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CONFERENCES AND SYMPOSIA PACS numbers: 01.10.Fv 

Scientific session of the Division of General Physics 
and Astronomy of the Russian Academy 
of Sciences (27 April 1994) 

A scientific session of the Division of Genera l Physics and 
A s t r o n o m y of the Russ ian A c a d e m y of Sciences was held 
on 27 Apri l 1994 at the P L Kap i t sa Ins t i tu te of Physical 
Problems . The following paper s were presented at this 
session: 

(1) V B Shikin "Charges near the free surface of liquid 
hel ium: collective effect"; 

(2) V M Pudalov " F r o m the q u a n t u m Hal l effect to a 
Wigner c rys ta l " . 

Summar ies of these paper s are given below. 

PACS numbers: 01.10.Fv; 67.57.Np 

Charges near the free surface of 
liquid helium: collective effects 
V B Shikin 

Two types of two-dimens iona l (2D) charged systems can 
appear near the free surface of liquid hel ium: surface 
electrons and surface ions [1]. The existence of these two 
systems has been predicted almost s imultaneously (see 
Ref. [2]). However , the electron var iant of the p rob lem has 
subsequent ly been investigated m o r e tho rough ly b o t h 
theoretical ly and experimentally. The interest in 2D ion 
systems has increased significantly only recently because of 
certain specific features of their collective behaviour . 

This short review is in tended to serve as a brief 
in t roduct ion to the current s ta tus of the p rob lem of the 
2D ion systems near the free surface of liquid hel ium. In 
addi t ion, some quali tat ively new t rends in the s tudy of the 
proper t ies of 2D electron systems above hel ium are 
discussed. 

2 D ion system under the surface of helium 
1. Charged part icles near the surface of liquid hel ium on 
the liquid phase side are repelled from the surface by a 
force F of polar i sa t ion origin ( image force) 

where e is the charge of the part icle; e is the dielectric 
cons tant (permitt ivity) of hel ium, which is 1 for vacuum; z is 
the actual dis tance of the ion from the free surface. The 
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repulsion, i.e. the inequali ty F > 0, clearly applies to ions of 
either charge, since F defined by E q n (1) conta ins the 
square of the charge. 

In t roduc t ion of an addi t iona l electric field Ej_, which 
drives ions with a given sign to the surface of hel ium, makes 
it possible to ba lance out the action of the force F defined 
by E q n (1) at a certain finite distance z 0 from the free 
surface [2] 

e(s-l) 
E±e(e+ 1) (2) 

It follows tha t the compet i t ion between the image force 
(1) and the external field Ej_ localises ions with a given 
charge, in t roduced into liquid hel ium, in the z = z$ p lane 
t ransforming the ion system into a two-dimens iona l one. 

N e a r the equil ibrium posi t ion z 0 the ions m a y execute 
h a r m o n i c v ibra t ions of frequency cox [2] 

1 e2(s-\) 
CO; 2MiZ

3

0(e+l)9 
(3) 

where Mi are the effective masses of ions with a given sign 
(cat ions or anions) . De te rmina t ion of this frequency gives 
direct informat ion on the effective masses of hel ium ions. 
Such experiments have been carried out in F r a n c e [3] and 
gave the following values: 

M + = (45 ± 2 ) m 4 , M_ (243 ± 5 )m 4 ; (4) 

where m 4 is the mass of the H e a tom. 
The results (4) are par t icular ly clear for negative ions 

which are k n o w n to be hol low bubbles of rad ius R, 
conta in ing an electron localised inside the bubble . The 
theoret ical bubb le rad ius is R « 18 A [1]. The cor respond­
ing effective mass is simply the associated h y d rodynamic 
mass of a sphere of rad ius R in an ideal liquid. Hence the 
exper imental value of M_ makes it possible to est imate the 
rad ius of the sphere: 

R « 17.4 A . (5) 

The agreement between the calculated and exper imental 
values of R is very good. 

2. The p rob lem of the effective mass of hel ium ions near 
the surface of liquid helium has been studied further in 
connect ion with experiments on the excitation of p lasma 
oscilla-tions. The results obta ined [4] demons t ra t e tha t 
classical two-dimens iona l p lasma oscillations (i.e. oscilla­
t ions with the dispersion law co oc q1/2, where co is the 
frequency and q is the cor responding wavenumber of the 
oscillations) occur in the 2D ion system, bu t the effective 
mass of posit ive ions is s trongly t empera tu re dependent . 
Fig. 1, t aken from Ref. [4], demons t ra tes the strength of 
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Figure 1. Temperature dependence of the effective mass of a cation M H 

near the surface of liquid helium [4]. 

this dependence. One therefore has to distinguish between 
two different masses: vertical and longi tudinal , which have 
different numer ica l values. So far, this interest ing observa­
t ion has no t been given a convincing explanat ion, bu t the 
existence of the effect has been confirmed by later 
independent measurements [5]. 

3. Invest igat ions of the 2D ion systems have led, natural ly , 
to the quest ion of the C o u l o m b crystallisation of ions. This 
effect, predicted by Wigner over 50 years ago, has been 
discovered and investigated in detail for a 2D system of 
electrons above hel ium, as discussed several t imes in the 
present j o u r n a l [ 6 - 8 ] . Nevertheless , the example of the 2D 
ion system is par t icular ly interest ing because in this case a 
theoret ical descript ion of the details of the i o n - r i p p l o n 
resonances , which appear in the course of the C o u l o m b 
crystall isation, is possible with the use of pe r tu rba t ion 
theory. Elect rons above hel ium represent the other l imiting 
case of s t rong coupl ing (in accordance with the classifica­
t ion of M o n a r k h a [9]) and the simple pe r tu rba t ion theory 
does no t work . 

One of the characterist ic features of the limiting case of 
weak coupl ing in the theory of i o n - r i p p l o n resonances , 
which accompany the C o u l o m b crystallisation, is the relative 
ease with which the nonl inear effects appear . Exper iments [5] 
have confirmed this predict ion. Fig. 2, t aken from Ref. [5], 
demons t ra tes the excitation of the first of the ion-r ipplon 
resonances which occurs a r o u n d the frequency 

2 a 3 

P 

2n 
a (6) 

here, p is the density of hel ium, a is its surface tension and 
a~2 is the average density of ions in the 2D system. In this 
figure we can also see nonl inear submult iple resonances at 
frequencies (D\/2 and 

Natura l ly , the resonances are much less sharp t han tha t 
those involving electrons. However , the phase d iagram of 
melt ing of an ionic crystal, deduced from an analysis of the 
t empera tu re dependence of the co = coi peak , has the 
necessary proper t ies : the lattice is t r iangular , the law 
Tc oc a~l is obeyed, and the coefficient of p ropor t iona l i ty 
in this law 

1/2 

130, (7) 

(where Tc is the melt ing poin t ) is of the same order of 
magn i tude as for an electronic crystal [1]. 
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Figure 2. Detection of the Coulomb crystallisation, which 
manifests itself by the absorption of an rf field at a frequency 
/ c l = ctfi/271;, where co\ is taken from Ref. [6]. The experiment 
was carried out on a system of 2D helium cations under the 
following conditions: T — 10 mK, ns — 9.4 x 109 c m - 2 . Submultiple 
resonances with frequencies fc\/2 and fc\/3 can also be seen [5]. 

In conclusion, it should be po in ted out tha t experiments 
on ionic crystals tha t would highlight the difference between 
the behaviour of a strongly b o u n d electronic crystal and a 
weakly b o u n d ionic crystal, are still awai t ing to be carried 
out . 

2 D electron system above helium 
In the case of electrons above hel ium one can look forward 
to quali tat ively new developments because of the p roposa l 
to use these electrons for the diagnost ics of electric fields 
tha t a ccompany the flow of a Ha l l current under condi t ions 
cor responding to the q u a n t u m Hal l effect ( Q H E ) . There 
are still divergent views on the origin of this effect. There is 
theoret ical and exper imental evidence of the presence, in 
the interior of a 2D electron system subjected to a s t rong 
magnet ic field, of 'bu lk ' extended electron states. The 
al ternat ive explanat ion of the main details of the Q H E is 
based solely on edge electron states in systems of this kind. 
A discussion of these topics can be found in, for example, 
the latest review of von Kli tz ing [10]. 

Pract ice has shown tha t t r anspor t measurements are no t 
very effective in identifying the details of the dis t r ibut ion of 
Ha l l current density. N e w m e t h o d s have therefore been 
developed for ob ta in ing local informat ion on the dis t r ibu­
t ion of fields and densities in the Ha l l experiments . The best 
k n o w n a m o n g them is the linear electro-optic effect [11, 12], 
in which the p lane of polar isa t ion of light p ropaga t i ng 
across a he teros t ruc ture with an optically control led gate 
electrode is ro ta ted by an angle p ropo r t i ona l to the 
difference between the gate poten t ia l and the local p o t e n ­
tial of the 2D electron system. If the diameter of a light 
(laser) beam is sufficiently small compared with the 
dimensions of the 2D system, informat ion can be obta ined 
on the dis t r ibut ion of local electric fields which accompany 
the flow of current t h rough the 2D system under the Q H E 
condi t ions , as demons t ra ted in Refs [11, 12]. However , von 
Kli tz ing poin ts out [10] tha t the me thod used in Refs [11, 
12] is still insufficiently sensitive. 

In view of this it would be interest ing to ob ta in 
independent local informat ion on electrostatic fields in 
the Ha l l experiments with electrons on a hel ium film 
[13]. Let us consider an isolated hetero s t ructure conta in ing 
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a 2D electron system. Let a hel ium film cover the surface of 
this s t ructure and let us distr ibute surface electrons over this 
film. Let the geometry of the electron system repeat the 
geometry of the hetero s t ructure. In the presence of the Hal l 
currents and, consequently, potent ia ls in the hetero s t ructure 
the electrons on the helium film behave as a screening 
electrode and should become redis t r ibuted a long the surface 
of the hel ium film. Such a redis t r ibut ion can be detected 
optically, since the electron pressure on the hel ium film 
would nonuni formly alter its thickness. Similar optical 
effects tha t appear on a film of hel ium when mult ielectron 
dimples appear on it have been found to be highly sensitive 
in the detection of the deformat ion of the film under the 
action of the pressure exerted by such a mult ielectron 
dimple [1, 14]. Est imates show tha t this app roach can be 
effective also in studies of the dis t r ibut ion of the potent ia ls 
in systems with Hal l currents . 
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From the quantum Hall effect to a 
Wigner crystal 
V M P u d a l o v 

The general re la t ionships governing the appearance of the 
q u a n t u m Hal l effect ( Q H E ) — represent ing t rans i t ions 
between the var ious phases and t rans i t ions from a 
quant ised (metallic) to an insulator state — have become 
the focal po in t of recent experiments and of v igorous 
theoret ical debates . The p rob lem is closely related to the 
global behaviour of a two-dimens iona l (2D) electron 
system in the presence of a quant is ing magnet ic field 
and disorder. A reduct ion in the electron density ns t ends to 

EF 

Figure 1. (a) Schematic representation of the density of the 2D states in a 
quantising field. The thick vertical lines represent the extended states, 
(b) Dependence of the Hall conductance on a magnetic field, predicted by 
the scaling theory in the one-electron approximation. 

order the 2D system so tha t it forms a crystal lattice 
because of an increase in the role of the e l e c t r o n - e l e c t r o n 
interact ion energy Eee = hzns)l^2e2/K compared with the 
F e r m i energy E¥ = nnsH /m*. On the other hand , a 
reduct ion in the electron density is accompanied by an 
increase in the relative degree of disorder in the system, 
which tends to result in a complete localisation of the 2D 
system. There is a related very interest ing p rob lem of the 
' t e rmina t ion ' of Q H E , i.e. of a t rans i t ion of a system to an 
insulator phase from the Q H E state. In contras t to 
m e t a l - i n s u l a t o r t rans i t ions in three-dimensional systems, 
in two dimensions there is a un ique oppor tun i ty to s tudy 
the behaviour of extended delocalised states and thus 
establish the exact scanario of the t ransi t ion to an 
insulator . 

One-electron approach 
In the Q H E the t r anspor t of charge in a quant ised 2D 
system occurs because of the existence of extended L a n d a u 
states at each level. Against the b a c k g r o u n d of the overall 
density of states, shown in Fig. la , these extended states 
occupy (as is usua l to assume) only a n a r r o w strip in the 
centre of the L a n d a u band . Each of these states makes a 
cont r ibut ion , equal exactly to e2/h, to the Hal l conduc ­
tance. This means tha t if there are / extended states be low 
the F e r m i level, the conduc tance a m o u n t s to ie2/h, which 
cor responds to the iih p la teau or the state of the q u a n t u m 
index sxy = i. This is t rue only in the limit of s t rong 
magnet ic fields when COCT > 1. Ha lper in [1], Khmel 'n i t sk i i 
[2], and Laughl in [3] have predicted tha t a reduct ion of the 
magnet ic field, so tha t COCT becomes ~ 1 , should m a r k the 
start of the increase of the energy of the nth extended state 
En: 

n + - ) Hcoc [l + (COCT) ] (COCTY (1) 
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Figure 2. (a) Phase diagram under the conditions of the integral 
quantum Hall effect [4] (reproduced by kind permission of D-H Lee); 
the ordinate represents the degree of disorder and the abscissa is the 
magnetic field. Both these quantities are in dimensionless units, 
(b) Results of measurements [7, 8] carried out at T — 35 mK. The 
shading represents the insulator phase. 

It therefore follows tha t in the limit COCT —> 0 such 
extended states become 'de tached ' from the L a n d a u levels 
and 'float u p ' , pass ing in tu rn t h rough the F e r m i level. 
W h e n the lowest extended state (n = 0 , sxy = 1) floats up in 
this way, the system becomes an insulator . Accord ing to 
this scenario of the te rmina t ion of the Q H E , the Hal l 
conduc tance should vary with reduct ion in the magnet ic 
field as shown schematically in Fig. l b . It should be stressed 
tha t the Hal l conduc tance and the Ha l l resistance then lose 
the single-valued classical and quasiclassical relat ionship to 
the density of mobi le charge carriers. 

Global phase diagram 
These ideas have recently been generalised by Kivelson, 
Lee, and Z h a n g [4], who have p roposed a global phase 
d iagram (Fig. 2a) to describe t rans i t ions between var ious 
states in a quant ised 2D system. The y axis represents the 
degree of disorder in the system or the ' resis tance ' and the 
x axis is the magnet ic field in dimensionless uni ts . The 
outer shaded region represents an insulator phase with 

= 0 which does not contain even one extended state. 
The insulator region extends right down to the axis of zero 
disorder at H = 0 and also at a half-filled lowest L a n d a u 
level, which obviously cor responds to the hypothesis of 
weak localisation. Nest l ing curves separate regions with 
different values of sxy, i.e. with different p la teaux of the 
quant ised Hal l resistance. The t rans i t ions from an arb i t ra ry 
initial state with sxy = m to any other state can occur, in 

accordance with this d iagram, only by a chain of 
transi t ions with consecutive changes in the index sxy by 
=bl. This applies to t rans i t ions which occur as a result of a 
change in the magnet ic field or under the influence of 
disorder; this cor responds to the mot ion of m a p p i n g po in t s 
a long a hor izon ta l or vertical line in Fig. 2a. 

Results of measurements 
In exper imental studies of the t rans i t ions in a t w o -
dimensional electron system it is convenient to use silicon 
m e t a l - i n s u l a t o r - s e m i c o n d u c t o r (MIS) s t ructures in which 
the density of states can be varied by altering the gate 
voltage. In the work by our team we selected M I S 
structures with an ul t rahigh mobil i ty \i r anging from 
5 x 10 4 to 7.5 x 10 4 c m 2 V 1 s l , in which a low-density 
phase (down to 4 x l 0 1 0 c m - 2 ) could be created. The 
results of earlier measurements have shown [5, 6] tha t the 
L a n d a u levels in such samples remain well-resolved right 
down to the ac tual t ransi t ion to an insulator . This provides 
a un ique oppor tun i ty for the s tudy of the p a t h s of mobi le 
states in the phase d iagram when t rans i t ions occur between 
different phases . 

Fig. 3 shows a typical dependence of the d iagonal 
Rxx and Hal l p x y resistances on a magnet ic field near a 
m e t a l - insulator t ransi t ion in a 2D system [7, 6, 8]. W h e n 
the electron density is sufficiently low, n ^ l O 1 1 c m - 2 , and 
t empera tu res are in the millikelvin range, a typical insulator 
state is obta ined: it is characterised by the overall d iagonal 
resistance (per uni t area) p x x ~ 1 0 1 0 Q ' _ 1 or m o r e [7]. 
Several previous investigations [5, 7, 9] have shown tha t the 
insulator state is a collective solid phase . However , for the 
pu rpose of our analysis it is impor t an t only tha t the state 
is a real insulator with the following proper t ies : 
(1) dRxx/dT < 0; (2) p x x $>h/3e2; (3) the d iagonal conduc ­
tance G X X has a sharp threshold in its electric-field 
dependence [9, 10]. 

The insulator phase is in ter rupted by a metall ic state in 
the Q H E regime at values of the magnet ic field which 
cor respond to the filling of an integral number of L a n d a u 
levels. If the electron density is kept fixed and the magnet ic 
field is varied, the observed changes in p x x appear as a chain 
of a l ternate m e t a l - i n s u l a t o r t rans i t ions and the insulator 
phases are strongest near the filling of a half-integral 
number of L a n d a u levels. 

The resistance Rxx , p lo t ted in Fig. 3 as a function of / / , 
is no t an appropr i a t e measure of disorder, since its value 
represents also the threshold of the transi t ion to an 
insulator . Therefore, a compar i son with the theory is 
m a d e in Ref. [6] on the basis of the density of scatterers 
per electron, nt/ns. The exper imental po in t s in Fig. 2b are 
deduced from measurements of the critical density nc at a 
m e t a l - insulator t rans i t ion [7] and « 3 x 1 0 1 0 c m - 2 is 
est imated from the mobil i ty [9]. The shaded region in 
Fig. 2b represents the insulator . The region below the 
curve cor responds to metall ic states in the Q H E regime: 
it is possible to distinguish readily the states with / = 1, 2, 6, 
and the nascent state / = 10. 

These results apply to a two-valley electron system in 
(100) Si; in a compar i son with theory one can ignore, for the 
sake of simplicity, the intervalley interact ion and consider 
two nonin te rac t ing one-valley systems. W h e n this not very 
realistic assumpt ion is made , b o t h regions with / = 1 and 2 
should have the same index sxy = 1. U n d e r these a s s u m p ­
t ions the general form of the exper imental d iagram in the 
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range 2.5 > v > 0.8 slightly resembles the theoret ical d ia­
gram: there is a peak at v = 1 and 2 and a fall at v > 0.8 (v is 
a coefficient represent ing the occupancy of the L a n d a u 
levels). A m o r e detailed analysis of the exper imental da ta in 
the extreme q u a n t u m limit [12] shows tha t the m e t a l -
insulator t ransi t ion occurr ing in s t rong fields from the 
lowest L a n d a u level is no t in conflict with the hypothesis 
of the 'floating u p ' of the extended states across the F e r m i 
level. 

However , there is also a fundamenta l difference between 
the theory and the d iagram in Fig. 2a: the exper imental 
results [6, 10] demons t ra t e clearly a direct t rans i t ion from a 
state with the q u a n t u m Hal l resistance at v = 6, i.e. for 
sxy = 3, to an insulator ; such a t ransi t ion is not permi t ted 
by the topo logy of the d iagram in Fig. 2a. It follows from 
the scaling theory [ 1 - 3 ] tha t such a t ransi t ion would require 
the passage of six delocalised states across the F e r m i level. 
This should be accompanied by six anomal ies of pxx and 
pxy; however , no t a single anomaly appears in the 
exper imental results. It remains to conclude tha t either 
the var ious b ranches of the d iagram in Fig . 2a merge into 
one universal curve in the limit H -> 0 and then delocalised 
states 'float u p ' in groups , or the observed t ransi t ion is 
total ly unre la ted to such 'floating u p ' . The first possibility 
has indeed been suggested [13] and is related to the 
t rea tment of the e l e c t r o n - e l e c t r o n interact ion as a pe r tu r ­

ba t ion . The second possibili ty is based on the assumpt ion 
tha t the e l e c t r o n - electron interact ion is the main factor: 
this will be analysed in greater detail below. 

Collective metal - insulator transition 
This is the t ransi t ion which should p roduce a 'p inned ' 
crystal. The format ion of such a crystal does no t require 
tha t delocalised states pass across the F e r m i level, bu t can 
remain 'frozen' in the lattice. Exper iments involve a s tudy 
of a t ransi t ion to an insulator which occurs as a result of 
reduct ion in the electron density and no t under the 
influence of an increase in the real disorder at a fixed 
density. A reduct ion in the density is accompanied , as 
ment ioned above, by an increase in the impor tance of the 
e l e c t r o n - e l e c t r o n interact ion. 

Fig. 4a shows schematically the b o u n d a r y between a 
2D electron liquid and a solid phase at T = 0, p lot ted in the 
coordina tes r s and / / , where r s = a/aQ is the rad ius of a 
W i g n e r - S e i t z cell and < z B = 2 1 . 4 A is the effective Bohr 
rad ius in (100) Si. Let us see h o w this b o u n d a r y should vary 
with magnet ic field on the assumpt ion tha t , by definition, 
the chemical potent ia ls of the solid and liquid phases are 
equal at any poin t on this b o u n d a r y . The appl icat ion of a 
magnet ic field induces q u a n t u m oscillations of the chemical 
po ten t ia l of the liquid phase , whereas in the solid phase 
there is no orbi ta l mo t ion of electrons and the chemical 
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Figure 4. (a) Schematic representation of the dependence of the phase 
boundary in quantum melting of a Wigner crystal on magnetic field, 
(b) Theoretical dependence calculated from measurements of the 
oscillations of the chemical potential (dashed curve) and the results of 
direct measurements (continuous curve). The numbers with arrows 
identify the degree of occupancy near the main singularities. 

po ten t ia l is, in the first approx imat ion , independent of the 
magnet ic field. Therefore, to main ta in an equil ibrium of the 
phases the ac tual b o u n d a r y should experience q u a n t u m 
oscillations in a magnet ic field, shown schematically in 
Fig. 4a. These oscillations of the b o u n d a r y directly lead to 
the appearance of a l ternat ing m e t a l - i n s u l a t o r t rans i t ions if 
we assume tha t the density (or r s ) is fixed near the critical 
value and the field is varied, i.e. tha t the m a p p i n g poin t is 
moved horizontal ly . 

This simple idea and earlier measurements of the 
oscillations of the chemical po ten t ia l in the liquid phase 
can be used to plot the b o u n d a r y of q u a n t u m melt ing [14] 
shown dashed in Fig . 4b. The following assumpt ions are 
m a d e in p lo t t ing this b o u n d a r y : 
(1) the critical value is r s = 10 for H = 0, in accordance 
with the recent calculat ions of q u a n t u m melt ing [15, 16]; 
(2) the value of the derivative 6 ( £ f - E[)/drs « - 0 . 1 7 meV 
is found from a compute r s imulat ion [15] of q u a n t u m 
melt ing in 2D systems (here, £ | and E[ are the energies of 
the g round state per part icle in the solid and liquid phases , 
respectively). 

The same Fig. 4b gives, for the sake of compar i son , the 
exper imental results t aken from Refs [6, 8]. A l though the 
dashed curve is p lo t ted wi thout recourse to any fitting 
pa ramete r , the agreement with the direct measurement r c 

( con t inuous curve) is fairly good in respect of the ampl i tude 
and phase of the oscillations of the b o u n d a r y in the rc(H) 
diagram. Accord ing to this app roach the insulator phase is 
formed by a 'p inned ' electron lattice and escape of extended 
states is no t needed for its format ion . It follows tha t 

t rans i t ions are allowed from any quant ised state sxy 

directly to an insulator state; this is obviously in agreement 
with experiments . If the density is kept fixed near r s = r c 

and the magnet ic field is varied (corresponding to mo t ion 
a long a hor izonta l line in Fig. 4), the m a p p i n g poin t will 
repeatedly cross the oscillating b o u n d a r y and this should 
give rise to a l ternat ing m e t a l - i n s u l a t o r t ransi t ions , in 
agreement with the exper imental results [5, 7]. The giant 
max ima of Rxx which are then observed cor respond to the 
insulator phase and the min ima of Rxx represent the min ima 
of the chemical po ten t ia l (in contras t to the Q H E , in which 
the max ima correspond to the posi t ion of the F e r m i level 
within the energy gap). A m o r e detailed quant i ta t ive 
analysis shows tha t this mode l is in agreement with the 
exper imental results. 

To conclude, let us consider the oscil latory m e t a l -
insulator t rans i t ions which te rmina te the Q H E when the 
density of the 2D electron system is reduced. In the case of 
silicon M I S structures with u l t rahigh mobili t ies such 
t rans i t ions can be explained quant i ta t ively by q u a n t u m 
oscillations of the b o u n d a r y represent ing melt ing of a 
collective solid electronic state. 
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