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Abstract. The q u a n t u m ch romodynamics ( Q C D ) app roach 
to the p rob lem of multiplicity dis t r ibut ions in high-energy 
part icle collisions is described. The solut ions of Q C D 
equat ions for generat ing functions of the multiplicity 
dis t r ibut ions in gluon and qua rk jets are presented b o t h 
for fixed and for runn ing coupl ing cons tants . Charac te r ­
istics have been found which are very sensitive to 
dis t r ibut ion shapes. The predic t ions are compared with 
exper imental da ta . Evolu t ion of the multiplicity dis t r ibu­
t ions with decreasing phase space windows is considered 
and discussed in relat ion to the no t ions of intermit tency 
and fractality. Some other Q C D effects are briefly 
described. 

1. Introduction 
Q u a n t u m ch romodynamics ( Q C D ) has been t reated for a 
long t ime as the theory of s t rong interact ions. I ts n u m e r o u s 
successes in describing the static proper t ies of h a d r o n s 
(especially those of heavy qua rkon ia ) , the symmetry 
features of their interact ions, and the sum rules are very 
impressive. The discovery of the asymptot ic freedom of 
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Q C D has led to a theoret ical foundat ion of the formerly 
phenomenolog ica l p a r t o n mode l and has opened the way 
for pe r tu rba t ion theory to be applied to h a d r o n processes 
with high transferred m o m e n t a where qua rks and gluons 
play the role of p a r t o n s [ 1 - 5 ] . Certainly, the t rans i t ion of 
qua rks and g luons to experimental ly accessible h a d r o n s at 
the final stage of evolut ion should be considered, and we 
are still unab le to t reat it in a un ique way since the p rob lem 
of confinement has no t been solved in the f ramework of 
Q C D even though lattice calculat ions tell us tha t it is an 
inherent p rope r ty of Q C D . The simplified est imates show, 
however , tha t either this stage does no t drastically change 
the final results, or its impact does no t depend strongly on 
energy and therefore can be est imated from other processes 
at different energies. Phenomenological ly , the dis t r ibut ions 
of p a r t o n s and h a d r o n s seem remarkab ly similar somehow. 
In such a s i tuat ion, the s tudy of the pa r ton ic stage of the 
cascade becomes of uppe rmos t impor tance because the 
final proper t ies of mult iple p roduc t ion of h a d r o n s at high 
energies are determined to a great extent by the pa r ton ic 
cascade. 

The dis t r ibut ion of inelastic events according to the 
number of p roduced part icles (the multiplicity dis t r ibut ion, 
for short) is one of the mos t impor t an t features revealing 
the dynamics of the interact ion. Phenomenolog ica l 
approaches to its descript ion usually or iginate from the 
simplified ideas abou t part icle emission by several sources 
and exploit some dis t r ibut ions widely used in probabi l i ty 
theory (see e.g. Ref. [6]). A m o n g them, the negative 
b inomia l dis t r ibut ion is one of the most popu la r dis t r ibu-
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t ions because it describes reasonably well the exper imental 
da ta for var ious react ions in wide energy intervals, when its 
pa rame te r s are fitted, t hough there is some discrepancy at 
the highest accessible energies. The at t ract ive feature of the 
negative b inomia l dis t r ibut ion is the K o b a - N i e l s o n -
Olesen ( K N O ) scaling at asymptot ical ly high energies, 
i.e. at average multiplicity tending to infinity. Accord ing 
to the K N O hypothesis [7], the multiplicity dis t r ibut ions 
depend on the rat io of the number of part icles to the 
average multiplicity only (this is explained in more detail 
below). In its general features, this p rope r ty has also been 
confirmed to a reasonable extent by experiment (with the 
possible exception of some da ta at the highest energies). 

W h a t does Q C D tell us abou t multiplicity dis t r ibut ions? 
Some a t t empts to find an answer to this quest ion have been 
m a d e in the paper s which const i tute the main content of this 
review paper . It appears tha t Q C D , when t reated in higher-
order approx ima t ions at the pa r ton ic level, has been able to 
predict some very delicate features of multiplicity dis t r ibu­
t ions which happen to be quali tat ively valid for h a d r o n s as 
well. Before delving into the details of the conclusions, let us 
po in t out some 'underwater s tones ' and describe in brief the 
his tory of the p rob lem. 

Firs t of all, one should always keep in mind tha t Q C D 
provides conclusions abou t p a r t o n (quark and gluon) 
dis t r ibut ions bu t no t abou t final h a d r o n s , as has been 
ment ioned already. One has to use addi t iona l assumpt ions 
to get from them the knowledge of experimental ly accessible 
values. One of them is the hypothesis abou t the local 
p a r t o n - h a d r o n duali ty [8], which claims tha t one should 
just renormal ise the p a r t o n dis t r ibut ions wi thout changing 
their shape to get h a d r o n dis t r ibut ions. It or iginates from 
ideas of 'soft ' preconfinement [9], when p a r t o n s group in 
colourless clusters wi thout d is turbing the initial spectra. 
Phenomenolog ica l models of hadron i sa t ion have been 
a t t empted in M o n t e Car lo versions of inelastic processes 
and, in most cases, they suppor t the approx ima te p rope r ty 
of the local p a r t o n - h a d r o n dual i ty even t hough there exist 
some quant i ta t ive differencies from tha t hypothesis , as is 
described below. 

Ano the r p rob lem, t ightly connected to the first one, is 
the l imitat ions of the pe r tu rba t ion theory analysis in a 
definite approx imat ion . Fo rma l ly speaking, one should 
apply pe r tu rba t ion theory only when the coupl ing constant 
is very small. Tha t condi t ion is fulfilled in Q C D only for 
extremely large transferred m o m e n t a . In each process, 
however , the energy of cascading p a r t o n s degrades dur ing 
their evolut ion and one has to t ake p roper account of soft 
pa r tons , their recoil due to interact ion, and e n e r g y -
m o m e n t u m conservat ion laws. All these factors used to 
be neglected in the lowest-order approx ima t ion when only 
the processes with a high gradient of energies and of 
emission angles at each stage of the evolut ion are 
considered (the so-called double- logar i thmic a p p r o x i m a ­
t ion) . Account is t aken of soft p a r t o n s and of strict 
angular order ing in the subsequent te rms of the p e r t u r b a ­
t ion series, such as the modified leading-logar i thm 
approx ima t ion and higher-order t e rms in the coupling 
constant . The recoil effects and conservat ion laws are 
also taken into account at tha t stage. 

In most cases those correct ions are well under cont ro l 
and are of the order of ten percent of the main term. In spite 
of their ra ther small to ta l cont r ibut ion , they are often very 
impor t an t and change the pic ture quali tat ively in the region 

where the cor responding functions are small. F o r example, 
they are crucial for p roper description of the mult iple 
p roduc t ion processes. This manifests itself mathemat ica l ly 
as a new expansion pa rame te r equal to the p roduc t of the 
coupl ing constant (or, m o r e precisely, of its square roo t ) 
and the r ank of the m o m e n t of the dis t r ibut ion. Thus , it is 
large at large ranks , i.e. at high multiplicity. These p rob lems 
will be described in m o r e detail in Sections 3 - 5 . 

Tha t is why the very first results on the multiplicity 
dis t r ibut ions of p a r t o n s in Q C D were obta ined by means of 
the double- logar i thmic approx ima t ion (see reviews in 
Refs [5, 10]). They are b o t h impressive and discouraging. 
Firs t , they provide the asymptot ic K N O scaling of the 
dis t r ibut ions, which does no t depend on the value of the 
coupl ing constant at all [11]. One is t empted to speculate on 
a somewhat m o r e general mean ing of the result. However , it 
fails to be valid in higher-order approx imat ions . The energy 
increase of the average multiplicity depends on the coupl ing 
constant . It is faster t han any logar i thmic function and 
slower t han any power- l ike one (if the runn ing coupl ing 
constant is used), which agrees quite well with exper imental 
findings. At the same t ime, the shape of the K N O function 
contradic ts all exper imental d is t r ibut ions because it is much 
wider t h a n any of them. Recently, it became possible to 
resolve the p rob lem [12, 13] by p roper considerat ion of the 
higher-order effects ment ioned above. In any case, one can 
n o w state tha t the agreement with experiment is achieved at 
the qual i ta t ive level, at least. Moreover , some qual i ta t ive 
predic t ions of the per turba t ive Q C D are unexpectedly well 
suited for 'soft ' had ron ic processes as well. On the other 
hand , it is puzzl ing even t hough one recognises tha t higher-
order correct ions should t ake into account ever softer 
p a r t o n s in a consistent way. On the one hand , it p robab ly 
implies the m o r e general na tu re of soft and h a rd processes 
t han has been imposed on var ious theoret ical schemes and 
persuades us to reconsider our approaches to the origin of 
the effects under considerat ion (leading, for example, to the 
experimental ly observed multiplicity dis tr ibut ions) . In 
addi t ion, the newly found characterist ics p r o m p t e d by 
solut ions of the Q C D equat ions are extremely sensitive 
to t iny details of the multiplicity dis t r ibut ions. The current 
state of affairs for the multiplicity dis t r ibut ions in qua rk 
and gluon jets described by Q C D is the main concern of this 
article (see Sections 5 - 8 ) . 

M a n y discussions are devoted to the value of the rat io of 
average multiplicities in gluon and qua rk jets . The initial 
value obta ined in the double- logar i thmic approx ima t ion is 
9 /4 . This strongly exceeds all exper imental est imates. The 
simplest correct ions reduce tha t value by abou t ten percent . 
A n even larger decrease of this ra t io has been predicted by 
the exact solut ion of the equa t ions for the generat ing 
functions in the case of fixed coupl ing and by the 
higher-order approx ima t ions with a runn ing coupl ing 
constant . I ts der ivat ion and cor respondence to exper imen­
tal da ta is discussed in Sections 6 and 7. The energy 
dependence of the average multiplicity is considered there 
also. 

F o r the sake of completeness, one should ment ion other 
interest ing facts concerning inelastic in teract ions of h igh-
energy part icles which are successfully described (and 
someTimes predicted) by Q C D . Effects predicted by 
Q C D are very exquisite, someTimes unexpected, and 
always extremely instructive. W h e n s tudying the mul t i ­
plicity dis t r ibut ions, one is eager to ask abou t their 
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behav iour no t only in the to ta l phase space bu t also in its 
smaller subregions. It is well k n o w n tha t these studies are 
very popu la r nowadays . They are related to the inter­
mit tency p h e n o m e n o n and to the fractality of part icle 
dis t r ibut ions within the small phase-space volume. This 
fractality results from wider f luctuat ions in such phase -
space regions (for the latest review see [14]). Those features 
are caused by the relative widening of the multiplicity 
dis t r ibut ions in smaller phase-space volumes. It gives rise 
to the increase of their m o m e n t s in a power-l ike manne r 
directly revealing proper t ies of in termit tency and fractality. 
Such tendencies have been experimental ly observed. Q C D 
describes the increase of the momen t s , relates the inter­
mit tency exponents (or fractal dimensions) directly to the 
a n o m a l o u s dimension and clearly depicts the region of 
applicabil i ty of those regularit ies indicat ing the scales at 
which one should t ake into account the runn ing coupling 
constant or consider it as a fixed one. These results are 
described briefly in Section 8. 

The quan tum-mechan ica l origin of the interact ing 
p a r t o n s reveals itself in var ious interference effects. They 
lead to the hump-backed p la teau of rapidi ty dis t r ibut ions, 
to the correla t ions of p a r t o n s in energies and az imutha l 
angles, to the string (or drag) effect in the three-jet events 
and in the p roduc t ion of heavy bosons and lepton pa i rs at 
large t ransverse m o m e n t a , and to the suppression of the 
forward p roduc t ion of accompany ing part icles in processes 
with heavy quarks . These are described briefly in Section 9. 
Unfor tuna te ly , the details of in teract ions with nuclei as well 
as in teract ions of polar ised qua rks are no t ment ioned in this 
paper to keep it to a reasonable size. They deserve a 
separate article. 

M y main concerns here are the multiplicity dis t r ibut ions 
and related characterist ics. I apologise to the au tho r s of 
n u m e r o u s paper s on multiplicity dis t r ibut ions whose con­
t r ibut ion has no t been ment ioned . M y only excuse stems 
from the intent ion to describe just the Q C D app roach to the 
subject. In addi t ion , omissions can happen unintent ional ly , 
unfor tunate ly . 

2. Definitions and notation 
The dis t r ibut ion of the number of part icles p roduced in 
high-energy inelastic events is called the multiplicity 
dis t r ibut ion and is given by the formula 

(i) 

n = 0 

where an is the cross section of ^-part icle p roduc t ion 
processes (the so-called topological cross section) and the 
sum is over all possible values of n so tha t 

(2) 

SomeTimes it is m o r e convenient to replace the multiplicity 
dis t r ibut ion by its momen t s , i.e. by ano ther set of n u m b e r s 
obta ined from it by a definite a lgor i thm. All such sets can 
be obta ined from the so-called generat ing function defined 
by the formula 

G(Z) = 5 > „ ( i + z r 
n = 0 

(3) 

which subst i tutes an analyt ic function in place of the set of 
n u m b e r s Pn. 

In wha t follows, use will often be m a d e of the 
(normalised) factorial m o m e n t s Fq and cumulan t s Kq 

determined from the generat ing function G(z) by the 
relat ions 

^Pnn{n-\)...{n-q+\) 
1 dqG{z) 

< n 

1 d* lnG(z ) 

(n)q dzq 

:=0 

(n)q dzq 

where 
oo 

(n) = ^Pnn 

(4) 

(5) 

(6) 
n = 0 

is the average multiplicity. The expression for G(z) can be 
rewri t ten as 

^ 7 H 

(7) 

(8) 

The dis t r ibut ion Pn and its o rd inary m o m e n t s Cq are 
derived from the generat ing function G(z) according to the 
formulas 

P. = 
1 dnG(z) 

n\ dzn 

oo 

1 d « G ( e x p z - l ) 

(n)9 W Azq 

(9) 

(10) 

All the m o m e n t s are connected by definite re lat ions tha t 
can easily be derived from their definitions in te rms of the 
generat ing function. F o r example, the factorial m o m e n t s 
and cumulan t s are related to each other by the identities 

q-l 

(11) 
m=0 

which are no th ing other than the relat ions between the 
derivatives of a function and of its logar i thm at the poin t 
where the function itself equals 1. He re 

( 9 - 1 ) 1 C, q-l m\(q — m — 1)! 

r(m + 1 )r(q — m) mB(q,m) 
(12) 

are the b inomia l coefficients, and r and B denote the 
g a m m a - and beta-funct ions, respectively. T h u s there are 
only numer ica l coefficients in the recurrence relat ions (11) 
and the iterative solution (well-suited for compute r 
calculat ion) reproduces all cumulan t s if the factorial 
m o m e n t s have been given, and vice versa. In tha t sense, 
cumulan t s and factorial m o m e n t s are equally suitable. The 
physical mean ing of b o t h of them is clearly seen from their 
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definitions if they are presented in the form of integrals of 
correlat ion functions. However I will no t include them here 
(for a review, see Ref. [14]) bu t shall instead refer to the 
ana logous relat ions in q u a n t u m field theory where 
formulas similar to E q n s (4) and (5) define the complete 
set of F e y n m a n graphs (both connected and disconnected) 
and the subset of connected d iagrams, respectively (see e.g. 
Ref. [1]). Thus , it is easy to recognise tha t the factorial 
m o m e n t s are the integral characterist ics of any correla t ions 
a m o n g the part icles while the cumulan t s of qth r ank 
cor respond to 'genuine ' ^-part icle correla t ions not r edu­
cible to the p roduc t of lower-order cor re la t ions! . To be 
m o r e precise, all q part icles are connected to each other in 
the g th cumulan t and cannot be split into disconnected 
groups . One can say tha t they form a g-particle cluster 
which is no t divided into smaller clusters, in analogy with 
Maye r cluster decomposi t ion in statistical mechanics . 

It is a c o m m o n feature of dis t r ibut ions in part icle 
physics tha t their factorial m o m e n t s and cumulan t s 
increase rapidly at large r a n k s q. Tha t is why it is 
convenient to consider their ra t io 

(13) 

which behaves in a m o r e 'quiet ' way at high r a n k s q, at the 
same t ime emphasis ing all the typical qual i tat ive pecul iar­
ities of cumulan t s as functions of their r ank q. 

Using the definition of factorial momen t s , E q n (4), one 
can easily derive their relat ion to the o rd inary m o m e n t s Cq 

of the same and lower r anks . The coefficients depend on the 
mean multiplicity so tha t , for example, 

„ _ <«(«-!)> C2-{n)~\ (14) 

This complicates the whole mat te r since one has to 
recalculate them at any given energy if the F scaling 
persists. Tha t is why the o rd inary m o m e n t s are not used in 
wha t follows. In the asymptot ics , the o rd inary and factorial 
m o m e n t s coincide, however . 

One should keep in mind tha t the generat ing function 
conta ins the same physical informat ion as the multiplicity 
dis t r ibut ion. This is t rue also for unnormal i sed m o m e n t s 
and for their ra t io . F o r normal ised m o m e n t s , one should 
define the average multiplicity at a given energy. N o t e tha t 
the h igher- rank m o m e n t s lay emphasis on higher-mul t i ­
plicity events. The multiplicities n ^ q cont r ibu te to the 
factorial m o m e n t of the (integer) r ank q, as is seen from 
E q n (4). If the dis t r ibut ion is cut off at some n = nmax, all 
factorial m o m e n t s with the r ank q > nmax are equal to zero, 
while they are posit ive at smaller q. The cumulan t s m a y be 
either posit ive or negative. 

U p to now, wi thout ment ion ing it, it has been assumed 
tha t the r ank of the m o m e n t is a posit ive integer. However , 
the definitions (4), (5), and (10) can be generalised to 
include noninteger m o m e n t s [15]. This is easily done by 
rewri t ing the factorial m o m e n t s as 

/ > + !) 
- 4 + 1 ) 

(15) 

fThis interpretation is valid, however, only for moments with rank 
smaller than the average multiplicity at a given energy (for more 
details, see the review paper Ref. [14]). 

which is valid at any real value of the r ank q. One can 
obta in the same formula by forming the derivative of real 
order q (i.e. by using fractional calculus) of the generat ing 
function. 

Accord ing to the generalised differentiation rule one 
gets a fractional derivative of any (real) order if the 
complete set of o rd inary derivatives of integer order is 
k n o w n [16]: 

* ( l + z ) m - * G ( m ) ( - l ) 
D?G(z) = ^ (16) 

m = 0 r{m-q+l) ' 

where G^m\—1) is the derivative of the (positive) integer 
order m of the function G(z), defined by Eqn (3), at 
z = —I. The generalised definition of factorial m o m e n t s for 
any real (positive and negative) noninteger and integer q 
can be wri t ten as: 

G ( m ) ( - 1 ) 
(n) 

*D?G(z) 
=0 N*>*Sr(m-* + i r 

E q n s (9), (15), and (17) cor respond to each other , i.e. the 
exper imental definition of factorial m o m e n t s given by 
E q n (15) is equivalent to its theoret ical definition given by 
E q n (17) as the fractional derivatives of the generat ing 
function. At integer r anks one gets the previously used 
formulas . Tha t is why the generalised (to noninteger ranks) 
m o m e n t s are k n o w n as fractional m o m e n t s . Their use 
could help distinguish var ious dis t r ibut ions, as discussed 
later. 

The si tuat ion with cumulan t s is m o r e complicated. It is 
s t ra ightforward to define [17] them theoretically as 

(17) 

K " = < ^ D ? l n G ( z ) 

1 ^ ( l n G ( z ) ) ( m ) | z = _ . 
(«)^ r(m-q+l) .(18) 

However , the relat ion between factorial m o m e n t s and 
cumulan t s becomes much m o r e complicated t h a n formula 
(11) and impract ical to use. W e should keep in mind tha t 
the aim here is no t to calculate the cumulan t s themselves 
bu t to find the characterist ics of multiplicity dis t r ibut ions 
which are most sensitive to their shape. Therefore, it has 
been p roposed to use the so-called 'analytically con t inued ' 
cumulan t s denoted by and defined by the following 
recursion relat ions at any real r ank q: 

[q~l] k{a) F*, 
^ mB(q, m) 

(19) 

The sum is up to the integer pa r t of q — 1. As is easily seen 
from formulas (11) and (12), it can be used for any value of 
q, integers included. It is convenient b o t h for exper imen­
talists and for theoris ts , after some addi t iona l convent ion. 
The relat ion to the ' t rue ' cumulan t s defined by Eqn (18) 
has been lost, however . 

3. Phenomenology 
3.1 K N O scaling and F scaling 
One of the most successful assumpt ions abou t the shape of 
the multiplicity dis t r ibut ions at high energies is the 
hypothesis tha t the energy dependence is determined 
completely by the behaviour of the average multiplicity 
in such a way tha t the dis t r ibut ion Pn m a y be represented 

_ 1 / n 
Pn~V)fW) (20) 
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This p roper ty has been called K N O scaling after the names 
of its au tho r s [7] who proposed it on the basis of the 
F eynman pla teau of rapidi ty distr ibutions. The normal isa t ion 
condi t ion (2) leads to 

fix) Ax 1 (21) 

It is clear tha t the o rd inary m o m e n t s of the K N O 
dis t r ibut ion (20) do no t depend on energy and are jus t 
functions of their r ank q: 

- f 
Jo 

xqf(x)dx = cons t (£ ) (22) 

The factorial m o m e n t s of the dis t r ibut ion are energy 
dependent and tend to cons tant values at asymptot ical ly 
high energies because they differ from the o rd inary 
m o m e n t s by lower-order correlat ion te rms suppressed by 
the inverse of the average multiplicity to the cor responding 
power . Cons tancy of the factorial m o m e n t s will be called F 
scaling. It coincides with K N O scaling in asymptot ics . As is 
clear from definitions (3), (7), and (8), the generat ing 
function depends only on the average multiplicity in b o t h 
cases. 

In Q C D with a fixed coupl ing cons tant (see Section 7), F 
scaling is preferred. However , the difference from K N O 
scaling is usual ly neglected since the theoret ical calculat ions 
are often performed for asymptot ical ly high energies. The 
p reasympto t ic correct ion te rms in the second m o m e n t have 
been considered in Ref. [18]. 

In the double- logar i thmic approx ima t ion the equa t ions 
for factorial m o m e n t s are independent of b o t h energy and 
coupl ing cons tant . The cor responding function f(x) 
decreases exponential ly [5] at large values of x : 

2C \Cx 1 + — + . . . ) e x p ( - C x ) , Cx>l, (23) 

where C w 2.553. At low low values of x it behaves as 

1 
"2 

f(x) ~ x exp - ln 2 x (24) 

T h o u g h the very appea rance of K N O scaling and its 
independence of the coupl ing cons tant in the lowest 
approx ima t ion are by themselves a great success of 
per turba t ive Q C D [11], the shape of the scaling function 
(23) does no t fit experimental ly obta ined shapes. Exper i ­
ment favours the shapes which are much nar rower t han is 
prescribed by E q n s (23) and (24). The correct ions of the 
modified leading-logari thmic approx ima t ion indicate tha t 
the result ing form should become less wide [19]. It happens 
tha t the higher-order t e rms reduce the width of f(x) bu t it 
n o w depends on the coupl ing constant . Those p rob lems are 
t reated in Sections 5 - 7 . 

U p to now, it has been implicitly assumed tha t the 
multiplicity dis t r ibut ions are being t reated in the to ta l phase 
space. It is reasonable to consider the quest ion of their 
evolut ion if some restr ict ions are imposed on the region of 
the phase space under investigation. In par t icular , one can 
s tudy such dis t r ibut ions in ever smaller rapidi ty intervals 
conta ined within the to ta l interval. In tha t case, the 
m o m e n t s of the dis t r ibut ion become, in general, functions 
of the size of the interval as well as of their r anks (for a 
review, see Ref. [14]). Their behaviour is often related to the 
no t ions of in termit tency and fractality discussed briefly in 
Section 9. 

3.2 Conventional distributions 
W e shall consider three dis t r ibut ions in which analyt ic 
expressions for generat ing functions and all m o m e n t s can 
be derived [20, 21]. They will serve as the ' s tar t ing po in t s ' 
for further discussion of Q C D dis t r ibut ions. Firs t , we shall 
describe the m o m e n t s of integer rank , and then show wha t 
h a p p e n s with a rb i t ra ry (fractional, negative, complex r ank) 
mo men t s . 
3.2.1 Poisson distribution. The presence of correla t ions in a 
process is convent ional ly described by the difference 
between its typical dis t r ibut ion and the Poisson dis t r ibu­
t ion, which is wri t ten as 

(n)n 

Pn = A J _ e x p ( - ^ ) ) . 

The generat ing function is [see Eqn (3)] 

G(z) = exp((n)z) , 

and, according to E q n s (4) and (5), one gets 

(25) 

(26) 

1, K„ 5,i • (27) 

Therefore the measure of correla t ions could be defined as 
the difference between Fq and 1, or between Kq (Hq) and 0. 
There is exact F scaling and asymptot ic K N O scaling. 

The fractional (in general , complex r ank ) factorial 
m o m e n t s of the Poisson dis t r ibut ion [15] are 

j , e x p ( - ( n » 
l-q;(n))9 (28) 

where <P is the degenerate confluent hypergeometr ic 
function. At posit ive integer values of q they are equal 
to 1, as they should be, and oscillate with an ampl i tude 
depending on q and (n) in the intervals between the integer 
r anks , as it is shown in Fig. 1 (curve 5 ) . 

The cumulan t s [17] are 

<7 
(ny-'ni-q)' 

and the ra t ios are 

q (n )exp((«) ) 
\-q$(\,\-q;{n)) ' 

(29) 

(30) 

* <7 
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Figure 1. Fractional factorial moments [15] of Poisson (5) and 
negative binomial distributions (1-4, correspond to various values of 
k) with the average multiplicity (n) — 2. The amplitude of oscillations 
decreases strongly at larger (n) and smaller k. 
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One gets E q n (27) from E q n s (28), (29), and (30) at posit ive 
integer q. The ampl i tude of oscillation of the m o m e n t s 
decreases rapidly with increasing average multiplicity. In 
fact, they originate from quite simple proper t ies of the 
gamma-funct ion in the denomina to r . 

At large average multiplicity all factorial m o m e n t s tend 
to 1 in the whole complex p lane q. However , the cumulan t s 
tend to zero only at R e g > 1 and increase in absolute value 
at R e g < 1 with the increase of mean multiplicity, which 
can be used for analysis of d is t r ibut ions in the to ta l phase 
space at high energies. Qual i ta t ive features of tha t k ind are 
typical for other dis t r ibut ions considered below. 

3.2.2 The negative binomial distribution. The negative 
b inomia l dis t r ibut ion ( N B D ) deserves special a t tent ion 
because it has been actively used for the last several years 
to fit the exper imental multiplicity dis t r ibut ions and has 
been ra ther successful. In par t icular , there is a widely 
spread opinion tha t it describes a lmost all inelastic 
processes at high energies (except for da ta at the highest 
available energies, i.e. for e + e " at 91 GeV — D E L P H I [22], 
O P A L [23] — and for p r o t o n - a n t i p r o t o n interact ions at 
energies from 200 to 900 G e V — U A 5 [24]). F o r N B D we 
have 

—n—k 

P„ = r(n + k) /(n)Y 

r(n + i)r{k) V k 
1 + 

(n) 
(31) 

where k is an adjustable pa ramete r with the physical 
mean ing of the number of independent sources. The B o s e -
Einstein dis t r ibut ion is a special case of N B D with k = I. 
The Poisson dis t r ibut ion is obta ined from E q n (31) in the 
limit k —> oo. The generat ing function is 

k G { z ) = (32) 

and the (integer r ank ) m o m e n t s are 

r(k + q) 
" r(k)ki ' 

A u — —j- , 

(33) 

(34) 

(35) 

At a fixed value of k, the ra te of increase with q of the 
factorial m o m e n t s is greater t han tha t of the exponents . 
The cumulan t s are steeply decreasing at small q unt i l they 
reach a m i n i m u m at q w k and start increasing at larger q. 
They always stay posit ive. N o t e tha t the p roduc t of several 
generat ing functions of negative b inomia l d is t r ibut ions 
with different pa rame te r s also leads to posit ive cumulan t s 
since the unnormal i sed to ta l cumulan t is just the sum of 
unnormal i sed individual cumulan ts . The rat io Hq is also 
posit ive and decreases monoton ica l ly (as q~k at large q). 

Fig. 2 shows the behaviour of l n F ^ , ]nKq, and \nHq as 
functions of q for k = 5 and 10. Since Pn is na r rower at 
higher k, the slower rise of Fq for k = 10 compared with 
tha t for k = 5 is expected. The dependence of Kq on k is 
m o r e p r o n o u n c e d than tha t of Hq. These proper t ies are 
m o r e characterist ic of N B D than general and do no t reveal 
themselves in Q C D . 

It should be no ted tha t the N B D with fixed pa rame te r k 
possesses F scaling (the m o m e n t s do no t depend on energy) 
and the asymptot ic K N O scaling. The K N O function at 
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Figure 2. Moments of the negative binomial distribution [21] for k — 5 
and 10 calculated for integer values of q. The curves are drawn to 
guide the eye. (a) In Fq , (b) In Kq , (c) In Hq . 

large n and fixed values of k behaves as 

xk 1 exp(—kx) . 
( f c - l ) ! 

(36) 

The generat ing function (91) is singular at the poin t 
z = k/(n) —> 0 for (n) —> 0 and k = const . Therefore, we 
have to work in the vicinity of the singularity when 
calculat ing its derivatives at z = 0 (factorial moments ) . The 
singularity moves closer to z = 0 at higher energies. 

The general expressions for the m o m e n t s valid for any 
r ank q in the entire complex p lane are 

_ (kvf F ( l , k;\-q;v) _ F(k, - q; 1 -q;-(n)/k) 

(n) q+k r{i-q) (n)qr{\-q) 

K„ 
(n)T{\-q) 

7 - ^ - F ( l , \\2-q; v) + l n ^ -
1 - q (n) 

v{l-q)-lF{\, l ; 2 - ? ; v ) + l n ( * v / < / i ) ) 

(37) 

(38) 

.(39) 
F ( l , k;\-q;v) 

where v = (n)/((n) + k). 
The oscillations of m o m e n t s between integer values of q 

diminish at higher average multiplicities (i.e. at higher 
energies) and at lower values of k. This is shown in 
Fig. 1 (curves 1-4) for Fq. They are really very small at 
high energies. The oscillations are imposed on the rapid 
increase of Fq with q. 

file:////2-q
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At negative values of q the m o m e n t s increase with aver­
age multiplicity. In the complex plane , their oscillations are 
not iceable (for example, a long lines paral lel to the real axis). 

3.2.3 Fixed multiplicity distribution. The case of fixed 
multiplicity is considered just to show tha t the behaviour 
of m o m e n t s (even for integer ranks) can drastically differ 
from the examples t reated above. In addi t ion, it d e m o n ­
strates h o w impor t an t the role of the selection p rocedure in 
experiments could be. In fact events with a given 
multiplicity are often chosen for analysis (so called semi-
inclusive events), i.e. one deals with the dis t r ibut ion 

Pn = $nn0 ( « 0 = C O n s t ) • 

Then one gets 

G( Z ) = ( i + z r . 
Since (n) = n 0 , one obta ins 

(40) 

(41) 

! r(no)n0

 q 

r(n0 -q+\) q nq

0(n0-q)\ 

Fq = 0 , q>n0 , 

Kq = (-n0)l-q(q-\)\ = (-n0)l-qr(q) , 

H = ( - l ) 1 - % ) £ ( < 7 , n0-q+\) . 

1 < q ^ n0 , (42) 

(43) 

(44) 

(45) 

All factorial m o m e n t s of r ank higher than n0 are identically 
zero and one can calculate Hq at q ^ n0 only. The typical 
feature of tha t dis t r ibut ion is the a l ternat ing signs of 
integer-order cumulan ts , which are posit ive at odd values 
of q and negative at even values. The ampl i tude of 
oscillations decreases when q increases from 1 to n0 and 
then increases monotonica l ly . A change of sign (but with a 
different periodici ty) will be seen in Q C D as well. Fac to r i a l 
momen t s , however , behave differently in the two cases. 
They decrease monoton ica l ly with q unt i l % for fixed 
multiplicity and increase rapidly in Q C D . 

Fig . 3 shows Fq,Kq,Hq for n0 = \0, and (in the insets) 
ln |A^ | and In for integer values of q. Straight lines 
connect just the po in t s at integer values of q and are shown 
to guide the eye. 

It should be stressed tha t the very existence of the 
oscillations can be related just to the selection p rocedure of 
the events and, in the case of fixed multiplicity, has no th ing 
to do with the dynamics of the interact ion. It is easy to 
recognise when one chooses e.g. 10-particle events from the 
set of those with Poisson dis t r ibut ion (or any other) . Then 
we obta in al ternating-sign cumulan t s at integer r anks 
instead identically equal to zero. Their ampl i tude can 
preserve the informat ion on the original dis t r ibut ion if 
its normal i sa t ion has been kept un touched . 

The fractional m o m e n t s calculated according to their 
definitions at any r ank q are 

jB(n0, 1 -q) 
F{\-q) 

K i - ^ ( l ) - f t ( l - g ) 
Kq~n° r(\-q) 

= ft(l)-ft(l-g) 
q B(n0,\-q) 

F o r fixed q and n 0 —> oo one gets Fq —> l,Kq —> 0,Hq 

(46) 

(47) 

(48) 

0. 

Figure 3. Moments of fixed multiplicity distribution [21] for n0= 10 
calculated for integer values of q. The curves are drawn to guide the 
eye. (a) Fq, (b) Kq , In \Kq\, (c) Hq , In \Hq\. 

Let us stress tha t in all the cases considered the 
nonin teger - rank m o m e n t s are not ob ta ined by the sim­
ple-minded 'analytic con t inua t ion ' according the formula 
(19) bu t are given by the var ious expressions [compare 
E q n (27) with E q n s ( 2 8 ) - ( 3 0 ) , E q n s ( 3 3 ) - ( 3 5 ) with 
E q n s ( 3 7 ) - ( 3 9 ) , or E q n s ( 4 2 ) - ( 4 5 ) with E q n s ( 4 6 ) - ( 4 8 ) ] 
which are derived from the p roper definitions (17) and (18). 

The c o m m o n p rope r ty of oscillations between the 
integer r anks is the change from m a x i m u m to min imum 
at each subsequent rank . At the integer poin ts , there are 
kno t s for Poisson and negative b inomia l d is t r ibut ions and 
just max ima or min ima for fixed multiplicity. 

Unfor tuna te ly , the oscillations between the integer 
r anks are small at high multiplicity and can be useful 
for d is t r ibut ions with low average multiplicity like those in 
the small phase-space volumes considered in Section 9. At 
high multiplicity they impose low-ampl i tude ha rmonics on 
the main dependence, and m a y be neglected in the first 
approx imat ion . 

Also, the increase of the negative m o m e n t s with average 
multiplicity can be useful for analysis of d is t r ibut ions within 
the to ta l phase space. 

3.3 Some models 
At first sight, the graph- theore t ic descript ion of mul t i -
part icle p roduc t ion looks completely different in e + e ~ and 
h a d r o n - h a d r o n processes. In the former case, main g raphs 
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are of the tree-like type with a highly vir tual initial pa r t on . 
In the latter case, one used to consider a sequence of 
mul t iper ipheral - type g raphs with low virtualit ies and ra ther 
complicated topology. A m o r e general (and unifying) 
pic ture emerges from considerat ion of strings between 
the colour charges in the process of their interact ion (Lund 
mode l [22, 23], dua l topological mode l [24, 25], q u a r k -
gluon string mode l [26, 27]) and of final part icles 
clusterisation (mult iper ipheral cluster mode l [28], clans 
[6, 29] etc.). The multiplicity dis t r ibut ions in the models are 
no t usual ly described by a single analytic formula bu t are 
formed from a combina t ion of several dis t r ibut ions. F o r 
example, the mul t iper iphera l mode l with a single ladder 
gives rise to the Poisson dis t r ibut ion of the part icle 
emission centres (resonances, fireballs, clusters, clans, 
etc.). In general , the result ing dis t r ibut ion is obta ined by 
convolut ion of the Poisson dis t r ibut ion of the n u m b e r of 
sources with the decay dis t r ibut ion which describes 
exper imental da ta qui te well enough for educated guesses 
abou t decay proper t ies to be made . If one chooses the 
logar i thmic dis t r ibut ion of cluster decay multiplicity then 
its convolut ion with the Poisson dis t r ibut ion of clusters 
p roduces a negative b inomia l dis t r ibut ion of final part icles 
multiplicities. The s imul taneous creat ion of several ladders 
(or strings) gives rise to a m o r e complicated shape of the 
dis t r ibut ion. SomeTimes this dis t r ibut ion m a y be approx i ­
mated by a sum of negative b inomia l dis t r ibut ions with 
distinct pa ramete r s . As a result, d is t r ibut ions with 
' shoulders ' or 'quasi-osci l la t ions ' imposed on smooth 
curves can be observed. The possible relat ion between 
such oscillations and those of Hq discussed here has been 
considered in Ref. [30]. Similarly, a single jet in e + e ~ 
annihi la t ion can give rise to a negative b inomia l 
dis t r ibut ion while the superposi t ion of several jets differs 
from it in the result ing dis t r ibut ion [31]. The detailed s tudy 
of those semiphenomenologica l models is usual ly per ­
formed with M o n t e Car lo computa t ions . 

4. Equations of quantum chromodynamics 
Mult ipar t ic le p roduc t ion processes are described in Q C D 
as a result of the interact ion of qua rks and gluons, which 
leads to the creat ion of addi t iona l qua rks and gluons 
forming the observed h a d r o n s at the final stage. The mos t 
typical features of the processes are determined by the 
vector na tu re of g luons and by the dimensionless coupl ing 
constant . G l u o n s are colour charged in dist inction to 
p h o t o n s , which have no electric charge. Therefore, they can 
emit g luons in addi t ion to q u a r k - a n t i q u a r k pairs . Tha t is 
why bo th qua rk and gluon je ts are considered in Q C D as 
main objectives. Their development is described by the 
evolut ion equat ions . The main pa ramete r of the evolut ion 
is the angle of divergence of the jet or its t ransverse 
m o m e n t u m . The subsequent emission of g luons and qua rks 
fills in the internal regions of the previously developed 
cones so tha t they do no t overlap (angular order ing) . This 
r emarkab le p rope r ty can be exploited to formulate a 
probabi l is t ic scheme for the development of the jet as a 
whole . Then its evolut ion equa t ions are reminiscent of the 
wel l -known classical M a r k o v i a n equa t ions for the ' b i r t h -
dea th ' (or ' m o t h e r - d a u g h t e r ' ) processes. (For a detailed 
discussion of tha t approach , based on the coherence 
p h e n o m e n o n , see Ref. [5]). 

The system of two equa t ions for the generat ing 
functions G F and G G of the qua rk and gluon jets , 
respectively, are (with A, 5 , C = F , G ) [1, 5] 

GA(y,z) = e x p [ - w A ( v ) ] z 

+ ^ F d W dxQM-WA(y) + My')} 

x^KF(x)GB(x,y')Gc[(l-x),y'], (49) 

where y = \n(p0/Qo), p is an initial m o m e n t u m , © is the 
angle of divergence of the jet, Q0 = const, and a s is the 
coupl ing cons tant . The first t e rm on the r igh t -hand side 
cor responds to the p ropaga t i on of the p r imary p a r t o n 
wi thout any evolut ion and is described by the form factor 
exp[—w A (v)] . The second term shows the creat ion of two 
jets B and C with p r o p o r t i o n s of the p r imary energy x and 
1 —x, respectively, after their p roduc t ion at the vertex KB

A

C 

with the evolut ion pa rame te r y'\ which has been reached by 
the p r imary p a r t o n wi thou t splitting as is dictated by the 
factor e x p [ - w A ( v ) + w A ( v ' ) ] . 

Mul t ip ly ing b o t h sides of the equat ion by exp[w A (v)] 
and differentiating over y, we get rid of all form factors and 
obta in the final system of equa t ions [1, 5]: 

G'G = f d x K S ( x ) y 2

0 { G G ( y + l n x ) G G [ y + ln ( l - x ) ] - G G ( y ) } 
J o 

+ ^ f dx KF

G(x)y2

0{G¥(y + I n x ) G F \y + ln ( l -x)]-GG(y)]} , 
J o 

(50) 

G F = d x ^ F

} ( x ) ^ { G G ( v + l n x ) G F [ v + l n ( l - x ) ] - G F ( v ) } , 
J o 

(51) 
where G'(y) = AG/Ay, and n( is the n u m b e r of active 
flavours, 

To 

and the kernels of the equa t ions are 

K8(x) = 1--{\-X)[2-X{\-X)\, 

« o ( x ) = ^ 2 + ( l - ^ ) 2 ] , 

(52) 

(53) 

(54) 

(55) 

where Nc = 3 is the number of colours , and 
C¥ =±NC(\-N;2) =1 in Q C D . 

The var iable z has been omit ted in the generat ing 
functions. One should keep in mind, however , tha t the 
deriva-t ion of the equa t ions for the m o m e n t s relies 
completely on the expansions (7) and (8) when they are 
inserted into the above equa t ions and the coefficients in 
front of t e rms zq are compared . 

A typical feature of any field theory with a d imens ion-
less coupl ing cons tant ( Q C D in par t icular ) is the presence of 
the singular te rms at x —> 0 in the kernels of the equat ions . 
They imply the uneven shar ing of energy between newly 
created jets and play an impor t an t role in jet evolut ion. 
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Even though the system of equa t ions (50) and (51) is 
physically appeal ing, it is no t absolutely exact; i.e. it is no t 
derived from first principles of Q C D . One immediately 
notices this since, for example, there is no four-gluon 
interact ion term conta ined in the Lagrang ian of Q C D . 
Such a term would no t lead to a singular cont r ibut ion to the 
kernels and its omission is justified in the lowest orders . 
Nevertheless , the modified series of the pe r tu rba t ion theory 
(with th ree-par ton vertices) is well r eproduced by such 
equa t ions up to the te rms involving two- loop and three-
loop correct ions. As shown in Ref. [5], the neglected te rms 
would cont r ibu te at the level of the p roduc t of, at least, five 
generat ing functions. Physical in terpre ta t ion of the cor re ­
sponding g raphs would lead to t rea tment of the 'colour 
polar isabi l i ty ' of jets . There are some p rob lems with the 
definition of the evolut ion paramete r , with p reasympto t ic 
correct ions etc. (see, e.g., [32]). The above a rguments do no t 
prevent from further detailed studies of higher order 
correct ions to these equat ions , and it seems reasonable to 
learn m o r e abou t the solut ions of the equa t ions with higher 
accuracy since there are indicat ions tha t neglected te rms are 
no t very impor tan t . 

5. Gluodynamics 
It is na tu ra l to start our studies with the simplest case of 
g luodynamics , in which there are no qua rks and inter­
act ions of only gluons are considered. The system of 
equa t ions (50) and (51) degenerates to the single equat ion 

Gf(y)= f d x ^ ( x ) y 0

2 { G ( v + lnx)G[v + ln ( l 
J o 

G(y)}, 

(56) 

where G(y) = GG(y), K(x) = KG (x). This is a nonl inear 
integrodifferential equat ion with shifted a rguments in the 
nonl inear te rm which t ake into account the energy 
conservat ion. In the lowest-order double- logar i thmic 
approx imat ion , one considers the mos t singular t e rms in 
the kernel K(x) and within the curly brackets , i.e. l/x in K 
and ln ( l — x) —> 0, while yl is chosen to be constant"}". 

5.1 Approximate solutions of equations with f ixed 
coupling constant and the shape of the K N O function 
Formal ly , the assumpt ions of the double- logar i thmic 
approx ima t ion for each of the three te rms under the 
integral sign in Eqn (56) are equivalent because one neglects 
nonlead ing cont r ibut ions . A detailed analysis of these te rms 
has been per formed in m a n y paper s [ 9 - 1 3 , 21 , 3 2 - 3 7 ] , 
individually or in combina t ion . In most pape r s only the 
lower m o m e n t s have been t reated, i.e. the average mul t i ­
plicity and the dispersion. It has been not iced tha t the role 
of the conservat ion laws displayed in the shifted a rguments 
of the generat ing functions is the most impor t an t one. They 
provide larger correct ions. It was shown recently [12] tha t 
they could be precisely t aken into account . However , the 
runn ing p rope r ty of the coupl ing cons tant was disregarded, 
the nons ingular t e rms in the kernel were neglected (as well 
as some other terms) and the difference between the 
coupl ing cons tant y0 (52) and the Q C D a n o m a l o u s 
dimension y, defined as 
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Figure 4. (a) The ratio of the factorial moments as derived from 
Eqn (5) to the asymptotic values of Eqn (7) (inset) and the similar 
ratio as derived from the K N O curve (see Fig. 5) and Eqn (7) (the 
main part), (b) The ratio Hq obtained from the K N O curve (Fig. 5) 
(solid line) as compared with its NBD counterpart for k — 7 (dashed 
line). (I am indebted to B B Levtchenko, who provided this figure 
especially for this review.) 

(n) = exp [ r ( / ) d y ' , (57) 

was neglected also. In Section 7, it is shown tha t E q n s (50) 
and (51) possess the exact solut ions for fixed coupling 
constant wi thout any addi t iona l assumpt ions . Nevertheless , 
it is instructive to consider this case because one gets the 
analytic expression for the K N O function which clearly 
reveals the impor tance of the conservat ion laws and differs 
from formula (23) for the double- logar i thmic app rox ima­
t ion by a na r rower width , thus gett ing much closer to 
exper imental values. 

Firs t , one obta ins a recurrence relat ion for the factorial 
m o m e n t s when relat ions (7) are subst i tuted in E q n (56) and 
the coefficients of zq are equated on b o t h sides: 

(q ~ q~l)Fq = y ^[yh y{q - I) + 1]Fq_xFx 
(58) 

i=i 

This system can be c o m p u t e d } with the initial condi t ions 
F0 = Fi = 1. The inset of Fig . 4a shows the rat io of these 
m o m e n t s to the asymptot ic solution [12] of E q n s (58): 

^ _ [m+y)]"2qr(q+l) 
r(\+yq) C 

(59) 

f Somewhat inconsistently, the running coupling constant is someTimes 
considered in that approximation also (see e.g. [1, 5]). 

j T h e exact solution of the system of equations for quark and gluon 
jets is given in Section 7.2. 
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At large values of qy one obta ins 

2/xD" (60) 

D Cyy{\-y) 
where 

" = ( 1 - r ) " ' W+y) 
The asymptot ics of Fq determines the asymptot ics of the 

K N O f u n c t i o n / ( x ) : 

f(x)a * 1 J - e x p [ - ( Z * c ) ' ] , ( / I - > 1 . (61) 

Clearly, the tail of the dis t r ibut ion at large multiplicities is 
suppressed far m o r e strongly t han in the double- logar i th­
mic approx imat ion . One gets an 'a lmost G a u s s i a n ' 
suppression instead of the exponent in E q n (23) if one 
considers the practical ly impor t an t values of y for which 
\i = (1 — y)~l w 1.6. Thus , we conclude tha t conservat ion 
laws drastically reduce the width of the multiplicity 
dis t r ibut ion. This is demons t ra ted in Fig. 5, where the 
modified dis t r ibut ion (which takes into account the 
behav iour at low multiplicities [12]) is compared with the 
results of the lowest order Q C D and with its fit by the 
negative b inomia l dis t r ibut ion with the pa ramete r k = 7. 
M a k i n g use of the modified curve in Fig. 5, one is able to 
compu te the 'genuine ' (with low-multiplicity correct ion) 
factorial m om en t s . Their ra t io to the asymptot ic solu­
t ion (59) is shown in the main pa r t of Fig. 4a. Compar i son 
of the two curves in tha t figure reveals the impor t an t 
influence of correct ions m a d e at low multiplicities. F r o m 
'genuine ' factorial m o m e n t s , one can compu te cumulan t s 
and the 'genuine ' rat io Hq (the latter is shown in Fig. 4b and 
compared with the negative b inomia l dis t r ibut ion predic­
t ion for k = 7 and (n) = 30). One notices a visible depa r ­
ture from the negative b inomia l dis t r ibut ion in the ra t ios 
Hq, while it is ha rd to see this in the dis t r ibut ions shown in 
Fig. 5. The oscillations of 'genuine ' Hq are in contras t to its 
smooth behaviour in the negative b inomia l dis t r ibut ion. 
Here they are somewhat reminiscent of the fixed mul t i ­
plicity toy-model considered above. Similar shapes with 

fix) 1.2 

2.5 x 

Figure 5. The modified K N O function [12] (thick curve) for y — 0.4 is 
much narrower than the lowest order distribution (thin line). The 
negative binomial distribution with k — 1 is also shown for 
comparison (dots). 

oscillations of different (!) periodici ty will be discussed in 
wha t follows. 

5.2 Higher-order approximations with running coupling 
constant 
The equat ion (56) for the generat ing function in g luody­
namics can be solved in a somewhat different a p p r o x ­
imat ion by tak ing into account all ( including nons ingular ) 
t e rms of the kernel K, by considering all runn ing coupl ing 
constant y0 distinct from the a n o m a l o u s dimension y, and 
by using the Taylor series expansion for the generat ing 
functions in the nonl inear te rm at large y: 

(62) G{y + e) « GOO + G\y)s + \G"(y)s2 + ... 

This app roach clearly shows the dist inction between the 
var ious assumpt ions , and their impor tance and qual i tat ive 
effects due to the higher-order correct ions. 

Us ing expression (62) for the generat ing functions in the 
nonl inear te rm of E q n (56), dividing b o t h sides of it by G(y) 
and differentiating with respect to y, we obta in 

[lnG(y)}" = y2

0 G(y) - 1 2hlG'(y)+Y^(-nd"\y) 
n=2 

nhnm [ — ] , (63) 

where 

11 
24 

1 2 - 2 " •CM I , 

dxK(x)\n"(x)\nm(\ - x) 

(64) 

(65) 

Leaving two te rms on the r igh t -hand side, one gets the 
wel l -known [5] equat ion of the double- logar i thmic a p p r o x ­
imat ion which takes into account the most singular 
componen t s . The next term, with cor responds to the 
modified leading-logar i thm approx imat ion , and the term 
with h2 deals with higher-order correct ions. N o t e tha t the 
dependence of y0 on y in the integral te rm has been 
neglected since it leads to te rms of the order of yl 
compared with those wri t ten above. 

The s t ra ightforward solution of Eqn (63) looks very 
p rob lemat ic even if the te rms with hi and h2 are included in 
addi t ion just to double- logar i thmic ones. However , it is very 
simple for the m o m e n t s of the dis t r ibut ions [13] since G(z) 
and lnG(z ) are the generat ing functions for the factorial 
m o m e n t s and cumulants , respectively. Us ing formulas (7) 
and (8) in the case of F scaling, one gets the p roduc t qy (and 
its derivatives) at each differentiation of those functions 
because the average multiplicity is the only j - d e p e n d e n t 
te rm left. The coefficients of zq on b o t h sides should be 
equal . Hence , one obta ins 

M

 Kd yo[l-2hiqy + h2(q2y2 + qy')] 
Hq — ~pr — ; • (66) 

Fq q2y2+qy' 

The a n o m a l o u s dimension y is defined by E q n (57). The 
condi t ion Fx = Kx = 1 determines the relat ion between y 
and y0: 

7 — 7 o " *?)yo + o(y;), (67) 
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which shows tha t the increase of the average multiplicity 
with energy is slower in the modified leading-logar i thm 
approx ima t ion as compared with the double- logar i thmic 
approx ima t ion because the te rm with h\ is negative [see 
E q n (57)]. However , the higher-order t e rms slightly enlarge 
it again (4h2 — h2 > 0) bu t those correct ions are no t large. 
The runn ing p rope r ty of y0 has been taken into account in 
expression (67): 

•hiyl + O(y5

0) , 7o 

which leads to 

/ » - A i ? o ( l • * i 7 o ) + 0 ( 7 ? ) • 

(68) 

(69) 

The lesson we learn from Eqn (66) is tha t in all ' correct ion ' 
t e rms (which conta in hu h2,...) the expansion pa ramete r y 
appears in the p roduc t of r ank qy, which becomes large at 
high ranks , i.e. at high multiplicities. Therefore, for high 
multiplicity events one should t ake into account the ever-
higher-order t e rms in y. This p rob lem was ment ioned a 
long t ime ago [5] and discussed in some detail in Ref. [38], 
bu t has only recently been analysed. 

As was ment ioned , the double- logar i thmic formulas are 
obta ined from E q n (63) for hi = h2 = 0, y = y0, and 
y' = 0. In this case, 

(70) 

which is similar to the asymptot ics of the negative b inomia l 
dis t r ibut ion with a ra ther small value of the pa ramete r 
k w 2 and cor responds to an extremely wide multiplicity 
dis t r ibut ion [see expression (23)] while exper imental da ta 
provide values of k r anging from 3.5 to MOO. 

Pe rhaps a m o r e interest ing feature is the evolut ion of the 
quali tat ive behaviour of the rat io Hq at higher orders . In the 
modified leading-logar i thm approx ima t ion in which the hx 

te rm has been kept bu t the h2 te rm (as well as higher-order 
terms) neglected in Eqn (63), we observe tha t Hq crosses the 
abscissa, acquires a m in imum at 

1 1 
; / ^ + 2 

(71) 

and tends to zero from below as ~ — q~ . If one includes 
the term with h2 as well, the rat io Hq gets the second zero 
and tends asymptot ical ly to a posit ive constant h2yl. This 
is similar to the si tuat ion of the expansion of, for example, 
cosx in a Taylor series. Tha t is why it is no surprise tha t 
one gets an oscillating behaviour of Hq [39] when account 
is t aken of the higher-order t e rms with h3 and h n in 

0.3 -
0.2 -
0.1 -
o 

- 0 . 1 

- 0 . 2 

- 0 . 3 

20 

Figure 6. The ratio Hq as a function of q [39] reveals 'quasi-
oscillations' in higher-order perturbative QCD (the curve is drawn for 
energies of Z°). The first minimum is slightly shifted (compared with 
gluodynamics) to q — 4. 

formula (63). The very first m in imum reveals just the first 
oscillation, as shown in Fig. 6. However , it has been shifted 
to q w 4 in the approx ima t ion of Ref. [39], which shows a 
high sensitivity of Hq to var ious assumpt ions . Let us 
emphasise tha t the ampl i tudes of extrema and the 
periodici ty of 'quasiosci l la t ions ' are different from all 
those shown in Figs 1 - 4 . The ana logous behaviour of 
Hq has been found as the exact solut ion of the Q C D 
equat ions for fixed coupl ing cons tant (see Section 7.2). 

Thus , we have demons t ra ted in this section tha t the 
conservat ion laws and other higher-order t e rms lead, in the 
f ramework of g luodynamics , to a substant ia l reduct ion of 
the width of the multiplicity dis t r ibut ion and to a qua l ­
itative change of the behaviour of the cumulan t and 
factorial mo men t s . 

6. Approximate solutions of QCD equations 
with running coupling constant 

The t ransi t ion from gluodynamics to Q C D , in which 
qua rks are created beside gluons, leads back to the system 
of the two coupled equa t ions (50) and (51) for the 
generat ing functions of qua rks and gluons instead of to 
the single equat ion (56). Their s t ructure, however , does no t 
differ, in principle, from the g luodynamics equat ion 
described in detail above. Tha t is why I shall no t write 
down all the relat ions (see e.g. [32, 40, 41]), and describe 
just the results obta ined. 

In complete analogy to g luodynamics , one gets the 
system of the coupled recurrent equa t ions for factorial 
m o m e n t s and cumulan t s when the Taylor series expansion 
is used. This has been solved numerical ly [40]. The p r o p e r ­
ties of gluon jets do not change noticeably, i.e. their 
cumulan t s and factorial m o m e n t s are very close to those 
calculated in g luodynamics . The gluon rat io Hq has its 
m in imum at the same value q w 4 or 5. The qua rk factorial 
m o m e n t s are larger than those of gluon jets , i.e. the p a r t o n 
multiplicity dis t r ibut ion for qua rk je ts is wider t han tha t for 
gluon jets even t hough the average multiplicity is smaller 
there. The first m i n i m u m of qua rk cumulan t s and of their 
ra t io to factorial m o m e n t s is located at q w 8. 

To apply these results to the real process of the 
e l e c t r o n - p o s i t r o n annihi la t ion, one should relate its gen­
erat ing function to those for qua rk and gluon jets . Bear ing 
in mind the F e y n m a n d iagram for the p roduc t ion of two 
qua rk jets at the very early stage, one would write down 

>G$, (72) 

with further correct ions (see e.g. Ref. [32]). In tha t case the 
zeros of the qua rk jet cumulan t s and of e + e ~ processes 
coincide because the logar i thms of the generat ing functions 
which determine cor responding cumulan t s [see E q n (5)] are 
p r o p o r t i o n a l to one another . It means tha t the first 
m in imum for e + e ~ would lie at q ^ 6 since the first zero 
for qua rk jets is posi t ioned at q > 5. The analysis of 
exper imental da ta described below (see Section 8) po in t s 
out tha t this is no t the case and either relat ion (72) should 
be revised or the higher-order t e rms in the Taylor series 
expansion become crucial. The latter possibili ty appears 
less p robab le because the similar shift of the zeros of the 
qua rk cumulan ts has been observed in the case of the exact 
solut ion with fixed coupling, as described in the next 
section. Independent ly of this, it seems tha t the mos t 
impor t an t conclusion d rawn from the theoret ical studies is 
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the presence of max ima and min ima of the rat io Hq which 
replace each other with some periodici ty (but no t at 
ne ighbour ing values of q as happens for fixed multiplicity). 

It is interest ing to no te tha t the equa t ions for the low-
order m o m e n t s give rise to conclusions abou t the a n o m ­
alous dimension y and abou t the rat io r = (nG)/(n¥) of the 
average multiplicities in gluon and qua rk jets [41]. They 
have been represented by the per turba t ive expansion as 

y = y 0 ( l - a i y 0 - a 2 y l ) , (73) 

r = ^ ( l - r i y o - ^ o ) • ( 7 4 ) 

The coefficients a h r t have been calculated [41] and are 
shown in Table 1 together with values of r and y 0 for 
var ious n u m b e r s of flavours. Fig. 7 demons t ra tes the in­
dependence of y result ing from the solution of the 
equa t ions in the higher-order approx ima t ion discussed 
above. The cor responding behaviour of the average 
multiplicity is shown in Fig. 8. F o r compar i son , the 
energy (y) dependence of the mean multiplicity for fixed 
coupl ing cons tant is indicated by dot ted lines. To begin 
with it increases ra ther slowly bu t at higher energies its 
asymptot ic increase exceeds tha t of the runn ing coupling 
case. This is reliable since the constant has been chosen at 
ra ther high energy (mass of Z° ) at y z o = 6.67, i.e. its value 
is qui te small. In the real s i tuat ion, it should increase 
dur ing the evolut ion of the jet, bu t the number of active 
flavours must decrease. Let us no te tha t these two t rends 
somewhat compensa te one ano ther in the energy depend­
ence of the mean multiplicity. The rat io r of the mean 
multiplicities in gluon and quark jets is much smaller [41] 
t han its value in the double- logar i thmic approx imat ion 
where it is equal to | . On average, it is lower by abou t 20% . 
The ana logous si tuat ion is for exact solut ions of equa t ions 

Table 1. 

Figure 8. y dependence of the average multiplicity for running (solid 
lines) and fixed (dashed lines) coupling [41] with the number of active 
flavours wf — 3,4, 5. The arrow marks the yzo location. 

with fixed coupl ing constant . Therefore, tha t ra t io is 
considered in m o r e detail in the next section. 

7. Exact solutions of QCD equations with fixed 
coupling constant 
The above experience with Q C D equat ions t reated in 
var ious approx ima t ions suggests tha t the conservat ion laws 
and nons ingular t e rms of the kernels p lay a m o r e 
impor t an t role t han the dependence of the coupl ing 
constant on the evolut ion pa ramete r . It can be shown 
[21, 42] tha t the equa t ions (50) and (51) can be solved 
exactly if the coupling constant is fixed. N o other 
assumpt ions are necessary. One obta ins the general 
solut ion for the m o m e n t s of any r ank bu t we start with 
the lowest r anks for pedagogica l reasons . 

r r\ r2 7o a\ a2 

3 1.84 0.185 0.426 0.473 0.280 -0 .379 
4 1.80 0.191 0.468 0.481 0.297 -0 .339 
5 1.77 0.198 0.510 0.484 0.314 -0 .301 

0.47 -

120 q 

Figure 7. q dependence of the anomalous dimension y [41] (solid lines) 
in the case of the running coupling y 0 (dashed lines) for different 
numbers (indicated near the lines) of active flavours. 

7.1 First moments and the ratio of average multiplicities 
in gluon jets to those in quark jets 
The equa t ions for average multiplicities (unnormal ised 
m o m e n t s of first order) are derived from the system of 
equa t ions (50) and (51) if one subst i tutes the generat ing 
functions as series (7) and equates the te rms linear in z with 
the condi t ions F0 = Fx = &0 = &i = 1. (The factorial 
m o m e n t s of qua rk jets are denoted by <Pq and their 
cumulan t s are denoted by Wq.) If the coupl ing cons tant is 
kept fixed, the average multiplicities behave [5] as 

(nG(y)) = exp(yv) , (nF(y)) = Qxp(yy) r " 1 , (75) 

where the a n o m a l o u s dimension y and the rat io r are 
constant . These proper t ies are inherited in equa t ions (50) 
and (51) as one notices from the relat ions 

( " g , f + _ y 

(nG,F(y)) 

("G,FCy))' = y(nG,¥(y)) 

(76) 

(77) 

Then the equa t ions are rewrit ten as a system of two 
algebraic equa t ions for two variables y and r. 

7 = yl[MG

x +nfr{M\-Ml)], 

y = yl{L2-L(s + rLl) , 

(78) 

(79) 
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where 

dxKg[xy + - 1 ] , 

M i = 

Mr 

dxKl[xy + (\ -x)y] , 

dxK* = )-Mj{y = 0) 
o 2 

dx K$xy , 

- f 

J o 

J o 
L 2 = [ d x ^ F

G ( l - x ) 7 , 
J o 

L 0 = f d x ^ F

G = Lx(y = 0) 
J o 

Coefficients Mt and Lt can be expressed in te rms of Euler 
beta-funct ions and psi-functions and depend on y only. At 
fixed y0, b o t h y and r are cons tant . It should be stressed 
tha t y is not equal to y0 even in g luodynamics at = 0 
because Af f differs from The approx ima te equali ty is 
valid for y0 <̂  1 bu t the per turba t ive expansion for y differs 
from the cor responding formula (67) for the runn ing 
coupl ing constant 

Jo -fciyo + K * i + M y o + o ( y 0 ) , (80) 

from which one sees tha t the first correct ion is twice as 
large. 

The rat io r appear s in equa t ions (78) and (79) linearly, 
and one is t empted to rewrite them as 

\y r 1 

Jo 

r(y) = 
7o 

-d(y) 
1 

c(y) ' 
(82) 

where 

a = ^ ( l ) - ^ ( y + l ) + B ( y , l ) - 2 B ( y + l , 2 ) - 2 B ( y + 2 , l ) 

+ B(y + 2 , 3 ) + B ( y + 3,2) + 
11 
12 ' "f 

* = ^ [ * ( 7 + 3 . + 1.3)], 

c = ^ [ B ( r , i ) - s ( r + i , i ) + ^ s ( r + 2 , i ) ] , 

+ + 1 , i ) +\b{j +1,2)+J 

All beta-funct ions are just the inverse po lynomia ls of y bu t 
the above no ta t ion is less cumbersome. The solution of the 
algebraic relat ions (81) and (82) yields y and r as functions 
of y0 and n?. Fig . 9 shows the dependence of y on y0 for 
rif = 3, 4, 5. The differences for the var ious values of n f are 
hard ly discernable, being less t han the thickness of the 
visible line. N o t e tha t y is significantly different from y0. 
They can be related by the simple fitted formula 

0.077 + 0.62y( 0 ' (83) 

y 
0.5 i -

0.4 -

0.3 
0.45 0.50 0.55 0.60 0.65 y0 

Figure 9. y plotted as a function of y0 for nf — 3,4, 5 [42]. 

or by the m o r e theoretical ly 
s tar t ing from the linear te rms in 

mot iva ted 

7o> 

0.97y0 •0.48y0

2 + 0 . 2 ^ 

formula (80) 

(84) 

fitted by computer in the range of y0 from 0.48 to 0.6. Let 
us no te tha t y changes very slowly with y0. In itself, the 
value of y is no t of much interest even t hough it is related 
to the energy dependence of the average multiplicity. 
However , it is k n o w n tha t the power increase of the mean 
multiplicity for fixed coupl ing is replaced by a slower 
dependence for runn ing coupl ing [see Fig. 8]. Somehow the 
reduced value of y compared with y0 respects tha t tendency 
bu t the dependence (75) cannot be used in asymptot ics . The 
m o r e realistic behaviour provided by the runn ing coupling 
was discussed in the previous section (see Fig. 8). 

The cor responding rat io r is of m o r e interest since the 
energy dependences of the average multiplicities in gluon 
and qua rk jets cancel. Tha t is why its predict ion for fixed 
coupl ing could be m o r e general . The cor responding result 
on the rat io r is shown in Fig. 10. Again the dependence on 
rif is very mild, and is exhibited in the expanded scale in 
Fig. 10. M o r e impor tan t , the dependence of r on y0 is even 
weaker than tha t of y, and the average effective value is 
given by 

r = 1.84 ± 0 . 0 2 . (85) 

2.2 -

2.0 -

1.8 -

1.6 _ L _ L _ L 
0.45 0.50 0.55 0.60 0.65 y 0 

Figure 10. r plotted as a function of y0 for wf = 3,4, 5 [42]. 

Such a low value of the rat io r should arouse interest since, 
in the double- logar i thmic approx imat ion , it is much 
larger [5] and equal to Nc/C¥ = | . It has been reduced 
to 2.05 in the modified leading-logar i thm approx imat ion 
[43, 44]. The above value shows tha t the conservat ion laws 
diminish the rat io further. Even lower values of r have been 
obta ined for runn ing coupling (see [41] and Table 1). 

In a realistic process, the vir tuali ty in a jet degrades as 
p a r t o n s evolve toward h a d r o n s , p resumably with an 
associated change in the n u m b e r of active quark fla­
vours . In the f ramework of our calculat ions with fixed 
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y 

0.50 -
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Figure 11. y plotted as a function of In Q for nf — 3 ,4 ,5 and 
Q Mz/m [42] (m 1, 2, 4, 8). 

coupling, this dependence can be considered with the aid of 
the formulas 

, , 2 1 2 /? 11 2 ^ (86) 

for j = l n < 2 / < 2 o , < 2 0 = 0 . 6 5 / ^ j s , where the dependence of 
A^ on rif is included according to the p ropo r t i ons 
63 :100 :130 for nf = 5 : 4 : 3, respectively [45], and the 
value is set at 175 M e V for n f = 5. The values of g are 
considered at Mz/m (Mz be ing the mass of Z° ) for m = 1 , 
2, 4, and 8. The result on y is shown as a function of In g in 
Fig. 11. The dependence on nf is so small tha t connect ion 
of the different po in t s with different for the same Q 
results in only short line segments as shown. Thus , we learn 
tha t as a jet of p a r t o n s evolves t oward lower g, we need 
no t be concerned with the change of the active flavour, and 
tha t the p a r t o n multiplicity will depend on the evolving 
virtuali ty t h rough a mild var ia t ion of y, bu t not enough to 
invalidate fixed coupl ing approx imat ion . Certainly, in the 
rat io of the multiplicities, such dependences are cancelled, 
yielding a stable value of r. This conclusion has been 
suppor ted by the approx ima te solut ions of the equa t ions 
with the runn ing coupl ing [41], as has a l ready been 
discussed al ready (see Table 1). 

7.2 Higher-order moments and widths of distributions in 
gluon and quark jets 
The dispersion of the multiplicity dis t r ibut ion is determined 
by the second m o m e n t . Therefore, to get it one should 
solve the system of equa t ions (50) and (51) for q = 2. 
However , re lat ions (76) and (77) p r o m p t us to obta in the 
solution for any q. In fact, one can obta in a system of 
coupled recurrent equa t ions [21] for m o m e n t s if one 
subst i tutes in E q n s (50) and (51) the generat ing functions 
according to E q n (7) and compares the coefficients of zq on 
b o t h sides. Those equa t ions are solved by i terat ion, which 
is well suited for compute r calculat ions. They will no t be 
wri t ten down here (see [21]); jus t the final analytic 
expressions for the m o m e n t s of r ank q as related to the 
lower r ank m o m e n t s will be given. F o r tha t purpose , let us 
in t roduce 

q\ 
0 
^q 

r«q\ 

(87) 

The solution of the equat ion is [21] 

/, = [aqSq(f,4>)+bqTq(f,4>)]A-1 , 

4>q = , 

where 
q-l 

S9=^(N?,lflf9-l + *Nllhh-l) > 
1=1 

1=1 

qy 
aq—~~^~ ^ 0 , 0 — Lq,q •> 

^0 

bq = nfM¥

q , 

Cq — Lq,0 •> 

dq=%-MG

q+n,Nl^ 

tlqdq &qCq i 

MG

q = * ( ! ) - <A(W + 1) +B(qy, 1) - 2B(qy + 1,2) 

(88) 

(89) 

(90) 

(91) 

(92) 

(93) 

(94) 

(95) 

(96) 

-2B(qy + 2,1) + B(qy + 2 ,3) + B(qy + 3 ,2) + 
11 

2N, 
[B(qy + 3,1)+B(qy+1,3)} , 

Nq<l = B[ly, (q - l)y + 1] - 2B[ly +\,(q- l)y + 2] 

+ B[ly + 2, (q-l)y + 3] , 

</ = Wc

{B[ly + 3 ' { q ~ 1 ) 1 + l ] + B [ l y + l^ + 3U ' 

= ^{B[iy + 1 , (« - Or] - B[iy + i,(q- Or +1] 

+ L-B[ly+\,(q-l)y + 2]}. 

The above expressions look c u m b e r s o m e ! bu t their s t ruc­
ture is very simple and clear. They generalise the formulas 
of the preceding section to any q. The formulas of 
g luodynamics follow from those for nf = C F = 0 if one 
leaves in Mq and Nqj, the leading te rms B(qy, 1) = l/qy, 
and B[ly, (q — l)y + 1]. Us ing the values of y and r from the 
preceding section at given y0 and nh one obta ins first F2 

and &2> a n d then increases q by 1. 
The evolut ion pa rame te r y d isappears from the for­

mulas . A poster ior i , it means tha t our assumpt ion abou t F 
scaling with all dependence on y h idden in the average 
multiplicities (nGiF)(y) is correct for fixed coupling. It leads 
to the self-consistent system of algebraic equa t ions where all 
quant i t ies , including Fq and & q , are independent of energy. 
It should be stressed tha t F scaling is as precise as the main 
equa t ions at fixed coupling. In fact, one should speak abou t 
asymptot ic F scaling because the limits of x- in tegra t ion in 
E q n s (50) and (51) are asymptot ic . M o r e precise t r ea tment 
of them would cor respond to considering the higher twist 
effects. 

fThe gluodynamics formulas are obtained from them in the limit 
rif — C F = 0 when only the leading terms of Mq and of Nqj are 
considered, i.e. B(qy, 1) = l/qy and B[ly, (q — l)y + 1]. 
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The results of calculat ion, when expressed in te rms of Fq 

and <Pq, are shown in Fig . 12 for y0 = 0.48 and = 5. 
Evidently, they increase rapidly with q, m o r e so for & q t han 
for Fq. Since these are normal ised factorial momen t s , they 
imply tha t the multiplicity dis t r ibut ion for the qua rk jet is 
wider than tha t for the gluon jet, a l though the average 
multiplicity in qua rk jets is lower t h a n in gluon jets . These 
results are very insensitive to the n u m b e r of active flavours 

The dependence on the coupl ing constant is very mild 
and the results are ra ther insensitive to the coupling 
constant being fixed or running . 

Let us compare the Q C D results to those of the 
phenomenolog ica l dis t r ibut ions . By compar i son of 
Fig. 12 with Fig. 2 and Fig. 3, the Q C D results are clearly 
of the N B D type ra ther t han the fixed multiplicity type. In 
fact, Fq in Fig. 12 can be approx imated by a negative 
b inomia l dis t r ibut ion with k = 5. However , this is an 
apparen t coincidence. While the character isa t ion of Fq 

by the N B D paramete r k is convenient , the fits by the 
negative b inomia l dis t r ibut ion are inappropr ia te . Let us 
recall tha t the cumulan ts of the negative b inomia l dis t r ibu­
t ion decrease at low q and then increase. The rat io Hq 

decreases monoton ica l ly with q. 
The cor responding ra t ios for gluon and qua rk jets are 

defined here as: 

H q = ^ , (97) 

where Kq(Wq) are related to Fq(0q) by formula (11). The 
results of calculat ions in fixed-coupling Q C D are shown in 
Figs 13 and 14. 

The distinctive feature of the behaviour of Hq is clearly 
its oscillations. There are no oscillations for the negative 
b inomia l dis t r ibut ion even if it fits the second and thi rd 
m o m e n t s quite well. One sees tha t the fixed multiplicity 

Figure 14. Ratio r\ of quark-jet distribution in fixed-coupling QCD 
for 7 o 0.48, n? 5 [21]. (a) rjq , (b) In \rjq\ . 

distr ibut ion, which gives rise to oscillations of Hq changing 
sign at each subsequent integer value of q, does no t suit us 
because of the w r o n g values of m o m e n t s and the improper 
per iod of oscillations (see the discussion of exper imental 
results in the following section). 

The sensitivity of Hq to the shapes of the dis t r ibut ions 
obta ined in Q C D with different assumpt ions is clearly 
demons t ra ted by its var ious qual i ta t ive forms. It is posit ive 
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and decreases monotonica l ly as ~q~ in the doub le -
logar i thmic approx imat ion , acquires a zero and a min i ­
m u m in the modified leading-logar i thm approx ima t ion 
tending asymptot ical ly to zero from be low like ~ — q~l, 
acquires a second zero and cons tant posit ive asymptot ics 
because of the next term, and star ts oscillating in the higher-
order approx imat ions . 

The behaviour of Hq depends strongly on slight 
var ia t ions of the par t icular shape of factorial m o m e n t s 
at low values of q. One can demons t ra t e h o w easy it is to 
obta in oscillations of the fixed multiplicity type imposed on 
the double- logar i thmic behaviour by doing the following 
exercise. It is k n o w n [19, 46] tha t the large q behav iour of Fq 

of the factorial m o m e n t s in the double- logar i thmic a p p r o x ­
imat ion [see E q n (23)] is 

p _2qr{q+\) 
Ci 

(99) 

If one adds a p reasympto t ic te rm by replacing the factor 2q 
by 2q+\ in the n u m e r a t o r (which restores the condi t ion 
Fq = 1 bu t no t Fx = 1), one gets an addi t iona l te rm in Hq 

which imposes oscillations of the fixed multiplicity type on 
the m o n o t o n i c decrease of the form q~2, and the rat io Hq 

becomes 

2 + ( - l ) * " 1 

(100) 

where the second term in the numera to r appears because of 
the newly added preasympto t ic te rm. 

The above examples show h o w sensitive Hq is to var i ­
ous approx ima t ions m a d e in solving the set of equa t ions for 
the generat ing functions. Their distinction has been 
demons t ra ted in Figs 4, 6, 13, and 14, and they strongly 
differ from the phenomenolog ica l dis t r ibut ions shown in 
Figs 2 and 3. Unfor tuna te ly , there is still no clear unde r ­
s tanding of the physical origin of the oscillations, i.e. of 
their periodicity, ampl i tude , and dependence on the r ank q 
(it seems tha t the ampl i tude increases and the per iod 
decreases with q). Nevertheless , the exact solution of 
fixed-coupling Q C D equat ions provides a clear guide to 
the realistic behaviour of Hq. Pe rhaps the behaviour of Hq 

will show us ways to generalise the equa t ions for the 
generat ing functions, including the fine effects of the 
interact ion of 'colour mons t e r s ' [5, 19, 46]. 

N o t e tha t the above oscillations proceed at integer 
values of q and are no t related to the oscillation of the 
fractional m o m e n t s . The latter would impose the lower-
per iod ha rmon ics on those oscillations. 

8. Experiment 
Thus , we have obta ined the results for the K N O function 
f(x), for the m o m e n t s of the multiplicity dis t r ibut ion Kq 

and Fq, and for their ra t io Hq, as well as for the energy 
behaviour of mean multiplicities (the a n o m a l o u s Q C D 
dimension y) and for the rat io r of the average multiplicities 
in gluon and qua rk jets . Before compar ing them with 
experiment one should remember tha t all the above results 
have been obta ined for the multiplicity dis t r ibut ions of 
p a r t o n s (gluons and quarks ) while experimental is ts have to 
deal with h a d r o n s . To t rans la te theoret ical predic t ions to 
experimental ly measured values, one must construct a 
hadron i sa t ion mode l describing the t ransi t ion from p a r t o n s 
to had rons . Then , one can obta in quant i ta t ive results using 

M o n t e Car lo calculat ions. SomeTimes, one relies on the 
hypothesis of the local p a r t o n - h a d r o n duali ty. This 
assumes tha t the dis t r ibut ions of p a r t o n s and h a d r o n s 
differ by only a numer ica l coefficient which is determined 
by the n u m b e r of p a r t o n s recombined in a single h a d r o n . 
Therefore, this is of less impor tance for the normal ised 
variables, and the normal ised m o m e n t s of gluon and qua rk 
jets should simply be related to the m o m e n t s of observed 
processes, e.g. to e l e c t r o n - p o s i t r o n annihi la t ion. On the 
other hand , such values as the average multiplicities in 
gluon and qua rk je ts are changed in a different way tha t 
can vary their rat io also. In this case one could use var ious 
M o n t e Car lo versions of hadron i sa t ion . One of them, the 
Herwig me thod [47], has been discussed in Ref. [48] in 
relat ion to the rat io of the average multiplicities r 
[Eqn (75)] b o t h on p a r t o n and on h a d r o n levels (see 
Fig. 15). The me thod suppor t s the asymptot ic local 
p a r t o n - h a d r o n dual i ty bu t does no t respect it at inter­
media te energies in an exact way. The pa r ton ic rat io is 
given by to r j ^ t o n w 1.9. It shows tha t the higher-order 
correct ions play an impor t an t role in the Herwig app roach 
because this value is smaller t han those of the lowest-order 
approx ima t ions as discussed above. The had ron ic rat io is 
slightly lower in asymptot ics . However , it is still much 
lower at energies of Z° (equal to 1.44) and increases with 
energy. This indicates tha t the local p a r t o n - h a d r o n duali ty 
is not yet very accurate . The mode l describes the bulk of 
exper imental da ta even t h o u g h it admi ts slight revisions. In 
par t icular , if one modifies the pa r ton ic cascade so tha t it 
gives rise to a value of the pa r ton ic rat io obta ined above 
r t h e o r — 1.84 zb 0.02 [Eqn (85)] and considers the same 
hadron i sa t ion mode l to deal with the same rat io of 
h a d r o n s to p a r t o n s Hadron Ap lSon = 1.44/1.92 (see 
Fig. 15), i.e. applies the formula 

' exp 

M C 
'hadron 

'parton 

one obta ins 

1.38 ± 0 . 0 2 , 

(101) 

(102) 

which agrees qui te well with the recently measured [49] 
value 1.27 ± 0 . 0 4 ± 0 . 0 6 (see also Ref. [50]). Therefore, we 
can state tha t there is no longer a disagreement between 
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Figure 15. Ratio r of average multiplicities in gluon and quark jets 
[48]. Analytic results are shown by the upper curves. Results obtained 
from the Herwig Monte Carlo method at the par ton and hadron levels 
are also shown. 



Quantum chromodynamics and multiplicity distributions 731 

theoret ical and exper imental values of the rat io of average 
multiplicities in gluon and qua rk jets . Still, one should keep 
in mind tha t the phenomenologica l ly described had ron i sa ­
t ion plays an impor t an t role in reducing this value by 4 0 % 
when going from par ton ic to had ron ic levels. 

The K N O f u n c t i o n / ( x ) becomes na r rower when energy 
conservat ion is t aken into account in a p roper way, in 
contras t to the double- logar i thmic approx imat ion , as was 
discussed in Section 5.1. The negative b inomia l dis t r ibut ion 
fits it ra ther well with k w 7, as is seen from Fig . 5. The 
M o n t e Car lo calculat ions fit experiment as well. However , 
it should be stressed once again tha t some t iny features 
escape such a compar i son , as revealed when s tudying the 
behav iour of the rat io of cumulan t to factorial m o m e n t s Hq. 

These ra t ios differ for gluon and qua rk jets as shown in 
Figs 13 and 14. Therefore, they m a y be used either for 
selection of those jets , or for the cont ro l of the validity of 
their separat ion performed according to other criteria (see 
e.g. Refs [49, 50]). The quali tat ive characterist ics of the 
curves are hard ly changed by hadron i sa t ion M o n t e Car lo 
calculat ions, bu t this is yet to be confirmed. 

The t ransi t ion from generat ing functions of jets to real 
processes of h a d r o p r o d u c t i o n is nontr iv ia l even for e + e ~ 
annihi la t ion as has been discussed above, and much m o r e 
complicated for other processes. Hopeful ly the qual i ta t ive 
features of jet m o m e n t s are m o r e general. Then it would be 
reasonable to compare them with the cor responding 
characterist ics of mult ipar t ic le p roduc t ion processes in an 
a t t empt to reveal their interrelat ion and, in par t icular , the 
role of hadron i sa t ion . 

Such an analysis has been performed [51] b o t h for e + e ~ 
annihi la t ion and for pp (and pp) interact ions in a wide 
energy interval to get some idea of the difference between 
the processes initiated by leptons and by h a d r o n s . A list of 
the samples of exper imental da ta [ 5 2 - 5 6 ] considered is 
given in Table 2. Small statistical samples, yielding large 
error bars , have been disregarded, and only papers 
repor t ing a detailed separat ion between elastic and inelastic 

Table 2. Investigated data. 

Inter­ Experiment, spec­ CMS energy or beam N o . of 
action trometer, or colla­

boration name 
moment events 

e + e - TASSO [52] 22 GeV 1913 
H R S [53] 29 29649 
TASSO [52] 34.8 52832 
TASSO [52] 43.6 8620 
ALEPH [54] 91 90000 
D E L P H I [55] 91 47400 
L3 [56] 91 169700 
OPAL [57] 91 82941 

PP F N A L [61] 
SMF detector at 

300 GeV/c, = 23.8 GeV 8477 

CERN [63] 30.4 37069 
E743 F N A L [62] 800 GeV/c , yfi = 38.8 10217 
SMF detector at 
CERN [63] 52.6 26842 
SMF detector at 
CERN [63] 62.2 58196 
U A 5 [64] 200 4156 
U A 5 [65] 546 7775 
U A 5 [64] 900 6839 

16 q 

Figure 16. Hq plotted as a function of q in the e + e data of D E L P H I 
collaboration at 91 GeV [51]. 

10 12 14 16 

Figure 17. Hq plotted as a function of q in the pp data of UA5 
collaboration at 546 GeV [51]. 

da ta for low multiplicities have been taken into account . 
F o r all the considered exper imental multiplicity dis t r ibu­
t ions of secondary h a d r o n s the rat io Hq has been computed 
up to the 16th order . In fact, the quali tat ive features of the 
behav iour of Hq are very similar in all processes, t hough the 
detailed s t ructure depends on the type of interact ion, on the 
energy, and even on the exper imental sampling of events. 

As a first example one m a y consider the ou tcomes of the 
e + e " 91 G e V D E L P H I multiplicity dis t r ibut ion [55] p lo t ted 
in Fig. 16. Owing to the different order of magn i tude 
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Figure 18. Hq plotted as a function of q in e + e " data in a wide energy 
interval [51] (experimental groups are ordered as in Table 2, i.e. the 
energy increases from top to bot tom). On the left the lowest orders are 
shown in the log scale, on the right the higher orders in the linear 
scale. 
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Figure 19. Hq plotted as a function of q in pp (and pp) data in a wide 
energy interval [51] (the comments are the same as in Fig. 18). 

involved here, the low-g and high-g regions are p lot ted on 
different scales. The lines connect ing the po in t s in the inset 
displays, up to the 4th order , the ab rup t descent of Hq ( the 
scale is logari thmic) . In the main reference frame, two 
negative min ima (at q w 5 and 12) and two posit ive max ima 
(at q w 8 and 15) are shown. The predict ions of the negative 
b inomia l dis t r ibut ion are given by the dashed curve shown 
in Fig. 16. The value of the pa ramete r k has been taken 
from Ref. [55] ( JT 1 = 0.0411 ± 0.0012). N o min ima or 
max ima appear , of course, and it is t empt ing to conclude 
tha t the negative b inomia l dis t r ibut ion is able to reproduce 
the main details of exper imental da ta at low q bu t no t its 
t iny details revealed by oscillations at higher q. 

Fig. 17 refers to the pp 546 G e V interact ion ou tcomes 
from the U A 5 col labora t ion [65]. The main difference from 
the previous case is the order of magn i tude of the max ima 
and min ima, whose absolute value is m o r e t han ten Times 
larger. Nonetheless , the same main characterist ics found for 
e + e ~ annihi la t ion, i.e. the ab rup t descent and the subse­
quent oscillations, can be observed (here the min ima are at 
q w 5 and 12 while the max ima are at q w 8 and 15). Again 
super imposed (dashed curve) are the negative b imomia l 
yields, here cor responding to the k pa ramete r given in 
Ref. [65] (k = 3.69 ± 0 . 0 9 ) . 

Similar quali tat ive features have been observed at 
var ious energies, as shown in Figs 18 and 19. N o t e tha t 
there is a quant i ta t ive dist inction between the exper imental 

da ta of different co l labora t ions for the same e + e ~ process at 
the same energy 91 G e V (see the four lower g raphs in 
Fig. 18). Pe rhaps this is related to the selection procedures 
adop ted by var ious col labora t ions and to systematic errors . 
The high sensitivity of the rat io Hq could be exploited, e.g. 
for opt imisa- t ion of the selection criteria. To check their 
influence, the var ious M o n t e Car lo schemes have been 
compared with the da ta on Hq. A R I A D N E , which includes 
the selection criteria of O P A L , has its da ta given in Fig. 18g 
while J E T S E T , suited for D E L P H I , has its da ta shown in 
Fig. 18f. Since there is a quant i ta t ive difference between 
those da ta , one concludes tha t it s tems from the par t icular 
details of experiments bu t not from the general dynamics of 
the process at the p a r t o n level. The general t rend survives 
var ious systematics. 

N o t e tha t the dist inction between exper imental and 
negative b inomia l dis t r ibut ions has been observed in 
paper s of U A 5 [65], D E L P H I [55], and O P A L [57]. The 
latter col labora t ion has shown tha t the difference between 
the two dis t r ibut ions oscillates. Pe rhaps this lies at the 
origin of the oscillations of Hq, as well. Their physical 
in terpre ta t ion could be related to the varying number of 
subjets in e + e ~ annihi la t ion (see e.g. Ref. [31]) or to the 
number of ' ladder-s t r ings ' in had ron ic processes (see e.g. 
Ref. [27]). Oscillation of the cumulan t s due to dynamica l 
origin imply immediately tha t the models with Poisson 
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dis tr ibuted clusters [28, 84] are inappropr ia te for the precise 
descript ion of exper imental da ta . 

The m o r e trivial effect of the cut-off of the exper imental 
dis t r ibut ions at large multiplicities could be of impor tance 
since it p roduces some oscillations of Hq also. In distinction 
to dynamica l oscillation of Q C D , this effect should, 
however , vanish at asymptot ical ly high energies. Neve r ­
theless, further s tudy needs to be done . 

To conclude, one can say tha t the Q C D predic t ions have 
become m o r e reliable at the qual i ta t ive level in recent years 
and have gained suppor t from exper imental da ta on 
multiplicity dis t r ibut ions. There n o w exist b o t h the p roper 
app roach to the t rea tment of var ious theoret ical a p p r o x ­
imat ions and some p roposa l s for the selection of 
exper imental da ta for quant i ta t ive compar i son with t h e o ­
retical predic t ions . Therefore, a solid foundat ion has been 
laid for the precise description of the p rob lem as a whole. 

9. Evolution of distributions with decreasing 
phase-space volume — intermittency and 
fractality 
The multiplicity dis t r ibut ions can be measured not only in 
the to ta l phase-space (as has been discussed above for very 
large phase-space volumes) bu t in any pa r t of it. F o r the 
h o m o g e n e o u s dis t r ibut ion of part icles within the volume, 
the average multiplicity is p r o p o r t i o n a l to the vo lume and 
decreases for small volumes bu t the f luctuat ions increase. 
The mos t interest ing p rob lem here is the law governing the 
growth of the f luctuations, and its possible depar tu re from 
a purely statistical law related to the decrease of the 
average multiplicity. Such a var ia t ion has to be connected 
with the dynamics of interact ions. In par t icular , it has been 
p roposed [66] to look for the power- law behaviour of the 
factorial m o m e n t s for small rapidi ty intervals by 

Fq ~ (Sy)-*<«> (Sy - 0) , (103) 

where (j)(q) > 0. This assumpt ion has been mot iva ted by 
the ana logy to turbulence in hydrodynamics , where the 
similar p rope r ty is k n o w n as in termit tency and (f>(q) are 
called the in termit tency exponents . It or iginates from the 
state of the fluid in which the 'quiet ' regions a l ternate with 
the volumes of high f luctuations, and becomes even m o r e 
not iceable at smaller sizes. F r o m the poin t of view of 
dis t r ibut ions it implies a ra ther s t rong increase of their 
width with slower decline at high multiplicities. 

Exper imenta l da ta on var ious processes in a wide energy 
range suppor t the idea by revealing the power- law depend­
ence (103). Immediate ly , several theoret ical approaches 
were developed to explain tha t p h e n o m e n o n . The present 
state of affairs has been described recently in a review paper 
[14]. Here , it is just shown h o w Q C D reproduces inter­
mit tency [38, 6 7 - 7 1 ] . 

Let us stress once again tha t Q C D deals with p a r t o n s 
(quarks and gluons) while exper imental results provide the 
m o m e n t s of dis t r ibut ions of h a d r o n s . The local p a r t o n -
h a d r o n dual i ty hypothes is implies p ropor t iona l i ty of 
inclusive dis t r ibut ions bu t is no t so obvious for correla­
t ions and is no t fulfilled someTimes in the p roposed M o n t e 
Car lo schemes. Therefore, one can pre tend to get a 
quali tat ive descript ion on the p a r t o n level bu t no t a t tempt 
a quant i ta t ive compar i son with experiment . 

In contras t to the previous sections, here the d i ag ram­
mat ic app roach is relied on instead of the equa t ions for the 

6 

Figure 20. Emission of the gluon (wavy lines) jet by the quark (the 
solid line) [38]. 

generat ing functions. This is because, considering the 
multiplicity dis t r ibut ions in small phase-space volumes, 
one has to deal with a minor par t of the whole p a r t o n 
content of a well-developed jet; namely, with those p a r t o n s 
which fill in the chosen volume. It should be stressed tha t 
the prehis tory of a jet as a whole is impor t an t for the subjet 
under considerat ion, as is shown in Fig. 20. Here 
(1) the p r imary qua rk (solid line) emits a ha rd gluon with 

energy E in the direction of the angular interval 0, bu t 
no t necessarily hi t t ing the window; 

(2) the emitted gluon p roduces a jet of p a r t o n s with p a r t o n 
splitting angles larger t han the w indow size; 

(3) a m o n g those p a r t o n s there exists a p a r t o n with energy k 
which hits the window; 

(4) all decay p roduc t s of the subjet exactly cover the angle 
6. 
This pic ture dictates the rules of calculat ion of the qth 

correlator of the whole jet . One should average the qth 
correlator of the subjet AN^q\k9) over all possible ways of 
its p roduc t ion , i.e. convolute it with the inclusive spectra of 
such p a r t o n s De in the whole jet and with the probabi l i ty of 
creat ion of the jet (OCSKy). Analytically, this is represented 

x ^ ^ - D e ^ ; E 0 O 9 k9^ANiq\k9) , (104) 

where AN^=Fq{n)q is the unnormal i sed factorial 
m o m e n t (on the left-hand side for the whole jet, and on 
the r ight- h a n d side for the p a r t o n subjet with m o m e n t u m k 
within the angle integral 6). Since the unnormal i sed 
m o m e n t s increase with energy while the p a r t o n spectrum 
decreases, the p roduc t D9AN^q\k9) has a m a x i m u m at 
some energy, and the integral over m o m e n t a m a y be 
calculated by the steepest-descent me thod . Leaving aside 
the details of calculat ions (seeRef. [38]), we describe the 
general s t ructure of the correla tor for the fixed coupling 
constant y0 = const: 

fc\ \7o/q //7/3\^o 
AN{q) oc Afif j ) l-^-j (c = const) , (105) 



734 I M Dremin 

where the three factors represent the phase space, the 
energy spectrum factor, and the qth power of the average 
multiplicity. To get the normal ised m o m e n t , one mus t 
divide expression (105) by the qth power of tha t pa r t of the 
mean multiplicity of the whole jet tha t appears inside the 
w indow 0, i.e. by the p ropo r t i on of the to ta l average 
multiplicity cor responding to the phase-space vo lume AQ: 

AN(0) oc AQAN(90) . (106) 

If the analysis has been done in the D-dimens iona l space, 
the phase-space vo lume obeys: 

AQ oc 9D , (107) 

where 9 cor responds to the m i n i m u m linear size on the 
Z)-dimensional w i n d o w tha t stems from the singular 
behav iour of p a r t o n p r o p a g a t o r s in Q C D (see Ref. [38]). 
Tha t is why the factorial m o m e n t s m a y be represented as 
p roduc t s of a purely k inemat ica l factor depending on the 
dimension of the analysed space, and of the dynamica l 
factor, which is not related to the dimension and defined by 
the coupling constant 

(108) 

At small angular windows one gets 9 ~ 8y and the 
intermit tency indices defined by Eqn (103) are given by 

<Kq) =D{q-\) 
- 1 

-7o (109) 

The formula (109) is valid for modera te ly small windows, 
in which the condi t ion a 5 l n 0 o / 0 < l is fulfilled. F o r 
extremely small windows, one should t ake into account 
tha t the coupl ing cons tant is running . Then the cons tant y0 

should be replaced by the effective value (y), which depends 
logari thmical ly on the width of the w indow 9 and m a y be 
approx imated by [38] 

(7>=7o ( l+J) 

where 

q2 + \ ln(fl 0/fl) 
^ 1 

(110) 

(111) 

As a result, numer ica l values of the intermit tency indices 
for very small windows become not iceably smaller than in 
the fixed-coupling regime, especially for the low-rank 
mom en t s . Moreover , the simple power- law behaviour 
(103) becomes modified by the logar i thmic correct ion 
te rms and the intermit tency indices depend on the value of 
the chosen interval. The result ing curve of l n F ^ as a 
function of — In 9 has two branches . The ra ther steep linear 
increase at the modera te ly small windows 9 with the slope 
(109) is replaced at smaller w indow sizes by the much 
slower quasil inear increase given by Eqns (110) and (111). 
It is easy to calculate the posi t ion of the t ransi t ion poin t to 
ano ther regime and show that , at higher values of q, po in t 
shifts to smaller w indow sizes. Still, the factorial m o m e n t s 
of any r ank increase at smaller intervals. This demons t ra tes 
tha t the cor responding f luctuat ions of the multiplicity 
dis t r ibut ions become stronger t han those in larger intervals 
and, m o r e impor tan t ly , not iceably exceed the Poisson 
f luctuat ions. 

The results of the double- logar i thmic approx imat ion 
have been described. The correct ions due to the modified 

leading-logar i thm te rms are comparat ive ly small n u m e r ­
ically (about 10%) . F o r example, they move the t ransi t ion 
poin t (from power- law to quas ipower regime) to slightly 
smaller windows for any m o m e n t except the second one, 
where it moves to somewhat larger angles. This tendency 
can be easily prescribed to the m u t u a l influence of the 
energy spectrum and the average multiplicity. Of m o r e 
impor tance are the qual i ta t ive effects of new functional 
dependence on the r ank q due to the te rms p ropo r t i ona l to 
qy. F o r example, the a t tempt to exploit the analogy to 
statistical mechanics [38], where the quant i ty 

q 

is interpreted as 'free energy ' and the r ank q as an inverse 
t empera tu re fi=\/kT, has led to the unexpected result 
abou t the 'phase t rans i t ion ' . It shows up because the 'free 
energy ' increases monoton ica l ly with q in the lowest-order 
approx ima t ion while higher-order correct ions give rise to 
the m a x i m u m just at those q values where Hq has a 
m in imum (71) described above, i.e. at 

1 
(112) 

In statistical mechanics , this would cor respond to zero 
entropy, i.e. to the phase t ransi t ion. Here , it jus t indicates 
the role of the new pa ramete r qy in Q C D as discussed 
above. 

The above results m a y be restated in te rms of fractals. 
The power- l ike behaviour of factorial m o m e n t s suggests 
fractal proper t ies of part icle (pa r ton) dis t r ibut ions in the 
phase space. Accord ing to the general theory of fractals (see 
Ref. [14] and references therein), the intermit tency indices 
are related to fractal (Renyi) d imensions Dq by the formula 

Hq) = (q-l)(D-Dq) , (113) 

from which one gets, in the double- logar i thmic a p p r o x ­
imat ion tak ing into account Eqn (109), 

Dq = q-^y0 = y 0 ^ - 014) 
q q 

The first t e rm cor responds to monof rac ta l behaviour and is 
due to the average multiplicity increase. The second term 
provides mult ifractal proper t ies and is related to the 
descent of the energy spectrum as discussed above. One 
can easily obta in the mult ifractal spectral function in tha t 
case (see Ref. [38]). It is clearly seen tha t the fractality in 
Q C D has a purely dynamica l origin (Dq ~ y0) related to the 
cascade na tu re of the process, while the k inemat ica l factor 
in relat ion (108) has an integer dimension. 

The fractality of the part icle dis t r ibut ions in the p h a s e -
space vo lume could suggest the fractal proper t ies of 
colliding objects in o rd inary s p a c e - t i m e . Surely, owing 
to its dynamica l origin, such a s t ructure would itself be 
dynamical , i.e. rapidly evolving in space and t ime. There are 
two reasons to favour this possibility. Firs t , the cascade 
process of the evolut ion of the p a r t o n shower in o rd inary 
space must give rise to the ' tree-like' s t ructure of the fractal 
type which should evolve due to the cascade evolut ion. 
Second, the lattice compu ta t ion in SU(2) g luodynamics [72] 
has shown tha t the system of g luons in the vicinity of the 
phase t ransi t ion is fractal in the sense tha t it fills the vo lume 
V b o u n d e d by the surface S which are related by the 
formula V oc 5 1 - 1 2 . This is typical of fractal objects; the 
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exponent would be equal to 1.5 for o rd inary th ree-
dimensional objects. 

The geometr ic fractality of macroscopic bodies has been 
revealed by measurements of the power-l ike shape of the 
s t ructure functions when some point- l ike part icles (pho tons , 
electrons, neu t rons , etc) are scattered by them. Us ing this 
example, one might t ry to measure [73] the s t ructure 
functions in the deep-inelastic processes a iming at the 
fractal d imensions of the scattered par tners . However , 
this has been done theoretical ly on the mode l level only, 
and exper imental difficulties prevent direct compar i son . 
Therefore, the p rob lem of the fractal geometry of part icles 
in o rd inary s p a c e - t i m e is still wai t ing to be solved. 

Final ly, it should be ment ioned tha t no exper imental 
analysis of the noninteger r ank m o m e n t s yet has been 
performed, and their discussion in Sections 2 and 3 should 
be interpreted as a rifle in a C h e k h o v play which is still far 
from over. 

10. Brief discussion of other QCD effects 
The theoret ical foundat ion of Q C D as a non-Abel ian 
gauge theory describing the interact ion of qua rks and 
gluons has been firmly established, t hough the confinement 
p rob lem has no t yet been resolved. The predict ion of 
asymptot ic freedom, i.e. of weaker interact ion at small 
distances, allows one to apply the well-developed m e t h o d s 
of pe r tu rba t ion theory. In parallel , there are lattice 
calculat ions, some symmetry proper t ies are considered, 
the poten t ia l mode l app roach is developed. The had ron i sa ­
t ion of qua rks and gluons is described in some models 
which are compared to experiment if the M o n t e Car lo 
calculat ions are done . The whole arsenal of theoret ical 
m e t h o d s provides m a n y predic t ions and describes a lot of 
effects observed experimentally. A m o n g them there are 
such successes of Q C D as the rat io of the to ta l cross 
sections of e + e ~ annihi la t ion to h a d r o n s and to the m u o n 
pair ; predic t ions of the sum rules, which interrelate qua rks 
of var ious species; detailed descript ion of the proper t ies of 
heavy qua rkon ia ; some relat ions for polar ised part icles; etc. 

The achievements of the per turba t ive m e t h o d s have 
been connected, first, with the ha rd processes of part icle 
in teract ions where the t ransferred m o m e n t a are high. Those 
are the e + e ~ annihi la t ion at high energies, deep-inelastic 
scattering of leptons and neut r ino on h a d r o n s , had ron ic 
processes with large t ransverse m o m e n t a , heavy qua rk 
p roduc t ion , and the D r e l l - Y a n process (product ion of 
m u o n pai rs with large invar iant mass) . The universal i ty 
of the s t ructure functions as applied in var ious react ions, 
the cor respondence of the lowest approx ima t ion of Q C D to 
the p a r t o n mode l results including the scaling p rope r ty and 
subsequent violat ion of it in the higher-order t e rms due to 
the runn ing coupl ing cons tant were no tab le l a n d m a r k s in 
the evolut ion of the theory and its compar i son to experi­
ment . 

The interference effects were studied somewhat later and 
will be ment ioned at some length. The no t ion of coherence 
plays a p r e d o m i n a n t role in m a n y ou tcomes of theoret ical 
calculat ions [74, 75]. It is a coherence which allows one to 
apply the evolut ion equa t ions for the generat ing functions 
considered above on the probabi l is t ic level to the descr ip­
t ion of jets . One of the mos t r emarkab le predict ions is the 
so-called ' hump-backed ' p la teau [76]. The coherence is 
especially impor t an t for var ious correlat ion characterist ics 

(energy flows, multiplicities etc. [10, 35, 71]). Recent ly, the 
so-called string [77] or d rag [78] effect has been studied 
experimentally. The theory predicts tha t in three-jet e + e ~ 
events there is a deplet ion of part icles in the region between 
two qua rks because they are 'd ragged ' by the gluon jet while 
there is no such effect if the p h o t o n is emitted in the same 
direction. This is explained as destructive interference 
between the two quarks . The ana logous effects have 
been predicted in react ions of creat ion of p h o t o n s , m u o n 
pairs , and heavy bosons with high t ransverse m o m e n t a . 

Ano the r effect of suppression of h a d r o n multiplicity in 
react ions with heavy qua rks has been observed in Ref. [79]. 
If, compared with the ana logous process with the p r o d u c ­
t ion of light quarks , the so-called compan ion multiplicity of 
secondaries in heavy-quark p roduc t ion is several charged 
part icles smaller. By tha t one means the part icles which 
appear dur ing the hadron i sa t ion of b remss t rah lung gluons 
emitted by the initial quark . The origin of the effect lies in 
the large masses of heavy quarks . In tha t case, as is k n o w n 
from scattering theory [80], the rad ia t ion of vector part icles 
(in our case, gluons) in the direction of the heavy (or 
rapidly-decaying) pa ren t is suppressed and the to ta l 
intensity is reduced. Thus , this observat ion confirms the 
vector na tu re of g luons once again. It would be interesting 
to measure the angular dis t r ibut ion of such events, which 
should reveal the ring-like s t ructure of the angular dis­
t r ibut ion of ' b remss t rah lung ' h a d r o n s [81, 82] with a dead 
cone inside [83]. 

In general , the idea of the angular order ing of q u a r k -
gluon jets due to interference effects is very fruitful and 
gives rise to the equa t ions for the generat ing functions of 
multiplicity dis t r ibut ions considered above. 

11. Conclusions 
There is a fundamenta l difference between the effects 
described in the previous section and the results abou t 
multiplicity dis t r ibut ions included in this review. The 
former are somehow determined by the hardness of the 
processes, while the multiplicity dis t r ibut ions are most ly 
related to soft part icles appear ing at the latest stages of the 
development of the cascade. Therefore, the success of this 
app roach substantial ly expands Q C D ' s claims to be able to 
represent a wide scope. The higher-order approx ima t ions 
for the runn ing coupl ing cons tant and the exact solution 
for the fixed coupling show quali tat ively new features of 
multiplicity dis t r ibut ions, compared with the doub le -
logar i thmic approx imat ion . F r o m the physical po in t of 
view they should t ake into account the softer stages of the 
p a r t o n cascade. The qual i tat ive features predicted for 
p a r t o n s happen to be valid for h a d r o n s p roduced b o t h 
in e + e ~ and hh processes. It p r o m p t s speculat ion abou t the 
similarity of the p roduc t ion mechanisms in b o t h cases and 
abou t the applicabil i ty of higher-order per turba t ive results 
to the descript ion of the soft stages. 

Evolu t ion of the a t t i tude to extension of the validity 
region of the per turba t ive app roach can be t raced in the 
his tory of the p rob lem as described in the in t roduct ion . The 
initial excitement s t imulated by predic t ions of the energy 
increase of the average multiplicity and of the K N O scaling 
independent of the coupl ing cons tant gave way to some 
depression evoked by the extremely wide multiplicity 
dis t r ibut ion predicted theoretically, t hough it was soon 
stated tha t the correct ion te rms were ra ther large. N o w 
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it becomes completely clear tha t t e rms of still h igher-order 
are also impor t an t and it is possible to t ake them into 
account in a correct way. The results reveal app rox ima te F 
(or K N O ) scaling with dependence on the coupl ing 
constant . N e w features in the behaviour of the m o m e n t s 
of multiplicity dis t r ibut ions have been predicted and 
confirmed by experiment . The evolut ion of dis t r ibut ions 
in smaller phase-space regions has also been described. The 
former discrepancy in the value of the rat io of the average 
multiplicities in gluon and qua rk jets has been practically 
solved. The influence of the higher-order correct ions on the 
energy increase of the average multiplicity has been shown. 
All these improvements po in t in the direction of bet ter 
agreement with experiment . 

In combina t ion with predic t ions of the inclusive spectra 
and var ious correlat ion functions, the above results on the 
multiplicity dis t r ibut ions tell us tha t Q C D m a y be success­
fully applied to predict quite special qual i tat ive features of 
soft processes when considered in higher orders . Of course, 
one needs the hadron i sa t ion scheme and M o n t e Car lo 
calculat ion to proceed to the quant i ta t ive compar i son 
with experiment (which is often subst i tuted by the a s s u m p ­
t ion abou t the local p a r t o n - h a d r o n duali ty) . 
Unfor tuna te ly , they suffer from an a b u n d a n c e of fitting 
pa ramete r s , which are ha rd to cont ro l someTimes. Tha t is 
why the analyt ic predic t ions of new qual i ta t ive features and 
effects are of u tmos t value. The progress in tha t direction, 
described at some length above, gives some hope for further 
success. 
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