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Details of the motion of charged 
nonrelativistic particles in a variable field 

B M Bolotovskii, A V Serov 

Abstract. It is shown tha t a part icle in an a l ternat ing field 
of force does no t in the general case oscillate a round its 
initial posi t ion bu t undergoes a systematic drift. The 
velocity of the drift depends on initial the condi t ions . 

Let us consider a varying electric field E(t), which depends 
on t ime t. Let the t ime-average value of the electric field be 
equal to zero. The field of a monochromat ic plane wave 
satisfies such a condit ion. Let us place in a such field a 
part icle at rest with mass m and charge e, and consider the 
character of its mot ion . It is na tu ra l to suppose tha t the 
part icle will oscillate a round the rest point . Such a 
s ta tement can be found in some texts (see for example 
Ref. [1]), bu t in general is not t rue . As it tu rns out , in an 
a l ternat ing field the particle is not only oscillating bu t 
undergoes a systematic drift. Let us consider a simple 
example. Let the electric field E depend on t ime according 
to the ha rmon ic law with frequency co: 

E = E0 cos(atf + cp) , (1) 

where cp is the field phase at the intial t ime. 
The equat ion of mo t ion of the part icle in this field has 

the following form: 

mx = eE0 cos(cot + cp) . (2) 

The general solut ion of this equat ion is 

x(t) = -eE^mto2)'1 cos((Qt + cp) + At + B , (3) 

where A and B are a rb i t ra ry cons tants , which do no t 
depend on t ime and are determined from initial condi t ions . 
Let us require tha t the part icle is initially at rest at the 
origin, i.e. 

*(f = 0) = 0 , x(t = 0) = 0. (4) 

Then the cons tan ts A and B are easily found: 

A = —eE0(mco)~l sin cp, B = eE§(mco2)~l cos cp , (5) 

and the solution (3) is wri t ten in the following form: 

x(t) = —eEo(mco2)~l cos(atf + cp) 

—eE$t(mco)~l sin cp + eE§(mco2)~l cos cp . (6) 
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F o r m u l a (6) presents the law of mo t ion of a charged 
part icle in the a l ternat ing field described by E q n (1). W e 
shall no t consider the magnet ic field, t hough it is present in 
every electromagnet ic wave. If we consider tha t the part icle 
undergoes nonrelat ivist ic mot ion , the magnet ic field can be 
neglected. F r o m E q n (6) it follows tha t in an a l ternat ing 
field the part icle undergoes systematic directed mot ion with 
the velocity V, the value of which is equal to the constant 
A: 

V = A = —eE0(mco)~l sin cp . (7) 

W e can see from E q n (7) tha t systematic mo t ion is absent 
only for the case sin cp = 0, i.e. for definite values of the 
initial phase . F o r all other values of the phase cp the 
part icle moves systematically a long the direction of the 
electric field. It is evident tha t the drift will be directed in 
the posit ive or negative directions a long the x axis 
depending on the value of the initial phase cp. If all 
values of the phase x have the same probabi l i ty then the 
drift velocity averaged over the phase cp is equal to zero. In 
this case there are two g roups of particles drifting in 
opposi te directions. 

If the initial velocity of the part icle is no t equal to zero 
then in the variable field of Eqn (1) the initial velocity will 
be appended with the drift velocity. In fact, if we require the 
fulfillment of the following condi t ions instead of Eqn (4): 

jc(f = 0) = 0 , x(t = 0) = V0, (8) 

then for the cons tan ts A and B in solution (3) we have 

A = —eE0(mco)~] sin cp + Vo , 

B = eE0(mco2)~l cos cp . (9) 

Because the constant A has the mean ing of drift velocity, as 
seen in E q n (3), we see tha t in this case the initial velocity is 
appended by the drift velocity. Wi th regard to E q n (7) the 
l imitat ion of nonrelat ivist ic velocities is given by the 
condi t ion 

eEo(mco)~l < c , or eE^(2nmc2yl < 1 , (10) 

where X = 2KC/CO is the wavelength cor responding to the 
frequency co. 

The fact tha t the part icle experiences systematic drift in 
an a l ternat ing field m a y seem strange at first. But a simple 
considerat ion helps one to unde r s t and this fact. Let the 
initial phase be cp = — \n in formula (1) for the field acting 
on the part icle. Then the force act ing on the part icle has the 
following form: 

F = eE0 sin(atf) . (11) 
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D u r i n g the first half-period this force is posit ive, therefore 
the part icle acceleration is also posit ive and the velocity of 
the part icle is cont inuously increasing (we assume tha t 
according to the initial condi t ions the part icle was at rest at 
the m o m e n t t = 0). D u r i n g the second half-period the force 
is negative, hence the acceleration is negative too and the 
velocity of the part icle is decreasing. W e can see tha t at the 
end of the per iod the velocity is equal to zero, as it was at 
the beginning. But dur ing one per iod the part icle has 
moved a distance 2neE0/mco2. A n d for every successive 
per iod the part icle will move the same distance. Let us 
consider the kinetic energy W of the part icle moving in the 
field of a wave. It is evident tha t 

W = \ mx1 , (12) 

where the velocity of part icle x de termined by formula (6): 

x = eE$(mcD)~l sin(atf + cp) — eE$(mcD)~l sin cp . (13) 

N o w subst i tute this expression for the velocity of the 
part icle in Eqn (12) for the kinetic energy and perform 
averaging over the per iod of the wave. W e obta in 

W = e2E2(4mco2)~1 + e2E2(2mco2)~1 s in 2 cp , (12 ' ) 

where the ba r over the W means average over t ime. The 
first te rm of this formula gives the average energy of the 
oscillating part icle in the wave field. The second term 
describes the average energy of the systematic drift. One 
can see tha t at cp = \ K the energy of the systematic drift is 
twice as large as the energy of the oscillations. 

The presence of systematic drift of the part icle in the 
wave field changes the qual i tat ive pic ture of the light 
scattering by the free part icles. Usua l ly in the theory of 
T h o m s o n scattering it is supposed tha t the charged part icle 
in the wave field undergoes oscillations with the wave 
frequency and has no systematic mo t ion [2]. The presence 
of systematic shift leads to a change of angular dis t r ibut ion 
and yields a shift to the scattered frequency. These effects 
are of the order of A/c and in mos t cases can be neglected. 
But , for the case of the scattering of highly m o n o c h r o m a t i c 
laser rad ia t ion on charged particles, the effect of frequency 
shift can be detected and measured . 

The considered p h e n o m e n o n can influence the mot ion 
of charged particles formed at the pho to ion i sa t ion of a t o m s 
in a beam of laser rad ia t ion . The cause of the ionisat ion is 
no t necessarily the laser rad ia t ion . Ionisa t ion can occur 
because of an addi t iona l source of rad ia t ion . The electrons 
knocked out in the process of the ionisat ion interact with 
the beam of laser rad ia t ion . Usual ly it is assumed tha t the 
interact ion is caused by the so-called G a p o n o v - M i l l e r 
force [3], 

F=-e2(4mco2)~\E2 . (14) 

W e can see from E q n (14) tha t the force in the laser beam 
with axial symmetr ic dis t r ibut ion of field strength E pushes 
the part icles out of the strong-field region. A n d this force 
depends only on the distance of the part icle from the beam 
axes and does not depend on field polar isa t ion. It is evident 
tha t such a considerat ion does no t t ake into account the 
systematic drift of the part icle in the wave field. Tak ing the 
drift into account yields the result tha t the az imutha l 
dis t r ibut ion of part icles pushed out from the light beam is 
non iso t rop ic in contras t with the case when only the axially 
symmetr ic G a p o n o v - M i l l e r force is t aken into account . In 
addi t ion, when we take into account the drift, the energy of 

part icles leaving the light b e a m will depend on the angle 
between the velocity of the part icle at the m o m e n t of 
ejection and the direction of the beam polar isa t ion . 

It is evident tha t part icle drift under the influence of 
per iodic forces occurs for all k inds of force and no t only for 
the electric force. Therefore, it m a y be ment ioned tha t 
Gr i shchuk [4] considered the drift of a massive part icle 
under the act ion of a gravi ta t ional wave. Braginski i and 
Gr i shchuk [5] suggested tha t this p h e n o m e n o n could be 
used for detecting gravi ta t ional waves. 

A n a l ternat ing frictional force can also m a k e bodies 
drift systematically. If a conveyor belt per forms a l ternat ing 
t rans la t iona l movement then, under appropr i a t e condi t ions , 
bodies tha t are lying on it can be m a d e to move in a desired 
direction. 
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