
Physics-Uspekhi 38(11) 1231-1246 (1995) ©1995 Jointly Uspekhi Fizicheskikh N a u k and Turpion Ltd 

PACS numbers: 44.25+f; 47 .20 . -k ; 47.65.+a 

Excitation of an electric instability by heating 

E D Eide l 'man 

Contents 

1. Introduction 1231 
2. Excitation of cellular motion 1233 
3. Surface waves 1236 
4. Advective flows 1237 
5. Film thickness 1238 
6. Thin film of a liquid semiconductor (semimetal) with arbitrary heating from above 1239 
7. Excitation of an electric instability by heating in other liquid media 1240 

7.1 Electrolytes; 7.2 Liquid crystals; 7.3 Insulators 
8. Comparison with experiments 1242 

8.1 Benard's experiments; 8.2 Laser heating experiments; 8.3 Mechanism of formation of a molten zone 
9. Concluding comments: synergetic aspects 1244 

References 1244 

Abstract. A theory is proposed of the mechanism of the 
excitation of free thermal convection, which is activated by 
an electric force and creates an electric instability. This 
thermoelectric mechanism can account for the excitation of 
cellular motion when a medium is heated from above by, 
for example, laser radiation. 

1. Introduction 
The problem of the excitation of thermal convection by the 
buoyancy force has been investigated thoroughly. These 
investigations were made by Benard, Rayleigh, Jeffreys, 
Chandrasekhar, Ostroumov, Gershuni, Zhukhovitskii, and 
many others (see Refs [1 - 4 ] and the literature cited there). 
Methods have been developed for the study of this 
excitation mechanism. In the field of the force due to 
gravity pg (p is the density of a liquid or a gas and g is the 
free-fall acceleration), a liquid is in mechanical equilibrium 
if the force due to gravity is balanced out by an excess 
pressure pg = Vp (p is the pressure). There may be no 
macroscopic motion in a medium of this kind even if the 
temperature T varies along the liquid. It is, however, clear 
that such equilibrium may become unstable as a result of 
an increase in its temperature A = \VT\ by heating. 
Equilibrium may be unstable only when a certain 
(excitation) condition is satisfied. Then disordered fluctu-
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ation flows appear and grow in a liquid, leading to mixing 
and establishment of a different temperature distribution. 
This motion is called convection. 

Let us imagine that an element of a liquid accidentally 
has a fluctuation velocity v. Then the motion of this element 
creates a heat flux pCpvA (Cp is the specific heat of the 
liquid at constant pressure). This heat flux creates a 
fluctuation Tu which is a small deviation of temperature 
from its value at the same place in an immobile medium. 
This flux should be balanced out by a flux associated with 
heat conduction: pCpxATi (x is the thermal diffusivity and 
pCp x is the thermal conductivity). Therefore, if the 
characteristic dimension of such fluctuation motion is h, 
a small temperature deviation Tx &vAh2/x appears. 

On the other hand, the heating of a liquid results in 
its thermal expansion described by the coefficient 

= —(\/p)dp/dT. If a heated liquid element is displaced, 
it reaches a region with a different temperature and, 
consequently, an excess Archimedean (buoyancy) force 
p$T\g appears; it represents the excess of the Archimedean 
force, acting on a heated (by Tx) element of the liquid, over 
and above the force due to gravity. Naturally, since ft > 0, 
such an excess is in principle possible only if the cold layers 
are above the hotter layers, i.e. if the heating is from below. 
In fact, if a liquid is heated from above, the buoyancy force 
returns a more strongly heated element back to the heated 
region, i.e. equilibrium should always be stable. Therefore, 
the excitation of convection by the buoyancy force is possible 
only as a result of heating from below. The buoyancy force is 
frequently also called the lifting force. 

Equilibrium is disturbed when the force (or its density) 
p$T\g exceeds the viscosity force (or its density) pvAv, 
where v is the kinematic viscosity. A comparison of these 
forces demonstrates that we need a heating effect A to 
ensure that the condition pfigAh4 > pvx is obeyed. This is 
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the necessary condition for free convection under the action 
of the buoyancy force (Boussinesq condition). In reality, the 
buoyancy force should exceed the dissipative forces by a 
large factor. 

Conditions sufficient for the appearance of instabilities 
(the growth of small perturbations) can be found most 
simply by searching for nontrivial solutions of systems of 
homogeneous differential equations linearised in terms of 
small perturbations and subject to uniform boundary 
conditions. The existence of a range of the values of the 
parameters for which such solutions exist implies that a 
spontaneous transition of a medium to a new state is 
possible. If these values are physically permissible, this 
means that an instability can appear. This approach has 
been used very successfully in analyses of thermal convec­
tion and also in finding the conditions for the existence of 
nontrivial solutions of a linearised system of the equations 
of motion, continuity, and heat transfer in an incompres­
sible liquid heated in the gravity field: 

6v 1 
— - vAv + — Vp + pTlg = 0, 
dt p 0 

div v = 0, 

87j_ 
•xAT1 + (v-V) T0 = 0. 

(1) 

(2) 

(3) 

As before, v is the velocity of a liquid which is at rest 
under equilibrium conditions; P\=p— Po, Ti=T — T0, 
px = p — p0 are the deviations of the pressure, temperature, 
and density from their equilibrium values; v, x, g, ft are all 
defined above. 

The problem of convection is solved for a specific 
region. It is usual to employ a model of a layer or film 
which is infinite along two directions (x and y) and of 
thickness h along the third direction. Uniform boundary 
conditions are imposed on the boundaries of this layer. 

In the usual Boussinesq approximation, the system of 
equations ( l ) - (3 ) has constant coefficients and can be 
transformed into a system of algebraic equations if the 
solution is sought in the form of a Fourier expansion with 
its harmonics proportional to 

exp (icot) exp (ikxx + ikyy + ikzz). (4) 

The solution gives the dependences of the external 
parameters—such as, for example, heating governed by 
the temperatures of the 'hot' Th and 'cold' Tc boundary 
surfaces of the layer: A = (Th — Tc)/h — on the wave 
vector k2 = k]_ + k2

z, k2 k2 + ky on condition that the 
imaginary part of the frequency co = co + ico" vanishes. 

The result is the following characteristic equation: 

-k2(k2 -\co)(k2 - icoPr) =F R a ^ i = 0. (5) 

All the quantities in the above equation are dimensionless. 
The units of length and time are h (layer thickness) and 
h2/v. The minus sign in the above equation corresponds to 
heating from above and the plus sign represents heating 
from below. The parameter Pr = v/x is the Prandtl number. 

The heating term includes the Rayleigh number 

Ra 
pvx (6) 

which governs the range of existence of nontrivial solutions 
with a growth increment greater than zero. The Rayleigh 

number defines the ratio of the lifting force (the force 
creating the instability) to the dissipative forces. 

If we satisfy the conditions of uniformity of the 
boundary conditions, we obtain the dispersion equation. 
Let us say that there are boundary conditions (at 'free and 
isothermal' boundaries) such that their adoption makes it 
possible to find the value kz = n convenient for a qualitative 
analysis of the resultant effects. The double eigenvalue 
problem is then solved. We shall complete this account of 
methodological procedures by pointing out that the 
symmetry of the resultant cell (the translation symmetry 
along the layer) is determined by minimisation of the 
Rayleigh number Ra as a function of w = 

In the case of the usual convection, the excitation 
condition is 

Ra > Ra* 
27TI4 

: 660 for w • (7) 

An instability appears only if a liquid is heated from below 
(ft > 0). The growth of this instability is aperiodic. 

A numerical solution is needed for other types of 
boundary conditions. The threshold value of the Rayleigh 
number Ra* then increases, but the excitation is not 
forbidden. The qualitative conditions for the appearance 
of an instability are retained. 

The excitation of cellular motion by the thermocapillary 
effect was tackled later (see Refs [5-7] and the review in 
Ref. [2]). This effect originates from the temperature 
dependence of the surface tension. This mechanism is 
characterised by the Marangoni number 

M 
oAh1 

pvx (8) 

Here a is the temperature coefficient of the surface tension. 
The physical meaning of M is exactly the same as that of 
the Rayleigh number. It gives the factor by which the force 
creating an instability, i.e. the surface tension force, exceeds 
the dissipative force. 

Let us imagine that an element of a liquid floats up to its 
surface. It is acted upon by an excess (thermocapillary) 
force (or its density) GATX. Naturally, if the surface is at a 
higher temperature than the temperature of this element, 
then this force tends to restore its position (since o > 0) and 
equilibrium is always stable. If the surface of the liquid is 
colder, this force results in an instability if it can overcome 
the viscosity force. 

A comparison of GATX with pvAv shows that we need a 
heating effect A to ensure that M > 1. This necessary 
condition is an analogue of the Boussinesq condition for 
the excitation by the buoyancy force. It should be stressed 
that the mechanism of the appearance of an instability 
under the action of the thermocapillary force does not work 
when a free surface is heated (this force can only act on a 
free surface). 

Let us now formulate the sufficient conditions for such 
excitation. 

The thermocapillary force acts on a free (but not 
isothermal) surface. Therefore, the relevant boundary-
value problem has to be solved numerically. The excitation 
threshold is given by the criterion 

M > M* w 80 for w ^ 0.5, (9) 

if the boundary z = h is free and thermally insulated and 
the lower boundary (at z = 0) is an interface with a solid. 
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The excitation is again possible only on heating (the solid) 
from below (cr > 0) and the excitation grows aperiodically. 

A comparison of the mechanisms of excitation by the 
buoyancy and thermocapillary forces shows that the 
thermocapillary mechanism predominates in thin layers 
of thickness 

1/2 

(10) 

2. Excitation of cellular motion 
2.1 The main subject of this review is the thermoelectric 
excitation mechanism which is governed by the dimension-
less number [8] 

I 
sy2A2h2 

pvx ( i i ) 

Here, s is the permittivity and y is the Seebeck coefficient. 
The physical meaning of this number resembles the meaning 
of the Rayleigh Ra and Marangoni M numbers defined by 
expressions (6) and (8), respectively. The number E is the 
ratio of the electric force induced by heating to the 
dissipative force. Like the buoyancy and thermocapillary 
mechanisms discussed above, the thermoelectric mechanism 
can result in an instability of a liquid and can induce 
cellular motion. The excitation is possible also as a result of 
heating from above and the appearance of cells is 
accompanied by the formation of electric field structures. 

Let us assume that a temperature fluctuation Tx appears 
in an inhomogeneously heated liquid. Then, if the thermo­
electric effect can appear, an electric field yVTx and an 
electric charge sy ATX are induced. The thermoelectric field, 
due to the heating nonuniformity yA, acts on this fluctu­
ation-induced charge and creates a force sy2AATx. This 
bulk force can set a liquid in motion if it exceeds the 
dissipative force pvxATi/A. The ratio of the thermoelectric 
and dissipative forces is the number E. 

The thermoelectric and buoyancy forces are of bulk 
nature. Qualitative ideas and an exact solution of the 
problem of excitation in a liquid layer with free isothermal 
boundaries are given for liquid semiconductors in Ref. [9] 
with buoyancy, Rayleigh, and thermoelectric excitation 
mechanisms all taken into account. 

When the approximations usual in dealing with electro-
convection are adopted, the system of equations ( l ) - (3 ) 
should be supplemented by the equations of continuity for 
the current and by the electrostatic equation: 

div (Ex - yS?Tx) = 0; d i v ^ = —± ; c u r l ^ = 0. (12) 

Here, E is the electric field intensity and n is the density of 
carriers whose charge is e. An electric force eniyVT0/p0 

now appears in Eqn (1). 
It has been shown that convection occurs aperiodically 

and the solution of the double eigenvalue problem leads to 
the excitation conditions: 

-k6TRaki + Ek2ki = 0. (13) 

In the case of the purely thermoelectric excitation 
mechanism, an instability appears if 

E > E* = 4TT2 « 40, I > I* = 2TI « 6.3 for w = 1 . (14) 

The excitation is possible for any direction of heating, 
includ-ing heating from above. This can be understood 

qualitatively in the sense that a temperature fluctuation T\ 
induces a fluctuation of the thermoelectric field Ex = yWTi9 

which leads to the appearance of a space charge enx. In an 
'external' thermoelectric field yA such a charge experiences 
a force enxyA. This force can set the liquid in motion if it 
exceeds the dissipative force by the necessary factor E*. 

The conditions for the excitation by the lifting 
(Rayleigh) and thermoelectric mechanisms are compared 
in Refs [8, 9] on the basis of relation (13). The thermo­
electric mechanism predominates in thin layers of thickness 

h < /*R a , i = 
xvy2s 

^ 2 

1/6 

(15) 

The influence of the Rayleigh and thermoelectric mecha­
nisms on one another is also considered in Refs [8, 9]. When 
liquid is heated from below, the two mechanisms reinforce 
one another, which leads to the possibility of pre-Rayleigh 
convection in liquid semiconductors. When heating is from 
above, the Rayleigh mechanism balances out the excitation 
by the thermoelectric mechanism, but the excitation is still 
possible in layers of thickness less than 10 um. 

The thermoelectric convection can be described by a 
theory similar to that developed for the Rayleigh convec­
tion mechanism (see, for example, Ref. [1]). 

Problems with the boundary conditions close to those 
encountered in experiments, but in the absence of the 
thermocapillary effect, are solved numerically in Ref. 
[10]. It is shown there that conditions lead to some increase 
of the value of E* (to about 43) without altering the 
symmetry of the excited cell. 

Amplitudes of the resultant convection and structures 
are calculated in Ref. [11] for a small excess of the actual 
value of E above the threshold E*. It is shown there that the 
amplitudes obey V oc (I — I*) 1 / 2 . When the layer thickness is 
reduced, the excitation mechanism changes and this results 
in abrupt changes in w and V. These abrupt changes 
represent a second-order phase transition under 'soft' 
excitation conditions. 

The possibility of excitation of an instability in the 
presence of the Rayleigh and thermoelectric mechanisms, of 
rotation, and possibly also of an external magnetic field, is 
considered in Ref. [12]. The relationships are found here 
between four dimensionless numbers: Ra, E, the Taylor 
number T , representing the action of the Coriolis force, and 
the Hartmann number H, representing the action of the 
Ampere force, as in the case of the usual Rayleigh 
convection. Under these conditions, branches with oscil­
latory growth may appear. The action of rotation and/or of 
a magnetic field increases the necessary threshold values of 
Ra* and E*, but it cannot 'forbid' such excitation. 

Calculations are reported in Refs [13, 14] of the 
influence of the thermocapillary excitation mechanism on 
the thermoelectric mechanism, which predominates in 
layers of thick-ness 

( pmef 2 \ 1/2 

(16) 

where hc is the thickness of the layer in which the effect of 
the thermocapillary mechanism is equivalent to that of the 
thermoelectric mechanism. 

The influence, on the excitation, of the conditons of heat 
transfer from a free surface, which are characterised by the 
Biot number Bi, are also investigated in Refs [13, 14]. 
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Numerical calculations are carried out by assuming the 
most favourable conditions for the thermocapillary excita­
tion mechanism, i.e. when the free surface is thermally 
insulated (Bi = 0). The results obtained show that heating 
from below can result in pre-Marangoni convection and 
heating from above ensures that the thermocapillary 
mechanism balances out the excitation by the thermo­
electric mechanism, but cannot suppress the latter when 
a layer is up to 100 um thick. This result is similar to the 
effect of the interaction between the Rayleigh and thermo­
electric mechanisms, i.e. a second-order phase transition 
takes place. 

2.2 The results of the calculations relating to the excitation 
of cellular motion in the presence of the thermoelectric 
force are given in Figs 1-8. 

h 

Figure 1. Liquid film with thermoelectric properties heated from below 
(a) and from above (b): ( 7 ) lifting (buoyancy) force, representing the 
difference between the Archimedean force and that due to gravity; 
( 2 ) surface tension (thermocapillary) force; (3) thermoelectric 
(electrostatic) force. It is obvious that heating from above can induce 
an instability only because of the thermoelectric force. 

Fig. 1 shows a liquid film acted upon by all three forces 
discussed above. We can see that when this film is heated 
from above, an instability induced by the buoyancy force 
cannot appear. This force can set the film in motion only 
when it is heated from below. We can also see that heating 
of a free surface cannot induce an instability under the action 
of the surface tension forces. An instability can be created by 
the thermoelectric forces when the liquid is heated from 
below and from above, from the free-surface side and 
from the side of the solid substrate on which the film is 
located. 

Fig. 2 gives the dependences on the reciprocal of the film 
thickness \/h. We can see that heating from the substrate 
side (from below) results in mutual enhancement of all the 
three forces under consideration. They all tend to create an 
instability so that convection appears for smaller tempera­
ture differences Th — Tc, compared with the differences 
necessary for the excitation by one of these forces or 
even by two of them. 

Fig. 3 shows that the only force capable of exciting an 
instability is thermoelectric when heating is from the free-
surface side (from above). The surface tension and buoy­
ancy forces suppress the action of the electric force. 
Excitation is possible only in the thinnest layers, since 
the thermoelectric force is independent of the liquid layer 
thickness, whereas the buoyancy and thermocapillary forces 
decrease with reduction in the layer thickness. 

Figure 2. Illustration of the action of thermoelectric forces (heating 
from below), which facilitate excitation of cellular motion by the 
thermo-capillary forces (Marangoni cells): ( 7 ) dependence of the 
Marangoni number M* needed for the excitation and representing 
the combined effect of the forces when the thermocapillary effect 
predominates; ( 2 ) changes in the limiting cell size /* that appear as a 
result of such excitation. (Similar dependences are obtained also on 
excitation of the Rayleigh convection.) 
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Figure 3. Competition between the excitation of the thermoelectric 
convection and its suppression by the surface tension forces (heating 
from above): ( 7 ) dependence of the number 1^, representing the 
combined effect of the two forces with predominance of the 
thermoelectric effect; ( 2 ) changes in the longitudinal dimension /M of 
a cell. (Similar dependences apply also to the combined effect of the 
buoyancy and thermoelectric forces.) 

The motion excited by the thermoelectric force in a 
convection cell is demonstrated in Fig. 4. Cells of this kind 
are excited also by the other forces considered here. 
However, the thermoelectric force gives rise also to electric 
field structures. Naturally, electric fields are not excited by 
the buoyancy or thermocapillary forces. 

Neutral stability curves are plotted in Figs 5 - 7 . The 
neutral stability curve established under the action of the 
buoyancy and thermocapillary forces is well known (see, for 
example, Ref. [2]), but our figures give the stability curves 
for all possible combinations of these forces. 

The most important feature of curves on the neutral 
stability surfaces is the presence of branches corresponding 
to heating from above (Fig. 5) and to heating of the free 
surface (Fig. 6). 

In Fig. 6 the quantity Bi is the Biot number representing 
heat transfer from the free boundary at the top. If Bi = 0, 
this boundary is thermally insulated. The lower boundary is 
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2 4 4 2 
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b 

Figure 4. Convection excitation cell when the thermoelectric force 
predominates: (a) lines of flow of the current; (b) lines of the electric 
field intensity (/ and h are the cell dimensions). The film boundaries 
are free and isothermal. 

I 

I* 

Figure 5. Neutra l stability curves for the case when the buoyancy and 
thermoelectric forces act on a liquid film heated from below ( 7 ) and 
from above ( 2 ) . The film boundaries are free and isothermal. The 
nature of these dependences is also qualitatively similar for other types 
of the boundary conditions. 

the interface with solid and is isothermal. The dashed line in 
Fig. 6 shows how we can find the values of M and I for a 
specific liquid and a given layer thickness h, characterised 
by a slope angle cp, such that tancp = hc/h, where hc is 
defined by expression (16). 

In Fig. 7 the lower boundary is solid and isothermal; the 
upper boundary is free and thermally insulated. Under 
other conditions of heat transfer from the upper boundary 
of a film or layer, the shape of the neutral stability surface 
remains basically the same, but it passes now below the 
surface shown in Fig. 7. 

The increase in the numbers M and I necessary for such 
excitation is evidence of the influence of suppression by the 
nonelectric forces. The same effect is demonstrated also in 
Fig. 7 under the action of all three forces. 

0 40 100 160 M 

Figure 6. Neutral stability curves under conditions close to those 
encountered in the experiments involving heating from the solid ( 7 ) 
and from the free surface ( 2 ) . A film is acted upon by the surface 
tension (thermocapillary forces) and thermoelectric forces. 

Figure 7. Neutral stability surfaces expected when the buoyancy, 
surface tension, and thermoelectric forces act simultaneously on a 
film. One surface ( 7 ) near the origin of the coordinate system 
corresponds to heating from below and the other surface ( 2 ) , rising 
upwards, corresponds to heating from above. The surfaces are plotted 
for the conditions closest to those found in experiments. 

It is known [2-4] that the ratio of the longitudinal and 
transverse dimensions of a cell is the most reliable indicator 
or characteristic of that excitation mechanism which sets 
the investigated medium in motion. Changes in the 
boundary conditions have practically no effect on this 
ratio (see Ref. [1] for the buoyancy forces, Ref. [2] for 
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Figure 9. Typical dispersion relationship for surface waves excited by 
heating from above. It takes account of the main contribution from 
the thermoelectric effect. 

Figure 8. Abrupt change in the longitudinal dimension of a convection 
cell near the points where the excitation mechanism changes. 

the thermocapillary forces, and Ref. [10] for the thermo­
electric forces). A change in the main excitation mechanism 
alters greatly this ratio. Such a change occurs when the film 
or layer thickness is varied and it represents a second-order 
phase transition. The relevant results are plotted in Fig. 8. 

3. Surface waves 
In addition to the excitation of cellular motion and 
advective flow, the mechanisms based on the action of 
the lifting, thermocapillary, and electric forces lead also to 
the excitation of waves on the surface of a liquid layer. 
Gravity and capillary waves are discussed in detail in Refs 
[15, 16] and the influence of the thermocapillary effect is 
considered in Ref. [17]. Much work has appeared recently 
(for a review see Ref. [18]) on the formation of waves and 
other structures on the surfaces subjected to laser 
radiation. 

It is under the conditions of laser irradiation that it is 
important to allow also for the thermoelectric effect 
when considering the formation of surface structures of 
size in excess of 10~3 cm [19]. In addition to the Rayleigh 
and thermocapillary excitation mechanisms, the thermo­
electric mechanism can also act then. Therefore, in addition 
to gravity and capillary surface waves, there may be surface 
waves excited by the thermoelectric mechanism. Calcula­
tions show that an analytic form of the dispersion equation 
can be derived in the absence of dissipation. 

The main distinction of the excitation of surface waves is 
the replacement of the condition representing the absence of 
outflow, vz = 0, by the condition of the absence of a 
pressure jump. This condition, together with all the other 
factors, can be written as follows: 

82vz sy2A d2T 
o r p 

•2v 
8̂  8z p dt dz (17) 

Here, \j/ is the scalar velocity potential, a is the surface 
tension, and Aj_ = 8 2 / 8x 2 + d2/dy2. However, in general, 
the velocity is expressed in terms not only of the scalar, but 
also of the vector potential. This makes it possible to take 
nonpotential flows into account. The rule of signs and the 
rest of the notation are the same as those used above. 

Other boundary conditions retain their previous meaning. 
The condition describing the influence of the capillary 
effect, 

(18) 

can be simplified by ignoring the thermoelectric mechanism 
(this is demonstrated by an estimate given in Ref. [20]). 

We can now solve the problem formulated in Section 2 
on the assumption that the upper surface of a liquid is 
displaced by £ and that vz = d£/dt. The results of a 
numerical solution are shown in Fig. 9; these results are 
obtained from Eqns ( l ) - (3 ) and (12), which include the 
nonlinear terms. 

Qualitative results, which account fully for the profile of 
the curve in Fig. 9, can be obtained simply by considering 
the conditions for the excitation of waves in the absence of 
the dissipative forces. We can then assume that vz = d\j//dz, 
i.e. we can assume that the wave motion is of the potential 
type. Moreover, £ <̂  h, i.e. the investigated liquid can be 
regarded as 'deep'. Then the conditions at the bottom do 
not affect the motion on the surface. Finally, the thermo­
electric effect can be isolated by considering the waves 
formed on an isothermal surface, because the thermoca­
pillary effect does not appear on such a surface. 

This model can be used to find the solution in the form 
given by expression (4) where co and kx are real and 
kz = — ik is purely imaginary. As in all cases of surface 
waves [15, 16], it is found that kx = k. We can now use 
relationship (17) to find that 

co=-k5+gk-k 
P 

2 zy2^2 

(19) 

is valid irrespective of the direction of heating. This 
dispersion equation contains not only the familiar capillary 
(first term) and gravity (second term) terms, but also the 
new thermoelectric term which is a quadratic function of 
the wave vector. 

The thermoelectric effect has to be taken into account 
also when internal waves in a liquid are considered [1, 2]. In 
fact, the instability considered in Section 2 applies to 
internal waves which appear inside the liquid, but decay 
before reaching the threshold heating value. The method 
used for finding the conditions inducing growth of internal 
waves can be used to obtain qualitative results and 
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qualitative answers as to whether an instability is possible 
or impossible under given conditions. 

Since the competition between the excitation mecha­
nisms is important in thin films or layers, it is necessary to 
compare the conditions for the excitation of surface and 
internal waves. There may be situations in which the 
thermal properties of a film are determined specifically 
by the propagation of surface waves [17]. However, we can 
see that this is important only for the surface structures with 
dimensions of the order of nanometres [18]. A comparison 
of the possibility of excitation of convective motion and 
surface waves under conditions close to those encountered 
in experiments will be made later (see Section 8.2). 

4. Advective flows 
The same mechanisms which excite cellular motion can also 
excite advective flows. As pointed out above (Section 2) 
cellular motion appears as a result of heating across a layer 
when the temperature rise exceeds a certain critical value. 
For example, advective flows appear in the middle part of a 
wide rectangular cell with a flat horizontal bottom. If one 
vertical wall of the cell is hot and the opposite one is cold, 
equilibrium cannot be established in the liquid contained 
by the cell and motion occurs no matter how small the 
temperature difference. Such flows have been studied by 
Levich, Davies, Birikh, and others (see, for example, Refs 
[2, 21-24] and the literature cited there). 

In calculations of advective flows the temperature 
gradient at the boundaries along a layer can be regarded 
as constant and the motion of the liquid is parallel to the 
bottom of the cell. The system of equations is the same as in 
Section 2, but naturally they are now nonlinear. 

The projections of the equation of motion along x and z 
are used to exclude the pressure from them and the field 
is assumed to be purely thermoelectric. The result is the 
equation 

^\_Pl^T = _ ^ ^ _ (STY ( 2 Q ) 

8z3 v dx pvx dz \9x J 

which has to be solved simultaneously with the heat 
transport equation 

m fd2T d2T\ ^ 

The continuity equation gives the relationship between 
vx and vz. The dependence on the second longitudinal 
coordinate is omitted in order to simplify the problem, 
which can then be solved exactly [25]. 

Naturally, for completeness, it is necessary to supple­
ment the system of equations (20) and (21) with the 
boundary conditions. At the bottom of the cell the 
boundary is always assumed to be solid. The other 
boundary can be solid or free. The thermocapillary effects 
appear on a free boundary. Moreover, in solving the 
problem of a liquid film it is convenient to use the 
condition that the flow is closed. 

We shall retain the symbol A for the temperature gradient 
at the boundaries along the liquid, so that T =Ax, and we 
shall retain also the forms of expressions (6), (8), and (11) 
for the dimensionless numbers Ra, M, and E. 

The exact solution of the nonlinear problem which takes 
account of all three possible mechanisms shows that, in a 
region where the motion across the layer can be ignored, 

flow is possible only in the presence of the Archimedean or 
thermocapillary forces. Thus, in the simplest case we have 

v x = ^ ( 2 g - l +

C ° g ( I g ) - 0 0 S [ I ( 1 - Q n . (22) 
x h 2I 2 \ 1 - cos I J v y 

Here, £ = z/h is the dimensionless coordinate across the 
layer. It is evident that the thermoelectric mechanism alters 
the flow in such a way that it grows abruptly in a 'resonant' 
manner under the same conditions (represented by I* =2K) 
as those necessary for the excitation of motion when 
heating is across the layer. This remains true for all types of 
boundary conditions. The solutions are cumbersome. The 
results of numerical investigations are presented in Figs 
10-12. 

The curves in Fig. 10 represent the velocity vx in units of 
x/h (curve a), the transverse thermoelectric field Ez in units 
of yA (curve b), and the component Fz of the force in the 
bulk of the liquid acting across the layer, in units of sy2A2/h 
(curve c). All these curves are plotted for the point close to 
the loss of stability I < I*. The coefficients of proportion­
ality are I2(I* - I) /Ra, I3(I* - I) /Ra, and I ^ I , - I ) 2 /Ra , 
respectively. 

The corresponding coefficients of proportionality in 
Fig. 11 are 1 , ( 1 , - I ) / M , I 3 ( I , - I ) / M , I ^ I , - I ) 2 / M 2 , 
respectively (I* w 4.5). 

a b c 
1 = { 1 = { 1 = { 

_ 1 £ = 0 1 - 1 f = 0 1 - 2 f = 0 2 

Figure 10. Advective flow characteristics when both boundaries are 
solid (I* » 6.3). 

- 3 f = 0 10.5 - 3 5 f = 0 70 - 3 0 0 f = 0 700 

Figure 11. Advective flow characteristics when the £ = 1 boundary is 
free and £ = 0 is solid. The film thickness is such that the lifting 
(buoyancy) force can be ignored compared with the thermocapillary 
force. 
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Figure 12. Same as in Figure 10, but for a thick film so that the 
thermocapillary force can be neglected compared with the lifting 
(buoyancy) force. 

The coefficients of proportionality in Fig. 12 are 
- I ) / R , I*(I* - I ) / R a , 12(1, - I ) 2 / R a 2 respectively. 

It is known [4] that advective flows are stable in the 
absence of electric forces. The thermoelectric mechanism 
creates a bulk force Fz = enEz, which results in the loss of 
stability at I w I*. The condition I w I* evidently means that 
the force Fz can overcome the dissipative forces. Under the 
action of the force Fz the motion consists not only of purely 
longitudinal (v = vx) flow, but it also has components 
perpendicular to the layer surface. 

The thermoelectric effect alters somewhat also the 
conditions for heat exchange in advective flows, but 
qualitative changes in heat exchange are related specifically 
to the loss of stability [13]. Since Ez = ydT/dz, and the flow 
of heat across a layer is qz = pCpxdT/Qz, the nature of the 
heat flux qz can be deduced from the behaviour of Ez in Figs 
10-12 (the units of heat flux are pCpxA). When heating 
ensures that the condition I « I* is satisfied, the heat flux 
also increases resonantly. Across the layer it rises as 
(I — I * ) - 1 and along the layer it even grows as 
(I — I , ) - 2 . The influence of the thermoelectric field is 
usually ignored in heat exchange calculations [26, 27]. 
However, an external transverse electric field does not 
destabilise advective flows and, therefore, it does not 
produce abrupt changes in the heat exchange conditions 
(see Refs [28-30] and the literature cited there). 

We can therefore reach the conclusion that, first, the 
thermoelectric effect does not by itself induce advective 
flows when heating is from the side and, second, the action 
of electric forces leads — in a certain range of para­
meters— to a loss of the stability of advective flows 
excited by the buoyancy and thermocapillary forces. This 
loss of stability occurs under the conditions close to those 
which are necessary for the excitation of cellular motion by 
the thermo-electric forces (Section 1), which is one further 
consequence of the fact that the electric forces are 
independent of the direction of heating. 

It is evident from Figs 11 and 12 that in the presence of a 
free surface the necessary velocity of motion will be found 
specifically on that surface. Intense motion near the surface 
naturally helps in heat transfer. This has to be taken into 
account in discussing the phenomena which appear as a 
result of heating from above [13, 14]. 

pvvz 
• zh 

5. Film thickness 

The thickness of a liquid film depends on the thermal 
conditions on its surface [15]. The linear equations in the 
preceding section can be used to calculate the film thickness 
if they are solved subject to the boundary conditions stating 
the absence of a pressure jump given in Section 3 [31]. 

Integration gives 

Q.X Q.X / (23) 

2 \3 J dx dx 

This relationship, together with the condition that the flow 
of a liquid in a film is closed, allows us to solve the 
problem provided we know the dependences of the required 
quantities along the layer. The closed-flow condition 
enables us to derive the equation which determines the 
film thickness 

1 
pd{h2)+\ h2dp = 

1 2 9 
da + - sy Ah dA (24) 

It is always assumed [1, 2] that the initial properties of 
an instability are retained later when the process is well 
advanced. Therefore, we can use the expressions for the 
distributions of the temperature $TX = 0 cos (2nx/l) and 
density p = p 0 ( l — fiTx) along a layer, as usually adopted in 
the theory of convection in a liquid. These expressions 
apply to the cases of the Rayleigh [1] and thermoelectric [9] 
convection. They can readily be found by continuing 
calculations described in Section 1. We can also apply 
the usual law for the amplitude, i.e. we can assume the 
amplitude © in the expression for the temperature, like the 
velocity amplitude V (Section 2), is proportional to the 
square root of the 'supercriticality' (Th — T^)1^2. The 
amplitude in the expression for the temperature can be 
taken from Ref. [11]. We then have 

0 = pAh 
E - E * \ 1 / 2 2V2 

1 + -
-1/2 

(25) 

If E / R a ^ 1 in a region defined by x/h0 5> 1 (/?0 is the 
constant thickness of an undisturbed layer), we find that 

h-h0 5 
= — 0 

h0 16 

2ETT x 6 

R y - 5 C 0 S 

2KX 

T 
(26) 

Hence, we can see that the layer thickness increases during 
motion along the layer from the hot to the cold regions. 
The surface slope 0 E / R is small. The greatest difference 
between the layer thicknesses is about 3 0 / 8 . 

If a specific form of the dependence of the temperature 
on the coordinate along the layer is not assumed, then 

h — h0 

= - P' -r— — ~ t Pl 

(27) 

3 n r r i 2M 11 E Bi n r r i 

where b = l/h0. The results of numerical calculations of the 
layer thickness are presented in Fig. 13 and in many 
respects they are identical with the results obtained from 
formula (26). In Fig. 13 the ratio of the dimensions along 
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Figure 13. Model of a liquid film showing the shape of its surface 
which it assumes under the action of the thermoelectric effect. 

the layer / and perpendicular to the layer (for a constant 
thickness /z0) is about 45, which agrees with the values 
observed experimentally (Section 8). It is clear from this 
figure that the shape of a system which forms under the 
influence of the thermoelectric force is the same (matter is 
removed from the hot to the cold regions) as usual [18]. 
Naturally, in real experiments it is practically impossible to 
avoid evaporation of some of the material and the shape of 
the crater is governed by the vapour pressure. 

6. Thin film of a liquid semiconductor 
(semimetal) with arbitrary heating from above 
We have assumed so far that a temperature gradient acts 
either across a layer, Az (Sections 2 and 3), or along a layer, 
Ax (Sections 4 and 5). In reality it is possible that Az w Ax 

(Section 8). Then, first, if heating is from above, the 
thermoelectric force can induce motion, whereas the 
buoyancy and thermocapillary forces tend to stabilise a 
liquid. Second, a comparison of the dimensionless numbers 
shows that the thermoelectric force predominates in thin 
liquid layers which are formed initially as a result of 
melting by radiation. Laser radiation used in such melting 
has not only a vertical component Az (with the z axis 
perpendicular to the surface of the material), but also a 
longitudinal component Ax. Under the action of Ax some 
motion appears as a result of heating, no matter how weak 
(Section 4), and the velocity of such motion vx P vz is 
directed parallel to the x axis along the layer and is 
proportional to the numbers Ra and M. These numbers are 
small for thin layers and, therefore, the velocities are low. 

On the other hand, the thermoelectric instability, which 
essentially represents electroconvection, is independent of 
the direction of heating and is excited when I > I*. In the 
vertical heating case, this is a demonstration of the 
threshold nature of the excitation process, whereas in 
the case of heating from one side an instability appears 
in the form of a 'resonant' rise near I*. This can be seen 
from solutions of the type described by expression (22), 
which represents purely longitudinal motion. The actual 
value of the critical number I, is calculated in Ref. [25] and 
it is governed by the boundary conditions. 

In a comparison with the experiments it is natural to 
consider the excitation in extremely thin (but 'macroscopic') 
initially molten layers in the presence of the gradients Az 

and AX9 i.e. in the case of heating both from above (opposite 
to the force of gravity g) and from one side. The influence of 
other forces can then be ignored and we can assume that 
initially the liquid is at rest. 

Linearised equations of motion (1) (two projections), of 
heat transport (3), and of electrostatics (12) — considered in 
the film approximation I p h— relate (Section 1) the 

deviations of the velocity v = vx, temperature, pressure, 
and density of charge carriers. We have 

dPl dPl 

pv 

en\ = sy 
d2Tx d2Tx x -

8 z 2 ' (28) 

dz2 ' dz2 

The continuity equation makes it possible to find the 
vertical velocity component which does not occur in the 
equations derived in the adopted approximation. The field 
is assumed to be 'purely' thermoelectric: E = yVT. 

Elimination of all the variables with the exception of v 
gives 

83v _sy2AzAx 8v 
8z3 pxv dx 

(29) 

If we introduce a natural unit of length, which is the 
layer thickness h, it becomes obvious that the onset of an 
instability can be described by the following dimensionless 
'film' number: 

f sy2AxAzh2 

E = 
pvx 

(30) 

which is fully analogous to the number E representing the 
thermoelectric effect when Ax and Az act independently. 
Eqn (29) is solved by separation of variables. Let us assume 
that 

v(z) exp (31) 

where the 'separation constant' is kx > 0 since heating at 
the 'centre' (at x = 0) is the strongest. In fact, kx 

determines the size / of the region of motion in the 
longitudinal direction in accordance with the law 
kx = 2nh/l in a cell of rectangular shape. 

The system of equations (28) is supplemented by 
uniform boundary conditions. The lower boundary z = 0 
can always be regarded as solid (v = 0). This is the boundary 
with a bulk material. The upper boundary is with air (z = h) 
and it should be regarded as free so that 8v/8z = 0. 
Moreover, the flow in the liquid should be closed. The 
condition for the excitation of a finite velocity of flow is 
independent of the thermal conditions at the boundaries. 

Calculations show that motion appears when the 'film' 
dimensionless number reaches the value E* w 3A/kx. 

On the other hand, it follows from the results given in 
Section 4, that the excitation of an instability occurs for the 
values of E close to 20. Hence it readily follows that 
/ = bh « 37h [32]. 

We shall now calculate the layer thickness and the 
characteristics of convective motion under the simultaneous 
action of all the factors mentioned above. We shall confine 
ourselves to the two-dimensional problem and steady-state 
flows. We shall seek the following quantities: 

vx, h = h0 + hl(x,z), en, Ex=y—, 

Ez=y^-, T = T0+Axx+Azz + T1(x,z). 

(32) 

The problem is self-consistent since the film thickness 
and the characteristics of convection depend on one 
another. The possibility of appearance of surface waves 
is ignored. 
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The equations describing the problem and combining all 
the equations used earlier are: 

dx 
dp 2 dT . 

pvA2vx- — =-sy — A2T + vx • + v7 dz 

pvA2vz - ^ + pfeTx 

(33) 
9 dT . dv7 dv7 

dT _ _ 8 2 _ 

As usual, these equations are supplemented by the equa­
tions of continuity (2) and electrostatics (12). These 
equations should be solved subject to the conditions 
vx = vz = Ti = 0 at z = 0, i.e. the boundary with the 
bulk is assumed, as usual, to be solid and isothermal. 

At the other boundary, which is on the surface of the 
liquid, the condition stating the absence of a pressure jump 
[compare with Eqn (17)] and the condition of the influence 
of the thermocapillarity are satisfied. If no waves can form, 
these conditions can be written as follows: 

2 /a^A 2-i 
P=Po+p(h-z)g- 1 2 

2 S y 

dry 
dx) 

, 5vz dvx\ dT 

(34) 

(35) 

on the surface z = h. On this surface the heating 
parameters Ax and Az are given functions of x. 
Naturally, the closed-flow condition 

fh 
vxdz = 0 (36) 

should also be satisfied. 
In the first approximation the quantities p, Ax, and Az 

are regarded as constant and the layer is very thin. Then the 
thickness h is described by the results obtained for this case 
in Sections 5 and the results for convection are the same as 
those given in Sections 1 and 6. 

In the second approximation, we have p = 
p 0 [ l — fi(T — r 0 ) ] , and Ax and Az are linear functions of 
x on the surface z = h. The layer thickness is assumed to be 
intermediate between hM^ = hc and /zRa,M t s e e expressions 
(16) and (10)]. Therefore, in the second approximation the 
problem is solved on the assumption that the main 
mechanism for the excitation or suppression of an instabil­
ity is related to the thermocapillary force. The results of 
such calculations are given in Fig. 14 and they are in many 
respects identical with those reported by Sanochkin [33]. 
However, in contrast to Sanochkin's results, we find that 
/ ^ 5 0 / z 0 , and the shape of the surface has the form 
described by expression (26). This automatically yields 
temperatures close to Tx = 0 cos (2TIX//) COS (2%z/h). 

A more detailed analysis of the results given in this 
section can be found below in a discussion of the 
mechanism of the formation of a zone which is melted 
by laser radiation (Section 8.3). 

f = l 
0.3 0.0 

'T(O.l) : 

15 

{ = 1 

Figure 14. Surface shape and convection characteristics found for a 
liquid film by solving the self-consistent problem: (a) isotherms; (b) 
lines of flow of the current. The straight line £ = 1 (£ = z/h) represents 
the film thickness before heating. The straight line £ = 0.68 crosses the 
lines of flow of the current at the points where the liquid moves across 
the film. The rest of the notation is the same as in Figure 13. 

7. Excitation of an electric instability by 
heating in other liquid media 
We have considered so far the example of liquid 
semiconductors or semimetals [34-38]. However, similar 
pheno-mena can occur also in other liquid media. We shall 
now consider briefly the possibility of excitation of an 
electric instability by a heat flux (heating) in electrolytes, in 
thermotropic liquid crystals of different types, and in 
insulators. 

We shall also discuss briefly the possibility of excitation 
when there is a flux of mass in a liquid. There is a very close 
analogy between the possibility of excitation as a result of 
heat flow and mass flow (see Refs [39-41] and the literature 
cited there). This analogy is based on the analogy of the 
equations describing heat flow and diffusion: 

dci 
~di 

DAcx + (v-V)co = 0 (37) 

where the concentration c of the transported component is 
an analogue of the temperature T and the diffusion 
coefficient D is an analogue of the thermal diffusivity x. 

7.1 Electrolytes 
The values of the Seebeck coefficient of electrolytes are 
high [42]. Therefore, all the phenomena described above 
can occur in electrolytes [43]. However, an electrolyte is a 
conductor with ambipolar conduction, i.e. it contains 
carriers of charges of both signs and a current can flow 
in them. The relevant system of equations should be 
supplemented by the equations of continuity for the 
currents which include terms due to conduction, diffu­
sion, thermoelectricity, and convection [44]. 

If there is no external electric field, the results are fully 
identical with those obtained for liquid semiconductors. In a 
weak external electric field, i.e. in a field inducing a current 
but not altering the thermal balance, the excitation condi­
tion described by expression (13) has an additional term 

sy(E0.VT0)h2 k6 

pvx k2, 
(38) 

which can be explained exactly as in the case of the 
thermoelectric term in Section 1. In fact, if temperature 
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deviates by Tx as a result of fluctuations, an electric field 
Ei = yVTi appears and in an electrolyte a space charge 
e(n\ — nj"), associated with this field, is formed (the 
superscripts identify the sign of the carriers to which a 
given quantity applies). The charge may be due to the 
thermoelectric effect (eyAT{) or due to the mobility of ion 
carriers during diffusion. The latter mechanism of charge 
separation is particularly important, if in addition to the 
electric field yA there is also an external field E0. A 
fluctuation of the space charge can be estimated as 
(n±e2y/kQ)(Ti/T()) (kQ is the Boltzmann constant). The 
presence of the space charge in the field yA or in an 
external field leads to the appearance of a force of electric 
nature and of density (n±e2yE0/kQ)(Ti/T0). It is important 
to stress that this force does not appear in the absence of 
the thermoelectric effect, even in an external field. It is this 
force that excites motion in competition with the buoyancy 
and thermocapillary forces. A steady-state inhomogeneity 
of the carrier density ri*1 under ambipolar conduction 
conditions does not in fact appear if a current cannot flow 
in a medium. However, if a current can flow, a temperature 
inhomogeneity gives rise to a redistribution of ions and, 
conversely, a deviation from homogeneity of the carrier 
distribution leads to nonuniform heating of the liquid. 
Therefore, it is unimportant what external agency is 
acting — heating or flow; they always induce one another. 
In experiments it is more convenient to heat a layer. We shall 
consider this case by the same methods as before. However, 
if an electric field is strong, we cannot assume that the 
condition of quasineutrality is satisfied under equilibrium 
conditions. This is why an equilibrium state of an electrolyte 
is analysed in Refs [44, 45] and it is shown there that the 
above results are valid as long as the Debye radius RD is 
much less than the characteristic size h, which is always true. 

The influence of the surface tension forces on the 
excitation of a thermal instability in an electrolyte is 
considered in Ref. [46]. The surface tension in an electro­
lyte may depend not only on temperature, but also on the 
carrier density and even on the electric field. The influence 
of these effects on the thermoelectricity and their inter­
action with one another are discussed in Ref. [46]. 

The excitation is mainly due to the influence of the 
concentration of a solute on the surface tension forces. This 
is due to the fact that in reality we have x/D ^ 102 for 
electrolytes. In general, heating and a change in the solute 
concentration tend to cancel each other out. It has been 
shown that the influence of the dependence of the surface 
tension on the electric potential is always weak. 

Phenomena very similar to those investigated in electro­
lytes can occur also in an electron-hole gas of charge 
carriers in solids [44]. The usual convection in such solids is 
discussed in Refs [47, 48]. 

7.2 Liquid crystals 
Liquid crystals have the properties of semiconductors [49, 
50]. Therefore, all the phenomena considered in Sections 
1-6 are also possible in liquid-crystal materials. However, 
liquid crystals are distinguished by a great variety of 
hydrodynamic properties and they represent a natural class 
of materials which can be used as an example in the study 
of the interaction of thermal, hydrodynamic, and electric 
properties. 

The interaction between hydrodynamic and electric 
phenomena in the excitation of instabilities in liquid crytals 

of different types is considered in Ref. [51]. The system of 
equations ( l ) - (3 ) and the equations of electrodynamics are 
supplemented by the equation for the director n, which sets 
the orientation of molecules. Only thermotropic liquid 
crystals are dealt with in Refs [52-55]. 

The influence of anisotropy on the excitation conditions 
is discussed in Ref. [56]. 

In the case of nematics it has been shown that one needs 
to allow for the anisotropy of the dissipative characteristics 
such as the thermal diffusivity 

Xik =xSik+xanink, (39) 

where xik is the thermal diffusivity determined by the 
isotropic (x) and anisotropic (xa) diffusivities of media 
which transmit not only hydrostatic pressures, but also 
torsion and bending (the elastic constants are assumed to 
be the same and are denoted by G). As a result, the critical 
temperature gradient at the point of excitation decreases by 
a factor 

l + ^ t (40) 

compared with that reported in Refs [57, 58]. This makes 
pre-Rayleigh convection possible. The numbers Ra and M 
decrease by the same factor and the number E decreases 
quadratically. 

It follows that thermoelectric convection in liquid 
crystals may be excited earlier in thicker layers than in 
conventional liquid semiconductors. 

The appearance of the factor referred to above can be 
understood on the basis of the same qualitative considera­
tions which have been employed repeatedly earlier (Sections 
1 and 7.2). 

The heat flux xaATi, which appears in an anisotropic 
liquid because of temperature fluctuations is dissipated in 
the work involved in altering the orientation of molecules 
(i.e. altering the orientation of the director dnt/dxk). This 
work is xaA\dn/dx\. The change in the orientation of the 
director nu is the result of motion in a medium with an 
anisotropic viscosity. We therefore have vav w Gdn/dx. 

It follows that the heat flux is expended both in 
convective heat transfer represented by vA (Section 1) 
and in rotation of the director vAxava/G. The addition 
of these two quantities gives the result represented by 
expression (40). 

The influence of the anisotropy of the dissipative 
coefficients applies to all classes of liquid crystals. How­
ever, specific effects occur in certain classes. 

It is shown in Ref. [59] that excitation accompanied by 
oscillatory growth is possible in smectics with equidistant 
layers and a director perpendicular to the layer surfaces. 
This happens although in a system of forces acting in a 
smectic there is no pseudovector. The frequency of growth 
oscillations is governed by the elastic constant of the layers 
B = s2, where s is the velocity of special acoustic waves 
(second sound) associated with this elastic constant [60]. 

One further effect associated with second sound is 
considered in Ref. [61]: this is the excitation of surface 
second-sound waves. A dispersion equation is derived and a 
study is made of the influence of an electric field on the 
excitation process. The waves represent a new type of 
surface waves [62, 63]. 

The influence of the elastic properties of a medium not 
only on the buoyancy but also on the thermoelectric 
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excitation mechanism is considered in Ref. [51]. Heating 
from above is considered in Ref [64] as a possible way of 
making excitation easier. 

The convection due to a strong temperature dependence 
of the pitch of the molecular helix in cholesterics is 
considered in Refs [65-67]. The temperature dependence 
of the pitch q alters the permittivity of the medium and it 
therefore results in characteristic electric effects. It is found 
that an instability is possible as a result of heating from 
above and that it grows in an oscillatory manner. The 
frequency of the growth oscillations depends very strongly 
(as h~15) on the thickness of the cholesteric liquid-crystal 
layer. This is a new instability effect [68, 69]. The solution is 
methodologically complicated because the acting electro-
phoretic force (a more detailed discussion of this force and 
also of other properties of insulators, which apply also to 
liquid crystals, is provided in Section 7.3) is a quantity 
which oscillates rapidly over distances which are short 
compared with h and which are of the same order as 
the size of the cholesteric molecules. Macroscopic character­
istics can be obtained by a special type of averaging. The 
results show that the number which governs the possibility 
of excitation is 

A2h2 

(41) 

If a cholesteric represents a conducting medium, then 
in an external electric field transverse to the cholesteric axis 
we can expect spatially periodic distributions (structures) in 
the pitch of the cholesteric helix. A theory developed in Ref. 
[70] for conducting media with steady-state flow is used in 
Ref. [67] to calculate structures in cholesteric liquid crystals. 
The calculations reported in Ref. [67] are carried out for an 
external field considerably lower than that at which the 
pitch of the molecular helix begins to increase with the field. 
It is shown in Refs [63, 64] how the interaction with new, 
typical only of cholesterics, mechanisms affects the usual 
Rayleigh and thermoelectric mechanisms. 

7.3 Insulators 
We shall finish the review of published material on the 
excitation of electroconvection by heating by considering 
the situation when an instability is not induced by heating 
but by the mass transport, i.e. when Vr is replaced with Vc. 
It is found that the hydrodynamic and electric phenomena 
interact in an external electric field in a manner similar to 
the interaction of the same phenomena in liquid semi­
conductors during heating. The analogue of the 
thermoelectric force is the electrostriction [28, 71-75]. 

An analysis of a liquid insulator, through which another 
insulator flows, can be found in Refs [76-78]. Then Vc 
leads to Ve and the analogue of the thermoelectric force is 
the electrophoretic force (Ei'E0)We [79]. In fact, in this case 
we can develop a theory which is fully analogous to that 
given above for liquid semiconductors (Sections 1-6). The 
number 

sE2

0A2h2 

pvD 
(42) 

representing the ratio of the electrophoretic (A = |Vc|) and 
dissipative forces is used in Ref. [77] and the excitation 
condition is found to be 

which ignores the buoyancy forces. It is has been found 
that instability is possible for 

1 
E r > E! « 924 for w = 

3 ' (44) 

-k*+Eck2

±k2

7 0 , (43) 

with any direction of the current. Moreover, the amplitude 
expected for a small excess of E c over E* is calculated in 
Ref. [78]. 

The interaction of the electrophoretic force with the 
temperature-dependent permittivity and with the buoyancy 
force during heating of a layer from one side is tackled in 
Ref. [80]. It is shown that, as in the cases discussed in 
Section 4, a strong rise is observed when a certain condition 
is obeyed by a number analogous in meaning to the number 
E c , although the motion itself is possible only in the 
presence of the buoyancy force [the velocity is proportional 
to the number Ra, exactly as in expression (22)]. 

We shall conclude this section by noting that when the 
interaction of specific (elastic, electric, etc.) properties of a 
liquid is taken into account, the conditions for the 
excitation of thermal convection change and even qual­
itatively new types of instabilities can appear. Obviously, 
similar results can also be expected for other media. 

8. Comparison with experiments 
The available experimental data, which can be interpreted 
only if we use the results of calculations on electroconvec­
tion as a result of heating, can be divided into two groups. 
The first group comprises the experiments in which 
convection is observed in thin films of spermaceti, carried 
out by Benard [81], which are described and analysed in 
Refs [5, 6]. The second group consists mainly of the 
experiments in which the frequently mentioned heating 
from above is provided by laser radiation. 

8.1 Benard's experiments 
Benard carried out his experiments on a film of spermaceti 
(sperm whale oil). The data on spermaceti can be found in 
Refs [82-84]. A spermaceti film up to 1 mm thick was 
placed on a flat metal substrate. Its upper surface was in 
contact with air. This arrangement reproduced the model 
of an infinite flat film heated from below. The lower 
boundary was solid and isothermal, and the upper was free 
and thermally insulated. 

Estimates given in Refs [8, 9] show that the inequalities 
K — nM,i < h < nRa,M should be satisfied in these experi­
ments. Expression (16) yields hMi w 10 um and expression 
(10) gives /?R a,M ~ 2 mm. The value of y is a parameter 
which is most difficult to estimate (see Ref. [8]). It follows 
that the main mechanism resulting in the formation of the 
Benard cells is the thermocapillary effect (see Refs [5-7] 
and the review in Ref. [2]). 

The thermoelectric mechanism in the thinnest films used 
in the experiments (h w \0hc w 0.1 mm) can be taken into 
account by utilising the solutions given in Ref. [20]; this 
gives M w M* (1 — 0.4 E). Under experimental conditions it 
was found that E w 0.1. The change in M is only a few 
percent. Moreover, the change in the ratio l/h of the 
dimensions of the cell, which appears at the moment of 
excitation, is also small. 

However, it should be pointed out that the thermo­
electric mechanism can account for ageing of liquid-crystal 
displays [85]. 
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All other numerous experiments on heating from below 
(such as those described in Refs. [1] and [28]) have been 
carried out on films of such thicknesses that the influence of 
the thermocapillarity and thermoelectricity has not been felt. 

8.2 Laser heating experiments 
The first investigation of the thermoelectric convection [86] 
was purely theoretical, but beginning from Ref. [87] it has 
been recognised that it is necessary to apply a theory of 
electroconvection that appears as a result of heating, in 
order to explain the laser melting results. Following the 
work of Mirkin [88, 89], it has been generally recognised 
[18, 90-92] that convective cellular motion is induced in 
the melt. However, nonelectric mechanisms cannot excite 
such motion. 

It should be stressed that convective motion appears 
specifically during heating. This can be judged on the basis 
of penetration of alloying materials [93, 94]. However, 
cellular motion can appear under the influence of non­
electric mechanisms as a result of cooling from above 
[95, 96]. 

An explanation of the excitation of cellular motion 
during melting or heating of a liquid (without evaporation) 
by laser radiation is of major importance in technological 
applications [97-101]. 

The influence of the thermoelectric effect on convection 
is observed in experiments involving heating of liquid 
steel carrying a film of tungsten carbide on its surface 
[93, 94] or for motion of liquid films of silicon-tellurium 
alloys [92]. This influence can be estimated from the 
difference between the hot (7\) and cold (r c ) surfaces: 
Th - Tc w Ah w 103 K - 104 K and from the parameters of 
a liquid: p w l to 10 g cm" 3 , ft « (9 to 6) x 10"4 K" 1 , 
v ^ x ^ 5 x 10~2 to 1 mm 2 s - 1 , a = (1 to 
3 ) x l 0 " 5 N m ^ K " 1 [102-103]. 

It is moreover necessary to know the value of the 
Seebeck coefficient y. However, the values of this coeffi­
cient at the melting point or slightly above are not given in 
the cited papers. Nevertheless, it is known that the electric 
conductivity and the Seebeck coefficient do not change 
greatly at the melting point. The Seebeck coefficient of solid 
semiconductors at temperatures above the Deb ye value TD 

is governed by the rise in temperature and can be written in 
the form y = a(kQ/e)(TD/T). The constant a in this 
expression is such that y is of the order of 100 uV K _ 1 

[104-106]. 
The thermoelectric effect can set a liquid in motion 

when neither the buoyancy force (/? > 0) nor the tempera­
ture dependence of the surface tension (cr > 0) can suppress 
an instability, provided 

A > A l " V £ ) yh> 8 7

2 R* > 8 y 2 M * ' ( 4 5 ) 

where Ra* > 800, M* > 80, E* > 45. The thermoelectric 
effect excites an instability if the heating exceeds the value 
Aj. When the heating is from above, surface waves may be 
excited [17, 18]. However, first, such waves cannot set the 
interior of a molten layer in motion to the observed depths 
(up to 150 um, according to the data in Refs [93, 94]) and, 
therefore, cannot ensure penetration of the alloying 
element (tungsten). Second, it is necessary to compare 
the excitation conditions. It is shown in Ref. [17] that the 
excitation of such waves occurs when A > Aw = pgh/a. A 

comparison of the conditions for the excitation of the 
thermoelectric convection and surface waves demonstrates 
that this convection is excited first [87] if the liquid layer 
thickness is less than 

/ * < / * * 4 - V / 2 - - w 

Vp£/ yg 
Estimates show that h* < 1 mm. Under experimental 

conditions the thickness of the alloyed layer proved to be 
about 0.1-0.03 mm, i.e. the thermoelectric instability was 
indeed excited first. 

It is assumed [1, 2] that the properties of the initial 
instability may be observed also after the motion becomes 
advanced. 

The theoretical values of b = 54 and b = 37 for 
rectangular and hexagonal cells, calculated on the assump­
tion that two three-dimensional cells are excited 
immediately (see Section 6 and Ref. [33]), are in good 
agreement with the result l/h w 47, obtained from an 
analysis of the data given in a table of the dimensions 
of the alloyed zone [94]. These results were taken from Refs 
[8, 9, 32]. 

8.3 Mechanism of formation of a molten zone [13, 14] 
Let us assume that the laser radiation energy just exceeds 
the heat of fusion and that the duration of the laser pulses 
is of the order of the characteristic time h2/v = 10~2 s = 10 
ms required to establish an equilibrium regime. 

During the first stage the layer melted by laser radiation 
is very thin (h <^ hc). Under these conditions the motion is 
along the layer and this motion begins to change to cellular 
only when the heating effect reaches a value corresponding 
to I* w 4.5 (Section 6). It is obvious that the value 
I 2 = E* w 20 can be used under the conditions of arbitrary 
heating and it is permissible to assume that the heating is 
approximately the same along perpendicular directions: 
AxttAz&A. We can then determine the ratio of the 
dimensions of the molten zone, which is approximately 
40. The properties that appear first will be maintained for a 
long time in the molten zone. In any case, this is true when 
convection is excited [1, 2]. 

Longitudinal motion which then appears in a thin layer 
transports a hot liquid along its boundary (Fig. 14) and it 
also transports heat. Therefore, the molten zone spreads 
rapidly until its size along the sample becomes approx­
imately 40 times greater than in the direction of depth. 

When heating is such that I* > 4.5, motion develops 
also in the perpendicular direction. Transport of the hot 
liquid to the bottom of the melt rapidly increases the depth 
of the liquid layer. When the depth increases by a factor of 
40, the surface of the melt spreads to a size 1600 times 
greater. However, the increase in the depth and surface area 
stimulates the stabilising action of the thermocapillary 
effect. Simultaneously, surface waves appear. 

When the depth of the layer is h ^ 10 um and the 
temperature difference is 7 \ — Tc w 104 K, thermoelectric 
convection may be excited: it establishes cellular motion 
with the ratio of the longitudinal and transverse dimensions 
in excess of 2. It is obvious that if this effect appears at all, 
then this happens only at the very first moments of heating 
in the thinnest layers. In reality the effect of such an 
instability in the growing melt is difficult to determine. 
The depth of the melt, observed actually in the experiments 
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(30-100 um) obviously only initially (h < 10 um), is 
governed by the thermoelectric convection and then (for 
h < 100 um) depends on the excitation of motion by heating 
from the side and on its 'resonant' growth. Finally, the 
greatest depth of the melt is reached by conventional heat 
transport. 

9. Concluding comments: synergetic aspects 
The problem of order and disorder has been attracting 
attention for a long time [107-113]. This problem is 
important also in the formation of melts by laser radiation 
which is a very modern technological method. The task is 
to study and describe the collective phenomena which are 
observed on transition from disordered to ordered systems 
and vice versa. A general feature of these phenomena is 
that as a system becomes more complex (as it becomes 
heated), it acquires certain phenomenological features 
which are difficult to detect by investigations of simpler 
subsystems [110, 111]. In our analysis, the Rayleigh and 
thermocapillary mechanisms (or subsystems) are compli­
cated by the superposition of the thermoelectric subsystem, 
leading to a new technological phenomenon, which is the 
transport of heat by cellular motion when heating is from 
above. 

The interaction of the subsystems determines the proper­
ties of the objects, in this case the molten zone. Synergetic 
properties of the object and its space-time periodicity are 
governed in particular by the thermoelectric instability and 
by the thermocapillary stabilisation. General considerations 
indicate that the appearance of cellular motion as a result of 
heating from above should also be regarded as a natural 
phenomenon [112], but the actual properties of an object 
(a molten semiconductor film) can be predicted and 
explained only by solving the specific problem and compar­
ing the solution with the experimental results. 

It follows that the thermoelectric convection is an 
example of the interaction of hydrodynamic, electric, 
and thermal subsystems in a disordered system. When 
these subsystems interact in an open thermodynamic 
system, such as a liquid film, self-organisation takes place 
and macroscopic space-time structures appear. In accor­
dance with general ideas [107], the transition occurs in the 
form of growth of fluctuations. Stochastic perturbations 
increase and become deterministic cellular motion. This 
transition occurs only in a certain range of the values of the 
control parameters (heating A and layer thickness h) [108]. 

It follows from synergetic considerations [110, 111] that 
the resultant cells (deterministic motion) also exist in a 
certain range of values of the same control parameters. For 
example, when the layer thickness is higher than the critical 
value hMi or /zR I , motion is suppressed in cells heated from 
above. 

The Benard cells are a classic example of a synergetic 
phenomenon. A new self-organisation mechanism in the 
form of the thermoelectric instability gives us a new insight 
into this phenomenon. The interaction of the thermoelectric 
mechanism with the excitation mechanisms investigated 
earlier (buoyancy, thermocapillary forces) provides an 
opportunity for revealing characteristics of the technology 
of melting of matter by laser radiation, which may be of 
importance in practice. 

The new mechanism explains how heat can be trans­
ferred by convection when a free surface is heated. 

The above results of an investigation of the conditions 
for the excitation of the electric convection are applicable to 
a wide spectrum of media with a variety of mechanical and 
electric properties. Only some of them have been inves­
tigated so far: liquid semiconductors and semimetals, 
certain types of liquid crystals, ambipolar media, etc. 
Other media, such as porous materials, gas-liquid mix­
tures, and many others, have to be studied by the above-
described method for investigating the interaction of 
hydrodynamic and electric properties. 
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