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LETTER TO THE EDITOR PACS numbers: 05.30.-d 

Once again about analytical methods of calculating 
correlation functions in quantum statistical physics 

M F Sarry 

A b o u t two years ago I publ ished a paper in this j o u r n a l 
under the title "Analyt ica l m e t h o d s of calculat ing correla­
t ion functions in q u a n t u m statistical p h y s i c s " [1]. Recent ly 
a methodologica l no te " O n the evaluat ion of the correla­
t ion functions in q u a n t u m statistical phys ic s" was 
publ ished by D N Z u b a r e v and Yu G R u d o i [2]. In the 
words of its au thors , my paper " a b o u n d s in a rb i t ra ry or 
e r roneous s t a t e m e n t s " , and they were impelled to wri te 
only because of the " s t rong and completely unsubs t an t i ­
ated cr i t ic ism" of the Green function me thod . Leaving to 
the a u t h o r s ' conscience the style they chose in their pr in ted 
defence of the Green function me thod , I shall t ry to 
provide a brief and, whenever possible, qui te complete 
answers to all their critical comments . However , I mus t 
first briefly recall the pr incipal features of the me thod I 
p roposed in tha t paper . They can be summarised as 
follows. 

(1) It is assumed tha t in the case of the investigated sys­
tem it is possible to construct a basis of ope ra to r s {Aj}, 
which is usual ly incomplete bu t nevertheless closed (in a 
n o n o p e r a t o r manne r ) with respect to the opera t ion of 
commuta t i on with the Hami l ton i an of the system: 

n 

\ A P H } - = YsKJJ,AJ'> J = W , . . . , n . (1) 
J"=I 

He re all the basis opera to r s generally have different orders . 
If all the opera to r s are of the same order , then on this basis 
the initial p rob lem becomes completely linear in the mos t 
direct sense and, therefore, its solut ion is then exact and 
the opera tor basis is complete. 

(2) A n incomplete set of opera to r s can be closed 'by 
force ' if the values of the coefficients Kny in the expansion 
described by E q n (1) are selected with the aid of the Jacobi 
opera tor identity, which has to be satisfied exactly. In the 
case of a two-opera to r basis, this identi ty is 

[Au [A2,H}_}_ - [A2, [AUH]_}_ - [[A1,A2]_,H]_ = 0. 
(2) 

Subst i tut ing here the expansions of the appropr i a t e 
c o m m u t a t o r s 

[Al,H]_=KllAl+KuA2 , 

[A2,H]_=K2lAl+K22A2 , 
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and the value of the m u t u a l c o m m u t a t o r [ A 1 , A 2 ] _ , we can 
find the required values of K2j>. In this way, the whole 
approx ima t ion of the solut ion of the initial p rob lem 
'resides ' , here in its K ma t r ix and then only in its elements 
Knj/9 because the expansion of just one last (nth) 
c o m m u t a t o r is always inexact. The expansion of all the 
preceding c o m m u t a t o r s is always exact because of the 
me thod used to construct them. 

(3) The basis {Aj} is established in such a way tha t any 
correlat ion function of the investigated system necessarily 
conta ins at least one of these opera to rs . This c i rcumstance, 
together with the cyclic invar iance of the value of the t race 
relative to the opera tor p roduc t (the correlat ion functions 
contain precisely such traces) and the exact 'undress ing ' 
formula 

AJ[P]=^[QXV(-PK)]JJ,AJ, (3) 

J ' = I 

for the 'dressed ' basis opera tor 

Aj[P]=QxV(PH)AjQxV(-pH) 

makes it possible to derive directly the required closed 
system of n algebraic equa t ions for the required correlat ion 
functions: 

(BAj) = (A^B) = ^M-mjj'M, 
J ' = I 

J = I? 2 , n , ^ 

( . . . ) = T r [ e x p ( - / ? f f ) . . . ] [ s p ( - / J f f ) ] - 1 . 

If a given correlat ion function includes initially several 
basis opera tors , it can be used to write down the same 
number of independent equat ions . 

(4) Eqn (4) — which is the main formula in the 
' d r e s s i n g - u n d r e s s i n g ' me thod — applies to the case of 
non - t empora l correlat ion functions, which are the usua l 
statistical averages represent ing the equil ibrium states of a 
system (in this case the Hami l ton i an of the system does no t 
depend explicitly on t ime). However , if there is a t ime 
dependence, the required correlat ion functions can be found 
wi thout any major changes in the system of equa t ions (4), 
with the exception of the t rans format ion /? —> ft = ft + it, 
because the t empora l correlat ion function of an equil ibrium 
state of a system is 

{B[t2}Aj[tx}) = (BAj[t\) = {Aj[P + \t]B), t = t x - t 2 . 

The t empora l correlat ion functions m a y be used, at least 
in the linear approx imat ion , to s tudy also t ransient 
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processes in physical systems (when the Hami l ton ian of the 
system is an explicit function of t ime) because all the kinetic 
coefficients of nonequi l ibr ium systems considered in the 
linear approx ima t ion can be expressed in te rms of their 
equil ibrium t empora l correlat ion functions tha t cor respond 
to equil ibrium states of these systems. 

W e can n o w analyse the critical comment s m a d e in 
Ref. [2] abou t m y paper [1]. 

(I) I shall deal with the s ta tement tha t m y opponen t s 
were forced (at least in their own opinion) to write in order 
to "prevent possible misunders tandings in the case of those 
readers who are app roach ing the Green function m e t h o d 
for the first t ime" . 

In m y paper [1] I simply noted the long-known pr incipal 
calculat ion shor tcoming of the Green function me thod , 
which is the absence of a regular p rocedure for t e rmina t ion 
of the usual ly infinite chain of equa t ions of mo t ion for the 
Green functions. F o r my own par t I added just two 
comments : first, the an t i commuta to r and c o m m u t a t o r 
Green functions cannot be regarded as (technically!) 
equivalent; second, the spectral theorem of the Green 
function me thod is in pract ice frequently used incorrectly 
and this m a y be due to the fact tha t Z u b a r e v [3] gives 
examples of h o w this theorem should be used in specific 
calculat ions, bu t in fact he applies it in its generally 
incorrect form in such examples, as demons t ra ted by 
E q n s (3.28) and (5.11) in Ref. [3]. However , these two 
comment s from me can hard ly be regarded as a criticism of 
the Green function m e t h o d and par t icular ly as a s t rong 
criticism. 

I shall n o w expand these comments . As far as the 
te rmina t ion me thod is concerned, this does no t come from 
me: it has long been k n o w n ; moreover , it is in fact 
acknowledged by m y opponen t s (third p a r a g r a p h on the 
first page of their paper ) . The next two comment s do in fact 
come from me. Their mean ing is as follows. The technical 
inequivalence of the use of the an t i commuta to r and 
c o m m u t a t o r Green functions in specific calculat ions is 
related par t icular ly to the correct appl icat ion of the 
spectral theorem in the Green function me thod . This 
theorem has the following form, which is given by E q n 
(3.25) in Ref. [3]: 

G(co + ie) - G(co - is) = - i [ e x p ( w 0 _ 1 ) - rj]J(co). (5) 

A mathemat ica l ly correct solut ion of E q n (5), which gives 
the spectral intensity J(co) of the required correlat ion 
functions for r\ = 1, is [1, 4] 

J(co) = {i[G(co + ie) - G(co - is)] 
(6) 

x i e x p ^ r ^ - i j - ^ + ^ H , 

i.e. there is a singular te rm because of the condi t ion 

[exp(±a>0 _ 1 ) - \]5(co) = 0 , (7) 

which ensures tha t the initial equa t ion (5) is satisfied when 
solution (6) is subst i tuted in it. It is shown in Ref. [5] tha t 
the exact a n t i c o m m u t a t o r and c o m m u t a t o r functions 
respectively admit and do no t admit a pole at the poin t 
co = 0, and tha t the residue of the exact an t i commuta to r 
Green function at this po in t does indeed determine the 
u n k n o w n f u n c t i o n / w h i c h occurs in solut ion (6). This very 
impor t an t (in pract ice) analyt ical p rope r ty of the exact 
Green functions has no t been discussed by N N 

Bogolyubov and S V Tyabl ikov [6, 7] or by D N Z u b a r e v 
[3]. It is impor t an t because the an t i commuta to r or the 
c o m m u t a t o r Green functions calculated approximate ly (in 
pract ice only app rox ima te calculat ions are possible) m a y 
admit a pole at the poin t GO = 0. The pole of an 
approximate ly calculated c o m m u t a t o r Green function 
can then be removed by specifying the necessary condi ­
t ions and the residue at this pole of the an t i commuta to r 
Green function yields an app rox ima te expression for the 
u n k n o w n function / in solut ion (6) (the function / is 
independent of GO). Therefore, if we wish to k n o w a pr ior i 
h o w to wri te correctly solut ion (6) — with or wi thout a 
singular t e r m — w e must always begin with calculat ion of 
an an t i commuta to r Green function in the approx imat ion 
adop ted for the task in hand . Then, if it is found tha t 
there is no such pole, there should be no singular te rm in 
solut ion (6). In other words , only the c o m m u t a t o r Green 
functions do no t generally close the Green function 
me thod . 

(II) I shall n o w consider the criticism of D N Z u b a r e v 
and Yu G R u d o i of the 'direct algebraic m e t h o d ' ( D A M ) 
tha t I p ropose for calculat ing correlat ion functions in 
q u a n t u m statistical physics. The essence of their criticism 
of the D A M itself can in fact be reduced to the s ta tement 
tha t this me thod is, first, no t original bu t essentially 
equivalent to the familiar R o t h me thod [8]; second, it 
does no t — in principle — permit going beyond the gener­
alised H a r t r e e - F o c k approx imat ion ; thi rd , and in spite of 
all this, I p ropose the D A M as the me thod tha t makes it 
possible to obta in results per ta in ing to the ' t ru th in the final 
ins tance ' . N o n e of these s ta tements of m y opponen t s 
cor responds to reality. Firs t , as far as the ' t ru th in the 
final ins tance ' is concerned, there is no such s ta tement or 
even such an expression anywhere in my paper . 

Second, the fact tha t the D A M is not equivalent to the 
R o t h scheme should be obvious even to a nonspecialist . The 
R o t h scheme is intended solely to unify the decoupl ing of an 
infinite chain of equa t ions of mo t ion for the Green 
functions: it does no t yield the actual equa t ions of mo t ion 
for the Green functions and it just supplements the me thod 
of equa t ions of mo t ion by a universal decoupl ing p roce ­
dure . Only the combina t ion of the Green function m e t h o d 
with the R o t h scheme proves a completely closed m e t h o d 
for the calculat ion of correlat ion functions; wi thout a 
universal decoupl ing p rocedure the Green function remains 
internally unclosed and is essentially an incomplete m e t h o d 
for calculat ing correlat ion functions in q u a n t u m statistical 
physics. 

The D A M however yields b o t h the equa t ions of mo t ion 
(and this is done directly for the required correlat ion 
functions and no t for some in termedia te functions of the 
Green type in the Green function me thod) , as well as a 
universal me thod for decoupl ing them, i.e. the D A M is an 
internally closed me thod for calculat ing the correlat ion 
functions. The D A M differs from the Green function 
me thod because it is internally closed, bu t also because 
of its exceptional ma themat ica l and technical simplicity: 
there are no differential equat ions , no spectral t r ans fo rma­
t ions and the associated spectra theorem in the Green 
function me thod , and there is no need to calculate j u m p s 
across the real axis of the functions of complex variables; 
finally, there is no need to calculate any Four ie r integrals: 
the algebraic equa t ions can be wri t ten down immediately 
for the required correlat ion functions. 
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The p rocedure of decoupl ing by the D A M is based on a 
r igorous ma themat i ca l re la t ionship, which is the Jacobi 
opera tor identi ty and, moreover , it differs from the R o t h 
scheme which is essentially a rb i t ra ry a l though universal : in 
the R o t h scheme a c o m m u t a t o r or an an t i commuta to r is 
t aken from b o t h pa r t s of the expansion described by E q n 
(1) with opera to r s which are Hermi t i an conjugates of the 
opera to r s {Aj}. This is followed by averaging of the 
resul tant relat ionships: 

([ArHUA^)^Ejr = ^2Kr([Ar,A^ 

(8) 

j " 
If the N ma t r ix has an inverse, Eqn (8) can be used to find 
the required K ma t r ix E = KN —> K = EN~l from the 
' k n o w n ' E and N matr ices . It should be poin ted out tha t 
R o t h does not p ropose a p rocedure for const ruct ing the 
basis system of the opera to r s {Aj}. 

(III) I shall n o w consider the actual physical a p p r o x ­
imat ion . In the D A M it depends on three factors: the 
decoupl ing me thod (whether one should use the R o t h 
scheme, the Jacobi identity, or something else); the 
opera to r s selected as the opera tor basis for the solution 
of the p rob lem; third, the dimensional i ty of the adop ted 
basis: an increase in this dimensional i ty by just un i ty has the 
effect of going beyond the f ramework of the preceding 
approx imat ion . Therefore, the s ta tement of D N Z u b a r e v 
and Yu G R u d o i tha t the D A M does no t al low us to go 
beyond the generalised H a r t r e e - F o c k approx ima t ion is at 
least s t range. 

(IV) Finally, let us consider the error which I have been 
alleged to have m a d e in discussing the B a r d e e n - Cooper -
Schrieffer (BCS) model . Firs t , the criticism by D N 

Z u b a r e v and Yu G R u d o i of m y result does not conta in 
anyth ing new on the topic compared with m y own opinion 
given at the end of the discussion of this model . Second, 
they say tha t I deliberately left in the gap equat ion two 
te rms of different orders in N, which is the number in any 
pa r t of mat te r . There is no error there: as is well k n o w n to 
all those tha t calculate the proper t ies of large systems from 
first principles, it is not permissible to limit the answer to 
just the leading te rms because of, in the final analysis, 
unavoidable t ransi t ion to the statistical limit. He re is a 
simple example. In the B r i l l o u i n - W i g n e r expansion for the 
energy of a large system only one (first) te rm of the 
expansion is p ropo r t i ona l to N and all the other t e rms are 
of the order of unity. W h a t should one do then: retain jus t 
this t e rm? Moreover , there are also such cases when the 
term of a higher order in any range of values of the 
physical pa rame te r s of the system vanishes and then, 
natura l ly , it is necessary to include the cont r ibu t ion of the 
nonvanish ing term which is of the next lower order of 
magni tude . This is precisely the case in the equat ion I 
derived for the gap in the BCS model . Al lowance for this 
c i rcumstance leads to the conclusion tha t the BCS theory is 
valid only outside the vicinity of the t ransi t ion point , 
always to the left of it, whereas at the t ransi t ion poin t itself 
a different equat ion applies. This conclusion is obta ined 
na tura l ly within the f ramework of some decoupling, which 
is specifically tha t which exactly satisfies the Jacobi 
identity. In the formal ma themat i ca l sense it is m o r e 
r igorous t han the Valat in decoupling, a l though only the 

latter exactly reproduces the BCS result. In a calculat ion of 
the proper t ies of m a n y interact ing bodies there are 
na tura l ly such cases when a m o r e r igorous (from the 
formal ma themat i ca l poin t of view) refinement does no t 
improve the physical result, bu t makes it worse. In such 
cases one can speak of the physical un accept ability of the 
m o r e refined result and not of a ' scandalous ma themat i ca l 
e r ror ' . 

In conclusion, I would like to state firmly tha t — in spite 
of, or m a y b e because of, the fact tha t the commen t s have 
been signed by D N Z u b a r e v (who is u n d o u b t e d l y a very 
author i ta t ive specialist in these mat te rs , w h o m I k n o w 
personal ly, and with w h o m I have discussed var ious 
p rob lems including the D A M ) — a reader interested in 
the essence of the p rob lem of analyt ical m e t h o d s for 
calculat ing correlat ion functions should be capable of 
recognising the t rue posi t ion. As far as m y paper is 
concerned, it is sufficient to read carefully the in t roduct ion 
and the first two p a r a g r a p h s as well as the last p a r a g r a p h in 
the second section. 

N o w for the final comment . In my opinion an inter­
esting me thod for calculat ing correlat ion functions has been 
developed by R R Nigmatu l l in at the Theoret ical Physics 
D e p a r t m e n t of the K a z a n State Univers i ty [9, 10]. U n f o r ­
tunately, a l though this me thod was included in the first 
draft of my paper [1], it was somehow omit ted from its text 
in the subsequent revisions. 
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