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Abstract. A n historical and methodologica l analysis is 
given of the scientific heri tage of the r emarkab le Swiss 
theoret ical physicist Wal ter Ri tz ( 1 8 7 8 - 1 9 0 9 ) on the basis 
of a s tudy of his complete works edited in 1911. The 
general characterist ics of R i t z ' s works — including the 
paper s on spectroscopy, the var ia t ional me thod and 
electrodynamics — are discussed, and his fundamenta l 
research in the theory of a tomic spectra is considered in 
detail . The elastic and the magnet ic a tomic models , 
p roposed by Ri tz to explain the spectral laws and based 
on a classical approach , are discussed. It is shown tha t the 
generalised Balmer and R y d b e r g formulas and the 
combina t ion principle, which later became a basis for 
the formulat ion of B o h r ' s frequency condi t ion, were 
obta ined by Ri tz as a result of ma themat ica l deduct ions 
from his models and were no t of a semi-empirical character 
as is usual ly believed. 

1. General characteristics of Ritz's works 
The n a m e of Wal ter Ri tz , a Swiss scientist of the beginning 
of the 20th century, needs no special r ecommenda t ions for 
physicists. In spectroscopy, the n a m e of R i tz is connected 
pr imar i ly with the combina t ion principle which played an 
impor t an t role in the const ruct ion by Niels Bohr in 1913 of 
the initial q u a n t u m theory of the a tom and its spectrum. 
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Ri tz ' s var ia t ional me thod is well k n o w n to mathemat ic ians 
and is successfully applied in theoret ical physics; this 
me thod is widely presented not only in the cor responding 
m o n o g r a p h s and tex tbooks , bu t also in encyclopaedic 
l i terature. In accounts of the his tory of appearance of 
relativistic concepts , a pos tu la te conta ined in R i t z ' s works 
on the addi t ion of the speed of light with tha t of its source 
(the so-called ballistic hypothesis) is given as a t ex tbook 
example of the failure of any a t t empt to create an 
al ternat ive to the special theory of relativity (STR) . 

At the same t ime, one m a y safely assert tha t the t rue 
na tu re of the scientific work by Ri tz was tha t of a 
r emarkab le theoret ical physicist, his ac tual role in the 
prehis tory of theoret ical spectroscopy was much m o r e 
significant t han is usual ly accepted, and the real scale 
and originali ty of his personal i ty have no t yet been given 
p roper acknowledgement . G r o u n d s for such a s ta tement are 
given by an at tent ive s tudy of the contents of R i t z ' s 
complete scientific works [1], which runs to m o r e t han 
500 pages and was edited in 1911 in Par is by the publ ishers 
G a u t h i e r - V i l l a r s on the initiative of the Swiss Physical 
Society with the active assistance of a group of scientists 
from Got t ingen , the Ins t i tu te of F r a n c e (which uni tes five 
Academies , including the F rench A c a d e m y of ' I m m o r t a l s ' 
and A c a d e m y of Sciences) and the Federa l Polytechnical 
School in Zur ich (Switzerland). The b o o k presents a 
p o s t h u m o u s edition of the works of the y o u n g scientist 
who died in 1909 at the age of 31 and actively worked in 
science only from 1902 to 1909 (which included a three-
years ' b reak because of illness). In a brief foreword to the 
readers (Avert issement) at the beginning of the book , its 
compilers wro te tha t the Swiss Physical Society 'not only 
intended, by mak ing available scientific pape r s of a ra re 
beauty , to d r aw once m o r e the a t tent ion of physicists and 
mathemat ic ians to work of a mos t refined mind (d 'un esprit 
d 'el i te) ' . It was 'convinced it was favouring the progress of 
Science by facilitating the disseminat ion of b rave new ideas ' 
(Ref. [1], p. V). 

Included amongs t Ri tz ' s works [1] were 25 paper s from 
1 9 0 2 - 1 9 0 9 conta in ing his research in three different topics 
in physics and mathemat ics . 
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The first of these topics, which was developed by Ri tz 
dur ing this per iod, was connected with spectroscopy and 
includes 13 papers , beginning with his thesis of 1902 'On the 
theory of spectral series' ([1], paper I, p . 1 -77 ) , in which for 
explanat ion of regulari t ies in the a tomic spectra he used the 
elastic a tomic mode l based on classical concepts . The main 
pa r t of the thesis, which represented extensive theoret ical 
research, was publ ished by Ri tz as a large paper in 1903 [2]. 
A short version of the paper [3] and a small paper 'On the 
spectrum of po t a s s ium ' [4] were publ ished in the same year. 
Ri tz subsequent ly rejected the elastic mode l and in 1907 he 
publ ished two short pape r s 'On the origin of spectral series' 
[5, 6] in which the idea of the magnet ic a tomic mode l (also 
based on classical concepts) first appeared . Ri tz imple­
mented this idea in 1908 in a large paper entitled 'Atomic 
magnet ic fields and spectral series' [7] devoted to the 
magnet ic a tomic model , and using this model , in the paper 
'On the new law of spectral series (prel iminary resul ts) ' [8], 
he formulated for the first t ime the combina t ion principle 
for series of a tomic spectra as a universal spectroscopic law. 
A shorter version of this impor t an t paper originally wri t ten 
in G e r m a n was also publ ished in 1908 in English [9]. A 
general paper in F rench by Ri tz on 'Linear spectra and 
a tomic s t ruc ture ' [10], as well as two short pape r s 'On 
several a n o m a l o u s Zeeman effects in the spectrum of 
t h o r i u m ' [11] and 'Series in the spectrum of b a r i u m ' [12] 
were publ ished by 1909. Ri tz ' s pape r s on spectroscopy 
const i tute abou t a third of his to ta l work . 

The second topic of Ri tz ' s studies was generically 
connected with the ma themat i ca l m e t h o d s applied by 
Ri tz in his thesis for model l ing a tomic oscillation frequen­
cies by oscillations of a two-dimens iona l square plate . H e 
p roposed a new me thod for solving p rob lems in the calculus 
of var ia t ions and used it for a number of par t icular cases. In 
1908 he publ ished a long paper 'On the new m e t h o d for 
solving some var ia t ional p rob lems of ma themat ica l physics ' 
[14], and an extensive publ ica t ion on an impor t an t appl ica­
t ion of the new me thod , 'Theory of the t ransverse oscillations 
of a square p la te with free b o u n d a r i e s ' [15], appeared in 
1909. These three paper s const i tute abou t a quar te r of 
Ri tz ' s works . 

Final ly, the third topic of research was connected with 
an a t t empt by Ri tz to reconstruct e lectrodynamics radically 
based on a field app roach which was an al ternat ive to the 
Maxwel l ian field-free app roach , which went back to Gauss 
and R i e m a n n . N i n e paper s by Ri tz (more t han a third of his 
to ta l work) relate to this topic . F r o m these 8 were publ ished 
in 1 9 0 8 - 1 9 0 9 and included a very long paper on 'Crit ical 
studies on general e lec t rodynamics ' [16] and a shorter paper 
on the same subject, 'Crit ical studies of e lec t rodynamic 
theories by J C Maxwel l and H - A Loren t z ' [17], the papers 
'On the role of ether in physics ' [18], 'Grav i t a t ion ' and 'On 
the principles of e lectrodynamics and on black b o d y 
rad ia t ion theo ry ' [20]. This paper [20] was criticised by 
Einstein in 1909 in his wel l -known paper 'On the p rob lem of 
r ad ia t ion ' [21], and R i t z ' s paper 'On the mode rn state of the 
theory of rad ia t ion (objections to the paper by A Einste in) ' 
[22] and a short no te under the same title wri t ten joint ly 
with Einstein [23] were devoted to the discussion with 
Einstein. The in t roduc to ry Got t ingen talk 'The relativity 
principle in opt ics ' remained in manuscr ip t form and was 
publ ished only in the collected works . 

It should be emphasised tha t the clearly dist inguished 
peak of Ri tz ' s scientific activity falls in the last two years of 

his life — dur ing 1 9 0 8 - 1 9 0 9 he publ ished 18 papers 
a m o u n t i n g in to ta l to abou t 400 pages and devoted to 
all the three topics of his research. 

Ri tz ' s n a m e acquired wide fame even dur ing his lifetime, 
as is shown by the publ ica t ion of the complete works of the 
scientist just after his death , and his works on the 
combina t ion principle and the var ia t ional me thod were 
generally recognised by his contemporar ies . Ri tz was highly 
esteemed by the spectroscopists Kayser , R u n g e and 
Paschen, by the recognised masters of science such as 
the physicist Loren tz and ma themat i c i ans Gilbert and 
Poincare ; Einstein held respectful discussions with him 
[21, 23]; his unt imely death was bit terly regretted by 
such scientists as Rayleigh [24], Sommerfeld (Ref. [25], 
p . 286) and Rozhdes tvenski i (Ref. [26], p . 8). A detailed 
foreword to the works by Ri tz was wri t ten by the specialist 
in magnet i sm Weiss (Ref. [1], p . V I I - X X I I ) and contained, 
in par t icular , praise for R i t z ' s var ia t ional me thod from 
Poincare . Acqua in t ance with Ri tz ' s works was for Bohr one 
of the stimuli for formulat ing the second pos tu la te of the 
initial q u a n t u m theory of a toms and spectra — the famous 
frequency condi t ion. The q u a n t u m interpre ta t ion of the 
k n o w n spectroscopic correct ions to spectral te rms, studied 
by Ri tz as early as 1902 in the f ramework of the p u r e 
classical app roach (Rydberg correct ions and correct ions 
in t roduced by Ri tz himself and bear ing his name) , was a 
subject of research by Sommerfeld, Bohr , Schrodinger and 
Born later on. 

While describing the scientific work of Ri tz , it should be 
stressed tha t the m o d e r n h i s to r iography devoted to him is 
extremely scanty. Better k n o w n (a l though it requires a m o r e 
precise definition) is the his tory of Ri tz ' s var ia t ional 
me thod : we no te ma themat i ca l m o n o g r a p h s by Mikhl in 
[27] and G o u l d [28], where interest ing (however, somewhat 
f ragmentary) b a c k g r o u n d informat ion is presented. A n a ­
lysis of the elastic and magnet ic a tomic models p roposed by 
Ri tz to explain spectral regularit ies is completely absent ; the 
discovery of the combina t ion principle was no t considered. 
It is usual ly accepted to have been empirically established 
by Ri tz in 1908 (see, for example, the fundamenta l lectures 
on general physics by Sivukhin [29], p . 62, and also 
Ref. [30]). Practically no reference is m a d e to R i t z ' s works 
in the account of the his tory of e lectrodynamics, a l though 
they, undoub ted ly , are wor thy of this. The only publ ica t ion 
in the world which is specifically devoted to his scientific 
activity as a whole seems to be an article by the Amer ican 
science his tor ian F o r m a n publ ished in vo lume 11 of the 
mul t ivo lume dic t ionary of scientific b iography edited in 
1976 (Ref. [31], p . 475). Regretfully, this excellently wri t ten 
and very informative essay is as little k n o w n to physicists as 
the complete works collection [1] itself. In our paper (see 
prepr in t [32]) we will m a k e extensive use of the mater ia l 
from F o r m a n ' s publ ica t ion, especially the pa r t tha t con­
cerns R i t z ' s b iography . 

Wal ter R i tz was b o r n in Sion (Switzerland) on F e b r u a r y 
22, 1878, to the family of the landscape painter Rafael Ri tz . 
After having finished college in 1895, he a t tended a 
technical course in a lyceum and in 1897 he entered the 
federal polytechnic school in Zur ich . Short ly af terwards he 
rejected his initial in tent ion to become an engineer and 
moved to a ma themat ica l division of the school (one of the 
s tudents of which at tha t t ime was Alber t Einstein). In the 
spring of 1901 Ri tz moved to Got t ingen . Here he studied at 
the universi ty mainly with physicists Voigt and Riecke, 
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a t tended lectures by the mathemat ic ians Gilbert and Klein, 
the physicist A b r a h a m and other wel l -known scientists. 

In 1902 Ri tz carried out his a l ready ment ioned thesis 
s tudy on the theory of spectra (Ref. [1], c. 1) and defended 
the thesis on December 19 of the same year with the highest 
acc lamat ion ' summa cum l aude ' ( 'with the highest praise ' ) ; 
the choice of the thesis theme on the theory of spectra 
cor responded to the interests of professors Voigt and 
Riecke. After having defended the thesis, Ri tz went to 
Leiden in Hol l and , meet ing on the way (in H a n n o v e r ) with 
R u n g e to discuss spectroscopic p rob lems . In Leiden for six 
weeks Ri tz a t tended lectures and seminars by Loren tz 
together with Ehrenfest , w h o m he met and became friends 
with in Got t ingen (Ref. [33], p . 32) and whose intellectual 
development , as Klein stresses (Ref. [25], p . 165), he very 
strongly influenced. Ri tz left Leiden, in F o r m a n ' s words , 
'little inclined (or not inclined at all) to Loren tz ' s view' 
(Ref. [31], p . 476). 

In M a y and June 1903, Ri tz worked at the Kayser 
Ins t i tu te in Bonn , where the best condi t ions for spect ro­
scopic studies in G e r m a n y in those years were created: he 
succeeded in detecting experimental ly a missing line of the 
diffuse series of po tass ium [4], which he had predicted in his 
thesis. At the end of 1903, Ri tz moved to Par is and, u p o n 
r ecommenda t ion by Weiss, was taken on in C o t t o n ' s 
l abora tory , where he was engaged in m a k i n g p h o t o g r a p h i c 
plates sensitive to the infrared region of the spectrum. The 
choice of this par t icular p rob lem was connected with 
impor tance of s tudying this spectral b a n d for different 
chemical elements. 

In July 1904 Ri tz had to re turn to Switzerland because 
of a sharp deter iora t ion in his heal th , and dur ing the 
subsequent three years he tried to recover it at diverse 
sanator ia . D u r i n g this per iod he publ ished no th ing bu t a 
short paper on p h o t o g r a p h y in the infrared spectral b a n d 
[34]. F r o m the beginning of 1907 Ri tz renewed his intensive 
scientific activity despite b a d heal th . F r o m September 1907 
he worked at Paschen in Tubingen, which was one of the 
centres for spectroscopic studies in G e r m a n y . In spring 
1908 Ri tz moved to Got t ingen where he was cordially 
welcomed at the Univers i ty and was given a lectureship, 
a l though he had no longer the strength to give lectures. A n 
in t roduc to ry lecture p repared by him (Antr i t t s rede zur 
Habi l i ta t ion) was accepted with k indness by the judg ing 
commit tee of which Gilbert , Minkowsk i , Voigt and R u n g e 
(Ref. [1], p . XI ) were the members , and was given on M a r c h 
5, 1909 (Minkowsk i died short ly before this, on J a n u a r y 12, 
1909). 

Ri tz passed away as a result of tuberculosis on July 7, 
1909 "f*- His obsession with science is characterised by the 
words he said tha t day to a nurse who was tak ing care of 
him: 'Please, t ake good care of me, nurse , — it is vital tha t I 
live a few m o r e years for the sake of science' (ibid.). 

fShortly prior to his death Ritz was visited by Ioffe, a close friend of 
Ehrenfest who worked in St Petersburg at that time. Ioffe wrote to 
Ehrenfest that he had talked with Ritz about many things, including 
the theory of quanta, and that Ritz was very grateful for kind regards 
from Ehrenfest ([35], p . 264). And in a short time Ehrenfest informed 
Ioffe that he had received news from Ritz 's mother about his death: on 
July 7 'he peacefully passed away because of hemorrhage ' . 'His death 
aroused in me above all such a feeling of how, in fact, everything is 
simple, how completely everything is determined', Ehrenfest wrote 
([35], p . 45). In the foreword to the book [35] its compiler V Ya 
Frenkel ' notes the friendship of Ehrenfest in Gottingen with 'the very 
talented student from Switzerland, Ritz ' . 

In all his scientific activity Ri tz showed himself to be a 
deep theoret ical physicist with a subtle unde r s t and ing of the 
physical essence of the p rob lems he studied and handled 
bril l iantly using ma themat i ca l me thods . 

Below we will consider in detail the spectroscopic studies 
by Ri tz and his closely connected a t t empts to construct 
a tomic models , first elastic, and then magnet ic . Such a 
choice is dictated by the large cont r ibut ion by Ri tz t owards 
establishing the most impor t an t spectroscopic laws. A n 
examinat ion of this cont r ibu t ion is especially impor t an t 
because tha t aspect of Ri tz ' s research, which turned out to 
be the mos t significant for m o d e r n physics development , 
has obta ined qui te insufficient in terpre ta t ion in the l i tera­
ture b o t h in physics and in scientific history. The lack of 
p roper a t tent ion from physicists and his tor ians of science to 
this line of R i t z ' s research is undoub ted ly connected with 
the fact tha t his app roach was fully classical, and the 
subsequent development of the q u a n t u m theory of a tomic 
spectra, it would seem, should have rendered his theoret ical 
a rguments completely invalid. But nevertheless the a s ton­
ishing, a l though n o w little known , fact remains tha t R i tz 
managed to construct ma themat ica l models , from which 
one can logically derive, as na tu ra l consequences, analyt ical 
expressions for the spectral t e rms and their differences 
which no t only excellently fitted the experiments , bu t 
were also confirmed later on by the q u a n t u m theory. 

W e will no t consider in detail R i tz ' s studies on the 
var ia t ional me thod and electrodynamics. As for the var ia­
t ional me thod , it should be no ted tha t this aspect of the 
widely k n o w n work by Ri tz characterises him pr imar i ly as a 
mathemat ic ian and it is t reated in scientific l i terature in 
some detail, in par t icular in m o n o g r a p h s (see, e.g., the well-
k n o w n b o o k by Kan to rov i ch and Kry lov [36]). He re we will 
restrict ourselves to a short considerat ion of some quest ions 
concerning the his tory of the creat ion of this me thod , as 
well as the quest ion of its originality. As is known , the basic 
idea of applying the var ia t ional me thod to solving the 
p rob lem of integrat ion with given initial and b o u n d a r y 
condi t ions consists in its subst i tut ion by the p rob lem of 
finding a function tha t provides an ex t remum to a certain 
integral. Dirichlet [37] was the progeni tor of such an 
approach . However , general a t tent ion to the var ia t ional 
me thod was d rawn after Ri tz ' s classical pape r s had 
appeared in 1908 and 1909 [ 1 3 - 1 5 ] , the his tory of which 
is quite interest ing [31]. At the end of 1904 the Par is 
A c a d e m y of Sciences inst i tuted a prize for the best s tudy 
on the improvement in some impor t an t respect of the 
theory of analysis connected with the equil ibrium of a 
p la te in a ha rd frame, which was very close to the 
ma themat ica l p rob lems tha t Ri tz had solved in his 
thesis. Ri tz quickly carried out the s tudy to ob ta in the 
announced prize, bu t the representat ive judges , including 
Poincare , completely ignored his work . After the paper s [13, 
14] were publ ished in 1908, R i t z ' s var ia t ional me thod 
induced such a rapid and posit ive resonance tha t in Apri l 
1909 Poincare sought out Ri tz in Got t ingen to apologise to 
him on behalf of the Par is Academy for the admi t ted 
injustice and to inform him of the intent ion of the Academy 
to award him the prize tha t year. This prize was awarded to 
Ri tz only after his death (Ref. [1], p . X; Ref. [31], p . 438). 

Ri tz p roposed a general me thod applicable to a much 
wider field t han the p rob lem initially set. The efficiency of 
this m e t h o d was convincingly demons t ra ted by Ri tz for 
four par t icular examples. The first coincided with the 



438 M A El'yashevich, N G Kembrovskaya, L M Tomil'chik 

competi t ive theme announced by the Par is Academy; the 
o thers were: solution of the Dirichlet p rob lem in its classical 
formulat ion (i.e. the search for a h a r m o n i c function with 
values specified at the b o u n d a r y of a given region), 
appl icat ion of the me thod to o rd inary differential equa ­
t ions with var iable coefficients, and finally the appl icat ion 
of the me thod to oscillations of a string. R i t z ' s me thod was 
rapidly adop ted and became an effective too l in different 
fields of ma themat ica l and theoret ical physics; it was widely 
used for calculating the physical characterist ics of q u a n t u m 
mechanica l systems (Refs [38, 39]). This m e t h o d was the 
basis of the new approach to applied mathemat ics . W e no te 
the further evaluat ion given by Poincare (see Ref. [1], 
p . XV, XVI) , who stressed tha t ' this is the me thod of an 
engineer ' . To conclude, we no te tha t the quest ion abou t the 
degree of originali ty of Ri tz ' s app roach itself is interest ing 
in the purely historical aspect, as no single poin t of view 
abou t this exists in the l i terature. The prevail ing s tandpoin t 
is tha t according to which Ri tz ' s individual au thorsh ip is 
unreservedly accepted. On the other hand , there are some 
sources where Rayleigh is also called the au tho r of the 
app roach ( R a y l e i g h - R i t z me thod) . Moreover , it is k n o w n 
tha t Rayleigh himself directly claimed pr ior i ty in formula t ­
ing the var ia t ional me thod , and in a paper in 1911 [24] he, 
while greatly prais ing the ' r emarkab le memoi r by R i t z ' , also 
wondered tha t 'Ri tz should consider his me thod as new ' 
(Ref. [24], p . 226). Then Rayleigh makes reference to a 
number of his own paper s (Refs [40-42] ) . A t h o r o u g h 
analysis of all the paper s cited by Rayleigh shows tha t the 
s tar t ing poin t of his app roach is the same basic idea as was 
used by Ri tz for reducing a var ia t ional p rob lem to the m o r e 
simple p rob lem of a function ex t remum. However , Rayleigh 
limited himself to oscillation prob lems , whereas Ri tz 
formulated the ma themat ica l p rob lem in a general form. 

Tha t Ri tz came to the var ia t ional me thod formulat ion 
fully independent ly of Rayleigh is shown by the absence of 
references to Rayle igh ' s works in his papers . Tak ing into 
account Ri tz ' s extreme punct i l iousness in m a k i n g references 
to l i terature sources and his respect for Rayle igh ' s scientific 
au thor i ty , one should conclude tha t Ri tz was no t 
acquain ted with Rayle igh ' s m e t h o d and came to the 
pr incipal idea of the me thod qui te independent ly of 
Rayleigh; this was m a d e clear by C o u r a n t in his paper 
[43]. It seems tha t the most accura te est imate of the real 
relat ionship between Rayle igh 's and R i t z ' s approaches is 
conta ined in Mikh l in ' s m o n o g r a p h s . H e wro te tha t 'in 
appl icat ion to the p rob lems of oscillations the me thod of 
Ri tz is a far-reaching general isat ion of the 'Rayleigh 
m e t h o d " (Ref. [27], p . 15). 

The analysis of quest ions connected with Ri tz ' s works 
on electrodynamics is impor t an t when character is ing him as 
a theoret ical physicist and requires a special and m o r e 
detailed investigation. Such a s tudy was unde r t aken by two 
of the au tho r s (L M Tomil 'ch ik and M A El 'yashevich)! , 
and here it is necessary to emphasise tha t one cannot agree 
with the purely negative assessment of R i t z ' s studies on 
electrodynamics, which const i tute a very significant pa r t of 
his scientific heri tage. N o w one can say with confidence tha t 
such an assessment, which is widespread in the l i terature, is 
only par t ia l ly correct. Usua l ly a t tent ion is exclusively fixed 
on the poin t of Ri tz ' s general concept which is connected 
with denying one of the basic pos tu la tes of special relativity 

fThe results of this study will be published in a separate paper. 

theory, the principle of the independence of light speed 
from the source velocity. The ballistic hypothesis by Ri tz 
indeed turned out to be incorrect and was refuted by direct 
experiment . A detailed analysis of the n u m e r o u s impor t an t 
difficulties tha t arise in e lectrodynamics and optics if this 
hypothesis is accepted is conta ined in the classical m o n o ­
graph by Paul i on the theory of relativity [44]. Pau l i ' s 
critical r emarks relate to an 'emission ' approach , and 
giving an account of R i t z ' s theoret ical concept was not 
his intent ion. In fact, Ri tz obta ined his results by using a 
different me thod from tha t discussed by Paul i ; mos t 
impor t an t is tha t the research p r o g r a m Ri tz tried to carry 
out remained beyond the scope of tha t discussion. This 
p r o g r a m conta ined a n u m b e r of significant aspects tha t 
were not logically connected to the ballistic hypothes is at 
all, and it had quite a rich historical t radi t ion based on a 
field-free app roach tha t was an al ternat ive to the M a x w e l -
lian one and took re ta rda t ion into account . This app roach 
goes back to G a u s s [45] and R i e m a n n [46] and later on, in 
the middle of the 20th century, was used by F e y n m a n , and 
proved itself qui te viable in general (see 'Nobe l Lec tu re ' by 
F e y n m a n [47] and in par t icular pape r s by Wheeler and 
F e y n m a n [48, 49]). The field-free app roach was developed 
further in subsequent years (see, for example, m o n o g r a p h 
[50]). In Ri tz ' s studies on electrodynamics one can clearly 
distinguish the critical and construct ive par t s , each of which 
is wor th further historical and methodologica l analysis. 
Such an analysis, however , is beyond the scope of the 
present review. 

In wha t follows we will not concern ourselves with 
Ri tz ' s studies on the var ia t ional me thod and electrody­
namics bu t will focus on his spectroscopic investigations. To 
unde r s t and the role of these studies by Ri tz , one needs to 
unde r s t and the state of theoret ical spectroscopy at the 
beginning of his scientific career (1902); Section 2 is 
devoted to this, and is similar to the a u t h o r s ' paper on 
'Rydberg and the development of a tomic spect roscopy ' [51]. 
The main sections are 3 and 4. Ri tz ' s thesis on the theory of 
spectral series and the elastic a tomic mode l developed by 
him are given, and Section 4 is devoted to his magnet ic 
a tomic mode l and the combina t ion principle. Section 5 
conta ins a short general conclusion. 

2. The state of theoretical spectroscopy at the 
beginning of the 20th century 
After the invention of spectral analysis in 1859 by Bunsen 
and Kirchhoff, extensive exper imental da ta were sampled 
for the a tomic spectra in which spectral series are 
observed — sequences of spectral lines converging towards 
certain limits (in the scale of wavelengths X or wave 
n u m b e r s v = l / A ) f . As is k n o w n (see, for example, 
Ref. [52]), series s t ructure was detected for hydrogen 
(Balmer series) and for alkaline, a lkal ine-earth and other 
elements (the characterist ic principal , sharp and diffuse 
series). T o w a r d s 1902, the beginning of Ri tz ' s scientific 
career, the da ta on a tomic spectral series were pu t in 
systematic form by the Swedish scientist Rydberg , on the 
one hand , and by the G e r m a n spectroscopists Kayser and 

J in what follows we denote by v (as is accepted in spectroscopy) both 
the wave number (usually expressed in c m - 1 ) and the frequency 
v = cjX (expressed in inverse seconds, s _ 1 ) , where c is the speed of 
light. 
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Runge , on the other hand , on the basis of formulas found 
by them, which were of a sufficiently general character and 
correct to a high degree of accuracy (especially those by 
Kayser and Runge) . The decisive role was played here by 
R y d b e r g ' s s tudy (in the in t roduc t ion we have al ready m a d e 
reference to the a u t h o r s ' paper [51] where a detailed 
analysis of R y d b e r g ' s cont r ibu t ion to progress in a tomic 
spectroscopy was given). In his fundamenta l work of 1890 
[53], R y d b e r g represented for the first t ime the wave 
n u m b e r s of the spectral lines as the difference between two 
te rms (two spectral terms, in the m o d e r n terminology) . 
These te rms have the form 

T = 
N 

[m + fi) 

where m is a posit ive integer increasing from some small 
fixed value to oo, N is a universal cons tant (named after 
R y d b e r g and present ly denoted by R), and \i ( the R y d b e r g 
correct ion) is a cons tant peculiar to a certain spectral series 
(in par t icular , for main , sharp , or diffuse series) of the 
given element and equal to zero for hydrogen . The general 
formula p roposed by R y d b e r g for the lines from spectral 
series can be wri t ten as [see Ref. [51], formula (13)]: 

1 
v = - = T —T =-
v n m , * Win. 

N N 

; - ml - m2 ( \ 2 / , \ 2 
(2) 

At cons tant mx and var iable m2 one gets a specific spectral 
series, lines of which converge t owards some b o u n d a r y as 
m2 —• 00. In case of hydrogen (fix = fi2 = 0) at m, = 2 and 
m2 = 3, 4, 5, . . . one ob ta ins a formula for the wel l -known 
Balmer series, and for a rb i t ra ry mi and m2—the so-called 
generalised Balmer formula: 

1 1 
v = N[-1-—1 

\m\ m2 

(3) 

These were subsequent ly presented in this form by Ri tz in 
his thesis (Ref. [1], p . 13) and other papers (with no ta t ions 
mx—n and m2 — m). Expression (2) should be considered 
as an initial formulat ion of the combina t ion principle, 
which was given in a m o r e general form by Ri tz (see 
Section 4). 

F o r the spectral series Kayser and R u n g e p roposed an 
al ternat ive formula of the form 

1 , - 2 - 4 v = - = a + bm + cm A (4) 

conta in ing three cons tan ts a, b, and c peculiar to a certain 
series of the given element. 

A very significant po in t is tha t R y d b e r g formulated the 
p r o g r a m for establishing a general relat ion between the 
spectral characterist ics of mat te r and its in ternal s t ructure 
and implemented it as a solut ion to the p rob lem of pu t t ing 
the spectroscopic mater ia l into systematic order in the 
f ramework of some semi-empirical scheme, which bears , 
nevertheless, a qui te simple and universal character (see 
Ref. [51], p . 149 for m o r e detail). H e discussed it with 
Kayser and Runge , who objected in pr incipal to the 
desirabili ty of a search for a universal function and 
p roposed as a un ique criterion of the correctness of the 
formula m o r e precise reproduc t ion of the exper imental 
da ta . R y d b e r g proved to be right, and the deep physical 
mean ing of his results became clear, as is known , much 
later, only in 1913, as a result of the development by Bohr 
of the q u a n t u m theory of the a tom and its spectrum, when a 

p ropor t iona l i ty of the spectral t e rms to the a tomic q u a n t u m 
state energies was established and the frequency condi t ion 
was formulated based on relat ionship ( 2 ) | . 

The studies by R y d b e r g were the accompl ishment , at the 
end of the 19th century, of the first stage in establishing 
spectral regularit ies. It was characterised by the search for 
some sufficiently general dependences by means of order ing 
the exper imental da ta on the g rounds of empirical and semi-
empirical schemes. As we will see below, the second per iod 
of establishing such regularit ies, which was connected with 
a t t empts to mode l them theoretically, was completed in the 
first decade of the 20th century by Ri tz , w h o , unl ike 
R y d b e r g with his semi-empirical approach , obta ined his 
results us ing the par t icular theoret ical models . 

To unde r s t and R i t z ' s studies on theoret ical spect ro­
scopy, one needs to unders t and , as we already ment ioned in 
the in t roduct ion , the state of the field of spectroscopy at the 
beginning of his career in 1902. At tha t t ime, the general 
s i tuat ion in the theory of interact ion of e lectromagnet ic 
rad ia t ion with mat te r was characterised by the complete 
absence of any serious theoret ical test, which would al low 
one to est imate correctly the regulari t ies found in the 
a tomic spectra and, in par t icular , to m a k e a choice between 
R y d b e r g ' s formulas and those of Kayser and R u n g e . 

A l though an adequa te physical explanat ion of the 
empirical regularit ies in the a tomic spectra and their 
connect ion with the s t ructure of mat te r became possible, 
as we well know, only on the basis of q u a n t u m ideas, the 
rich his tory of a t t empts to describe these p h e n o m e n a 
classically is very instructive. The theoret ical invest igations 
of Ri tz , who managed to come to a number of new and 
principally correct conclusions while remain ing fully within 
classical physics, wi thout any doub t , have a qui te excep­
t ional place. 

The first a t t empts to explain the spectral regularit ies 
theoretical ly were unde r t aken as early as the end of the 
1870s. They, however , were unsuccessful due to the absence 
at tha t t ime of adequa te physical ideas abou t the na tu re of 
optical rad ia t ion and a tomic s t ructure. The recognit ion of 
Maxwel l ' s e lectromagnet ic theory by the scientific com­
muni ty at the end of the 19th century and the discovery of 
the electron, the appea rance of the electronic theory of 
Loren tz and its impressive success in explaining the Zeeman 
effect provided quite new oppor tun i t ies for theoret ical 
explanat ion of the spectral regularit ies. 

The laws of electricity and magnet i sm are k n o w n to be 
adequate ly expressed by Maxwel l ian e lectrodynamics [55, 
56], the theory of which was completed at the beginning of 
the 1870s. The most impor t an t consequences of his theory 
were the establ ishment of the electromagnet ic na tu re of 
light and the predict ion of e lectromagnet ic waves. However , 
for a lmost two decades the ideas and results of Maxwel l did 
no t a t t ract the p roper a t tent ion of scientists and only after 
the famous studies by Her t z at the end of the 1880s on the 
exper imental discovery of e lectromagnet ic waves [57] (see 
also Ref. [58], p . 2 0 3 - 2 3 1 ) was the significance of the 

fSubsequently, in his unpublished autobiography, Kayser recollected 
with regret that he and Runge 'missed a real key to understanding the 
line series from the point of view of the atomic structure. This was 
achieved for the first time by Rydberg owing to a clever idea to 
represent the spectral line frequency as a difference between two terms ' 
{Ref. [54], p . 138, Herzberg's obituary on Heinrich Kayser ( 1 8 5 3 -
1940)}. 
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e lectromagnet ic theory valued at its t rue wor th . As was 
no ted in 1931 by Bohr in his repor t 'Maxwel l and m o d e r n 
theoret ical physics ' devoted to the centennial of the 
scientist, ' the theory of Maxwel l was not only exceptionally 
fruitful in interpret ing the p h e n o m e n a , bu t also gave as 
much as can be given by any theory; namely, it selected 
certain assumpt ions and governed its development beyond 
the limits of its initial applicabil i ty ' . Then Bohr stressed tha t 
using ' ideas by Maxwel l in a tomic theo ry . . . const i tutes a 
whole chapter in physics ' (Ref. [59], p . 72). 

Hav ing accepted the hypothesis of the existence of 
discrete electric charges in the s t ructure of mat te r , Loren tz 
suggested ext rapola t ing Maxwel l ' s equa t ions to the mic ro ­
scopic level, tha t is, using D e Broglie 's words , to consider 
the theory by Maxwel l as 'applicable to describing a tomic 
p h e n o m e n a ' (Ref. [60], p . 61). In 1892 in the fundamenta l 
paper 'The electromagnet ic theory by Maxwel l and its 
appl icat ions to moving bod ies ' (see Ref. [61], p . 164 — 
343), Loren tz presented his basic physical assumpt ions as 
follows: 'It would be enough to a d m i t . . . , tha t all heavy 
bodies contain m a n y small part icles which are charged 
positively or negatively, and tha t the electric p h e n o m e n a are 
caused by the replacement of these particles. Accord ing to 
this po in t of view, the electric charge is p roduced by an 
excess of part icles with charge of a definite sign' (Ref. [61], 
p . 228). 

The first serious success of Loren tz ' s theory, which was 
named the electronic theory after the discovery of the 
electron (before this he h a d called it ionic), was the 
explanat ion of the dispersion laws interpreted at tha t 
t ime in te rms of elasticity theory. F o r example, by 
developing Fresne l ' s idea of t ak ing into account the 
influence of molecules of mat te r on the ether particles, 
Cauchy as early as in 1835 [62] p roposed a var iant of the 
formula tha t expressed the dependence of the refraction 
coefficient of mat te r n on the wavelength, 
n = A + B/^l + C / A Q + • • •, where A 0 is the wavelength in 
vacuum, A, B, C are cons tan ts to be found experimental ly 
for specific mat te r . This work is of definite interest as the 
historically first demons t ra t ion of the wave theo ry ' s ability 
to explain the dispersion of light. The discovery of the 
a n o m a l o u s dispersion (F Le R o u x , 1862, Ref. [63]), and the 
further investigation, us ing the crossed pr isms me thod , of 
this p h e n o m e n o n connected with light absorp t ion 
(A K u n d t , 1971, Ref. [64]) allowed Sellmeyer in 1872 
[65] to give a complete theory based on the idea of 
interact ion between the med ium and ether molecules. A 
feature of Sellmeyer 's theory was the assumpt ion tha t the 
molecules had frequencies of oscillation characteris t ic to a 
given mater ia l , from which the refraction coefficient's 
dependence on frequency arose. On the basis of the 
electronic theory, Loren tz was able to determine the 
form of the dispersion curves by solving the q u a n t u m 
mechanica l p rob lem for the mot ion of a quasi-elastically 
coupled electric charge ( taking account of decay) under a 
forcing act ion caused by the external electric field of a 
m o n o c h r o m a t i c wave of light, harmonica l ly dependent on 
t ime (see his works , in par t icular the 1898 pape r s on 
'Optical p h e n o m e n a connected with the charge and mass 
of ions ' , I, II [66], p . 1 7 - 4 0 ) . 

A par t icular ly significant result of Loren tz ' s studies was 
the development , on the basis of the electronic theory, of 
the classical theory of the splitting of a tomic spectral lines in 
a magnet ic field — the most impor t an t spectroscopic effect 

discovered by the D u t c h physicist Zeeman in 1 8 9 6 - 1 8 9 7 
which immediate ly caused large interest and was named 
after him. A n impor t an t stage in the development of 
theoret ical spectroscopy was the explanat ion by Loren tz 
of the peculiarit ies in the Zeeman effect. This demons t ra ted 
the capabilit ies of the classical electronic theory, on the one 
hand , and its l imitat ions, on the other hand . It is wor th 
considering the his tory of the discovery and explanat ion of 
the Zeeman effect, which played a large role in the 
format ion of q u a n t u m a tomic theory and q u a n t u m m e c h a n ­
ics. 

As is known , the first experiment to show the connec­
t ion between optical and electromagnet ic p h e n o m e n a was 
the discovery in 1845 of the ro ta t ion of the p lane of light 
polar isa t ion in optically inactive media under the action of 
a magnet ic field — the magne to-op t ica l F a r a d a y effect [67]. 
This discovery s t imulated further researches in the field of 
magneto-opt ics and electro-optics, one of the results of 
which was the discovery in 1877 of the magne to-op t ica l 
effect of the ro ta t ion of the p lane of light polar isa t ion 
dur ing reflection abou t the magnet ic pole by Ker r [68] 
(before this, in 1875, Ker r discovered the well k n o w n 
electro-optical effect of birefringence in an electric field 
[69], which was also n a m e d after him). As early as in 1862, 
F a r a d a y studied the effect of a magnet ic field on the 
spectral lines of alkaline metals in a flame (those were 
his very last experiments) , bu t discovered no effect [70], 
owing to the insufficient resolut ion of his spectral a p p a r a t u s 
for the magnet ic fields he used in his experiments . Maxwel l 
wro te abou t these experiments in 1878 in his article abou t 
F a r a d a y for Encyclopaedia Britannica [71]: ' . . .we will 
ment ion tha t in 1862 he chose the quest ion of the 
connect ion between magnet i sm and light as the subject 
of his very last work . H e tried, unsuccessfully, to discover 
changes in the spectral lines of a flame under the influence 
of a s t rong magne t ' (Ref. [71], p . 216). 

Zeeman , who worked at Kamer l ing-Onnes ' s l abora to ry 
in Leiden, in the 1890s studied in detail the magne to-op t ica l 
effect of Ker r and tried also to verify whether a magnet ic 
field influenced the spectrum of a flame, bu t with a negative 
result [72]. However , then he became acquain ted with the 
paper by Maxwel l [71] abou t F a r a d a y and resumed the 
experiments . At the very beginning of his first paper in 
English (March 1897) abou t the new p h e n o m e n o n he h a d 
discovered, 'On the effect of magnet i sm on the n a t u r e of 
light emitted by m a t t e r ' [73] | , Zeeman wrote : ' I f F a r a d a y 
considered the above relat ionship possible, then it m a y 
wor th repeat ing the experiment with the excellent experi­
men ta l equipment of m o d e r n spect roscopy ' . Zeeman ' s 
experiment was successful — he discovered a not iceable 
b roaden ing of the sodium D line in a flame placed between 
magnet ic poles. It is this result tha t was repor ted to the 
A m s t e r d a m A c a d e m y of Sciences by Kamer l ing -Onnes on 
October 31, 1896, and Lorentz , who was present at this 
session, in a few days was able no t only to give an 
explanat ion for the new effect, bu t also to predict a 
number of impor t an t characterist ics, including the po la r ­
isation of the b roadened line wings. The essence of this 
explanat ion was formulated by Loren tz himself (at the 
beginning of the paper 'The magnet ic field effect on the 

fBefore this, on October 31 and November 28, 1896, Zeeman 
published two communications in Dutch, which were presented to 
the Amsterdam Academy of Science [74]. 
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emission of l ight ' [75]) as follows: 'If one spectral line only is 
considered, it is sufficient to assume tha t each luminous 
molecule (or a tom) conta ins only one mobi le ion, which is 
subjected, once it leaves its equil ibrium state, to the act ion 
of a force tending to re turn it back to the initial state; this 
force is p ropo r t i ona l to the displacement bu t is independent 
of its direction. All mo t ions of such an ion can be 
decomposed into linear oscillations directed a long the field 
lines, and ro ta t iona l oscillations in p lanes perpendicular to 
these lines. The magnet ic field does no t change the per iod of 
the first of these oscillations, bu t , in contras t , increases the 
per iod of the second ones or decreases it depending on the 
direction of the ro t a t ion . ' It follows from this tha t by 
m a k i n g longi tudinal observat ions (along the field) one 
should detect a double t with two shifted componen t s 
circularly polar ised in opposi te directions, and by t r a n s ­
verse observing (perpendicular to the field) — a triplet with 
the central unshifted componen t linearly polar ised paral lel 
to the field, and two shifted extreme componen t s linearly 
polar ised perpendicular to the field. F o r a par t ia l splitting 
the wings of the spectral lines b roadened by the field should 
be polar ised appropr ia te ly . In Ref. [73] Zeeman , hav ing 
presented his first results on the spectral line b roaden ing of 
sodium in a magnet ic field, wro te 'Professor Lo ren t z . . . has 
immediately informed me kindly abou t the way in which, 
according to his theory, the mo t ion of an ion in a magnet ic 
field should be calculated, and poin ted out to me tha t , if the 
explanat ion tha t follows from his theory is correct, the line 
wings in the spectrum mus t be polarised. The value of the 
b roaden ing can then be used for the de terminat ion of the 
charge to mass ra t io , which in his theory should be ascribed 
to the part icle exciting the oscillation of light. The above 
ment ioned r emarkab le conclusion by Professor Loren tz 
abou t the polar isa t ion of magnetical ly b roadened lines I 
found to be fully confirmed by the exper iment . . . ' . Zeeman 
describes this experiment , and before this he presents for the 
first t ime the Lorentz ian classical theory of mo t ion of a 
quasi-elastically coupled charged part icle in a magnet ic 
field, leading to normal splitting — a distance (in the 
frequency scale) between the shifted and undisplaced 
componen t s , — equal to 

where H is the magnet ic field, e and m 0 are the charge and 
mass of the oscillating part icle, and c is the speed of light. 
At the end of paper [73] Zeeman gives a correct est imate of 
the quant i ty e / m 0 . The paper is dated 1897"}*. 

In subsequent studies Zeeman managed to discover the 
spectral line splitting, double ts and triplets, and to measure 
its value for a number of a t o m s [76]. The e/m ra t io tu rned 
out to be approx imate ly coincident with the same rat io for 
the electron, which was discovered in 1897, and the 
direction of circular polar isa t ion of the shifted doublet 
componen t s was evidence for the negative sign of the 
charged particlef. Based on the results of Zeeman and 

f In the appendix to Ref. [73] of February 1897, Zeeman makes 
reference to an earlier book [70] unknown to him about Faraday 's 
life and his studies in 1862, as well as to works of other scientists who 
tried to discover the effect of the magnetic field on spectral lines. 

% In Ref. [73] (in the note on page 58) Zeeman firstly determined this 
sign incorrectly as positive, however by the first of the studies [76] he 
had corrected his mistake. 

o ther scientists who studied the effect experimentally, the 
most impor t an t conclusion was tha t the oscillating part icles 
in a t o m s were electrons and, thus , tha t electrons were a 
const i tuent of a toms . It was at tha t t ime Loren tz ' s theory 
was r enamed 'electronic ' instead of ' ionic ' . 

W e stress tha t after Z e e m a n ' s discovery dozens of 
pape r s were publ ished devoted to exper imental and t h e o ­
retical studies of the new effect. A m o n g the exper imental 
studies we no te the paper by Michelson [77], who obta ined 
the full splitting of the sodium lines for the first t ime using 
an interferometer for comparat ive ly weak fields. A m o n g the 
theoret ical papers , we no te an impor t an t paper by L a r m o r 
'On the theory of magnet ic influence on spectra and on the 
emission of moving ions ' [78]. The paper showed tha t the 
magnet ic field effect for a charged part icle moving in an 
a tom on a closed orbit is reduced to the previous mot ion of 
the part icle relative to a coord ina te frame tha t ro ta tes with 
a cons tant angular velocity a r o u n d the field direction 
(La rmor precession). 

As a result of n u m e r o u s exper imental studies of the 
Zeeman effect, it was clear a l ready by 1902 tha t only certain 
spectral lines p roduced triplets with the splitting 
value (5) — this case, which is consistent with Loren tz ' s 
theory for oscillations of a separate , elastically connected 
electron, was n a m e d the normal Zeeman effect. F o r some 
lines, triplet splitting is observed (the o rd inary Zeeman 
effect, according to m o d e r n terminology) , with a splitting 
value different from (5), in par t icular , twice as high in 
certain cases. However , splitting into m o r e t han three 
componen t s is observed mos t frequently (the complex 
Zeeman effect, in m o d e r n terminology) , with a symmetr ic 
splitting pa t t e rn and conserved polar isa t ion proper t ies , as a 
rule, and the triplet componen t s are split, in tu rn , by 
separate equally spaced componen t s . The Zeeman effect 
which is no t the normal one is called the anomalous one; 
Loren tz and other theoret ic ians tried to explain it (a major 
pa r t of the paper by Loren tz [75] was devoted to this). 
However , the correct explanat ion of the a n o m a l o u s Zeeman 
effect was possible only on the basis of q u a n t u m theory. 
Bohr with his a tomic theory succeeded in interpret ing this 
effect as a result of q u a n t u m t rans i t ions between combined 
energy levels which split differently in a magnet ic field, bu t 
only after the spin of electron had been discovered in 1924 
did tha t explanat ion obta in a solid base . 

Pres ton [79] and other scientists established an impor ­
tan t connect ion between the Zeeman effect and series 
regularit ies. It p roved to be the case tha t all spectral lines 
from the same series of a given element and from the 
ana logous series of other elements were characterised by 
the same pic ture of Zeeman splitting: the same number of 
componen t s and spacing between them (in the frequency 
scale; the so-called Pres ton ' s rule). In his N o b e l prize lecture 
in December 1902 [80]§, Loren tz spoke abou t the failure of 

§Lorentz together with Zeeman were awarded the Nobel prize in 
physics 'for discovering the influence of magnetism on radiation 
processes' (this was the second Nobel prize in physics; the first one 
was awarded to Rontgen 'for discovering the rays named after h im' in 
1901). We note that according to the initial 'Application rules' for the 
prize, it can be awarded only for experimental research, so the 
corresponding item in the 'Rules ' was urgently changed by the 
Swedish Academy of Sciences, and since then the prizes have been 
awarded for theoretical studies as well. See, for example, Ref. [72], p . 
48. 
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the a t t empts to explain the a n o m a l o u s Zeeman effect and 
abou t the prospects for theoret ical spectroscopy: 'I am sure 
tha t the theory will achieve significant success only when it 
applies no t only to a separate spectral line, bu t to the whole 
sample of lines for a chemical element. The different forms of 
the Zeeman effect will be fruitfully studied only when at last 
we are in a posi t ion to justify theoretical ly the spectral 
s t ructure, only then and no t earlier. I say moreover : in the 
future, studies of regularit ies in spectra and of the Zeeman 
effect must be carried out together . T h u s they will lead to the 
theory of light p ropaga t ion , which is one of the most noble 
purposes to be achieved by m o d e r n physics ' . The predict ion 
by Loren tz was fully justified, and Ritz , in t rying to solve 
theoret ical spectroscopy p rob lems on the basis of classical 
ideas (which failed), tu rned his a t tent ion to the a n o m a l o u s 
Zeeman effect theory, as well as a t t empts to explain the 
spectral regulari t ies (see Section 4). 

Precisely at the beginning of the 20th century favourable 
condi t ions arose for a t t empts to explain the spectral 
regularit ies. K a y s e r ' s review of 1902, which is conta ined 
in the second vo lume of his mul t ivo lume work on spect ro­
scopy [81], provides a sufficiently full representa t ion of the 
theoret ical approaches to spectroscopy to justify such an 
explanat ion. In Chap te r 8 on 'Regulari t ies in spect ra ' 
(Ref. [81], p . 4 6 7 - 6 0 9 ) , a special section on 'Theoret ical 
s tudies ' is devoted to the a t t empts to explain the spectral 
regularit ies (Ref. [81], p . 5 9 6 - 6 0 9 ) 9 | . 

Kayser subdivided all the k n o w n theoret ical studies on 
a tomic spectra into two large groups : the first of them 
conta ined a t t empts to describe quant i ta t ively the observed 
regularit ies in the real spectra; the second one included the 
studies aimed at explaining the mos t general qual i ta t ive 
similarities — such as dependences like \/n2 and the 
presence of the series l i m i t s — u s i n g elastic analogies. 

Kayser related the works by L a r m o r , Hershel , Jeans and 
Suther land to the first g roup . Their sources go back to 
S toney ' s paper 'On the reason for d iscont inuous spectra of 
gases ' [82]. It should be said tha t the approaches used by 
these au tho r s strongly differ from each other . 

F o r example, L a r m o r [78], by ana logy with the Zeeman 
effect, tried to connect the presence of spectral double ts 
with a m u t u a l influence of posit ive and negative charges in 
the a tom. 

Herschel [83], using the acoustic ana logy of a mode l of a 
sound resonator , showed tha t one can ob ta in an expression 
apparen t ly similar to the formula for the Balmer series by a 
par t icular choice of the pa rame te r s of the model . However , 
the a t t empts to use tha t ana logy for spectral series 
complicated the mode l to such an extent tha t it was 
impossible to interpret . 

Star t ing with the electronic theory, Jeans [84] model led 
the a tom as a series of concentr ic layers, of a l ternat ing sign. 
Each layer consisted of part icles of the same charge. H e 
showed tha t in each of such layers two types of oscillations 
emerged, giving rise to series with an infinite n u m b e r of 
lines converging at a par t icular po in t in the spectrum. The 
number of such series formed is equal to twice the number 
of envelopes. A l though such a representa t ion allowed him 
to reproduce individual spectral features qualitatively, a 
shor tcoming of the mode l which could no t be overcome was 

fWe note that the concluding Chapter IX 'Oscillations of light in the 
magnetic field' was devoted to the Zeeman effect (Ref. [81], p. 613 -
672). 

the complete indeterminacy in choosing the n u m b e r of 
layers, and the number , sizes and m u t u a l posi t ions of 
separate part icles inside each layer. It is no t surprising 
tha t compar i son of the theoret ical conclusions with indi­
vidual spectra was not made . 

The mode l of Suther land [85] was a peculiar hybr id of 
elastic and electromagnet ic ideas. Accord ing to Suther land, 
there was a heavy elastic mass in the a tomic centre, in which 
s tanding oscillations were excited. Positive and negative 
charges, ro ta t ing a r o u n d the mass , gained energy by 
encounter ing nodes of these oscillations, which resulted 
in light rad ia t ion . This model , as far as one can judge from 
Kayse r ' s assessment (Ref. [81], p . 603), was no t t aken 
seriously by his contemporar ies , bu t it is interest ing 
because it demons t ra tes very clearly the degree of artifi­
ciality of the assumpt ions used in a t t empts to explain the 
spectra in the f ramework of classical physics. 

The second group of theoret ical approaches to the 
descript ion of spectral regularit ies t ook the form of 
searching for bodies or systems of bodies whose oscilla­
t ions would reproduce the observed spectral s t ructure . The 
early a t t empts of such a kind were connected with names of 
C o r n u [86] and Loschmid t [87]. C o r n u considered a cylinder 
with a diameter commensura t e with its length as the source 
of the oscillations; Loschmidt — a hol low sphere. In b o t h 
cases the desired result was no t achieved. Subsequent 
development of this app roach occurred in the 1890s. The 
works by Fi tzgerald [88], Schuster [89] and Rayleigh [90, 91] 
are character ised by the c o m m o n idea tha t in order to 
reproduce the spectral b o u n d a r y , the ra te of p ropaga t i on in 
the mode l bodies and systems should depend on the length. 
However , the result was reached here at the expense of 
in t roducing a number of special assumpt ions , and in 
par t icular , by the in t roduc t ion of a par t icular system of 
bodies for each spectral line. Ano the r pr incipal defect of 
tha t app roach , which was no ted for the first t ime by 
Rayleigh, was tha t the classical dynamics of oscillations 
led of necessity to relat ions tha t were quadra t i c and no t 
linear in frequency. As became clear later, this was a general 
p rob lem and was the pr incipal restrict ion on the possibi l­
ities of us ing a rb i t ra ry mechanica l models to explain the 
optical spectra. 

Kolacek [92] considered electromagnet ic oscillations in a 
conduct ing polar is ing sphere embedded in a dielectric ether. 
H e discovered tha t these oscillations p roduced double line 
series with cons tant or diminishing differences, which 
tu rned out to be comparab le with the spectral series of 
the alkaline metals . 

In 1890, a paper by Riecke [93] appeared in which he 
no ted tha t in order to reproduce an unl imited number of 
oscillations, one could use a mode l which was con t inuous at 
least in one dimension. Riecke suggested the idea of 
s tanding oscillations in a circular ring. Below we will 
re turn to this idea, since it served as one of the s tar t ing 
po in t s of the initial theoret ical cons t ruc t ions by Ritz . 

In to ta l , the n u m e r o u s a t t empts to explain the empirical 
spectral laws using the theory of elasticity and classical 
e lectrodynamics did no t lead to significant success. Po in ­
care, in his repor t of 1904 on 'The current state and future 
prospects of ma themat i ca l physics ' (reprinted in Ref. [94]), 
po in ted directly to the pr incipal character of the difficulties 
arising. D u r i n g his discussion of the approaches to the 
theory of the dynamics of electrons in the section on 
'Electrons and spectra ' , he wro te tha t ' among the ways 
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leading to a theory, there is one, which was somewhat 
neglected, a l though it belongs to those which promise the 
most unexpected th ings ' . A n d further: T h e poin t is tha t the 
spectral emission lines are generated by the mot ion of 
electrons, as is proved by the Zeeman effect: this is wha t is 
oscillating in a glowing body , undergoes magnet ic effects, 
and is thus electrified. This is a very impor t an t s tar t ing 
point , bu t no -one has gone further yet. W h y are the spectral 
lines dis tr ibuted according to a precise rule? The experi­
menters have studied these rules in the smallest details, and 
they are very precise and comparat ively simple. The first 
studies of these dis t r ibut ions included an idea abou t the 
h a r m o n i c re la t ionships encountered in the acoustics; h o w ­
ever, the difference proved to be significant; no t only are the 
frequencies no t sequential mult iples of the same number , 
bu t here we find no th ing cor responding to those t r a n s ­
cendental equa t ions to which m a n y p rob lems of 
ma themat i ca l physics lead, such as, for example, the 
p rob lem of oscillations of an elastic b o d y of a rb i t ra ry 
form and Four i e r ' s p rob lem of solid b o d y cooling. The 
spectral line rules are m o r e simple, bu t their na tu re is qui te 
different; I will restrict myself to only one example of such a 
difference: for high order ha rmonics , the number of 
oscillations leads to a finite limit instead of increasing 
infinitely. These p h e n o m e n a have no t been explained yet, 
and I believe tha t here we deal with one of the mos t 
impor t an t mysteries of na tu re . ' (Ref. [94], p . 249). 

At the beginning of the 20th century, there was first of 
all no clarity in unde r s t and ing the rad ia t ion mechanism. In 
t rying to d r a w the researchers ' a t tent ion to tha t p rob lem, 
Kayser wro te in his repor t 'Development of m o d e r n 
spect roscopy ' [95]: 'The ub iqu i tous light ether is sprinkled 
with molecules and a toms . Subjected to some mot ions , they 
induce waves in the light ether, which spread out in all 
direct ions and are interpreted by us as rays independent ly of 
whether the molecules themselves or their const i tuent par t s , 
or electric charges, so-called electrons, which are on these 
molecules or inside them, are oscillating. The wavelength of 
the rays ... directly depends on the mo t ions of the 
oscillating corpuscles, the centres of r ad i a t i o n . . . ' 
(Ref. [95], p . 4). A un ique relat ionship between the fre­
quency of rad ia t ion and the oscillation frequency for the 
emitters, whose existence followed from the Maxwel l 
equat ions , required there to be a cor respondence between 
the number of emission centres and the n u m b e r of lines in 
the spectra. Meanwhi le , the observed a b u n d a n c e of those 
lines unavo idab ly led to unjustified complicat ions in inter­
pre ta t ions of the s t ructure of the a tom considered as the 
emitter. 'It is impossible to accept tha t there should be so 
m a n y different part icles in one a tom, each of them emit t ing 
one line; we must suppose tha t each emission centre 
undergoes a complex mot ion , which, when dispersed by 
a pr ism or a grat ing, yields a whole sample of spectral l ines ' , 
Kayser writes further (Ref. [95], p . 5). 

In fact, by the beginning of the 20th century, two 
reasons were a l ready k n o w n in ma themat ica l physics which 
m a d e the p rob lem of adequa te theoret ical descript ion of the 
observed spectral regularit ies principally unsolvable in the 
f ramework of classical ideas. 

First ly, one of the main difficulties, which we have 
al ready ment ioned above and to which Rayleigh [90] had 
tu rned his a t tent ion , was tha t any mode l of an elastically or 
quasi-elastically b o u n d electron, unavo idab ly led, in solving 
the mechanica l equat ions , to expressions conta in ing the 

square of the frequency, whereas the simple rules for the 
a tomic spectra are linear with respect to frequency. 

Secondly, as was stressed by Poincare as early as in 1894 
[96], in solving the wel l -known differential equa t ion 
Au + k2u = 0, which is the basis for oscillation p rob lems 
in the theory of elasticity and in electrodynamics, there are 
no b o u n d a r y condi t ions which can m a k e the eigenvalue 
series reach a limit at a final value, which is in cont radic t ion 
with exper imental da ta (see the extract from a later paper 
by Poincare [94] cited above) . 

Such was the state of the theoret ical basis of a tomic 
spectroscopy at the beginning of the 20th century, abou t 
which Bohr gave a resume (in the repor t of 1954 on 
'Discovery of spectral laws by Rydberg ' ) : '... searches for 
a mechanism tha t could explain the spectral regular i ­
ties, . . . h a v e run across difficulties which seemed 
insurmountab le . Here , it is especially relevant to keep in 
mind Rayle igh ' s r emark tha t any analysis of n o r m a l types 
of oscillations of a stable mechanica l system leads to 
re la t ionships between squares of frequencies and no t 
between the frequencies themselves ' (Ref. [59], p . 473). 

It was in this s i tuat ion tha t Ri tz u n d e r t o o k the mos t 
tho rough-go ing and far-reaching a t t empts to describe 
theoretical ly the spectral regularit ies in the f ramework of 
classical ideas. As we have al ready emphasised, this 
impor t an t pa r t of his research activity was, in fact, no t 
referred to in the historical scientific l i terature. W e will 
consider the per t inent studies by Ri tz s tar t ing with his thesis 
of 1902. 

3. Ritz's thesis on spectral series theory and his 
elastic atomic model 
The thesis by Ri tz (Ref. [1], p . 1 -7 7 ) deserves a t h o r o u g h 
analysis; its main pa r t was publ ished in Annalen der 
Physik [2]. 

It can be seen from the in t roduct ion tha t Ri tz definitely 
unde r s tood the pr incipal character of the difficulties 
described above, which were encountered while t rying to 
explain the observed a tomic spectral features. U n d e r the 
condi t ions where the basic mechanics and electrodynamics 
equa t ions could no t successfully be used to calculate the 
spectrum, and 'from the oscillation frequencies of a 
completely u n k n o w n system one cannot conclude anyth ing 
definite abou t its law of its mot ion as y e t . . . ' . R i tz 
formulated the p rob lem as follows: 'While relying u p o n 
mechanics and electrodynamics as much as possible, it is 
necessary to po in t out physically meaningful ma themat ica l 
opera t ions , the in terpre ta t ion of which as oscillations of an 
appropr i a t e 'mode l ' should lead to the spectral series laws; 
it should al low one to improve the empirical formulas , to 
pu t them in a un ique order and to discover new rules ' 
(Ref. [1], p . 3). 

It is impor t an t to emphasise tha t it is obvious from his 
setting of the p rob lem tha t Ri tz was t rying no t so much to 
explain the spectral regularit ies as to provide a unified 
theoret ical descript ion. Such a setting of the p rob lem turned 
out to be qui te justified, since all the subsequent successes of 
Ri tz ' s app roach proved to be connected with the use of 
purely ma themat ica l proper t ies of his model . The a t t empts 
to obta in a physical in terpre ta t ion of the cor responding 
ma themat i ca l s t ructures, natura l ly , did no t lead, and as we 
k n o w now, cannot lead to a posit ive result. 
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The informative pa r t of R i t z ' s thesis s tarts with a 
t ho rough analysis of the con tempora ry state of spect ro­
scopy, its empirical laws and a t t empts to mode l them 
theoretically. He re he demons t ra tes an exclusively p r o ­
found and mult i la teral acqua in tance with the p rob lem. 
In par t icular , he knew all Rydbe rg ' s publ ica t ions very 
well beginning with the seminal paper of 1890 [53], papers 
of 1896 and 1897 [97, 98] and the concluding review of 1900 
[99], a series of articles 'On the spectra of e lements ' 1889 — 
1892 by Kayser and R u n g e [100], and a fundamenta l 
treatise by Kayser on spectroscopy, which const i tutes the 
second vo lume of Handbuch der Spektroskopie [81]. 

As a result of t ho rough considerat ion of the quest ion of 
using Rydbe rg ' s formulas , on the one hand , and Kayser and 
R u n g e ' s ones, on the other hand , Ri tz gave a well-defined 
preference, as a un ique basis for the description of linear 
spectra, to R y d b e r g ' s results, which were based on 
representa t ion of the wave n u m b e r s using equat ion (2) 
which has a clearly expressed 'differential ' s t ructure. 

Ri tz especially stresses the correctness of a s ta tement 
conta ined in the works of the Swedish scientist abou t the 
coincidence between boundar i e s for the sharp (second 
auxiliary) and the diffuse (first auxiliary) series, and the 
conclusion m a d e by R y d b e r g abou t the numer ica l coinci­
dence of wave n u m b e r s for the first lines of the main and 
the sharp series (see Ref. [51], p . 152). 

Ri tz pays special a t tent ion to the quest ion of the 
universali ty of the spectral cons tant deduced by R y d ­
berg. As Ri tz po in t s o u t | , R y d b e r g compares the 
formula for spectral series wri t ten in the form 

1 B 
A (n + fi) 

where A, B, \i are cons tants , X is the wavelength and n is an 
integer number , with Ba lmer ' s formula for the hydrogen 
spectral series, and draws a conclusion abou t the universal 
character of the cons tant B. As a result, a two-paramet r i c 
expression with the cons tants A and \i arises, which 
describes the spectral series. 

Meanwhi le , the exper imental da ta of tha t t ime did no t 
show any evidence at all in favour of the universal i ty of the 
constant B. F o r small n, small deviat ions from R y d b e r g ' s 
formula were observed, and a th ree-paramet r ic formula 
p roposed by Kayser and R u n g e and wri t ten by Ri tz as 

1 / - i / —2 • / - 4 /^7\ 
- = a - \ - b n - \ - c n , (J) 
A 

where a \ bf, c are independent empirical cons tants , gave a 
much bet ter cor respondence with experiment . 

However , Ri tz d raws a t tent ion to the fact tha t in the 
region of applicabil i ty of Rydbe rg ' s formula, the second 
pa ramete r in the K a y s e r - R u n g e expression (i.e. b') 
remains a lmost constant , whereas the values of a and c 
strongly vary from series to series. H e concludes tha t it is 
necessary to main ta in the general s t ructure of R y d b e r g ' s 
formula (6) with the universal cons tant B, which he 
subsequent ly denotes as N; to achieve an agreement with 
experiment for small n, R i tz suggests improving this 
formula by in t roducing a dependence of the pa rame te r \x 
on the integer number n. H e finds a par t icular shape of tha t 
dependence, as well as a justif ication of the universali ty of 

fHere and below we mainly use the notation used in the original 
papers by Ritz. 

the R y d b e r g constant N, in the f ramework of his theoret ical 
model . H e writes abou t his improved formula: 'As I 
ant icipated, I no te tha t for the small ord ina l numbers , 
the much m o r e accura te formulas I derived on theoret ical 
g rounds give a much bet ter agreement of Rydbe rg ' s rules 
with experiment: for all elements for which both series are 
known, the extrapolated main line of the second auxiliary 
series proves to be in the immediate proximity of the main line 
of the principal series..." (Ref. [1], p . 12) (italics by Ritz) . 

By analysing the regulari t ies found by Rydberg , Ri tz 
derives a generalised Balmer formula for all series of the 
hydrogen a tom, which can be wri t ten in the formf 

1 m2 — n2 (1 1 \ 
v = - = N — r - r = N [ - j ) > ( 8 ) 

A n m \n m J 
and he refers to the fact tha t Balmer considered his formula 
as a par t ia l case of the expression \/k = N(m2 — n2)/m2n2. 
Using expression (8) and tak ing into account the charac ter ­
istic s t ructure (2) of the series formulas , Ri tz came to a 
general conclusion tha t , according to Rydberg , '... series 
formulas, properly speaking, should be written with two 
arbitrary integer numbers' (Ref. [1], p . 13) (italics by Ri tz) . 
Addi t ional ly , based on formula (8), Ri tz managed to 
predict for hydrogen , apar t from the a l ready k n o w n 
Balmer series (n = 2), the existence of other series lying 
in the ultraviolet and infrared spectral bands . Subse­
quently, the series with n = 1 were discovered by L y m a n 
[101] in the far ultraviolet region (which is referred to by 
Ri tz in Ref. [7]; see Ref. [1], p . 105), and the series with 
n = 3 was discovered by Paschen [102] in the far infrared 
b a n d in accordance with R i t z ' s predict ion (see Ref. [1], 
p . 581). F o r alkaline metals , t oo , Ri tz predicted the 
existence of spectral lines which were experimental ly 
discovered later; one of them was found by Ri tz himself 
in the spectrum of po tass ium in 1903 [4], as was ment ioned 
earlier. 

The idea tha t series formulas should be wri t ten with two 
arb i t ra ry integer n u m b e r s was very impor t an t for Ri tz , as it 
decisively influenced the choice of ma themat ica l mode l 
used. Here , one should no te the u n d o u b t e d influence 
on Ri tz of the works by Professor Riecke [93], R i t z ' s 
teacher. The poin t is no t only tha t in a short review of 
the k n o w n theoret ical a t t empts the results of Riecke are 
clearly dist inguished by Ri tz . M o r e impor t an t is tha t R i t z 
used some significant features of Riecke 's app roach in his 
finished plan. 

Riecke no ted tha t if in the p rob lem of na tu r a l oscilla­
t ions of an elastic r ing one requires tha t for par t ia l solut ions 
of the form 

fx (q>, t) = sin 2nvt sin mcp , 

/ 2(<P, t) = coslnvt sin mcp , (9) 

(where fx a n d / 2

 a r e small reciprocally perpendicular elastic 
shifts and m is the number of n o d e poin ts on the ring), a 
dependence of the frequency on the integer n u m b e r m 

{ He also gives a formula with half-integer numbers 

v = N - — L 
_{n+\/2f m2_ 

for series of the ionised helium atom, which were attributed to the 
hydrogen atom at that time (see Ref. [51], p . 153). 
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arises, which cor responds to Kayser and R u n g e ' s formula 
(4), then the functions fx and f2 will satisfy the following 
systems of two 5th order equat ions : 

8 5 / i 8 4 / 2 • — a 
dtdcp4 dcp 

dt dcp4 dcp4 

dcp2 

dcp 
f + c / i = 0 . (10) 

The inversion of system (10) into an identi ty by 
subst i tut ing expressions (9) under condi t ion (4) is s t raight­
forwardly verified. W e no te t h a t / i a n d / 2 separately satisfy 
a 10th order differential equat ion . 

Obviously, in the f ramework of such an app roach the 
use of the R y d b e r g formula (and no t of Kayser and R u n g e ' s 
one) na tura l ly led Ri tz to the assumpt ion tha t 'the linear 
spectra are due to the natural oscillations of two-dimensional 
structures' (Ref. [1], p . 18) (italics by Ri tz) . The idea thus 
arose of us ing an ana logue mode l of an elastic m e m b r a n e 
which is characterised by having a two-fold infinite number 
of n o d e poin ts . 

W e stress tha t R i tz was the first researcher to d r aw 
a t tent ion to the fact tha t the de terminat ion of spectral line 
frequencies as functions of independent integer n u m b e r s 
should be used in the process of choosing a mode l for the 
emitter. In his thesis he calls this feature the ' two-fold 
infinite n u m b e r of l ines ' (Ref. [1], p . 17). 

It is interest ing to no te tha t after the B o h r ' s theory the 
presenta t ion of an ana logous s tar t ing idea (the double 
enumera t ion of each frequency in the spect rum) served 
for Heisenberg as a s tar t ing poin t for the mat r ix formula­
t ion of q u a n t u m mechanics . 

The par t ia l solut ions of the form (9) in the case of 
oscillations of a square m e m b r a n e of side 2a fixed at its 
per imeter , which satisfy the necessary b o u n d a r y condi t ions , 
for small shifts of the m e m b r a n e ' s po in t s perpendicular to 
its p lane x y , are wri t ten by Ri tz as follows: 

Tlx Try 
fix, v, t) = A sin(27tW + c) s inm — sinn — . (11) 

a a 

In the ord inary case when the potent ia l energy of the 
m e m b r a n e is p ropor t iona l to its area, the equat ion for 
oscillations has a s tandard form 

I f t 
b a ? 

where A = 6 2 / 6 x 2 + 8 2 / 8 v 2 is a two-dimens iona l Laplac ian 
and b is the square of the expansion velocity for surface 
elastic waves. By subst i tut ing expression (11) into this 
equat ion the following dependence for v arises: 

v2 

• - A / = 0 : (12) 

(2nvy (m2 +n) (13) 

This dependence, however, is completely different from the 
empirical spectral rule (8). A significant difference between 
formulas (8) and (13), which b o t h depend on two integer 
n u m b e r s m and /r|*, is tha t (Ref. [1], p . 13): 

1. Wi th infinitely increasing m and n the frequency v in 
(13) tends to infinity, whereas it tends to a finite limit in (8). 

fSuch a dependence, as Ritz stresses, is connected with the partial 
solutions (11) common for both the cases (13) and (8) containing only 
sines and cosines while the roots of more complex transcendental 
functions are absent (Ref. [1], p . 13). 

2. F o r m u l a (13) conta ins squares of the frequency v, 
whereas formula (8) only conta ins its first power . 

3. F o r m u l a (13) is symmetr ic with respect to m and n, 
whereas formula (8) is not . 

Later on, Ri tz uses the fact tha t solut ion (11) satisfies 
the following 10th order equat ion (Ref. [1], p . 29): 

d10f(x,y, t) + 32-c2A'A'f(x, y,t)=0 
dt2 dx48y4 

(14) 

provided tha t condi t ion (8) is fulfilled. In E q n (14) p is 
the m e m b r a n e ' s surface mass density and T is a cons tant 
enter ing the poten t ia l energy of the m e m b r a n e . Ri tz 
reaches this equat ion as a result of a difficult calculat ion 
of the system's choice of po ten t ia l energy, m a k i n g use of 
the var ia t ional principle (see below, the end of Section 3). 
Here , an impor t an t step to obta in the required dependence 
(8) for v is a subst i tut ion of the two-dimens iona l Laplac ian 
A = 9 2 / 9 x 2 + 9 2 / 9 v 2 symmetr ic relative to x and y, which 
enters Eqn (12) and acts on function f(x, y, t), by a 
nonsymmet r i c opera tor (with respect to x and y) 
A! = d2/dx2 — d2/dy2. Tha t subst i tut ion leads to n o n -
symmetry of formula (8) relative to m and n, which is 
fundamenta l to the whole of R i t z ' s approachf . Wi th such a 
modified ma themat i ca l model , the R y d b e r g constant from 
E q n (8) is expressed in te rms of the mode l pa rame te r s —p, T 
and the length a (which is a half of the m e m b r a n e ' s side 
length) according to the formula 

N = 
1 

' 2nc 

32 V / 2 ^ I 

P ) * K2 

(16) 

which guarantees the universal na tu re of this cons tant . The 
spectra of different elements are p roduced by varying 
the b o u n d a r y condi t ions . F o r example, the requi rement 
tha t the b o u n d a r y is rigidly fixed (i.e. /(=ba, y, t) = 
f(x, ±a,t) = 0) leads exactly to the generalised Balmer 
formula (8). The rejection of this condi t ion while 
preserving the periodici ty requi rement of the solution 
yields the R y d b e r g formula (2). It was the analysis of 
nonzero b o u n d a r y condi t ions tha t led Ri tz to a significant 
improvement of Rydbe rg ' s formula by establishing a clear 
dependence of correct ions \i on integer number . 

It is very instructive to follow R i t z ' s s tudy to this point , 
which is the most impor t an t from the poin t of view of the 
significance of the final result. R i tz uses here the classical 
results of Po incare [103] on the theory of asymptot ic 
representa t ions of per iodical solut ions to linear differential 
equat ions . First ly, he notes tha t the basic equat ion has such 
solut ions, for which the frequencies are determined by the 
formula v ~ (\jk2 — 1 /I2) in the case of noninteger ok and 
/. Secondly, he shows tha t there are such solut ions for which 
the following expressions hold (Ref. [1], p . 50): 

(x(k) sin ka + /3(k) coska = 0 (for all y) , 

a ' ( / ) s i n / a + £ ' ( / ) cos/<2 = 0 (for all x) , (17) 

jBefore this substitution, Ritz reached the equation (Ref. [1], p . 22) 

dt2 8x 4 8 / 
- + 3 2 i 2 A A / ( x , y , t) = 0 , (15) 

which satisfies the condition for the frequency v to tend to its finite 
limit with infinitely increasing m and n, and contains its first power. 
However, this condition is symmetric with respect to m and n, i.e. only 
two significant features of the regularity (8) considered above are 
fulfilled. The third one arises only by substituting A by A'. 
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where oc(k), a'(/) , /?'(/) are some functions of k and /. 
F r o m here or iginate the re la t ionships tha t hold at the 
b o u n d a r y of the square for x and y, respectively: 

tan ka = - ^ - = y(k) , 

(18) 

Ritz distinguishes a par t icular class of b o u n d a r y condi ­
t ions, for which 

lim y(k) = const ^ 0 (19) 

Then it is easy to show tha t the following b o u n d a r y 
condi t ion must be approximate ly valid for large k 

sin(ka — C 0 ) = 0 (const = tan C 0 ) , 

from which we get 

ka — C 0 = mn , 

or 

mn Co 
k= — + — , 

a a 

which obviously lead to a te rm of R y d b e r g ' s type 

1 1 Co 
71 

(20) 

(21) 

(22) 

(23) 
k2 (m+fi)2 

If one takes account o f the next terms in the series 
expansion of the function y(k), a relationship arises 

Ci , C 2 ka = mn + C 0 + — + + 
k k2 

or approximately 

^ C\a C2a 
ka=mn + C() + — — + —j +... 

mn + C 0 (mn + C 0 ) 

(24) 

(25) 

A special choice of b o u n d a r y condi t ion enables one to 
obta in a function y(k) whose expansion will conta in only 
even negative powers of k. R i tz analyses exactly such a case 
as an i l lustrat ion, using the simpler example of an 
ana logous one-dimensional p rob lem, in which the order 
of the equat ion used is no t 10, as in the main p rob lem, bu t 
only 6. 

On the basis of such analysis, R i t z comes to the 
conclusion tha t R y d b e r g ' s formula (2), where N is a 
universal cons tant and \ix and \i2 are numer ica l p a r a ­
meters , is r eproduced in the f ramework of his theoret ical 
app roach only for large m and n. The pa rame te r s \ix and \i2 

are essentially identified with the first cons tant t e rms in the 
asymptot ic expansions of the functions y(k), y'(l). A n 
inherent possibili ty of general isat ion of R y d b e r g ' s formu­
las to the case of small m and n involves t ak ing into account 
the subsequent te rms of the expansion. 

Ri tz especially stressed tha t 'The Rydberg formula for 
small m and n needs to be corrected, not by changing the 
coefficient N, as has been done until now, but by substituting 
for \xx and \i2 by expansions in series' (Ref. [1], p . 51) (italics 
by Ri tz) . 

F r o m the formal po in t of view, improvement of the 
R y d b e r g formula (2) was obta ined by subst i tut ing for the 
pa rame te r s \ix and \i2 expressions like 

H + + 
m+ja (m + fi) 

2 o r ju + 
b' 

- + -
(m + fi) (m + fi) 4 ' 

(26) 

By compar ing the results with experiment, Ri tz selected 
the form 

v = N 
1 1 

(m + n + b/m2)2 (n + fif + b'/n2) 2 ^ 2 
(27) 

The characterist ic correct ion for series is no t n o w a 
constant , as in Rydbe rg ' s work , bu t has become a function 
of an integer. N o t e tha t a dependence for series correct ions 
on an integer number precisely of tha t k ind was justified by 
the q u a n t u m theory later on. 

Ri tz writes series formulas for individual series when m 
is fixed and n is a rb i t ra ry in the form 

v=A --
N 

2 ^ 2 (n + n + b/n2) 

H e also widely uses an al ternat ive form 

N 

[n + * + P(A - v ) ] 2 ' 

(28) 

(29) 

where a, /?, A are cons tants . Bo th formulas are equivalent 
to an accuracy of the thi rd order in n. 

The form (29) is interest ing because it is this form tha t 
was reproduced later by B o h r - S o m m e r f e l d ' s q u a n t u m 
theory. 

It is k n o w n tha t the explanat ion of the mechanism of 
line format ion in the hydrogen spectrum given in 1913 was 
na tura l ly carried over to other a t o m s as well by considering 
movement of an 'optical e lectron ' in a central force field, 
which can be considered C o u l o m b at a sufficiently great 
dis tance from the a tomic shell. In tha t case the dependence 
of the s ta t ionary state energy on the integer number n is 
conserved: 

En = — 
Rch 

(30) 

where n= 1, 2, 3 , . . . , R is the R y d b e r g constant (in the 
m o d e r n no ta t ion) , c is the speed of light and h is the Planck 
constant . The existence of n u m e r o u s series in hydrogen-l ike 
spectra, each of which is m o r e or less similar to the 
cor responding hydrogen series, was explained only in 1915 
when Sommerfeld in t roduced the az imutha l q u a n t u m 
number k de termining the angular m o m e n t u m quan t i sa ­
t ion (and connected with the orbi ta l q u a n t u m number / by 
the relat ionship k = / + 1), after which a compar i son was 
m a d e between the values k = 1,2 and 3 for the sharp , ma in 
and diffuse series and s, p and d te rms, respectively. In the 
course of his a t t empt to est imate the term values for 
hydrogen-l ike spectra, Sommerfeld [104] obta ined the 
formula (where Z is the a tomic number ) 

E(n, k) 
RhcZ1 

[n + a(k) +b(k)E]2 ' 
(31) 
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which, as is easy to see, cor responds to expression (29) 
found by R i t z | . Here , together with the dependence on the 
pr incipal q u a n t u m n u m b e r n, there was a dependence on k, 
which was explained later on the basis of the idea of 
mo t ion of an 'optical e lect ron ' in a field with a s t rong 
influence on the shell of the a tom. The field poten t ia l can 
be represented by the series 

U{r) 
2 7 

e Z 1 + Ci - + C 2 r + c3 + . . . 
(32) 

where r is the distance from the electron to the nucleus. 
The selection rule for k (i.e. Ak = ± 1 ) , established by 

Bohr in 1918, was very impor tan t , as it justified the simple 
explanat ion of spectral series. 

In 1921, a t t empts were m a d e firstly by Schrodinger [106] 
and then by Bohr [107] to interpret R y d b e r g ' s correct ion as 
a difference n — n by compar ing Sommerfeld 's theoret ical 
formula wri t ten in the form 

RhcZ1 

M * 2 
(33) 

(where n is an 'effective q u a n t u m n u m b e r ' differing from 
an integer by some constant ) , with an expression of the 
form 

7 2 

E = --
RhcZ" 

(34) 
(n + fi) 

where \i is a cons tant R y d b e r g ' s series correct ion. The 
results were confirmed by the compu ta t i ons conta ined in 
lectures on a tomic mechanics given by Born in Got t ingen 
in 1 9 2 3 - 1 9 2 4 [28]. 

Born represents n in the form n = n + dx + 32/n2 + ... 
where dx = \i is Rydbe rg ' s correct ion and S2/n2 = b/n2 [see 
(28)] are Ri tz ' s correct ions. H e shows tha t if one takes into 
account the influence of the first addi t iona l te rm in the 
expansion of the poten t ia l energy 

e2ZC i a 

on the term value, then Rydbe rg ' s correct ion is 
5i = —ZCi/k; t ak ing account of the second addi t iona l 
te rm 

2ry^ / \ 2 

e ZCi (ay 

yields 6\ = —Z2C2/k3, respectively. It is essential tha t the 
deviat ion from the integer number n by an a m o u n t 5 
depends on k and the greater k is, the smaller its value. In 
fact, this is connected with the influence of the a tomic shell 
electrons on the 'optical e lectron ' , which leads to some 
divergence of the field from the C o u l o m b value. 

If one takes into account the thi rd term in the 
expansion, 

e2ZC3 

then by solving the p rob lem of the mo t ion of an electron in 
tha t central field we get n in the form n = n + dx + d2/n2, 
where dx = —3Z3C3/k5 is R y d b e r g ' s correct ion which was 

fThis circumstance was clearly noted by Sommerfeld [104] (see also 
Ref. [105], p. 80). 

discussed above; S2/n2 = Z3C3/2k3n2 is R i t z ' s correct ion 
which was in t roduced for the first t ime, as we have seen, in 
his thesis long before it obta ined the correct theoret ical 
justif ication. 

As a result of compar i son with experiment , it tu rned out 
tha t the most significant addi t iona l te rm in the expansion of 
the poten t ia l energy (32) is the quant i ty (—e2ZC3/r)(a/r)3, 
which has an obvious physical in terpre ta t ion. F o r example, 
if one assumes the shell is no t absolutely rigid bu t undergoes 
a deformat ion in the field of the 'optical e lectron ' , this te rm 
is model led by an induced electric dipole p roduc ing a 
poten t ia l — a e 2 / 2 r 4 , where a is the frame polarisabil i ty of 
the shell (see Ref. [108], p . 169). 

A n adequa te theoret ical t r ea tment of the dependence of 
the series correct ions on the integer number n given by 
Sommerfeld [104], Schrodinger [106], Bohr [107] and Born 
[108] is k n o w n to be possible only on the basis of q u a n t u m 
theory. Nevertheless , it is impor t an t to no te tha t a rule of 
such form was used by Ri tz in his app roach as a 
theoretical ly justified s ta tement , as it arose as a result of 
solving some oscillation p rob lem. A n external justif ication 
for the correctness of the result ob ta ined was tha t the 
apparen t improvement to the R y d b e r g formula was 
experimental ly verified with a high degree of accuracy. 
Ri tz ' s pr ior i ty in these quest ions was well k n o w n to 
Sommerfeld and to Bohr , who m a k e reference to him 
directly in their works . 

At the same t ime, the con t empora ry physical and 
historical scientific l i terature [109, 110] somewhat unde r ­
est imates the cont r ibut ion by Ri tz t owards the 
establ ishment of tha t rule. F o r example, while Born in 
his 'Lectures on a tomic mechan ics ' widely uses such te rms 
as ' R y d b e r g - R i t z ' s fo rmula ' and 'Ri tz ' s cor rec t ion ' when 
describing spectra, the cor responding sections of F r i sh ' s 
fundamenta l m o n o g r a p h Optical Atomic Spectra conta in 
only references to R y d b e r g even in those cases when the 
modif icat ions of his formulas m a d e specifically by Ri tz are 
discussed (Ref. [109], p . 12). 

It seems tha t on the basis of such 'd iscr iminat ion ' rests a 
general tendency, characteris t ic of con t empora ry physical 
t hough t as a whole , to underes t imate the theoret ical s ta tus 
of the pr incipal spectroscopic laws tha t have q u a n t u m 
na tu re bu t were initially established pr ior to the formula­
t ion of mode rn q u a n t u m a tomic theory. 

As we have al ready noted in Ref. [51], the formulas 
suggested by R y d b e r g should no t be t reated as purely 
empirical . This applies to Ri tz in even greater degree. It 
is not possible to ignore the fact tha t his app roach 
conta ined the original and to a significant degree the 
theoret ical g round for b o t h the R y d b e r g formulas and 
also their modif icat ion, which was suggested by Ri tz 
himself. It is due to this fact tha t the mode l by Ritz , 
despite its physical inconsistency, which was cleared up 
afterwards, succeeded in playing an impor t an t heurist ic role 
in establishing spectral laws and in further systematisat ion 
of empirical da ta . 

It should be noted tha t two lines are presented in R i t z ' s 
thesis which are extremely interest ing in a ma themat ica l 
sense, bu t far from the equivalent from the poin t of view of 
their appl icat ion to the real p rob lem of describing the 
observed spectral regularit ies. 

The first of them, which conta ins the analysis of the 
b o u n d a r y condi t ions , tu rned out to be very product ive , 
because it led to an improvement of R y d b e r g ' s formula. 
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The second line of Ri tz ' s invest igations is connected 
with the search for an appropr i a t e physical in terpre ta t ion 
for the ma themat i ca l mode l he constructed. The use of the 
var ia t ional principle underl ies this par t of Ri tz ' s work . 
Here , the main p rob lem is in choosing a p roper expression 
for the system's potent ia l energy. The pa r t of the Lagrange 
function cor responding to the kinetic energy is given and is 
determined by the relat ion 

p fit 
Elrin — — ( -T-

2 \dt 

where p is the m e m b r a n e ' s surface mass dens i t y , / ( x , y, t) is 
the ampl i tude of displacement of its po in ts . 

It is k n o w n tha t the o rd inary equa t ions for elastic 
oscillations of a m e m b r a n e can be obta ined using the 
var ia t ional principle under the assumpt ion tha t the p o t e n ­
tial energy density is directly p ropo r t i ona l to the 
m e m b r a n e ' s surface. The app roach used by Ri tz to 
determine the form of the action functional for the 
var ia t ional p rob lem he set seemed to be very unusua l . 
Firs t of all, in order to describe the surface forces Ri tz was 
forced to fit quite complex and no t obvious analytical 
s t ructures with no th ing in c o m m o n with the usua l expres­
sion for elastic forces. Such a p rocedure in itself required 
ex t raord inary ma themat i ca l intui t ion. 

The second interesting feature of R i t z ' s app roach is tha t 
by choosing the Lagrang ian form, he started from an 
analogy with Maxwel l ian electrodynamics, in which 
Lagrange ' s function of density of the electromagnet ic field 
has the form C = (H2 —E2)/8n, which, in tu rn , leads to a 
k n o w n expression for the familiar energy density of the field 
S= (H2 + £ 2 ) / 8 t t . 

As a result, R i tz writes down the initial functional as 
follows: 

\2 
ds - 0 Z (35) 

Here ds is an element of the area of the m e m b r a n e and the 
quant i ty <P is defined by the relat ion 

y9 t) =T J J ds (x — x') 
(x — X ) 

2a 

(y-y')-
[y-y'f 

2a 
(36) 

where T is a constant , A' = d2/dx2 — d2/dy2. A n external 
ana logy between expression (35) and the Maxwel l ian case 
is obvious , and Ri tz further stresses this once m o r e after 
comput ing the expression for the energy of the considered 
system, which na tura l ly has the form 

J J 6 / 
(37) 

At this po in t in his thesis Ri tz writes: Tf one in t roduces the 
quant i t ies A = ( p / 2 ) 1 ^ 2 (df/dt), <P = B to describe a state, 
then the analogy between the expression obtained here for 
the energy §§(A2+B2)ds and the expression valid for the 
electromagnetic energy of the ether, becomes striking' 
(Ref. [1], p . 32) (italics by Ritz) . 

A l though this ana logy turned out to be pure ly formal 
and led to no informative results later on, nevertheless the 
use of it by Ri tz is no tab le enough, since, on the one hand , it 

characterises the peculiarit ies of his scientific th ink ing style, 
and on the other hand , proves his t h o r o u g h acqua in tance 
with the basis of Maxwel l ' s e lect rodynamic theory at tha t 
t ime (1902). 

Re tu rn ing to considerat ion of the construct ive par t of 
this section of Ri tz ' s thesis, we no te tha t the required 10th 
order equat ion (14) canno t be obta ined from the functional 
(35) in the form of a E u l e r - L a g r a n g e equat ion . However , 
by means of a sophist icated analysis of the p rob lem tak ing 
account of the b o u n d a r y condi t ions Ri tz shows tha t 
definition (36) gives rise to the equat ion 

= ( 3 8 ) 

F o r the desired function / and an auxiliary quant i ty W 
defined by the relat ion 

w = 4 * ' ( 3 9 ) 

using the convent ional var ia t ional p rocedure , one obta ins 
the following 2nd order equat ion 

p-^ + 2rA'T = 0 (40) 

It is easy to verify tha t this equat ion , m a k i n g use of 
E q n s (38) and (39) is fully equivalent to the fundamenta l 
10th order equat ion (14) used by Ri tz for ob ta in ing 
spectral formulas of the Balmer type. By requir ing the 
solut ion at the m e m b r a n e ' s b o u n d a r y to vanish, one 
obta ins expression (16) for the R y d b e r g constant . As 
was already stressed, the value of N is determined only by 
the mode l pa rame te r s (p, T, a), which is p r o o f of its 
universali ty in the f ramework of the app roach used. It is 
easy to see, however , tha t the whole procedure , i r reproach­
able in ma themat i ca l r igour , has no t led, and as we k n o w 
today , could no t lead to the correct physical result. Indeed, 
it can be seen from equat ion (40) tha t a quan t i ty 

F=-2tMxF (41) 

plays the role of the force density at the poin t (x, y) of the 
m e m b r a n e . Qui te obviously, such a ' force ' determined by 
the use of expressions (36) and (38) does no t permit a 
reasonable physical in terpre ta t ion. 

It is beyond doub t , however , tha t this pa r t of the thesis 
was impor t an t in the development of R i t z ' s research which 
culminated in the derivat ion of a widely k n o w n var ia t ional 
me thod called after h im (see Section 1). 

4. The magnetic atomic model and the 
combination principle 
The next impor t an t stage in Ri tz ' s scientific career in the 
field of spectroscopy is connected with his a t t empts to 
construct a magnet ic a tomic model . Undoub ted ly , the idea 
of using magnet ic forces to explain the linear spectral 
s t ructure arose as a result of a t h o r o u g h analysis by Ri tz of 
the unsuccessful a t t empts to use elastic models for this 
purpose . 

F o r equa t ions of ma themat i ca l physics the t rad i t iona l 
presence of the second derivative with respect to t ime 
automat ica l ly yielded relat ions conta in ing the square of 
the frequency. A p rocedure for obta in ing the required 
dependences in the f ramework of the elastic mode l by 
means of t ak ing the roo t necessarily led to the in t roduct ion 



Walter Ritz as a theoretical physicist and his research on the theory of atomic spectra 449 

of higher derivatives with respect to the coord ina tes and a 
change in the type of equat ion (from two-dimens iona l 
Laplac ian A to the hyperbol ic opera tor A'). Na tura l ly , 
such exotic s t ructures did no t have a reasonable physical 
in terpre ta t ion . The results of his a t t empts in this area were 
summarised by Ri tz himself in the paper of 1908 on 
'Magnet ic a tomic field and spectral series' [7] as follows: 
'The au tho r studied some of the cases cor responding to 
series laws (Ref. [1], paper I, p . 1; Ann. Phys. 12 (1903); 
extract from his P h D thesis). It is likely tha t the complexity 
of the assumpt ions required, for which it is impossible to 
find a satisfactory physical in terpre ta t ion, makes it neces­
sary to reject the theory given there ... ' ( the no te at the 
beginning of Ref. [7]). 

F u r t h e r m o r e , R i t z emphasises tha t the differential 
equa t ions of the 1st order with respect to t ime (which 
lead to relat ions for the frequency v and no t for its square 
v 2 ) can be derived if one assumes tha t ' the acting forces 
depend no t on the posi t ion of the pa r t s of the system bu t on 
the velocities ' (Ref. [1], p . 99). Ri tz po in t s out tha t this is 
the case for magnet ic forces and tha t ' the assumpt ion of 
intense magnet ic fields ... can hard ly be avo ided ' (ibid.)"}*. '... 
It is possible tha t oscillations in the spectral series are 
produced by purely magnetic forces, and it should be shown 
later on tha t this assumpt ion leads in a simple way to 
unde r s t and ing the spectral series laws and a n o m a l o u s 
Zeeman effects', he writes (ibid., italics by Ri tz) . 

It should be no ted tha t Ri tz did no t immediate ly have 
the idea of t rea t ing spectral lines arising as a result of 
Zeeman splitting of a special sort. F o r example, his thesis 
ment ions (Ref. [1], p . 15) the paper by L a r m o r [78] where 
the similarity of na tu ra l spectral double ts and triplets with 
those of the Zeeman effect is noted . However , judg ing by 
critical commen ta ry by Ri tz at this point , he did no t t ake 
this idea seriously at tha t t ime. Perhaps , such a posi t ion was 
also caused by some prejudice Ri tz had at tha t t ime, 
according to F o r m a n ' s evidence (Ref. [31], p . 476), abou t 
Loren tz ' s electronic theory. At the same t ime, as follows 
from the appendix to the thesis devoted to the p rob lem 
under s tudy as a whole (Ref. [1], p . 7 5 - 7 7 ) , Ri tz hoped tha t 
this p rob lem would be solved by combining elastic models 
with e lect rodynamic ones (for example, considering oscil­
lat ing con t inuum structures with a con t inuum charge 
dis t r ibut ion) . 

It is interest ing to follow the th inking tha t led Ri tz to the 
magnet ic a tomic model . D u r i n g the five year per iod tha t 
came after his thesis, up to the paper of 1908 [7] which 
conta ined the first detailed a t t empt to apply this model , 
Ri tz publ ished five small papers . Two of them [3, 4] 
publ ished in 1903 are a na tu ra l con t inua t ion of his thesis 
and contain no new ideas. The third one [34] is devoted to a 
par t icular quest ion of the manufac tu re of pho top la t e s 
sensitive in the infrared b a n d . In contras t , in two short 
communica t ions of 1907 [5, 6] following immediate ly one 
after another (and presented to the Par is Academy of 
Sciences in M a r c h and July, respectively), a quite new 
poin t appears in his research p r o g r a m . Here , for the first 
t ime, a new physical mechanism for linear spectra was pu t 
forward based on the identification of each spectral 
frequency with one of L a r m o r ' s , p roduced by a field of 

fWe note that the magnetic Lorentz force was the only nondissipative 
force known in physics at that time; it causes, in particular, the 
Zeeman effect. 

app ropr i a t e configurat ion. However , Ri tz initially imple­
ment s this idea in the spirit of the synthesis of elastic and 
electromagnet ic concepts out l ined in his thesis. In the first 
of the publ ica t ions [5] he uses the mode l of an elastically 
dis torted electrically charged filament fixed at the endpoin ts 
and in the middle and ro ta t ing with a cons tant angular 
velocity co a r o u n d the axis connect ing its stable po in t s 
(Fig- 1). 

cp(x) t 

M ~ 5 

dcp 
tan a — — 

ax 
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r 11 

x = -/ > dx x = / X 

CO 

Figure 1. 

Let T be the tension coefficient equal to the m o d u l u s of 
the force acting tangential ly per uni t length at each poin t of 
the filament, then \F\ = T. It is seen from Fig . 1 tha t the 
n o r m a l componen t of the tension force acting on an 
element dx is determined by the expression 

dFn = d ( F s i n a) « T dftan a) = T d ( ^ ] = T dx 
V dx J dxz 

(42) 
for small angles a. It is easy to see tha t the centr ipetal force 
acting on this element perpendicular to the axis x is 
dFcp = —pco2(pdx, where p is the linear mass density of the 
filament. The condi t ion dFn = dFcv yields a differential 
equat ion 

^ + k2(p = 0, (43) 
d x 2 

where k2 — pco2/T. The solution to this equat ion is well 
k n o w n to have the form 

(p(x) = A sin&x + 5 c o s £ x , (44) 

and by using the na tu ra l b o u n d a r y condi t ions <p(0) = 0 at 
the poin t C and cp(l) = (p{—l) = 0 at the po in t s A and B, 
respectively, the relat ions typical for such p rob lems are 
obta ined: 

kl = mn for the poin t B , 

—kl = nn for the point A . (45) 

(The si tuat ion shown in Fig. 1 cor responds to the case 
m = 1, n = 2). F r o m this, for the tension on the sides of the 
po in t s A and B one gets, respectively J 

Ji t is interesting that from a formal mathematical point of view this 
result originates in the same way as the energy quantisation in an 
infinitely deep one-dimensional potential well obtained using the 
corresponding Schrodinger equation. In both cases, a one-dimensional 
problem of standing oscillations with identical boundary conditions is 
considered. The difference in the physical nature of the oscillating 
processes is evident from the fact that the parameter of the problem, 
which is energy for the quantum mechanical case, is the inverse tension 
coefficient for Ritz 's case. 
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N o w , if one imagines tha t the poin t C to which the 
tension forces are applied from the sides of po in t s A and B 
is able to move a long x, this displacement will be due to the 
action of a force p r o p o r t i o n a l to the difference 
T = TA—TB and, hence, to the quan t i ty (\/n2 — \/m2). 
F u r t h e r m o r e , Ri tz gives qual i tat ive a rguments in favour of 
the idea tha t b o t h the electric polar isa t ion of the system and 
the magnet ic field a long the axis will be p r o p o r t i o n a l to this 
quant i ty , which na tura l ly leads to a Balmer- type formula. 
One m a y suppose tha t Ri tz was immediately struck by the 
artificial character of such a mechanism of format ion for a 
magnet ic field of the required configurat ion. In any case, 
a l ready in the subsequent short communica t ion presented 
to the Par is A c a d e m y of Sciences four m o n t h s later [6], the 
elastic filament is completely absent , and the magnet ic field 
source is t aken as a specially chosen linear chain of 
magnet ic dipoles composed of e lementary magnet ic 
charges. Ri tz develops precisely this idea in detail in 
Ref. [7]. 

The following considera t ions form the basis of R i t z ' s 
magnet ic a tomic model . If two magnet ic poles are pos i ­
t ioned as shown in Fig. 2, the magnet ic field H at poin t P is 

H 
1 1 

A (i + n)2 

l l 
(47) 

Obviously, exactly the same field will be created by a chain 
of magne t s a r ranged as shown in Fig. 3. If the number of 
e lementary magne t s is n — 2, the length of each of them is 
a, the distance to the poin t P is rx = 2a; then for the field H 
we have 

H 
a 
all 

2\22 

1 
(48) 

In the general case when the number of e lementary 
magne t s is n — m, r, = ma, r2 = (n — m)a, one obta ins 

1 r 
H (49) 

N o w , if one pu t s at po in t P a charge undergo ing per iodic 
small ampl i tude mot ions in the p lane perpendicular to the 
dipole axis, it will be embedded into an almost h o m o g e ­
neous field determined by formula (49), and tak ing into 
account the relat ion between the field and frequency (5) 
v = eH/(4nm0c) (as for the Zeeman effect), for the 
frequency spectrum we find an expression 

® 
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which reproduces the generalised Balmer formula (8). 
Obviously, under such an app roach the length and 

number of the e lementary magne t s are variable pa rame te r s 
of the model . In par t icular , in order to obta in R y d b e r g ' s 
correct ion in this f ramework, it is sufficient to change the 
length of one of the extreme elements of the chain. 

Thus , if the first e lementary magne t has a length distinct 
from a and equal to (1 + a)a = a/2, keeping the distance rx 

the same, we obta in a new series having a c o m m o n 
b o u n d a r y with the previous one, whose frequencies are 
determined by the expression (a = —1/2) 

"1 1 
2? 

lie 
4nm0ca 

(51) 
( n - l / 2 ) ' J 

This formula cor responds to the Pickering series, which, as 
is known , had been erroneously ascribed to hydrogen unt i l 
1913 (see Ref. [51], p . 153, for m o r e detail). 

In the general case, pa ramete r a is arbi t rary , i.e. rx = ma 
and r 2 = (n + a)a. Then we come to an expression corre­
sponding to the general R y d b e r g formula 

1 1 
V = N ——, 72 > (52) 

.mr (n + a) _ 
where N is the R y d b e r g constant expressed in te rms of the 
mode l pa rame te r s as follows: 

N • lie 
4nm0ca 

(53) 

To obta in the next correct ions, it is sufficient to assume 
tha t the length of the second (the third etc.) magne t differs 
from tha t of the subsequent ones, which are equal to each 
other . F o r example, to interpret Ri tz ' s correct ion in the 
f ramework of this model , the assumpt ion was m a d e tha t the 
length of the second magne t differs from a (and from 
(1 + a ) a). 

Thus , the magnet ic mode l no t only reproduced the 
shape of the k n o w n spectral formulas , including (28) 
and (29), bu t also confirmed the presence of series hav ing 
certain limits, and, in R i t z ' s opinion, t ak ing account of the 
formulas which ' cor responded very precisely to exper iment ' , 
conta ined p r o o f of the universal character of the R y d b e r g 
constant (Ref. [1], p . 101). 

It is also impor t an t to no te tha t in the magnet ic mode l 
Ri tz , undoubted ly , saw the basis for a theoret ical explana­
t ion of the combina t ion principle. Indeed, in the f ramework 
of tha t model , each of the two te rms in the expression which 
determines the spectral line frequency represents the 
cont r ibut ion of one of the poles. Therefore, the different 
combina t ions of spectral te rms are a simple consequence of 
the possible var ia t ions of the rad ia t ion locat ions of the 
poles inside the a tom. Ri tz stressed this po in t in Ref. [8] (see 
below). 

The a t t empt by Ri tz to use the magnet ic a tomic mode l 
to explain the a n o m a l o u s Zeeman effect, which m o r e t han 
half of his paper of J anua ry 1908 is devoted to , is also of 
significant interest. At tha t t ime, extensive exper imental 
da ta were stored on Zeeman splitting, and a long with the 
confi rmat ion of P re s ton ' s rule (on the identical splitting for 
all member s of one spectral series and ana logous series of 
different elements; see above) the impor t an t R u n g e ' s rule 
was established [111]. Accord ing to this rule, for complex 
splitting, the spacings v ' (in the frequency scale) between the 
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componen t s (relating them to the same magnet ic field value) 
are ra t iona l fractions of the n o r m a l splitting v 0 de termined 
by formula (5), and the denomina to r s of these fractions are 
small integer numbers . F o r example, the sodium D 2 line is 
split into six equally spaced componen t s with a distance 
between them of (2/3) v 0 . 

Ri tz ' s app roach to the a n o m a l o u s Zeeman effect is 
based on the following considerat ions . Because according 
to the magnet ic mode l each spectral line in the absence of 
the magnet ic field H is itself a result of Zeeman splitting 
owing to the action of the inner magnet ic field Z / 0 , the 
general p ic ture of the effect represents a result of super­
posi t ion of the these two fields. He re Ri tz takes into 
account tha t the intrinsic magnet ic field Z / 0 is higher (by 
the order of 10 4 ) t han the external field H used for Zeeman 
effect studies, which is tens of t h o u s a n d s of Gauss . 

If the fields H0 and H are paral lel or ant iparal le l to each 
other , ul t imately, according to Ritz , two frequencies 
v = e(H0±H)/(4nm()c) na tura l ly appear , which corre­
spond to two circularly polar ised componen t s observed 
a long the field direction with a split twice as high as the 
n o r m a l one. 

In order to describe the p h e n o m e n o n as a whole , R i t z 
supposes tha t in the general case the sources of the internal 
a tomic field can undergo ro ta t iona l mo t ions tha t result in 
precession of the field Z / 0 a r o u n d the external magnet ic field 
direction. 

The next assumpt ion by Ri tz is the periodici ty condi t ion 
for this mot ion , which is expressed by the fact tha t the sines 
and cosines of Eu le r ' s angles connect ing the two coord ina te 
frames are directed a long Z / 0 and / / , respectively, and 
become per iodic functions of t ime which can be represented 
by Four ie r series. 

In the general case, such splitting should lead to an 
unl imited number of componen t s , which, of course, does 
no t cor respond to observat ions . Agreement between theory 
and experiment on this poin t has been achieved by tak ing 
account of the s t rong dependence of the intensity on the 
number of ha rmonics . F o r example, according to R i t z ' s 
est imate, only those lines tha t have a certain min imum 
intensity can be observed to split. 

On the g rounds of the assumpt ions made , Ri tz was able 
to explain R u n g e ' s rule as a result of the frequencies of two 
ro ta t iona l per iodic mo t ions being in ra t iona l p ropo r t i on . 
H e considered a n u m b e r of specific cases of a complex 
pic ture of Zeeman splitting, in par t icular , the spectral lines 
of neon and mercury . 

Ri tz was certain tha t his scheme for the explanat ion of 
the a n o m a l o u s Zeeman effect had an advan tage over 
Loren tz ' s app roach . Loren tz tried, beginning with 
Ref. [75], to explain this effect by internal a tomic inter­
act ions. Like other theoret ic ians, however , he did no t 
consider the series s t ructure of spectra. Ri tz especially 
emphasised the poin t tha t his mode l of the molecular field 
H0 was not only suitable 'for a much larger range t h a n 
Loren tz ' s hypothes i s , . . . for representa t ion of the Zeeman 
effect p h e n o m e n a in their great diversity and with their 
characterist ic features , . . . bu t is also able to explain the 
series laws — the p rob lem which Loren tz completely 
ignored ' (Ref. [1], p . 132). 

N o w we k n o w tha t the explanat ion of the series 
s t ructure is connected not with magnet ic , bu t electrostatic 
in teract ions within an a tom, bu t R i t z ' s idea of considering 
the precession of magnet ic m o m e n t a tu rned out to be 

correct with regard to the spin and orbi ta l magnet ic 
m o m e n t a of electrons. It should be specially no ted tha t 
here once again appeared the characteris t ic of the whole of 
Ri tz ' s scientific career: the ability to ant ic ipate correct 
physical results on the basis of theoret ical m e t h o d s 
inadequa te to the p rob lem. 

In the case under considerat ion, despite the physical 
inconsistency of R i t z ' s theoret ical app roach to the a n o m ­
alous Zeeman effect, his scheme of explanat ion conta ined 
an impor t an t construct ive element — the idea tha t the 
precession of the in ternal a tomic magnet ic m o m e n t a 
a r o u n d the external magnet ic field direction underl ies the 
p h e n o m e n o n . In our opinion, this fact is interest ing despite 
the obvious poin t tha t the in ternal a tomic magnet ic 
m o m e n t in Ri tz ' s magnet ic a tomic mode l has no th ing in 
c o m m o n with the ac tual magnet ic m o m e n t a of real a toms 
and their s t ructura l const i tuents (nuclei and electrons). 

It seems certain tha t Ri tz himself unde r s tood the 
artificial character of the magnet ic mode l and the necessity 
of br inging together addi t iona l physical a rguments and 
specific ideas abou t a tomic s t ructure. In par t icular , he 
wrote : '... from the poin t of view of electronic theory, 
one cannot essentially object to the assumpt ions made , at 
least in principle. Of course, the required dis t r ibut ion of 
electricity is no t a simple one. However , we do no t 
completely k n o w a pr ior i whether the simple laws of 
molecular in teract ions relate to the electronic density or 
to the forces ac t ing . . . A n d since the full theory of linear 
a tomic spectra seems to be impossible to obta in wi thout 
special a s sumpt ions abou t a tomic s t ructure, from the 
gnoseological po in t of view it is an advan tage ra ther 
t han a shor tcoming of this hypothesis tha t it does no t 
require an assumpt ion abou t the form of the electrons the 
a tom appears to be constructed from, and opera tes only 
with intervals or distances which are t hough t to be rigid. 
However , in quest ions of such a kind, where it is hard ly 
possible to m a k e any conclusion abou t the reason for the 
action and, on the one hand , the observed facts differ from 
all k n o w n p h e n o m e n a and are very complicated, and on the 
other hand , there is such great uncer ta in ty in the a s s u m p ­
t ions, one can hard ly expect tha t an inclusion [of these facts] 
into our convent ional range of percept ions tha t is satisfac­
to ry in all respects is possible; moreover , it will be difficult 
to unify opinion abou t wha t to consider as a 'satisfactory 
exp lana t ion ' in tha t case ' (Ref. [1], p . 110). 

In t rying to find a physical mot iva t ion for the magnet ic 
model , Ri tz m a d e use of the familiar ideas on equivalency 
of looped currents and pe rmanen t magnets , and proved the 
cor responding theorems using ma themat ica l m e t h o d s of 
po ten t ia l theory. H e also unde r s tood tha t in order to 
provide stability to such structures, forces tha t are n o n ­
electric in origin are required. 

It seems certain tha t Ri tz ' s magnet ic mode l was inspired 
by the general increase in interest in the p rob lem of 
magnet i sm which was characterist ic of the physics of the 
beginning of the 20th century. 

If one studies the extensive physical l i terature of tha t 
t ime, b o t h technical and popu la r , concerning the p rob lem 
of a tomic s t ructure (see, for example, Refs [112, 113]), an 
interest ing feature becomes apparen t . Practically every such 
publ ica t ion conta ins references to the exper iments per ­
formed by Mayer as early as 1897 [114]. The essence of 
these very simple bu t n o w completely forgotten experiments 
is the following. 
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Maye r used a system of floats each of which was a cork 
circle pierced in the middle by a long thin magnet ised 
needle. The floats were placed on the water surface in such a 
way tha t the poles of all the needle-like magne t s were 
oriented in the same direction. Na tura l ly , in the absence of 
any external magnet ic field the floats tended to w i thd raw 
from each other as far as possible. However , under the 
influence of a magnet ic field created by suspending the pole 
of a large magnet above the floats, of opposi te sign to the 
poles of the magnet ised needles tha t are above the water 
surface, the floats come closer by forming some stable 
configurat ion of a regular form. F o r example, three floats 
t ake up posi t ions in the corners of an equilateral tr iangle, 
four — in the corners of a square; with an increasing 
number of floats the pic ture becomes m o r e complicated 
bu t keeps the same s t ructure (see Ref. [114]). These qui te 
effective results did no t a t t ract a t tent ion unt i l T h o m s o n ' s 
a tomic mode l [115] was developed short ly after the 
discovery of the electron, advancing the fundamenta l 
p rob lem of equil ibrium electronic configurat ions inside 
the a tom. Then, interest in the results of M a y e r ' s experi­
ments , which were used as an extremely visual physical 
analogy, i l lustrating the possibility of the format ion and the 
specific forms of such configurat ions, increased d r a m a t ­
ically. 

I m p o r t a n t steps tha t led to the unde r s t and ing of the 
na tu re of magnet ic p h e n o m e n a took place at tha t t ime. In 
1895 Pierre Curie publ ished the results of his famous 
exper imental s tudy [116] of the dependence of d i amag-
netic, pa ramagne t i c and ferromagnet ic proper t ies of mat te r 
on t empera tu re . Then in 1905 the classical work by 
Langevin [117] appeared , in which he a t t empted to explain 
the magnet ic proper t ies of d iamagnet ic and pa ramagne t i c 
mater ia ls on the basis of the electronic theory. Studies by 
Weiss [118] repor ted in 1907 allowed the descript ion of 
some features of ferromagnet ic behaviour using the idea of 
an internal magnet ic field ( 'Weiss 's field'). W e no te tha t 
Weiss assumed the existence of an e lementary magnet ic 
charge or magne ton , similar in concept to the e lementary 
electric charge, the electron. 

Thus , the idea of the possibili ty of using elementary 
magne t s as const i tuents of a tomic s t ructure m a y have 
appeared quite na tu r a l to the 'scientific c o m m u n i t y ' of 
the beginning of the 20th century. 

Of course, the a tomic magnet ic mode l itself seems today 
no th ing bu t a historical curiosity. But one should bear in 
mind tha t it played an impor t an t role in the general context 
of R i t z ' s research as a kind of theoret ical basis for 
justification of the combina t ion principle. It is k n o w n 
tha t in the his tory of physics R i t z ' s n a m e is associated 
pr imar i ly with tha t spectroscopic law. F o r the spectral 
series, this principle, in fact, was conta ined, a l though in 
par t ia l form, in R y d b e r g ' s fundamenta l work of 1890 [53] 
[see E q n (2)]. As has a l ready been ment ioned , Ri tz mus t 
have been well acquain ted with this work , since in his thesis 
as well as in subsequent pape r s he repeatedly cites Rydberg . 
The paper by Ri tz 'On the new law for spectral l ines ' [8], 
where the combina t ion principle was presented as a 
spectroscopic law, begins with an analysis of the differ­
ential s t ructure of spectral formulas and conta ins a 
reference to Rydbe rg ' s paper [99]. Therefore, one should 
consider tha t the s ta tement , widely spread in the l i terature 
of scientific h is tory and even in the l i terature of physics, 
tha t Ri tz came to the combina t ion principle independent ly 

of Rydberg , does not cor respond to the reality. Neve r ­
theless, the significance of R i t z ' s cont r ibut ion to this 
p rob lem is beyond doub t . 

The generic connect ion between R y d b e r g ' s and R i t z ' s 
results relat ing to spectral systematisat ion was directly 
no ted by Bohr in 1913 in the first pa r t of his tr i logy on 
the s t ructure of a toms and molecules (Ref. [119], p . 84) and 
in a m o r e developed form in his paper 'On the spectrum of 
hyd rogen ' (Ref. [119], p . 152). However , Bohr stresses here 
the pr incipal difference in the theoret ical s ta tus of the 
combina t ion principle which results from R y d b e r g ' s 
approach , on the one hand , and Ri tz ' s , on the other . 
F o r example, Bohr writes 'Rydberg had proved already 
in his first paper tha t simple relat ions exist between the 
cons tan ts of different spectral series. These rules were 
generalised by Ri tz into the so-called combina t ion pr inci ­
p le ' (Ref. [119], p . 153). In other words , the generalising 
character of Ri tz ' s formulat ion seems to be obvious to 
Bohr . 

The text of the paper by Ri tz 'On the new law for 
spectral series' [8] (dated June 1908) demons t ra tes exactly 
wha t Bohr means by the general isat ion of R y d b e r g ' s 
app roach . As the basis of considerat ion, Ri tz uses the 
series formula (29) obta ined in his thesis, in t roducing the 
following designat ion for a te rm: 

(m, a, P) = . . (54) 
(m + a + (fiN/m2) - ( 2 a ^ / m 3 ) + . . . ) 

Ri tz began by showing tha t this formula can describe all 
the relat ions between different spectral series of a chemical 
element p roposed by Rydberg , by m a k i n g the co r respond­
ing identification of the pa rame te r s a, /3 with empirical 
cons tants . F o r example, a = p, P = n for the pr incipal 
series; a = s, ft = a for the second auxiliary (sharp) series; 
a = d, P = 3 for the first auxil iary (diffuse) series. All the 
frequencies for these series are described, according to Ritz , 
by the following formulas: 

v = (1, 5, s, o) — (m, p, TT) (principal series) , 

v = (2, p, n) — (m, d, 5) (diffuse series) , 

v = (2, p, n) — (m, s, a) (sharp series) . (55) 

The major pa r t of Ref. [8] is devoted to a demons t ra t ion 
tha t us ing formulas of this k ind one can describe practically 
all the series of alkaline and alkal ine-earth elements k n o w n 
at tha t t ime wi thout involving any new cons t an t s ! . 

Ri tz confirms the possibili ty of represent ing wave 
n u m b e r s as a difference of two te rms using much m o r e 
extensive exper imental da ta than Rydberg . 

Of special impor tance is tha t he clearly t reats such a 
representa t ion as some universal spectroscopic law. This is 
shown, in par t icular , by the in t roduct ion of the te rm 
' combina t ion principle ' . It is wi thou t doub t tha t the 
magnet ic a tomic mode l played here an impor t an t heurist ic 
role here. 

fNote that in the paper 'On the spectra of alkaline metals ' of March 
1908 Ritz, relying upon the series formulas of Rydberg, gave an 
interpretation of the K, Rb and Cs spectra discovered shortly before 
by Bergman in the red and infrared spectral bands, and showed the 
erroneous approach of Runge, Ref. [121], who proposed another 
interpretation. In paper [8] Ritz gives a reference to his paper [120]. 
N o w we know this series corresponds to d—f type transitions. 
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Thus , in the concluding pa r t of the in t roduc to ry section 
to his article, Ri tz writes: 'In the paper [7] which recently 
appeared I showed tha t one can indicate the simplest 
systems whose energy is purely electromagnet ic and which 
yield the Balmer formula, the series laws, a n o m a l o u s 
Zeeman effects e tc . ' (Ref. [1], p . 147). A n d further: 'For 
all spectra the a tomic magnet ic field can be considered as 
being induced by two poles of opposi te signs; each of the 
two te rms in (m, a, /?) — (n, a', ft) represents the influence 
of one pole; for example, in the case of hydrogen they are 
equidis tant ly located on a straight line. The in terchange of 
these posi t ions cor responds to the combina t ion principle. In 
a m o r e general form one can apparen t ly suppose tha t the 
simple laws are connected with the location of these poles 
inside the atom' (Ref. [1], p . 1 4 7 - 1 4 8 ; italics by Ritz) . 

In analysing Ri tz ' s works on the combina t ion principle, 
it is essential to consider the quest ion of the formulat ion of 
this principle in Ri tz ' s papers themselves. The usua l 
reference is to his article of 1908 [8], or m o r e precisely, 
to the a u t h o r ' s summary a t tached. In our opinion, however , 
there are m o r e t han sufficient g rounds to doub t the 
correctness of tha t reference. The poin t is tha t the article 
itself has the subtitle 'Prel iminary communica t ion ' , from 
which it follows tha t Ri tz definitely counted on publ ishing 
some m o r e general mater ia l on this subject. It is difficult to 
judge h o w legit imate is the t rea tment of tha t assert ion 
conta ined in the a u t h o r ' s summary a t tached to the article, 
and usually it is cited (moreover , in a somewhat abbrevia ted 
form) in l i terature as a general formulat ion of the 
combina t ion principle. 

It should be t aken into account tha t the paper was 
publ ished in Physikalische Zeitschrift wi thout this text. The 
a u t h o r ' s summary itself was found a m o n g R i t z ' s papers 
after his dea th and was placed as an appendix to the 
cor responding paper in the p o s t h u m o u s edit ion [1] of his 
works in 1911 (see the compi lers ' no te on p . 162). 

A l though the pu rpose of tha t extract was unclear , its 
general sense had something in c o m m o n with the article by 
Ri tz so tha t unification of the texts in the complete works 
seems quite appropr ia te . However , the citation of R i t z ' s 
paper of 1908 as a reference where the formulat ion of the 
combina t ion principle is given cannot be justified. It is 
interest ing to compare the complete text of the cor respond­
ing s ta tement from the a u t h o r ' s summary with the citation 
given by Jemmer [110]. 

In the original, the phrase reads as follows: 'By 
combining, by means of add ing or subtract ing, either the 
series formulas themselves or cons tants enter ing into them, 
one can construct new formulas which al low one to 
compu te new lines of the alkaline metals discovered by 
Lena rd and others dur ing recent years and which also m a k e 
possible far-reaching appl icat ions to other elements, in 
par t icular H e ' (Ref. [1], p . 162). 

Jemmer writes: 'By combin ing (adding or subtract ing) 
either the formulas for series themselves or cons tan ts 
enter ing into them, one can construct the formulas tha t 
al low one to express fully some newly discovered lines 
t h rough the k n o w n earlier ones ' (Ref. [110], the no te on 
p . 77 with reference to Refs [8] and [9]). 

It is clear tha t Ri tz writes abou t an uncond i t iona l 
appl icat ion of the combina t ion p rocedure to alkaline meta l 
lines and the possibili ty of its use for the spectra of other 
elements. In the quo ta t ion given by Jemmer , this reference 
to specific spectra, as well as the possibili ty of further 

general isat ion of the app roach , are completely omit ted, 
which results in the s ta tement acquir ing a s tatus of 
universali ty absent in the original. 

In fact, the most extended and comprehensive formula­
t ion of the combina t ion principle is given by Ri tz in his 
general review of 1909 on 'Linear spectra and the s t ructure 
of a t o m s ' (Ref. [10], paper XI in [1]). It is difficult to judge 
to wha t extent this review can be considered as a complet ion 
of tha t 'prel iminary commun ica t i on ' [8], which was p u b ­
lished by Ri tz in 1908. Perhaps , the initial p lans were 
significantly altered by tha t t ragic 'Ze i tno t ' which accom­
panied the scientist in the last year of his life. In any case, 
the two publ ica t ions on tha t subject are chronological ly 
immediately next to each other . One cannot agree with 
F o r m a n in assessing this review as a ' semi-popular art icle ' 
(Ref. [31], p . 479) and s imultaneously should no te tha t 
F o r m a n does no t cite Ri tz ' s original formula t ions fully 
nor in the context of the review itself. 

The general review by Ri tz [8] conta ins a qui te r igorous , 
a l though most ly quali tat ive presenta t ion of the p rob lem 
outl ined by the title 'on the basis of the magnet ic mode l ' . 
The review comprises five small sections. 

1. General isa t ions . N e w empirical laws. 2. Hypothes i s 
of a tomic fields. 3. Hydrogen spectra. Series. 4. A n o m a l o u s 
Zeeman effects. 5. Other m e t h o d s of explanat ion. Conc lu­
sions. 

The first section is of special interest. R i tz per forms a 
short analysis of spectral regulari t ies on the basis of 
Ba lmer ' s , Rydbe rg ' s and his own formulas . The section 
is ended by the following general conclusion: '... it is seen 
tha t : 

1. Simple rules always depend on 1/A, i.e. the frequency; 
2. On infinitely increasing one or another of the 

integers, the frequencies obta ined tend to a limit; 
3. Each of the two te rms of the formula is independent 

to a certain extent, and the spectral lines are obta ined by 
combining such t e rms ' (Ref. [1], p . 173). 

One can part ia l ly agree with F o r m a n in tha t the 
combina t ion principle 'was no t formulated too precisely' 
(Ref. [31], p . 479). However , as it seems to us , the 
formulat ion given in the appendix to the review cited 
above m a y lay claim to the s tatus of au thorsh ip b o t h 
owing to its generali ty and because it be longs fully to Ri tz 
and was publ ished by him. 

Thus , the confi rmat ion of the combina t ion principle as a 
general spectroscopic law seems quite na tu ra l in R i t z ' s 
app roach if one takes into account tha t , by relying u p o n 
the magnet ic a tomic model , Ri tz considered the formulas he 
used not as empirically established, as in Rydbe rg ' s case, 
bu t as theoretical ly justified relat ionships . The works by 
Rydberg , as we ment ioned in Section 2, completed, at the 
end of the 19th century, the first stage in establishing 
spectral regularit ies on the basis of empirical and semi-
empirical schemes. The works by Ri tz should be considered 
as a complet ion, in the first decade of the 20th century, of 
a t t empts to p rov ide theoret ical justification for such 
regularit ies on the basis of classical ideas. The app roach 
by Ri tz is tha t of a typical theoret ical physicist. 

Unfor tuna te ly , this impor t an t par t of R i t z ' s career is 
very poor ly described by the historical scientific l i terature. 
The paper by F o r m a n [31] makes up tha t deficiency to a 
certain bu t qui te insufficient extent. It should be stressed 
tha t Bohr was undoub ted ly well acquain ted with R i t z ' s 
studies, and in par t icular , with the in t imate connect ion 
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between the magnet ic a tomic mode l and the justif ication of 
the combina t ion principle. It is no mere chance tha t in his 
repor t of 1954 on T h e discovery of the spectral laws by 
R y d b e r g ' dedicated to R y d b e r g ' s centennial [122], Bohr 
gave an extensive appra isa l of this direction of R i t z ' s 
invest igations (see the a u t h o r s ' paper [51], p . 155 | ) , dur ing 
which Bohr stresses the ingenuity of Ri tz ' s a t t empts to 
explain the spectral rules on the basis of the idea of a tomic 
magnet ic fields, and the failure of these a t tempts . Bohr 
specially notes the establ ishment by Ri tz in 1908 of 'a 
general law, k n o w n n o w as Rydbe rg -R i t z ' s combina t ion 
principle, according to which the wave n u m b e r for any 
spectral line can be represented in the form v = Tx — T2, 
where T\ and T2 are two te rms from a sample of t e rms 
characterist ic for the given a t o m ' (Ref. [59], p . 473). It is 
qui te clear tha t B o h r ' s appra isa l did no t have a r e t ro ­
spective character , bu t reflected his react ion to R i t z ' s works 
at the t ime he was developing the q u a n t u m theory of a tomic 
spectra. As is well known , in an interview Bohr gave to 
Rosenfeld and K u n short ly before his death (see Ref. [123], 
p . 172), he said tha t at the beginning of 1913 I found the 
hydrogen spectrum. I had just been reading S tark ' s b o o k 
and at tha t m o m e n t I felt tha t n o w we see just h o w the 
spectrum arises ' . The story goes tha t Bohr found out abou t 
Ba lmer ' s formula for the first t ime and read a b o o k by 
Stark 'Principles of A tomic Dynamics ' , pa r t II , 'E lementary 
Processes of R a d i a t i o n ' [124]. In S ta rk ' s b o o k 'S t ructura l 
Character is t ics of Opt ical Frequencies ' , the section 'Spec­
t ra l series ' , chapter II , considered in detail the Balmer series 
and spectral line series according to R y d b e r g and Ritz , 
whose papers are proper ly referenced. In par t icular , Stark 
writes abou t the spectral formulas of R y d b e r g such as 
v = v(n, fi) — v(m, K) depending on two variable integers n 
and m and cites the paper by Ri tz 'On the new law for 
spectral series', no t ing tha t ' this is a cont r ibut ion by Ri tz [8] 
t owards unde r s t and ing the actual mean ing of R y d b e r g ' s 
ideas ' (Ref. [124], p . 51). 

The impor t an t role R i t z ' s works on the combina t ion 
principle played when Bohr formulated his famous fre­
quency condi t ion in the first pa r t of his ' t r i logy' (Ref. [119], 
p . 9 0 - 9 1 ; see also B o h r ' s paper 'On the spectrum of 
hydrogen ' , [119], p . 160), is no t in doubt . At the same 
t ime, it is na tu ra l to assume tha t B o h r ' s knowledge of R i t z ' s 
a t t empts to mode l the spectral laws theoretical ly on the 
basis of classical ideas s t rengthened Bohr ' s convict ion of the 
inapplicabil i ty of this me thod for describing a tomic 
s t ructure and its interact ion with rad ia t ion . 

5. Conclusion 
The range and s tandard of Ri tz ' s scientific research, as well 
as his substant ia l cont r ibut ion to the development of 
physics and mathemat ics , all p rovide g rounds to speak of 
h im as one of the ou t s t and ing representat ives of the 
generat ion of theoret ical physicists which included Ein­
stein, Bohr and Ehrenfest . R i t z ' s studies in a tomic 
spectroscopy completed the p r e - q u a n t u m development 
per iod of one of the most impor t an t topics in physics at 
the beginning of the 20th century. 

In the field of a tomic spectroscopy, Ri tz ' s first con­
t r ibut ion was in ob ta in ing the correct series formulas , 

fNote that in that article Ref. [5] to Bohr 's report (as well as Refs [6] 
and [7]) were omitted from the list of references. 

including the correct ions, and in establishing their univer­
sal applicabil i ty in all the range of the optical spectrum 
available at tha t t ime. The second very impor t an t result was 
the formulat ion of the combina t ion principle as a general 
spectroscopic law. The spectroscopic works by Ritz , 
especially his thesis, include all necessary criteria of a 
developed theoret ical study: clear s ta tement of the p r o b ­
lem, resonance choice of the initial model , logical use of the 
ma themat ica l m e t h o d s which were developed. Therefore the 
fact tha t the wel l -known Ba lmer ' s and R y d b e r g ' s series 
formulas , as well as a general isat ion of the latter found by 
Ri tz himself, appeared as a purely ma themat ica l conse­
quence of the mode l in use, gave them definite theoret ical 
s tatus. It was after R i t z ' s studies tha t the use of formulas 
with a fixed differential s t ructure and a characterist ic 
dependence of each of the two te rms on the square of 
an integer became the convent ional means for describing 
the observed spectral regularit ies, which, in tu rn , s t imulated 
the appea rance of B o h r ' s initial q u a n t u m theory with its 
frequency condi t ion. 

Ri tz did no t use q u a n t u m ideas at all; his studies were 
based exclusively on the ideas and m e t h o d s of classical 
physics, which, certainly, m a d e the basis of his theory 
inadequa te for the physical p rob lem he was considering. 
However , in his works he succeeded in expressing a number 
of physical concepts which were refined and fully correct 
qualitatively, and separate details of his app roach strikingly 
ant ic ipated some features of the q u a n t u m descript ion. 

All of tha t , in our opinion, shows tha t R i t z ' s p r e m a t u r e 
decease undoub ted ly deprived physics of a possible active 
developer of the a tomic q u a n t u m theory. Exact ly this idea 
was expressed by Sommerfeld in a letter to Ehrenfest on 
N o v e m b e r 16, 1916, concerning q u a n t u m prob lems on 
which, as is well known , he was actively engaged at tha t 
t ime. In tha t letter, having expressed deep regret for R i t z ' s 
early death , Sommerfeld in wro te par t icular : '... his rich 
imaginat ion, his enthusiasm to master the p rob lem, no t 
hampered by a too critical approach , would be very 
appropr i a t e he re ' (see Ref. [25], p . 291). 

It appears certain tha t the fundamenta l works by Ri tz 
on a tomic spectra theory deserve to t ake their p roper place 
in the his tory of physics. 

The au tho r s feel deeply indebted to E A To lkachov for 
n u m e r o u s construct ive discussions of the p rob lems touched 
u p o n in the present article. 
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