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METHODOLOGICAL NOTES PACS numbers: 04.50. + h 

Can the asymptotic freedom of the gravitational interactions 
violate the energy dominance of classical cosmology? 

M A Markov 

Abstract. A n arb i t ra ry choice of the functional dependence 
describing weakening of the gravi ta t ional in teract ions as a 
result of an increase in the density of mat te r dur ing 
collapse makes it possible to show tha t the asymptot ic 
freedom of gravi ta t ional in teract ions violates the energy 
dominance . 

In my paper on "Possible existence of asymptot ic freedom 
of gravi ta t ional in teract ions in n a t u r e " publ ished recently 
in this j o u r n a l [1] I po in ted out tha t , within the f ramework 
of the mode l of isotropic universes, the collapse of these 
universes s tops at the Planck length. This result was 
obta ined neglecting anisot ropic pe r tu rba t ions , which can 
na tura l ly occur in the course of collapse. This t roubled me 
greatly. F u r t h e r invest igations revealed tha t none of the 
models I p roposed for isotropic universes violate the energy 
dominance of classical cosmology. In other words , the 
collapse s toppage is predicted only in those models of 
universes which are in fact no t realised. However , m a k i n g 
an a rb i t ra ry choice of the function describing weakening of 
the gravi ta t ional interact ions, which accompanies an 
increase in the density of mat te r , it is possible to p ropose 
even simpler functions and in this case the energy 
dominance is violated in the process of collapse at high 
mat te r densities. 

This paper , which answers the quest ion raised in Ref. 
[1], is therefore a na tu r a l con t inua t ion of my earlier paper . 

It is app ropr i a t e to ment ion here a paper by R Penrose 
[2], publ ished a long t ime ago (1965), in which he pu t 
forward four scenarios in which the p rob lem of the 
singularity can be solved. 

Unfor tuna te ly , I became aware of Penrose ' s paper only 
recently after the publ ica t ion of m y paper in Uspekhi 
Fizicheskikh Nauk [1]. 

These four scenarios are identified by the letters (a), (b), 
(c), and (d) in Penrose ' s paper : 

(a) a negative local energy exists; 
(b) Eins te in ' s equa t ions are violated; 
(c) the s p a c e - t i m e manifold is incomplete ; 
(d) the concept of s p a c e - t i m e loses its mean ing at very 

high curvatures , possibly because of q u a n t u m 
p h e n o m e n a . 
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All these possible scenarios are related in one way or 
ano ther to the idea of the asymptot ic freedom of the 
gravi ta t ional in teract ions discussed here. I began the 
discussion of the asymptot ic freedom with a paper on 
"Limi t ing density of mat te r as a universal law of 
n a t u r e " [3] | . 

The h o m o g e n e o u s isotropic dust-filled closed universe 
can be described by an equat ion whose simplest form (used 
in later papers) is 
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where p 0 is the m a x i m u m density of mat te r which appears 
in the course of collapse of a universe; 

A! = 2p, 'o > 
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(A is the de Sitter universe term) , and 1 — ( p 2 / p o ) is some 
function \j/(p) which represents weakening of the gravi ta­
t ional in teract ions as the density of mat te r in a universe 
increases in the course of its collapse. 

This equat ion has been used to i l lustrate the collapse 
s toppage at a selected value 

P o * / ^ ~ 1 0 9 4 g c m " 3 (2) 

at a dis tance from a classical singularity which lies in the 
range of the Planck length for a very weak dependence on 
the to ta l ba re mass of the closed universe. This equat ion is 
no t derived by var ia t ion of any act ion functional. M o r e ­
over, the A te rm is selected ad hoc. A n a t t empt to modify 
Einstein 's theory of gravi ta t ion is m a d e in Ref. [5] by 
replacement of the gravi ta t ional cons tant K 0 in the act ion 
function S with some function 

K = K0\I/(S), (3) 

where s is the energy density. N o const ra in ts are imposed 
on the \j/ function, except tha t it should decrease as the 
energy density increases in the course of collapse of a 
universe. Unexpectedly , such var ia t ion of the modified 
action functional yields Einstein 's modified equa t ions with 
an addi t iona l de Sitter te rm of the type A31, where 
A = — edij// de. This equat ion is obta ined for 

Ti

k = {&+p)uiuk-p&i. (4) 

f The same idea was put forward somewhat later by Rosen [4]. 
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In the simple case of a dust-filled universe with \\f • 
1 — ( p 2 / 3 p o ) the equat ion obta ined resembles E q n (1): 
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where A' = 2 p 0 / 3 . 
In the range p <̂  p 0 E q n (5) describes a F r i e d m a n n 

universe which in the course of collapse is t ransformed into 
a de Sitter universe. In other words , the early universe, at 
p w Po includes, in the course of its expansion an infla­
t ionary de Sitter phase which has been the subject under 
discussion in the course of the last few years. However , the 
ideas on the evolut ion of the Universe in this form could 
have been p roposed theoretical ly back in the t ime of 
F r i e d m a n n (after 1992) if the idea of a noncons t an t (in 
our sense) value of K 0 had been pu t forward. 

The wri t ing down of E q n (5), where the A te rm appears , 
raises the quest ion whether , in the course of collapse, there 
m a y be a reversal of the sign on the right of E q n (5), which 
would imply tha t in the course of collapse at high densities 
a t t rac t ion changes to repulsion or, equivalently, a negative 
energy appears on the right of the equat ion (as suggested by 
Penrose) . 

Penrose p roposed tha t (a) a negative local energy exists. 
The expression on the r igh t -hand side of E q n (5) can be 
wri t ten as follows: 

(6) 

The bracke t we are ta lk ing abou t can reverse its sign only 
for p 2 > 3po, which is forbidden by the limiting value of p 0 . 
This means tha t the s toppage of collapse in a universe 
described by E q n (5) is entirely due to the neglect of 
anisot ropic pe r tu rba t ions , and for this xjj function the 
asymptot ic freedom does no t violate the energy dominance 
in the course of collapse. This applies also to E q n (1), 
which was derived ad hoc . The quest ion is whether an 
a rb i t ra ry choice of the function \j/(p) can identify such 
functions of \j/(p) which in the course of collapse would 
result in violat ion of the energy dominance at high 
densities. It can easily be shown tha t such functions do 
indeed exist, for example, 
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where a > 1. The bracke t on the r ight -hand side of the 
modified Einstein equat ion is of the form 
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In the course of collapse at values of p smaller t han p 0 , bu t 
larger t han p 0 / a , the bracke t (8) becomes negative. It 
remains negative also for p = p 0 , if a > 1. In this case we 
cannot identify the numer ica l value of a necessary, for 
example, to ' quench ' the Kasner pe r tu rba t ions by repu l ­
sion. This quest ion can be answered by direct calculat ions. 
A self- consistent future theory of gravi ta t ion, if indeed it 
includes, according to my unders tand ing , 
(1) the asymptot ic freedom, 
(2) the limiting density law, 
should include also a specific form of the function 

It would be a miracle if tha t function were identical with 
the ad hoc function (7), a l though it is said tha t n a t u r e 
prefers simplicity. A function xjj simpler than tha t given by 
E q n (7) would be difficult to imagine. It is very p robab le 
tha t violat ion of the energy dominance can also be 
predicted by modifying the left-hand side of the Einstein 
equat ion , in accordance with wha t obviously Penrose has in 
mind by his scenario (b). There are g rounds for assuming 
tha t in this case some t rans format ions m a k e it possible to 
reduce this form of violat ion of the Einstein equa t ions to 
tha t form of violat ion in which the r ight -hand side of the 
Einstein equat ion is modified. This possibili ty is discussed 
in Ref. [6] and very briefly also in Ref. [1]. 

The cosmological p rob lem discussed here so far is within 
the f ramework of classical ( n o n q u a n t u m ) theory . If we 
consider the collapse of a universe which after the s toppage 
at some distance / m i n from a classical singularity begins to 
expand again, then distances / smaller t han / m i n do no t cause 
any p rob lems . 

However , the s i tuat ion is m o r e complex in the case of 
the collapse of black holes. In this case the mat te r which 
escapes within the Schwarzschild sphere can move only 
t owards the singularity. However , if the limiting density law 
and the associated finite values of all the curvatures exist, 
the quest ion is h o w do subsequent events proceed in a black 
hole? The answer is given in Refs [7, 8], according to which 
a black hole is a source of new universes which appear in 
their own space in a t ime which represents the absolute 
future relative to the t ime of the appea rance of the black 
hole. However , according to m y earlier papers , new 
universes should appear in their own spaces at a dis tance 
/ m i n from the classical singularity. The quest ion is, wha t 
does space represent in a circle of rad ius / m i n a round the 
classical singular points? It will be assumed tha t this 
quest ion is answered in Ref. [9] which deals with a t w o -
dimensional theory of strings, according to which a region 
with Eucl idean ra ther t han Loren tz ian metr ic appears near 
a classical singularity. Here , special physics m a y apply, the 
physics of the u l t ramicrowor ld discussed in Ref. [1]. These 
last commen t s essentially raise the possibilities labelled (c) 
and (d) by Penrose . In the abst ract of Ref. [1] I expressed 
the h o p e for a cont r ibut ion from string theory. Specifically, 
this should be supplemented by the quest ion: can the 
in t roduct ion of a di la ton field, which plays an impor t an t 
role in the theory of strings, be regarded as an a t t empt to 
replace the gravi ta t ional cons tant with some function of this 
field? 
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