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Abstract. The physical proper t ies of a toms , molecules, and 
solids in the u l t rahigh magnet ic fields B > 10 9 G tha t are 
believed to exist on the surface of neu t ron stars are 
discussed. In these fields, a t o m s are strongly deformed and 
elongated a long the magnet ic field lines; the b ind ing energy 
and ionising energy of the a t o m s are substant ial ly increased 
and the in tera tomic interact ion is dramat ica l ly changed. 
This strongly modifies the proper t ies of mat te r at the 
surface of magnet ic neu t ron stars which are crucial for 
model l ing the pulsar magne tosphere . A scenario for 
magne to sphere evolut ion is p roposed which suggests free 
emission for a y o u n g pulsar and s t rong b inding of the 
mat te r to the surface at a later stage. This latter stage is due 
to strongly b o u n d chains of a l ternate heavy a toms and 
light a t o m s accreted on the surface of the star. 

1. Introduction 
1.1 H i g h and ultrahigh magnetic fields 
There are a variety of wel l -known effects of magnet ic fields 
in var ious areas of physics. A s t rong magnet ic field can 

M A Liberman P L Kapitza Institute for Physical Problems, Russian 
Academy of Sciences ul. Kosygina 2, 117334 Moscow; Department of 
Physics, University of Uppsala, Box 530, S-75121 Uppsala, Sweden 
Tel. (4618) 18 31 02, Fax (4618) 55 49 17 
E-mail: mishal@snobben.teknjkum.uu.se 
B Johansson Department of physics, University of Uppsala, Box 530, 
S-75121 Uppsala, Sweden; Tel. (4618) 18 36 23, Fax (4618) 18 35 24 

Received 21 October 1994 
Uspekhi Fizicheskikh Nauk 165 (2) 121-142 (1995) 
Translated by Yu V Morozov; edited by J R Briggs 

magnet ise a piece of meta l and influence the electric 
conduct ivi ty of metals or semiconductors . S t rong magnet ic 
fields are indispensable if the rmonuc lear p lasma is to be 
confined and thermal ly insulated. Magne t i c fields are 
referred to as being s t rong if their effects br ing abou t 
ma rked changes in the proper t ies of mat te r , e.g. electric 
conductivi ty, diffusion, etc. However , the definition of 
' s t rong ' magnet ic field in all such cases remains obscure. 
Whe the r a magnet ic field should be considered weak or 
s t rong depends on its effect on the system and its 
characterist ic pa ramete r s , tha t is, density, t empera tu re , 
etc. F o r example, the effect of magnet ic field on a 
ferromagnet is a collective effect tha t is dependent on a 
large number of e lementary magnet ic m o m e n t s . 

Magne t i c field effects on electric and the rmal con
ductivity, diffusion, and other kinetic pa ramete r s , are 
identified by minor deviat ions from equil ibrium. F o r 
instance, the effect of magnet ic field on p lasma t r anspor t 
coefficients depends on the rat io of electron collision 
frequency v e to the L a r m o r frequency of electron ro ta t ion 
in a magnet ic field 

eB 7 coc= « 1.76 x 10 7 /i . 
mec 

In the case of p lasma, the magnet ic field m a y be 
regarded as s t rong if ve/coc <̂  1. Tak ing into account the 
electron collision frequency in a total ly ionised p lasma 

4V2ne4Z2niA 

3^ 
. 3 / 2 

2.85 x 10" 
A Znt 

To p / 2 ' 

where Z is the ion charge and A is the C o u l o m b logar i thm, 
one can obta in the following condi t ion for the s t rong 
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magnet ic field: 

£ > 1 . 6 X 1 0 - 1 2 ^ 4 T 2 -10 r 3 / 2 
1 e 

In this expression and those below, t empera tu re is given in 
electron-volts, magnet ic field in Gauss , and density in c m -

(if not stated otherwise). Therefore, given typical p a r a 
meters of the l abo ra to ry the rmonuc lear p lasma (i.e. 
n ~ 1 0 1 6 c m - 3 , T ^ 5 k e V ) , ' s t rong ' magnet ic fields are 
those of the order of 10 k G , whereas in the case of 
cosmic interstellar p lasma, even magnet ic fields of the order 
of 1 G should be regarded as very s t rong. 

It should be emphasised tha t it is impossible to develop 
an absolute classification of the s trength of magnet ic fields 
in the f ramework of classical physics. Such a classification is 
only feasible in q u a n t u m physics where it follows from the 
compar i son between the magnet ic m o m e n t energy 

eh n fiB=- B 
2mec 

and the characterist ic energy of the system or the part icle. 
Magne t i c field which affects spin or ienta t ion of electrons or 

a t o m s in a gas with t empera tu re T is defined by the condi t ion 

HB>kBT, or B/G > 1.49 x 10 4 T / K (1.1) 

Magne t i c fields in which the energy of a magnet ic m o m e n t 
\iB is higher t han the characterist ic b ind ing energy of a toms 
or molecules (of the order of R y = mee4/2h2), tha t is fields 
such tha t 

B > BQ 

2 3 
mee c 2.35 x 10 y G (1.2) 

marked ly influence the a tomic and molecular s t ructures 
and their b inding and ionisat ion energies. In a magnet ic 
field such tha t the rad ius of the electron orbit for the lowest 
L a n d a u level p 0 = (fic/eB)1^2 is less t h a n the C o m p t o n 
length of the electron wave, tha t is if the condi t ion 

fiB>mec\ B>B13 

2 3 

eh 
: 4 . 4 x l 0 1 3 G , (1.3) 

is satisfied, relativistic effects become impor t an t . A 
magnet ic field B ^ Bu has a ma rked effect on the 
p ropaga t i on of e lectromagnet ic waves in vacuum: vacuum 
is polarised, while e lectrodynamics in such magnet ic fields 
becomes nonl inear . Relativistic effects in magnet ic fields 
B ^ 1 0 1 3 G (specifically the effect of a s t rong magnet ic 
field on p-decay and inverse p-decay, i.e. electron cap ture 
by the nucleus) have been examined in Ref. [1]. Effects of 
such a field on the neut r ino flow emitted by a neu t ron star 
appear to be of special interest [2]. 

F u r t h e r discussion will be limited to nonrelat ivist ic 
effects and events in u l t rahigh magnet ic fields which are 
characterist ic of neu t ron stars. In other words , we shall 
proceed from the assumpt ion tha t Bu > B ^> B9. N o t e tha t 
Bu = a _ 2 B 9 , where a = e2/He is the fine s t ructure constant . 

The objective of the present review is to examine the 
physical proper t ies of mat te r in the u l t rahigh magnet ic 
fields usual ly generated at the surface of neu t ron stars, on 
the assumpt ion tha t the magnet ic fields satisfy inequali ty 
(1.2). In such magnet ic fields, the distance between L a n d a u 
levels is significantly greater t han the energy of the 
C o u l o m b interact ion between electrons and nuclei. Elec
t ron shells undergo complete res t ructur ing, a t o m s t ake the 
shape of thin tubules stretched paral lel to the magnet ic field 

lines, and electron spins are oriented strictly against the 
magnet ic field. Specific features of the interact ion between 
completely polar ised and grossly deformed a t o m s account 
for the creat ion of mat te r with significantly new and 
unusua l proper t ies . Depend ing on the q u a n t u m state of 
the a t o m s (i.e. g round or weakly excited state), they m a y 
exhibit either weak interact ion leading to the format ion of a 
Bose-condensate and t rans i t ion to superfluidity, or s t rong 
in tera tomic interact ion which is sufficient to form long 
polymeric chains of molecules and crystals with high 
b inding energy. 

It should be emphasised tha t Bose condensa t ion is 
theoretical ly feasible for spin-polarised hydrogen [ 3 - 5 ] 
provided inequali ty (1.1) is satisfied. Such magnet ic fields 
are achievable under l abo ra to ry condi t ions where inequali ty 
(1.1) is satisfied for fields of several Tesla, at T ^ 1 K. 
However , the gas of spin-polarised hydrogen a t o m s is 
the rmodynamica l ly uns tab le with respect to r ecombina 
t ion, which gives rise to hydrogen molecules in the 
g round state showing enormous ly high b ind ing energy 
(4.6 eV) compared with \iB. F o r this reason, Bose con
densat ion of spin-polarised hydrogen is possible only at 
sufficiently low density, and hence at very low tempera tu re . 

Of special interest under terrestr ial condi t ions are 
excitons, for which the ul t rahigh magnet ic field condi t ion 
(1.2) takes the form 

B Be 

s2H3 
(1.4) 

In this s i tuat ion, the strength of an u l t rahigh magnet ic field 
depends on the proper t ies of the semiconductor . The 
magnet ic field for excitons becomes al ready 'u l t rah igh ' if its 
s t rength is of the order of 1 T, owing to the small effective 
mass m e f f and large dielectric cons tant s (part icular ly for 
di rect -band semiconductors) . F o r example, the field for G e 
is s t rong at 9 kG or higher whereas the field for InSb m a y 
be considered s t rong s tar t ing from 2 k G . Modif ied 
proper t ies of excitons in u l t rahigh magnet ic fields can be 
responsible for new, interesting physical p h e n o m e n a . Owing 
to a m a r k e d rise of the exciton b ind ing energy in a high 
magnet ic field, the exciton fluid acquires the proper t ies of a 
quasi- ideal Bose-gas which can give rise to Bose condensa
t ion, superfluidity of the exciton fluid, format ion of exciton 
crystals, etc. N o t e tha t the format ion of a Bose condensa te 
of excitons in a high magnet ic field is possible up to a density 
of the exciton liquid greater by a factor of (B/Bex) In (B/Bex) 
t han the m a x i m u m density of excitons a$ for which the 
Bose condensa t ion is possible wi thout a magnet ic field. F o r 
higher exciton densities, when the overlap of the wave 
functions of excitons becomes noticeable, the g round state 
of the system will be an electron-hole liquid instead of the 
Bose condensa te [101]. These effects are interest ing no t only 
for basic physics bu t also for the development of 
semiconductors with new unusua l proper t ies , such as 
super t ransparency, super thermal conductivi ty, etc. [6, 7]. 

1.2 Pulsars — rotating magnetic neutron stars 
A n y o n e dealing with physical aspects of magnet i sm would 
consider magnet ic fields of 1 0 1 2 to 1 0 1 3 G ut ter ly 
unrealist ic, if no t fantastic"}". However , in 1967, a C a m -

fMaximal pulsed magnetic fields available in the laboratory can reach 
25 M G s for explosive magnetic generators [1] and 40 M G s for pinch 
plasma linear compression of magnetic flux [9, 10]. 
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br idge group of a s t ronomers repor ted the discovery of 
pulsars , tha t is ro ta t ing magnet ic neu t ron stars, having at 
their surface incredibly high magnet ic fields of a r o u n d 
1 0 1 2 - 1 0 1 3 G [11, 12]. Since then, studies of the proper t ies 
of mat te r in such u l t rahigh magnet ic fields have exceeded 
the b o u n d s of a purely academic p rob lem. 

The discovery of pulsars was a signal success of b o t h 
a s t ronomy and theoret ical physics. The existence of neu t ron 
stars had been predicted long before the first pulsar was 
found [13, 14]. Interestingly, only a few m o n t h s before 
Hewish and co-workers first repor ted their pulsar discovery 
in Nature, this j o u r n a l had publ ished a paper [15] in which 
the possibili ty of the generat ion of regular e lectromagnet ic 
pulses by rapidly ro ta t ing magnet ic neu t ron stars was 
in t roduced. In fact, pulsars appear to have been first 
invented by theoret ic ians and only af terwards proved to 
be existing entities. 

Very soon after pu lsars had been discovered, it was 
deduced, following a mos t trivial line of reasoning, tha t 
they were actual ly rapidly ro ta t ing magnet ic n e u t r o n stars 
[16]. It was equally clear tha t such stars h a d to have 
extended a tmosphe re because of the enormous ly high 
electric field 

QRB « 1 0 1 2 V c m " 1 (1.5) 

s trongly degenerate neu t ron fluid with the density n in a star 
of rad ius R: 

P N = ^ / 3 « « ^ (1.6) 
K 

(where N is the to ta l n u m b e r of neu t rons) with gravi ta
t ional pressure 

PP^G 
M 

(1.7) 

where G = 6.67 x 10 8 dyn c m 2 g 2 is the gravi ta t ional 
cons tant . In this case, the mass of the neu t ron star is 

1 (Tic 3/2 

(1.8) 

where m n is the neu t ron mass and M 0 is the mass of the 
sun. Densi ty at the centre of the neu t ron star m a y be 
expressed as 

1 0 1 6 g c m " 3 

(4TI/3) (H/mneY 

whence the rad ius of the neu t ron star is 

Mr 
1 /3 

IQ-5RK W 10 6 cm . 

(1.9) 

(1.10) 

near their surface, which is normal ly induced by the 
ro ta t ion of a highly magnet ised neu t ron star with rad ius R 
and ro ta t ion frequency Q. Actual ly, even if in the Vacuum 
a p p r o x i m a t i o n ' a pulsar generates magne tod ipo le emission 
(as it does in vacuum) , all current ly k n o w n pulsars m a y be 
expected to have QB values in the range 1 0 1 2 to 1 0 1 4 . In 
other words , the electric force tha t acts on a charged 
part icle on the surface of a pulsar with pulsar mass close to 
tha t of the sun ( M 0 = 1.99 x 10 3 3 g ) and rad ius 
1 0 " 5 / ? o « 1 0 6 c m (RQ = 6.96 x 1 0 1 0 c m ) is est imated as 
being seven or eight orders of magn i tude higher t han 
the gravi ta t ional force. 

H u g e magnet ic fields of neu t ron stars (about 1 0 1 1 -
1 0 1 3 G ) are formed in the course of their evolut ion. 
Accord ing to stellar evolut ion theory, a neu t ron star — 
i.e. the final phase of the evolut ion — is the p roduc t of a star 
with initial mass near the C h a n d r a s e k h a r limit of 
1 . 5 M 0 ^ M ^ 3 M 0 which has exhausted its the rmonuc lear 
energy and collapsed. Such stars are believed to be largely 
composed of i ron a t o m s since it is k n o w n tha t a t h e r m o 
nuclear react ion becomes an endothermic react ion with 
elements heavier t han 5 6 F e [17]. 

A typical scenario for the format ion of a neu t ron star 
normal ly implies the concurrent explosion of a supernova. 
The mos t ' f amous ' pulsar , PSR-0531 + 21 , can be seen in the 
Crab nebula exactly where Chinese a s t ronomers observed 
the br ight explosion of a supernova in 1054. This pulsar has 
a ro ta t ion per iod of P w 0.033 s. R o t a t i o n per iods of m o r e 
t han 1000 current ly k n o w n pulsars are in the range 0.015 to 
3.74 s [18]. 

Grav i t a t iona l compress ion at the incredibly high den
sities in the centre of a star makes electron cap ture by 
p r o t o n s as a result of the react ion p + e" —> v e + n energet
ically favourable . The ba lance of pressure between the newly 
formed degenerate neu t ron fluid and the gravi ta t ional field 
accounts for the star reaching equil ibrium and compress ion 
being te rminated . The mass of a neu t ron star in equil ibr ium 
can be easily est imated by equat ing the pressure of the 

At high t empera tu re and electric conduct ivi ty of the 
stellar mat te r , the initial magnet ic field is compressed 
dur ing collapse, frozen in the mat te r , and grows as 

(1.11) 

where (B0, R0) and (BN, RN) denote the initial and the final 
values of the magnet ic field and radius , respectively. Hence , 
for typical stellar magnet ic fields of abou t 1 0 2 - 1 0 3 G, the 
magnet ic field of a pulsar mus t be approximate ly 1 0 1 2 -
1 0 1 3 G, in agreement with the observed values. 

It is wor thwhi le to no te tha t the m a x i m u m value of the 
magnet ic field for a neu t ron star can be est imated by means 
of the virial theorem and the assumpt ion tha t a star of 
rad ius R has magnet ic energy ( 5 2 / 8 T C ) X 4 T L R 3 / 3 identical to 
the gravi ta t ional energy GM2/R . Hence , the m a x i m u m 
magnet ic field of the neu t ron star m a y be described as 

-2 

BN M n \R 
G . 

Interestingly, magnet ic fields (unlike electric fields) have 
no upper limit on m a x i m u m value because of their 
conservat ism. However , since the ro ta t ion of a neu t ron 
star induces electric field E w c~LQRB, the upper limit on 
this field implies tha t the m a x i m u m value of the pa ren t 
magnet ic field must likewise be limited. Hence , the highest 
magnet ic field in pulsars p resumably can hard ly exceed 
B ^cEMAX/QR ~ 1 0 1 5 G . 

The surface t empera tu re of newborn neu t ron stars is 
extremely high. However , the stars cool down very quickly 
owing to intense emission. F o r this reason, the surface 
t empera tu re of even relatively young neu t ron stars must be 
a r o u n d 100 eV. Older neu t ron stars (over one million years 
of age) are likely to have surface t empera tu res of 1 0 - 2 0 eV. 

H u g e magnet ic fields ( B ~ 1 0 1 2 G > B9) are responsible 
for gross deformat ion of a t o m s in the thin surface layer of 
neu t ron stars, which results in complete res t ructur ing of the 
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a tomic shells and d ramat ic a l terat ion of the in te ra tomic 
interact ion. Specifically, b ind ing energy and ionisat ion 
poten t ia l of the a t o m s are greatly increased as compared 
with those observed under n o r m a l terrestr ial condi t ions . 
This accounts for the high a b u n d a n c e of neu t ra l a toms even 
at the fairly high t empera tu res at the surface of a neu t ron 
star. The proper t ies of mat te r on the surface undergo 
equally p r o n o u n c e d changes. F o r instance, hydrogen 
a t o m s normal ly show s t rong interact ion giving rise to 
molecules with b inding energy of abou t 4.5 eV and they 
solidify forming a crystal at sufficiently low tempera tures . 
However , interact ion between these a toms becomes weaker 
following their complete polar isa t ion in the magnet ic field 
B ^> B9. Moreover , total ly polar ised hydrogen a t o m s appear 
to acquire certain proper t ies of hel ium. G a s of completely 
polar ised hydrogen a t o m s in the g round state fails to solidify 
even at zero t empera tu re . Indeed, it can form a Bose 
condensa te and become superfTuid at low tempera tures . 

Proper t ies of mat te r and heavy a t o m s are also subject to 
ma rked al terat ion in u l t rahigh magnet ic fields. A t o m s in the 
g round state exhibit weak interact ion when polar ised in a 
high magnet ic field. This suggests tha t the surface layer of 
neu t ron stars should be composed either of fluid or of gas. 
The b inding energy of the mat te r on the stellar surface is 
comparab le with the surface t empera tu re and is evidently 
smaller t han the distance between the L a n d a u levels 
\iB ~hcQc& 11.7 keV at B = 1 0 1 2 G. At the same t ime, 
excited a toms can be strongly interact ing and assemble into 
molecules, long polymeric chains, and crystalline s t ructures 
with b inding energies considerably exceeding those of 
o rd inary molecules and solids. It is wor thwhi le to no te 
tha t the effects of magnet ic fields on the proper t ies of stellar 
mat te r are apparen t only in the thin surface layer of neu t ron 
stars (about 1 m thick). Such effects are less conspicuous as 
the density of deeper layers grows and the mean distance 
between electrons HQ1^3 becomes smaller t han their cyclo
t ron radius at the lowest L a n d a u level, tha t is at densities 
where the F e r m i t empera tu re %2n2^/me exceeds the m a g 
netic energy \iB. The cor responding density for the 
magnet ic field B ~ B12 = 1 0 1 2 G is abou t 10 6 g c m - 3 . 

It should be emphasised tha t the state of the stellar 
mat te r in u l t rahigh magnet ic fields at the surface of a 
neu t ron star surface remains to be elucidated. At the same 
t ime, the proper t ies of the surface mat te r are crucial for 
b o t h the theory of the pulsar magne tosphere and for 
unde r s t and ing the na tu re of its emission. Moreover , this 
knowledge is indispensable for model l ing the m a g n e t o -
sphere of pulsars . Indeed, ro ta t ion of a magnet ised star 
p roduces an electric field with a componen t which is paral lel 
to the magnet ic field lines which can accelerate electric 
charges up to relativistic energies. These part icles are 
t hough t to fill the pulsar magne tosphere and account for 
its e lectromagnet ic rad ia t ion . 

In early studies [19, 20] it was hypothesised tha t the 
s t rong in tera tomic interact ion at the surface of a star m a y 
be responsible for the format ion of mat te r with very high 
b inding energy and work function (in excess of 3 keV) 
which can completely block the release of mat te r from the 
star. In such a case, a vacuum gap is likely to form near the 
surface in which a large pa r t of the electric po ten t ia l 
Acp ~ 1 0 1 2 V is developed. B reakdown in the gap results 
from the cascade process of format ion of e l e c t r o n - p o s i t r o n 
pai rs [21] or from their p roduc t ion by y-quanta [22, 23]. 
The theory of the pulsar magne tosphere for the case of 

stellar mat te r completely t r apped in the surface layer has 
been examined at greater length in m o n o g r a p h [24]. 

D u r i n g the last 10 years, different au tho r s [ 2 5 - 2 9 ] have 
demons t ra ted tha t in the case of a toms completely polar ised 
in a s t rong magnet ic field, in te ra tomic in teract ions are 
much weaker , and hence b inding energy and work function 
are lower (always be low 1 keV), t han they were believed to 
be in earlier studies. Therefore, models assuming large work 
function and complete t r app ing of charged particles appear 
to be lacking in self-consistency [ 3 0 - 3 2 ] . 

If the work function is small, a 'free-emission' mode l of 
the pulsar is applicable which implies tha t the domains 
where the magnet ic lines are closed are filled with p lasma 
whereas in the domains with open magnet ic lines, release of 
part icles is very near to the limit associated with the entire 
screening of the electric field in this domain [33, 34]. It cannot 
be ruled out tha t other processes, e.g. e lec t rohydrodynamic 
instabili ty [35], also affect the s t ructure of the pulsar 
magne tosphere . 

It m a y be concluded tha t s t ructura l features of the 
magne tosphere largely depend on the scenario of charge 
outflow, which actually occurs. Therefore, unde r s t and ing 
the physical proper t ies of the surface mat te r in a s t rong 
magnet ic field is of p a r a m o u n t impor tance for pulsar 
physics. 

Accord ing to stellar evolut ion theory, the surface of a 
neu t ron star is composed of heavy elements, in the first 
place of i ron a toms . However , neu t ron stars are believed 
eventually to contain light a t o m s as well (especially those of 
hel ium) owing to their accret ion from the interstellar space 
or from a compan ion star (in the case of b ina ry stars) [36, 37]. 
This process should be accompanied by sinking of heavy 
a toms , with light ones remain ing at the surface. Therefore, 
'o ld ' neu t ron stars can be expected to have b o t h their 
a tmosphere and their surface grossly enriched with h y d r o 
gen and hel ium at relatively low surface t empera tu res 
(10 eV) whereas the surface of 'younger ' stars must be 
largely composed of i ron at the surface t empera tu re of 
abou t 100 eV. Thus , the proper t ies of mat te r in a s t rong 
magnet ic field are of great interest whether it consists of 
light a t o m s or heavy ones. 

It is equally conceivable tha t an in termedia te scenario 
applies as regards certain pulsars , in compliance with the 
mode l of the magne tosphere with free emission at the 
beginning of the pu l sa r ' s life or the mode l with t r apped 
emission for older pulsars if the b ind ing energy of the lattice 
of a l ternate heavy and light a t o m s is sufficiently high. 

2. Hydrogen atom in an ultrahigh magnetic field 
The p rob lem of the hydrogen a tom in u l t rahigh magnet ic 
fields was first examined in connect ion with the behaviour 
of hydrogen-l ike excitons (the so-called V a n i e - M o t t 
excitons) in semiconductors placed in a s t rong magnet ic 
field [ 3 8 - 4 0 ] . It the case of hydrogen-l ike excitons in a 
semiconductor the 'u l t rah igh ' magnet ic field is actually no t 
very high because of the small effective mass of the electron 
and high dielectric permeabi l i ty of the semiconductor . F o r 
excitons in InSb , for example, a magnet ic field of 2 kG is 
readily available in the l abora tory , cor responding to a 
magnet ic field B9 = 2.35 x 10 9 G for a hydrogen a tom. 

The nonseparabi l i ty of the Schrodinger equat ion for an 
electron in a combined uniform magnet ic field and the 
C o u l o m b field makes it impossible to obta in an exact 
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solut ion even for such a simple p rob lem as the hydrogen 
a tom in a uni form magnet ic field. This p rob lem has been a 
challenge to novel m e t h o d s of pe r tu rba t ion theory as well as 
other me thods , including the var ia t ional approach , the 
adiabat ic approx imat ion , etc. This is by no means the 
case for the quadra t i c Zeeman effect, and the p rob lem 
becomes qui te difficult when the two field s t rengths are 
comparab le . There are difficulties with the classification of 
the energy te rms even for a weak magnet ic field (linear 
Zeeman effect) — despite n u m e r o u s investigations (includ
ing pe r tu rba t ion , semiclassical and q u a n t u m calculat ions, 
and numer ica l calculat ions), it is no t yet possible to predict 
even quant i ta t ively the evolut ion of a rb i t ra ry energy levels 
as a function of magnet ic field strength from the zero-field 
limit for the regime where the magnet ic field is comparab le 
with C o u l o m b fields. So far, the quadra t i c Zeeman effect 
and the general p rob lem of a hydrogen a tom in a magnet ic 
field labelled as ' t rouble with hyd rogen ' remain one of the 
major unsolved basic p rob lems of a tomic physics. The 
intrinsic theoret ical interest of such a p rob lem together 
with its obvious appl icat ions to a tomic spectroscopy, 
astrophysics , and the physics of semiconductors have 
generated a great deal of interest in the subject. A good 
general review of the Zeeman effect up to 1977 has been 
given by G a r s t a n g [53], while m o r e specialised articles have 
appeared in Refs [ 4 9 - 5 6 ] . 

F o r the limiting case of a very high magnet ic field 
the solution of the p rob lem can be easily obta ined with 
logar i thmic accuracy (see also Ref. [41], p . 112 and p r o b 
lems 1 - 3 ) . The distance between L a n d a u levels Hcoc in 
u l t rahigh magnet ic field B B9 is much greater t han the 
energy of C o u l o m b interact ion, which is equivalent to the 
condi t ion 

2 

— <| Hcoc 

a0 

(2.1) 

where a0 = H2 /mee2 is the Bohr radius . This condi t ion 
implies tha t the electron is at the lowest L a n d a u level while 
the a tom undergoes deformat ion and tu rns into a thin 
tubule with rad ius p 0 = (Hc/eB)1^2 <^ a0 and length L < a0 

oriented paral lel to the magnet ic field lines. 
The energy of the hydrogen a t o m ' s g round state can be 

est imated from a simple model . Assume tha t the energy of 
the g round state consists of the kinetic energy of mo t ion 
a long the magnet ic field lines (axis z) with m o m e n t u m 
pz w H/L, and the poten t ia l energy of a uniformly charged 
tubule of rad ius p 0 and length L: 

2 m P L 2 L Po 
(2.2) 

By minimising £, it is possible to obta in from Eqn (2.2), 
with logar i thmic accuracy, 

i - 1 AO ' a0 In — , 
Po 

2mQa\ 
In 2 ^ 0 

Po 

(2.3) 

(2.4) 

Formal ly , a m o r e strict solut ion is available by use of 
the so-called ad iaba t ic approx imat ion . Consider the C o u 
lomb interact ion between the electron and the nucleus to be 
a small pe r tu rba t ion of the electron mot ion in a h o m o g e 

neous magnet ic field. The Schrodinger equat ion for the 
hydrogen a tom in a magnet ic field has the form 

( - I V + A ) 2 

r 2 
(2.5) 

Here , it is convenient to use a tomic uni ts e = m e = H = 
c = 1 and express the magnet ic field in uni t s of 
B9 = 2.35 x 10 9 G. Let the axis z be a long the direction 
of the magnet ic field lines and choose the usua l gauge for 
the vector po ten t ia l A = (B x r ) / 2 . In the first order in 
\/B <̂  1, the electron wave function can be presented as 

where 

exp(iw<jo) _ !_ | m | 
^m(p,<p) = ^ Po 

\+np)\ 

2 | m | » p ! | m | ! , 

1 /2 

x p M e X p 
4Pl 

(2.7) 

is the wave function of free t ransverse mo t ion of the 
electron in the magnet ic field [41] a n d / v ( z ) is the solution 
of the Schrodinger equat ion obta ined by averaging 
E q n (2.5) over functions \\in m ( p , cp). Here , p = \/x2 + y2 

is the polar coord ina te in the x-y p lane , cp is the angular 
coordina te , and Pn,m(x) are the Laguer re polynomials . 
N o t e tha t the rad ius of the lowest L a n d a u orbit in a tomic 
uni t s is Po = l/y/B. 

The lowest L a n d a u level at np = m = 0 cor responds to 
the min imum energy state. The cor responding equat ion for 
fv(z) ha s the form 

2 dz: 
+ U(z) fy = £fv (2.: 

where the b inding energy is 

e = \ b - e , 

and the poten t ia l is 

K ! Pliy/p^+z1 V 2P2J 
(2.9) 

F o r the approx ima te solution of E q n (2.8), po ten t ia l 
(2.9) m a y be approx imated by the expression [42] 

U(z): 
1 

+ « + |z| (a + | z | ) 2 ' 
(2.10) 

where the pa rame te r s a and A depend on the magnet ic field 
and the q u a n t u m n u m b e r s np and m. The p rob lem can be 
reduced to the one-dimensional Shrodinger equat ion with 
poten t ia l U(z) t u rn ing to the l d - C o u l o m b poten t ia l at 
distances which m a y be considered great compared with 
the 'size' of the a tom, i.e. at z « 1 > l/y/B. The solution of 
E q n (2.8) with the poten t ia l (2.10) which describes g round 
s t a t e / ( z ) = / v = 0 ( z ) can be expressed th rough the Whi t t ake r 
functions: 

I 
W A, 1/2 (z + Po) (2.11) 
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where symbol a in E q n (2.11) is ana logous to the pr incipal 
q u a n t u m number in the hydrogen a tom prob lem, i.e. 

1 
2a2 

(2.12) 

It is possible to derive an asymptot ic expression for the 
g round state energy. F o r I n B 1, with logar i thmic accu
racy a w l / l n 5 , Eqn (2.12) implies expression (2.4) for the 
g round state energy: 

\n2B (2.13) 

It should be no ted tha t the solution of the p rob lem for 
the b ind ing energy of hydrogen in a s t rong magnet ic field is 
asymptot ic and can be ob ta ined only with logar i thmic 
accuracy. F o r m u l a (2.13) provides only the main term of 
the expansion; no t only is B —> oo required bu t also 
In 5 —> oo. Therefore, for magnet ic fields B = 1 0 1 2 G, 
intrinsic in neu t ron stars, expression (2.13) gives correct 
values of the g round state energy only up to the order of 
magni tude . M a n y au tho r s used different app rox ima te 
approaches tha t allowed hydrogen energy (at B > 1) to 
be est imated with accuracy acceptable for the compar i son 
with the observed values [39, 4 3 - 4 6 ] . However , it appears 
impossible to obta in bet ter t han 20% accuracy of the 
approx ima te formulas if calculat ion m e t h o d s are in one 
way or other based on the approx ima te p rob lem of one -
dimensional mo t ion in a modified C o u l o m b field. 

Since the p rob lem is of great interest in astrophysics , the 
spectrum of a hydrogen a tom in a s t rong magnet ic field has 
been calculated [ 4 7 - 5 1 ] (see also the review of app rox ima te 
and numer ic m e t h o d s in Ref. [52]). Fig . 1 shows the g round 
state b inding energy of hydrogen a t o m s as a function of the 
magnet ic field s trength for the lowest L a n d a u level np = 0, 
m = 0, and for the project ions of orbi ta l m o m e n t u m 
m = 1, 2, 3. F o r the magnet ic field B = 1 0 1 2 G charac ter 
istic of neu t ron stars, the hydrogen ionisat ion potent ia l is 
abou t 160 eV. 

In the g round state, electron spin is t ightly fixed and 
directed against the field. The energy needed for spin flip is 
unusual ly high. Specifically, it a m o u n t s to \iB w 11.6 keVfo r 

Figure 1. Binding energy, £, of the ground state (m — 0) and the first 
excited states of a hydrogen atom for m — 1, 2, 3, as a function of the 
magnetic field strength, B. 

the magnet ic field B = 10 G. Excited states in the discrete 
spectrum arise as solut ions of the Shrodinger equat ion (2.8) 
in the one-dimensional C o u l o m b field and corre-spond to 
the wave functions having zeros at finite z. (The g round 
state wave functions have no zeros in z). The spectrum of 
the excited states of hydrogen in a s t rong magnet ic field is in 
a way reminiscent of tha t of the hydrogen a tom wi thout a 
magnet ic field. £n & — \j2n is the expression for energy 
levels with logar i thmic accuracy. These excited states are 
close to the top of the discrete spectrum, and their b inding 
energy does no t significantly differ from tha t of a n o r m a l 
hydrogen a tom (13.6 eV). Comple te solution of the p rob lem 
of the hydrogen spectrum in an arb i t ra ry magnet ic field 
requires ra ther cumbersome computa t ion [50, 51, 5 3 - 5 6 ] . 

The complete set of q u a n t u m n u m b e r s for hydrogen in a 
s t rong magnet ic field consists of spin project ion sz, L a n d a u 
level number np, the n u m b e r of nodes v of the wave function 
fv(z), and project ion of orbi ta l m o m e n t u m m. The first two 
q u a n t u m n u m b e r s in the g round state at B > 1 are fixed. At 
B > 1, the spin project ion sz = —l/2, which makes it 
possible to restrict examinat ion to the lowest L a n d a u level 
np = 0. In this case, the radia l pa r t of the wave function 
together with the usua l dependence on az imutha l angle is: 

exp(imcp) 

\p2Jk 
1 1 

— exp 
AjhlPo v o / \ 

Unl ike energy for free electron mot ion , which is indepen
dent of the angular m o m e n t project ion, the g round state 
energy shows weak dependence on m [19, 57, 58,], and the 
discrete spectrum conta ins excitat ions cor responding to 
different values of cyclotron rad ius pm = \/2m + l p 0 . 
Respect ive energy values can be obta ined from E q n (2.4) 
after the subst i tut ion p 0 —> pm so tha t 

B 
=o,m ~ " 1 1 1 ^ , , • (2-15) 2 V2m + 1 

N o t e once again tha t analyt ical expressions for the 
energy are in fact asymptot ic formulas derived with 
logar i thmic accuracy, i.e. with I n 5 > 1 at least. F o r this 
reason, they give correct values of b inding energy only to 
within an order of magn i tude . It follows from E q n (2.15) 
tha t the distance between levels m and m + 1 for m > 1 is 
approximate ly 

1 B 9 

(2.16) AS, M, m+1 In 
2m + 1 V2m + 1 

<| l n z £ 

N o t e also tha t the p rob lem for a hydrogen-l ike a tom 
with nuclear charge Z m a y actually be reduced to tha t of 
the hydrogen a tom, t ak ing into account tha t [57, 59] 

E(Z,B)=Z2E(\, A 

3. Hydrogen molecule in an ultrahigh 
magnetic field 
In te ra tomic interact ion in an u l t rahigh magnet ic field and 
the format ion of molecules and b o u n d states is one of the 
most intr iguing p rob lems in pulsar physics. I ts simplest 
version is the p rob lem of the hydrogen molecule in an 
u l t rahigh magnet ic field. 

It should be b o r n e in mind tha t two hydrogen a t o m s in 
the g round state give rise to a system with two molecular 

file:///p2Jk
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terms: singlet ! E and triplet 3 £ [41]. A major cont r ibut ion 
to the in te ra tomic interact ion at large distances is provided 
by the van der Waa l s forces, whereas the exchange 
interact ion plays a key role at smaller distances c o m p a r 
able with the a t o m ' s size. The g round term is ! E while the 
term 3 £ has a higher energy since the coord ina te pa r t of the 
wave function of two electrons for 3 E is ant isymmetr ic , in 
conformity with the Paul i principle, and becomes zero in the 
symmetry p lane of the molecule. In other words , the 
ant isymmetr ic wave function cor responds to the electron 
density dis t r ibut ion (with electrons being located near their 
nuclei) and to the effective repulsion of a t o m s which 
accounts for the m o n o t o n i c growth of the in te ra tomic 
interact ion poten t ia l for term 3 E as the a t o m s d r aw 
together . On the other hand , over lapping of wave functions 
for te rm ! E results in a deep poten t ia l well which leads to 
the format ion of hydrogen molecules at the internuclear 
distance of the order of a0 and the b ind ing energy of a r o u n d 
4.5 eV. 

The si tuat ion dramat ical ly changes in the presence of an 
ul t rahigh magnet ic field where a toms , grossly deformed and 
elongated paral lel to the magnet ic field lines, interact at 
large distances as quadrupoles . The most significant differ
ence is tha t the g round state in this s i tuat ion is te rm Z , 
since a toms in this state have negative addi t iona l energy of 
the order of \iB > Ry . 

In te ra tomic interact ion in b o t h singlet and triplet te rms 
of the hydrogen molecule placed in an ul t rahigh magnet ic 
field can be calculated with logar i thmic accuracy [60, 61]. 
The Shrodinger equat ion for two hydrogen a toms (in 
a tomic units) has the form: 

+ — + - + - a i . B + -avB 
r12 R 2 2 

W = EW (3.1) 

where R is the distance between a tomic nuclei 1 and 2, Ru 

and R2t are distances between the iih electron and nuclei 1 
and 2 respectively, and r 1 2 is the distance between electrons. 
By choosing the gauge for the vector po ten t ia l 
A = {B x r ) / 2 , one can present Eqn (3.1) as 

W( l , 2 ) + ^ B + l-<jrB W = EW , (3.2) 

where 

H{\, 2) = - V ; - W 2 - l B.(r, x V 0 - l - B.(r2 x V 2 ) 

•y— 

Here , axis z is directed a long the magnet ic field lines, and 
a t o m s in the x-y p lane have coordina tes 

R R 
* i , 2 = Ta = T - ^ c o s f l , * i , 2 = Tb = =F^-sin0 , (3.4) 

where 9 is the angle between the molecule axis and the 
direction of the magnet ic field lines, while p\ = y\-\-
+(b+xi)2 and p\ = y\ + (b — x2)2 are the polar coord i 
na tes of electrons 1 and 2, respectively, in the x-y p lane. 

D e n o t i n g the symmetr ic (s) and ant isymmetr ic (a) 
coord ina te pa r t s of the wave function for the singlet and 

the triplet t e rms by Ws and Wa respectively, also t ak ing into 
account tha t for ! E the to ta l spin S = 0 and the g round 
state for 3 E in an ul t rahigh magnet ic field cor responds to 
the to ta l spin project ion S = — 1, one can write equa t ions 
for WK and 5* as 

tt(l,2)y8=£8!P8, 

W( l , 2) 
1' 

(3.5) 

(3.6) 

It is convenient to rewrite these equa t ions for Ws and Wa as 
a single equat ion in t roducing £ s l = Es — l /pjj- Then , 

H{\, 2 ) - l 
P o . 

W — F 1 W 
± s,a ^ s l , a ± s,a 

(3.7) 

Us ing the app roach described in [62, 63], one can obta in 
asymptot ical ly accura te expressions for the difference 
between energies of singlet and triplet t e rms owing 
to the exchange interact ion. To this end, it is necessary 
to examine the functions Wx = (Ws + Wa)/2 and 
W2 = (Ws — Wa)/2 cor responding to the respective states 
in which each electron at large R is located near its own 
nucleus. 

F u n c t i o n s Wx and W2 can be found in the form of the 
p roduc t of wave functions for two hydrogen a toms : 

27iapg 

: , l / 2 

4p? 

'-(a + Zi + p 0 ) 1/2 '-(a-zi + p 0 ) , (3.8) 

where Xi i s a function changing slowly compared with 
the exponent in Eqn (3.8). The equat ion for Xi with 
accuracy up to te rms of the first order of magn i tude in 
a <̂  1 has the form 

1 8 1 
- — — - 1 

ocdzi adz2 R12

 + r 1 2

 + R ' X L ~ 
(3.9) 

(A similar equat ion for Xi is ob ta inable with the 
subst i tut ion 1 <-> 2.) 

Energy splitting in singlet and triplet t e rms is expressed 
th rough the integral of the p roduc t WiW2 over the hyper -
surface S(z\ = z2) in the space {ru r2} [62, 63]: 

is(Z,=Z2) 
(3.10) 

Based on the solut ions of Eqn (3.9) [60] and calculat ing the 
integral in E q n (3.10), the following expression can be 
found for the exchange pa r t of the term splitting energy: 

AE = (ES-B)-Ea 

2R \II B ( 1 
=— ( 2 c o s 0 1 n £ +-RB sin2 9 

c o s z 9 V 2 

x exp -R[ 2 c o s 0 1 n £ + - RB sin2 9 (3.11) 

At distances exceeding the a tomic size a long the 
magnet ic field lines (r^>\/\nB), the in tera tomic inter
action is of the q u a d r u p o l e - q u a d r u p o l e type. Bear ing in 
mind tha t quad rupo le m o m e n t u m of the a tom at 
a « 1 / ln f l < 1 is Q = 2(z2) « a 2 / 2 , the equat ion for the 
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po ten t ia l of q u a d r u p o l e - q u a d r u p o l e interact ion has the 
form 

R/a0 10 

where 

(3.12) 

P 4 ( cos0 ) = i ( 3 5 c o s 4 0 - 3 O c o s 2 0 + 1) 
8 

is the 4th-degree Legendre polynomia l . 
F o r m u l a s (3.11) and (3.12) give expressions for the 

potent ia ls of the interact ion between two hydrogen a t o m s 
in the g round state in an u l t rahigh magnet ic field for singlet 
and triplet te rms: 

Us = A A E + B + Uqq 9 (3.13) 

UT=^AE + Uqq (3.14) 

The negative energy min imum for the q u a d r u p o l e -
quad rupo le interact ion is reached at 9 w 49°. N o t e tha t 
the exchange energy of te rm splitting at r —> oo, minus the 
energy difference AU = B, becomes exponential ly small 
compared with the power fall-off of the q u a d r u p o l e -
quad rupo le interact ion. Therefore, the difference between 
energies Us and UT is on the whole determined by the 
magnet ic field B > 1 whereas the depth of the poten t ia l 
well U$ and UT at R ^ 1 is largely dependent on the 
exchange interact ion. 

£ / T / e V 0.2 

U/eV 10: 

Figure 2. Potential of hydrogen interatomic interaction in (a) singlet 
and (b) triplet terms in a magnetic field B = 100 B9 = 2.35 x 10 1 1 G. 

Figure 3. (a) The sizes of the potential well, and (b) the depth of the 
potential well for the singlet (Rs, Us) and for the triplet (RT, UT) 
terms of a hydrogen molecule as functions of the strength of the 
magnetic field (B is in units of B9 = 2.35 x 109 G). 

The interact ion poten t ia l of two hydrogen a t o m s in a 
s t rong magnet ic field (B = 100 B9 = 2.35 x 1 0 1 1 G ) for 
singlet and triplet t e rms are shown in Fig. 2. In the g round 
state cor responding to the triplet te rm, the interact ion 
between hydrogen a toms is very weak, with the depth of 
the poten t ia l well being smaller t han 0.1 eV. At the same 
t ime, the well depth in the singlet te rm is abou t 500 eV. 
However , the energy difference between the singlet and 
triplet t e rms at B = 100 B9 is AE w \iB w 2.7 keV. 

The depth of the poten t ia l well for b o t h singlet and 
triplet t e rms increases with increasing magnet ic field, 
whereas pos i t ions of min ima (molecular size), Rs and 
RT, decrease. In s t rong magnet ic fields where the molecular 
size approaches tha t of a t o m s (B 5> 1000 B9\ the difference 
between the singlet and the triplet states appears to be 
insignificant; instead, the format ion of molecules becomes 
energetically favourable (Fig. 3). 

F o r in termedia te magnet ic fields, singlet and triplet 
t e rms in the g round states of hydrogen molecules have 
been examined numerical ly at an a rb i t ra ry field or ienta t ion 
relative to the molecular axis [64]. The results of numer ica l 
calculat ions are in good agreement with analytic solut ions 
of E q n s (3.13) and (3.14). 
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4. Bose-condensation and superfluidity 
of hydrogen in a strong magnetic field 

Terms of a hydrogen molecule yield the poten t ia l of the 
pair in tera tomic interact ion, which is sufficient for the 
descript ion of a low-density gas, i.e. at R^n1^3 <̂  1, where 
R0 is the characteris t ic scale of in tera tomic interact ion 
(posit ion of m in imum in the pair interact ion potent ia l ) and 
n is the gas density. Since the a tomic size decreases with a 
rise in the magnet ic field strength, the 'd i lu ted ' gas 
condi t ion in an u l t rahigh magnet ic field is t rue even for 
relatively high densities. Tha t is, the condi t ion R^n1^ ^ 1 is 
met for B = 1 0 1 2 G up to n ^ 1 0 2 9 c m " 3 . 

The shallowness of the poten t ia l well in the g round state 
of the triplet term, and hence in the weak in te ra tomic 
interact ion, is associated with a conspicuous change in the 
proper t ies of hydrogen gas in an u l t rahigh magnet ic field. 
Specifically, the in tera tomic interact ion is so weak tha t 
hydrogen , similar to hel ium, fails to be frozen even at 
absolute zero. Also, it forms a Bose condensa te and 
undergoes phase t ransi t ion to the superfluid state at 
sufficiently low t e m p e r a t u r e s ! T ^ H2n2^3 /M [65]. Indeed, 
the energy of zero oscillations of the hydrogen a tom is 
H2n2/3/M « 0 . 5 - 5 eV, at a density of n = 1 0 2 7 - 1 0 2 8 c m " 3 , 
where M is the a tomic mass . The energy of in te ra tomic 
interact ion in the g round state is comparab le with the depth 
of the poten t ia l well in the triplet te rm U0 10" - 1 0 " 1 eV 
at B = 1 0 1 1 —10 1 2 G, whereas electron b inding energy in the 
a tom is of the order of 100 eV or higher. 

The pair - in teract ion poten t ia l between hydrogen a toms 
in a s t rong magnet ic field can be represented as 

U(R, 6) = ^ e x p ( - ^ i ) + exp ^ P 4 ( c o s 6) , (4.1) 
R 

where R is the distance between the centres of mass of two 
a t o m s and the a tomic nucleus, while U0 and RQ are the 
depth and the effective size of the po ten t ia l well, 
respectively, which depend on the magnet ic field s trength 
and m a y be approx imate ly wri t ten in the form 

^ 0 VB ' 

: 2.33 In 2 B 10.34 ^ £ + 41.6 
y/B 

In B 
x e x p ( - 1 0 . 3 4 — - 8 . 9 2 3.66 x 10" 

,B5'2 

\n4B 

The hydrogen a tom gas is supposed to be a weakly 
nonidea l Bose gas of structureless part icles because of the 
high b inding energy of the electrons in hydrogen a t o m s and 
weak in tera tomic interact ion. At t empera tu res lower t han 
the t empera tu re of t ransi t ion to the Bose condensate , the 

f A possibility of hydrogen being superfluid on the neutron star 's surface 
scarcely affects its properties or those of the pulsar magnetosphere. Of 
greater importance is the low energy of interatomic bonds. The 
behaviour of excitons in a semiconductor placed in a strong magnetic 
field is responsible for quite a different situation because the small mass 
and high dielectric permeability of excitons allow for their Bose 
condensation and superfluidity at the magnetic field values of several 
Teslas attainable under laboratory conditions and even at room 
temperature [6, 7]. 

p roper t ies of such a gas are defined by n o r m a l and 
a n o m a l o u s Green functions: 

GN(p) = 

GA{p) = -B{p)\ ico + 
2m 

+ \B(P)\ 

+ MP)\ 

(4.2) 

(4.3) 

where p = (k, co), co = cos = 2%sT (s being an integer), p is 
the chemical potent ia l , and A(p) and B(p) are the 
irreducible self-energy functions [68]. 

The summat ion of d iagrams m a k i n g major cont r ibut ion 
to the self-energy functions A (p) and B(p) can be expressed 
th rough the scattering ampl i tude in the m o m e n t u m repre 
sentat ion: 

A OO I 

™f(k9k,) = u(k-k,) + Y—!-T- dk-i . . . dk„ 

U{k' - k x ) . . . U(kn -k) 
(4.4) 

[{k2 - k2)/m + id]... [{k2 - k2

n)/m + id] ' 

where U(k—kf) is the Four ie r representa t ion of the 
poten t ia l (4.1). 

In calculat ing (4.4), a major cont r ibut ion comes from 
the integrat ion region with k l/Ro, i.e. the isotropic pa r t 
of the poten t ia l in the m o m e n t u m representa t ion 
U(k-k')paV0. Therefore, it follows from (4.4) with 
accuracy to the small t e rms of the order of p0/Ro <̂  1 tha t 

4TT 
—f(k,k')«V0 + UA(k-k') , (4.5) 
m 

where V 0 and UA are the isotropic and anisot ropic pa r t s of 
U(k—kf), respectively. It is possible to demons t ra t e [65] 
tha t in the Born approx imat ion (at k <̂  l / p 0 ) 

A 2 4n 
V{) ^ 47ip0 = —- = const . 

B 
(4.6) 

UA(k) = U0 exp \-ik-R P 4 ( c o s 6) d3r. (4.7) 

Tak ing into account (4.1) for the anisot ropic pa r t of the 
poten t ia l we obta in 

R~ 

from which 

UA(k) = 4nU0Rlk4J(kR0)P4(cos 0) , (4.8) 

is derived by simple calculat ion, where the function J(kR0) 
is expressed th rough the 4 th-order spherical Bessel 
functions j 4 : 

1 f°° 

( A ^ o ) JO 

(4.9) 

If the to ta l a tomic density is denoted by n, part icle 
density in the condensa te by n 0 , and noncondensed part icle 
density by nv, expressions for the self-energy functions can 

file:///-ik-R
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be given th rough the m o m e n t u m representa t ion of the 
scattering ampl i tude : 

A(k)^n[2V0 + UA(k)} 

B(k)nn[V0 + UA(k)} . 

(4.10) 

(4.11) 

Us ing the H u g e n h o l t z - P a i n s relat ion for chemical 
po ten t ia l p = A(0) — 5 ( 0 ) , one can wri te the equat ion 
for the part icle density in the condensa te as 

n0 

V0' 
2n„ (4.12) 

The density of noncondensed part icles can be presented 
in the form 

T £ exV(icDe)G\p)=^^2(rnTf2 , (4.13) 
V (2K) 

where is the R i e m a n n zeta function, C(3/2) = 2 . 6 1 2 , 
and 

G\p) = 
1 

ico — k2 /2m + n 
(4.14) 

is the unexcited Green function. 
There is only one n o r m a l Green function, G{p), above 

the Bose condensa t ion critical t empera tu re . Since % = 0 at 
a t empera tu re higher t han critical, it follows tha t 

^ ^ - ( a V ^ - i O - A O k ) ' ( 4 - 1 5 ) 

where A(k) is defined by Eqn (4.10). 
The excitation spectrum of the system is determined by 

the poles of the Green function. Therefore, t ak ing into 
account re lat ions (4.10) and (4.11) for A(k) and B(k), we 
have 

,.2 y 
E{k) = hi 

2m 

+ 2 A(k) +A2(k)-B2(k) 
l V 2 

(4.16) 

The use of the expression for the chemical po ten t ia l and the 
explicit form of A{k) and B{k) gives 

E(k) 
1 2 

- + n x 4TzU0R7

0k4 J0(kR0) P 4 ( c o s 0) + n0V0 

11/2 

2m 

n x 4KU0R7

0k4 J0(kR0) P4(cos9) + n0V0]2 \ • (4.17) 

Expression (4.17) for E(k) is actually the Bogo lyubov 
excitation spectrum, which fulfils the L a n d a u criterion for 
superfluidity. It can be shown tha t in spite of the fact tha t 
the energy spectrum has a s t rong angular dependence on the 
direction of the magnet ic field, the velocity of sound does 
no t depend on the direction of the magnet ic field to the first 
approx imat ion , and the p h o n o n b ranch at k —> 0 satisfies 
the L a n d a u criterion for superfluidity: 

E(k ^0)?zk 
4nn0 

~m~B 
(4.18) 

Therefore, the speed of sound in the superfluid phase is 

(4.19) 
Ann* 

The t empera tu re of t rans i t ion to the Bose condensa te is 
found from the condi t ion tha t part icle density beyond the 
condensate , nv, in the t rans i t ion poin t (at T = TC) mus t be 
equal to the to ta l part icle density n. Dens i ty nv is expressed 
th rough the n o r m a l Green function. A b o v e the t ransi t ion 
t empera tu re we have 

j ^ 

1 

( 2 k ) 3 J 

d'k 
e x p [ E ( * ) / r ] - l 

(4.20) 

Subst i tut ion of the expression for E(k) into E q n (4.20) 
yields 

(2nf2[ ' + 

V ^ 2 , 1 + \ A i / e 2 / TT 
- V l n - I = ^ - V 8 i - " o ^ o 

2 l - y/e1/s2 

(4.21) 

Assuming tha t in Eqn (4.21), nv = n, = 0, it is possible 
to obta in the equat ion for the critical t empera tu re of 
t rans i t ion to the superfluid state. The Tc(n) dependence for 
three magnet ic field values (B = 10 1 , 10 2 , and 10 3 ) is 
i l lustrated in Fig. 4. The critical t empera tu re for hydrogen 
in a s t rong magnet ic field is virtually identical to the Bose 
condensa t ion t empera tu re for the ideal Bose gas. The 
pr incipal difference is a t t r ibu tab le to the critical density 
n = nc being specific to each B value so tha t the critical 
t empera tu re at n —> nc vanishes due to the s t rong inter
action at a relatively small in tera tomic distance. 

Tc/K 

\0> -
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101 -

10" 

— S 
S 
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-
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1 1 1 1 i i i i i 
102 ( i ( r i o z ' i o z t io z < 10* 
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inB 

Figure 4. Critical temperature, Tc, of the transition of hydrogen into 
the superfluid state depending on density, n, of the hydrogen gas for 
three values of B (in atomic units): ( 7 ) 10, ( 2 ) 102, (3) 10 3 . 

5. Superfluidity of deuterium in a strong 
magnetic field 
Deute r ium a t o m s in the g round state placed in an u l t rahigh 
magnet ic field form the F e r m i gas with weak aniso t ropic 
interact ion, the poten t ia l of which is given by E q n (4.1). It 
is na tu ra l to suppose tha t deuter ium, similar to 3 H e , should 
be able to acquire the p rope r ty of superfluidity when in a 
s t rong magnet ic field at low t empera tu re [69]. However , 
pair interact ion in the case of deuter ium is an iso t ropic 
unl ike tha t of H e which shows isotropic pair interact ion 
bu t an iso t ropic superfluid phase [70, 71]. 
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The proper t ies of deuter ium at low t empera tu re can be 
na tura l ly described on the basis of the results of the 
B a r d e e n - C o o p e r - S c h r i e f f e r theory (BCS) [71]. In the 
BCS model , the equat ion for the order pa rame te r Ak at 
zero t empera tu re has the form 

• E 

- 2 ( 4 + 1 4 ^ ) 
2xV2 ' 

(5.1) 

where Ukk> is the Four ie r representa t ion of the poten t ia l of 
the pair interact ion and sk is the energy of e lementary one -
part icle excitat ions. 

Because deuter ium in the s t rong magnet ic field is 
completely polar ised and the spins of all a t o m s are oriented 
opposi te to the magnet ic field lines, the expansion in 
spherical ha rmonics near the F e r m i surface is likely to 
contain only those associated with the odd angular 
m o m e n t u m : 

= h Y*W{Q') Yi0(Q) + b0 YloiO') YW(Q) 

-bx Y*n{Sl') y 3 i ( f l ) - * i Y*n{Q')Yn{Q) 

- b x YUWY^iQ)-^ YUWY^iQ) . (5.2) 
Here , the solid angles Q and Qf describe the direct ions of 
the m o m e n t a k and k' in the coord ina te system with axis z 
tha t paral lels magnet ic field lines while coefficients b0 and 
b\ are given by 

64TTZ 

945V5T 

I6nz 

945 

k$U0RlJ(k¥R0) , 

k4

FU0R7

0J(kFR0) , 

where k¥ is the value of the m o m e n t u m on the F e r m i 
surface. Other symbols have the same meanings as in 
E q n (4.8). The critical t empera tu re of t ransi t ion into a 
superfluid state can be found from the BCS equat ion for 
the energy gap, if one bears in mind tha t its width vanishes 
at T -> r c . 

At T ^ 0, the BCS equat ion for the energy gap can be 
wri t ten in the form 

^ Ukk.Ak,{T) , Ek.{T) 
• V " , 1 t anh - ^ - f V 2 £ t - ( r ) 2kBT 

(5.3) 

where kQ is the Bol tzman cons tant and 

Ek,(T) = ^ l , + \Ak,(T)\2 . 

In the case of the s t rong an i so t ropy in quest ion, there 
are two opt ions for the order pa ramete r to be chosen, 
according to the angular m o m e n t u m project ion m = 0 or 
m = 1. It can be shown tha t the superfluid phase of 
deuter ium is in fact the g round state of the system with 
the order pa ramete r cor responding to m = 0, which is to be 
sought for in the form 

Ao,k = AoYlo(Q)-A0alYio(0) (5.4) 

Here , ax is a cons tant of the order of uni ty , and the energy 
gap is defined by the expression 

( An 
2^ y exp b0N0 

where N0 = mp¥/(2n Tt ) is \ of the density of states on the 
F e r m i surface, £ <̂  e F is the width of the zone in the 
m o m e n t u m space near the F e r m i surface, and the 
numer ica l coefficient 

In y : 301 In | F i Y30\dQ = 0.2597 . 

The following expression for the critical t empera tu re can 
be derived from Eqn (5.4) with the aid of E q n (5.3): 

4TI 

/ r B r c = 1.14£exp \b0\N{ 

(5.5) 

This expression defines the t empera tu re of the t ransi t ion of 
deuter ium to the superfluid state as a function of gas 
density. The Tc(n) dependence for the above three magnet ic 
field values (B = 10 2 , 10 3 , and 10 4 ) is shown in Fig . 5. 

« / cm 3 

Figure 5. The critical temperature, Tc, of the transition of deuterium 
into the superfluid state as a function of the density, n, of the 
deuterium gas for three values of B (in atomic units): ( 7 ) 1 0 2 , ( 2 ) 
10 3 , (3) 10 4 . 

6. Hydrogen molecules in an ultrahigh 
magnetic field 
6.1 A hydrogen molecule in an ultrahigh magnetic field 
H y d r o g e n a t o m s in a s t rong magnet ic field (B ^> B9) are 
completely polar ised and their electron spins are oriented 
against the magnet ic field lines, which accounts for the very 
weak in te ra tomic interact ion in the g round state of 
hydrogen a toms (see the previous section). In this case, 
the pai r - in teract ion poten t ia l associated with the triplet 
te rm is characterised by a shallow potent ia l well, while 
C o u l o m b repulsion of electrons acquires the role of the 
dominan t factor because of the an t i symmetry of the 
coord ina te pa r t of the wave function. At the same t ime, 
in tera tomic distances are relatively large, in accordance 
with the Paul i principle, which accounts for incomplete 
over lapping of the electron wave functions and makes it 
possible to neglect the exchange interact ion tha t falls 
exponential ly with the increasing distance. As regards the 
q u a d r u p o l e - q u a d r u p o l e interact ion between a toms , it 
equally fails to cont r ibu te significantly to the in te ra tomic 
interact ion in the triplet te rm since the poten t ia l 
Uqq(R) ~ \/R5. It has been shown in Sections 3 and 4 
tha t the depth of the poten t ia l well in the triplet te rm is so 
small as to m a k e possible, in principle, format ion of the 
Bose condensa te and t rans i t ion to the superfluid state, 
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provided tha t the t empera tu re is sufficiently low. C o n 
versely, the pair - in teract ion poten t ia l in the singlet te rm has 
a very deep po ten t ia l well facilitating t ransi t ion to the 
b o u n d state. However , the energy needed for spin flip of an 
electron is much higher t han the b inding energy of the 
molecule and is even in excess of the a t o m ' s ionisat ion 
potent ia l . 

The si tuat ion is quite different in the case of a mul t i -
electron system where the excited states of electrons at the 
lowest L a n d a u level with nonvanish ing project ion of orbi ta l 
m o m e n t u m (m ^ 0) acquire greater impor tance . Unl ike the 
m-independent energy of free electrons in the magne tc field, 
the energy of b o u n d electrons at higher L a n d a u orbi tals 
(pm = \Jlm + l p 0 ) increases with growing m even t hough 
the energy difference between these excited states and the 
g round state is small compared with the la t te r ' s energy. 
Exci ta t ion energy in the state with m ^ 0 is asymptot ical ly 
(at I n 5 > 1) small: 0 ( l / l n 5 c ) of the g round state energy. 
In principle, this s i tuat ion allows for the a t o m s to form into 
molecules of a new type [19, 72] in which " the electron 
cloud is total ly collectivised" (B B Kadomtsev ) . 

Mechan i sms of molecular format ion in the u l t rahigh 
magnet ic field and in its absence are quite different. In a 
n o r m a l hydrogen molecule, the a toms are held together by 
covalent bonds . General ly speaking, the H 2 molecule can 
jo in the third a tom only if this a t om is excited. In this case, 
however , the excitation energy is of the same order of 
magn i tude as tha t of the a t o m ' s g round state and as the 
b inding energy in the H 2 molecule which makes format ion 
of such a molecule energetically unfavourable . 

Conversely, hydrogen a t o m s in a s t rong magnet ic field 
are unab le to p roduce even an H 2 molecule because the 
interact ion between them is weak. Nevertheless , in this 
s i tuat ion a hydrogen a tom can jo in an electron of the lowest 
L a n d a u level with the project ion of orbi ta l m o m e n t u m 
m = 1 by p roduc ing a negative ion H ~ , since the C o u l o m b 
repulsion is no t very s t rong for such a configurat ion. The 
var ia t ion me thod similar to tha t ment ioned in the beginning 
of Section 2 m a y be employed in order roughly to evaluate 
the b inding energy of the H ~ ion. In other words , the 
b inding energy can be est imated if the min imum of the 
energy functional is found. Wi th this technique, a b inding 
energy of abou t In 2 B has been obta ined. Also, it has been 
shown with this m e t h o d tha t two hydrogen a t o m s in states 
m = 0 and m = 1 give rise to a hydrogen molecule which 
has b inding energy in the limit of an ul t rahigh magnet ic 
field of the same order In 2 B. 

It should be b o r n e in mind, however , tha t b inding 
energy est imates thus ob ta inab le are lacking in accuracy 
because they are derived as the difference between two 
higher values: the g round state energy of the molecule with 
'collectivised' electrons and the combined energy of indi
vidual a toms , each value being calculated with only 
logar i thmic accuracy. Binding energy of isolated molecules 
and long molecular chains has been calculated by m a n y 
au tho r s [19, 20, 25, 28, 29, 7 2 - 7 4 ] who used a variety of 
techniques (var ia t ional me thod , density-functional me thod , 
etc.). The H a r t r e e - F o c k me thod proved to yield the best 
results because it m a d e possible consistent considerat ion of 
the exchange interact ion [29, 75]. 

It has been ment ioned in the foregoing discussion tha t 
b inding energy is calculated with logar i thmic accuracy. 
Because the use of the adiabat ic approx ima t ion implies 
satisfaction of the inequali ty (InB)/y/B <̂  1, the results 

obta ined for magnet ic fields of pract ical interest 
(B ~ 1 0 1 1 — 1 0 1 2 G ) cannot be regarded as reliable. Specif
ically, for Bn = 1 0 1 2 G, there is only (]nB)/y/B « 0.3, and 
the asymptot ic expression for the b ind ing energy 
£ = — (\n2B)/2 is a t ta inable only at very high values of 
the magnet ic field, e.g. B ~ 1 0 7 ^ - 1 0 1 6 G) . 

Binding energies (dissociation energies) of the hydrogen 
molecule, H 2 , and a chain of molecules, H n with 
n = 3, 4, . . . , oo and the molecule axis paral lel to the 
magnet ic field lines, was found with the use of the 
molecular orbi ta l me thod and the me thod of H a r t r e e -
F o c k [75] to calculate the Hami l ton ian mat r ix ele
men t s (3.1) proceeding from the respective basic functions. 

The Hami l ton i an of a chain of n a t oms a r ranged a long 
the z axis at an equal distance a from each other , with the 
magnet ic field B oriented a long the z axis, has the form 

H = HB + HeI + Hee + Hn , 

where 

I=L
 e

 I=L 

2iga\I-J\ 

(6.1) 

(6.2) 

(6.3) 

(6.4) 

(6.5) 

Here , symbols /, j and 7, J label electrons and ions, 
respectively. 

Assume tha t all electrons in the g round state are at the 
lowest L a n d a u level, with their spins directed against the 
magnet ic field. Choose a gauge for the vector po ten t ia l in 
the form 

A = - (B x r) . 
2 v J 

(6.6) 

In order to reduce the system of H a r t r e e - F o c k 
equa t ions to a system of one-dimensional equat ions , 
represent basic wave functions of one-electron states as 

W =0,m,v (p, q>, z) =iAo Jp, <p)fn,Az) (6.7) 

where iAom(P> <P) a r e free-electron wave functions at the 
lowest L a n d a u level (2.7) at np = 0 while m = 0 ,1 ,2 . . . , and 
fm,v(z) a r e wave functions to be found. F o r the two-a tom 
H 2 molecule, the wave function fmv(z) m a y be supposed to 
have no nodes ( q u a n t u m number v = 0) since states with 
v ^ 0 have been shown to have by far higher energy (see 
Section 3). 

The normal ised ant isymmetr ic electron wave function is 
given by the de te rminant of Slater functions (6.7) and, in 
the case of the two-electron wave function, ha s the form 

V(ri,r2)=S{WO0(r1)W01(r2)} 

1 

V2 {•PooCM V o i t o ) - Voofa) S V r i ) } . (6.! 

where the q u a n t u m number v = 0 is omit ted for the sake of 
simplicity. 

As is k n o w n [41], the H a r t r e e - F o c k equa t ions follow 
from the var ia t ion principle when the functions WQQ and *F01 
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are varied independent ly . In order to choose basic functions 
in the form of E q n (6.7), it is necessary to average over 
radia l L a n d a u wave functions while the functional (7i) is 
varied only with respect to functions f0 a n d / ! . Therefore, 
the p rob lem in fact is solved in the adiabat ic approx imat ion 
which allows one-dimensional H a r t r e e - F o c k equa t ions for 
functions fm(z) to be obta ined in the form 

R/OQ i o 1 

R2 A2 2 
n a e 

2m. DZ* r ^ - M + T O * * ® - 6 " 
fm(z) =—J,n(z), 

r0 
(6.9) 

where m = 0, 1 for the two-a tomic molecule, and the 
potent ia ls averaged over the basic functions are defined as 

1 (6.10) 

(6.11) 

\r - Iaz\ 
Vm(z) = \d2p\^m(p,<p)\2J2 

KM) = E f d z ' ^(z')\2 Dm,m,(z - z') 

Jm(z) = Y,f<n'{z) f DZ'FAZ') fm(z)Emy(z -z'), (6.12) 

= f d V d ^ i ^ ^ ) ! 2 ! ^ ^ ) ! 2 ^ , 
J r12 

Em,m>(z\ — z2) 

= | d 2 />l d 2 /? 2 $m{P\) * / v ( / > 2 ) KiPl) K'iPl) 

(6.13) 

1 

(6.14) 

F o r the H 2 hydrogen molecule, the symbols m and m 
in E q n s (6 .9 ) - (6 .14 ) acquire the values of 0 and 1, 
respectively, while the b o u n d a r y condi t ions for the func
t ion fm(z) look like 

£ ( z = 0 ) = 0 , 

f,„{z -> ± o o ) ~ e x p (6.15) 

Knowledge of solut ions for H a r t r e e - F o c k equa 
t ions (6.9) allows the to ta l H 2 energy to be computed as 

2 
(6.16) E = {W\H\W) = ^- + £ 0 0 + £0l - Edir - £ e x c h 

where Edir and £ e x c h are the energies of e l e c t r o n - e l e c t r o n 
and exchange interact ions, respectively: 

£DIR = 
,2 ^ _ 

r\2 

-p exch 

J d 3 r x d 3 r 2 |«Poo(^i)|2 l ^ o i ( r 2 ) | 

2 j. 
- dz! dz 2 XF2(ZL)FF(z2) £>oi(zi - z2) , (6.17) 
r o J 

J d 3 r , d 3 r 2 x W0l(r2) T*w(r2) S ^ f a ) 

2 C 

^0 J 

e 
r\2 

x / 0 ( z i ) / i f e ) / o f e ) / i ( z i ) E0l(zi-z2) , (6.18) 

At a —> oo, the to ta l energy (6.16) must undergo 
t rans format ion to the sum of energies of individual a toms 

a 

-
• ^ ^ ^ ^00T 
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Figure 6. The size (a), and the binding energy (b) of a hydrogen 
molecule for the bound molecular state (£ 0 i , ^ o i ) a n d f ° r singlet 
( £ o o s ' ^ o o s ) and triplet ( £ o o t ^ o o t ) terms of the ground state of the 
atoms. 

in the g round state £ 0 0 (at m = 0) and in the excited state 
£ 0 i (at m = 1). 

The b inding (dissociation) energy of the H 2 molecule is 
repor ted [75] to have been found from a numer ica l solution 
by means of the molecular orbi ta l me thod and from 
numer ica l solution of the H a r t r e e - F o c k equat ion (6.9). 
The field-dependent molecule ( H 2 ) size and b ind ing energy 
values £0i as obta ined in Ref. [75] are shown in Fig. 6. F o r 
compar i son , this figure also presents the b inding energy (the 
depth of the poten t ia l well) and the size (min imum in the 
poten t ia l of in tera tomic interact ion) of the H 2 molecule for 
triplet (£OOT> ^ O O T )

 a n d singlet (£oos> ^oos) te rms when b o t h 
hydrogen a toms occur in the lowest state (np = 0, m = 0, 
v = 0) [61]. Specifically, dissociation energy of the H 2 

molecule for the magnet ic field B = 1 0 1 2 G is 
£ 0 1 = 4 5 . 4 e V and its size is R0I = 0.24 a0 [75] whereas 
the b inding energy in the triplet te rm is £ 0 0 T = 1 eV and 
the size of the 'molecule ' is R00T ^0Aa0. F o r the singlet 
te rm the b inding energy is ^ o o s = 1 keV and the size is 
RQOS W 0.1 a 0 . Energies of the g round state (m = 0) and the 
first excited state (m = 1) of the hydrogen a tom are 
— 161 eV and —117 eV, respectively. 

6.2 Formation of large polymeric hydrogen molecules 
It has a l ready been no ted tha t in a vanishing magnet ic 
field, the hydrogen molecule ( H 2 ) is formed because of 
covalent bond ing , which makes addi t ion of ano ther 
hydrogen a tom energetically unfavourable . The si tuat ion 
is quite different in an ul t rahigh magnet ic field since the 
energy difference between excited states with m ^ 0 at the 
lowest L a n d a u level is insignificant as compared with the 
g round state energy np = 0, m = 0. In this case, a toms are 
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likely to d r aw together even if they are completely 
polar ised (see Section 3), and the format ion of large 
hydrogen molecules H n with n > 1 m a y p rove energetically 
preferable. 

At large distances, a t o m s are believed to have the shape 
of thin needles oriented paral lel to the magnet ic field lines 
and interact as quadrupo les . F o r dis t r ibut ion of electron 
density nQ ~ exp{—2a|z|), the energy of the q u a d r u p o l e -
quad rupo le interact ion with m o m e n t u m g q q = 2{z2) = a 2 / 2 
is 

9 1 1 
L = - —-: t P 4 ( c o s 9) . 
^ q q 8 \n

4B R5 V ; 

(6.19) 

if the in tera tomic distances are greater than the a t o m ' s size. 
W h e n on one line, a toms m a y be either reciprocally 
repulsive or a t t ract ive (at 9 = 0, n and 9 w 49° respectively). 
The poten t ia l of the q u a d r u p o l e - q u a d r u p o l e interact ion 
progressively decreases at greater distances, which allows 
the interact ion at R 1/a to be neglected. 

W h e n a t o m s d r aw together , the electrons are 'collecti
vised' and occupy the lowest levels associated with 
longi tudinal (a long the magnet ic field) mot ion . Owing to 
this, n a t oms (n 1) placed in an u l t rahigh magnet ic field 
form a molecule which is extended paral lel to the field lines 
and has an electron shell rad ius (in the p lane perpendicular 
to the magnet ic field) identical with the m a x i m u m L a n d a u 
orbit rad ius 

exp(—2a|z|) a long the z axis and as exp (-p2/R2) radially, 
one takes test functions from 

„2 

(6.22) { - 2 * 1 - 1 , } . 

where a is the free pa ramete r . Subst i tut ion of (6.22) into 
E q n (6.20) gives, with logar i thmic accuracy, the following 
expression for the energy: 

n/2 

E w — + 2na\n(aR) - - n a l n ( a f l ) + ^ — 

The energy per a tom can be presented as [75] 

E or 3 t 2 3 
- ~ — - - w a i n — - + - / i ay , 
?z 2 2 naR 2 

where Y = 0.577 is the Euler cons tant . 
Var ia t ion with respect to a yields 

3 

(6.23) 

(6.24) 

(6.25) 

(The electrons are assumed sequentially to fill in orbi ts 
with m = 0, 1, . . . , n — 1.) To est imate the b inding energy 
of such a molecule, the var ia t ion me thod used in Ref. [72] 
to calculate the energy of a two-a tom molecule of heavy 
a t o m s in an ul t rahigh magnet ic field (B > 2 Z 3 ) m a y be 
applied. Similar numer ica l calculat ions of b inding energy 
by the me thod of H a r t r e e - F o c k were repor ted in Ref. [75] 
for the Rn molecule compris ing n hydrogen a toms . 

If the exchange interact ion is disregarded, the energy of 
the molecule of n hydrogen a t o m s interact ing at distances a 
m a y be approximate ly presented as a sum of electron 
kinetic energy and C o u l o m b energy Vee, VeI, and VH: 

E = n d V 

n/2 

• E 
I=-n/2 

i 

r - alz\ KJ 

1 
a\I-J\ 

(6.20) 

Here , W2 is the average wave function normal ised by the 
condi t ion nW2 = ne (where mean electron density ne = 

(6.21) 

The g round state energy can be est imated from minimising 
the functional (6.20), subject to the addi t iona l const ra int 

| d 3 r <F2(r) = 1 . 

Bear ing in mind tha t a molecule in an u l t rahigh 
magnet ic field has the shape of a thin needle of length 
L ~ na^> R and electron density outs ide a t o m s vanishes as 

where ocR <| 1 and \n(2/nocR) > 1. 
It is wor thwhi le to no te tha t the solut ion for the ' long ' 

hydrogen molecule thus ob ta ined is in a way equivalent to 
the approx ima te solut ion for a heavy a tom in a high 
magnet ic field [76, 77] (see also Section 7). The distance 
between a tomic nuclei rapidly decreases with increasing n; 
therefore a = ( 4 / 9 f t 2 ) l n - 1 y^B/n5. 

The g round state energy of the H 2 molecule can be 
est imated from simple quali tat ive considera t ions similar to 
those described in [19]. Suppose tha t n hydrogen a t o m s are 
si tuated on the z axis at similar distances a. The molecule 
length and radius are L w na and R w y/2n/B9 respectively, 
and it is assumed tha t n > 1 and L^>R. Trea t ing the 
molecule as a thin, uniformly charged cylinder with rad ius 
R and length L yields, with logar i thmic accuracy, the 
following expression for the to ta l energy, i.e. the sum of 
kinetic and poten t ia l energies: 

* . •n\ f^+U 
2m, 

n [ h ~ i l n ^ ] - ( 6 2 6 ) 

Varia t ion of Eqn (6.26) with respect to L gives 

i - . , E « -n3l2 , 
ni 

(6.27) 

where 

In 
2a 
~R' 

In 
B 1/2 

n5/2 In B 

It should be emphasised tha t these expressions for the 
hydrogen molecule energy are only asymptot ic and valid 
only under the s t rong condi t ion In B > 1. Numer i ca l 
calculat ions indicate tha t the asymptot ic formulas are 
actually correct only at B > 10 7 . 

A rise in n is accompanied by electrons in the molecular 
shell of H n occupying progressively higher orbi ts 
R w y/2n — 1 p 0 unt i l sa tura t ion cor responding to n = ns 
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is achieved at R ~ a. F r o m ns on, filling states which 
cor respond to wave functions with nodes in z, i.e. v ^ 0, 
becomes energetically favourable. It is evident [19, 75] tha t 
in the limit n > ns 5> 1 the energy of a uniformly charged 
cylinder with rad ius R does no t depend on n and is 

/ B \ 2 / 5 

E = -039B2/5 = - 1 0 . 6 l—j e V , (6.28) 

while 

tf^-^r, a « 1 .88 /? . (6.29) 

It should once again be emphasised tha t all these 
formulas are valid only if considered as distant asymptot ics 
at B > 1, and even for the magnet ic field B = 1 0 1 2 their 
accuracy is no bet ter than an order of magn i tude . 

In the numer ica l calculat ion of b ind ing energy for Rn 

molecules at n = 2, 3, ...oo repor ted in Ref. [75], the electron 
density was assumed to be uniform a long the z axis, and 
p roduc t s of p lane waves in z and L a n d a u functions X/JQ M (p, cp) 
served as basic functions. The b inding energy for 
molecules, dissociation energy ^(HQQ+I — ^ H ^ + H ) , and 
equil ibrium distance between a t o m s as functions of the 
magnet ic field strength as obta ined in Ref. [75] are shown in 
Fig. 7. 

S/QV 104 

1(T 2 I 1 1 1 1 
10 1 0 10 1 1 10 1 2 10 1 3 10 1 4 B/G 

Figure 7. Binding energy S^, dissociation energy £ ^ s , and interatomic 
distance for the infinite molecule chain of hydrogen atoms as functions 
of the strength , B, of the magnetic field. 

N o t e tha t the order of magn i tude of the number of 
molecules formed in the a tmosphe re of a neu t ron star is 
determined by the small ra t io (kQT/\n2 B). The number of 
molecules b o t h on the s ta r ' s surface and in its a tmosphere at 
a surface t empera tu re of a r o u n d 10 eV should be great if 
the dissociation energy of hydrogen molecules in the case of 
B = 1 0 1 2 G ranges from 46 eV for H 2 to 29 eV for as 
was calculated in Ref. [75]. The presence of a large number 
of molecules must influence the cooling ra te of the star and 
can be revealed in the analysis of U V and x-ray spectra. 

However , it should be emphasised tha t the b inding 
energy for a hydrogen molecule and for the H n molecule 
calculated in Ref. [75] can be considered only as a tendency 
to form a molecular state. These au tho r s used the ad iaba t ic 
approx ima t ion in order to reduce the p rob lem to one -
dimensional H a r t r e e - F o c k equat ions . The accuracy of this 
me thod is ra ther low, especially in the region of fields 
B < 500. Second, m e t h o d s based on the use of a tomic 

orbi tals as a first approx ima t ion to set up an app rox ima te 
solut ion for any system with exchange interact ion, for 
instance the H e i t l e r - L o n d o n me thod , yields w r o n g results 
at large separa t ions (see the detailed discussion in 
Refs [41, 62, 63]. As a mat te r of course, when the au tho r s 
of Ref. [75] employed the molecular -orbi ta l and H F 
m e t h o d s to calculate the interact ion energy of the mole 
cule, they also came to this. To resolve the difficulty, they 
were forced to employ an artificial app roach based on the 
idea of configurat ion interact ion (a detailed crit ique of these 
m e t h o d s m a y be found in Ref. [63]). There is also ano ther 
serious shor tcoming in the calculat ions in Ref. [75]. The 
min imum of the interact ion energy of the molecule found 
there lies at in te ra tomic distances a greater than or equal to 
the a tomic size a in fields 1 < B < 300. The quad rupo le 
forces w 4 . 5 a 4 P 4 ( c o s 6)/a5, where 6 is the angle between the 
molecular axis and the field, act ing between a toms at all 
a ^ a are of the same order as the dissociation energy D2 

calculated in Ref. [75], and these forces become repulsive, 
dest roying the ' accuracy ' of calculat ion, when the molecular 
axis coincides with the magnet ic field direction. Thus , the 
pic ture of interact ion presented in Ref. [75] needs serious 
revision."}" 

7. Heavy atoms in strong magnetic fields. 
The Thomas - Fermi model 
The p rob lem of b ind ing energy and ionisat ion energy of a 
heavy a tom with Z > 1 is one of the most impor t an t to 
solve if the surface s t ructure of neu t ron stars is to be 
unde r s tood . Calcula t ion of the mult ielectron system for 
this pu rpose by the H a r t r e e - F o c k me thod is cumbersome. 
F o r this reason, the simpler me thod of T h o m a s - F e r m i [41] 
is used in the case of heavy a t o m s even though it is far less 
precise t han the previous one. Proper t ies of heavy a toms 
and molecules in the u l t rahigh magnet ic fields t hough t to 
be inherent on the surface of neu t ron stars were first 
examined in Refs [19, 43 , 72, 73, 76, 77]. M o r e extensive 
studies were the subjects of further repor t s [57, 58, 7 8 - 8 1 ] . 
Evidently, the accuracy of the T h o m a s - F e r m i app roach 
increases as the number of electrons rises, tha t is at higher Z . 
Indeed, it has r igorously been demons t ra ted tha t the 
T h o m a s - F e r m i mode l is asymptot ical ly accura te in the 
limit ne —> oo ,Z —> oo. This appears to be equally t rue of 
heavy a t o m s (Z —> oo) in an u l t rahigh magnet ic field [84]. 
M a t h e m a t i c a l aspects of this mode l in the limit 
Z —> o o , 5 —> oo have been discussed in Refs [ 8 4 - 8 6 ] . 

F o r the case of heavy a t o m s (Z > 1), the definition of 
u l t rahigh magnet ic field needs to be m a d e m o r e specific. If 
the to ta l number of electrons is denoted by N and the 
nuclear charge by Z , then N < Z and N = Z cor respond to 
posit ive ion and neut ra l a tom, respectively. There are no 
solut ions tha t describe negative ions N > Z and b o u n d 
molecular states in the T h o m a s - F e r m i mode l [ 8 7 - 8 9 ] . 
Elect rons in the g round state in a s t rong magnet ic field 
are located on cyclotron orbi ts with radi i pm = Y/2m + l p 0 

where m changes from m = 0 to m = m m a x . The spins of all 
electrons are directed against the magnet ic field lines since 
B ^> 1. A magnet ic field m a y be considered s t rong provided 

fParagraph added in proof of English edition. 
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If condi t ion (7.1) is satisfied for m m a x ^ N, i.e. for all m 
including m m a x = Z , filling the lowest L a n d a u level a lone 
becomes energetically favourable. In this case, electron 
mot ion a long the z-axis cor responding to the g round 
state can be described by wave functions which have no 
zeros in z. Elect rons fill up cyclotron orbi ts from m = 0 to 
m = N, and the electron shell of the a tom is marked ly 
extended a long the magnet ic field lines. The u l t rahigh 
magnet ic field condi t ion cor responding to condi t ion (7.1) 
has the form 

B > 2Z5 (7.2) 

Strictly speaking, it is necessary to distinguish between 
the following strength ranges of the magnet ic field [84]: 

(1) B <| Z 4 / 3 , 

(2) B « Z 4 / 3 , 

(3) Z 4 / 3 <$B ^ Z 3 , 

(4) B ^ Z \ 

(5) B > Z 3 . (7.3) 

In ranges (1), (2), and (3), electron density exhibits 
spherical symmetry. Elec t rons in ranges (3), (4), and (5) 
are at the lowest L a n d a u level. A t o m s in ranges (4) and (5) 
appear to be marked ly extended paral lel to the magnet ic 
field lines ra ther t han appear ing to be spherical. The ranges 
of modera te ly high (3) and ul t rahigh (5) magnet ic fields are 
believed to be of p r imary impor tance to the physics of 
neu t ron stars. Respect ive numer ica l values of the magnet ic 
field in the case of iron (Z = 26) are 

B . 264/3B9 = 1.8 x 10 1 1 G , B = 263B9 = 4.1 x 1 0 1 3 G 

The to ta l kinetic energy of the electrons inside the F e r m i 
surface is 

K[ne(r)]=dN±^\ \ dp , (7.6) 

This , with the use of E q n (7.5), leads to the kinetic energy 
density: 

k(r) 
2K M 3 

3B2' 
(7.7) 

If one neglects the exchange interact ion, the T h o m a s -
F e r m i equa t ions are implied by the m i n i m u m condi t ion for 
the to ta l energy functional: 

E = ^ f < (r) d3r - Z f ^ d 3 r +1 f d 3r d V 
3 B 2 J e W J r 2) | r - r ' | 

subject to the addi t iona l normal i sa t ion const ra int 

N •• « e (r) d 3 r 

(7.: 

(7.9) 

Var ia t ion of Eqn (7.8) gives the relat ion which expresses 
electron density in te rms of the electrostatic field potent ia l : 

B 
(7.10) 

This relat ion follows explicitly from the energy conserva
t ion law pl/2 = <p — q>09 where the electrostatic po ten t ia l is 
defined as 

(7.11) 

7.1 Heavy a tom in a moderately strong magnetic field 
Let us examine the modera te ly s t rong magnet ic field 
assuming tha t Mmax<^N9Z. In this case, electrons are 
at the lowest L a n d a u level. Because the width of the wave 
functions \j/(p) ~ exp(—p 2 /B) is of the order of 1/y/B, the 
wave functions of adjoining cyclotron orbi ts are likely to 
overlap unless B is too high. In this s i tuat ion, the filling of 
excited levels with small m values becomes energetically 
favourable . Respect ive wave functions fv(z) with v ^ 0 have 
zeros, while electron density is m o r e or less uni form along 
the z-axis. Each m level in the g round state is occupied by 
at least several electrons, which allows for the T h o m a s -
F e r m i approx imat ion to be used. In the ad iaba t ic 
approx imat ion , the n u m b e r of electron states in the 
phase space is easy to evaluate if one takes into account 
tha t the rad ius of the cyclotron orbit in the p lane 
perpendicular to the magnet ic field lines is pm w ^2m/B9 

tha t is the number of possible ' t ransverse ' states 
dN'J_ = dm = pB dp. The mot ion of an electron a long 
the magnet ic field within the adiabat ic approx ima t ion is 
assumed to be one-dimensional with m o m e n t u m pz; so tha t 
dN\\ =pzdz/2n. 

Hence , the to ta l number of states in the e lementary cell is 

D B 
dN± dtf || = -^pm dpm dz = nQ{r) np dp dz , (7.4) 

from which it ensues tha t the electron density is 

B 

It will be recalled (see Ref. [41]) tha t q>0 is the m a x i m u m 
energy; moreover , q>0 > 0 and q>0 = 0 for ion and neut ra l 
a tom, respectively. 

Subst i tut ion of expression (7.10) into the Poisson 
equat ion , 

V > ( r ) = -4nne , 

gives the final equat ion for cp in the form 

2B 
V2(p(r) = - — ^/2(cp-n). 

n 

(7.12) 

(7.13) 

The latter equat ion is spherically symmetr ic [57, 76], tha t is 
b o t h its solut ion cp(r) and the function ne(r) which 
minimises the energy functional (7.8) depend only on 
r= \r\. N a t u r a l b o u n d a r y condi t ions for q>(r) imply tha t at 
r —> 0, the poten t ia l q>(r) t ends to the C o u l o m b poten t ia l of 
the nucleus with charge Z : 

lim rcp{r) 
r—>0 

-z , (7.14) 

whereas at r —> oo, the poten t ia l q>(r) mus t decrease at least 
faster t han 1/r because of screening of the nucleus by the 
shell electrons. 

It is convenient to in t roduce a new variable x and 
function instead of r and (p{f): 

2 3 B 2 ^ 5 

n2Z 
" W(r) - q>o\ (7.15) 
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In the variables defined in E q n s (7.15), E q n (7.13) and the 
b o u n d a r y condi t ions take the form 

X(0) = 1, x(x - oo) = 0 . 

(7.16) 

(7.17) 

The case of the posit ive ion (N < Z ) requires add i t ion
ally tha t the condi t ion x(x0) = 0 be satisfied on the ion 's 
b o u n d a r y (with x = x 0 ) . Tak ing into account this condi t ion, 
one can obta in from E q n s (7.9) and (7.16), 

tx° d 
N = Z j0 d^ ~ X ^ d X = Z f1 + X o X ' ( X ° ^ ~ x ( x o ) ] ' 

(7.18) 

Because E q n (7.16) and b o u n d a r y condi t ions (7.17) in 
the variables x and % are independent of N and Z , the 
t rans format ion formulas to the new variables of E q n s (7.15) 
m a y be considered to determine the universal dependence of 
the a tomic radius , potent ia l , and electron density on the 
nuclear charge Z and the magnet ic field. Knowledge of 
solut ions of Eqn (7.16) allows electron density, a tomic 
energy, and ionisat ion energy to be expressed in te rms 
of %(x). Represen ta t ion of cp in t e rms of %(x) in E q n (7.10) 
gives for the electron density, 

1/5 
2/5 7,6/5 ZZ/DB 

1/2 
(7.19) 

Wi th Eqn (7.19) taken into account , the to ta l a tomic 
energy can be wri t ten as [78] 

E = - ( ^ 2 ) / 5 Z 9 ^ 5 (7.20) 

while the ionisat ion energy is considered to be the energy 
difference: 

El = E(Z, N - l)-E(Z, N) . 

Therefore, a tomic radius and a tomic energy in a 
modera te ly s t rong magnet ic field depend on Z and B as 

R(Z, B) ULZ^B 1 / 5 d - 2 / 5 E(Z, B) oc - Z y p £ 9/5 7,2/5 (7.21) 

The range of a modera te ly s t rong magnet ic field is 
determined by the applicabili ty of the T h o m a s - F e r m i 
me thod together with the me thod of adiabat ic a p p r o x i m a 
t ion used to find the solution. Therefore, it is necessary tha t 
the C o u l o m b interact ion in the a tom should be small 
compared with the gap between the L a n d a u levels, i.e. 
Z/R<^Hcoc. Since the characteris t ic a tomic size 
RocZ1/5B~2/5 [in compl iance with Eqn (7.15)], a limit 
on the magnet ic field B <̂  Z 4 / 3 can be obta ined. At the 
same t ime, for the T h o m a s - F e r m i mode l to be applicable, 
the F e r m i length of the electron wave must be small 
compared with the a t o m ' s size. The condi t ion tha t the 
magnet ic field should be modera te ly s t rong means tha t each 
level with the q u a n t u m n u m b e r m is occupied by at least 
several electrons, i.e. p z > 1/Z. Hence , with p z w y/2Z~/B, 
it follows tha t B <̂  Z 3 . Therefore, s i tuat ions to which 
solut ions in the T h o m a s - F e r m i mode l m a y be applied 
are defined by the relat ion 

Z 4 / 3 <B < | Z 3 . (7.22) 

The T h o m a s - F e r m i me thod is k n o w n to be especially 
convenient because it al lows simple analytic solut ions to be 
obta ined. However , its accuracy is significantly lower t h a n 
tha t of other techniques, e.g. the H a r t r e e - F o c k me thod . 
The lack of accuracy in the T h o m a s - F e r m i me thod in the 
case of a s t rong magnet ic field can be accounted for by at 
least two factors: its inabili ty to t ake into considerat ion the 
exchange interact ion and the use of the ad iaba t ic a p p r o x 
imat ion. It is k n o w n tha t the exchange interact ion 
effectively diminishes the electrostatic repulsion of elec
t rons , which results in their higher density in the shell t han 
is predicted by the simple T h o m a s - F e r m i model . This, in 
tu rn , makes the rad ius of the a tom smaller and enhances its 
energy. Resul ts of numer ica l calculat ion in the f ramework 
of the T h o m a s - F e r m i - D i r a c mode l as repor ted in 
Ref. [78] indicate tha t the relative cont r ibut ion of the 
exchange interact ion (especially to ionisat ion energy) 
m a y be of the order of 30% - 6 0 % depending on Z , N, 
and B. W h e n the exchange interact ion is t aken into account , 
the to ta l b inding energy of the a tom rises while its rad ius 
becomes smaller. However , the relative cont r ibut ion of the 
exchange interact ion to b ind ing energy and ionisat ion 
energy decreases as the magnet ic field grows. 

The inaccuracy of the T h o m a s - F e r m i me thod related 
to the use of the adiabat ic approx ima t ion in calculat ing 
kinetic energy as the electron density functional has been 
discussed in Ref. [79]. M o r e exact calculat ions of the 
electron density [79, 90] were repor ted to lead to an 
equat ion for the poten t ia l which [even if spherically 
symmetr ic as in E q n (7.16)] explicitly conta ins pa rame te r s 
Z and B in b o t h the equat ion and the b o u n d a r y condi t ions; 
from this poin t of view, the scaling of expressions (7.21) is 
app rox ima te and asymptot ical ly exact at B —> oo. Accord 
ing to numer ica l calculat ions in Ref. [79], the solut ion at 
B = ( 10 -50 )2? 9 is at var iance with tha t obta ined in the 
adiabat ic approx imat ion , bu t at B ^ 1000 B9 the results are 
in good agreement with the adiabat ic approx imat ion . 

7.2 Heavy a tom in an ultrahigh magnetic field 
W h e n m m a x > N, condi t ion (7.2) for an u l t rahigh magnet ic 
field is fulfilled. In this case, electrons are at the lowest 
levels (with respect to az imutha l q u a n t u m number m) of 
cyclotron orbi ts in the lowest L a n d a u zone, each occupying 
one level. The a tom is elongated paral lel to the magnet ic 
field lines, and its shell rad ius is comparab le with the rad ius 
of the max imal cyclotron orbit p z w y/2Z~/B. U n d e r these 
condi t ions , the g round state of a heavy a tom is ana logous 
to tha t of a hydrogen a tom at B > 1. The energy of a heavy 
a tom can be computed in the mean field app rox ima
t ion [77], following the app roach used in Section 6.2. It is 
clear from wha t was said at the end of Section 7.1 tha t the 
adiabat ic approx ima t ion in the case in quest ion mus t 
ensure sufficient accuracy and requires no significant 
correct ion for the exchange interact ion. By ana logy with 
expression (6.20), the a tomic energy is found as 

(7.23) 

If the exchange interact ion is neglected, the wave function 
W is merely the p roduc t of one-part icle electron wave 
functions in a self-consistent electric field, and the energy is 
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expressed in te rms of the mean electron density ne = J2t W2. 
This leads to an equat ion similar to E q n (6.20): 

. (7.24) 

Here , W is the mean wave function normal ised by the 
condi t ion NW2 = ne while is given by E q n (6.21). 

Similar to Section 6.2, the wave function m a y be chosen 
in the form of E q n (6.22). Subst i tut ion of Eqn (6.22) into 
E q n (7.24) yields, with logar i thmic accuracy, 

E « - 2NZ In (aR) +-^aN(N - 1) In (aR) , (7.25) 

where R = pN and apN <̂  1. 
Var ia ton of expression (7.25) with respect to a gives, 

from the energy m i n i m u m condi t ion with logar i thmic 
accuracy [77], 

a = ^ ( 4 Z -N + 1)L , 

N (7-26) 
E = --L2(4Z -N + l ) 2 . 

8 

The expression for L in E q n s (7.26) is similar to the 
expression for / in E q n (6.25) and, when N = Z , ha s with 
logar i thmic accuracy the form 

L « I In ^ . (7.27) 
2 Z 3 

To sum up , bo th the shape of the heavy a tom and the 
expression for energy in an u l t rahigh magnet ic field B > Z 3 

are similar to the respective characterist ics of the hydrogen 
a tom at B 1. Specifically, the formula for energy (7.26) at 
Z = N = I t ends to the asymptot ic formula for the b inding 
energy of a hydrogen a tom £ H = ( l n 2 5 ) / 2 . The ionising 
energy of a neu t ra l a tom, 

Ei = \L2Z2 , (7.28) 
8 

grows rapidly with increasing Z , unl ike the ionisat ion 
energy in a modera te ly s t rong magnet ic field. It should be 
emphasised tha t the numer ica l value of the ionisat ion 
energy for heavy a t o m s with Z > 1 a m o u n t s to h u n d r e d s of 
kilo electron-volts and appears to be enormous ly high if 
judged by ' terrestrial criteria ' . 

7.3 Molecules . Equations of state 
The cooling ra te of a neu t ron star depends on the state of 
its mat te r , density profile, and t empera tu re gradient in the 
surface layer. It is therefore impor t an t to k n o w the 
equat ion of state for the mat te r on the stellar surface in 
a s t rong magnet ic field. 

By virtue of the simplicity of the T h o m a s - F e r m i model , 
it is t empt ing to extend its use to studies of b o u n d molecular 
states and the equat ion of state, in spite of the low accuracy 
of the mode l as compared with tha t provided by the mean 
field approx ima t ion me thod . 

The results of such an app roach have been repor ted in a 
review [81] and in Refs [ 9 1 - 9 4 ] , and only a few m o r e 
general observat ions as regards applicabil i ty of the T h o 
m a s - F e r m i me thod seem to be appropr i a t e in the 
following discussion. 

In its simplest form (i.e. ignoring exchange interact ion 
between electrons), the T h o m a s - F e r m i equat ion can be 
derived by var ia t ion of the to ta l energy functional [see 
expression (7.8)] to which a term describing the C o u l o m b 
interact ion between nuclei should be added. In t roduc t ion of 
the exchange interact ion does no t result in any substant ia l 
complicat ion. The equat ion of state for cold mat te r in a 
s t rong magnet ic field, with the exchange interact ion taken 
into account ( T h o m a s - F e r m i - D i r a c model) , has been 
considered in Refs [81, 92]. 

As is known , neither the T h o m a s - F e r m i app roach nor 
the T h o m a s - F e r m i - D i r a c mode l have solut ions corre
sponding to stable b o u n d molecular states. In this 
context, there is no solution cor responding to the con
densed state with zero pressure. The s ta tement of the 
absence of solut ions cor responding to stable molecules in 
the T h o m a s - F e r m i mode l (known as the Teller t h e o 
rem [88, 89]) is evident from the fact tha t in the 
T h o m a s - F e r m i approx imat ion , the a tomic energy and 
the rad ius of the a tom are p r o p o r t i o n a l to Z 7 ' 3 and 
Z - 1 / 3 , respectively, while the b ind ing energy of the 
molecules and their size dependent on the electrons in 
the external shell of the a tom must be unre la ted to the 
nuclear charge or show only a weak re la t ion .The p rob lem 
m a y be posed in a m o r e general context as the p rob lem of 
mat te r stability (see the discussion in Refs [95, 96]). It is 
possible to evaluate the exchange energy of molecules in the 
modified T h o m a s - F e r m i - D i r a c - W e i t s z e k e r model , which 
takes into account t e rms with the electron density gradient 
in the kinetic energy functional. Es t imates of molecular 
b inding energy in a s t rong magnet ic field on the basis of the 
modified mode l [94] agree quali tat ively with the results 
obta ined by the mean field approx ima t ion me thod . 

8. Matter in ultrahigh magnetic fields 
The p rob lem of the b ind ing energy of the mat te r in a 
s t rong magnet ic field on the surface of a neu t ron star 
appears to be of p r imary impor tance for the theory of the 
pulsar magne tosphere . The mat te r m a y either exist in the 
solid phase , giving rise to a one-dimensional metall ic 
lattice, or form the liquid (gaseous) layer on the stellar 
surface, depending on whether the value of the b inding 
energy is high or low. The m o d e of existence dictates 
b o u n d a r y condi t ions for the electric field at the surface of 
the pulsar , which provide the basis for a variety of 
theoret ical models of the magne tosphere [22, 24, 33, 34, 97]. 

There is a choice between a magne tosphere mode l with 
free emission of part icles from the star and tha t with 
t r apped emission and finite electric field on the stellar 
surface. The specific field value at the surface is a function 
of t empera tu re . However , it shows even greater dependence 
on the b inding energy of the surface mat te r , t he rmal 
emission being the prevalent process . The thermoemiss ion 
constant is difficult to calculate in this s i tuat ion. Neve r 
theless, it is concluded tha t , on the basis of ex t rapola t ion of 
thermoemiss ion rates a t ta inable in the l abora tory , the 
min imum binding energy of the mat te r compat ib le with 
the models of a magne tosphere with finite electric field is 
EMIN w 3 k e V at a surface t empera tu re of 100 eV. 

Crysta l s t ructures in the solid phase with op t imal 
b inding energy are possible because of the cylindrical 
shape of the a toms in an u l t rahigh magnet ic field. There 
fore, they should be expected to be either body-centered 
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t e t ragona l ( D 4 h ) or r h o m b o h e d r a l ( D 3 d ) lattices. W h a t is 
actually needed is a reasonably reliable est imat ion of the 
b inding energy of an infinitely long chain of molecules. 

In earlier studies [20, 98], the b ind ing energy of poly
meric molecules was calculated on the assumpt ion tha t long 
molecules are densely packed because of adhesion, giving 
rise to solids. Typical values of b inding energy obta ined in 
Refs [20, 98] for the crystal lattice of iron a t o m s were found 
to range from 2.6 keV for B = 1 0 1 2 G, to 10 keV for 
B = 5 x 1 0 1 2 G. However , m o r e accurate calculat ions [99] 
demons t ra ted tha t these values are overstated by a p p r o x 
imately one order of magn i tude . 

Simple est imates of the a t o m ' s b inding energy in a 
crystal lattice placed in a s t rong magnet ic field (see, for 
instance, those in Section 6.1) are no t in the least bit reliable 
since they have been calculated on the assumpt ion tha t 
b inding energy in a crystal lattice is the difference between 
two large number s , each obta ined with insufficient accu
racy. General ly speaking, it is a pr ior i evident tha t singlet 
t e rms responsible for s t rong in te ra tomic b o n d i n g cannot be 
effective because a t o m s in an u l t rahigh magnet ic field are 
completely polarised. Therefore, the b ind ing energy mus t be 
small. This inference is confirmed by numer ica l calculat ions 
of b inding energy on the basis of either the density 
functional me thod [ 2 5 - 2 7 ] or the H a r t r e e - F o c k app roach 
[28, 29]. 

A t t e m p t s to calculate the b inding energy for b o d y -
centered te t ragona l and r h o m b o h e d r a l crystal lattices of 
iron a t o m s in a s t rong magnet ic field have been repor ted in 
Refs [ 2 5 - 2 7 ] . Elec t rons were supposed to show exchange 
interact ion as if they formed a h o m o g e n e o u s gas in the 
absence of a magnet ic field. The b ind ing energy of the b o d y -
centered lattice thus ob ta ined turned out to be no m o r e t han 
0.12 keV for B = 1 0 1 2 G and 0.5 keV for B = 5 x 1 0 1 2 G. 

A m o r e consistent account of the exchange interact ion 
is available in the H a r t r e e - F o c k model . However , calcula
t ion of the b inding energy of a crystal lattice remains a 
cumbersome and tedious task. Binding energy values for 
molecule chains calculated in the H a r t r e e - F o c k a p p r o x 
imat ion [28, 29] indicate tha t heavy a toms do no t p roduce 
b o u n d states in a s t rong magnet ic field. It has been shown 
tha t isolated a toms are energetically m o r e preferable t h a n 
chains of molecules [29]. This is t rue for a toms with Z > 2 
in a magnet ic field B > 1 0 1 2 G and for a t o m s with Z > 4 in 
a magnet ic field B > 5 x 1 0 1 2 G. The b inding energy of the 
molecule of hel ium a toms found in Ref. [29] is abou t 25 eV 
per a tom at B = 1 0 1 2 G, while a t o m s with Z ^ 3 at 
B > 1 0 1 2 G do no t assemble into chains at all. 

Eva lua t ion of b inding energy for a polymeric molecule 
of iron a t o m s in a s t rong magnet ic field in the H a r t r e e -
F o c k approx ima t ion yields values be low 1 keV, while 
possible b inding energy between polymeric chains is less 
t han 0.5 keV [29]. To sum u p , the calculat ions indicate tha t 
in b o t h the density functional approx ima t ion and the 
H a r t r e e - F o c k approx imat ion , heavy a t o m s do not form 
the b o u n d states in u l t rahigh magnet ic fields. 

9. Conclusion 
The physical proper t ies of mat te r have been shown to 
change drastically in the presence of an u l t rahigh magnet ic 
field. In par t icular , the electron shell s t ructure of the a tom 
is subject to radical a l terat ion. A t o m s show m a r k e d 
lengthwise extention a long the magnet ic field lines, with 

their b inding energy and ionisat ion poten t ia l being 
substant ial ly increased. Concurrent ly , there is a change 
in b o t h the form and the intensity of the in te ra tomic 
interact ion, with the accompan ing res t ruc tur ing of mat te r . 

A t o m s in the g round state are completely polar ised in 
a s t rong magnet ic field and therefore exhibit only weak 
interact ion. Moreover , a gas of hydrogen-l ike a t o m s gives 
rise to a weakly nonidea l Bose gas which does no t solidify 
unt i l zero t empera tu re is reached. At the same t ime, weakly 
excited hydrogen a t o m s are able to form molecules with 
relatively high b ind ing energy as well as long chains of 
polymeric molecules. The presence of hydrogen (or hel ium) 
molecules in the a tmosphere of a pulsar can affect its cool
ing ra te and is mos t likely to be detected in U V and x-ray 
spectra. 

Es t imates of the b inding energy of mat te r at the neu t ron 
s ta r ' s surface appear to confirm the validity of the m a g n e t o 
sphere models for free emission. Indeed, it has been shown 
tha t the b inding energy of iron a toms is of the order of the 
surface t empera tu re [ 2 5 - 2 7 , 29], i.e. too low to interfere 
with free emission in s t rong electric fields. 

However , an al ternat ive scenario is conceivable, which 
has unt i l n o w not been discussed in the l i terature. H y d r o g e n 
and hel ium accretion on to the surface of the pulsar can, in 
the course of t ime, result in the format ion of molecules 
composed of a l ternat ing heavy and light a toms . Pre l iminary 
est imates suggest tha t the b ind ing energy of such mixed 
molecules m a y be ra ther high. If m o r e accurate calculat ions 
p rove to suppor t this conjecture, it will be possible to 
in t roduce the following new scenario of pulsar emission. 
Immedia te ly after the bi r th of a pulsar , its magne tosphere is 
best described by the free-emission model . However , 
accumula t ion of light a t o m s on the stellar surface because 
of accretion eventually results in complete inhibit ion of the 
release of mat te r from the star ( t rapped emission). If pulsars 
are actually destined to develop a long this line, free-
emission models would be m o r e appropr i a t e to charac ter 
ise younger stars, whereas t rapped-emiss ion models appear 
to be m o r e suitable to describe older pulsars . 

In conclusion, it seems appropr i a t e to ment ion the novel 
mechanism of molecular laser rad ia t ion by hydrogen at the 
neu t ron s ta r ' s surface. Such rad ia t ion is t hough t to 
or iginate from the t rans i t ion between the strongly b o u n d 
high-energy metas tab le state of hydrogen-l ike a toms in the 
singlet te rm and the practical ly u n b o u n d g round state of 
a toms . It is worthwile to no te tha t the required p u m p i n g of 
the laser is provided by the reverse flow of high-energy 
particles, as st ipulated by any mode l of the pulsar m a g n e t o 
sphere [22, 100]. 
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