
proved to be crucial in the mean-field theory of spin-glasses 
(for example, see Ref. [11]). Recent studies show tha t in 
certain cases the R S B app roach can also be generalised for 
s i tuat ions where one has to deal with f luctuations as well 
[ 1 2 - 1 4 ] . Moreover , it has recently been shown tha t the R S B 
technique can be applied successfully for the R G studies of 
the critical p h e n o m e n a in the S i n e - G o r d o n model , where 
r emarkab le instabili ty of the R G flows with respect to the 
R S B modes has been discovered [15]. 

It can be argued tha t the summat ion over mult iple local 
m in imum configurat ions in the present p rob lem could 
provide addi t iona l nontr iv ia l R S B interact ion potent ia ls 
for the f luctuating fields [16]. Let us consider this poin t in 
m o r e detail . 

To carry out the appropr i a t e average over quenched 
disorder, one can use the s tandard replica app roach 
(Section 3.2). This is accomplished by in t roducing the 
replicated par t i t ion function Zn = Zn[6x] [see E q n (3.26)] 

Z„ = I D & ( * ) exp J -1 dDx | i g [V<pa(x)]2 

1 " 1 " 
a=l a, b=l 

where 

, (4.4) 

(4.5) 

is the replica-symmetric (RS) interact ion pa ramete r . If one 
would start the usua l R G procedure for the above replica 
Hami l ton i an (as is done in the previous Section), then it 
would cor respond to the pe r tu rba t ion theory a r o u n d the 
h o m o g e n e o u s g round state </> = 0. 

However , in the si tuat ion when there exist n u m e r o u s 
local m i n i m u m solut ions of the saddle-point equat ion (4.3), 
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we have to be m o r e careful. Let us denote the local 
solut ions of E q n (4.3) by \jj^l\x), where / = 1 , 2 , . . . , N 0 

denotes the ' i s lands ' where 8T(X) > T. If the size L 0 of 
an ' island' , where [8T(X) — T] > 0 is no t too small, then the 
value of \l/^(x) in this ' i s land ' should be 

I /2 

~ ±[8T(X) — 1 , where 8T(X) should n o w be inter
preted as the value of 8T averaged over the region of 
size L0. Such ' i s lands ' occur at a certain finite density per 
uni t volume. T h u s the value of N0 is macroscopic : N0 = kV, 
where V is the vo lume of the system and k is a cons tant . A n 
approx ima te global extremal solution &(x) is constructed as 
the un ion of all these local solut ions, and each local solution 
can occur with either sign: 

(4.6) 
i=l 

where each at = ± 1 . Accordingly, the to ta l number of 
global solut ions must be 2kV . W e label these solut ions with 
a = 1, 2,...,K = 2kV. A S ment ioned earlier, it seems 
unlikely tha t an integrat ion over f luctuat ions a r o u n d 
4>(x) = 0 will include the cont r ibu t ions from the configura
t ions of 4>(x) which are near <P(JC), since &(x) is 'beyond a 
bar r ie r ' , so to speak. Therefore, it seems appropr i a t e to 
include separately the cont r ibu- t ions from small f luctuat ions 
abou t each of the m a n y <P(a)(x; ST) . T h u s we have to sum over 
the K global m in imum solut ions (nonper turba t ive degrees of 
freedom) 0^(x;6t) and also to integrate over ' s m o o t h ' 
f luctuat ions cp(x) a r o u n d them 

K 

Z[8T] 

where 

T><p(x) ^ e x p ( - H [ < 2 > ( a ) + <p;8r]) 
a 

Dcp(x) exp (—H[cp; ST]) X Z [ / P ; 8 T ] . (4.7) 

Zfa;8T] = ^ e x p j - t f a - J d D j i 

} ,(4.8) 

and Ha is the energy of the ath solution. 
Nex t we carry out the app rop r i a t e average over 

quenched disorder, and for the replica par t i t ion function 
Z „ , we get 

Zn = | D 8 T P [ 8 T ] | D ^ A exp j ~JlH[<Pa, ^} J x Zn[<pa] 8T] , 

(4.9) 

where the subscript a is a replica index and 

ZnWa'M] = ^2 exp J - ^ H a 

(4.10) 

It is clear tha t , if the saddle-point solut ion is un ique , from 
E q n s (4.9) and (4.10) one would obta in the usua l R S 
representa t ion given by E q n s (4.4) and (4.5). However , in 
the case of a macroscopic n u m b e r of local m in imum 
solut ions, the p rob lem becomes highly nontr ivial . 

It is obviously hopeless to t ry and evaluate the replicated 
par t i t ion function given above systematically. The global 
solut ions <P(a) are complicated implicit functions of 8T(X). 
These quant i t ies have f luctuat ions of two different types. In 
the first instance, they depend on the stochast ic variables 
8T(X). But even when the 8T(X) variables are completely 
fixed, @(a)(x) will depend on a (which denotes the possible 
ways of const ruct ing the global m i n i m u m out of the choices 
for the signs {cr} of the local min ima) . A crude way of 
t rea t ing this s i tuat ion is to regard the local solut ions 
as if they were r a n d o m variables, even t hough 8T(X) has 
been specified. This r andomness , which one can see is no t 
all tha t different from tha t which exists in spin glasses, is the 
crucial one. It can be then be shown tha t , owing to the 
interact ion of the f luctuating fields with the local m in imum 
configurat ions [the term (P^cpl in the E q n (4.10)], the 
summat ion over solut ions in the replica par t i t ion function 
Zn[q>a]9 E q n (4.10), could provide the addi t iona l nontr iv ia l 
R S B poten t ia l 

E 2 2 
gabtPaVb 

a, b 

in which the mat r ix gab has the Parisi R S B st ructure [16]. 
In this Section we are going to s tudy the critical 

proper t ies of weakly disordered systems in te rms of the 
R G approach , t ak ing into account the possibility of a 
general type of R S B potent ia ls for the f luctuating fields. 
The idea is tha t hopefully, as in spin-glasses, this type of 
generalised R G scheme self-consistently takes into account 
the relevant degrees of freedom coming from the n u m e r o u s 
local min ima. In par t icular , the instabili ty of the t rad i t iona l 
repl ica-symmetric (RS) fixed po in t s with respect to R S B 
indicates tha t the multiplicity of the local min ima can be 
relevant for the critical proper t ies in the f luctuation region. 

It will be shown (in Section 4.2) tha t , whenever the 
disorder appears to be relevant for the critical behaviour , 
the usua l R S fixed poin ts (which used to be considered as 
provid ing new universal disorder- induced critical expo
nents) are uns tab le with respect to ' tu rn ing o n ' an R S B 
potent ia l . Moreover , it will be shown tha t , in the presence 
of a general type of R S B potent ia ls , the R G flows actually 
lead to the so-called strong-coupling regime at the finite 
spatial scale ~ exp( l /w) [which cor responds to the 
t empera tu re scale T* ~ exp(— \ / u ) \ At this scale, the 
renormal ised mat r ix gab develops s t rong R S B , and the 
values of the interact ion pa ramete r s are no longer 
small [17]. 

Usual ly the s t rong-coupl ing si tuat ion indicates tha t 
certain essentially nonper tu rba t ive excitat ions have to be 
t aken into account , and it could be argued tha t in the present 
mode l these are due to exponential ly ra re ' i n s tan tons ' in the 
spatial regions, where the value of 8T(X) ~ 1, and the local 
value of the field cp(x) mus t be ~ ± 1 . (A distant ana log of this 
s i tuat ion exists in the two-dimens iona l Heisenberg mode l 
where the Po lyakov renormal i sa t ion develops into the 
s t rong-coupl ing regime at a finite (exponential ly large) scale 
which is k n o w n to be due to the nonl inear localised ins tan ton 
solut ions [18].) 

In Section 4.3 , the physical consequences of the R G 
solut ions obta ined above will be discussed. In par t icular we 
show that , because of the absence of fixed poin ts at the 
d i sorder -domina ted scales R > u~v^a (or at the cor respond
ing t empera tu re scales T <̂  w 1 ^ ) , there must be no simple 
scaling of the correlat ion functions or of other physical 
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quant i t ies . Besides, it is shown tha t the s t ructure of the S G -
type two-poin ts correlat ion functions is characterised by the 
s t rong R S B , which indicates the onset of a new type of 
critical behaviour of the SG type. 

The remain ing p rob lems as well as future perspectives 
are discussed in Section 4.4. Par t icular a t tent ion is given to 
the possible relevance of the considered R S B p h e n o m e n a 
for the so-called Griffith phase which is k n o w n to exist in a 
finite t empera tu re interval above Tc [21]. 

4.2 Replica symmetry breaking in the renormalisation-
group theory 
Let us again consider again the p - c o m p o n e n t ferromagnet 
with quenched, r a n d o m effective t empera tu re f luctuat ions 
described by the usua l G i n z b u r g - L a n d a u Hami l ton ian , 
E q n (3.21). In te rms of the s t andard replica approach , after 
in tegrat ion over the disorder variable 8T(X) for the 
cor responding replica Hami l ton ian , we get [see 
E q n s (3.26) and (3.27)] 

J i=\ a=l i=l a=l 

where 

ij=l a, b=l 
. ( 4 . H ) 

where gab = gSab - u. 
Along the lines of the usua l rescaling scheme for 

d imensions D = 4 — s (Section 3.3), one can obta in the 
following (one-loop) R G equa t ions for the interact ion 
pa rame te r s gab [see E q n s (3.9)] 

dgqb = 1 
d£ g a b 8 7 1 2 

4glb + 2{gaa + gbb)gab +P^gacgcb 

(4.12) 

where ^ is the s t andard rescaling pa ramete r . 
Chang ing gab -> 8 T I 2 ^ , and ga+b -> -ga+b (so tha t the 

off-diagonal elements would be positively defined), and 
in t roducing g = gaa, we get the following R G equat ions : 

- ^ | r = 8Sab - (4 + 2P)ggab + 4g2

ab +P ^ g^gcb (a ^ b) > 
' c^a, b 

( 4 - 1 3 ) 
d g eg-(8+p)g2-pJ2gi • (4.14) 

If one takes the mat r ix gab to be replica symmetric , as in 
the s tar t ing form of E q n (4.5), then we can recover the 
usua l R G equa t ions (3.31) for the pa rame te r s g and w, and 
eventually obta in the old results of Section 3.3 for the fixed 
po in t s and the critical exponents . H e r e we leave aside the 
quest ion of h o w pe r tu rba t ions could arise out of the R S 
subspace (see the discussion in Ref. [16]) and formally 
consider the R G E q n s (4.13) and (4.14) assuming tha t 
the mat r ix gab has a general Parisi R S B structure. 

Accord ing to the s tandard technique of the Parisi R S B 
algebra (for example, see Refs [9, 11]), in the limit n —> 0 the 
mat r ix gab is paramet r i sed in te rms of its d iagonal elements 
g and the off-diagonal function g(x) defined in the interval 
0 < x < 1. All the opera t ions with the matr ices in this 
algebra can be performed according to the following simple 
rules [12, 19]: 

gab^ 
n 

(S2)ab = ^gacgcb - > [C',c(x)] , 

(4.15) 

(4.16) 

c = fT-\ dx g (x) 
JO Jo 

(*) = 2 \g - ^ dyg(y) g(x) - £ Ay [g{x) - g(y)f 

(4.17) 

The R S si tuat ion cor responds to the case g(x) = const, 
independent of x. 

Using the above rules from E q n s (4.13) and (4.14), one 
gets 

^ g(x) = [e - (4 + 2p)g]g(x) + 4g2(x) 

-2pg(x) f dyg(y)-p f dy [g(x) - g(y)]2 ,(4.18) 
Jo Jo 

(4.19) j^g = zg-(%+p)g2+Pg2, 

where 

r,2 — f dxg2(x) 
Jo 

Usual ly in the studies of critical behaviour , one tries to 
determine the stable fixed-point solut ions of the R G 
equat ions . The fixed-point values of the renormal ised 
interact ion pa rame te r s are believed to describe the 
s t ructure of the asymptot ic Hami l ton i an which allows us 
to calculate the singular pa r t of the free energy, as well as 
the other t h e r m o d y n a m i c quant i t ies . 

F r o m E q n (4.18), one can easily determine the s t ructure 
of the function g(x) at the fixed point , d g ( x ) / d £ = 0, 
dg/ d£ = 0. Tak ing the derivative over x twice we get, 
from Eqn (4.18), g'(x) = 0. This means tha t either the 
function g(x) is cons tant (which is the R S si tuat ion), or 
it has a step-like s t ructure. It is interest ing to no te tha t the 
s t ructure of fixed-point equa t ions is similar to tha t of the 
Parisi function q(x) near Tc in the Po t t s spin-glasses [20], 
and it is the term g2(x) in E q n (4.18) which is k n o w n to 
p roduce the 1-step R S B solution there. The numer ica l 
solut ion of the R G equa t ions given above demons t ra tes 
convincingly tha t , whenever the tr ial function g(x) has the 
many-s tep R S B structure, it quickly develops into the 1-step 
one, with the coord ina te of the step being the mos t correct 
one of the original many-s tep function. 

Let us consider the 1-step R S B sta tement for the 
function g(x): 

0 ^ x < x0 , 
Xq < X ^ 1 , 

(go, 
\gl, 

(4.20) 

where 0 ^ x 0 ^ 1 is the coord ina te of the step. 
In te rms of this s ta tement , f rom E q n s (4.18) and (4.19) 

one easily gets the following fixed-point equa t ions for the 
pa rame te r s gu g0, and g: 

(4- • Zpx^gl 2p(\ - x 0 ) g i g o - ( 4 + 2p)gg0 + eg0 = 0 , 

c=l 

-px0g2

0 + (4-2p +px0)g2 - (4 + 2p)ggl + eg! = 0 , 

-pxogl -p(l -*o)gi + (8 +p)g2 - sg = 0 . (4.21) 

These equa t ions have several nontr iv ia l solut ions. 
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(1) The R S fixed poin t which cor responds to the p u r e 
system defined by E q n (3.36): 

1 
go = g\ = 0 ; g = - (4.22) 

This fixed poin t (in accordance with the Har r i s cri terion) is 
stable for the spin componen t s with p > 4, and it becomes 
uns tab le for those with p < 4. 

(2) The disorder- induced R S fixed poin t given 
by E q n s (3.37) (for p > 1): 

4-P 
1 6 ( p - l ) ' \6(p-\) ' 

(4.23) 

This po in t was usually considered to be the one which 
describes the new universal critical behaviour in systems 
with impuri t ies . This fixed poin t has been shown to be 
stable (with respect to the R S deviations!) for p < 4, which 
is consistent with the Har r i s criterion. (For p = 1 this fixed 
poin t involves an expansion in powers of ( s ) 1 ^ 2 , and this 
s t ructure is only revealed within a two- loop a pp rox ima
tion.) However , the stability analysis with respect to the 
R S B deviat ions shows tha t this fixed poin t is always 
unstable [16]. The three eigenvalues of the cor responding 
linearised equa t ions near this po in t are 

(4-P) 
A - 1 X — { 4 ~ P ) 

8 ( p - l ) 

so tha t one of the eigenvalues is always posit ive. Therefore 
whenever the disorder is relevant for the critical behaviour , 
the R S B pe r tu rba t ions must be the dominan t factor in the 
asymptot ic large-scale limit. 

(3) The 1-step R S B fixed poin t [16]: 

4-p 
go = 0; g\ = e \6{p-\)-px^+p) 9 

g = s 
p(\ - X 0 ) 

16(p-l)-px0(Z+p) 
(4.24) 

This fixed poin t can be shown to be stable (within 1-step 
R S B subspace!) for 

1 <p < 4 , 

0 < x0 < xc(p) 1 6 ( p - l ) 
p(8+p) 

(4.25) 

In par t icular , xc(p = 2)=4/5; xc(p = 3) = 32 /33 ; and 
xc(p = 4) = 1. Us ing the result given by Eqn (4.24), one 
can easily obta in the cor responding critical exponents , 
which become nonuniversa l , as they are dependent on the 
s tar t ing pa ramete r x 0 (see Section 4.3). N o t e tha t in addi t ion 
to the fixed po in t s listed above, there exist several other 1-
step R S B solut ions which are either uns tab le or unphysical . 

The p rob lem, however , is tha t if the pa ramete r x 0 of the 
s tar t ing function g(x;^ = 0) (or m o r e generally, the coor 
dinate of the most correct step of the many-s tep s tar t ing 
function) is t aken to be beyond the stability interval, such 
tha t xc(p) < XQ < 1, then there exist no stable fixed points of 
the R G E q n s (4.18) and (4.19). One faces the same si tuat ion 
also in the case of a general con t inuous s tar t ing function 
g(x;£ = 0). Moreover , according to Eqn (4.25) there exist 
no stable fixed poin ts out of the R S subspace in the mos t 
interest ing Ising case, where p = 1. 

Unl ike in the R S si tuat ion for p = 1, where one finds the 
stable (~y/e) fixed poin t in the two- loop R G equat ions , in 

the case adding from the next order t e rms in the R G 
equat ions does no t cure the p rob lem. In the R S B case 
considered above, one finds tha t in the two- loop R G 
equat ions the values of the pa rame te r s in the fixed poin t 
are formally of the order of one, and this indicates tha t we 
are enter ing the s t rong-coupl ing regime where all the orders 
of the R G become relevant. 

Nevertheless , to get at least some informat ion abou t the 
physics behind this instabili ty p h e n o m e n a , one can proceed 
to analyse the actual evolut ion of the above one-loop R G 
equat ions given above. The scale evolut ion of the p a r a 
meters of the Hami l ton i an would still adequate ly describe 
the proper t ies of the system unt i l we reach a critical scale 
at which the s t rong-coupl ing regime begins. 

The evolut ion of the renormal ised function g(x;£) can 
be analysed bo th numerical ly and analytically. It can be 
shown (see Ref. [17]) tha t , when p < 4, for a general 
con t inuous s tar t ing function g(x; ^ = 0) = g0(x) the r enor 
malised function g(x;£) t ends to zero everywhere in the 
interval 0 ^ x < [1 — A<f] whereas in the n a r r o w (scale-
dependent ) interval A £ near x = 1 the values of the 
function g(x;£) increase: 

' U ( l - x H A £ , 
g ( * ; « ~ < (4.26) 

0 , ( 1 - J C ) > A £ , 

g(£) - win 
1 

\-uV 

where 

(4.27) 

(4.28) 
H e r e a is a posit ive nonuniversa l constant , and the critical 
scale ^ is defined by the condi t ion tha t the values of the 
renormal ised pa rame te r s are of the order of 1: 
(1 — u£*) ~ w, or £*~l/u. Correspondingly , the spatial 
scale at which the system enters the s t rong-coupl ing regime 
is 

R* ~ exp 
1 

(4.29) 

N o t e tha t the value of this scale is much greater t han the 
usua l crossover scale ~ w _ a ^ v (where a and v are the specific 
heat and the correlat ion length of the pu re system, 
respectively), at which the disorder becomes relevant for 
the critical behaviour . 

Accord ing to the above result, the value of the n a r r o w 
b a n d near x = 1, where the function g(x;£) is formally 
divergent, is A £ ~ (1 — u£) —> u <| 1 as { —> 

Besides, it can also be shown tha t the value of the 
integral 

pi 

becomes formally divergent logari thmical ly as 

g(£) - win 
1 

(4.30) 

Quali tat ively similar asymptot ic behaviour for g(x;£) is 
obta ined for the case when the s tar t ing function g0(x) has 
the 1-step R S B st ructure [Eqn (4.20)], and the coord ina te of 
the step x 0 is in the instabili ty region (or for any x 0 in the 
Ising case p = 1): 
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SI(0) 
L-(4-2P+P*O)SI(0)S 

^ 0 , 0 ^x <x0. 

gi(5 = 0 ) ~ w , and the coefficient (4 

XQ < X < 1 , 

(4.31) 

H e r e g i (0) = = 0) ~ w, and the coefficient (4 — 2p + 
px0) is always posit ive. In this case again, the system enters 
into the s t rong-coupl ing regime at scales £ ~ 1/w. 

N o t e tha t the above asymptot ics do not explicitly 
involve 8. In fact, the role of the pa ramete r s > 0 is to 
' push ' the R G trajectories out of the trivial Gauss ian fixed 
poin t g = 0, g = 0. Thus the value of 8, as well as the values 
of the s tar t ing pa rame te r s go(x), g 0 , defines a scale at which 
the solut ions finally enter the above asymptot ic regime. 
W h e n 8 < 0 (above dimensions 4) the Gauss ian fixed poin t 
is stable; on the other hand , the s t rong-coupl ing a s y m p t o 
tics still exist in this case as well, separated from the trivial 
one by a finite (depending on the value of s) barr ier . 
Therefore a l though infinitely small disorder remains irrel
evant for the critical behaviour above dimensional i ty of 4, if 
the disorder is s t rong enough (bigger than some value 
depending on the 8 threshold) the R G trajectories could 
enter the s t rong-coupl ing regime again. 

4.3 Scaling properties and replica symmetry breaking 
4.3.1 Spatial and temperature scales 
The renormal i sa t ion of the mass term 

is described by the following R G equat ion [see E q n (3.33)]: 

d i 1 

—- ln x = 2 T 

d£ 8TI 2 

{2+p)~g+pY, 5 1 a 
^ 1 . 

(4.32) 

Chang ing (as in the Section 4.2) gab —> 8TT gab, and 
ga^b —> —ga^b in the Paris i representa t ion , we get: 

ln X : (2+p)g({)+p \ dxg(x;{) 
Jo 

(4.33) 

T ( £ ) = T 0 exp J 2 £ - * drj [(2 +p)g(rj) +pg(rj)] J , (4.34) 

where g(rj) and g(rj) = jj dx g(x;rj) are the solut ions of the 
R G equa t ions given in the the previous Section. 

Let us first consider the t rad i t iona l (replica-symmetric) 
s i tuat ion. The R S interact ion pa rame te r s g(£) and g(£) 
app roach the fixed-point values g* and g* (which are of the 
order of e), and then for the dependence of the renormal ised 
mass T({), according to E q n (4.34), one gets 

T ( £ ) = T 0 e x p ( ^ ) , (4.35) 

where 

Az = 2-[(2+p)gt+pgt] . (4.36) 
At the scale £ c , such tha t T ({ c ) approaches the order of 1, 
the system gets out of the scaling region. Since the R G 
scale pa rame te r ^ = ]nR, where R is the spatial scale, this 
defines the correlat ion length i ? c as a function of the 
reduced t empera tu re T 0 . Accord ing to E q n (4.35), one 
obta ins 

(4.37) 

where v = l/AT is the critical exponent of the correlat ion 
length. 

Actual ly if the s tar t ing value of the disorder pa ramete r 
g(£ = 0) = u is much smaller than the s tar t ing value of the 
pu re system interact ion g(£ = 0) = g0, the s i tuat ion is a 
little bit m o r e complicated. In this case, the R G flow for 
g(£) first arrives at the fixed poin t g i p u r e ^ of the pu re system 
as if the disorder pe r tu rba t ion did no t exist. Then , since the 
fixed poin t of the pu re system is uns tab le with respect to the 
disorder pe r tu rba t ions , at scales bigger t han a certain 
d isorder-dependent scale £ u the R G trajectories eventually 
arrive at the stable (universal) disorder- induced fixed poin t 
(g*, g*). Accord ing to the t rad i t iona l theory [8], it is k n o w n 
tha t £w ~ (v /a) l n ( l /w) . The cor responding spatial scale is 
RU ~ u~v^ > 1, and it is big in compar i son with the small 
pa ramete r u. C o m i n g back to the scaling behaviour of the 
mass pa ramete r T({), E q n (4.35), we see tha t if the value of 
the t empera tu re T 0 is such tha t T({) reaches the order of 1 
before the crossover scale £w is reached, then for the scaling 
behaviour of the correlat ion length (as well as for other 
t h e r m o d y n a m i c quanti t ies) one finds essentially the result 
RC(TQ) ~ T 0

V ( P U R E ) of the pu re system. However , the critical 
behav iour of the pu re system is observed only unt i l 
RC<^RU, which imposes the following restrict ion on the 
t empera tu re pa ramete r : T 0 > u1^ = xu. In other words , at 
t empera tu res no t too close to Tc, xu <^ T 0 <^ 1, the presence 
of disorder is irrelevant for the critical behaviour . 

On the other hand , if T 0 <^ xu (in the close vicinity of Tc) 
the R G trajectories for g(£) and g(£) arrive (after crossover) 
at a new (universal) disorder- induced fixed poin t (g*, g*), 
and the scaling of the correlat ion length (as well as other 
t h e r m o d y n a m i c quanti t ies) , according to E q n s (4.36), and 
(4.37), is control led by a new universal critical exponent v 
which is defined by the R S fixed poin t (g*, g*), Eqn (3.39), 
of the r a n d o m system. 

Consider n o w the si tuat ion if the R S B scenario 
occurred. Again if the disorder pa rame te r u is small, in 
the t empera tu re interval xu <^ T 0 <^ 1, the critical behaviour 
is control led essentially by the fixed poin t of the p u r e 
system, and the presence of disorder is irrelevant. F o r the 
same reasons as discussed above, the system exits the 
scaling regime [T({) approaches the order of one] before 
the disorder pa rame te r s start ' push ing ' the R G trajectories 
out of the fixed poin t of the pure system. 

However , at t empera tu res x0 <^ xu the s i tuat ion is 
completely different from the R S case. If the R G trajec
tories arrive at the 1-step R S B fixed point , Eqn (4.24) (in 
the 1 < p < 4 case), then according to the s tandard scaling 
relat ions for the critical exponent of the correlat ion length, 
one finds: 

v(*o) 
1 1 
2 + 2 8 1 6 ( j 7 

3p(\ -x0) 

1) - P * O ( p + ! 

(4.38) 

T h u s depending on the value of the s tar t ing pa ramete r x0, 
one finds a whole spectrum of the critical exponents . 
Therefore, unl ike in the t rad i t iona l poin t of view described 
in Section 3.3, the critical proper t ies become nonuniversal, 
as they are dependent on the concrete statistical proper t ies 
of the disorder involved. However , this result is no t the 
only consequence of R S B . M o r e essential effects can be 
observed in the scaling proper t ies of the spatial correlat ion 
functions (see below). 

In the Ising case, p = 1, as well as in the systems with 
1 < p < 4 for a general s tar t ing R S B function go(x), the 
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consequences of R S B appear to be much m o r e dramat ic . 
Here , at scales £ > £ u (a l though still £ <^ ~ 1/u) accord
ing to the solut ions (4.26) and (4.31) the pa rame te r s 
and g(x; do not arrive at any fixed point , and they keep 
evolving as the scale { increases. Therefore, in this case, 
according to E q n (4.34), the correlat ion length (defined, as 
usual , by the condi t ion tha t the renormal ised T ( { ) 
approaches the order of 1) is defined by the following 
nontr iv ia l equat ion: 

r\nRc 

2\nRc di/[(2 +p)g(ri) +pg(rij\ = In - . (4.39) 
Jo T o 

T h u s as the t empera tu re becomes sufficiently close to Tc (in 
the d isorder -dominated region T 0 <^ T w ) , there will be no 
usual scaling dependence of the correlat ion length (as well as 
of other t h e r m o d y n a m i c quanti t ies) . 

Final ly, as the t empera tu re pa ramete r T 0 becomes 
smaller and smaller, wha t happens is tha t at scale 
^=\nR^^\/u we enter the s t rong-coupl ing regime 
[such tha t the pa rame te r s g(E) and g(x;£) are no longer 
small], while the renormal ised mass T({) still r emains small. 
The cor responding crossover t empera tu re scale is 

T* ~ exp 
c o n s t \ 

- • 
(4.40) 

In the close vicinity of TC9 at T ^ T*, the s i tuat ion is tha t at 
large scales the interact ion pa rame te r s of the asymptot ic 
(zero-mass) Hami l ton i an are no longer small, and the 
proper t ies of the system cannot be analysed in te rms of the 
simple one- loop R G approach . Nevertheless , the qual i ta 
tive s t ructure of the asymptot ic Hami l ton i an allows us to 
argue tha t in the t empera tu re interval x <^ T* near Tc the 
proper t ies of the system should be essentially SG-like. The 
poin t is tha t it is the pa ramete r describing the disorder, 
g(x;£), which is the mos t divergent. 

In a sense, here the p rob lem is quali tat ively reduced 
back to the original one with strong disorder at the critical 
poin t . It does not seem probab le , however , tha t the state of 
the system will be described by the nonzero t rue SG order 
pa ramete r Qab = (4>a4>b) (which would mean real SG 
freezing). Otherwise there must exist a finite value of x 
at which a real t h e r m o d y n a m i c phase t rans i t ion into the SG 
phase takes place, whereas we observe only the crossover 
t empera tu re T*, at which a change of critical regime occurs. 

It seems m o r e realistic to expect tha t at scales ~ ^ the 
R G trajectories finally arrive at a fixed poin t characterised 
by values of the interact ion pa rame te r s which are no longer 
small and by s t rong R S B . Then , the SG-like behaviour of 
the system near Tc will be characterised by highly nontr iv ia l 
critical proper t ies exhibit ing s t rong R S B p h e n o m e n a . 

4.3.2 Correlation functions 
Consider the scaling proper t ies of the spin-glass-type 
connected correlat ion function: 

k(r) = a m m ) - (<ko))(<kr))Y 

In te rms of the replica formalism we get: 

1 
K(R) = lim 

n^o n(n — 1) 

(4.41) 

(4.42) 

where 

Kah(R) = ((<t>a(0)<l>b(0)<t>a(R)<t>b(R))) • (4-43) 

In te rms of the s tandard R G formalism for the replica 
correlat ion function Kab(R)9 we find tha t 

L2R^ /n\l2 Kab(R)~[G0(R)Y[Zab(R)Y , 

where 

G0 (J?) = R - { D - 2 ) 

(4.44) 

(4-45) 

is the free-field correlat ion function, and in the one- loop 
approx ima t ion the scaling of the mass-like object Zab{R) 
(with a^b) is defined by the R G equat ion: 

-^\nZab^)=2gab(^) . (4.46) 

Here ga^b(£) > 0 is the solut ion of the cor responding R G 
equat ions (4.13) and (4.14); £ = \nR; and Zab(0) = 1. 

F o r the correlat ion function (4.44) one finds: 
PLN/F 

Kab(R) ~ [G0(RJ\ exp 
JO 

Similarly, in the Paris i 
and Ka^b{R) 

l2 

(4-47) 

K(x;R) ~ [G0(R)] exp 

representa t ion , where 
K(x;R), one gets 

rlnR 

4 I d£ 
JO 

(4.48) 

To unde r s t and the effects of R S B m o r e clearly let us 
again consider the si tuat ion in the t rad i t iona l R S case. H e r e 
(for p < 4) one finds tha t the interact ion pa ramete r 
§a^b(0 = u(0 arrives at the R S fixed poin t 

U*-816(p-l)' 

and according to E q n s (4.42) and (4.47), one obta ins the 
simple scaling 

Krs(R) ~R-2(D~2)+e , (4.49) 

with the universal disorder- induced critical exponent 

4-p 
6 

4(p-\) • 
(4.50) 

In the case of the 1-step R S B fixed point , Eqn (4.24), the 
s i tuat ion is somewhat m o r e complicated. Here we find tha t 
the correlat ion function K(x;R) also has the 1-RSB 
structure: 

K(x;R) 
(K0(R); 0 ^ x < x 0 , 
[K^R); x 0 < x ^ l , 

where (in the first order in e) 

K0(R) ~ R-^-V = G2

0(R) , 

K^R) ~ R-2(-D-2)+e^SB , 

(4-51) 

(4-52) 

with the nonuniversal critical exponent #I_RSB explicitly 
depending on the coord ina te of the step x 0 : 

4(4 -p) 
0i- RSB (4.53) 

1 6 ( p - l ) - p x 0 ( 8 + p ) " 
Since the critical exponent #I_RSB is positive, the leading 
cont r ibut ion to the 'observable ' quan t i ty K(R) 
= «<£(0)</>(/?)))2, R q n t 4 - 4 2 ) . is given by K^R): 
K(R) ~ (1 -x0)K^R) +x0K0(R) ~ r-W-W-*™ . ( 4 . 5 4 ) 
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But the difference between the 1-RSB and the R S cases 
manifests itself not only in the result tha t the critical 
exponent 6 of the correlat ion function K(R) ceases to be 
universal . Accord ing to the t rad i t iona l SG ph i losophy [11], 
the result tha t the scaling of the R S B correlat ion function 
Kab(R) or K(x;R) does depend on the replica indices (a,b) 
or the replica pa rame te r x, E q n (4.51), indicates tha t , in 
different measurements of the correlat ion function for the 
same real isat ion of the quenched disorder, one is going to 
obta in different results, K0(R) or Ki(R), with the p r o b 
abilities defined by the value of x 0 . 

In real experiments , however , one is dealing with the 
quant i t ies averaged in space. In par t icular , for the t w o -
poin t correlat ion functions the measurab le quant i ty is 
obta ined by integrat ion over the two points , such tha t 
the distance R between them is fixed. Of course, the result 
obta ined in this way must be equivalent simply to K(R), 
E q n (4.54), found by formal averaging over different 
real isat ions of disorder, and different scalings K0(R) and 
Ki(R) cannot be observed in this way. 

Nevertheless , for a somewhat different scheme of the 
measurements the qual i ta t ive difference with the R S 
si tuat ion can be observed. In spin glasses it is generally 
believed tha t R S B can be interpreted as factorisat ion of the 
phase space into a (ul t rametr ic) h ierarchy of 'valleys' , or 
pu re states of local min ima separated by macroscopic 
barr iers . A l though in the present case the local m in imum 
configurat ions responsible for the R S B cannot be separated 
by infinite barr iers , it would be na tu ra l to interpret the 
p h e n o m e n o n observed as effective factorisat ion of the phase 
space into a hierarchy of valleys separated by finite barr iers . 
In this s i tuat ion, one could expect tha t besides the usua l 
critical slowing down (corresponding to the relaxat ion 
inside one valley), re laxat ion t imes which are quali tat ively 
much bigger would be required for overcoming barr iers 
separated by different valleys. Therefore, the t rad i t iona l 
measurements of the observables in ' thermal equi l ibr ium' 
can in fact cor respond to the equil ibrat ion within one valley 
only, and no t to the t rue the rmal equil ibr ium. Then in 
different measurements (for the same sample) one could be 
effectively ' t r apped ' in different valleys. 

To check whether the above speculat ions are correct or 
not , as in spin-glasses, one can invent t rad i t iona l ' over lap ' 
quant i t ies which could hopefully reveal the existence of the 
mult iple valley s tructures . F o r instance, one can in t roduce 
the spatially averaged quan t i ty for pairs of different 
real isat ions of the disorder: 

g(x',£) does no t arrive at any fixed poin t at scales 
£ ^ £u ^ ( v /°0 l n ( l /w) . Therefore, at the d i sorder -domi
na ted scales R Ru ~ u~v^ 1, there mus t be no 
scaling behaviour of the correlat ion function K(R). N e a r 
the critical scale ^ ~ 1/w, the qual i ta t ive behaviour of the 
solut ion g(x; is given by Eqn (4.26). Therefore, according 
to E q n (4.48), near the critical scale R* ~ exp( l /w) , for the 
correlat ion function K(x;R) one obta ins : 

K(x;R) 

-2(D-2) 

-2(D-2) 
(1 - win/?) -4a _ KX(R)9 (1 -x)<AR, 

:Gi(R)=K09 (l-x)>AR, 
(4.56) 

where AR = (1 — ulnR) —> u <| 1 as R —> R*. 
At the critical scale we have ( 1 — ulnR*) ~ u, and 

according to E q n (4.56) the shape of the replica function 
K(x;R) mus t be 'quas i - l - s tep ' : 

2(D - 2)' 
u 4 a e x p 

K(x;R*). 

\K{9 {\-x)< u, 

exp 
2(D - 2) 

(1 — x) u . 

(4.57) 

d'riKrMr + RMKrWr + R)), , (4.55) W ^ 5 5 < * W ( * ) > " OT)><<M> 

Accord ing to the above discussion of the observable 
quant i t ies for the 1-step R S B case, the result given by 
E q n (4.57) could be measured for the spatially averaged 
overlaps of the correlat ion functions K^R), E q n (4.55), for 
the statistics of pai rs of real isat ions of the disorder. Then, 
for the correlat ion function Ktj(R) one is expected to obta in 
the value Kx with the small probabi l i ty w, and the value K0 

with the probabi l i ty (1 — u). A l though bo th values K\ and 
KQ a r e expected to be exponential ly small, their rat io 
K\/Kl ~ u~Aa mus t be large. 

Final ly, at scales R 5> R* we enter the s t rong-coupl ing 
regime, where the simple one-loop R G approach can no 
longer be used. 

4.3.3 Specific heat 
Accord ing to the s t andard procedure , the leading singu
larity of the specific heat can be calculated as follows: 

C ~ j dDR [<< />W(*)> " • ( 4 -58) 

In te rms of the R G scheme for the correlat ion function, 

(4.59) 

where / and j denote different realisat ions, and it is assumed 
tha t the measurab le the rma l average cor responds to a 
par t icular valley, and no t to the t rue the rmal average. If the 
R S si tuat ion occurs (so tha t only one global valley exists), 
then for different pa i rs of real isat ions one will obta in the 
same result given by E q n (4.49). On the other hand , in the 
case of the 1-RSB, according to the general theory of R S B 
[11], after ob ta in ing statistics over pa i rs of real isat ions for 
Ktj(R) one has to get the result K0(R) with the probabi l i ty 
x0, and Ki(R) with the probabi l i ty (1 — x0). 

Consider finally wha t would be the si tuat ion if a general 
type of R S B takes place. Accord ing to the quali tat ive 
solution given by E q n s (4.26) and (4.27), the function 

we get 

W(R) = (G0(R))2m2(R) , (4.60) 

where G0(R) = R~(D~2^ is the free-field two-poin t correla
t ion function, and the mass-like object m{R) is given by the 
solution of the following (one-loop) R G equat ion [compare 
with Eqn (4.33)]: 

l nm({ ) (2+P)«K)-PE««I«) (4.61) 

Here , as usual , = In /? , and the renormal ised interact ion 
pa rame te r s and ga^b(£) a r e t n e solut ions of the replica 
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R G equa t ions (4.13) and (4.14). In the Parisi representa
t ion, ga#,(£) -+g(x\£), one gets: 

m(R) 
RLN/f FIN/? FL 

exp 
Jo Jo Jo 

(4.62) 

Then , after simple t rans format ions for the singular pa r t of 
the specific heat , Eqn (4.58), we get: 

O JO 
C d£exp 

Jo 
3<J - 2(2 + p ) f di/g(i/) - 2p f drjg(rj) 

Jo Jo 

(4.63) 

where g(rj) = jj dx g(x; rj). The infrared cutoff £ m a x in 
E q n (4.63) is the scale at which the system comes out of the 
scaling regime. 

Usua l ly £ m a x is the scale at which the renormal ised mass 
T({), E q n (4.34), approaches the order of 1, and if the 
t rad i t iona l scaling si tuat ion takes place, one finds tha t 

£MAX ~ L N ( L / T 0 ) . 
Again , let us first consider the si tuat ion in the t r ad i 

t ional R S case. He re at scales £ > £ u ~ ln ( l /w) (which 
cor respond to the t empera tu re region T 0 <^ TU ~ w v ' a ) the 
renormal ised pa rame te r s g(rj) and g(E) arrive at the 
universal fixed poin t = s[p/\6(p — 1)] , 
g + = 8[4 — p/\6(p — 1)] given by E q n (4.23); and accord
ing to Eqn (4.63) for the singular pa r t of the specific heat we 
find tha t 

f l n ( l / T 0 ) 

df exp{£ [e - 2(2 + /?)£* - 2/jg,] } C ( T 0 ) 

8 ( 4 - ^ / 4 ( ^ - 1 ) (4.64) 

So tha t in the close vicinity of T c one would expect to 
observe new universal disorder- induced critical behaviour 
with a negative specific heat critical exponent 
a = — e(4 — p)/4(p — 1), E q n (3.40) (unlike posit ive a in 
the cor responding pu re system). 

Similarly, if the scenario with the stable 1-step R S B 
fixed po in t s takes place, then one finds tha t the specific heat 
critical exponent a ( x 0 ) becomes nonuniversa l , and depends 
explicitly on the coord ina te of the step x 0 [16]: 

a ( * 0 ) = 
1 ^ (4-p)(4-px0) 
2 \6(p-\)-px0(p + \ 

(4.65) 

Again (as for the critical exponent of the correlat ion 
length), depending on the value of the pa ramete r x 0 , one 
finds a whole spectrum of the critical exponents . In 
par t icular , the possible values of the specific heat critical 
exponent appear to be in the following b a n d : 

-oo < a ( x 0 ) < —8 
8 ( / > - l ) 

(4.66) 

The upper limit for a ( x 0 ) is achieved in the R S limit 
x 0 —> 0, and it coincides with the usua l R S result, 
E q n (3.41). On the other hand , as x 0 tends to the 'border 
of stabil i ty ' xc(p) of the 1-step R S B fixed point , formally 
the specific heat critical exponent tends to —oo. 

In the general R S B case, the s i tuat ion is completely 
different. H e r e in the d isorder -dominated region 
T* <^ T 0 <̂  w v / a (which cor responds to scales £w <̂  £ <̂  £*), 

the R G trajectories of the interact ion pa rame te r s and 
g(£) do no t arrive at any fixed point , and according to 
E q n (4.64) one finds tha t the specific heat becomes a 
complicated function of the t empera tu re pa ramete r T 0 

which does no t have the t rad i t iona l scaling form. 
Final ly, in the SG-like region in the close vicinity of Tc, 

where the interact ion pa rame te r s g and g are finite, one 
finds tha t the integral over { in E q n (4.63) is convergent (so 
tha t the upper cutoff scale £ m a x becomes irrelevant). Thus , 
in this case one ob ta ins the result tha t the 'would-be 
singular p a r t ' of the specific heat remains finite in the 
t empera tu re interval ~ T* a r o u n d TC9 so tha t the specific 
heat becomes nonsingular at the phase t rans i t ion poin t . 

4.4 Discussion 
Accord ing to the results obta ined in this Section, we can 
conclude tha t spon taneous replica symmetry b reak ing 
coming from the interact ion of the f luctuat ions with the 
mult iple local m i n i m u m solut ions of the mean-field 
equa t ions has a d ramat i c effect on the renormal isa t ion 
group flows and on the critical proper t ies . In systems with 
the number of spin componen t s p < 4, the t rad i t iona l R G 
flows at d imensions D = 4 — 8, which are usually consid
ered as describing the disorder- induced universal critical 
behaviour , appear to be uns tab le with respect to the R S B 
potent ia ls as found in spin glasses. F o r a general type of 
the Parisi R S B structures, there exist no stable fixed points , 
and the R G flows lead to the strong-coupling regime at the 
finite scale R* ~ exp ( l /w) , where u is the small pa rame te r 
describing the disorder. Unl ike the systems with 1 < p < 4, 
where there exist stable fixed poin ts having 1-step R S B 
structures [Eqn (4.24)], in the Ising case, p = 1, there exist 
no stable fixed points , and any R S B interact ions lead to the 
s t rong-coupl ing regime. 

There exists ano ther general p rob lem which m a y appear 
to be interconnected with the R S B p h e n o m e n a considered 
in this Section. The p rob lem is related to the existence of the 
so-called Griffith phase [21] in a finite t empera tu re interval 
above Tc. N u m e r o u s experiments for var ious disordered 
systems [22], as well as numer ica l s imulat ions for the three-
dimensional r a n d o m b o n d s Ising mode l [23], clearly 
demons t ra t e tha t in the t empera tu re interval Tc < T < T0 

(in the high t empera tu re phase) , the t ime correla t ions decay 
as ~ exp[— (t/rf] instead of the usua l exponent ia l re laxa
t ion law ~ e x p ( — t / x ) , as it should be in the o rd inary 
pa ramagne t i c phase . Moreover , it is claimed tha t the 
pa ramete r X is the t empera tu re -dependen t exponent , as it 
is a finite value (less t han uni ty) at T = TC9 and increases 
monoton ica l ly up to X = 1 at T = T0. The t empera tu re T0 is 
claimed to coincide with the phase t ransi t ion poin t of the 
cor responding pu re system. 

This p h e n o m e n o n clearly demons t ra tes the existence of 
n u m e r o u s metas tab le states separated by finite barr iers , 
their values forming infinite con t inuous spectra, and it 
could be interconnected with a general idea tha t the critical 
p h e n o m e n a should be described in te rms of an infinite 
h ierarchy of correlat ion lengths and critical exponents [24]. 

On the other hand , if there is R S B in the four th-order 
po ten t ia l in the p rob lem considered in this Section, one 
could identify a phase with a different symmetry t han the 
convent ional pa ramagne t i c phase , and thus there would 
have to be a t empera tu re TRSQ at which this change in 
symmetry occurs. Actual ly, the R S B si tuat ion is the 
p rope r ty of the statistics of the saddle-point solut ions 
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only, and it is clear tha t for sufficiently large values of x 
there must be no R S B . Therefore, one can t ry to solve the 
p rob lem of summing over saddle-point solut ions for 
a rb i t ra ry T, with the aim of finding a finite value of xc 

at which the R S B solution for this p rob lem disappears . Of 
course, in general this p rob lem is very difficult to solve, bu t 
one can easily obta in an est imate for the value of xc 

(assuming tha t at x = 0 the R S B si tuat ion takes place). 
Accord ing to the quali tat ive s tudy of this p rob lem in 
Ref. [16], the R S B solution can occur only when the 
effective in teract ions between the ' i s lands ' (where the 
system is effectively be low Tc) are no longer small. The 
' i s lands ' are the regions where 8r( r ) > x. Because the 
dis t r ibut ion of the r a n d o m function 8r(r) is Gauss ian , 
the average distance between the ' i s lands ' will be of the 
order of exp(—T 2 /W), SO tha t the ' i s lands ' become suffi
ciently r emote at x > yju. The interact ion between the 
' i s lands ' decreases exponential ly with their separat ion. 
Therefore at x > ^/w they mus t be interact ing weakly, 
and there mus t be no R S B . 

N o t e n o w tha t the shift of Tc with respect to the 
cor responding pu re system is also of the order of yju. 
On the other hand , the existence of local solut ions to the 
mean-field equa t ions is reminiscent of the Griffith phase 
which is claimed to be observed in the t empera tu re interval 
between the t empera tu re Tc of the disordered system and Tc 

of the cor responding pu re system. On these g rounds it is 
t empt ing to associate the (hypothet ical) R S B t ransi t ion in 
the statistics of the saddle-point solut ions with the Griffith 
t ransi t ion. Correspondingly , it would also be na tu ra l to 
suggest tha t R S B p h e n o m e n a discovered in the scaling 
proper t ies of weakly disordered systems could be associated 
with the Griffith effects. 

The other key quest ion which remains unanswered is 
whether or no t the obta ined s t rong-coupl ing p h e n o m e n a in 
the R G flows can be interpreted as the onset of a kind of 
spin-glass phase near Tc. Since it is the R S B interact ion 
pa ramete r describing disorder, g(x;<i;), which is the mos t 
divergent, it is t empt ing to argue tha t , in the t empera tu re 
interval x <^ T* ~ exp(— \ /u) near T c , the proper t ies of the 
system should be essentially SG-like. 

It should be stressed, however , tha t in the present s tudy 
we observe only the crossover t empera tu re T*, at which the 
change in the critical regime occurs, and it is hard ly possible 
to associate this t empera tu re with any kind of phase 
t ransi t ion. Therefore, if the R S B effects could indeed 
provide any kind of t rue t h e r m o d y n a m i c order p a r a 
meter , then this must be t rue in a complete t empera tu re 
interval where the R S B potent ia ls exist. 

The t rue spin-glass order (in the t rad i t iona l sense) arises 
from the onset of the nonzero order pa rame te r Qab(x) — 
(0a(x)(/>^(x)); a ^ b, and, at least for the infinite-range 
model , Qab develops the hierarchical dependence on replica 
indices [11]. In the present p rob lem we find tha t only the 
coupl ing mat r ix gab for the f luctuating fields develops a 
s t rong R S B st ructure and its elements are no longer small at 
the finite scale. Therefore, it seems m o r e realistic to 
interpret R S B s t rong-coupl ing p h e n o m e n a discovered in 
the R G as a completely new type of the critical behaviour 
characterised by s t rong SG effects in the scaling proper t ies 
ra ther t han in the g round state. 

5. Two-dimensional Ising model with impurities 

5.1 Two-dimensional Ising systems 
In the general theory of phase t rans i t ions the t w o -
dimensional (2D) Ising mode l plays the p rominen t role, 
as it is the simplest nontr iv ia l lattice mode l with a k n o w n 
exact solution [25]. It is na tu ra l to ask, therefore, wha t the 
effects of the impuri t ies are in this par t icular case. As for 
the Har r i s criterion (Section 3.1), the 2D Ising mode l 
const i tutes a special case, because the specific heat 
exponent a = 0 in this model . However , speaking in tui 
tively, we could expect tha t , as in the case of the vector 
field mode l in four d imensions (Section 3.3), the effect of 
impuri t ies could be predicted on a qual i ta t ive level. 
A l though the critical exponent a is zero, the specific 
heat of the 2D Ising mode l is ( logari thmically) divergent at 
the critical point . Therefore, we should expect the critical 
behav iour of this system to be strongly affected by the 
impuri t ies . 

Indeed, the exact solut ion for the critical behaviour of 
the specific heat of the 2D Ising mode l with a small 
concent ra t ion c <̂  1 of impuri t ies [26] (see Section 4.3 
below) yields the following result for the singular pa r t of 
the specific heat : 

( l 
I n - , T * < | | T | < | 1 , 

C(?)~{ ! T / 1 \ ( 5 ' ! ) 

- l n f l n - j , T < | T * , 

where x* ~ exp(—const /c) is the t empera tu re scale at which 
a crossover from one critical behaviour to another takes 
place. 

Thus , in the 2D Ising model , as well as in the four-
d iment iona l vector field system, the impuri t ies are in fact 
' relevant var iables ' . Un l ike the vector field model , the 
specific heat of the 2D impur i ty Ising magnet remains 
divergent at T c , t hough the singularity is weakened by 
impuri t ies . Ano the r impor t an t p rope r ty of the 2D Ising 
mode l is tha t , unl ike in the </>4-theory near four dimensions 
(Section 4), the spin-glass R S B p h e n o m e n a appear to be 
irrelevant for the critical behaviour . Thus , the result given 
by Eqn (5.1) for the leading singularity of the specific heat 
of the weakly disordered 2D Ising system mus t be exact. 

In this section the emphasis is laid no t on the exact 
lattice expressions, bu t on their large-scale asymptot ics , i.e. 
we will be interested mainly in the critical long-range 
behav iour because only tha t is interest ing for the general 
theory of phase t ransi t ions . It is well k n o w n tha t in the 
critical region the 2D Ising mode l can be reduced to the 
free-fermion theory [27]. In Section 4.2 this reduct ion will 
be demons t ra ted in very simple te rms by means of the 
G r a s s m a n variables technique. The opera to r language or 
the transfer ma t r ix formalism will not be used, as they are 
no t symmetr ic enough to be applied to the mode l with 
impuri t ies . The result ing con t inuum theory, to which the 
exact lattice impur i ty mode l is equivalent in the critical 
region, appears to be simple enough, and in it the critical 
behav iour of the specific heat can be determined exactly 
(Section 4.3). 

The results of the recent numer ica l s imulat ions are 
briefly described in Section 4.4. The general s t ructure of 
the disordered 2D Ising mode l is considered in Section 4.5. 



Critical phenomena and quenched disorder 483 

5.2 The fermion solution 
The par t i t ion function of the pu re 2D Ising mode l is given 
by 

Z = ^ E X P F j 3 ^ < r x ( T X + J (5.2) 

Here {ax = ± 1 } are the Ising spins defined at lattice sites 
of a simple square lattice; x are integer-valued coordina tes 
of the lattice sites; and \i = 1, 2 are basic vectors of the 
lattice. 

This par t i t ion function can be rewri t ten as follows: 

a x, n 

= ̂ 2 II(cosh
 P + G^x+ii sinh p) 

a x, fi 

= ( cosh iS ) v ^n ( l +<Tx<Tx+liX) , (5.3) 

where V is the to ta l number of the lattice b o n d s , and 
X = t anh Expand ing the p roduc t over the lattice b o n d s in 
E q n (5.3) and averaging over the a values, we obta in the 
following representa t ion for the par t i t ion function (the 
h igh- tempera ture expansion) : 

Z = (cosh P)v Y,WL (5.4) 

The summat ion here is over configurat ions of closed pa th s 
V d rawn on lattice links (Fig. 9), and Lv is the to ta l length 
of p a t h s in a par t icular configurat ion V. 

Figure 9. Closed paths entering the high-temperature expansion of the 
partition function of the 2D Ising model. 

The summat ion in Eqn (5.4) could be performed exactly, 
and these calculat ions const i tu te the classical exact solut ion 
for the 2D Ising mode l found by Sherman and Vdovichenko 
[28]. This solution is well described in detail in t ex tbooks (for 
example, see Ref. [29]), and we will no t discuss it here. 

Let us n o w consider an al ternat ive app roach to the 
calculat ions of the par t i t ion function in te rms of the so-
called G r a s s m a n n variables (for detailed t r ea tment of this 
new mathemat i c s see Ref. [30]). The G r a s s m a n n variables 
were first used for the 2D Ising mode l by H u r s t and Green 
[31], and this app roach was later developed by a number of 
au tho r s [32] (see also Ref. [26]). It appears tha t technically 
this me thod enables the equa t ions to be obta ined in a very 
simple way. W e shall describe this formalism, recover the 
equat ion for the par t i t ion function [Eqn (5.4)], and in t ro 
duce some new no ta t ions which will be useful for the 
p rob lem with impuri t ies . 

Let us in t roduce the four -component G r a s s m a n n 
variables {^(x)} defined at the lattice sites {x} , where 
the superscript a = 1, 2, 3, 4 indicates the four directions on 
the 2D square lattice (such tha t 3 = - 1 and 4 = - 2 ) . All the 
{i/sa(x)} variables and all their differentials {di/f a(x)} are 
an t i commuta t ive variables. By definition, 

[«AaW]2 = o, 

d T O # ' ( y ) = - d ^ ( y ) d ^ ( x ) , 

and the integrat ion rules are defined as follows: 

J dr(x)=o, 

J di}ia(x)i}ia(x) = - ^«(x)dxl/*(x) 

(5.5) 

1 . (5.6) 

Let us consider the following par t i t ion function defined 
as an integral over all the G r a s s m a n n variables of the 2D 
lattice system: 

: J D I A E X P ( A [ I A ] ) • (5.7) 

In this case, the integrat ion measure Dip and the action 
A [rj/] are defined as follows: 

= Y[[- df^x) df2(x) dil/3(x) dil/4(x)] (5.8) 

Am=--J2Hx)il/(x)+-Xj2'l'(x+a)P^(x) • (5-9> 
x x,a 

The 'conjugated ' variables x/jfx) are defined as follows: 

^« = ^ ( C _ 1 ) y a 

where 

(5.10) 

C = 

0 1 1 1 
- 1 0 1 1 
- 1 - 1 0 1 
- 1 - 1 - 1 0 

C - 1 = 

0 - 1 
1 0 

-1 1 
1 - 1 

1 - 1 
-1 1 
0 - 1 
1 0 

(5.11) 

The vector mat r ix p in Eqn (5.9) is defined as follows: 

P = 

( 1 0 0 0" "0 1 0 0" 
1 0 0 0 0 1 0 0 
0 0 0 0 5 0 1 0 0 

\ 1 0 0 0_ 0 0 0 0 

( "0 0 0 0" ' 0 0 0 r \ 
0 0 1 0 0 0 0 0 
0 0 1 0 5 0 0 0 1 

\ 0 0 1 0 0 0 0 1 / 

(5.12) 
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M o r e explicitly for the act ion A[\j/]9 Eqn (5.9), one gets: 

+ ^ 3 ( X ) 1 a 4 ( X ) + 1 a 2 ( X ) ^ 3 ( X ) + ^ 1 ( X ) 1 a 4 ( X ) ] 

^ X Y ^ \ x + \)xl>\x) +il/\x + 2 ) ^ 2 ( x ) ] . ( 5 . 1 3 ) 

Us ing the rules (5.5) and (5.6), we can easily check by 
direct calculat ions tha t the integrat ion in E q n (5.7) with the 
integrat ion measure [Eqn (5.8)] reproduces the h igh-
t empera tu re expansion of the par t i t ion function 
[Eqn (5.4)] 2D Ising mode l with X = t anh /?. 

Let us consider the Green function: 

G a / ? ( x , x ' ) =Z~l ^QxV(A[^])^a(x)^(xf) . (5.14) 

Simple (a l though a little cumbersome) calculat ions yield: 

G a / ? ( x , x ' ) = X^^AayGyP(x - y, x ' ) + <5,, x,5** , (5.15) 

where A = J2aPx> 

1 1 0 
1 1 1 
0 1 1 

-1 0 1 

(5.16) 

If we perform a Four ie r t ransform of equat ion (5.15), it 
acquires the following mat r ix form: 

- l 
G(k) = [1 -XA(k)\ 

where 

(5.17) 

e x p ( - i * ! ) 
e x p ( - i ^ ! ) 

0 
- e x p ( - i ^ ! ) 

e x p ( — i k 2 ) 0 
e x p ( — i k 2 ) Qxp(iki) 

e x p ( — i k 2 ) exp(i^!) 
0 exp( i^ 1 ) 

- e x p ( i £ 2 ) 
0 

exp( i£ 2 ) 
exp( i£ 2 ) 

(5.1* 

It is obvious from E q n (5.17) tha t , if one of the eigenvalues 
of the mat r ix XA (k) becomes unity, it signals a singularity. 
To find this poin t we first pu t the space m o m e n t u m k = 0 
(which cor responds to the infinite spatial scale). 

The four-valued indices of the Green function G 0 ^ are 
related to four possible directions on a square lattice. 
Therefore, the idea is to perform the Four ie r t ransform 
over these angular degrees of freedom. One can easily check 
tha t the mat r ix A (0) is diagonalised in the following 
representa t ion: 

/2 

exp ( ± i 

exp y± i 

exp ( ZB i 

' ±3 /2 

1 

exp ( ZB i 

exp I ZB i 

exp 

3n 

3ri 

The t ransform mat r ix from the initial representa t ion to the 
angular m o m e n t u m (or spinor) representa t ion , with the 
basic vectors given above, has the form: 

U 

1 
E 

1_ 
E 

1 1 

E = exp I i : exp (5.20) 

In this representa t ion, we get 

XA'(0) =XU-1A(0)U 

= X 

A/2 + 1 
0 
0 
0 

0 
v 5 + i 

0 
0 

0 
0 

- A / 2 + 1 
0 

0 
0 
0 

-y/2 + 1 

.(5.21) 

There is a singularity in Eqn (5.17) (at k —> 0) when one 
of the eigenvalues of XA becomes unity. F r o m E q n (5.21) 
we can easily find the critical poin t of the 2D Ising model : 

Xc = t anh Bc = —=J-— . (5.22) 
H C A/2 + 1 

Ano the r impor t an t poin t which follows from these 
considera t ions is tha t , for the critical f luctuat ions in the 
vicinity of the critical point , only states iA±I/2 (with the 
eigenvalues ~ 1) are impor tan t . Indeed it is easily checked 
(see below) tha t the correlat ion rad ius for i^ ± 1 / 2 g ° e s to 
infinity as X —> Xc, whereas the correla t ions for i^ ± 3 / 2 are 
confined to lattice sizes. 

N o w , to describe the critical long-range f luctuations, 
which are responsible for the singularities in the t h e r m o 
dynamic functions, we can expand E q n (5.17) near the 
poin t X = Xc. Us ing the explicit expression (5.18), and 
reta ining only the first powers of \k\ and (X — Xc)/Xc, 
one gets: 

x — iki 

T — \ k i — ik 2 

V2 
—ik2 

T—iki+ik2 

V2 

i—\kx—\k2 

V2 
x — ik2 

T + i f c j — \k2 

V2 
iki 

-ik 

V2 
T + I^! 
T+iki+ik2 

V2 

T — i k l + i k 2 

V2 
iki 

T + i f c i + i f c 2 

V2 
x + ik2 

H e r e 

A = de t [ l - XA (k)] ~ 2X2

c(x2 + \k\2) 

and 

(5.23) 

(5.24) 

(5.25) 

In the spinor representa t ion given by Eqn (5.19), the 
asymptot ic expression for Eqn (5.23) simplifies to the 
following compact form: 

Gs p(fc) = t / - 1 G( fc ) t / 

: + \k\2 

(5.19) 

X 

iki + k2 

0 
0 

iki ~ ^2 
x 
0 
0 

(5.26) 
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The zero componen t s here are ~ | & | 2 , T 2 . The nonzero 
block can be represented as: 

T — ik 
S(k)=2 

T2+k2 

Here 

k = k1yl + k2y2 ; 

(5.27) 

(5.28) 

(5.29) 

E q n (5.27) is the Green function of the free (real) spinor 
field in two Eucl idean dimensions described by the 
Lagrang ian : 

"o r "0 - i " 
7i = 1 0 > ii = i 0 

(5.30) 

where xjj = \jjy5, and y5 = yxy2. 
Using Eqn (5.30), one immediately finds the logar i thmic 

singularity of the specific heat of the 2D Ising model : 

Z -

Hence 

1/2 
: JDiAexp(A s p [ iA]) ~ [DET(T + 8)] 

- I n Z ~ - T r l n (T + 9) 

-J"D 2 Hn ( T 2 + | f c | 2 ) ~ - T 2 l n | I . 

dr 
F(T) ~ ln 

(5.31) 

(5.32) 

5.3 Critical behaviour in the impurity model 
W e tu rn n o w to the mode l with impur i ty b o n d s . In this 
Section we shall de termine the critical behaviour of the 
specific heat in the critical regime of the impuri ty . 

The par t i t ion function of the 2D Ising mode l with 
impur i ty b o n d s is given by: 

a v- x, fi ' 
(5.33) 

where the coupl ing cons tant JxpL on a par t icular lattice 
b o n d (x, / i) is equal to the regular value / with probabi l i ty 
(1 — c), and to the impur i ty value Jr ^ J with probabi l i ty c. 
W e impose no restrict ion on / ' bu t we shall require c <̂  1, 
so tha t the concent ra t ion of impuri t ies is assumed to be 
small. 

The G r a s s m a n n variables technique described in the 
previous Section can be applied to the mode l with r a n d o m 
lattice couplings as well. In this representa t ion, the par t i t ion 
function [Eqn (5.33)] is given by: 

Z(/?) = J D « A e x p { - ^ i A M < K * ) 

+ \^K^{x+^)p^{x)\ , (5.34) 

where 

I (5.35) 
_ j X = t anh (fiJ), with probabi l i ty (1 — c), 

x* - \ Xf = t anh (PJ')9 with probabi l i ty c. 

It is easy to check by direct expansion in powers of the 
second term in Eqn (5.34) tha t the par t i t ion function can be 
represented as a sum over configurat ions of closed loops, 

each loop entering with a weight 

V 
(5.36) 

where &(V) is a p roduc t ordered a long the pa th V of 
matr ices {p}: 

<D(P) = ]Jp (5.37) 

The same representa t ion for the par t i t ion function follows 
from the h igh- tempera ture expansion of E q n (5.33). 

Proceeding a long these lines and averaging over the 
disorder in the couplings, one could finally obta in the exact 
cont inuum-l imi t representa t ion for the free energy of the 
impur i ty mode l (see Ref. [26]). Here , however, we shall 
consider a m o r e intuitive and much m o r e simplified 
approach , which nevertheless provides the same results 
as the exact one. This app roach is based on the na tu ra l 
assumpt ion tha t in the con t inuum limit representa t ion in 
te rms of the free-fermion fields (see previous Section), the 
disorder in the couplings manifests itself as a small spatial 
disorder in the effective critical t empera tu re T in the mass 
term of the spinor Lagrang ian E q n (5.30). Therefore, the 
star t ing poin t for further considera t ions of the impur i ty 
mode l will be the assumpt ion tha t its con t inuum limit 
representa t ion is described by the following spinor L a g r a n 
gian: 

A i m p [ ^ ; 5T(X)] = - 1 J d 2 x { i A # + [T + 8T(*)]MT} . (5.38) 

Here the quenched r a n d o m variable 8T(X) is assumed to be 
described by simple Gauss ian dis t r ibut ion: 

/8TIW 8« 
(5.39) 

where the small pa ramete r u <̂  1 is p ropo r t i ona l to the 
concent ra t ion of impuri t ies . 

Then , the self-aver aging free energy can be obta ined in 
te rms of the t rad i t iona l replica app roach (Section 3.2): 

F = F[bx(x)} = - - lim - ln(Z„) , (5.40) 

where 

Z n = Z * 

D5T(x)JDiAaP[5T(x)] 

exp ( - I [ d 2 x Yfirhr + [ T + H x W r } 

\ J a=l 
(5.41) 

is the replica par t i t ion function and the superscript 
a = 1 , 2 , . . . , ?z denotes the replicas. 

Simple Gauss ian integrat ion over 8T(X) yields: 

Z n = J D i A a e x p ( A j i A ] ) , (5-42) 

where 

,b 

a,b=l 
(5.43) 
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N o t e tha t r igorous per turba t ive considerat ion of the 
original lattice p rob lem [26] yields the same result for 
the effective con t inuous limit Lagrang ian [Eqn (5.43)], in 
which 

[1 + 1 / 2 ^ 2 ( ^ - 4 ) ] 2 ' 

where 

Ac = t a n h j 8 c 7 = \fl- 1 , 

A'c = t a n h / ? c 7 ' . 

(5.44) 

(5.45) 

= u(rrWV) 

Figure 10. Diagrammatic representation of the interaction 
u[^(x)il/a(x)][il/b(x)il/b(x)] and the mass (x)i//a(x)] terms. 

The spinor field theory with the four-fermion inter
action [Eqn (5.43)] obta ined above can be renormal ised in 
two dimensions, just as the vector field theory with the 
interact ion </>4 can be renormal ised in four dimensions 
(Section 2.6). 

Indeed, after the scale t rans format ion (see Section 2.5), 

x -> AX ( A > 1) , (5.46) 

one gets 

| d D x^ (x )8 iA(x) -> A D ~ 1 | dDx^(hc)d^(hc) , 

w | d D x [ ^ ( x ) i A ( x ) ] [ ^ ( x ) i A ( x ) ] 

-> ADw I d D x [ ^ ( A X ) ^ F ( A X ) ] [ ^ ( A X ) ^ F ( A X ) ] . (5.47) 

To leave the gradient te rm of the Hami l ton i an (which is 
responsible for the scaling of the correlat ion functions) 
unchanged , one has to rescale the fields: 

with 

D - 1 

(5.48) 

(5.49) 

The scale dimension A^ defines the critical exponent of 
the correlat ion function: 

G(x) = <<A(o)<AM> (5.50) 

To leave the Hami l t on i an E q n (5.43) unchanged after these 
t rans format ions , one has to rescale the pa rame te r u: 

A UU 

where 

Au = 2-D 

(5.51) 

(5.52) 

Therefore, the scale dimension Au of the four-fermion 
interact ion term is zero in two dimensions , just as the scale 
dimension of the </>4 interact ion term is zero in four 
dimensions . 

W e shall see be low tha t the renormal i sa t ion equa t ions 
lead to the 'zero-charge ' asymptot ics for the charge u and 
the mass T. In this lucky case, the critical behaviour can be 
found by the renormal i sa t ion-group m e t h o d s or, in the 
same way, the main singularities of the t h e r m o d y n a m i c 
functions can be found by summing up the ' pa rque t t e ' 
d iagrams of the theory [Eqn (5.43)] (cf. Section 2.6) 

Let us renormal ise the charge u and the mass T. The 
d iagrammat ic representa t ion of the interact ion 
u[^{x)^{x)]\^{x)^{x)] and the mass T ^ M ^ M ] 
te rms are shown in Fig. 10. 

It should be stressed tha t the mode l under considerat ion 
is described in te rms of real fermions, and a l though we are 
using (just for convenience) the no ta t ion of the conjugated 
fields they are no t independent variables: \j/ = ij/y5. F o r 
this reason the fermion lines in the d iag rammat ic repre 
sentat ion are not 'directed' . Actual ly, the interact ion term, 
see Fig. 10, can be represented explicitly in te rms of only 
one two-componen t fermion (an t icommut ing) field: 
w ^ i ^ 2 ^ i ^ 2 - Therefore, the diagonals in the replica 
(a = b) in teract ion te rms are identical and equal to zero. 

Proceeding in a similar way to the calculat ions of 
Section 3.3, one then finds tha t the renormal i sa t ions of 
the pa ramete r u are provided only by the d iagram shown in 
Fig. 11c, whereas the first two diagrams, F igs 11a and l i b , 
are identical and equal to zero. F o r the same reason, the 
renormal i sa t ion of the mass term is provided only by the 
d iagram shown in Fig. 12b, while the d iagram in Fig. 12a is 

6 /

x a h a c 

b a 

Figure 11. Diagrams which contribute to the renormalisation of the 
interaction term u[\j/a{x)\j/a{x)^}j/b{x)\j/b{x)\. 

a / 

Figure 12. Diagrams which contribute to the renormalisation of the 
mass term x\}j/a(x)i//a(x)]. 

The internal lines in Figs 11 and 12 represent the 
massless free-fermion Green function [cf. E q n s (5.27), 
(5.28)]: 

~n °ab • (5.53) 

Tak ing into account the cor responding combina tor ia l 
factors, one easily ob ta ins the following R G t rans fo rma
t ion for the scale-dependent interact ion pa ramete r u(X) and 
mass pa ramete r T(A): 

U{R\A)=U + 2( 

T ^ ( ^ ) = T + 2(, 

n - 2)u2 [ 

n — \)m 
JXkQ< 

d2k 

\k\<k0 (2%) 

d2k 

\k\<k0 (2%y 

TrS2(k), (5.54) 

TrS2(k) . (5.55) 
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After a simple integrat ion of Eqn (5.55), one gets the 
following R G equat ions (in the limit n —> 0): 

d «(£) = - - u\H), 

_d_ 
M O 

where, as usual , £ = ln ( l /A) is the R G paramete r . 
These equa t ions can be solved easily and yield: 

1 + (2w/jtK 

[l + (2«/it){] 1/2 ' 

(5.56) 

(5.57) 

(5.58) 

(5.59) 

where u = u(£ = 0) and T = T(£ = 0). F o r large scales 
« - oo), 

(5.60) 

The critical behav iour of a mode l with the 'zero-charge ' 
renormal i sa t ion can be studied exactly by the R G me thods . 
Us ing s t andard p rocedure one obta ins for the singular pa r t 
of the specific heat (cf. Section 3.3): 

C ( T ) 

471 f 
J { < l n ( l / | T | ) 

(5.61) 

Here the mass is t aken to be dependent on the scale, in 
accordance with E q n (5.59): 

2 / ^ \ - l 
(5.62) 

Simple calculat ions yield 

1 , 2M , 1 
1 + — l n - -

71 T 
(5.63) 

F r o m E q n (5.63) we see tha t in the t empera tu re range 
TM T 1, where 

TU ~ exp 
71 

2w 
(5.64) 

the specific heat has the wel l -known logar i thmic behaviour 
of the pu re 2D Ising model : C ( T ) ~ ln (1 / |T | ) . However , in 
the vicinity of the phase t ransi t ion point , at |T| <^ xm the 
specific heat exhibits different (universal) behaviour , 

C ( T ) ~ - In ( t o p (5.65) 

which is still singular, a l though the singularity is n o w 
weaker . 

N o t e tha t the critical exponent of the two-poin t 
correlat ion function in the 2D Ising mode l is no t modified 
by the presence of disorder [33]: 

< ^ > ~ W ~ 1 / 4 - ( 5 - 6 6 ) 

This result is also confirmed convincingly by recent 
numer ica l s imulat ions [36]-[38] . 

N o t e finally tha t the effects of replica symmetry b r eak 
ing (Section 4) in the present case appear to be irrelevant. 

The cor responding calculat ions, a l though s t ra ightforward, 
are ra ther cumbersome and we will no t r eproduce them 
here. On the other hand , in the 2D Po t t s systems the 
disorder- induced R S B effects can be shown to be relevant 
and provide the existence of a nontr iv ia l stable fixed poin t 
with a con t inuous R S B (for details see Ref. [34]). 

5.4 Numerical simulations 
In recent years , extensive numer ica l investigations on 
special-purpose compute r s [35] have been conducted, 
with the aim of checking the theoret ical results derived 
for the 2D Ising mode l with impur i ty b o n d s [36, 37, 38]. 

In these studies, the calculat ions were performed for the 
mode l defined on a square lattice of L x L spins with the 
Hami l ton i an 

H = - y ^ J i j a i a j , 
(hJ) 

(5.67) 

where the ferromagnet ic couplings Jtj between spins at and 
Gj of the nearest ne ighbour are independent r a n d o m 
variables t ak ing two values J and / ' with probabi l i t ies 
1 — u and u, repectively. 

Since the critical behav iour of the impur i ty is believed 
to be universal and independent of the concent ra t ion of 
impuri t ies , it is much m o r e convenient in numer ica l 
experiments to assume the concent ra t ion u to be large. 
The poin t is tha t , according to the theory discussed in the 
previous section, the pa rame te r u defines the t empera tu re 
T*(W) and correspondingly the spatial scale 

~ exp(const /w) , E q n (5.64), at which the crossover 
to the critical behaviour of the impur i ty takes place. At 
small concent ra t ions , the crossover scale is exponential ly 
large and it becomes inaccessible in numer ica l experiments 
for finite systems. On the other hand , if b o t h coupling 
cons tan ts J and / ' are ferromagnetic , then even for a finite 
concent ra t ion of impur i ty b o n d s the ferromagnet ic g round 
state (and the ferromagnet ic phase t rans i t ion) is no t 
destroyed, whereas the crossover scale can be expected 
no t to be very large. 

He re we shall review only one set of numer ica l studies in 
which qui te convincing results for the specific heat 
singularity have been obta ined [37]. The mode l with the 
concent ra t ion of the impuri t ies u = 1/2 has been studied. In 
this par t icular case, the mode l given by Eqn (5.67) appears 
to be 'self-dual ' , and its critical t empera tu re can be 
determined exactly from the equat ion [39]: 

t a n h ( ) 8 c / ) = e x p ( - 2 & / ' ) . (5.68) 

In the M o n t e Carlo s imulat ions a cluster-flip a lgor i thm 
formulated by Swendsen and W a n g [40] was used; this 
a lgor i thm overcomes the difficulty of critical slowing down. 
In one M o n t e Car lo sweep, the spin configurat ion is 
decomposed into clusters const ructed stochastically by 
connect ing ne ighbor ing spins of equal sign with the 
probabi l i ty [1 — exp(—2/?/^)]. Each cluster is then flipped 
with a probabi l i ty 1/2. At Tc and for large lattices, the 
re laxat ion to equil ibrium for this a lgor i thm appears to be 
much faster than for the s tandard single-spin-flip dynamics . 

Technically it is much m o r e convenient to calculate the 
m a x i m u m value of the specific heat as the function of the 
size of the system, instead of the direct dependence of the 
specific heat on the reduced t empera tu re T. Since the 
t empera tu re and spatial scales are in one- to-one cor respon
dence [RC(T) ~ T _ 1 in the 2D Ising model] , the min imum 
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possible value for x in a finite system of size L is T M I N ~ L~ . 
Therefore, the m a x i m u m value of the specific heat in the 
system which exhibits the critical behaviour C ( T ) mus t be of 
the order of C ( L _ 1 ) . Then , according to E q n (5.63), the size 
dependence of the specific heat in the critical regime of the 
impuri ty , in the case of the 2D Ising model , can be expected 
to be as follows: 

C(L) = C0 + Cl\n(\+b\nL) , (5.69) 

where C 0 and Cx are some cons tants , and b=\/\nL*, 
where is the impur i ty crossover length, which is of a 
finite size. 

In general terms, the calculat ion p rocedure is as follows. 
Firs t , one calculates the energy: 

(5.70) 

where (...) denotes the the rma l ( M o n t e Car lo) average. 
Then the specific heat is ob ta ined from the energy 
f luctuations: 

C(L)=L2((Hi)-(H)2) . (5.71) 

The s imulat ions were performed for var ious ra t ios 
r = j'/J = 1/10, 1/4, 1/2, and 1. The system sizes ranged 
up to 600 x 600. 

F igure 13 displays the da ta for the critical specific heat , 
as determined from E q n (5.71) at r = 1/10, 1/4, 1/2, and 1, 
p lo t ted against the logar i thm of L . F o r the sake of clarity, 
the vertical axis has been scaled differently for var ious r. 

C 

10° 101 102 10: 

L 

Figure 13. The specific heat C at the critical temperature plotted as a 
function of the logarithm of size L. The curves are: (1) the exact 
asymptotic result for the pure system r— 1; (2) r = 1/2 with fitting 
parameters C 0 = 0.048, Cx = 15.7,b = 0.085; (3) r = l / 4 with fitting 
parameters C 0 = 0.048, Cx = 2.04,b = 0.35; (4) r = l / 1 0 with fitting 
parameters C 0 - - 0 . 2 8 , Cx - 0.224, b - 8.8. 

from the logar i thmic size dependence occur, reflecting the 
crossover to the r andomness -domina ted region for suffi
ciently large values of L . 

In Fig. 14 the same da ta are shown plot ted against 
l n ( l n L ) . A s t rong u p w a r d s curva ture is evident for r= 1 
and 1/2, indicat ing the logar i thmic increase. In no tab le 
contras t , the da ta for r = 1/4 app roach a straight line for 
m o d e r a t e values of L, and those for r = 1/10 seem to satisfy 
such behaviour even for small sizes, L ^ 4. F r o m fits to 
E q n (5.69), one obta ins L* = \6±4 at r = l / 4 , and 
L*=2± \ at r = l / 1 0 . The general t rends are certainly 
clear, and confirm the expected crossover to a doubly 
logar i thmic increase of C in the r andomness -domina t ed 
region sets for smaller sizes L* as r decreases. 

Final ly, in Fig. 15 the same da ta for r= 1/4 are p lo t ted 
against ln ( l + M n L ) and exhibit a perfectly straight line for 
all values of L . 

C 

0.4 0.8 1.2 1.6 2.0 
ln( lnL) 

Figure 14. The same set of data as in Fig. 13, but in this case plotted 
against ln( lnL) . 
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F o r the perfect model , r= 1, the deviat ions from the 
exactly k n o w n asymptot ic behaviour are obviously ra ther 
small for L ^ 16, in agreement with the analytic results on 
the correct ions to scaling [41]. At r = 1/2, the size depend
ence da ta for L ^ 128 are still in the perfect Ising regime, 
where C ~ I n L . At r = 1/4 and r= 1/10, s t rong deviat ions 

' 0.2 0.4 0.6 0.8 1.0 1.2 

ln(l + M n L ) 

Figure 15. The same set of data as in Fig. 13 for r— 1/4, in this case 
plotted against ln(l + M n L ) with b = 0.35. 
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Therefore, in accordance with the analyt ical predic t ions 
of the renormal i sa t ion-group calculat ions (section 4.3), the 
results obta ined in the M o n t e Car lo s imulat ions provide 
convincing evidence for the onset of a new r a n d o m n e s s -
domina ted critical regime. Besides, evidence is provided for 
a l n ( l n L ) dependence in the behaviour of the specific heat 
at the critical po in t for sufficiently large system sizes. 

5.5 General structure of the phase diagram 
Let us consider a general s t ructure of the phase d iagram of 
the Ising spin systems with impuri t ies . Apparen t ly , in a 
ferromagnet ic system with ant i fer romagnet ic or b roken 
impur i ty bonds , as the concent ra t ion u of the impuri t ies 
increases, the ferromagnet ic phase t rans i t ion t empera tu re 
Tc(u) decreases. Then , at some finite concent ra t ion uc the 
ferromagnet ic g round state could be completely destroyed, 
and correspondingly the phase t rans i t ion t empera tu re 
should tu rn to zero: Tc(uc) = 0. On the basis of these 
general a rguments , one could guess tha t the qual i ta t ive 
phase d iagram of such systems looks like tha t shown in 
Fig. 16 (for details, see Refs [42], [43]). To the right of the 
line T c (w), the system is either in the pa ramagne t i c state (at 
t empera tu res which are high enough) or in the spin-glass 
state [44]. The second possibili ty depends , however , on the 
dimensional i ty of the system; at D = 2 the spin-glass state 
is believed to be uns tab le at any nonzero t empera tu re [45]. 

1/2 u 
Figure 16. A naive phase diagram of a ferromagnetic system diluted 
by antiferromagnetic or broken couplings. 

The critical p h e n o m e n a considered in Section 4.3 
formally cor respond to the limit of small concent ra t ions 
of impuri t ies , i.e. they describe the proper t ies of the phase 
t rans i t ion near the upper left-hand side of the line Tc(u) in 
Fig. 16. Nevertheless , the results obta ined for the impur i ty -
domina ted critical regime appear to be universal , as they are 
independent of the concent ra t ion of impuri t ies (as well as of 
the values of the impur i ty bonds) . They m a k e it possible to 
believe tha t the critical p h e n o m e n a in the vicinity of the 
phase t ransi t ion line Tc(u) mus t be the same for other 
concent ra t ions which are no t small. The only pa ramete r 
which does depend on the impur i ty concent ra t ion is the 
value of the t empera tu re interval near T c (w), T*(W), where 
the impur i ty -domina ted critical p h e n o m e n a occur. Acco rd 
ing to the analyt ic theory of Section 5.3, the value of this 
interval shrinks to zero as u —> 0: 

T*(W) ~ exp(—const/w) —> 0. At finite concent ra t ions , this 
t empera tu re interval becomes formally finite, which 
indicates tha t the whole critical region near Tc(u) mus t 
be described by the critical regime of the impuri ty . 

On the other hand , it is generally believed [42] tha t the 
bo t tom-r igh t pa r t of the phase t rans i t ion line Tc(u) ( the 
region near the critical concent ra t ion u = uC9 T <̂  1) belongs 
to another universal i ty class, which is different from the 
ferromagnet ic phase t ransi t ion at u <̂  1. F o r example, it is 
obvious tha t in magne t s with b roken impur i ty b o n d s the 
phase t rans i t ion as a function of the concent ra t ion (at T <̂  1) 
at u = uc mus t be of the kind of percola t ion t ransi t ion 
which has no th ing to do with the t empera tu re of the 
ferromagnet ic t ransi t ion. It means tha t there must be a 
special po in t (r*, u) on the line Tc(u) which separates two 
different critical regimes. 

Actual ly, there does exist a special line, the so-called 
Ni sh imor i line T N (w) [46], which crosses the line Tc(u) at the 
poin t (r*,c*) (Fig. 17). There is no real phase t ransi t ion at 
the Nish imor i line. Fo rma l ly it is special only in a sense tha t 
everywhere on the line the free energy as well as some other 
t h e r m o d y n a m i c quant i t ies appear to be analyt ic functions 
of the t empera tu re and the concent ra t ion . Moreover , an 
explicit expression for free energy in the case of the 
Ni sh imor i line can be obta ined for a rb i t ra ry T and u for 
any dimensions. In fact, it makes the s t ructure of the phase 
d iagram much less trivial t han tha t shown in Fig. 16. Let us 
consider this po in t in m o r e detail. 

F o r the sake of simplicity, let us consider the Ising 
ferromagnet , 

(hJ) 

defined at a lattice with a rb i t ra ry s t ructure . The fe r romag
netic s p i n - s p i n couplings Jtj are equal to 1, while the 
impur i ty ant i fer romagnet ic ones are equal to — 1 , so tha t 
the statistical dis t r ibut ion of the Jtj values can be defined as 
follows: 

p = n t(! - w ) - ! ) + w 5 (jv+!)] > <5-73) 
(hJ) 

where u is the concent ra t ion of the impur i ty b o n d s . 

\ 1 
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Figure 17. Phase diagram of the Ising ferromagnet diluted by 
antiferromagnetic couplings; r N (w) is the Nishimori line. 
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One can easily check tha t the statistical averaging over 
configurat ions of the Jtj values, 

E n [ ( 1 - M ) 5 ( - / Y - 1 ) + M 5 ( - / O - + ! ) ] ( • • • ) . 

(5.74) 
can be rewri t ten as follows: 

( . . . ) = £ [ 2 c o s h ^ ( i . ) ] - ^ exp 
fey) 

(5.75) 

where Nb is the to ta l number of b o n d s in the system, and 
the impur i ty pa ramete r P(u) is defined by the equat ion 

e x p [ - 2 f t « ) ] 
1 — u 

(5.76) 

F o r given values of the tempera tu re T and the 
concent ra t ion u, the average energy of the system is defined 
as follows: 

E(u,T) = (H) 

(bj) 

,°=±l\i,j) J V (bJ) 

V (bJ) a=±\ 

(5.77) 

It is obvious tha t the system under considerat ion is 
invar iant under the local ' gauge ' t ransformat ions : 

• Jij si sj •> (5.78) 

for a rb i t ra ry si• = =bl. Us ing the above gauge invariance, 
the following trick can be performed. Let us redefine the 
variables in E q n (5.77) according to E q n (5.78) (which 
should leave the value of E unchanged) , and then let us 
'average ' the obta ined expression obta ined for E over all 
configurat ions of st: 

E(c, r) = - [ 2 c o s h J 8 ( M ) ] " ^ b 2 - ^ 

/y=±lWl L { I J ) J J 

Y [ Y J ^ G n qxv[pY ) 
°=±l\i,J) J V (bJ) J (5.79) 

exp .80) 

One can easily see tha t the expression in E q n (5.79), 

fc)^JijSis] \ =Z[P(u), Jtj] , (5.1 
L (bJ) j ) 

is the par t i t ion function of the system at the t empera tu re 
fi(u). Therefore, if fi(u) = ft the par t i t ion function (at the 
t empera tu re ft) in the denomina to r in E q n (5.79) is 
cancelled by the par t i t ion function [Eqn (5.80)]. In this 
case, the value of the average energy E (as well as the free 
energy) can be calculated explicitly: 

E(c,T) = -[2co&~P(uj\-N*2-» £ E f e ^ V ) 
/y=±l<7=±l \ i j ) / 

x exp (pY,Jij°i°n =-[2 c o s h Ku)]Nh2~N 

x m Y Z ) e x p ( ^ Z ) V ^ ) 
UV U 7 =±1 (T=±1 V (ij) / J 

= - y V b t anh P(u) = -Nh [l - 2u(T)] . (5.81) 
The internal energy obta ined is analytic for all values of the 
t empera tu re and the concentra t ion. 

The above result is valid at the Ni sh imor i line T N (w) 
defined by the condi t ion fi(u) = ft: 

T^(u)= 2 (5.82) 
M O - U ) / U J 

This line is shown quali tat ively in Fig . 17. It s tar ts for the 
zero concent ra t ion (pure system) at T = 0, and for u —> 1/2 
(completely disordered system) T N —> oo. 

Apparen t ly , the Ni sh imor i line mus t cross the phase 
t rans i t ion line Tc(u). This creates ra ther a peculiar s i tuat ion, 
because at the line of the phase t ransi t ion the t h e r m o d y 
namic functions should be nonana ly t ic (for details, see 
Ref. [46]). Actual ly, this crossection point , (T^w*) , is 
argued to be the multicri t ical po in t at which the p a r a 
magnet ic , ferromagnet ic , and spin-glass phases merge [47] 

F o r the Ising models of this type it can also be proved 
r igorously [46] tha t the ferromagnet ic phase does no t exist 
for u > w*, where is the poin t at which the Nish imor i line 
crosses the b o u n d a r y between the pa ramagne t i c and the 
ordered phases Tc(u) (Fig. 17). (It means tha t the s t ructure 
of the naive phase d iagram shown in Fig. 16 is in general no t 
qui te correct .) 

To p rove this s ta tement let us consider the following 
two-poin t correlat ion function: 

(5.83) G(x) = {<T0<Tx)p, 

where denotes the the rmal average for a given 
t empera tu re ft. 

Using once again the trick with the gauge t r ans fo rma
t ion [Eqn (5.78)] for the correlat ion function [Eqn (5.83)] 
one gets: 

G(x) = [ 2 c o s h / ? ( w ) ] - i V b Y e x p KU)YJb 

Y (wx )^v[PY J i j G i °j ) 

Y ^ v Y 3 ^ ^ n 
a=±\ \ (ij) / 

= [ 2 c o s h J 8 ( M ) ] " " b 2 - " 

x Y X^°^)EXP
 KU)YJiJSiSJ 

jij=±\s=±\ L 

Y (wx )^v[PY J i j G i °j ) 

Y q x ^ [ p Y j ^ g ^ j ) 
a=±\ \ (ij) / 

= [ 2 c o s h J 8 ( M ) ] " * V " 

><Y Y E X P M Y J i J s ' i S ' j 
s

/=±iJij=±i L (tj) 
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Thus , the absolute value of the correlat ion function given 
by E q n (5.83) satisfies the condi t ion 

|G(x) | = \(<T0<Tx)p\ ^ \(soSx)~Ku] 
(5.85) 

since the absolute value of any Ising ( | c r | = 1) correlat ion 
function does not exceed one. 

Therefore the absolute value of the two-poin t correla
t ion function calculated at the t empera tu re T and the 
impur i ty concent ra t ion u do no t exceed the average of 
the absolute value of the cor responding correlat ion function 
calculated at the Ni sh imor i line at the same concent ra t ion . 
This quant i ty in the long-range limit \x | —> oo vanishes if the 
cor responding poin t on the Nish imor i line is in the 
pa ramagne t i c phase , which takes place for all concen t ra 
t ions u > u*. On the other hand , the value of the correlat ion 
function G(x) in the limit |x| —> oo becomes the square of 
the ferromagnet ic magnet i sa t ion: G(\x\ —> oo) = m 2 ( r , u). 
Thus , the above simple a rgumen t s p rove tha t m(T,u) = 0 
for u > u*. 

The b o u n d a r y line between the ferromagnet ic and 
nonfer romagnet ic (spin-glass) phases is vertical to the 
concent ra t ion axis, as in Fig. 17 [46], a l though the exis
tence of the reent ran t p h e n o m e n a cannot in general be 
excluded. 

6. The Ising systems with quenched 
random fields 
6.1 The model 
In the previous sections we have considered the spin 
systems in which the quenched disorder was in t roduced in 
the form of r a n d o m fluctuat ions in the s p i n - s p i n inter
act ions. There exists ano ther class of statistical models in 
which the disorder is present in the form of r a n d o m 
magnet ic fields. This type of disorder is essentially different 
from tha t with f luctuating interact ions, since external 
magnet ic fields b reak the symmetry with respect to the 
change of the signs of the spins. 

In the mos t simplified form, the random-field spin 
systems could be quali tat ively described by the following 
Ising Hami l ton ian : 

h = - £ 
<¥j> 

Y h i G i (6.1) 

where the Ising spins {at = ±1} are placed in the vertices of 
a D-d imens iona l lattice with the ferromagnet ic in teract ions 
between the nearest ne ighbours , and the quenched r a n d o m 
fields {ht} are described by the symmetr ic Gauss ian 
dis t r ibut ion: 

P[hi] = fl 1 

(2nhl) 
1/2 exp 2h\ 

h0 < 1 . (6.2) 

The best-studied experimental ly accessible real isat ions 
of systems of this type are the site-diluted ant i fer romagnets 
in a h o m o g e n e o u s magnet ic field [48]. On a qual i ta t ive 
level, this could be unde r s tood as follows. A n ord inary 
ordered ant i fer romagnet ic system in the g round state is 
described by the two sublatt ices A and B, with magnet i sa 
t ions which are equal in magn i tude and opposi te in sign. 
Di lu t ion means tha t some of the spins chosen at r a n d o m are 
removed from b o t h sublatt ices. In the zero external 

magnet ic field, the dilut ion alone does no t b reak symmetry 
between the two ground states aA = — c r B = ±1. However , if 
the external magnet ic field h is nonzero , then an isolated 
missing spin on the sublatt ice A provides the energy 
difference 2h between the two g round states 
<7A = — c r B = +1, and <7A = — c r B = —1. 

Anothe r example is absorbed monolayer s with two 
g round states on impure substrates [49]. H e r e if one of 
the subst ra te lattice sites is occupied by a quenched 
impuri ty , it prevents addi t iona l occupat ion of this site, 
which effectively acts as a local symmetry b reak ing field. 

Other real isat ions are b inary liquids in p o r o u s media 
[50], and diluted frustrated ant i fer romagnets [51]. 

6.2 General arguments 
Despi te extensive theoret ical and exper imental efforts 
dur ing the last twenty years (for reviews see, for 
example, Ref. [52]), there are few reliable s ta tements for 
the p rob lem of the random-field Ising model . 

Accord ing to simple physical a rgumen t s by Imry and 
M a [53], one would expect tha t the dimensions above which 
the ferromagnet ic g round state is stable at low tempera tu res 
(it is called the lower critical d imension) must be equal to 2. 
(No te tha t , for the Ising systems wi thout r a n d o m fields, the 
lower critical dimension is 1.) Indeed, if we t ry to reverse a 
large region Q of linear size L, there are two compet ing 
effects: the gain in energy due to the al ignment with the 
r a n d o m magnet ic field Eh, and the loss of energy due to the 
creat ion of an interface Ef. The first effect scales as follows: 

1/2 

•hnLD'2 (6.3) 

The second effect is the energy of a doma in wall, which 
is p ropo r t i ona l to the square of the b o u n d a r y of the 
region Q: 

(6.4) 

These est imates show tha t at d imensions 2 or lower for 
a rb i t ra ry small (but nonzero) values of the field h0, the two 
energies become comparab le for sufficiently large sizes L, 
and no spon taneous magnet i sa t ion should be present . On 
the other hand , at d imensions greater t han 2, the energy at 
the interface Ef is always greater t han tha t at Eh. Therefore 
this effect should no t destroy the long-range order and a 
ferromagnet ic t rans i t ion should be present . This naive (but 
physically correct) a rgument was later confirmed by a 
r igorous p r o o f by Imbr ie [54]. 

On the other hand , a per tu rba t ive s tudy of the phase 
t ransi t ion shows tha t , as far as the leading large-scale 
divergences are concerned, the s t range p h e n o m e n o n of a 
d imensional reduct ion is present , such tha t the critical 
exponents of the system in dimensions D are the same 
as those of the ferromagnet ic system wi thout r a n d o m fields 
in dimension D — 2 [55] This result would imply tha t the 
lower critical dimension is 3, in cont radic t ion with the 
results obta ined r igorously. 

In fact, the p rocedure of summing up the leading large-
scale divergences could give the correct result only if the 
Hami l ton i an in the presence of the magnet ic field has one 
min imum. In this case, the dimensional reduct ion can be 
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r igorously shown to be exact by the use of super symmetr ic 
a rguments [56]. 

However , as soon as the t empera tu re is close enough to 
the critical point , as well as in a low t empera tu re region, 
there are values of the magnet ic field for which the free 
energy has m o r e t han one min imum (this p h e n o m e n o n is 
similar to tha t considered in Section 4). In this s i tuat ion, 
there is no reason to believe tha t the super symmetr ic 
app roach should give the correct results and therefore 
the d imensional reduct ion is no t justified. This is not 
surprising because the d imensional reduct ion completely 
misses the appea rance of Griffi th 's singularities [21]. 

Recent ly it has also been shown tha t the existence of 
m o r e tha t one solution of the s ta t ionary equa t ions in the 
presence of r a n d o m fields is related, in the replica approach , 
to the existence of new ins tan ton- type solut ions of the 
mean-field equa t ions which are no t invar iant under t rans la 
t ions in replica space [57]. 

6.3 Griffith phenomena in the low-temperature region 
In this section, simple physical a rguments will be used to 
demons t ra t e the origin of the Griffith singularities in the 
the rmodynamica l functions in the low- tempera ture 
(ordered) phase in the t empera tu re region h2 <^T for 
the dimensions D < 3 [58]. This nonper tu rba t ive cont r ibu
t ion to the t he rmodynamics will be shown to come from 
rare , large spin clusters having a characterist ic size 
~ y/f /h0 with magnet i sa t ion opposi te to the fe r romag
netic backg round , and which are the local min ima of the 
free energy. 

If the d imensions of the system are greater t han 2, 
then the spin configurat ion of the g round state is 
ferromagnetic . The the rmal excitat ions are the spin 
clusters with the magnet i sa t ion opposi te to the b a c k 
ground . If the linear size L of such a cluster is large, 
then (in the con t inuous limit) the energy of this the rmal 
excitation could be est imated as follows: 

E(L) r D-l V(L), 

where 

V(L) = f dDxh(x) . 
J\x\<L 

(6.5) 

(6.6) 

The statistical dis t r ibut ion of the energy function V(L) 
[which is the energy of the spin cluster of the size L in the 
r a n d o m field h(x)] is: 

P[V(L)] Dh(x) exp 
1 

dDx h2(x) 

n 
J|*|<L 

dDxh(x) -V(L) (6.7) 

(here and in wha t follows all types of preexponent ia l 
factors are omit ted) . F o r future calculat ions it will be m o r e 
convenient to deal with the quenched function V(L) 
instead of with h(x). One can easily derive an explicit 
expression for the dis t r ibut ion function P[V(L)] , E q n (6.7) 
(for the sake of simplicity, the pa rame te r L is first t aken to 
be discrete): 

[ _ r + o o I / p + o o 

n dh(X) m d& 
x J — o o J \ i J — o o 

dDxh(x)-V(Ll) 
i U\x\<Li 

x exp 

d£, exp 

P J °° dh(x) exp | - J L | dDxh2(x) 

OO /» / oo \ ^ 

Ef I I L * D * * w 

1=1 JL,<\x\<L,+l ) J 

n j + ° ° d ^ e x p j - i ^ V ( L , . ) 

R * 8 E ( ^ i - t f ) ( E < 0 

: exp 
I [ Y ( L F + 1 ) - Y ( L , - ) ] : 

jD _ jD 2h\ 

M a k i n g L con t inuous again, we finally get: 

P [ V ( L ) ] . e x p { ' j d L ^ 
dV(L) -i 2 

dL 

. (6.8) 

(6.9) 

Since the probabi l i ty of the flips of big spin clusters is 
exponential ly small, their cont r ibu t ions to the par t i t ion 
function could be assumed to be independent (it is assumed 
tha t such clusters are nonin terac t ing , as they are very far 
from each other) . Then , their cont r ibut ion to the to ta l free 
energy could be obta ined from the statistical averaging of 
the free energy of one isolated cluster: 

AF- n dV(L) P[V(L)] 

x l o g ( \ + °° d L e x p ^ f V ^ ) - ^ " 1 ] } ^ . ( 6 . 10) 
Here the factor under the logar i thm is the par t i t ion 
function obta ined as a sum over all the sizes of the 
flipped cluster (the factor 1 is the cont r ibu t ion of the 
ordered state, which is the state wi thout the flipped 
cluster). 

The idea of the calculat ions of the free energy given 
above is described below. Since at d imensions D > 2 the 
energy E(L) = LD~l — V(L) is on average a function tha t 
increases with L, it would be reasonable to expect tha t the 
deep local min ima (if any) of this function are well 
separated and the values of the energies at these min ima 
increase with the size L . F o r this reason, let us assume tha t 
the leading cont r ibut ion in the integrat ion over the sizes of 
the clusters in E q n (6.10) comes only from one (if any) 
deepest local m i n i m u m of the function LD~l — V(L) [for a 
given realisat ion of the quenched function V(L)]. 

Again , in view of the fact tha t the energy 
E(L) = LD~l — V(L) is a function of L, the sufficiency 
condi t ion for existence of a m i n i m u m somewhere above 
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a given size L is: 

(6.11) 

By the use of the above assumpt ions , the cont r ibu t ion to 
the free energy from the flipped clusters, E q n (6.10), could 
be est imated as follows: 

AF: dVPL(V)P 
dV(L) POO /»+ 

l o g j l + e x p f ^ y - L 0 - 1 ) ] } , 

> (D — \)LD~ 

(6.12) 

where Pl(Y) is the probabi l i ty of a given value of the 
energy V at a given size L, and 
P[dV(L)/dL >(D- 1 ) L D " 2 ] is the probabi l i ty tha t con
dition (6.11) is satisfied at the uni t length for the given size 
L . 

Accord ing to E q n (6.6), V2(L) ~ n0. 
of L) . Since the dis t r ibut ion PL(V) 
Gauss ian , one gets: 

j 2 

PL{V) - exp 

hlLD (for large values 
expected to be 

Vz 

2h2

0LD 

N o t e tha t the above result could also be obta ined by 
integrat ing the general dis t r ibut ion function P[V(L)] , 
E q n (6.9), over all the ' t rajectories ' V{L) with the fixed 
value V{L) = V at the given length L . 

The value of the probabi l i ty 
P[dV(L)/dL > (D- 1 ) L D " 2 ] could also be obta ined by 
integrat ing P[V(L)] over all the functions V(L) condi t ioned 
by d V ( L ) / d L > (D - \)LD~2 (at the given value of L ). It is 
clear, however , t h a t — w i t h exponent ia l accuracy — the 
result of such an integrat ion is defined only by the lower 
b o u n d (D-\)LD~2 for the derivative d V ( L ) / d L (at the 
given length L) in E q n (6.9). Therefore, one gets: 

dV(L) 
dL 

> (D — \)LD~ ~ exp j -
1 

2h%LD~ 

: [ ( D - l ) L ° - 2 ] 2 } = e x p 
(D - \)2LL 

2h2 
(6.14) 

N o t e the impor t an t p rope r ty of the energy E(L), which 
follows from E q n s (6.13) - (6.14): a l though at d imensions 
D > 2 the function E(L) increases with L, the probabi l i ty 
of finding a local m in imum of this function at d imensions 
D < 3 also increases with L . It is the compet i t ion of these 
two effects which p roduces the nontr iv ia l cont r ibu t ion to 
be calculated below. 

In the low- tempera ture limit, T <̂  1 (a l though still 
T ^> hi), the cont r ibut ion to the free energy, Eqn (6.12), 
could be divided into two separate par t s : 

AF = AFi + AF2 , 

dV exp 
J l J y 

^ o g j l + e x p ^ V - L 0 - 1 ) ] } 

V2 (D - \)2LD~ 

2h\LD 2h\ 

dV exp 
J l iv<LD 

^ o g j l + e x p ^ y - L 0 " 1 ) ] } 

(D - \ y L 2 , D-3-
2h\LD 2h\ 

(6.15) 

The first pa r t is the cont r ibu t ion from the min ima which 
have negative energies (the excitat ions which p roduce the 
gain in energy with respect to the ordered state). H e r e the 
main cont r ibut ion in the integrat ion over V comes from the 
limit V = LD~l, and in the leading order one gets: 

AFX dL exp 
(D - \)2LD~ 

2hl 2hl 
(6.16) 

F o r dimensions D > 2, the leading cont r ibut ion to AFj 
comes from L ~ 1, and this takes us back to the Imry and 
M a [53] a rguments tha t there are no flipped large spin 
clusters which would p roduce the gain in energy with 
respect to the ordered state. 

The second cont r ibut ion in E q n (6.15) comes from the 
local min ima which have posit ive energies. These could 
cont r ibu te to the free energy only as the rmal excitat ions at 
nonzero tempera tures . In the low- tempera ture limit ft 5> 1, 
one could approx imate : 

log{l + exp [P(V - LD~1)]} ~ exp [-P(LD~L - V)],(6.17) 

(6.13) where LL > V. Then for A F 2 , one gets: 

CLD~1 

AF, 

x exp 

dL dV 

2h2LD 

{D-\YL 
2h\ 

2T D-3 

- + PV-PL1 (6.1* 

The main cont r ibu t ion in this integral also comes from the 
' tr ivial ' region L ~ 1, V ~ Ph\, which cor responds to the 
'e lementary exci ta t ions ' at scales of the lattice spacing. 

However , if the t empera tu re is not too low, $h\ <̂  1 and 
D < 3, there exists ano ther nontr iv ia l cont r ibut ion which 
comes from the vicinity of the saddle point : 

V, = (Ph2

0)L° , 

\D-\)(3-D) 

2ph2 

1/2 

> 1 , (6.19) 

which is separated from the region L ~ 1, V ~ $h\ by a 
large barr ier . N o t e tha t the condi t ion of integrat ion in 
E q n (6.18), V* < ^ L f _ 1 , according to E q n (6.19) is satisfied 
for L* <̂  \jPh\, which is correct only if $h\ <̂  1. 

F o r the cont r ibu t ion to the free energy at this saddle-
point , one gets: 

AF2 

where 

1 exp 
const 2 \ ( 3 - D ) / 2 

e o n s t = I ( Z ) + l ) ( D - l ) ( D - 1 ) / 2 ^ 
D 

(3 -D) /2 

(6.20) 

(6.21) 

The result [Eqn (6.20)] demons t ra tes tha t , in addi t ion to 
the usua l the rmal excitat ions in the vicinity of the ordered 
state (which could be taken into account by the t rad i t iona l 
pe r tu rba t ion theory) , owing to the interact ion with the 
r a n d o m fields there exist essentially nonper tu rba t ive large-
scale the rma l excitat ions which p roduce exponential ly 
small nonana ly t ic cont r ibu t ions to the the rmodynamics . 
These excitat ions are large spin clusters with the m a g n e 
t isat ion opposi te to the b a c k g r o u n d which are the local 
energy min ima. At finite t empera tures , such tha t 
hi <^ T <̂  1, the characterist ic size of the clusters giving 



494 V S Dotsenko 

the leading cont r ibut ion to the free energy is 
L , - Vf/h0 > 1. 

This p h e n o m e n o n , a l though it seems to p roduce a 
negligibly small cont r ibut ion to the the rmodynamica l 
functions, could be extremely impor t an t for unde r s t and ing 
the dynamica l re laxat ion processes. The large clusters with 
reversed magnet i sa t ion are the local min ima and are 
separated from the g round state by large energy barr iers , 
and this could p roduce the essential slowing down of the 
re laxat ion (see, for example, Ref. [59]). In par t icular , the 
characterist ic ' saddle-point ' clusters [Eqn (6.19)] with the 
size L*(T) ~ y/T/h0 1 are separated from the g round 
state by the energy barr ier of the order of 
V* ~ (/3hl)~(D_2)/2 >̂ 1, and the cor responding charac ter 
istic re laxat ion t ime at low tempera tu res can be expected to 
be exponential ly large: 

T ( r ) ^ e x P [ ^ 2 ) - ( D - 2 ) / 2 ] > \ (6.22) 

However , in order to describe the t empora l asymptot ics of 
the re laxat ion processes, one needs to k n o w the spectrum of 
the re laxat ion t imes (or the energy barr iers) , and this would 
require m o r e special considerat ion. 

Unfor tuna te ly , the results obta ined in this Section 
cannot be applied directly for d imensions D = 3, which 
appears to be marg ina l for the considered p h e n o m e n a (at 
d imensions D > 3 this type of nonper tu rba t ive effect is 
absent) . At D = 3 all those simple est imates for the energies 
and probabi l i t ies of the cluster excitat ions which have been 
used in this section [in par t icular , E q n (6.14)] do no t work , 
and a much m o r e detailed analysis is required. 

On the other hand , it seems qui te reasonable to expect 
tha t the results obta ined are correct for d imensions D = 2, 
regardless of the fact tha t the long-range order in no t stable 
there. The poin t is tha t at D = 2 the correlat ion length at 
which the long-range order is destroyed is exponential ly 
large in the pa ramete r l/h0, whereas the characterist ic size 
of the spin clusters considered here is only the power of the 
pa ramete r l/h0. Therefore, at the scales at which the 
Griffith singularities [Eqn (6.20)] appear , the system is 
still effectively ordered at D = 2. 

6.4 The phase transition 
The na tu re of the phase t rans i t ion in the random-field Ising 
mode l is still a mystery. The only reliable fact abou t it is 
tha t the upper critical dimensional i ty (the dimensional i ty 
above which the critical p h e n o m e n a are described by the 
mean-field theory, Section 2.3) for this phase t ransi t ion is 
equal to 6 (unlike in p u r e systems where it is equal to 4). 
Let us consider this po in t in some m o r e detail . 

N e a r the phase t ransi t ion, the random-field Ising mode l 
can be described in te rms of the scalar field G inzburg -
L a n d a u Hami l ton i an with the double-well potent ia l : 

/ / = J d D x | i [ V ^ ) ] 2 + i ^ 2 (x) • Kx)<t>(x)+ \s41' 
4w}, 

(6.23) 

where quenched r a n d o m fields h(x) are assumed to be 
described by the symmetr ic Gauss ian dis t r ibut ion with the 
mean square equal to hi. 

G r o u n d state configurat ions of the fields </>(x) are 
defined by the saddle-point equat ion: 

In the usua l R G approach for the phase t ransi t ion in the 
pu re systems [h(x) = 0], one constructs the pe r tu rba t ion 
theory over large-scale deviat ions of the b a c k g r o u n d 
h o m o g e n e o u s solution of the above equat ion , 
0O = y/\i;\/g, x < 0 or 4>0 = 0, % > 0 (Section 2.6). 

Apparen t ly , the solut ions of equat ion (6.24) with 
nonzero h(x) m a y essentially depend on a par t icular 
configurat ion of the quenched fields being n o n h o m o g e -
neous . Let us est imate the condi t ions under which the 
external fields become the dominan t factor for the g round 
state configurat ions. 

Let us consider a large region QL of a linear size L > 1. 
A n average value of the field in this region could be defined 
as follows: 

h{QL) xh{x) . (6.25) 

Correspondingly , for the characterist ic value of the field 
h(QL) (averaged over realisations) one gets: 

R 1 ! / 2 

hL = [h\QL)\ 

1 1 / 2 

') 1 
L 5 

\ dDxdDx'h(x)h(x') 
LD/2 

(6.26) 

The average value of the order pa ramete r 4>(QL) in a given 
region QL can be est imated from the following equat ion: 

%4> + g<p =h(QL) . 

The solut ions of this equat ion are: 

h{QL) 

21x1 
h{QL) < |T 

,3/2 

<1>{QL) 
h{QL) 1 1/3 

h{QL) > |T 
3/2 

(6.27) 

(6.28) 

(6.29) 

In the first case, E q n (6.28), the external fields can be 
considered as small pe r tu rba t ions , whereas in the second 
case, Eqn (6.29), the external fields are the dominan t factor 
and the solution for the order pa ramete r does not depend 
on the t empera tu re pa ramete r T. 

N o w let us est imate up to which characterist ic sizes of 
the clusters the external fields could domina te . Accord ing to 
E q n (6.26), the condi t ion h(QL) > T 3 / 2 , E q n (6.29), yields: 

L < ^0 (6.30) 

On the other hand , the est imat ion of the order pa ramete r 
in te rms of the equil ibrium equat ion (6.27) could be correct 
only for scales much greater t han the size of the f luctuation 
region, which is equal to the correlat ion length Rc ~ | T | _ V . 
Thus , one has the lower b o u n d for L: 

L > |T|- (6.31) 

Therefore the si tuat ion when the external fields become the 
dominan t factor could exist in the region of pa rame te r s 
defined by the condi t ion 

< 
h2/D 

r\VD 

-A0(JC) +T0(x) +g</>3(x) =h(x) . (6.24) -vD . j2 

(6.32) 

(6.33) 
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Such a region of t empera tures near Tc exists only if: 

vD < 3 (6.34) 

In this case, the t empera tu re interval near Tc in which the 
order pa ramete r configurat ions are defined mainly by the 
r a n d o m fields is 

, 2 / ( 3 - v D ) (6.35) 

Outs ide this interval, x > T*, the external fields can be 
considered as small pe r tu rba t ions to the usua l critical 
p h e n o m e n a . 

In the mean-field theory (which correctly describes the 
phase t ransi t ion in the pu re system for D > 4), v = 1/2. 
Thus , according to condi t ion (6.34), the above nontr iv ia l 
t empera tu re interval T* exists only at d imensions D < 6. 
Correspondingly , at d imensions D > 6 the phase t ransi t ion 
is correctly described by the usua l mean-field theory. 

W h a t is going on in the close vicinity of the phase 
t rans i t ion point , x <^ T+(/&0), at d imensions D < 6 is no t 
k n o w n . The only concrete s ta tement for the critical 
behav iour in the r a n d o m field D-dimens iona l Ising mode l 
worked out some years ago claims tha t its critical exponents 
coincide with those of the pu re (D — 2) -dimensional system 
[55]. Unfor tuna te ly , a l though it is very elegant, this s ta te
ment is w r o n g for the reasons ment ioned in Section 6.2. 

Indeed, let us tu rn back to the order pa ramete r saddle-
poin t equat ion (6.24). There exist s t rong indicat ions b o t h 
theoret ical [57, 58, 60] and numer ica l [61] in favour of the 
possibili ty of the existence of m a n y (macroscopic n u m b e r ) 
solut ions of this equat ion . Moreover , according to the 
numer ica l studies [61] there exists ano ther critical t empera 
ture above Tc such tha t at t empera tu res T > the 
solut ion of the saddle-point equat ion (6.24) is un ique (this 
region cor responds to the usua l pa ramagne t i c phase) , while 
at T < mult iple solut ions appear , and only be low Tc the 
onset of the long-range magnet ic order takes place. All these 
solut ions must essentially depend on a par t icular configura
t ion of the quenched fields being n o n h o m o g e n e o u s . In such a 
s i tuat ion the usua l R G approach , at least in its t rad i t iona l 
form (which is no th ing else bu t the pe r tu rba t ion theory) 
cannot be used. 

It seems p robab le tha t we could find here again a 
completely new type of critical p h e n o m e n o n of the spin-
glass na tu re similar to tha t discussed in Section 4. As in spin 
glasses [9, 11] one could find here n u m e r o u s d isorder-
dependent local energy min ima. Unl ike in spin glasses, 
however , these min ima are most p robab ly separated by 
finite energy barr iers . Therefore, it is hard ly possible to 
expect the existence of the real spin-glass phase near Tc. 
Nevertheless , it is widely believed tha t there must be a kind 
of 'glassy' phase in a small finite t empera tu re interval, 
which separates the real pa ramagne t i c state at high 
t empera tu res from the ferromagnet ic one at low t empera 
tures [62, 63]. 

One can also consider the following qual i tat ive a rgu
ments . Actual ly, mult iple global solut ions of the saddle-
poin t equat ion can appear due to the double-well s t ructure 
of the local potent ia l : 

UW = l-T^2 + l-g^-h^x) (6.36) 

This po ten t ia l has two min ima only: one for T < 0 and the 
other for the values of the field h which are not too large. 
Therefore 

h < hc(x) (6.37) 

At T < 0 the global solutions cor responding to the 
ferromagnetic state appear . The spatial density of the 
' is lands ' where the condi t ion (6.37) is fulfilled can be 
est imated as follows: 

1 

2nhc 

r+hc / 

dhexpI - 2h\ 
(6.38) 

Tak ing into account E q n (6.37) one gets: 

< 1, (ghz

0) 

I 13 

2 x 1 / 3 

(6.39) 

1, 2 x 1 / 3 

In the second case in E q n (6.39), the average distance 
between the ' i s lands ' approaches the order of one, such 
tha t they interact strongly. It is only in this s i tuat ion tha t it 
would be na tu ra l to expect tha t the ferromagnet ic solution 
must be the global min imum. Indeed, for the energy 
[Eqn (6.23)] of the ferromagnet ic state </y = y/\i\/g, one 
obta ins Ef = —x2/4g. On the other hand , a simple est imate 
for the characterist ic energy of the disordered (field-
defined) solut ion (j)(x) ~ [h(x)/g]1^3 yields: 
Eh ~ —(ho/g)1^3. Thus , the ferromagnet ic solution a t ta ins 
the global m in imum only for |T| ̂  xh ~ (ghl)1^3. 

Accord ing to the above qual i tat ive a rguments , when the 
t empera tu re is lowered the following physical p h e n o m e n o n 
is expected to t ake place. At t empera tu res above x = 0, the 
disordered local m i n i m u m solution must be un ique . It is 
only be low x = 0 tha t mult iple local m i n i m u m solut ions 
appear . Simultaneously the ferromagnet ic solut ions appear 
be low this poin t , a l though its energy is higher t han the 
typical energy of the disordered solut ions. Accord ing to 
these speculat ions, the poin t x = 0 should be associated to 
the t empera tu re ment ioned above and not to the 
ferromagnet ic t ransi t ion t empera tu re Tc. On further low
ering the t empera tu re down to ~ (ghl)1^3, the interact ion 
a m o n g the local m i n i m u m solut ions is no longer small, and 
this m a y p roduce the nontr iv ia l spin-glass effects discussed 
in Section 4. At t empera tu res of the same order , the 
ferromagnet ic state a t ta ins the global min imum, so tha t 

2 1/3 

somewhere in tha t t empera tu re region at Tc ~ — (gh0) 1 

the ferromagnet ic phase t ransi t ion takes place. In the low-
tempera tu re ferromagnet ic phase , r a n d o m fields also 
p roduce mult iple local m in imum states (due to large spin 
cluster flips), a l though here these are higher in energy than 
the ordered state, so tha t they can p roduce only Griffith 
singularities (considered in Section 6.3) and anomalous ly 
slow relaxat ions . 

In the si tuat ion when the the rmodynamics is defined by 
n u m e r o u s d isorder-dependent local energy min ima, the 
most developed technique, which makes it possible to 
perform actual calculat ions, is the Parisi replica symmetry 
b reak ing (RSB) scheme (see Section 4). It is n o w m a n y 
years since the possibili ty of R S B in the random-field Ising 
systems was first discussed [63, 64]. Recent ly the R S B 
technique has been successfully applied for the statistics 
of r a n d o m manifolds [12], as well as for the m-componen t 
(m > 1) spin systems with r a n d o m fields [13]. In the second 
case, it has been r igorously proved tha t the usua l scaling 
repl ica-symmetric solut ion is uns tab le with respect to R S B 
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at the phase t ransi t ion point . Moreover , recent studies of 
the Z)-dimensional random-field Ising systems, m a d e in 
te rms of the Legendre t ransforms and the general scaling 
a rguments , demons t ra t e tha t for D < 6 in a finite t em
pera tu re interval near Tc a new type of critical regime is 
established, which is characterised by explicit R S B in the 
scaling of the correlat ion functions [65]. 

7. Conclusions 
In this extensive review I have considered the p rob lem of 
the effects p roduced by weak quenched disorder in 
statistical spin systems. The idea was to demons t r a t e on 
a quali tat ive ra ther t han quant i ta t ive level the existing 
basic theoret ical approaches and concepts . Tha t is why the 
considera t ions were restricted by the simplest statistical 
models , and most of the details of the theoret ical and 
exper imental studies were no t discussed. 

The key p rob lem which still r emains unsolved is whether 
or no t the obta ined s t rong-coupl ing p h e n o m e n a in the R G 
flows could be interpreted as the onset of a type of spin-
glass phase in a n a r r o w t empera tu re interval near Tc. In 
spin glasses it is generally believed tha t R S B p h e n o m e n a 
can be interpreted as a factorisat ion of the phase space into 
the (ul t rametr ic) h ierarchy of 'valleys' , or local m in imum 
pure states, separated by macroscopic (infinite) barr iers . 
A l though in the systems considered here the local m in imum 
configurat ions responsible for R S B are no t likely to be 
separated by infinite barr iers , it would be na tu ra l to 
interpret the p h e n o m e n o n obta ined as effective factorisa
t ion of the phase space into a hierarchy of valleys separated 
by finite barr iers . Since the only relevant scale in the critical 
region is the correlat ion length, the m a x i m u m energy 
barr iers must be p r o p o r t i o n a l to R%(T), and they become 
divergent as the critical t empera tu re is approached . In this 
s i tuat ion, one could expect tha t besides the usua l critical 
slowing down (corresponding to the relaxat ion inside one 
valley) quali tat ively much greater (exponential ly large) 
re laxat ion t imes would be required for overcoming the 
barr iers separa t ing different valleys. Therefore the t r ad i 
t ional measurements (made at finite equi l ibrat ion times) can 
actually cor respond to the equi l ibrat ion within one valley 
only, and no t to the t rue the rmal equil ibr ium. Then in a 
close vicinity of the critical point , different measurements of 
the critical proper t ies of, for example, spatial correlat ion 
functions (in the same sample) would exhibit different 
results, as if the state of the system become effectively 
' t r apped ' in different valleys. 

In any case, this p h e n o m e n o n clearly demons t ra tes the 
existence of n u m e r o u s metas tab le states forming infinite 
con t inuous spectra, and it could be interconnected with a 
general idea tha t the critical p h e n o m e n a should be 
described in te rms of an infinite h ierarchy of correlat ion 
lengths and critical exponents . Unfor tuna te ly owing to the 
present state of knowledge in this field it is very difficult to 
hypothesise wha t the systematic app roach for solving this 
type of p rob lem should be. 

It is n o w m a n y years since, after the work of L D L a n 
dau and K G Wilson, the theory of the second-order phase 
t rans i t ions has become quite respectable and well-estab
lished science. It is generally believed tha t no br ight 
quali tat ive b r eak th rough can be expected in this field 
any more , and tha t the only remain ing p rob lems relate 

to the progressively m o r e exact calculat ions of the critical 
exponents . 

In a sense, the theory of the disorder- induced critical 
p h e n o m e n a has tried to a t ta in a similar s tatus. However , 
recent developments in this field clearly indicate the 
existence of a quali tat ively new physical p h e n o m e n o n , 
which goes well beyond the t rad i t iona l concepts of the 
scaling theory. It seems as if we are close to a b r e a k t h r o u g h 
to a new level of unde r s t and ing of the critical p h e n o m e n a in 
weakly disordered mater ia ls . I do believe so. This is in fact 
the main reason why the present review has been wri t ten. 
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