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Abstract. In the classical limit, b remss t rah lung cor re 
sponds to scat tering of vir tual fields of the colliding 
electron and ion on the incident electron. This s ta tement is 
no longer correct in the case when the collective effects in 
b remss t rah lung are t aken into account . These effects can 
change drastically the cross-sections of b remss t rah lung 
because of the impor t an t role of scattering of vir tual waves 
on the Debye shielding shells of colliding particles. In 
par t icular , the scat tering on ions (their Debye shielding 
clouds) is impor t an t (while in the absence of collective 
effects the scattering on a single ion is negligible). In this 
article it is shown h o w the present theory of f luctuat ions in 
a p lasma, with nonl inear f luctuat ions t aken into account , 
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leads to the de terminat ion of cross-sections of b remss t r ah 
lung, which t ake into account all collective effects tha t are 
impor t an t for this process . 

1. Introduction 
It is often wrongly believed tha t to describe the kinetics of 
evolut ion of a physical system consist ing of m a n y particles, 
for example a p lasma, it is sufficient to k n o w the cross-
sections of the physical processes of individual part icle 
interact ions. In reality, the ensemble of interact ing part icles 
can change the cross-sections drastically and these effects 
are usual ly called the collective effects (the term collective 
effects is also used in p lasma physics to define the 
development of instabilities of collective p lasma mot ions , 
bu t in wha t follows we will completely ignore the effects 
due to instabilities and use the word collective only to 
describe the collective change of cross-sections). The 
example of a p lasma, the simplest case of an ensemble 
of a lmost free part icles, with collective changes in cross-
sections br ings this to light m o r e clearly. The fact tha t the 
cross-sections of the processes in a p lasma are indeed very 
different from those for individual part icles should be well 
k n o w n to physicists work ing in such fields as p lasma 
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diagnostics, p lasma theory, or p lasma astrophysics . Neve r 
theless, even in the t ex tbooks on p lasmas , the te rminology 
used can lead to misunders tandings and p robab ly shows 
tha t there exists no t only an improper use of te rminology 
bu t also tha t a clear physical unde r s t and ing of the 
processes in p lasmas could be lost. 

The most representat ive effect of this k ind is the change 
of cross-sections of wave scattering for wavelengths larger 
t han the screening length, when electrons and ions appear 
to change their places. In vacuum (for individual particles), 
the scat tering on ions is ml/mf t imes less t han the scattering 
on electrons, while in a p lasma, in the case when the 
collective effects domina te , the scattering on electrons is 
approximate ly by the same factor smaller t han the scat ter
ing on ions. 

At first glance, this fact has a simple explanat ion. A n 
electromagnet ic wave displaces mainly the electrons, and 
b o t h electrons and ions t ake pa r t in the screening of 
electrons and ions (the electrons are screened by a decrease 
in electron density and an increase in ion density in their 
vicinity and the ions are screened by an increase in electron 
density and a decrease in ion density in their vicinity). F o r 
wavelengths larger t han the screening length (which is the 
Debye length) the 'centra l ' electron, moving with a velocity 
greater t han the the rmal ion velocity, and its screening 
electron cloud are together a lmost neu t ra l (since an electron 
moving with a velocity larger t han the mean ion the rmal 
velocity is screened mainly by electrons) and the incident 
wave almost does no t create an a l ternat ing dipole m o m e n t 
to excite the scattered wave. F o r ions, only the screening 
electrons are displaced by the incident wave and the to ta l 
charge of the screening electrons is near ly equal in absolute 
value and opposi te in sign to the charge of the ion. In the 
case when the ion is singly ionised, it will scatter a lmost at 
the same ra te as an electron in a vacuum. 

This explanat ion, in fact, assumes tha t all p lasma 
part icles are screened by other part icles, which tu rn out 
to be the same p lasma part icles. T h u s the explanat ion is no t 
at all trivial. One should p rove tha t this explanat ion is 
indeed correct, i.e. one should p rove tha t any p lasma 
part icle can serve as a ' cent re ' of scattering and s imulta
neously t ake pa r t in screening of the fields of other particles. 
Such a p r o o f can be obta ined only by a theory of 
f luctuat ions in a p lasma in which the part icle mo t ion is 
decomposed into an average pa r t (in which the part icle 
appears as a scattering 'centre ' ) and a f luctuating par t (in 
which the part icle is screening the fields of other particles). 
This p ic ture appears to be a correct and t rue pic ture 
describing the processes which indeed occur. 

It is interest ing to no te tha t it was shown previously tha t 
such a concept is correct for part icle collisions and wave 
scattering. Here it will be shown tha t this concept also 
applies to the emission of waves in part icle collisions, i.e. to 
b remss t rah lung . This then indicates tha t this concept could 
be a general one for all changes of cross-sections due to 
collective effects. 

At this poin t it should be stressed tha t the word 
'screening' used before means dynamica l screening (the 
exact descript ion is given below), i.e. for a sufficiently 
low part icle velocity it is close to static screening, while for 
large part icle velocities the polar isa t ion charges are str ipped 
off from part icles and the cross-sections can app roach 
values cor responding to those when the collective effects 

are not t aken into account . The critical velocity is the mean 
part icle the rma l velocity. 

One impor t an t poin t should be m a d e clear before 
s tar t ing the discussion on collective effects in b remss t r ah 
lung. This concerns the explanat ion of the physical 
processes leading to the changes in cross-sections. It is 
best to i l lustrate this poin t for the process of wave scattering 
on ions. A l though the scattering is p roduced by an electron 
screening shell, the changes in energy and m o m e n t u m of the 
waves t ak ing pa r t in the scat tering process apply only to 
ions. This s ta tement follows from expressions obta ined 
from the f luctuation theory and par t icular ly from equa
t ions describing the changes of ion dis t r ibut ions due to 
scattering. These equa t ions show tha t the change of the to ta l 
ion energy and to ta l ion m o m e n t u m is equal in absolute 
value and opposi te in sign to the to ta l change in energy and 
m o m e n t u m of the incident and scattered waves. This is no t 
often ment ioned in the l i terature and is p robab ly the reason 
for the misunders tand ing when such a scat tering is a t t r ib 
uted to the scattering on electron f luctuat ions. 

The f luctuat ions indeed p roduce the polar isa t ion shell 
and, when one does no t t ake into account the recoil effect in 
scattering and assumes tha t the ion dis t r ibut ion is fixed, one 
can have an impression tha t the scat tering is p roduced by 
electron f luctuat ions. But the electrons play only the role of 
an in termedia te chain, and by ambipo la r field the energy 
and m o m e n t u m are t ransferred to ions. N o t e tha t , when 
one neglects the Dopp le r shifts of the incident and the 
scattered waves, the difference in their frequencies is zero 
and the field act ing on ions is a lmost a static field. 

In connect ion with this s ta tement it is necessary to 
ment ion the p rob lem considered by I E T a m m [1] concern
ing the emission of a part icle moving in a med ium with a 
velocity greater t han the velocity of light in tha t medium. 
The quest ion considered was: is the V a v i l o v - C h e r e n k o v 
emission p roduced by the polar isa t ion shell of the part icle 
moving in the med ium or by the part icle itself? The answer 
is tha t the emission is p roduced by the part icle itself because 
the energy and m o m e n t u m of rad ia t ion are derived from the 
part icle energy and m o m e n t u m . 

The simplest way to see it is to use the q u a n t u m 
descript ion of V a v i l o v - C h e r e n k o v rad ia t ion given for 
the first t ime by V L Ginzburg [2]. F r o m G i n z b u r g ' s 
descript ion it is obvious tha t the energy and m o m e n t u m 
emitted are lost by the part icle itself. F o r scattering, the 
same a rguments work bu t instead of the energy and 
m o m e n t u m of the wave the differences of the energies 
and m o m e n t a of the initial and scattered waves are 
considered. W e looked for this in the l i terature because, 
up to the present t ime, in the l i terature on scattering the 
term collective effects has been used to imply scattering on 
electrons, yet one does not ment ion tha t the scattering is 
mainly p roduced by ions. Nevertheless even in the very 
early paper s on the scattering of waves in p lasmas [ 3 -
5, 14], scat tering on ions had al ready been considered. 

The definite s ta tement tha t the scat tering is indeed 
occurr ing on ions and a simple physical in terpre ta t ion of 
this effect were first given in Ref. [6], and then a simple 
me thod , independent of the f luctuation, for calculat ion of 
the addi t iona l ampl i tude in scattering due to part icle 
polar isa t ion shells was p roposed in Refs [7, 8]. In the 
m o n o g r a p h [9] a simple me thod , also independent of the 
f luctuation approach , was p roposed for calculat ing add i -
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t ional mat r ix elements in b remss t rah lung due to the part icle 
polar isa t ion shells. 

The present review serves not only as a review of recent 
results concerning the collective effects in b remss t rah lung 
bu t also conta ins an original p r o o f of h o w the addi t iona l 
collective ma t r ix elements ment ioned earlier can be derived 
from the theory of f luctuations. P r o o f will be provided tha t 
the concept of dynamical ly screened part icles is appropr i a t e 
for b remss t rah lung processes. It should be ment ioned tha t 
the processes of b remss t rah lung were considered previously 
in the general theory of f luctuat ions in a p lasma. But as in 
the case of scat tering processes, it was not shown tha t the 
to ta l effect can be expressed th rough the probabi l i ty of 
bremss t rah lung , conta in ing a square of the sum of mat r ix 
elements of the process on individual part icles and collective 
processes connected with the screening shell. This p r o o f is 
given in the present article. Wi th such a p r o o f available it 
becomes very easy to analyse the b remss t rah lung processes 
and par t icular ly new ones which result from collective 
effects (for example, an increase of b remss t rah lung rad ia 
t ion intensity in i o n - i o n collisions). 

2. Qualitative description of collective effects in 
bremsstrahlung 
2.1 Why is the concept of bremsstrahlung of 'bare' 
particles wrong for any plasma density? 
The te rm ' ba re ' indicates tha t the part icle is isolated in 
vacuum. One could th ink tha t if the part icle is in a p lasma 
and the p lasma density tends to zero, each part icle can be 
regarded as ' ba re ' and the emission of waves by it will be 
the same as in the case of a ' ba re ' part icle. But this is no t 
correct. 

Indeed, the collective effects should be most p ronounced 
for wavelengths much larger t han the screening length. This 
length is inversely p ropo r t i ona l to where n is the p lasma 
density. The lower the p lasma density, the larger the 
wavelengths for which the collective effects are impor tan t . 

The s ta tement tha t if the b remss t rah lung is considered to 
be tha t of ' ba re ' part icles, the correct value of real 
b remss t rah lung cannot be obta ined for any low plasma 
density becomes obvious when one takes into account tha t 
in a p lasma only those electrostatic waves can exist tha t have 
wavelengths larger t h a n the Debye screening length. This is 
the case for Langmui r electrostatic waves or i o n - s o u n d 
waves. F o r these, the collective effects are always impor tan t . 

The wavelength of electromagnet ic waves exceeds the 
Debye length for 

co 5> coD 

where co p e is the electron p lasma frequency, c is the light 
velocity, and vTe is the mean electron the rma l velocity. The 
frequency range from co p e to covec/vTe is qui te large in m a n y 
real condi t ions . 

2.2 Why does the bremsstrahlung of longitudinal waves 
dominate for nonrelativistic particles? 
Often, when speaking abou t b remss t rah lung , one means 
the b remss t rah lung of electromagnet ic waves. But all waves 
which are modes of the system can be emitted dur ing 
part icle collisions. A m o n g them are also longi tudinal 
electrostatic waves. W h e n the part icles have nonrelat ivist ic 
velocities, an expression for the intensity of b remss t rah lung 

of longi tudinal waves cannot contain the velocity of light, 
since the latter enters neither in the d is turbance of part icle 
mo t ion by the wave and the work performed by the emitted 
wave on the part icle, nor in the dispersion characterist ics of 
the electrostatic waves. 

F o r e lectromagnet ic wave b remss t rah lung by nonre la 
tivistic part icles, the velocity of light also does no t enter in 
the dis turbances of part icle mo t ion by the wave (when the 
intensity of the wave is no t so high as to m a k e the part icle 
oscillation velocity in the wave relativistic) or in the work 
performed by the emitted wave on the part icle dis turbances . 

Nevertheless it is well k n o w n tha t the factor c appears 
in the denomina to r in the s tandard formula for b r e m s 
s t rah lung of electromagnet ic waves by an electron with the 
m o m e n t u m p: 

1644"P l n Pmax 
3mlvac3 p m i n 

(1) 

where QPi(0 is the power of emission in the interval dco, e a 

is the charge of the incident part icle (electron), m a is the 
mass of the incident part icle, e$ is the charge of the heavy 
part icles (ions), n$ is the density of the heavy part icles 
(ions), v a is the velocity of the incident part icle (determined 
by its m o m e n t u m /?), and p m a x / P m i n * s the rat io of the 

m a x i m u m impact pa ramete r to the m i n i m u m impact 
pa ramete r . T h u s we conclude tha t the factor c3 derives 
only from the dispersion relat ion for electromagnet ic 
waves, co = kc. 

F r o m dimensional a rguments it is obvious tha t for 
electrostatic waves the factor l / v p h for electrostatic waves 
should be used instead of the factor l/c for e lec t romag
netic waves, where v p h = co/k is the phase velocity of the 
electrostatic waves. The characteris t ic p rope r ty of long
i tudinal waves in a p lasma is tha t they can have a ra ther low 
phase velocity. F o r example, the phase velocities of 
Langmui r waves can be as low as the mean electron 
the rmal velocity and the phase velocities of i o n - s o u n d 
waves can be as low as the ion the rmal velocity. 

This est imate directly shows tha t the b remss t rah lung of 
electrostatic waves by nonrelat ivist ic part icles is much 
greater t han the b remss t rah lung of electromagnet ic 
waves. Therefore for nonrelat ivist ic part icles it is possible 
to restrict the considerat ion to the case of b remss t rah lung of 
electrostatic waves (if, of course, one is no t specially 
interested in the b remss t rah lung of electromagnet ic 
waves). The rad ia t ion losses of nonrelat ivist ic part icles 
will be determined mainly by the b remss t rah lung of 
electrostatic waves, because the cont r ibut ion of b remss t r ah 
lung of electromagnet ic waves in the to ta l part icle energy 
losses due to rad ia t ion will be small. This po in t is seldom 
taken into account in the appl icat ions of b remss t rah lung in 
l abora to ry experiments and in the in terpre ta t ion of emis
sion from cosmic sources of rad ia t ion . 

In the l i terature there is no detailed descript ion of the 
prob lem of b remss t rah lung of longi tudinal waves. The re 
fore we should start with the simplest est imates. 

2.3 The bremsstrahlung of longitudinal waves by 'bare' 
particles 
F o r longi tudinal waves, it is impossible to neglect collective 
effects in b remss t rah lung since their wavelengths are always 
larger than the screening length, bu t for compar i son with 
the results of collective b remss t rah lung it is necessary to 
k n o w the expression for b remss t rah lung of 'bare ' , 
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nonscreened part icles. I consider here the case when the two 
colliding part icles (electron and ion) are no t screened and 
the emission is due only to the deviat ion of the electron 
from its straight t rajectory by the field of the ion at rest, i.e. 
exactly the kind of process which is usual ly in one ' s mind 
when one th inks of b remss t rah lung of e lectromagnet ic 
waves by ' ba re ' particles. 

W e can find the emitted power by calculat ing the work 
of the emitted wave performed on the current p roduced by a 
change of t rajectory of the incident electron averaged over 
all ion posi t ions rp, which appear a long the p a t h of the 
electron with an initial m o m e n t u m p\ 

(2) 

The current density j can be expressed th rough the change 
in charge density 8p by the use of the cont inui ty equat ion 
and the fact tha t the field is longi tudinal . Then the electric 
field s trength E can be expressed th rough 8p by means of 
the Poisson equat ion: 

2P = 47ii(27i)31 dk dco dcof 
CO Ha 

k2ekjQ 

x exp(iatf — ico't) | drp hpk w 8p_ k,—co' (3) 

The d is turbance in the electron mot ion can be found 
from the equat ion for electron mot ion : 

d 2 r 

F o r a distant collision, in the first approx ima t ion the 
electron proceeds a long a straight line with a cons tant 
velocity r = vt, and in the next approx ima t ion it is weakly 
dis turbed: 

5 r : 
2K 

d ? 0 , q

 x 2 exp(itf-vf - i?-rp) . (5) 
J q2(q-v) 

The Four ie r componen t s of the charge density for an 
a rb i t ra ry moving charge are described by the equat ion 

Pk,co = 7 ^ 4 d t e X P [ - ^ ' r ( 0 + i ( 0 t ] > ( 6 ) 

and the change in charge density due to 8r is given by 

SPk,co = ~ " ^ 4 | d t ( k ' 6 r ) e x P ( i w - & ' v ) • ( 7 ) 

F r o m this expression, and after subst i tut ing Eqn (5), we get 

8 P * , c 7i(27i)4ma 

(k-q)Qxp(iq-rp) f , 

qz(co — k'V) 

This result [Eqn (8)] al lows us to calculate the expres
sion for the p roduc t of charge densities averaged over the 
ion posi t ions: 

f eAe2 

d r p hpk hp_k , = * p 8(g) - co') 
J 7r(27t) 

X \ d q J * ' 9 ? , 4 ^ - ( k - q ) . v ] . (9) 
J q*{co— k'V) 

The expression for the emitted power [Eqn (3)] will conta in 
only the imaginary pa r t of the inverse dielectric permit t ivi ty: 

1 1TT/-I1 1 VKCO _ , x 

lm — =- —S(ResK(0) 

inco 8(co — cok) + 8(co + cok) (10) 

Final ly we find an expression for the power of the 
b remss t rah lung of longi tudinal waves: 

n _ 244 

x f dk dg 4 ^ k ~ t \ q ) ' V ] (ID J * k2q\cok-k.v)4 ^Kco/dco)w=Wk 

The power emitted in Langmui r waves is obta ined by 
integrat ing this expression over the angles of vectors k and 
q, and over q, on the assumpt ion tha t co kvTe, and with 
account t aken tha t for these condi t ions ds/dco w 2 / co p e : 

2p = ^MQPil 

where 

_ %e^e\ k2n$ p m a x 

<Jp,k — ~Z— i n 

(12) 

(13) 

In expression (13) we used q w 1/p and g m a x w 1 / P m i n ^ a n d 
^min ~ 1 /Pmax- W e will see tha t ^, or m o r e exactly H^, is the 
m o m e n t u m transferred in the processes of b remss t rah lung . 

If we can compare formula (1) with formula (13) we see 
tha t the intensity of b remss t rah lung increases with an 
increase in the value of the wavevector , i.e. it increases 
as the phase velocity cope/k decreases. One can conclude 
also tha t the intensity of b remss t rah lung of longi tudinal 
waves is much larger than tha t of e lectromagnet ic waves. 
N o t e tha t when considering the intensity emitted in a uni t 
frequency interval, one should divide E q n (13) by dcok/dk, 
which gives the light velocity in the case of e lectromagnet ic 
waves. Together with the factor k2/co\ we get in the 
denomina to r the factor c3 for e lectromagnet ic waves. A n 
addi t iona l factor of 1/2 in E q n (13), as compared with 
E q n (1), appears there because of the difference in the 
polar isa t ion of longi tudinal and electromagnet ic waves — 
instead of the average value of (1 + c o s 2 6)/2, equal to 2 / 3 , 
we have the average value of c o s 2 0 , equal to 1/3. 

This calculation is of interest no t only as an i l lustration 
of the s ta tement tha t the emission of longi tudinal waves is 
the dominan t process for nonrelat ivist ic part icles, bu t also 
as an i l lustration of the error commit ted by neglecting the 
collective screening effects and considering the part icles as 
' ba re ' part icles. W e will also use these calculat ions to 
in t roduce the probabi l i t ies of b remss t rah lung; changes in 
the latter, as a result of collective effects, will be the main 
subject of the discussion tha t follows. Also, collective effects 
for longi tudinal waves are the most spectacular . 

2.4 The probabilities of wave bremsstrahlung 
Let us suppose tha t in the process of b remss t rah lung 
part icle p loses the m o m e n t u m q (its initial m o m e n t u m is p 
and its final m o m e n t u m is p — q) and part icle a loses the 
m o m e n t u m k — q (its initial m o m e n t u m is p and its final 
m o m e n t u m is p — k + q, and the m o m e n t u m k is t aken up 
by the emitted wave). 
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The energy conservat ion law in the e lementary process 
of b remss t rah lung is 

+ V ~~ SP~k+q (14) 

where H = 1, and we use for the energy of part icle oc the 
relativistic expression sj? = \/m^c4 + c2p2 . 

In the case when the t ransferred m o m e n t u m and the 
m o m e n t u m taken up by the wave are small compared with 
the m o m e n t a of the part icles, the conservat ion law (14) can 
be wri t ten in a simpler form: 

cok — q-v' — (k — q)-v = 0 (15) 

It was exactly this conservat ion law for vf = 0 which 
appeared under the sign of the 8-function in expres
sion (11). 

It is possible to define the probabi l i ty of b remss t rah lung 
of any e igenmode in a p lasma including the longi tudinal 
and electromagnet ic waves. W e will no t in t roduce in the 
definition of the probabi l i ty any superscript specifying the 
type of m o d e emitted, bear ing in mind tha t it can be any 
mode . W e will find a relat ion for the probabi l i ty of 
b remss t rah lung by a part icle with m o m e n t u m /?, colliding 
with a part icle with m o m e n t u m p\ normal ised to the uni t 
phase vo lume of emitted waves dk/(2n)3 and the uni t 
vo lume of the transferred m o m e n t a dq/(2n)3. The expres
sion for the power emitted in b remss t rah lung can serve for 
the definition of the probabi l i ty w^' P , (&,#): 

dk dp' dq a i P (16) 

where is the dis t r ibut ion function of part icles p 
normal ised on the uni t phase vo lume of m o m e n t a p and 
is given by 

dp' 
(17) 

F r o m expressions (11) and (16), we can find the p r o b 
ability of b remss t rah lung of longi tudinal waves by a ' ba re ' 
part icle a, which can be expressed in te rms of the mat r ix 
element M: 

« , p , . x I6nelel(2n)3 

i2 . x\M\2b[cok-q-v' -{k-q)-v\ , 

where M = M j , noncoll 

M a 

1 Y 1 noncoll 

and 

1 k>q 

(18) 

(19) 
m^i {cok -k-v)2 kq 

The subscript 'noncol l ' indicates tha t collective effects have 
no t been taken into account . 

As ment ioned earlier, the approx ima t ion of a ' ba re ' 
part icle is no t applicable for the descript ion of b remss t r ah 
lung of longi tudinal electrostatic waves for which the 
collective effects are very impor tan t . N o t e tha t these effects 
cannot be taken into account simply by replacing the field 
of a ' ba re ' ion by the field of an ion screened by the p lasma. 
If this were possible, it would have been sufficient to pu t in 
the denomina to r of the ma t r ix element [Eqn (19)] for the 
value of the dielectric permit t ivi ty obta ined from the 
Poisson equat ion . T h u s it will be sufficient to pu t sqq.v> 
in the denomina to r (the effect of screening cor responds to 

the Debye screening only for an ion at rest; for a moving ion 
co cor responds to q-v'): 

1 Y ± nonco 
1 k*q 

kq 8, 

1 
(20) 

m*q {C0k - k-v)1 ^q,q-v' 

Expression (20) is also incorrect , since it does not t ake 
into account the emission due to displacements of the 
shielding cloud p roduced by the colliding part icles — this 
is called t ransi t ion b remss t rah lung (see Ref. [9]). 

I will use the relat ion between the coefficient of 
absorp t ion of waves due to the process inverse to 
b remss t rah lung and the probabi l i ty of b remss t rah lung to 
find the probabi l i t ies from the theory of f luctuat ions in a 
p lasma. F r o m the ba lance relat ions of the direct and inverse 
processes of s t imulated emission and st imulated absorp t ion 
we obta in the decrement of a t tenua t ion : 

1 f dqdpdp' 
Ik 

(2*)* 

x \(k 
q ) dp p dp' p 

(21) 

Expression (21) is valid b o t h for the case when the 
collective effects are no t t aken into account and for the case 
when they are t aken into account , since the value of the 
probabi l i ty was no t specified in this expression. I will show 
tha t the theory of f luctuat ions in a p lasma leads to 
expression (21) and will compare the expression found 
for the probabi l i ty from the theory of f luctuat ions with 
expressions (18) and (19), in which the collective effects 
were no t t aken into account . 

2.5 Qualitative differences in the bremsstrahlung of 
'dressed' and 'bare' particles. The effective charge 
responsible for the generation of bremsstrahlung 
A n y charge in a p lasma is screened b o t h by electrons and 
by ions (a posit ive charge is screened by a surplus of 
electrons and a shortfall of ions, and a negative charge is 
screened by a surplus of ions and a shortfall of electrons). 
If the ion charge is Z , the screening charge of electrons will 
be (in uni t s of electron charge e) 

iA42 

'eff ' 
1/4? + ! /<*? ' 

(22) 

where de and dx are the electron Debye rad ius and the ion 
Debye radius , respectively. 

F o r wavelengths much larger t han the Debye rad ius (all 
electrostatic waves satisfy this relat ion in the absence of 
magnet ic fields) the screening charge can be considered 
approximate ly as a poin t charge and it is possible to 
consider its displacement as a whole under the action of 
the incident electron. Since the charge given by E q n (22) is 
also an electron charge, it will be dis turbed under the act ion 
of the field of the electron in a manne r similar to tha t when 
the incident electron was dis turbed by the field of a 
s ta t ionary ion in the previous discussion. 

The simplest way to see this is to go over to ano ther 
frame of reference in which the incident electron is at rest. 
Then the physical p ic ture of wave emission dur ing the 
collision will be exactly the same as in the previous 
descript ion, with the only difference tha t the value of 
the emit t ing electron charge is n o w determined by 
E q n (22) and can be larger t h a n the value of a single 
electron charge (if for the ion Z > 1). The intensity of 
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b remss t rah lung can then be even larger t han tha t deter
mined above. In short , one must never neglect this emission 
since it can even exceed the usua l b remss t rah lung emission. 

A simple est imate of this effect can be m a d e by adding a 
factor to the formula for b remss t rah lung [Eqn (18)]. 
But this again leads to a w r o n g result. The reason is tha t the 
two mechanisms of b remss t rah lung interfere with each 
other and par t ly suppress each other . The latter is clear 
from the following a rguments . 

Let us consider a fast electron with a velocity much 
higher than the average the rmal velocity. Then, at the high 
frequencies emitted by the electron, a collision with 
electrons in the shielding shell cor responds to a collision 
of free electrons. It is k n o w n that , in the dipole app ro x i ma
t ion, no b remss t rah lung is emitted as a result of such 
collisions, i.e., interference should quench the ampl i tudes of 
b o t h b remss t rah lung emission mechanisms. U n d e r certain 
condi t ions , such quenching can be par t ia l . In addi t ion one 
should t ake into account tha t the shielding clouds are 
present a r o u n d b o t h colliding part icles and it is necessary 
to take into account the emission of the shielding cloud of 
the incident part icle. 

These a rguments show why the emission in e l e c t r o n -
electron collisions can be changed substantial ly by collective 
effects. Such changes can lead to large var ia t ions in the 
intensity only for nonequi l ibr ium part icle dis t r ibut ions; for 
equil ibrium dis t r ibut ions the collective effects can change 
the intensity no t m o r e t han by a factor of the order of uni ty. 

The new qual i tat ive effect in t roduced by collective 
effects is b remss t rah lung in collisions of two heavy 
part icles (ions, for example) . This emission is negligibly 
small in the absence of collective effects. The collective 
effects in i o n - i o n collisions cor respond to the emissions of 
screening shells dur ing these collisions and are determined 
by Z e f f when the interference effects are absent . The 
collective effects also change the emission in e l e c t r o n -
electron collisions. 

To wri te down the expression for an addi t iona l mat r ix 
element in b remss t rah lung probabi l i ty , describing the 
emission of polar isa t ion shells of b o t h colliding particles, 
one can use the app roach described in Ref. [9]. Namely , one 
can, in a first approx imat ion , neglect the changes in 
trajectories of colliding part icles and consider the oscilla
t ions of the polar isa t ion shells of each colliding part icle 
under the action of the other colliding part icle. 

This pe r tu rba t ion for nonrelat ivist ic part icles is deter
mined by the Poisson equat ion with a nonl inear charge 
density p N t aken into account : 

P*U = | d?d v
 P^v2,k-q,co-v E q , v E k - q j C 0 - V , (23) 

where E k j C 0 = (k/k)EkjC0. 
Subst i tut ion in E q n (23) of the fields of uniformly 

moving colliding charges makes it possible to find, by 
the same me thod as before, the addi t iona l power of the 
b remss t rah lung rad ia t ion due to the screening shells (see 
Ref. [9]). But the correct result is obta ined no t by summing 
the intensities bu t by summing the ma t r ix elements. 

F r o m the expression for intensity determined from 
E q n (23), one can find the square of the mat r ix element 
describing the emission of polar isa t ion shells and from tha t 
get its absolute value; however , the sign of the mat r ix element 
is determined from a separate a rgument . Therefore to find 
the correct result, which takes into account the interference 

effects, one needs to calculate the intensity of emission, 
t ak ing into account the changes in the trajectories of 
colliding part icles and the oscillations of their polar isa t ion 
shells. This gives two addi t iona l mat r ix elements, which 
should be added to expression (20): M p , which is due to a 
change in the p a t h of a charge p (neglected previously, 
because an ion is assumed to be very heavy; we n o w have to 
t ake this into account in order to determine the collective 
effects in b remss t rah lung , for example, those occurr ing in 
e l e c t r o n - e l e c t r o n or i o n - i o n collisions), and M a ' P , which 
is due to b o t h polar isa t ion shells of the colliding part icles: 

I *'(*-?) I (24) 
mp\k-q\ (cok-k-v'f k\k - q\ sk_qi{k_q).v ' 

and 
o N , 2 

kq\k - q \ £q,q.v' sk-q,(k-q)-v 

Both colliding part icles are equivalent , as can be seen by 
changing the no ta t ions of the m o m e n t u m of the vir tual 
q u a n t a ( transferred m o m e n t u m ) q ^ k — q. 

All the given relat ions can be considered to be prel imi
na ry expressions intutively obta ined from physical 
a rguments , since their exact p r o o f can be obta ined only 
from the theory of f luctuat ions. It is impor t an t to k n o w tha t 
the theory of f luctuat ions proves tha t these relat ions are 
correct and tha t each p lasma part icle in its average mot ion 
appears as a colliding part icle, and in f luctuation mot ion is 
able to screen the fields of other colliding part icles. In short , 
the simple pic ture of collisions of dynamical ly screening 
part icles and emission dur ing these collisions cor responds 
to the t rue pic ture of p lasma emission due to part icle 
collisions. The aim of the following description is to p rove 
this s ta tement . 

3. Nonlinear interaction of electrostatic waves 
with fluctuations of plasma particles and fields 
3.1 Fluctuations of particles and fields in a plasma 
W e will start by dividing the dis t r ibut ion function of a 
p lasma part icle oc into its regular average componen t <Pp 
and its f luctuating componen t h f p . W h e n the part icles are 
neu t ra l (do no t have charges), their f luctuat ions in a 
p lasma will be described by f luctuat ions of independent 
part icles. 

Let us denote by 5/^°^ the cor responding par t of the 
f luctuating componen t of a dis t r ibut ion function. These 
f luctuat ions play the role of ' ze ro ' f luctuations, serving as a 
b a c k g r o u n d on which the processes of part icle collisions 
and the processes of emission of waves dur ing the part icle 
collision develop. By tak ing into account , in the first 
approx imat ion , the part icle charges, one obta ins the 
k n o w n collision integrals in a p lasma (see Ref. [10]). 
Obviously the above-ment ioned ' zero ' f luctuat ions should 
satisfy the equat ion: 

^ 8 / < o ) + v . 8 . 8 / / ( o ) = 0 > ( 2 6 ) 

In the first approx imat ion , the regular componen t &p 
satisfies the same equat ion , since it is supposed to describe 
the h o m o g e n e o u s and s ta t ionary state. The fluctuating 
componen t describes very inhomogeneous and nons t a t i on -
ary pe r tu rba t ions and therefore each term in equat ion (26) 
is large bu t the two te rms compensa te each other such tha t 
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equat ion (26) is satisfied. The ' zero ' f luctuat ions in fact 
imply tha t the average value of the square of part icle 
f luctuat ions in a given vo lume is equal to the average 
number of part icles in this volume. Mathemat ica l ly this 
relat ion can be wri t ten as a relat ion for the average value of 
the p roduc t of two fluctuating componen t s of the dis t r ibu
t ion function (see Ref. [10]): 

o foc(0) o f P (0) 

The pe r tu rba t ion theory equat ions have the form: 

i 5 f a ^ + v- - 8 f a ( 1 ) = -eE.— <2>a 

dt J p + 8r J p a dp p 9 

dt 
a(R,0 

dr 
a(R , i ) 

(31) 

= -eaE. A + (eaE- A 5 / ^ } , (32) 

<Pp&a,p?>(p-p')?>(k+k')?>(co + (o')8((o-k-v) . (27) dt 
8 / / ( o , 0 + v . | . § / ; ( o , 0 

These ' zero ' part icle f luctuat ions lead, according to the 
Poisson equat ion , to ' zero ' f luctuat ions of electric fields. Let 
us denote these fields by E^°\ F r o m expression (27) it is no t 
difficult to obta in a formula for averaging the fields of 
' zero ' f luctuations: 

F(o) F(o) 

where 

7(0)1 

7(0) i2 
Ik.co S(k+kf) 8 ( g ) + (28) 

I A:, co (29) 

These relat ions help in determining the proper t ies of 
' zero ' f luctuations for a rb i t ra ry average part icle dis t r ibu
t ions, as well as the fields of these ' ze ro ' f luctuations, which 
are necessary for the description used in this paper . The 
interact ions with these f luctuat ions are nonl inear processes. 
This includes the b remss t rah lung processes. So far, no t 
much a t tent ion has been pa id to this aspect of the 
descript ion of b remss t rah lung . F r o m this po in t of view, 
even the process of linear wave absorp t ion should be 
regarded as a nonl inear process of interact ion of the 
p ropaga t i ng wave with the ' zero ' f luctuat ions described 
above. 

In wha t follows I will be interested in the linear processes 
in the field of a p ropaga t i ng wave. Let us denote its field by 
E°r, where o is a superscript denot ing the type of m o d e 
p ropaga t i ng in a p lasma (for example, the electrostatic m o d e 
or elec-tromagnetic mode) . The frequency of the p ropaga t ing 
wave is denoted by cok. The frequency and the wavevector of 
the ' zero ' f luctuat ions is denoted by subscript zero — c o 0 and 
k0. 

The nonl inear interact ions should create the fields at 
frequencies which generally do no t cor respond to the 
frequencies of the p ropaga t i ng waves: cok ± co0 and 
k±k0. The fields of these frequencies are called vir tual 
fields and are denoted by EY. T h u s the to ta l field can be 
wri t ten as 

E = Ea +£(0) +EY (30) 

I shall develop a pe r tuba t ion theory of the to ta l field 
described by expression (30) and, as the zeroth a p p r o x i m a 
t ion, I shall use 4>p+8f^-''. A n approx ima t ion of the rth 
order in this field is denoted by 8fp, which will consist of a 
par t related to the initial d is t r ibut ion <Pp (and denoted by 
8 / / ( R , , ) ) and a par t related to the initial dis t r ibut ion 8 / / ( 0 ) 

(and denoted by 8 / / ( 0 ' ° ) . T h u s 

dp 
g / a ( o , , -

8p 
g / a « M (33) 

H e r e 5 / / ( 0 ' ° ) = 5 / / ( ° ) . 
In pract ice, in E q n (33) it is sufficient to consider 

/ = 1, 2. This is due to the fact tha t we will be interested 
in the cont r ibu t ions of the lower order in nonlineari t ies , i.e. 
in cubic nonlineari t ies in the to ta l field and therefore only in 
the cont r ibu t ions quadra t i c in ' zero ' f luctuat ions. The first 
pa r t of the cont r ibu t ion described by expression (32) is 
unre la ted to f luctuat ions of the p lasma part icles. These 
f luctuat ions represent na tu r a l inhomogenei t ies of the 
refractive index for the waves. The scattering by the 
inhomogenei t ies gives rise to addi t iona l rad ia t ion . 

3.2 Nonlinear interactions not produced directly by 
plasma particle fluctuations 
In this section I will consider the nonl inear effects created 
by tha t pa r t of the fields of ' zero ' f luctuat ions which are 
caused by the regular componen t of the part icle dis t r ibu
t ion function In this case the expansion in the to ta l 
field cor responds to a s t andard p rocedure of deriving the 
nonl inear equa t ions (see Ref. [11]). I shall use the no ta t ions 
of this s t andard nonl inear theory: 

k = co} , dk = dk dco , 

dX2 = dki dk2 dcoi dco2 5(A: —kx — k2) §(co — cox — co2) , 

d x 2,3 — d^i dk2 dk3 dcox dco2 dco3 

x 6(k — k\ — k2 — k3) 8(co — cox — co2 — co3) , 

N ,2 _ N ,2 
Pi ,2 _ Pku(Duk2,(D2 • ^ 1 , 2 , 3 Pkl,cOi;k2,co2:)k3,co3 

H e r e p ^ ' 2

2 and p^23 are the s tandard nonl inear p lasma 
responses expressed t h rough (P^, and describe the quadra t i c 
and cubic nonl inear charge densities, respectively . 

Wi th the given no ta t ions , the s tandard nonl inear 
equat ion for fields in a p lasma, which takes into account 
the cubic and quadra t i c nonlineari t ies , has the form: 

ikskEk {EXE2)) 

+ 4tt d 1,2, •E^E^-iE^E,)).(34) 
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Wi thou t losing generality, one can m a k e the nonl inear 
quadra t i c response coefficient symmetr ic over the subscripts 
1 and 2 and the nonl inear cubic response coefficient 
symmetr ic over the subscripts 2 and 3. F o r completeness 
of the representa t ion, I will write down the k n o w n p lasma 
nonl inear responses, which can also be directly derived from 
the system of equa t ions (32): 

In the general nonl inear equat ion (34), the to ta l field is 
present . W e are interested in deriving from this equat ion the 
linear equat ion for the wave field E°'. Hence we can average 
the nonl inear equat ion over the f luctuat ions, leaving on the 
r ight -hand side only the te rms linear in the wave field. The 
other two fields in the cubic nonl inear te rm should then be 
the f luctuating fields, described by E q n s (28) and (29), 
because the vir tual fields cor respond to higher n o n -
linearities (and, as can be seen from the expressions 
given below, they are expressed t h rough the quadra t i c 
combina t ions of fields). 

Then it is easy to find tha t , after l inearising the last te rm 
of E q n (34) with respect to the wave field and after 
averaging the result over the f luctuations, the nonzero 
cont r ibu t ion will be m a d e by the term in which the 
wave field enters as E2. In the case of a quadra t i c 
nonl ineari ty , n o n e of these two fields can be the wave 
field, since the second field should then be virtual . By 
definition, a vir tual field consists of wave and fluctuation 
fields. The result is then a quadra t i c function of the wave 
field, bu t we are interested in the effects which are linear in 
the wave field. N o r can the second field be the fluc-tuating 
field, because after averaging over the f luctuat ions the result 
will be zero. T h u s only the vir tual field and the field of 
f luctuat ions can appear in the quadra t i c nonl inear i ty . 

W e then obta in ( taking into account the ment ioned 
symmetry proper t ies of the nonl inear responses): 

ikekEk = 8 7 i | d l i l , p ^ 2 , £ (

1

0 ) £ 1

V ' 

+ 8 7 r J d 1 ) 2 i 3 P ^ 3 £ ( i 0 ) £ 2 f f 4 0 ) • (37) 

At this stage, an impor t an t po in t should be made . The 
descript ion of the vir tual fields given here leads to a 
deviat ion from the s tandard nonl inear theory. Indeed, in 
the case considered here the vir tual field can be determined 
no t only from the same nonl inear equa t ions (34), where the 
responses are determined by the regular componen t of the 
part icle dis t r ibut ion, bu t also t h rough the fluctuating 
componen t of the part icle dis t r ibut ion 5 / ^ ° \ The first 
pa r t of the vir tual field determined by the regular 
componen t of the dis t r ibut ion function is denoted by 
Ev£x\ while the second pa r t related to the fluctuating 
componen t of part icle dis t r ibut ion is denoted by Ev£2\ 
W e will pos tpone the considerat ion of the second pa r t 
of the vir tual field to the next subsection . W e will see tha t 
the addi t ional cont r ibut ion to the s tandard nonl inear 
theory (with which we are dealing in this subsection) 
will appear and this will give addi t iona l cont r ibu t ions to 
the nonl inear dielectric permit t ivi ty. A m o n g these will be 
the cont r ibut ion due to the second pa r t of the vir tual fields. 

H e r e I will write down the result which cor responds to 
the s t andard nonl inear theory . To find the vir tual field we 
use the nonl inear equat ion (34): 

ik'ek,ElU = 1injd2t3pl>3

2EZE® . (38) 

After subst i tut ing this expression into equat ion (37) we 
find: 

\kzkE{ = 8TC J d 1 | 2 | 3 | p f 2 | 3 M 0 ) ^2 40) > (39) 

where 

„eff 3 T , 3 , 87U N , 2 N , 2 r A ( V i 

^ 3 ^ 1 , 2 , 3 + ^ + ^ / ^ 2 , 3 • (40) 

This result agrees with the s tandard nonl inear theory [11]. 
After averaging over f luctuat ions we get the equat ion 

for the wave field, 

(ak+^)EZ = 0, (41) 

which conta ins an addi t iona l nonl inear permit t ivi ty 
denoted by e ^ ' 1 , where 

I have denoted this nonl inear cont r ibut ion to the nonl inear 
permit t ivi ty by the superscript 1 because there appear other 
cont r ibu t ions to the nonl inear permit t ivi ty which in fact 
cause the present derivat ion to differ from the s t andard 
nonl inear theory. In a general case, the to ta l nonl inear 
permit t ivi ty conta ins several cont r ibu t ions denoted by 
and the to ta l enters in the dispersion wave equat ion , 
where 

« £ = £ « £ • ' ' • (43) 
i 

3.3 Fluctuations of virtual fields 
Let us consider n o w the cont r ibu t ion of the vir tual field 
created by part icle f luctuat ions and determine first the 
expression for EY^2\ The physical reason for the appea rance 
of this cont r ibu t ion is the presence in 'zero ' approx imat ion 
of s t rong inhomogenei t ies and t ime var ia t ions . The 
s tandard nonl inear theory does not take into account 
these effects since it assumes tha t the initial state is 
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s ta t ionary and h o m o g e n e o u s (or tha t the initial state is 
slowly evolving in t ime and is slightly inhomogeneous) . 

The sharp spatial changes in the part icle dis t r ibut ion in 
the ' zero ' f luctuat ions can be comparab le with or less t han 
the wavelength of the wave we are interested in, and the 
frequency related to short t ime var ia t ions of the ' zero ' fluc
tua t ions can be of the order of or larger than the frequency 
of tha t wave. U n d e r these condi t ions , new effects of 
emission and absorp t ion of waves are impor tan t , which 
are k n o w n as t ransi t ion emission and t ransi t ion a b s o r p 
t ion [9]. They will t hus cont r ibu te to the absorp t ion of the 
wave we are interested in. The ' zero ' f luctuat ions imply the 
appearance of these processes. 

To find the expression for the addi t iona l vir tual field we 
use the first approx ima t ion of the pe r tu rba t ion theory for 
the r a n d o m componen t of part icle dis t r ibut ion driven by 
the ' zero ' part icle f luctuations, i.e. we use the first equat ion 
of the system (33) describing the f luctuating pa r t of the 
part icle dis t r ibut ion in which we subst i tute the wave field 
for E. 

W e denote the cor responding cont r ibut ion by S / ^ 0 ' 1 ' ^ , 
emphasis ing with superscript o tha t this cont r ibut ion is due 
to the wave field. This cont r ibut ion will be the only 
addi t iona l cont r ibut ion to the nonl inear equat ion (34). 
W e find: 

a(0,l,<r) 
p,k = ^(co-k-v + iO)-1 

This gives 

v(2) _ ST^jJ^a f dP a ( 0 , l ) 
h* - 2 ^ i k S k ] ( 2 n ) 3 ^ 

y4ne: 

(• dk2 dt 

J ( 2 T I ) 3 

f<*(0) (45) 

After subst i tut ing expression (45) into the quadra t i c 
nonl inear te rm in equat ion (34) we find an addi t iona l 
cont r ibu t ion to the nonl inear p lasma permit t ivi ty: 

8 7 1 f At, N , 2 / F ( 0 ) F v ( 2 ) v 

' \kE% J lVkl,k-kl \ £ L k l ^k-kj 

\k.EF 

,2 2 

ikEl 

\k-kx\&k_ 

dkx dk2 dp N , 2 

(2k)3 P * - * -* i *> 

• [co — a>i — (k —k^-v + i0]~ 

^ \ / F ( 0 ) s f « ( 0 ) \ 

dp J 
(46) 

The p rocedure of averaging can be per formed by the use 
of formula (27) and the Poisson equat ion . N a m e l y we use 
the expression 

2%2iksi 
<P^(co-k-v)6(k+kf) . (47) 

Final ly we find 

^ 1 6 4 [ dkx d; 

V k2 J (2n)3 

dp N , 2 
Pki,k—ki 

\k -kl\klsk_kisk] 

[co — ct>i — (fc — i) • v + iO] 1 

• * i -v ) (48) 

which ends the calculation of the addi t iona l cont r ibut ion of 
the f luctuat ions in the vir tual fields. However , these vir tual 
fields (and this applies to b o t h componen t s ) can cont r ibu te 
to tha t addi t iona l nonl inear interact ion which is the direct 
result of the part icle f luctuat ions. 

3.4 Contribution of virtual fields to the interactions 
due to particle fluctuations 
In the expression for the f luctuating pa r t of the part icle 
dis t r ibut ion function due to the ' zero ' f luctuat ions we 
considered above the wave field as a field which dis turbs 
the part icle mot ion [see E q n (44)]. If such a field is a vir tual 
field, then the cubic te rms appear and we should take them 
into account , restrict ing ourselves to the cubic nonl inear 
ities. In this case b o t h vir tual fields cont r ibute . 

W e denote the cor responding cont r ibu t ion to the 
f luctuating pa r t of the part icle dis t r ibut ion function by 
Sfpk°'l'y^ (in contras t to S / ^ ' 1 ' ^ a l ready defined). The 
expression for o Y 0 ^ 0 ' 1 ' ^ can be found by subst i tut ing El for 

fa(0,1,(7) 

El: 
Jp,k 

g a ( 0 , l , v ) = 5 » ( f l , _ J t . v + i 0 ) - l 

A subst i tut ion of the field E ^ in this expression gives: 

„(<M,v( i ) ) 

= _ Y % m ? f d ^ d ^ d p 

v J (27t) 3 v ; 

This gives the following cont r ibu t ion to the dielectric 
permit t ivi ty (denoted as sk' ): 

4 7 1 [0,l ,v(l)] 
ikE? H k 

A6ea f dki dp N , 2 

' Pk,kA-k 
= y ^ l 6 e a f dki d/ 

V k J (2n)3 

k2ski \k -ki\skl 

(co-A;-v + iO) 1 

^ ) 8[g) - G)! - - ^ ) - v ] . (51) 



96 V N Tsytovich 

If the other vir tual field is subst i tuted in expres
sion (49) we get 

[0,1, v(2)] 
p',k 

X & ̂2* 8p 
/ g , P ( 0 ) g , a t u ; v 

\ % , * i - * 2 Vp'^k-kJ ' 

a(0) (52) 

After averaging over the f luctuations, we get ano ther 
cont r ibut ion to the nonl inear permit t ivi ty 

p N , 4 _ _ V ^ 4 7 C £ ^ f dp f [ 0 , l , v ( 2 ) ] 
8* " 2 ^ i k E o \ { 2 n ) , ^ k 

= _ _ 2 4 f d ^ ( ^ f ^ 4 

V ™ « J (2*) 

x 5 [ w - W | - (A: -ki)-v] <2£ . (53) 

This concludes the considerat ion of the cont r ibu t ion of 
vir tual fields in the frame of approx ima t ions used in this 
paper . 

3.5 Direct interactions with particle fluctuations 
Let us n o w calculate the cont r ibu t ions of the f luctuat ions 
associated with direct pe r tu rba t ions of the p ropaga t ing 
wave by the field. They are described according to the 
second equat ion of the system of equa t ions (33) by: 

8/, 
<x(0,2) 

P,k = % (co-k-v + iO)' 

It is necessary to subst i tute in this expression the solution 
for §fpk

0,1\ which for the variables we are considering here 
has the form: 

* f a ( 0 , l ) = y [co - co] — (ifc — ArO-v + iO] 1 

dp 

After subst i tut ion there remains in expression (54) only one 
field which should be taken as a wave field. 

T h u s we obta in 

P N > 5 V ^ 4 7 l g o c f d P c f «(0 ,2 ) 

8 * - 2 ^ i ^ J ( 2 7 l ) 3 % ^ 

= _ y 2 j i [ d ^ 1 , _ . 0 ) - i 

x ^ i " ^ - (k - f c ^ - v + i O ] - 1 

x ^ j s i ^ - ^ . y ) ^ . (56) 

This concludes the calculat ion of all the cont r ibu t ions to 
the nonl inear permit t ivi ty, which govern the collective 
processes in b remss t rah lung and, as it proves , the collective 
effects in scattering. 

The expressions obta ined from the fluctuation theory 
can be used to demons t ra t e r igorously tha t the above clear 
pic ture of b remss t rah lung generated by dynamical ly 
shielded part icles cor responds exactly to the emission of 
rad ia t ion from a p lasma due to na tu ra l statistical fluctu
at ions . 

4. Collective effects in bremsstrahlung 
of longitudinal waves 
4.1 Derivation of bremsstrahlung probabilities 
from the expressions for nonlinear permittivities for 
waves interacting with particle and field fluctuations 
The nonl inear permitt ivit ies derived in the previous section 
contain complete informat ion on the p ropaga t i on and 
absorp t ion of waves in a p lasma (more exactly, they 
contain the informat ion on the linear effects in the wave 
ampli tudes) . These effects also describe the inverse 
b remss t rah lung effects p roduc ing wave absorp t ion . W e 
can separate them from other effects if we t ake into 
account tha t the e lementary process of part icle collisions 
accompanied by wave emission should satisfy certain 
conservat ion laws. 

W e recall tha t , in the process under considerat ion, the 
part icles exchange m o m e n t u m dur ing collisions. If part icle 
P had a m o m e n t u m p' before the collision and it has a 
m o m e n t u m p' — q after the collision (i.e. it loses the 
m o m e n t u m q), then part icle a should change its m o m e n 
t u m by k — q, where k is the m o m e n t u m of the emitted wave 
dur ing the collision. If the initial m o m e n t u m of the part icle 
a was p then its final m o m e n t u m will be p — k -\-q. 

The energy conservat ion law for b remss t rah lung then 
reads as 

(57) 

and can be used to separate from the general expressions 
for nonl inear permitt ivit ies only those te rms which conta in 
under the sign of the 5-function the expressions cor re 
sponding to the energy conservat ion in the e lementary 
process of b remss t rah lung . 

This p rocedure can be used to determine the p robab i l 
ities of b remss t rah lung of longi tudinal waves, since we have 
al ready determined the longi tudinal dielectric permitt ivit ies 
above. 

A similar p rocedure can be used to find the probabi l i t ies 
of b remss t rah lung of e lectromagnet ic waves. F o r this 
pu rpose one needs to k n o w the t ransverse dielectric 
permit t ivi ty. 

The p rocedure described above can be easily generalised 
to obta in the nonl inear t ransverse permitt ivi ty. The general 
impor t an t features of collective effects in b remss t rah lung 
can be i l lustrated by considering the b remss t rah lung of 
longi tudinal waves, bear ing in mind tha t the nonrelat ivist ic 
part icle emits the longi tudinal waves with a probabi l i ty 
much larger t han the probabi l i t ies of emission of electro
magnet ic waves. 

W e start with the expression e ^ ' 1 [see E q n (39)] and in 
par t icular with the cont r ibut ion of the cubic nonl inear 
charge density p N ' 3 [see Eqn (40)]. In expression e ^ ' 1 we 
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subst i tute the relat ion (29) for the correlat ion function of 

f luctuating fields and the term with peff. W e get 
N , l _ N ( 3 ) , l N ( 2 ) , l (58) 

where the superscripts N(3 ) and N(2) are used to denote 
cont r ibu t ions of the first te rm of E q n (40) conta in ing pN'3 

and of the second term 
respectively. W e find: 

,2(4n)3el 

of E q n (40) conta in ing p 
N , 2 

e N ( 3 ) , l 
ik 

dp'dk 

N ,3 
Pkuk, 

• 8 ( 0 ) ! - * ! ^ ' ) * ; , . (59) 

F o r pN'3 we can use expression (36) assuming tha t for all 
the waves the condi t ions for a Cherenkov resonance are no t 
fulfilled, bu t the condi t ions for scat tering can be fulfilled 
(we can speak abou t scattering only tentat ively because the 
scattering in b remss t rah lung occurs only for vir tual fields 
bu t no t for real waves; nevertheless, refer to the next section 
with regard to the scat tering of p ropaga t ing waves). Then, 
by pu t t ing kx = —(D\}> we find: 

Im 1 N , 3 ein 

2q km a t 

dp (k-q) 

(2TU) 3 (co • 

x 8[co — cox — (k — q)*v] (k-q). 

•k-v) 

dp . 
(60) 

This expression can be used to find a cont r ibut ion to the 
absorp t ion of waves due to this pa r t of the interact ion with 
the f luctuating fields (this cont r ibut ion will cor respond only 
to a pa r t of the general expression; nevertheless it is useful 
to find exactly this pa r t and compare it with the expression 
for wave damping conta in ing the probabi l i ty of b r e m s 
s t rahlung) . This cont r ibut ion will be denoted by y ^ ' 1 . N o t e 
tha t the to ta l d a m p i n g ra te will be a sum of several 
cont r ibut ions , 

£ ^ ' \ (61) 

and all o ther t e rms in this sum will be determined below. 
By the definition 

N , l 

V 
Ime, N (3 ) , l 

{Qsk/dco)a=a>k ^ml(dsk/dco)a 

dqdpdp' 8[cok -q-v' - (k-q)-v] (dqdp 

J (2n 

k-q 

(2n) h \oqtq-v 

2 r 8 < p a n 

<?Kg.V'\2(<*>k -k'V)4 

kq 
(62) 

If we assume tha t this cont r ibut ion cor responds to the first 
te rm in expression (21), we can calculate the cor responding 
cont r ibu t ions to the b remss t rah lung probabi l i ty . [We shall 
later obta in the remain ing te rms in expression (21).] It is 
interest ing tha t the probabi l i ty ' t e rm ' found in this way 
(which generally need no t be expressible in te rms of the 
square of the m o d u l u s of a ma t r ix element) is nevertheless 
described by the probabi l i ty : 

16TI e\e\ (2TT) 3 

™Ufck/dto)co=cok 

6[cok — q-v' — (k — q)'v] (k*qx 2 

4 2 l w ' l 2 K - M 4 W 
(63) 

This expression is the same as tha t given by formulas 
(18) and (20) , which t ake into account the screening of the 
fields of part icle p bu t ignore completely the oscillations of 
the screening shell. Let us no te tha t expression (20) was 
'derived ' from expression (19) by the use of a qual i ta t ive 
physical a rgument and tha t its exact p r o o f was no t given. 
E q n (63) provides this proof. 

It is impor t an t tha t expression (63) conta ins only a pa r t 
of the to ta l effect. A p a r t from the absence in it of the 
cont r ibut ion of the emission due to the oscillations of the 
screening shell of part icle p, all effects related to the 
screening shell of the part icle oc are also absent . But 
even the 'correctness ' of the pa r t described by Eqn (63) 
is no t proved , since we obta ined only the first te rm in the 
expression for the d a m p i n g decrement (21) which is 
p r o p o r t i o n a l to the derivative of the dis t r ibut ion function 
of the part icle a, bu t did no t find the second term, which 
conta ins the derivative of the dis t r ibut ion function of 
part icles p. 

To prove the existence of this te rm in the general 
expressions for nonl inear permit t ivi ty, let us consider 
expression (53) for e ^ ' 4 . Let us write the imaginary pa r t 
of l/skl, with k\ 

Im — = —Im 

An2 el 
= ^ 4 T I z 4 f dp dpf 6(cOi — q-v') 8 ^ 

dP' 
(64) 

W e then find the following cont r ibut ion to wave damping 
after subst i tut ing expression (64) into expression (53): 

r?'2 = - Im 8 
N,4 

(dSk/dco)^ 

= £ 
oc,p 

ml(dek/dco)m=aJk 

dp dp' dq 

(2nf 

b[cok - q-v' 

q2\Sq,q'v'\ iPk -k-v) 

(k-q)-v\ (k-q 
kq ' dp' 

v p • 

(65) 

W e then find the same expression (63) for the p r o b 
ability after compar ing E q n (65) with the second term in the 
expression (21). T h u s we have proved tha t this probabi l i ty 
does in fact enter in the to ta l expression for the damping 
[Eqn (21)]. 

Let us consider the other t e rms in the nonl inear 
permit t ivi ty, which were no t t aken into account up to 
now. W e re turn to expression s ,N(2),1 which describes the 
cont r ibu t ions in 8N' ! due to quadra t i c nonl inear charge 
densities. It is not difficult to find by integrat ing by pa r t s 
the general expressions [Eqn (35)] for quadra t i c nonl inear 
charge densities tha t the following relat ion is valid in the 
absence of Cherenkov resonance: 

~ N , 2 
Pk-k] 

\k-kx\ 
Pkuk-k] 

(66) 

W e can wri te the last relat ion in the form: 

n N , 2 
Pk,-ki — k Pklk-k, + 2 1 — 7 I m p k ; i k _ k i . (67) 
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W e then t ake into account only tha t pa r t of the expression 
P N ( 2 ) , 1 which cor responds to the first te rm in Eqn (67) and 
denote its cont r ibu t ion to the d a m p i n g of the waves by 
y * ' 3 . Then 

y N , 3 _ ( 8 7 t ) 2 

sk-k] 

(68) 

The imaginary pa r t of the linear dielectric permitt ivi ty, 
which enters in expression (68), can be wri t ten in the form: 

dp 
sk-h ^ { k - q f J (2TI 

8 [co — coi — (k — q)-v] 

\Sk-q,(k-q) 

Final ly expression (68) will have the form 

\ 2 2 2 

d<Pai 

(69) 

N , 3 = \ - ( 8 7 t ) g q g p [ ^ dp' 

|2 

dq 

l „ N , 2 

\Paa-q,q-v';k-q,(k-q)-

&VI<Wv'| W-q,{k-q)-v\ 

:6[cok - q-v' -(k -q)-v] (k-q) 8 ^ 
\k-q\2 

• (70) 

The last expression is symmetr ic for the subst i tu t ions 
oc <-> p, q^k—q, and p ^ p . Therefore given concrete 
values for a and p, it is necessary in expression (70) to sum 
over oc and p to take into account the term in which the 
values for oc and p are equal to those we are considering, 
and the te rm in which the value for oc cor responds to the 
value for p we are considering, and vice versa. These two 
terms result ing from the aforement ioned symmetry give the 
two te rms in expression (21) with the following value of the 
probabi l i ty : 

2 2 / 
a > p 1 6 ^ ( 2 7 1 ^ ( 8 7 1 ) 

(0=(Ok 

\p, N , 2 I. 

q,q'v';k—q, (k—q)'v\ 

k2q2\e 

•9[ 

\ek-q,(k-q)-v\ 

8[cok-q-v'-(k-q)-v] . (71) 

It is easily seen tha t this formula can be writ ten in the 
form prescribed by expression (18) with the mat r ix element 
given by Eqn (24). T h u s expression (71) describes the 
bremss t rah lung caused by dis turbances of the polar isa t ion 
charges of colliding part icles and expression (18) is thus 
proved. 

There takes place a na tu ra l interference of the two 
mechanisms of b remss t rah lung considered here, and the 
to ta l intensity of b remss t rah lung is no t equal to the sum of 
the intensity of the usua l b remss t rah lung (due to changes in 
trajectories of colliding particles) and the bremss t rah lung 
due to pe r tu rba t ions of the polar isa t ion shells of the 

colliding particles. One should sum the mat r ix elements 
bu t no t the intensities. This means tha t the to ta l intensity of 
b remss t rah lung should contain the square of the sum of 
mat r ix elements [Eqns (20), (24), and (25)]. 

It should be ment ioned tha t , in deriving expression (63) 
from expressions (62) and (65), one should take into 
account the term with oc = p in the sum over a. In this 
te rm the subst i tut ion k — q for q in the a rgument of the 8-
function, which describes the energy conservat ion law in 
bremss t rah lung , is converted to the form cor responding to 
relat ion (18) with a probabi l i ty conta in ing the mat r ix 
element (25). T h u s we obta ined, in probabi l i ty terms, the 
te rms with squares of all of the three mat r ix elements. 

Let us prove tha t the probabi l i ty is indeed described by 
expression (18), which conta ins the square of the mat r ix 
element M, where 

M = M a + M P + M a ' P , (72) 

and M a cor responds to expression (20). Let us obta in all 
the interference terms. Firs t let us consider the contr ibut ion 
of the neglected second term of expression (67) and 
denote its contr ibut ion to the damping of waves by y ^ ' 4 . 
W e find 

N , 4 

V : 

2(8TC) 2 

k(dsk/dco)a 

dk, \E^\l Im 
1 I \k] 

N , 2 N , 2 
Pk,-k{ n Pkuk-kx 

— — — R e •— - -\k-kx 
sk-k. 

(73) 

W e then get from definition (35) for the quadra t i c 
nonl inear charge density: 

T N , 2 _s^ejn f dp k-kx 1 

) 3 kk\ (co-k-v) 

x 8[co — coi — (k — ki)'v] 

(74) 

By subst i tut ing this expression into Eqn (73), we find 

2 2 / 0 N3 N 4 _ 8ra?agp(27c) f dpdp'dq 

x&[cok-q-v'-(k-q)-v]tf, 
8<2>a 

x 2 R e 
o N , 2 
^Paa-v>: q,q-v';k—q, (k—q)-v 

kq\k -q\&q,q.v>&k-q,{k-qyv 

eji-q 

m^q2kEqq.v> (cok - k-v) 2 ' (75) 

It is no t difficult to find tha t expression (75) conta ins a 
pa r t of the interference te rms of the square of the to ta l 
mat r ix element M : 

| M | 2 = | M a | 2 + | M P | 2 + | M a ' P | 2 

+ 2 R e { M a M a ' P } + 2 R e { M p M a ' P } 

+ 2 R e { M a M p } . (76) 

file:///Paa-
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The first three te rms in E q n (76), cor responding to the 
squares of mat r ix elements, have al ready been obta ined 
above. Expression (75) conta ins a pa r t of the two te rms in 
E q n (76), namely, a pa r t of 2 R e { M a M a ' P } and a pa r t of 
2 R e { M p M a ' P } . 

Indeed, for those te rms in the sum over a and p in 
relat ionship (75) for which the values of oc and p are 
identical with the oc and p of interest to us , re la t ion
ship (75) does contain 2 R e { M P M a ' P } , bu t then this 
relat ionship cont r ibutes only the first t e rm in expres
sion (21) [the second te rm with q-fi&^/dp')is 
absent] . F o r the same te rms in the sum over oc and p in 
relat ionship (75), for which the values of oc and p are 
identical with the oc and p of interest to us , re la t ion
ship (75) again conta ins 2 R e { M a ' ^ } , bu t it then con
t r ibutes only the second term in expression (21) [the first 
te rm with (k - q)-(d<Pp /dp) <PP, is absent] . These two 
missing te rms are conta ined in e ^ ' 3 [see expression (51)] 
and par t ly in e ^ ' 2 [see expression (48)]. 

The nonl inear permitt ivit ies ment ioned above can be 
wri t ten in the following form (integrat ing by pa r t s over the 
part icle m o m e n t u m ) : 

dki dp 

( 2 T I ) 3 kk2\k-kx\EklEkl 

„ N , 2 

(co-k-vf 
6[co-col - (k - * i ) - v ] $p , (77) 

^ I 6 e \ f dkxdp' k'(k-kx) 

3 J ( 2 T T ) 3 kxk2\k - k ^ s ^ s ^ 

N,2 
Pkuk-kY 

(cQ-k>Vf)2 

8(fi)i (78) 

Let us subst i tute in expression (77) the first te rm from 
the relat ion 

N , 2 
Pk,k{-k ~ k Pk 

N , 2 * 
k—k] . 1 T N 

+ 2 l T P k 

N , 2 
k—k] (79) 

and let us denote its cont r ibu t ion to the damping due to 
Im(l/ekl) by y ^ ' 5 . W e will consider separately the term 
with lmp^2

k_k [note tha t its double cont r ibut ion to 
E q n (79) plus its negative value from p N ' 2 * give its value 
wi thout the coefficient 2]. In expression (78) we t ake into 
account only the imaginary pa r t of l/ek_kl, leaving the 
term with I m p ^ ^ for subsequent considerat ion. Let us 
denote by y ^ ' 6 the cor responding cont r ibut ion to the wave 
damping . 

W e then obta in the two cont r ibu t ions in the form: 

Im 8 
,N,3 

(dsk/dco)a 
£ 87&£4(270 

(dSk/dco)^ 

dp dp' dq 
6[cok-q-v -(k-q)-v] 

dp' 

8 7 i p 
N , 2 * 
q,q'v';k—q, (k—q)-v 

•m k—q, {k—q)'v 

yV imef2 

= £ • {dsk/dm)m=0)k ^ (dek/dco)^ 

: f ^ ? 8 [ f f l k - , . v ' - ( t - f H 
J 271 (2kY 

8 7 T P

N ' 2 , 
r a.a'v : q,q-v';k—q, (k—q)-v 

kq£q^q.v,\k - q\zk-q,{k-q)-v 

k-(k-q) 

k(k-q) m^l_q{k_qyv(cok -k-v') 
(81) 

F r o m the last expression it is easy to find tha t expres
sion (80) conta ins the p roduc t of M a ' P * by M a . By 
subst i tut ing p for a (extract ing the cor responding te rms 
from the sum over oc and p) and by the subst i tut ion q^k — q 
it is easy to show tha t expression (80) conta ins the p roduc t of 
M a ' P * by M^. It is easy to show also tha t expression (81) 
conta ins the p roduc t of M by M p * and by subst i tut ing p 
for oc (extract ing the cor responding te rms from the sum over 
oc and p) and by the subst i tut ion q <-> k — q it is easy to show 
tha t Eqn (81) conta ins the p roduc t of M a ' P by M a*. 

T h u s we have proved the existence in wave absorp t ion 
of all the interference te rms cor responding to the con t r ibu
t ion of 2 R e M a ' P ( M a + M P ) in the square of the to ta l 
mat r ix element. W h a t is left n o w is to p rove the existence of 
the interference te rms cor responding to the cont r ibut ion of 
2 R e M a M p in the square of the to ta l mat r ix element. This 
cont r ibut ion comes from the te rms in 
conta in ing I m p ^ 2 _ k no t used up to now. 

By using the relat ion, 

and 8 
,N,2 

[ dp' 
„ 2k\k-k1\)72~n)-

k-(k-kx) 

( 2 T T ) 3 (co-k-v'f 

, 8<P f , 

- £ 
eln 

2k\k —kx\ t 

dp k'kx 

(2TC) 3 (cQ-k-v)2 

: 8[co — coi — (k — ki)'v] 
M? 1 

dp 
( 8 2 ) 

we will t ake into account the first and second te rms of 
E q n (82) in E q n s (77) and (78), respectively, to consider 
only a 8-function which describes the energy conservat ion 
in b remss t rah lung . Then with the same subst i tut ion of p for 
oc as described above we find tha t their imaginary pa r t s give 
a cont r ibut ion to damping tha t is exactly equal to the 
cont r ibut ion 2 R e M a M p in the square of the mat r ix 
element. D e n o t i n g this cont r ibut ion as y ^ ' 7 , we find: 

8 7 t e 2 4 ( 2 7 t ) 3 f dpdpfdq 

x 6[cok q-v 

(271) 

(k-q)-v 

x 2 R e 
eak-q 

kq2masq:q.vf(cok - k-v) 

eji-q 

kq2m^qq.v>(cok - k-v) 
(80) 

)k-(k-q) 

k(k - q)2mp8k_qj{k_q).v(cQk - k-v')2 

(83) 
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This completes the const ruct ion of the general theory of 
b remss t rah lung with all the collective effects t aken into 
account . Us ing the app roach of f luctuat ions in a p lasma in 
its simplest form, we performed the calculat ions which 
i l lustrate the major po in ts and therefore we used the 
simplest example of the b remss t rah lung of longi tudinal 
waves. All results obta ined here are easily t ransformed 
to the case of waves with a rb i t ra ry polar isa t ion. 

4.2 Analysis of matrix elements of the bremsstrahlung of 
longitudinal waves 
The simplest case is the case most similar to the vacuum 
case, when the collective effects are u n i m p o r t a n t and which 
generally is no t valid for longi tudinal waves. But this case 
is useful for compar i son with the case in which the 
collective effects are taken into account . 

To consider this case, let us neglect the mat r ix element 
M a ' P , and the Dopp le r correct ions A>v, as compared with 
the frequency cok, in the mat r ix elements M a and M p . W e 
will also suppose tha t the wave m o m e n t u m is small 
compared with the transferred m o m e n t u m . Then we have 

1 k-q / e a 

kq \ma m p y 

which leads to the k n o w n result, i.e. the absence of 
emission for e a / m a — e$/m$ = 0. 

It is clear tha t this result cannot hold if the collective 
effects are taken into account in bremss t rah lung; first, 
because the ment ioned sum is no t zero if one takes into 
account the screening of the fields of the colliding part icles 
and, second, because the mat r ix element M for collisions 
of the same part icles is not zero. To prove this s ta tement let 
us wri te the mat r ix elements M a and M p , neglecting the 
Dopp le r correct ions to the frequencies emitted: 

, e* k'<l 
moP>\qzq,rv< kq 

e§ k-(k-q) 

M a + M 1 

qco\ 
(84) 

(85) 

M 1 

m ^ l \ k -q\Zk-q,(k-q).v k\k-q\ 
(86) 

Even for k <^ q the zero value of the sum of the mat r ix 
elements occurs only for part icle velocities much less t han 
the average the rma l velocity when the Debye app rox ima
t ion can be used for the screening. But the mat r ix element 
due to oscillations of the polar isa t ion charges does no t tend 
to zero even for collisions of very heavy particles when the 
mat r ix elements Ma and M ^ are small due to the large 
values of part icle masses. 

Indeed, let us find the approx ima te expressions for the 
mat r ix element M a ' P assuming tha t : (1) the main cont r ibu
t ion to nonl inear charge densities comes from p lasma 
electrons (this is a good approx ima t ion for high-frequency 
waves such as Langmui r waves); and (2) it is possible to 
neglect the Dopp le r correct ions with respect to the fre
quency of the emitted wave. Then in the general expression 
for the nonl inear response (the electron charge is —e), 

„ N , 2 
Pkuk-

2fci 
dp 1 

k - k x \ J ( 2 T I ) 3 K -k-v) 

•cox-(k - f c ^ - v + iO]" 

( * - * i ) 
_8_ 

+ 
_8_ 

8P 

( c O i - f c r v + i O ) - 1 ^ - ^ ! ^ , (87) 

it is possible to use integrat ion by pa r t s for the first 
derivative, with respect to the m o m e n t u m , and then neglect 
the Dopp le r correct ions compared with the frequency and 
obta in 

„ N , 2 
Pkuk-k] 

ek'kx\k — ki\ 

^nkimQco\ («U - 0 
ek-(k - kx)ki , _ > 

%n\k-kl\meco2

k

Kkl } ' 
(88) 

where e e is the electron par t of dielectric permit t ivi ty (i.e. 
tha t pa r t which is obta ined from the general expression for 
the permit t ivi ty in the limit when the masses of all part icles 
except electrons tend to infinity). N o t e tha t the to ta l s 
conta ins the cont r ibu t ions of all p lasma part icles. Us ing the 
result (88) we can write the mat r ix element M in a ra ther 
simple form: 

e k-q 4-q,(k-q)-v 1 

M 
mQCQ2

kq£q^q.vi kq ak_q^k_qy. 

+ 
k-{k-q) se

q 

meco2

k\k -q\sk_q:{k_q).v k\k • 
(89) 

^q.q-v' 

The first te rm in expression (89) differs from M a [see 
expression (85)] by a factor which conta ins the rat io of the 
electron par t of the permit t ivi ty minus uni ty (i.e. the 
electron polarisabil i ty) to the to ta l permit t ivi ty (both 
permitt ivit ies apply to the wavenumber and the frequency 
governing the change in the m o m e n t u m and energy of 
part icle p). The second term in expression (89) differs from 
M ^ [see expression (86)] by a factor which again conta ins 
the rat io of the electron pa r t of the permit t ivi ty minus uni ty 
(i.e. the electron polarisabil i ty) to the to ta l permit t ivi ty 
(both apply to the wavenumber and frequency which govern 
the change in the m o m e n t u m and energy of part icle a). 

This means in par t icular tha t the b remss t rah lung due to 
the dis turbances of the polar isa t ion charge can be of the 
same order of magn i tude as the usua l b remss t rah lung . 
Moreover , in the sum of the mat r ix elements, a substant ia l 
cancellat ion of par t icular cont r ibu t ions can occur. This can 
be seen from the fact tha t for electrons e a = —e, m a = m e . 
F o r collisions of heavy part icles the main cont r ibu t ion is 
m a d e by M a ' P . 

4.3 Bremsstrahlung of longitudinal waves 
in e l ec tron-e lec tron collisions 
Let us show tha t the collective effects change the cross-
sections of b remss t rah lung in e l e c t r o n - e l e c t r o n collisions 
substantial ly. The to ta l mat r ix element for b remss t rah lung 
in e l e c t r o n - e l e c t r o n collisions can be found easily from the 
expressions a l ready obta ined: 

M 
k-q Sk-q,(k-q)-

^c^kSq,q-vf kq £k-q,(k-q)-v 

k-(k-q) sqi 

mQto2

kEk_q^k_q).v k\k-q\ e ^ v 

(90) 

where e1 is the ion dielectric permit t ivi ty 

i _ yr^4%e2 

(91) 
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and the summat ion in E q n (91) is performed over all types 
of ions i. 

W h e n the electron velocities are much larger than the 
average the rmal ion velocity and for 

(92) 

(cop i = yjAne^nJ mx is the ion p lasma frequency and v is the 
absolute value of the electron velocity), we can pu t e1 = 0 in velocity), 
Eqn (90). Then: 

k-q/q2+k-{k-q)/{k-q)2 

M (93) 

Let us consider the limit k <̂  q; then the energy 
conservat ion law in an e lementary process of b remss t r ah 
lung gives 

> (94) 

where u = \v — v'\ is the relative velocity of the two 
colliding electrons so tha t for u of the order of v, the 
validity of E q n (92) is confirmed by relat ion (94). 

It should be no ted tha t in the case considered here the 
velocity of the part icles relative to the p lasma plays a 
substant ia l role. This is the reason why in relat ion (92) the 
value of the electron velocity is present . 

The neglect of the Dopp le r correct ions implies tha t 
k <^ C0p e / v , which for u of the order of v — in combina t ion 
with equali ty (94) — gives k <^q. 

In the limit (when one neglects completely the collective 
effects) the mat r ix element is equal to 

Mr 

kmPcol 
k'q k (k-q) 

(95) 

W e will wri te the power emitted in collisions of two 
electrons in accordance with E q n s (16) and (18) in the form 

(* = 1*1): 

^ e . e f d k d P ' n e , e / M A e 
Q " P e G " ' P ' ( } P " 

where, for the case of Langmui r waves, 

dqdQk 

(96) 

8 * 4 (27T) 3 

CQpek M | z 5 K e - ? . M ) , (97) 

and dQk is the solid angle differential of the vector k. 
It is impor t an t tha t M n o n c o l l decreases rapidly with an 

increase of the t ransferred m o m e n t u m q, and tha t the main 
cont r ibu t ion to the integral is m a d e by the m o m e n t a close to 
their m i n i m u m possible value of q = cove/u. F o r n o n -
collective b remss t rah lung the integrat ion over q and the 
solid angle dQk gives 

2 8 e V w -v(e, e) noncoll 
(k) (98) 

F o r collective b remss t rah lung , the result depends on 
whether the velocities of colliding electrons are greater or 
less t han their mean the rmal velocity. F o r velocities much 
less t han the mean the rmal velocity, one can use a Debye 
screening approx ima t ion for dielectric permitt ivi ty: 

^a.a-v ~ 1 ~r 2 2 

If q <̂  c o p e / v r e , the mat r ix element is small, bu t for 
q 5> c o p e / v r e , it is practical ly identical to the noncollective 

element. Since qmin = cope/u c o p e / v r e , the collective effects 
are small for collisions of slow electrons. 

Even for collisions of a slow electron (vf <^ vTe) with a 
fast one (v > v r e ) , collective effects are very impor tan t . As 
v 5> vf the energy conservat ion law in the process of 
b remss t rah lung gives c o p e = # * v , and thus for the expres
sion for the dielectric permit t ivi ty s q q . v it is possible to use 
an approx ima te version of this law: 

3co2

veq2v2

Te 3qzvz

T{ 

2 2 

/ \ Z / \ ̂ 4 Z ^ Ĉ ^̂  
(q-v) (q-v) cove 

whereas for the other expression for dielectric permit t ivi ty 
it is possible to use the Debye screening app rox ima-"q,q-V 

t ion. Then 

^ ( e , e) coll 
(k) 

2 8 A 4 v 

135w^co4

e 

(100) 

This value is 9 t imes smaller t han the result obta ined from 
E q n (98) in the limit v > v' . 

W h e n b o t h electrons are fast (v, v' > v r e ) , it is necessary 
to use the first app rox ima te expression (99) for b o t h 
dielectric permitt ivit ies. Then 

•j(e,e) coll 
(*) = 

2 8 A 4 

1 5 m 2 w 2

e 

dq1 

~7A~ 
(101) 

where 

Hi2) -
8 [ t O p e - g - ( v ' - v ) ] 

([\-colJ(q-vf-lcol^v\J(q.vf} 4] 2 

[\-ColJ(q-v')2-3coleq2v\J(q-v') M l 2 
(102) 

and the curly bracke ts with a subscript ' av ' indicate angular 
averaging. 

To avoid m a k i n g the representa t ion cumbersome, we 
will give here only the result for angular averaging and 
subsequent in tegrat ion over q for the case v > v' ( remem
ber tha t v, v' > vTe): 

W 1 5 m 2 < 9 v 4 e 

x 0 c o s 4 x + ^ s in 2 X c o s 2 x + ^ s in 4 xj , (103) 

where % is the angle between the velocities v' and v. Let us 
emphasise tha t v / 4 / v 4

e > 1, and therefore the collective 
effects increase substant ial ly the intensity of b remss t r ah 
lung of fast electrons in e l e c t r o n - e l e c t r o n collisions. 

T h u s we have proved tha t the collective effects can no t 
only substant ial ly change the numer ica l coefficients in the 
intensity of b remss t rah lung , bu t also change the major 
quali tat ive characterist ics of b remss t rah lung . 

4.4 Bremsstahlung of longitudinal waves in i o n - i o n 
collisions 
In i o n - i o n collisions, the mat r ix elements M a and are 
small owing to the large ion masses, and the emission is 
determined by the mat r ix element M a ' P [see E q n (89)]. 

Let us consider first the case when the velocity of ions is 
much less t han the mean the rmal electron velocity 
v, v' <^ vTe. Then for the electron pa r t of the dielectric 
permit t ivi ty in the n u m e r a t o r of expression (89) it is 

28e k v v 
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possible to use the Debye screening approx imat ion . W e find 
tha t 

ek 1 
(104) 

Teq2(k - q) &q,q.v' £k-q,(k-q)-v 

Because qmin = cope/u cope/vTe the dielectric pe rmi t 
tivities in expression (104) can be pu t equal to uni ty 
independent ly of the relat ion between the ion velocities 
and the mean ion the rmal velocities. Indeed, in the case 
when the ion velocities are much smaller than their mean 
the rmal velocity, the dielectric permit t ivi ty conta ins the 
to ta l Debye rad ius d and q m i n \/d. W h e n the ion velocities 
are much larger t han their mean the rma l value and (as we 
assumed) are much smaller t han the mean the rmal electron 
velocity, the dielectric permit t ivi ty conta ins the electron 
Debye rad ius de, bu t again qmin ^> \/de. 

T h u s for k <̂  q the mat r ix element of b remss t rah lung in 
i o n - i o n collisions can be wri t ten approximate ly in the form: 

ek 
M w ——j , (105) Teq« 

and 
A] 4 5 6ry 2ry 2 

n ( i , i ) c o i i / , x _ 4 k u e Z q Z p 
Q><>' [ k ) ~ 9 r e

2 < 
(106) 

This expression shows tha t for Te w T{ the collective 
b remss t rah lung of ions for v > v r i exceeds substantial ly 
the b remss t rah lung obta ined when the collective effects are 
no t t aken into account . In the case when the ion velocity v 
is of the order of vTe, the b remss t rah lung in i o n - i o n 
collisions will be of the same order of magn i tude as the 
b remss t rah lung in e l e c t r o n - e l e c t r o n collisions, which in 
tu rn is also much larger t h a n the b remss t rah lung in i o n -
ion collisions when the collective effects are no t taken into 
account . 

Let us finally consider the case of fast ions v > vTe. 
Here , for the electron pa r t of dielectric permit t ivi ty in the 
mat r ix element, one can use an approx ima te expression 
sq,co — 1 ~ — c O p e / c o 2 . The power of emission then decreases 
with increasing ion velocities according to the law 1/v5. 
T h u s the intensity of emission in i o n - i o n collisions is 
max ima l for v of the order of vTe. 

4.5 Bremsstrahlung of longitudinal waves in e l e c t r o n - i o n 
collisions 
This is the main process in the approx ima t ion in which we 
can ignore the collective effects and, in fact, it remains the 
main process when the collective effects are t aken into 
account . However , the collective effects modify the process 
of b remss t rah lung emission significantly. 

W h e n the collective effects are no t taken into account , 
the mat r ix element of b remss t rah lung is described by 
expression (19), which for k <^q can be wri t ten in the form: 

M noncoll 
ek*q 

meco2kq2 
(107) 

In the case when, from physical a rguments of field 
screening (which, strictly speaking, should be calculated 
by tak ing into account the collective effects), one writes in 
the denomina to r of the mat r ix element an addi t iona l factor 
equal to the dielectric permit t ivi ty for the frequency which 
the ion is 'seeing' , then one should use expression (20) and: 

M 
ek'q 

noncoll 
mecofakq2 

(108) 

These two expressions can then be compared with the 
correct one obta ined from the formulas given above when 
the collective effects have been taken into account . In the 
same approx ima t ions with which expressions (107) and 
(108) were determined we find: 

ek-q £k-g,(k-g)-v 
M coll • 

+ 

mecolekq2sq^q.v, sk-q,(k-q)-v 

ek-(k-q) eg > g . v / 

mecolek(k - qfsk-q,(k-q)-v <Wv' 
(109) 

Let us s tudy the limit when the electron velocity is much 
larger t han the average ion the rma l velocity and the ion 
velocity is much smaller t han the average electron the rmal 
velocity. W e consider the case when k <̂  q. Then in E q n (109) 
we can pu t e1 = 1 and the D ebye screening approx ima t ion can 
be used for e e . If the electron velocity is much less t h a n the 
mean electron the rmal velocity one can use 
sl,q-v' — 1 ~ w p e A 2 v r e < y 2 / v T e ^ 1> a n d thus the second 
term in the mat r ix element can be neglected. One can use 
8 = 1 in all the other expressions for dielectric permitt ivit ies in 
the mat r ix element. W e find then tha t the mat r ix element of 
b remss t rah lung in this approx ima t ion coincides with the one 
in which the collective effects are neglected. 

In a m o r e general case, for a rb i t ra ry electron velocities 
(but much larger t han the average ion the rmal velocity) and 
for k <̂  q we have 

ek*q 
M coll ' 

l + l / ^ e

2 

mekq2colese_qj_q.v 1 + \/q2d2 
(110) 

where d is the to ta l Debye radius while de is the electron 
Debye rad ius and 

1 _ 1 1 

~d2~~d2+~d2' 

W h e n the electron velocity is much larger t h a n the 
average the rmal electron velocity, the main cont r ibut ion to 
the probabi l i ty is m a d e by those q values which are much 
less t han the inverse Debye radius , and s_q _q.v can be 
approx imated by —3q2VTe/co2

e. Then the mat r ix element has 
the approx ima te form: 

M coll 
ek'qd 

3Tekq4di 

4 ^ 2 * (111) 

The intensity of b remss t rah lung will be determined by the 
relat ion: 

-v(e, i) coll 
(*) = 

4k2u3e6Z? 
(112) 

W e can compare expressions (112) and (106) [al though 
expression (106) is valid for u <^ vTe and expression (112) is 
valid for the opposi te sign of the inequali ty]. This c o m p a r 
ison shows tha t in expression (106) there exists a factor 
k2u2/(Q2

)e which is generally small. But at the limit of 
applicabili ty, this factor can be of the order of one and 
these formulas can be compared when v is of the order of 
vTe ( remember tha t for v > vTe the intensity of b remss t r ah 
lung in i o n - i o n collisions decreases rapidly with an increase 
in ion velocities). 

Nevertheless , t ak ing into account all the restr ict ions we 
have just ment ioned , the compar i son m a d e gives a very 
s t range result: the emissions in i o n - i o n collisions and 
e l e c t r o n - i o n collisions can have the same order of 
magni tude . Let us recall tha t wi thout the collective effects 
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the b remss t rah lung in i o n - i o n collisions is at least mc/mx 

t imes less t han the emission in e l e c t r o n - i o n collisions. 
The other impor t an t point , which follows from the 

above discussion, is tha t the emission of fast part icles is 
changed substant ial ly by collective effects. This fact can be, 
at first glance, surprising because the fast part icles do no t 
have a substant ia l polar isa t ion screening charge. Moreover , 
from previous results it follows tha t the emission of slow 
part icles can be close to tha t in which the collective effects 
are no t t aken into account . A n explanat ion of this is tha t an 
essential role p lay here oscillations of the screening charge 
of an ion, the velocities of which are small, and for large 
electron velocities the emission due to oscillation of the 
polar isa t ion charge su r round ing the ion emission interferes 
with the emission due to changes in the electron trajectory 
p roduced by the ion. 

5. Scattering of longitudinal waves in plasma 
5.1 Scattering as a resonant bremsstrahlung 
The absorp t ion of waves due to inverse b remss t rah lung 
and the scat tering are closely related to each other . Indeed, 
under the condi t ions when the frequency of the field (which 
transfers the m o m e n t u m and energy from one colliding 
part icle to ano ther colliding particle) is close to the wave 
eigenfrequency, this wave is emitted addi t ional ly to a 
'b remss t rah lung p h o t o n ' , i.e. wave scat tering takes place. 
This can by seen also from the conservat ion law [Eqn (15)] 
which can be writ ten in the form: 

(q — k)-v — co + cok = 0 , 

and 

co - q-v 

(113) 

(114) 

F o r co = coq relat ion (113) cor responds to the energy 
conservat ion law in the process of scattering. In vacuum, 
such a si tuat ion is impossible since the vir tual waves never 
cor respond to real waves on the so-called 'mass shell ' . But 
in a med ium in which the phase velocities can be small, such 
a s i tuat ion is no t only possible bu t often occurs. 

The nonl inear dielectric permit t ivi ty, ob ta ined in Sec
t ion 3, also describes the processes of scattering. A n 
impor t an t po in t is tha t the scat tering cor responds to a 
resonant condi t ion when sq w is close to zero and when one 
can use an approx ima te relat ion: 

I m J~ ~ - n T^j 5 ( 8 < 7 , « ) • ( 1 1 5 ) 

Rela t ion (115) shows explicitly tha t the frequency and the 
wavevector q of the field should be equal to the 
eigenfrequency of the wave coq (in the par t icular case we 
are considering here, it is the p lasma wave), which satisfies 
the dispersion relat ion for longi tudinal waves sq(0q = 0. 

In the previous section we found an expression for 
dielectric permit t ivi ty for a wave of small ampl i tude , t ak ing 
into account its nonl inear interact ion with f luctuat ions of 
part icles and fields. The expressions obta ined are linear in the 
ampl i tudes (intensities) of the p ropaga t i ng waves. In the 
approx ima t ion linear in the ampl i tudes of the waves, the 
processes of scattering are described by two terms in the 
way in which they can be derived from the ba lance 
equat ion . One of these te rms describes the generat ion of 
the scattered waves and is p ropo r t i ona l to the intensity of 

waves being scattered, and the other one describes the 
extinction of scattered waves and is p ropo r t i ona l to the 
intensity of the waves created in the scat tering process . 

In the app roach used to calculate the nonl inear 
permit t ivi ty we had taken into account only the effects 
which are p ropo r t i ona l to the ampl i tude (intensity ) of the 
wave considered. Thus with the help of this permit t ivi ty we 
can find the coefficient of extinction of the wave due to 
scattering only. But this is sufficient to find the probabi l i ty 
of scattering since this coefficient of extinction has a definite 
relat ion with the scattering probabi l i ty . Such an app roach 
makes it possible to find all the collective effects in 
scattering. F r o m the ba lance equat ion we can obta in the 
damping decrement (the extinction coefficient) of the waves, 
expressed t h rough the probabi l i ty of scat tering WpC,CL(k,kf) 
of a wave with a m o m e n t u m (wavevector) k on part icle oc 
with a m o m e n - t u m p generat ing in a uni t t ime a scattered 
wave with m o m e n t u m k\ normal ised on the uni t phase 
vo lume dkf/(2%)3: 

7k 

T N 

[d(RQSk:CO)/dco] 

W e define the probabi l i ty of scattering th rough the 
mat r ix element Msc: 

\k,k') • 4el(2n)3\Ms*\2 

6[cok-coki (*-*iH 
{dekldco)0}=01(dekJdcol)u 

(117) 
/co{=cokl 

In general the collective effects change the mat r ix element 
of scattering substantial ly, which then consists of the two 
par t s : 

M s c =Ml o l l + ^ c (118) 

Let us n o w study h o w these componen t s of the scattering 
mat r ix element can be derived from the theory of 
f luctuat ions. 

5.2 Cross-sections of scattering of longitudinal waves 
W e start with expression (53) for the nonl inear permit t ivi ty 
8 ^ ' 4 , since from this expression we get the probabi l i ty of 
scattering in which the collective effects are no t taken into 
account . In calculat ing the imaginary pa r t of e ^ ' 4 , we used 
the general expression for \m(\/Ek). But it is m o r e 
appropr i a t e to use relat ion (115) for resonant condi t ions 
[in par t icular , to use relat ion (115) in which q = k\ 
Obviously this app rox ima te expression can be obta ined 
from the general one used before, bu t only when we are 
interested in the frequency range close to resonance . 

Let us denote the cor responding cont r ibut ion in the 
damping of waves by y* c ( 1 ) . W e find tha t 

sc(l) 
Ik - -

I m e N , 4 

(dSk/dco)^ m2 

f i * L 
J (271 

dp ( f c - f c l ) 2 ^ 

( 2 T I ) 3 k2k\{cok-k-vf 

§K -<B*I - (k -ki)-v] 
(dek/dco) ( 8 8 T L / & » ! ) , 

(119) 
co{=cokl 
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This expression leads to a mat r ix element of noncollective 
scattering: 

1 

^ a kki (cok -k-v) 
(120) 

The expression obta ined describes the T h o m s o n scatter
ing and differs from the k n o w n expression for the T h o m s o n 
scattering of e lectromagnet ic waves by the polar isa t ion 
vectors. In par t icular , expression (120) conta ins the scalar 
p roduc t of the uni t vectors a long the p ropaga t i on of the two 
longi tudinal waves t ak ing pa r t in the scattering process. 

Let us consider expression (51) for e ^ ' 3 . Since the 
resonance \/sk_kl cor responds to the correct ions to Cher 
enkov resonance we will consider only the resonance related 
to l/ekl. D e n o t i n g by the expression obta ined from 

for this resonance, we find: 

sc(2) 
V (psk/dco)a 

\6nei 

matr ix elements and take into account the collective effects. 
It is impor t an t to stress tha t b o t h the probabi l i ty of 
b remss t rah lung emission and the scattering probabi l i ty 
are expressed in te rms of the relevant squares of the 
mat r ix elements, bu t the collective effects enter the mat r ix 
elements additively. The interference effects in the scattering 
and b remss t rah lung can considerably reduce or increase the 
cross-sections of the processes. 

W h e n one uses an approx ima te expression for the 
nonl inear responses and neglects the Dopp le r correct ions 
one finds tha t 

„ N , 2 
Pk,ki-

e(k'ki)\k — ki 

%nkmeCQpe 

(125) 

from which the k n o w n expressions for probabi l i t ies of 
scattering of Langmui r waves on electrons and ions can be 
derived (see Refs [8, 9]). Par t icular ly for electrons, these 
interference effects lead to an addi t iona l small factor in the 
T h o m s o n cross-section. This factor is equal to 

dkxdp (k-ki)®* 
N , 2 

PkM-

( 2 T I ) 3 kkx(cQk-k-vf \k-kx\Ekv 

&kx-k 
sk,-k 

b[cok-cokl - (k-k^-v] 

( 8 8 ^ / 8 © ) ( 8 8 ^ / 8 © ! ) 

If we define 

M coll ki\k-ki\ek 

(121) 

(122) 

The electron mass enters in the cross-section of scattering 
on ions, which is equal to the T h o m s o n cross-section of 
scattering (on electrons) with the following factor of the 
order of unity: 

we find tha t expression (121) describes pa r t of the square 
of the to ta l mat r ix element of scat tering | M S C | 2 equal to 
R e ( M c o i i M n

c

o n c o l l ) [which a m o u n t s to half of the inter
ference term equal to 2Re (Ml°onM noncoll )]• 

The second half appears from expression (48) for e ^ ' 2 

on replacing k\ by k—kx and integrat ing by pa r t s with 
respect to part icle m o m e n t a and using relat ion (115). W e 
denote the result ob ta ined from expression (48) in the 
resonance condi t ions by and find tha t 

sc(3) 
V 

sc(2) 
: V (123) 

Final ly the square of the mat r ix element of collective 
scattering is obta ined as resonant absorp t ion from e ^ ' 1 . The 
resonance effects exist only in the second term of expression 
(40). W e denote the decrement for resonant damping 
obta ined from this expression by ys

k°^ and use rela
t ion (115). W e find: 

sc(4) 
(dsk/dco)a 

• 64k5 dkx 
p \k-kl Pk-kukxPk,k 

kk^dsk/dco) (dski/dcol)a 

(124) 

By using expression (29) for the field f luctuat ions and 
expression (66) with the subst i tut ion of k — kx for k\ we 
indeed confirm tha t expression (124) describes the effect of 

M colli in the probabi l i ty of scattering determined by 
scattering. 

W e have thus shown r igorously h o w the fluctuation 
theory leads to expressions for the scat tering cross-
sections, which contain the square of the m o d u l u s of the 

The cross-section of scattering on ions in a p lasma is then 
of the order of the T h o m s o n cross-section of scattering on 
electrons, and the cross-section of scattering on electrons is 
much less t han the T h o m s o n cross-section of scattering. 

6. Collective effects in bremsstrahlung of 
electromagnetic waves 
6.1 Probabilities of bremsstrahlung of waves of arbitrary 
polarisation by nonrelativistic particles 
The role of collective effects in the b remss t rah lung of 
t ransverse waves is impor t an t for experiments in which the 
electromagnet ic rad ia t ion emitted by a p lasma is measured . 
The first a t t empts to t ake into account the role of shell 
electrons in b remss t rah lung of e lectromagnet ic waves in 
e l e c t r o n - a t o m collisions were m a d e by L D L a n d a u and 
Yu B R u m e r [12]. But it appears tha t this process is m o r e 
complex than they though t ; however , at the present t ime it 
can be described in a precise manne r bo th for p lasma and 
for other media including nonionised a t o m s or molecules. 
In the case of this effect in a p lasma, the electrons of the 
screening shell are free electrons and the descript ion of 
their role in b remss t rah lung is simple. In the present 
representa t ion we will use the physical p ic ture a l ready 
discussed in detail for longi tudinal waves and poin t out the 
specific features for the case of electromagnet ic waves. 

As above, an impor t an t po in t is tha t the probabi l i ty of 
b remss t rah lung of e lectromagnet ic waves can be expressed 
th rough the square of a mat r ix element. To find the latter it 
is not necessary to use the general theory of f luctuations, 
a l though in the l i terature the b remss t rah lung and scattering 
are derived in this way (see, for example, Ref. [13]). The 
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f luctuation theory is a very cumbersome way of ob ta in ing 
the results, and, in addi t ion , the result obta ined cannot 
easily be expressed in a form p ropo r t i ona l to the square of a 
mat r ix element. But this kind of p r o o f can be given in all 
cases and the expression we will use coincides with tha t 
found from fluctuation theory. After tha t we only need to 
analyse the ma t r ix element, which is a much simpler way of 
gett ing a definite answer and a clearer one from the physical 
po in t of view. All the cancellat ions due to the interference 
of the two mechanisms of b remss t rah lung appear in the 
mat r ix elements. Thus it is necessary to check only once tha t 
the f luctuation theory and the simple a rgumen t s give the 
same result, in order to use the expression for mat r ix 
elements in future appl icat ions . W e will no t present the 
f luctuation theory here bu t just start with general expres
sions for mat r ix elements which can be derived from the 
f luctuation theory and from another simpler approach . F o r 
their appl icat ion to concrete p rob lems we need to have 
simplified expressions and these will be provided even for 
an a rb i t ra ry wave polar isa t ion valid only for the case of 
nonrelat ivist ic part icles. 

In the general case the new aspects of b remss t rah lung of 
e lectromagnet ic waves, as compared to the case a l ready 
discussed, can be reduced to the following three: 

( l ) T h e polar isa t ion vectors of the electromagnet ic 
waves in the absence of an external magnet ic field are 
t ransverse. 

(2) In the force act ing on p lasma particles, one should 
t ake into account the Loren tz force. 

(3) If the part icles are relativistic, the vir tual t ransverse 
fields should be t aken into account (for longi tudinal waves 
the process t h rough the t ransverse vir tual wave should also 
be added, bu t it plays a less impor t an t role and can be 
neglected completely in the case of nonrelat ivist ic particles). 

The general expression for the probabi l i ty of b r e m s 
s t rah lung for a wave with an arb i t ra ry polar isa t ion can be 
given by the following expression [compare with 
Eqn (18)]: 

I6nejel(2n)3 

(delco2/dco)m=m 

\M-el 

x8[cok-q-v' ~(k-q)-v] (126) 

where M is the vector mat r ix element, ek is the uni t 
polar i sa t ion vector of the emitted waves, e£ = etj(k) e°ke°k 

and Sij{k) is the tensor of dielectric p lasma permit t ivi ty. 
The expression for the vector mat r ix element for the case 

of a rb i t ra ry relativistic part icle dis t r ibut ions is given in 
Ref. [9] (their definition differs from tha t used in the present 
article by a factor cok; in the definition of the probabi l i ty the 
factor col is absent) . 

W e will give here app rox ima te expressions for the mat r ix 
element vectors valid only if (1) the part icle velocities are 
assumed to be nonrelat ivist ic (both p lasma particles and 
part icles colliding with each other and creat ing the emission) 
and thus the vir tual wave can be considered to be long
i tudinal , and (2) it is possible to neglect the Dopp le r 
correct ions in compar i son with the frequency of the wave 
emitted. 

The expressions have a form very similar to tha t 
obta ined previously, and on mult iplying them by the 
uni t longi tudinal polar isa t ion vectors we can obta in the 
previous expressions. T h u s the given mat r ix element vectors 

just extend in a simple manne r the previous results for the 
case of waves of a rb i t ra ry polar isa t ion. These expressions 
are: 

Ma=-

M ( 3 _ gp(fc~g) 
mpCQ2

k(k -qf sk_qi{k_q).v

 9 

eq Sk-q,(k-q)-v~^ 

(127) 

(128) 

meco2

hq2 £k-q,(k-q)-

e(k-q) 
+ 

F6 / - 1 

e^K^-tf) Sk-q,(k-q)-v Sq,q'v' 

H e r e s is the longi tudinal dielectric permit t ivi ty: 

S* =Si,Ak) j 2 

(129) 

(130) 

The result given here is new and no t previously given in 
the l i terature. Its der ivat ion from the general expressions 
given in Ref. [9] is very cumbersome. I h o p e tha t it will be 
useful in appl icat ions . It can be used even for an aniso t ropic 
part icle dis t r ibut ion when, strictly speaking, one cannot 
separate the dielectric permit t ivi ty into its longi tudinal and 
t ransverse par t s . But the expression which determines the 
mat r ix element vectors for nonrelat ivist ic particles conta ins 
the dielectric permit t ivi ty defined by E q n (130). The 
condi t ions for applicabil i ty of E q n s ( 1 2 7 ) - ( 1 2 9 ) are 
v, v' <^ c and cok > kv, kvf. 

The result is also applicable for a p lasma in an external 
magnet ic field when, apar t from the relat ions of appl ic
ability a l ready given, there appear further condi t ions for 
part icles to be nonmagnet i sed : kv, kv' > coHa and 
qv, qv' > coHa, where coHa = eaH/mac is the cyclotron 
p lasma frequency. The last inequali ty conta in ing the value 
of the transferred m o m e n t u m is no t very restrictive if the 
t ransferred m o m e n t a are large, for example, if they are of 
the order of the m i n i m u m impact pa ramete r . But the 
collective effects, as can be seen from previous considera
t ions, enhance the b remss t rah lung of identical or heavy 
part icles when the effective transferred m o m e n t a are 
determined either by part icle velocity or by the Debye 
radius . Then the stated restrict ion is impor tan t . In any case, 
the general expressions for mat r ix element vectors given 
here can be useful in m a n y different appl icat ions . 

6.2 Bremsstrahlung of electromagnetic waves 
in e l ec tron-e lec tron and i o n - i o n collisions 
In this and subsequent subsections I will discuss the 
processes of b remss t rah lung of e lectromagnet ic waves in 
the absence of an external magnet ic field. One impor t an t 
difference between electromagnet ic and longi tudinal waves 
lies in the dispersion of waves (their frequency dependence 
on the wavenumber ) : 

cok 
+ C2k2 (131) 

The waves with cok w co p e for k <̂  c o p e / c are similar to the 
longi tudinal waves and are sometimes called t ransverse 
p lasmons . W e shall therefore consider them separately. The 
waves with cok copc when cok w kc are similar to 
e lectromagnet ic waves in vacuum. W e will s tudy them 
separately and simply call them electromagnet ic waves. 
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The mat r ix element vector for e l e c t r o n - e l e c t r o n colli
sions can be found from expression (90) in a simple manner . 
By tak ing into account tha t the probabi l i ty conta ins the 
square of the mat r ix element, we find tha t the sum over the 
two t ransverse polar i sa t ions conta ins the square of the 
vector p roduc t of the mat r ix element vector and the 
wavevector k. Therefore, wi thout loss of generality, the 
vector ma t r ix element can be represented by the p roduc t of 
its vector p roduc t and a uni t vector k/k. 

F o r electron velocities much larger than the average 
the rmal velocity, instead of E q n (93) for the e lec t romag
netic waves we find the following expression: 

k 

kxq \/q2 - \/(k-qf 
(132) 

a, '"e™kG

q,q-v'Gk-q,(k-q)-v 

In the opposi te case, when the velocities of electrons are 
much less t han the average the rmal electron velocities, as 
was found previously, the value of the dielectric permi t t iv
ity can be pu t equal to uni ty. In this case for k <^ q we find: 

x M 
(k x q) 2k-q 

kq4 kmQco] ,2 ' (133) 

F o r t ransverse p l a smons it is useful to in t roduce the 
expression for the power emitted in a uni t interval of the 
absolute values of the wavevectors , as it was used for 
longi tudinal p lasmons . W e also t ake into account the 
difference in the dispersion of t ransverse and longi tudinal 
p lasmons : 

co tP
1 , k2c2 

' ^ + 2co, pe 

Ins tead of E q n (97) we get: 

dqdQk 

(2K)3 
Q(;:;)(k) = *Ke^-

I jr | Z 

- x M co2

VQk2 h(cof - q-u) (134) 

F o r the t ransverse p lasmons , the result of angular 
in tegrat ion of E q n (134) differs from expression (98) by 
a numer ica l factor only: 

Je,e) tpl 
(*) 

32e6k4u 
15mj:co£e 

(135) 

F o r electromagnet ic waves it is useful to in t roduce the 
intensity normal ised on a uni t frequency interval: 

dp' dco 

(2KY 
(136) 

where 

8it J (2rc (2ny 

x - x M — o ( c o - q - u ) 
\k c 

(137) 

F o r slow electrons, expression (137) does no t depend on 
k, i.e. on co, and becomes 

e) / \ 32^6W 
G ^ ' M = 7 7 1 - 2 p ' p \5cDmi 

(138) 

As can be seen by a compar i son of expressions (138) and 
(135) the spectral density of rad ia t ion increases with an 
increase of k (frequency) and reaches a cons tant value for 
k > c o p e / c . 

F o r fast electrons, expressions (99) should be used for 
dielectric permitt ivit ies, bu t the last app rox ima te expression 
of the system of Eqns (99) can be used only for 
k <^ vTecove/cu. In this limit, the intensities of emission of 
longi tudinal and t ransverse p l a smons differ only by a 
numer ica l factor [32 for t ransverse p l a smons instead of 
28 in relat ion (103) for longi tudinal p lasmons] . 

F o r a large k, the role of collective effects decreases in 
the range of wavenumber values v r e c o p e / c w <^k <^ cove/c, 
and the large factor v 4 / v ^ e finally d isappears . 

F o r k 5> cove/c, the permitt ivit ies can be assumed to be 
uni ty and the collective effects are weak. In this case we can 
use relat ionship (138). T h u s b o t h for velocities much less 
t han the average the rmal velocity and for velocities much 
larger t han the average the rmal velocity, expression (138) is 
valid. As can be seen, it is also valid for any in termedia te 
values of electron velocities. 

The to ta l power of emission of a uni t p lasma vo lume 
will differ from E q n (138) by a factor r?Q and then for u one 
could use its value averaged over a the rma l electron 
dis t r ibut ion equal to 2VTQ/^/K. 

The b remss t rah lung of t ransverse waves in the i o n - i o n 
collisions is, as a rule, much less t han tha t for longi tudinal 
waves. This stems from the fact tha t , for velocities of ions 
much less t han the main the rmal electron velocity, the 
Debye approx imat ion can be used for the expression for 
dielectric permit t ivi ty and the t ransverse pa r t of the mat r ix 
element vector M a ' ^ vanishes. But in the next a p p r o x i m a 
t ion the mat r ix element M a ' ^ for t ransverse waves conta ins 
a small pa rame te r equal to the rat io of the ion velocity to 
the mean electron the rmal velocity: 

^ - i « ^ r ( i + y f ^ ) -

In spite of this, b remss t rah lung result ing from i o n - i o n 
collisions is governed total ly by the collective effects, since 
the square of the mat r ix element conta ins a small (of the 
order of mQjm^) pa ramete r v 2 / v ^ e , and the term represent
ing the noncollective process conta ins the square of this 
pa ramete r . 

6.3 Bremsstrahlung of electromagnetic waves 
in e l e c t r o n - i o n collisions 
The b remss t rah lung in e l e c t r o n - i o n collisions is still the 
dominan t process of b remss t rah lung when the collective 
effects are taken into account . This is in spite of the drast ic 
increase of b remss t rah lung in i o n - i o n collisions and of the 
essential modif icat ion of the b remss t rah lung in e l e c t r o n -
electron collisions. 

The qual i tat ive change of b remss t rah lung due to 
collective effects described in previous sections for long
i tudinal waves also occurs for electromagnet ic waves. In the 
cor responding squares of the mat r ix elements, vector 
p roduc t s appear instead of scalar p roduc t s . T h u s instead 
of E q n s (108) and (109) we need to use 

- x M 
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e(k x q) 
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F o r electron velocities much larger than the the rmal ion 
velocity we can subst i tute 1 for the dielectric permit t ivi ty for 
frequencies cor responding to electron velocities; and for the 
electron permit t ivi ty for ion velocities we can use the Debye 
screening approx imat ion . Then for k <^ q we find tha t 

x M 
e(k x q) 

coll meco2

kkq2 sl_q{k_q).v 

1 + co2

ve/q2v2

Te 

(141) 

U n d e r these condi t ions the power of b remss t rah lung will 
be determined by the relat ion: 

dqdQk x M 
2 4 Ary2 

co e Z; 8(co-q-v), (142) 

where Zx is the ion charge in uni t s of an electron charge. 
A n analysis of these expressions makes clear the role of 

collective effects. W e will i l lustrate them by using the 
expression averaged over the the rmal dis t r ibut ions of 
electrons and ions. W e can perform the integrat ion over 
the ion dis t r ibut ion by using the following relat ion, which 
can be obta ined from the f l uc tua t ion -d i s s ipa t ion theorem 
(one can also obta in this relat ion directly by integrat ing the 
cor responding expressions conta in ing the ion dielectric 
permit t ivi ty): 

exp (-yi) 

( l + ^ V . J f i + O + p X / ^ ] 
(143) 

where the summat ion is per formed over all types of ions i; 
the ion dielectric permit t ivi ty is supposed to be dependent 
on q and 

yi 
qV2vTi 

( v r i is the ion the rmal velocity of ions of type i ) ; the 
pa ramete r is equal to 

£ z ~ i 2 « i 
(144) 

(n{ is the density of ions of type i ) . 
The to ta l power of b remss t rah lung emission of a uni t 

p lasma vo lume in e l e c t r o n - i o n collisions averaged over the 
the rmal dis t r ibut ions of electrons and ions will then have 
the form: 

32e 6 , i e j8 . }(e,i) coll (CO) 
3mlc5 

( 1 - CDie/'CO1) 
dy dq 

exp (-y2) 5(co - gvTeV2y) 

\\+W(y)co2

pe/q2v2

Te\2 

1 + colJq2v2

TQ 

l + ( l + ^ X / ^ V r e ' (145) 

where 

W(y) = \-yQxV(-y2) dt exp t 2 + iy/ny exp (-y2). (146) 

W e give here also the result for the case when the 
collective effects are neglected bu t the Debye shielding of 
the ion field is t aken into account , in order to compare it 
with the correct result given by expression (146): 

}(e, i) noncoll 32e6n2J 
(co) 

3mic 2 3 (1 - co p e /co : :xi /2 f dy di 
} J 

dq 

exp (-y2) 5(co - qvTeVly) 

\\+co\Jq2v\ 
(147) 

re I 
By compar ing these results one can see tha t , when the 

collective effects are ignored, the difference from uni ty of 
the factor 

1 + co2

ve/q2v2

Te 

\ + (\+P)co2

pe/q2v2/ 

(for which no reason can be given) is neglected and the 
function W(y), which appears in the denomina to r under the 
sign of a square of absolute value, is absent . Bo th factors 
change the b remss t rah lung quali tat ively . The first one 
conta ins a dependence on ion density and its dis t r ibut ion 
a m o n g the species of different ions [see Eqn (144)], and the 
second one makes the screening of ions negligible for y 1, 
as the function W(y) is very small in this case. This means 
tha t the screening of the ion field is then a lmost zero (the 
factor inside the absolute value signs is equal to unt iy) . 
W h e n the collective effects are no t t aken into account , the 
p h e n o m e n o n of ion ' s t r ipping ' is no t t aken into account . 
But in accordance with the a rgument given in the 
quali tat ive descript ion of b remss t rah lung in the previous 
sections, this process of ' s t r ipping ' is obviously present . 

The analysis shows tha t the collective effects are mos t 
impor t an t for frequencies of the order of the p lasma 
frequency. This can be seen from the 8-function in 
E q n (157), because for co co p e we have q cope/vTe. In 
the presence of external magnet ic fields, the collective 
effects in b remss t rah lung can substant ial ly alter the emis
sion for frequencies close to either the lower-hybrid or the 
upper -hybr id frequency. 

7. Conclusion 
In this section I will emphasise those po in t s which are new 
to the field and which have been discussed in this paper . 

Firs t , it should be recalled tha t the theory of f luctuations, 
scattering of waves, and p lasma emission due to fluctu
at ions is a ra ther widely developed field of research. But up 
to the present t ime it has no t been shown tha t all the effects 
of wave scattering and of b remss t rah lung can be expressed 
th rough the probabi l i t ies of scattering and bremss t rah lung , 
which conta in the squares of absolute values of the mat r ix 
elements of scattering and bremss t rah lung . 

It has also no t ben clear h o w the linear wave absorp t ion 
can be derived from the nonl inear in teract ions of test waves 
with f luctuat ions of p lasma part icles and fields in a p lasma. 
The existence of such a p r o o f gives an addi t iona l insight 
into the physical processes which are impor tan t , for 
example, t rans i t ional absorp t ion , and it also simplifies 
the invest igations of the par t icular processes. 

The p r o o f given is easily generalised for the case of any 
relativistic effect if one adds the processes occurr ing 
th rough the vir tual t ransverse fields. W e have discussed 
only the case of longi tudinal vi r tual fields bu t the results 
obta ined in this approx ima t ion (before the assumpt ion tha t 
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the part icles are nonrelativist ic) were relativistically invar
iant. T h u s if the processes occurr ing t h rough t ransverse 
vir tual fields are added to these expressions (which can be 
given also in a relativistic invar iant form), the complete 
expressions for probabi l i t ies can be wri t ten for any rela
tivistic part icle velocity and any relativistic part icle 
dis t r ibut ion in the p lasma. 

The general p r o o f given here tha t all the collective 
effects can be included as addi t iona l cont r ibu t ions to the 
mat r ix elements, seems to be very useful for investigations 
of the par t icular processes of scattering and b remss t rah lung 
in m o r e complicated condi t ions t han those used in this 
review (presence of external fields, inhomogenei t ies , etc.). 
This could be of par t icular impor tance when one looks for a 
precise calculat ion of these effects so as to compare them 
with exper imental results or as t rophysical observat ions 
(such as the solar opaci ty p rob lem) . In the usua l app roach 
it is ra ther distressing to find tha t the final result can only be 
expressed t h rough the square of the absolute value of a 
ra ther cumbersome and long expression. 

Second, a simple physical p ic ture of the role of collective 
effects have been given which can be used in some simple 
est imates. Previously in the l i terature the physical p ic ture of 
a new process of t ransi t ion scat tering and t ransi t ion 
b remss t rah lung was given [9] and it was stated tha t the 
to ta l mat r ix elements of b remss t rah lung and scattering 
should also conta in the cont r ibu t ions of t ransi t ion b r ems 
s t rah lung and t ransi t ion scattering. This s ta tement was 
based on physical a rguments . The discussion given here 
conta ins an exact p r o o f of these s ta tements obta ined with 
the use of the f luctuation theory. 

The new content of this s ta tement is tha t , except for 
cont r ibu t ions from t ransi t ion b remss t rah lung and t ransi t ion 
scattering, there exist no other cont r ibu t ions which can 
follow from fluctuation theory, and those effects are the only 
ones which describe all collective effects in b remss t rah lung 
and scattering. Obviously, in other more complicated media , 
there can also be effects of t ransi t ion b remss t rah lung and 
t ransi t ion scat tering and the latter effects have a much wider 
physical mean ing than tha t in p lasmas . But for other media 
we have no t established up to the present t ime whether there 
exist addi t iona l effects which can also cont r ibu te to 
scattering and bremss t rah lung . F o r a p lasma, such a p r o o f 
exists and it is possible to demons t ra t e directly the way in 
which these processes appear because of f luctuat ions. 

Third , in this review it is shown tha t the two processes of 
b remss t rah lung and scattering are deeply related to one 
another . It is shown tha t close to the e igenmodes of the 
system they can be converted from one to the other . It is 
also shown tha t the collective effects are large, especially for 
the frequencies close to the p lasma eigenmodes, even when 
the processes of b remss t rah lung cannot be reduced to the 
processes of scattering. 

F o u r t h , it is shown for the case of fast part icles tha t the 
b remss t rah lung can be enhanced by m a n y orders of 
magn i tude for frequencies close to the p lasma eigen
modes . This means tha t an observat ion of enhanced 
emission from a p lasma at frequencies close to e igenmodes 
(plasma frequency, for example) does indicate the presence 
of an instabili ty (as one would guess from a quick s tudy of 
exper imental da ta) . It m a y also imply the presence in a 
p lasma of a super thermal stable part icle dis t r ibut ion. This 
comment seems to be impor t an t in the in terpre ta t ion of the 

emission from thermonuclear p lasma or solar corona 
p lasma. 

Fifth, for a nonrelat ivist ic part icle dis t r ibut ion, a new 
general expression is derived for mat r ix elements of 
b remss t rah lung of a wave of any polar isa t ion valid in 
the presence of external magnet ic fields. 

Sixth, the collective effects in i o n - i o n and e l e c t r o n -
electron collisions have been tho rough ly analysed and it is 
shown tha t the collective effects substantial ly enhance these 
processes bu t tha t in a nonrelat ivist ic p lasma they are still 
much weaker t han the b remss t rah lung in e l e c t r o n - i o n 
collisions. It is also shown tha t the collective effects change 
quant i ta t ively and quali tat ively the b remss t rah lung p r o c 
esses in e l e c t r o n - i o n collisions, bu t only for frequencies no t 
very much different from the p lasma frequency. 

Seventh, it is shown tha t the dynamics of changes in 
part icle dis t r ibut ions are largely governed by the processes of 
longi tudinal wave bremss t rah lung , which for nonrelat ivist ic 
part icles are much m o r e effective t han the changes in part icle 
dis t r ibut ions due to the b remss t rah lung of e lectromagnet ic 
waves. 

F o r these reasons (presentat ion of a new exact p r o o f of 
familiar expressions, as well as the p r o o f of the possibility of 
wri t ing them in a compact form useful for appl icat ions) , 
references are m a d e only to general reviews in which the 
original invest igations were cited. A n exception is m a d e 
only for some pioneer works impor t an t for the descript ion 
of p rob lems of pr incipal impor tance . 
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