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Abstract. The dynamica l and informat iona l aspects of the 
behav iour of complex physical systems are considered. In 
classical physics the informat ion coupl ing appears in the 
interact ion of nonl inear systems with stochast ic behaviour 
when a small external pe r tu rba t ion m a y greatly alter the 
p a t h s of a classical system in phase space. In q u a n t u m 
systems the informat ion coupl ing to the envi ronment 
appears in measurement processes when the coherence of 
the wave function of a q u a n t u m object is destroyed and 
cor responding informat ion appears in the external 
envi ronment . These processes can be described in te rms of 
the collapse of wave functions. N u m e r o u s examples of the 
collapse are considered, including those leading to the 
classical behaviour of macroscopic bodies with the 
informat ion coupling to a nonequi l ibr ium envi ronment . 
The E i n s t e i n - P o d o l s k y - R o s e n p a r a d o x is discussed in 
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detail together with its possible role in the processes of 
informat ion transfer over a distance. 

1. Introduction 
It is generally accepted tha t the main b ranches of physics are 
built on the principles of dynamics . The s tar t ing poin t is 
always the mechanics of a mater ia l poin t and N e w t o n ' s laws, 
which in t roduce the pr incipal dynamica l concepts: mass , 
velocity, m o m e n t u m , and force. Theoret ica l mechanics 
simply casts the e lementary laws of mechanics in a m o r e 
splendid form in te rms of differential equa t ions and var ia­
t ional principles. The simplest laws of mo t ion of a mater ia l 
po in t p rov ide the basis for m o r e complex equa t ions of 
mo t ion of con t inuous media: gases, l iquids, and elastic 
solids. H e r e we meet for the first t ime the con t inuous 
functions of the coordina tes and t ime which play the role of 
fields, a l though it is usua l to regard fields in vacuum — for 
example an electro-magnetic field — as the intrinsic fields. 
The field equa t ions are again the equa t ions of dynamics . 
T h e r m o d y n a m i c s is a phenomenolog ica l science only at first 
sight. In reality it can be constructed on the basis of statistical 
physics, which is simply a special variety of dynamics . The 
fact tha t physics is based on the principles of dynamics is 
manifested also in the main uni t s of measurements (for 
example, the centimetre, the g ramme, and the second) 
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which are in t roduced initially in the mechanics of a mater ia l 
po in t and then are applied to other m o r e complex b ranches of 
physics. 

Something qui te different from dynamics appears in 
q u a n t u m theory when the square of the wave function is 
interpreted as the cor responding probabi l i ty . The probabi l i ty 
then comes forward as an essential element of the theory and 
the discussion is still cont inuing abou t the mean ing of the 
wave function and of the evolut ion of the probabi l i t ies of 
observat ion of one or ano ther physical quan t i ty described by 
this function. Fo l lowing Alber t Einstein, one would like to 
regard the q u a n t u m probabi l i ty as represent ing an incom­
plete descript ion of a microscopic object and assume tha t 
there might exist a m o r e r igorous theory which could account 
for the r andomness of the observed quant i t ies on the basis of 
the dynamics of some hidden variables. However , a con­
vincing p r o o f has been provided recently tha t there is no local 
realism, no local h idden variables. Consequent ly , as stressed 
by Niels Bohr , the q u a n t u m probabi l i ty has a deeper mean ing 
and it impar t s to the wave function certain characteris t ic 
features which carry informat ion. 

A mathemat ica l ly r igorous definition of the a m o u n t of 
informat ion had appeared together with the b i r th of 
cybernetics, which is the science of cont ro l and au t o ma t i o n 
of dynamica l processes. M o r e specifically, if a physical 
quant i ty can a priori assume several values, the observat ion 
of one of these values immediate ly increases informat ion 
abou t this physical quant i ty . If an a u t o m a t o n has a sufficient 
energy, then after receiving informat ion it can alter the value 
of the physical quant i ty in the required direction. 

The signal represent ing the value of a measured quan t i ty 
can be as small as we please. The cont ro l signal can also be 
very small if it is applied to a sufficiently powerful amplifier. 

It follows tha t the profile of a signal, i.e. its meaningful 
content , and not its magn i tude is impor t an t in control . W e 
can say tha t when a u t o m a t a interact with one another , the 
impor t an t aspect is no t so much the exchange of energy as the 
exchange of symbols, i.e. signals. 

However , this applies no t only to deliberately built 
a u t o m a t a , bu t also to na tu ra l physical systems at the marg in 
of their stability. Small signals act ing on such systems can 
have major consequences. W e are in fact speaking here of 
open physical systems th rough which large energy fluxes m a y 
pass . Such systems are far from equil ibrium and their 
dynamica l behav iour is complex. They are usual ly called 
just tha t : complex physical systems. 

Both aspects, dynamica l and informat ional , m a y play an 
equally impor t an t role in the descript ion of complex physical 
systems. W e are then faced with the p rob lem of the s imul tan­
eous act ion of forces and informat ion on a system under 
condi t ions far from t h e r m o d y n a m i c equil ibr ium. The inter­
play of nonl inear dynamical processes in such systems very 
frequently results in self-organisation when b o t h dynamica l 
and informat iona l aspects of the process are ma tched very 
accurately and combine to form a single ' o rgan ism' . 

All these p rob lems are topical in m o d e r n physics and they 
provide its s t rong foundat ions . I would like to acquain t the 
reader with the most interest ing ideas and directions of 
research in this field. The subject will be presented del ib­
erately at a popu la r level and very frequently the r igour of 
t rea tment will be sacrificed to a lively a rgument . The paper 
therefore looks m o r e like a set of t hough t s based on the 
physical ideas which themselves have been the subject of 
serious books , bu t which would be difficult to combine in a 

unified text wi thout deliberate major simplification of the 
presenta t ion style. In addi t ion to the m a n y familiar facts and 
their theoret ical t rea tments , this paper pu t s forward some 
new and current ly unconven t iona l ideas. The readers m a y 
regard them as unconvinc ing and even simply incorrect . 
However , they are asked no t to m a k e has ty judgements : 
some of the topics are discussed again and even several t imes 
from different po in t s of view, and the relevant conclusions 
become m o r e and m o r e convincing. It m a y be tha t the readers 
will no t agree with some of my ideas, bu t I shall be satisfied if 
this paper stimulates a desire to consider more deeply the 
problems discussed here and to arrive at one ' s own 
conclusions. 

The references at the end of the paper are unfor tuna te ly in 
no sense complete: they list only those papers and b o o k s 
which have come up na tura l ly in the course of this 
presenta t ion . M y excuse is only the c i rcumstance tha t the 
presenta t ion itself is no t sufficiently fundamenta l . 

2. Information 
In our age, when we are flooded with informat ion from all 
sides it would seem there is no need to explain wha t 
informat ion is. However , this is no t qui te t rue . There is a 
r igorous ma themat ica l definition of the a m o u n t of 
informat ion and, for the benefit of those readers who have 
no t encountered the concept , I shall t ry to explain wha t this 
concept means in an unhur r i ed step-by-step manne r . 

The most usua l form of informat ion is the pr in ted word . 
F o r example, the text tha t you are reading gives you an 
oppor tun i ty to acquire the informat ion in this paper . This 
informat ion is carried by symbols a r ranged in a line-by-line 
fashion: these symbols are letters, gaps between the words , 
and punc tua t ion marks . It is perfectly obvious tha t the 
greater the n u m b e r of text pages, the greater the a m o u n t of 
informat ion carried by the text. However , in order to 
character ise the a m o u n t of informat ion in the form of a 
specific number , it is necessary to begin with a very simple 
example. Let us assume tha t the text is t ransmi t ted by the 
M o r s e a lphabet , in which each letter cor responds to a certain 
number of dots and dashes. Moreover , let us consider the 
simple case when the text is con t inuous wi thout any gaps 
between letters and words . The result is one con t inuous 
sequence of dots and dashes. At each posi t ion there can be 
only one of two symbols: either a dot or a dash. W h e n we are 
dealing with just one of two symbols, it is usua l to assume 
tha t each cell carries one bit of informat ion. The whole M o r s e 
sequence with N symbols conta ins N bi ts of informat ion. W e 
can say tha t such a sequence carries the ' m e m o r y ' of a certain 
text and tha t in each of its N 'memory cells' there is one bit of 
informat ion. The to ta l number of different texts which can be 
stored in a r ibbon of N cells is obviously 2N. 

If we agree to measure the a m o u n t of informat ion in bits, 
then the quan t i ty of informat ion IB can be described by the 
relat ionship [20] 

7 B = t f = l o g 2 M „ . (1) 

H ere, M^ = 2 is the to ta l number of different texts. 
Accord ing to Eqn (1) the a m o u n t of informat ion is simply 
equal to the m i n i m u m number of b ina ry cells by means of 
which this informat ion can be wri t ten down. 

The relat ionship (1) can be represented in a somewhat 
different form as follows. If there is a set of MN different 
texts, the probabi l i ty PN tha t the text we are reading is 
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identical with tha t selected at r a n d o m from MN different 
texts is obviously PN = l/MN. Therefore, instead of E q n (1) 
we can use the expression 

In = - log, P (2) 

The higher the value of N, the lower the probabi l i ty PN 

and the larger the a m o u n t of informat ion IQ conta ined in a 
specific text. 

Let us n o w re turn to an ord inary letter text. Let us assume 
tha t the number of letters in the a lphabet is 32 (which is t rue , 
for example, of the Russ ian a lphabet apar t from the letter e). 
The n u m b e r can be represented as 32 = 2 5 so tha t it is 
sufficient to have five b inary cells in order to assign to each 
letter a un ique combina t ion of, for example, do ts and dashes. 
If the lower-case letters are supplemented by the capitals, the 
number of letters is doubled to 64 and we need another bit of 
informat ion, so tha t the a m o u n t of informat ion per letter 
(lower-case or capital) becomes IQ = 6. The addi t ion of the 
gaps between the words and of the punc tua t ion m a r k s 
increases further the a m o u n t of informat ion carried by one 
text symbol. 

However , such direct calculat ion of the a m o u n t of 
informat ion per symbol is no t qui te correct. This is because 
the a lphabet conta ins letters which are encountered very 
rarely in text. In the M o r s e a lphabet one can ' expend ' m o r e 
dots and dashes on such letters bu t in the case of the 
frequently encountered letters one can economise by 
assigning shorter r ibbon 'sect ions ' of the sequence to these 
letters. A r igorous definition of the a m m o u n t of informat ion 
has been provided by Shannon [21]. It appears as follows: 

(3) 

The summat ion is carried out over all the symbols and pt 

denotes the probabi l i ty of the appearance of a symbol 
labelled with the number /. The general expression given by 
E q n (3) applies b o t h to the frequently employed letters and 
to those which are very unlikely to appear in a text. The 
na tu r a l logar i thm is used in E q n (3): it cor responds to a uni t 
of informat ion called a 'na t ' . 

It is k n o w n from probabi l i ty theory tha t in the case of a 
r a n d o m quant i ty xt we can in t roduce the definition of its 
average value or of the ma themat ica l expectat ion in 
accordance with the expression 

(4) 

where the summat ion is carried out over all possible 
values of a r a n d o m quant i ty x\ with a probabi l i ty pt of the 
iih value. W e can see tha t E q n (3) can also be wri t ten in the 
form 

7 = - ( l n p , } . (5) 

If we consider the text again and assign I to one cell of the 
text, i.e. to one symbol , then pt is the probabi l i ty of the 
appearance of a symbol with the serial number /. F o r 
example, if this is the letter 'a ' , then the relevant probabi l i ty 
can be found by calculat ing h o w m a n y t imes the letter ' a ' 
appear s on one page and dividing the n u m b e r obta ined by the 
to ta l number of symbols on one page . 

If we k n o w the a m o u n t of informat ion (3) per symbol, 
then in the case of a text with N symbols the a m o u n t of 
informat ion should be increased simply by the factor N. 
Natura l ly , E q n (3) can also be applied to the whole text. 

Then the probabi l i t ies pt are much lower because the number 
of possible combina t ions rises steeply and the result remains 
the same: the informat ion carried by one symbol should be 
multiplied by N to obta in text informat ion. 

Loga r i t hms with different bases are used in Eqns (2) and 
(3): in E q n (2) this is the logar i thm to the base 2 and in 
E q n (3) the logar i thm is na tu ra l . Since for any number N we 
haveAf = 2 l o g A / = 

/ B 1 .44/ 

it follows tha t 

(6) 

In other words , the n u m b e r of bits is a lmost 1.5 t imes 
greater than the number of na ts . 

It will be shown later tha t in dealing with physics (and no t 
with compute r technology) it is m o r e convenient to use the 
Shannon definition of informat ion given by E q n (3), i.e. to 
measure it in na ts . If desired, E q n (6) can then be used to find 
the n u m b e r of bi ts cor responding to a given value of I. The 
Shannon definition (3) can be used no t only in the case of a 
text, bu t also in the case of any other discrete (digital) 
informat ion. F o r example, a b lack-and-whi te image on a 
television screen can be expanded into a set of discrete b lack-
and-whi te dots , as well as several in termedia te grey shadings. 
Then , E q n (3) gives the a m o u n t of informat ion provided by a 
given ins tan taneous image on the screen. A similar definition 
applies also to a colour image on a television screen or to the 
paper ou tpu t of a pr inter if we al low suitably for the 
informat ion carried by colour shading. 

It will be shown later tha t the informat ion defined by 
E q n (3) plays a major role in nonequi l ib r ium physical 
processes. It should be stressed this applies to the numer ica l 
expression for the a m o u n t of informat ion irrespective of its 
intellectual content . 

3. Entropy 
The concept of en t ropy is one of the fundamenta l ideas in 
physics. The reader obviously a l ready k n o w s wha t it means . 
Nevertheless , the cont inui ty and consistency of the p resen ta ­
t ion requires tha t some t ime be spent in m a k i n g clear this 
physical quant i ty . It is convenient to use the simplest physical 
object, which is an ideal gas. 

Let us assume tha t a m o n a t o m i c ideal gas with a part icle 
density n kept at a t empera tu re T occupies a vo lume V. The 
t empera tu re T is measured in energy uni ts (for example, in 
ergs if the cgs system of uni ts is used). Consequent ly , the 
Bo l t zmann cons tant will not appear in the relat ionship 
considered below. Each a tom of this gas has an average 
kinetic energy of the rma l mot ion a m o u n t i n g to 3T/2. 
Therefore, the to ta l t he rma l energy of the gas is 

••\TnV . (7) 

The gas presure is k n o w n to be p = nT. If the gas can 
exchange heat with the external med ium, the law of 
conservat ion of the gas energy is 

dE = -pdV + d g (8) 

Therefore, the internal energy of the gas m a y change 
b o t h because of the work done by the gas and because of the 
deposi t ion of a certain a m o u n t of heat dQ from outside. 
E q n (8) is k n o w n to describe the first law of t h e r m o d y ­
namics , i.e. the law of energy conservat ion. The gas is 
assumed to be in equil ibrium, i.e. p = const t h r o u g h o u t the 
gas volume. 
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If it is also assumed tha t the gas is in complete t h e r m o ­
dynamic equil ibr ium (T = const) , then the relat ionship given 
by Eqn (8) can be considered to represent an elementary 
process of var ia t ion of the gas pa rame te r s at a very low rate , 
so tha t the t he rmodynamic equil ibrium is no t dis turbed. It is 
for these processes tha t the concept of en t ropy S is in t roduced 
by the relat ionship 

T 
(9) 

In other words , an equil ibrium gas no t only has an 
internal energy, bu t also ano ther impor t an t in ternal 
characteris t ic associated with the the rmal mo t ion of its 
a toms . It follows from Eqns (8) and (9) tha t at a constant 
volume, dV = 0, the change in energy is p ropo r t i ona l to the 
change in en t ropy and in general we have 

dE = -pdV + TdS. (10) 

Since p = (N/V)T and E = \NT, where N = nV = 
const is the to ta l n u m b e r of a toms in the investigated gas, 
we can wri te E q n (10) in the form 

dS = N 
3 dT dV 
2 ~Y + ^V~ 

Hence , in tegrat ion of E q n (11) yields directly 

S = Af[ln(VT 3 / 2 ) + const] = Ns . 

(11) 

(12) 

The constant of in tegrat ion is retained so as to leave some 
addi t iona l freedom in the subsequent discussion. The 
en t ropy of the gas is p ropo r t i ona l to the n u m b e r of part icles 
and the expression in the brackets , equal to s, is the en t ropy 
per part icle. 

If the vo lume and t empera tu re of the gas vary in such a 
way tha t VT3^2 r emains constant , the en t ropy S does no t 
change. Accord ing to E q n (9) this means tha t the gas does 
no t exchange heat with the external med ium, i.e. tha t the gas 
is separated from this med ium by reliable heat- insulat ing 
walls. A process of this k ind is k n o w n as adiabat ic . In an 
adiabat ic process the following relat ionship is valid: 

pVy = const , (13) 

where y = 5 /3 is k n o w n as the adiabat ic exponent . This 
relat ionship is obta ined from the condi t ion VT 3^2 = const 
and from p = nT. In the adiabat ic process the t empera tu re 
and pressure vary with the density as follows: 

T = const x ny~l, p = COnst X YV (14) 

4. Carnot cycle 
In the subsequent discussion it will be necessary to m a k e 
recourse to wha t are k n o w n as the though t (gedanken) 
experiments involving different types of ideal processes and 
ideal devices. In the rmodynamics one such ideal device is the 
C a r n o t heat engine, in which work is done at the expense of 
the rmal energy. 

Let us assume tha t there are two the rmos ta t s kept at 
different t empera tu res Tx and T2, such tha t Tx > T2. The first 
t he rmos ta t m a y be called a heater and the second a cooler. 
Accord ing to Carno t , an ideal gas can be used as the work ing 
substance to p roduce work at the expense of the the rmal 
energy. Let us pos tu la te tha t at the t empera tu re Tx the 
volume of the gas is Vx and its pressure is 
p = Pi = (N/V\)TX. Here , N is the to ta l number of 
part icles. A reversible adiabat ic process can cool the 

work ing gas to the t empera tu re T2 because, according to 
E q n (14), the gas t empera tu re falls as it expands in 
accordance with TocV~y+l. F o r y = 5 /3 we have 
TocV~2/3. Therefore, for V2/Vl = (T2/Tl)~3/2 the 
t empera tu re of the gas in the first state is Tx and in the 
second state is T2. The t ransi t ion from the first to the second 
state is adiabat ic . The adiabat ic expansion of the gas from the 
initial vo lume Vx to the final vo lume V2 per forms the work 
W = \p dV. Since according to E q n (13) the pressure varies 

" 3 , i . e . p ropor t iona l ly to V y = V 5^3 

V l \ V 3 

this work is given by 

W 
3 . 2/3' 3 

N(TX - T2) . (15) 

It follows from the law of conservat ion of energy tha t this 
is exactly the a m o u n t by which the in ternal energy of the gas 
is reduced. 

If the gas is compressed again from the vo lume V2 to V l 9 

this requires work equal to tha t given by E q n (15) and the 
energy of the gas is restored again. So far there is no cycle: 
these are simply forward and reverse processes which do no t 
alter anyth ing in the external world . A cycle appears when the 
work ing substance receives heat from the heater and gives it 
up to the cooler. At the heater this is an iso thermal expansion 
of the gas at the t empera tu re Tx from its initial vo lume Vx to 
some in termedia te vo lume V*. The gas then expands 
adiabat ical ly to the final vo lume V2 in such a way tha t the 
final t empera tu re is T2, i.e. V2/V* = (T2/Ti)~3^2. The gas is 
then compressed isothermally to the vo lume V2 and 
converted adiabat ical ly to the initial state. The forward and 
reverse work done in the ad iaba t ic pa r t s of the cycle ba lance 
each other exactly so tha t , in accordance with E q n (15), the 
work W is governed solely by the difference between the 
initial and final t empera tures . It is in the i so thermal pa r t s of 
the cycle tha t the a m o u n t s of work done are different. In fact, 
if the heater supplies an a m o u n t of heat Qx to the body , then 
Qi = Ti(S* — S ), where S is the initial en t ropy of the gas 
and is the value after heat ing. In the adiabat ic pa r t s of the 
cycle the en t ropy does no t change so tha t the en t ropy in the 
cooler has to be reduced from to S x by transfer to the gas of 
a negative heat (i.e. by removal of heat) a m o u n t i n g to 
Q2 = —T2(S* — S ). Then , since in the i so thermal pa r t s the 
internal energy does not change, the difference between the 
a m o u n t s of work done Wx and W2 is W = Wx — W2 = 
(Ti —T2)(S* — S ). W e can n o w calculate the efficiency of the 
cycle, which is the rat io of the work done W to the a m o u n t of 
heat Qi ob ta ined from the heater : 

(16) 

The mos t impor t an t feature of the C a r n o t engine is its 
reversibility: if the machine is reversed, it acts as a cooler 
t ransferr ing heat from the hot to the cold b o d y as a result of 
work done from outside. 

It is this c i rcumstance together with the second law of 
the rmodynamics tha t leads to the conclusion the Eqn (16) 
represents the m a x i m u m possible efficiency of a heat engine. 

The second law of t he rmodynamics itself is formulated as 
the impossibil i ty of const ruct ing a perpe tua l mo t ion machine 
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of the second kind: it is no t possible to realise a process in 
which work could be done at the expense of heat wi thou t any 
change in the external world . 

Let us suppose for a m o m e n t tha t it is possible to 
construct an engine with an efficiency greater t han tha t 
given by E q n (16). Such an engine can then be b r o u g h t into 
contact with a C a r n o t engine opera t ing in the cooling regime. 
This combina t ion of engines could simply p u m p out the heat 
energy and convert it into work , which is forbidden by the 
second law of the rmodynamics . Consequent ly , E q n (16) does 
represent the m a x i m u m possible efficiency of any heat 
engine. It is interest ing to ask wha t h a p p e n s in the external 
world dur ing the Ca rno t cycle? In one cycle the Ca rno t engine 
receives the energy Qx from the heater at the t empera tu re Tx 

and at the same t ime removes the en t ropy Q\/T\ from the 
external world . It then transfers the heat Q2 to the cooler at 
the t empera tu re T2 and transfers the en t ropy Q2/T2. 
Therefore, the to ta l change in the en t ropy cont r ibuted by 
the C a r n o t engine is 

the en t ropy flux considered as a function of x is 

A S = Q±-Qi = 0 

Ti T2 

(17) 

provided we use the expressions for Q \ and Q2. As we can see, 
the Ca rno t engine is fully reversible and does not alter the 
en t ropy of the external world a l though it t rans forms pa r t of 
the heat into mechanica l work . H e a t nevertheless leaks from 
the ho t to the cold body . 

5. Irreversible processes 
The C a r n o t cycle is an ideal completely reversible t hough t 
process . The opera t ion of all real heat engines involves 
irreversible processes and it is therefore desirable to u n d e r ­
s tand the mean ing of such irreversibility. It is convenient to 
start again with the C a r n o t engine. 

The C a r n o t cycle has adiabat ic and iso thermal pa r t s . The 
adiabat ic process of compress ion or expansion of a gas can be 
quite readily represented as very close to reversible. It is 
sufficient to pos tu la te the compress ion or expansion rates 
much lower t han the velocity of sound, and to create a 
sufficiently good the rmal insulat ion, which is au tomat ica l ly 
ensured if the dimensions of the gas-occupied vo lume are 
large. The si tuat ion is much m o r e difficult in the case of the 
i so thermal pa r t s of the cycle: it is in these pa r t s tha t heat has 
to be delivered or removed. If the i so thermal process is 
accelerated, the result m a y be a considerable reduct ion in 
the efficiency because the gas can no longer reach the 
t empera tu re Tx dur ing hea t ing and the t empera tu re T2 

dur ing cooling. In the limit of very fast the rmal oscillations 
it is possible to lose all the work and simply accelerate the 
flow of heat from the ho t to the cold body . 

Let us n o w consider in detail the irreversible process of 
the transfer of heat by conduct ion . Let us assume tha t there is 
a rod of length L and the t empera tu res at its ends are Tx and 
T2. If the the rmal conduct ivi ty of the rod is K, then the heat 
flux a long the rod is 

q = K- (18) 

Therefore, across each t ransverse cross section of the rod 
the en t ropy flux is qs = q/T. If the t empera tu re is a linear 
function of the coord ina te x, so tha t 

qL 

(L — x)T\ + T2x 
(20) 

This flux increases a long the rod from the ho t end where 
T = Tito the cold end where T = T2. As we can see, at the 
cold end the en t ropy flux is T\jT2 t imes greater t han at the 
ho t end. In other words , an excess en t ropy is p roduced inside 
the rod and this en t ropy then flows out in the direction of the 
cooler. In addi t ion to the en t ropy flux q/Tx enter ing the rod 
per uni t t ime, there is an en t ropy created inside the rod so tha t 
a larger flux q/T2is ejected outside. 

W e recall tha t the Ca rno t engine does the work 
W = nqi = [1 — (T2/Ti)]qu where qx is the flux enter ing 
the engine. Consequent ly , the flux q2 = qx — W = 
(T2/Ti)qi emerging from the C a r n o t engine cor responds to 
the absence of internal en t ropy p roduc t ion . If the efficiency is 
less, the heat engine creates an en t ropy 

TT-TT = ^r{ci\ -m\) - ^ - = ^-(ric -n) 
1 2 1 I 1 2 1 I 1 2 

(21) 

T = T,-
(Ti - T2)x 

(19) 

Here , rjc = 1 — {T2/Tx) is the efficiency of the Ca rno t cycle 
and rj is the real efficiency. If rj = 0, then no work is done , 
W = 0, and q2 = qx = q. In this case the pu re heat flux 
per forms no work and simply thermal ly ' con tamina tes ' the 
med ium where it generates en t ropy at the ra te 

1 1 

J~2~T~i, 

It t hus follows tha t the heat flux itself increases the en t ropy of 
the med ium and this process cont inues unt i l the t empera tu res 
of the hot and cold bodies become equal . 

6. Entropy and information 
In the spirit of ideal t hough t exper iments let us n o w consider 
the case when the whole of our ideal gas consists of just one 
part icle. It might seem tha t this is an absolutely absurd 
app roach bu t let us no t be too has ty in our judgement . If 
one part icle is enclosed in a vessel of vo lume V with walls kept 
at a t empera tu re T, then sooner or later this part icle comes 
into equil ibrium with these walls. At each m o m e n t in t ime the 
part icle is na tura l ly at one definite poin t in space and has a 
very definite velocity. However , all the processes m a y be 
assumed to be so slow tha t the part icle no t only has a chance 
to fill on average the whole space of vo lume V, bu t it can 
repeatedly change the magn i tude and direction of its velocity 
by inelastic collisions with the vessel walls. In this case we can 
speak of a part icle which has a Maxwel l ian velocity dis t r ibu­
t ion and on average fills the vessel conta in ing it. A very 
impor t an t condi t ion is tha t we do no t need to k n o w anyth ing 
abou t the part icle except tha t it collides with the walls and 
exerts on them an average pressure , and tha t its velocity 
dis t r ibut ion is Maxwel l ian with the t empera tu re T. 

If this part icle is now, for example, compressed 
adiabatical ly, its average effect on the walls is exactly the 
same as tha t of N part icles, except tha t it is N t imes smaller. 
The t empera tu re of the part icle can also be changed slowly by 
suitably al tering the t empera tu re of the walls of the vessel and 
thus al lowing the part icle to reach the rmal equil ibrium with 
the walls. 

The average pressure exerted by one part icle on a wall 
when N = 1 is obviously equal to p = T/V and the average 
density is then n = l/V. F o r this part icle we again can 
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organise a C a r n o t cycle and thus create an ideal heat 
micro engine which is fully reversible and whose efficiency 
is rj = 1 — (T2/Ti). N o w with the aid of some ideal devices 
and by appl icat ion of the second law of t he rmodynamics we 
shall t ry to establish a relat ionship between en t ropy and 
informat ion. W e shall begin with the simplest case of 
i so thermal processes. W e shall thus assume tha t T = const . 
It follows from the first law of t he rmodynamics at T = const 
and from the relat ionship p = T/V tha t 

dV 
TdS = pdV = T— . (22) 

One should use here the lower-case symbol s for the specific 
ent ropy, bu t S is retained so as to go over later to m o r e 
general re lat ionships. 

Hence , we find tha t the en t ropy change is independent of 
the value of T, so tha t we can assume 

S = In ^ • (23) 

Here , a small vo lume V0 <̂  V is in t roduced deliberately 
simply for the sake of normal i sa t ion : the value of VQ should 
be considerably greater t han the size of the part icle in order 
no t to violate the ideal-gas approx imat ion . 

The work done in an i so thermal process is also described 
by a fairly simple expression: 

f (dV V? 

W = jpdV = TJ — = r i n ^ . (24) 

W e can see tha t W = T(S2 — Si), i.e. the work is 
expressed simply in te rms of the difference between the 
cor responding entropies . W e shall stress once again tha t we 
are dealing with a very slow, fully reversible process. 

Let us cont inue our ideal t hough t experiments . Let us 
assume tha t there are ideal barr iers which can be used to 
divide a vessel into pa r t s wi thout loss of energy or creat ion of 
new ent ropy. Let us divide the vessel into two equal pa r t s 
each of vo lume V/2. The part icle then remains in one of the 
halves, bu t we do not yet k n o w which of them. Let us n o w 
assume tha t there is some means or measur ing ins t rument 
which allows us to determine where the part icle is located. 
F o r example, it might be detected in one of the halves by 
means of a spring ba lance in the gravi ta t ional field or simply 
from the d i sappearance of the pressure on the barr ier exerted 
by the empty half-volume. If this is t rue, then out of the initial 
symmetr ic dis t r ibut ion with a 50% chance of finding the 
part icle in either of the two halves, we n o w have the 
probabi l i ty of 100% for one of the halves. The dis t r ibut ion 
of probabi l i t ies seems to ' shr ink ' or 'collapse' . The new 
en t ropy S2 = l n ( V / 2 V 0 ) is correspondingly less t han the 
initial en t ropy by an a m o u n t AS = In 2. Because of a 
reduct ion in the ent ropy, mechanica l work can be done . It is 
sufficient to move the barr ier in the direction of the empty 
pa r t unt i l it d isappears completely so tha t the part icle 
occupies again the full volume. The cor responding work 
done is W = TAS = T i n 2 . If no th ing changes in the 
external world , then repet i t ion of these cycles should m a k e 
it possible to construct a perpe tua l mo t ion machine of the 
second kind. However , since the second law of t h e r m o ­
dynamics forbids the creat ion of work directly at the expense 
of heat , some event should occur in the external wall. W h a t is 
tha t event? 

Detec t ion of the part icle in one of the halves alters the 
informat ion abou t the part icle. Specifically, out of two 

possible halves, there is n o w only one where the part icle is 
located. This knowledge cor responds exactly to one bit of 
informat ion. The process of measurement reduces the 
en t ropy of the part icle and increases by exactly the same 
a m o u n t the informat ion provided by the measur ing device. If 
the halves are divided again into quar te rs , eighths, etc., the 
en t ropy gradual ly decreases and the informat ion increases. 
In other words , we have 

S + / = const . (25) 

The m o r e is k n o w n abou t the part icle or, in the m o r e 
general case, abou t the physical system, the less its ent ropy. 

However , we can n o w d raw the conclusion tha t the 
appearance of informat ion in the external wor ld (or in 
external devices) is impossible wi thout an increase in the 
en t ropy of the external envi ronment by an a m o u n t no t less 
t han Al. Otherwise our reversible heat microengine could 
p roduce work directly at the expense of heat . In other words , 
informat ion which is a definite por t ion of order , can be 
acquired by external devices, a u t o m a t a , or simply by the 
external wor ld only at the expense of an addi t iona l disorder 
( thermal mo t ion ) in the external envi ronment . In format ion 
p roduc t ion is accompanied by an increase in the en t ropy by 
an a m o u n t no less t h a n the informat ion tha t has been gained. 

A n external device or envi ronment which acquires 
informat ion and can utilise it in the subsequent events can 
be called Maxwel l ' s daemon . Maxwel l pos tu la ted his d a e m o n 
for a precisely similar s i tuat ion: if the d a e m o n can distinguish 
between ho t and cold part icles, then by closing an aper tu re 
with a shutter it can transfer heat from the cold to the ho t end. 
The above discussion is ana logous to the Maxwel l ' s d a e m o n 
concept . It is based on the universal second law of t h e r m o ­
dynamics . It is this second law tha t requires the d a e m o n 
himself to increase the en t ropy in the process of 'heavy w o r k ' 
in recognit ion of the informat ion / . 

It follows from E q n (25) tha t the sum of S and / is 
cons tant . If in our mode l a part icle is placed in an elementary 
cell of vo lume V0, then S = 0 and the informat ion reaches its 
m a x i m u m value Imax = — l n / ? m i n = m V / V 0 , since the 
probabi l i ty pmin of finding the part icle in a given cell is 
equal to the vo lume rat io pmin = V0/V. A part icle can be 
located in an elementary volume, i.e. the informat ion 
/ = m V / V 0 can be acquired, if at least this a m o u n t of 
en t ropy is p roduced inside or outs ide it. If subsequent ly the 
part icle begins to expand (on average) over a large volume, 
informat ion is gradual ly lost and the en t ropy of the part icle 
increases. 

It should be stressed once again tha t one has to ' pay ' for 
informat ion by an increase in the en t ropy Se of the external 
systems and the increase is such tha t ASe ^ / . Indeed, if the 
acquisi t ion of one bit of informat ion could increase the 
en t ropy of the ins t rument by an a m o u n t ASe which is less 
t han one bit, a heat engine can be reversed. In the opposi te 
case, by expanding the half-volume occupied by the part icle 
we would increase its en t ropy by In 2 and thus do the work 
T In 2, whereas the final to ta l en t ropy of the part icle and the 
ins t rument would decrease. But this is forbidden by the 
second law of the rmodynamics . 

W e have considered so far the en t ropy associated with the 
spatial localisation of a part icle. In fact, this applies also to 
the velocity measurement . It is convenient to consider the 
case of just one dimension, for example, the mo t ion only 
a long the x axis. 
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Let us assume tha t we have an ins t rument which can be 
used to measure the x componen t of the velocity v of part icles 
with an error Av. It is convenient to assume tha t Av is 
p r o p o r t i o n a l to v, which ensures a certain uni ty in the 
subsequent est imates. A part icle enters a tube of length L at 
a velocity v a long the tube axis x, and on entry its velocity is 
measured with an error Av. After a t ime t = L / v , a barr ier is 
in t roduced at a distance AL w L Av/v from the closed end and 
imprisons the part icle there. The measure of localisation is 
A L / L , which is approximate ly the same for all the part icles 
with the Maxwel l ian dis t r ibut ion. Such localisation again 
changes the en t ropy by l n ( L / A L ) and, in accordance with the 
second law of the rmodynamics , must be accompanied by an 
increase in the en t ropy of the ins t rument tha t measures the 
part icle velocity. In other words , any measurement tha t 
increases the informat ion abou t a part icle must be 
accompa-nied by an increase in the en t ropy of the 
ins t rument or of the envi ronment . This is the characteris t ic 
cost of informat ion (discussed in greater detail in Refs [ 2 2 -
25]). 

7. Entropy encore! 
The relat ionship of E q n (25) suggests tha t the en t ropy of a 
physical system is related in some way to the dis t r ibut ion of 
velocities. This is indeed t rue, as described in detail in 
m o n o g r a p h s and text b o o k s on statistical physics. I shall 
acquain t the reader briefly with this p rob lem and once again 
shall rely on the simplest example for an ideal gas. 

The famous Bo l t zmann formula applies to statistical 
physics: the en t ropy is equal to the logar i thm of the number 
of possible states T of a given physical system: 

, m \ 3 / 2 / m\v[ 
(28) 

S = In r (26) 

It mus t be po in ted out once again tha t we are using energy 
uni ts to measure t empera tu re and, therefore, the Bo l t zmann 
constant does not occur in the above expression. Here , T is 
the number of possible microscopic states which cor respond 
to the same macroscopic state. It is assumed tha t in the course 
of t he rma l mo t ion the system can assume all possible states 
with approximate ly the same probabi l i ty . Consequent ly , the 
prob-abi l i ty pt of encounter ing a par t icular state is 
approximate ly pt w l/T. If the probabi l i t ies of individual 
states are different, a m o r e accura te definition of the en t ropy 
is 

S = ~ "^Pi In Pi = -On p^ . (27) 

The angular b racke ts here denote a ma themat i ca l 
expectat ion, i.e. the average value. 

F o r the ideal gas the probabi l i ty is pt split into the 
configurat ion and velocity par t s , i.e. into the probabi l i t ies 
of the dis t r ibut ion in space and over the velocities. The 
number of possible states in space with a vo lume V and 
N 5> 1 part icles can be found by in t roduc ing an elementary 
vo lume V0. It seems tha t the number of such states is simply 
equal to (V/V0)N. However , this is not qui te t rue: the a toms 
in the gas are identical and, therefore, their t ranspos i t ions do 
no t create a new state. Consequent ly , the above number 
should be divided once again by N\ « NN, where only the 
pr incipal te rm is retained in the Stirling formula for Nl The 
velocity par t of T is simply equal to —N(]nf0)9 w h e r e / 0 is the 
Maxwell ian func-tion for the dis tr ibut ion of the velocity of 
one of the a toms: 

Here , m is the mass of an a tom and v is the velocity vector. 
It therefore follows from E q n (27) tha t the en t ropy of an 
ideal gas is 

S =N In — ] + l n ( c 0 r ) 3 / 2 (29) 

here, c0 = Ine/m is simply a cons tant factor which appears 
as a result of the averaging of l n / 0 ; e is the base of na tu ra l 
logar i thms. In contras t to the t h e r m o d y n a m i c expression (12) 
obta ined earlier, E q n (29) includes an explicit expression for 
the integrat ion constant , namely const = l n ( c 0 / / W o ) in 
E q n (12). 

Fo rma l ly the expressions (3) for informat ion and (27) for 
en t ropy are identical. However , their mean ing is completely 
different. In format ion of E q n (3) cor responds to just one 
sampling from an e n o r m o u s (for example T ) number of 
possible states. The measure of this informat ion is / = In r. 
The entropy, however, cor responds to the possibili ty of 
finding a system with a certain probabi l i ty l/T in each of 
the available states. The quant i ty S = l n T cor responds to 
the m a x i m u m 'occupancy ' of all the states. The quant i t ies / 
and S are formally equal because / cor responds to the 
m a x i m u m informat ion for jus t one state and S is defined for 
the set of all the states. 

Let us assume tha t , for example, the a m o u n t of informa­
t ion / represents the text of the present paper . The en t ropy of 
this text is zero since there is only one fixed sequence of letters 
and other typographica l symbols . Consequent ly , r = 1. Let 
us n o w assume tha t the whole text is set in ' thermal m o t i o n ' as 
a result of which the letters begin to j u m p rapidly and become 
t ransposed . Very soon all the informat ion is total ly lost, bu t 
in the course of such the rmal mo t ion all possible states from 
the to ta l number r are assumed, i.e. S = l n T . In an 
in termedia te var iant when a pa r t of the text is conserved 
and ano ther goes over to a completely chaot ic ' thermal 
m o t i o n ' , we have E q n (25): S +1 = const . The en t ropy and 
informat ion of a closed system seem to have a m u t u a l 
relat ionship to one another : the ' forget t ing ' of informat ion 
automat ica l ly increases ent ropy. 

Accord ing to the second law of t he rmodynamics the 
en t ropy of a closed system cannot decrease with t ime. In the 
example under discussion this means tha t the b o u n d a r y 
between the ' t he rma l ' and ' in format ion ' pa r t s of the text 
can na tura l ly move in just one direction, namely in the 
direction of forgett ing informat ion. A new por t ion of 
informat ion, i.e. the deliberate 'freezing' of pa r t of the text 
which is in the rmal mot ion , can occur only at the expense of 
addi t iona l erasure of some par t of the main text if this process 
occurs wi thou t in t roducing addi t iona l informat ion from 
outside. Order can only appear because of the destruct ion 
of a different order (in a closed system). 

It follows from this discussion tha t the p rob lems of 
analysis of order and of creat ion of new informat ion 
require , as a rule, going beyond a certain isolated physical 
system. Therefore, open nonequi l ibr ium systems will be basic 
to our discussion and we shall deal with them step by step 
from simple to complex. 
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8. Control 
To cont inue our ideal t hough t experiments , we shall consider 
a different formulat ion of the p rob lem. Let us assume tha t 
our part icle executes Brownian mot ion in a p lane (x, y). The 
probabi l i ty of finding it in this p lane obeys the F o k k e r -
Planck equat ion , which in the simplest var iant looks like the 
diffusion equat ion: 

(30) 

Here , p(x, y, t) is the probabi l i ty density for the posi t ion of 
the part icle in the p lane , V 2 is the two-dimens iona l Laplac ian , 
and D is the diffusion coefficient. The solution in the form of 
a poin t -source function yields 

1 
4nDt exp 

2 , 2 

x +y 
4Dt 

(31) 

This expression can be used to find the expression for the 
specific ent ropy: 

\npdr = ln(47teZ>f) . 

Here , we are al lowing for the fact tha t {x2 + y2) = ADt. 
W e shall n o w select a certain value t = t0 cor responding 

to the localisation of a part icle described by the average value 
{x2 +y2) = 4Dt0. W e shall n o w wait a certain t ime such 
tha t A^ = t — t0. In this t ime the en t ropy rises by As = In 2. 
W e assume tha t there is a device which can automat ica l ly 
move the cell where the Brownian part icle is located. Such a 
device could centre the posi t ion of the part icle and restore its 
previous localisation. However , this requires measurement of 
the posi t ion of the part icle with an error no t exceeding such 
localisation. Acquis i t ion of this informat ion and its 
subsequent use in the movement of the cell requires an 
increase in the en t ropy of the device by at least In 2. 

Therefore, if this device is used in the control led localisa­
t ion of a particle, we can stop the rise in the en t ropy of the 
part icle itself, bu t only at the expense of cons tant creat ion of 
the en t ropy inside or outs ide this device at the ra te i , which is 
at least l n ( 2 / f 0 ) . The dissipation and the cor responding 
irreversibility seem to be t ransferred outs ide the cell 
conta in ing the Brownian particle. 

They are t ransferred to the system of cont ro l of the 
posi t ion of the part icle. The part icle itself is converted into 
an open system from which an excess en t ropy 's lag ' , created 
by dissipation, is cont inuously removed. The to ta l en t ropy of 
the part icle and of the cont ro l device na tura l ly increases, bu t 
this increase occurs somewhere far from the object of interest 
to us . This example demons t ra tes tha t en t ropy creat ion need 
no t occur strictly locally, bu t m a y proceed somewhere far 
from the system in quest ion. 

9. Gas dynamics 
At first sight it seems tha t dissipation should always and 
inexorably br ing a physical system close to t h e r m o d y n a m i c 
equil ibr ium. In some sense this is t rue , bu t the real processes 
m a y be much m o r e complex and this is clear from the 
simplest example of gas dynamics . 

In general , the behaviour of a low-density gas is described 
well by the Bo l t zmann kinetic equat ion 

| + W / = S t ( / ) (32) 

H e r e , / i s the local function represent ing the dis t r ibut ion of 
the part icle velocities and S t ( / ) is the collision term. It is 
collisions tha t are responsible for the app roach to local 
equil ibrium, i.e. for dissipation. If the collisions are 
sufficiently frequent, the dis t r ibut ion function becomes 
Maxwel l ian: 

'0 = n(£r) 
3/2 

exp IT 
(33) 

Here , n, T, and u are the local values of the density, 
t empera tu re , and average velocity. F o r the Maxwel l ian 
dis t r ibut ion function the local equil ibr ium is complete , i.e. 
S t ( / ) = 0. However , if n, T, and u are functions of the 
coordina tes and t ime, the left-hand side of E q n (32) does no t 
vanish automat ica l ly on subst i tut ion off = f0. This means 
tha t a complete t h e r m o d y n a m i c equil ibrium is not achieved 
a l though the collision term exerts a s t rong tendency towards 
equil ibr ium. W e can readily see tha t changes in the quant i t ies 
n, T, and u with t ime should obey certain const ra ints imposed 
by the na tu re of Eqn (32) itself. This is because the collision 
term is constructed in such a way tha t it conserves the number 
of part icles, their to ta l m o m e n t u m , and the their to ta l energy. 
Therefore, the left-hand side of E q n (32) should also be 
subject to these constra ints . 

Let us integrate E q n (32) with respect to the velocities. If 
/ i s assumed to be identical with / 0 , the result is 

— + div(nw) = 0 . 
Ot 

(34) 

This equat ion of cont inui ty automat ica l ly guarantees tha t 
the collision term does no t annihi la te or create part icles. If we 
n o w mult iply E q n (32) by mv and integrate again with respect 
to v al lowing for / = / 0 , then the result is — subject to 
E q n (34) — the Euler equat ion 

du 
mn — + Vp = 0 , (35) 

dt 

where the opera tor is 

and the quan t i ty p = nT is the local gas pressure . 
Similarly, mult ipl icat ion of Eqn (33) by \mv2 and 

integra-t ion with respect to the velocities on the assumpt ion 
tha t / = / 0 , subject to E q n s (34) and (35) gives the 
relat ionship 

dp 5 
- — + - p d i v w = 0 , 
at 3 

(36) 

where p = nT. 
Therefore, instead of the Bo l t zmann equat ion we n o w 

have the system ( 3 4 ) - ( 3 6 ) for two scalar and one vector 
quant i ty , and instead of a six-dimensional phase space we can 
use the usua l configurat ion space. 

The equa t ions of ideal gas dynamics become m o r e precise 
as S t ( / ) increases, i.e. as the collisions between the a t o m s 
become m o r e frequent. Mathemat ica l ly this means tha t the 
equa t ions of hydrodynamics represent an asymptot ic form of 
the Bo l t zmann equat ion in the limit St —> oo. The collisions 
themselves select a set of quant i t ies n, T, and w, which are 
t ransformed into dynamical variables. They can be called the 

file:///npdr
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order pa rame te r s because they represent the main charac ­
teristics of a local t h e r m o d y n a m i c equil ibr ium. 

The variables n, T, and u m a y be considered as smooth 
functions of the coordinates . Their behav iour is governed by 
the equa t ions of gas dynamics . Na tu ra l ly , against the b a c k ­
g round of this dynamics there are small t h e r m o d y n a m i c 
f luctuat ions due to the discrete s t ructure of the a tomic gas, 
bu t at this stage they are of no interest to us . The equa t ions of 
gas dynamics , which are nonl inear in their s t ructure , p rovide 
na tu r a l means for the descript ion of such processes when the 
changes in space and t ime of the relevant dynamica l variables 
n, T, and u are much greater t han the t h e r m o d y n a m i c 
b a c k g r o u n d of the usua l f luctuations. Consequent ly , we can 
speak of states and processes which are very far from t h e r m o ­
dynamic equil ibr ium. 

The equa t ions of gas dynamics represent only the simplest 
example of the description of physical systems far from 
equil ibrium. In other nonequi l ib r ium physical systems one 
frequently encounters a si tuat ion tha t certain order 
pa rame te r s arise spontaneous ly and these begin to play the 
role of dynamica l variables. Our task will be to p rov ide a 
quali tat ive descript ion of such dynamica l systems subject to 
the al lowance for the role of informat iona l processes. 

As demons t ra ted earlier, in format iona l processes are very 
closely inter twined with irreversible dissipative processes in 
systems far from t h e r m o d y n a m i c equil ibr ium. As far as 
possible, we shall consider these processes step by step 
going from simple to complex. 

10. Waves 
F l o w or oscillations of a gas at speeds much less t han tha t of 
sound represent a very wide class of gas-dynamic processes. 
They include low-ampl i tude sound itself as well as incom­
pressible flow with divw = 0. Such flow will be discussed 
later and here I shall deal with sound. I shall assume tha t the 
ampl i tude of oscillations is small so tha t deviat ions of the 
density it = n — n0 and pressure p = p— p0 from their 
equil ibrium values n0 and p0 are small. If the velocity u is 
also assumed to be small, the equat ions of gas dynamics m a y 
be linearised. The solut ions of linear h o m o g e n e o u s equa t ions 
can always be regarded as composed of e lementary solut ions 
of the p lane-wave type exp ( -co + \k •#•), where k is the wave 
vector. F o r a p lane wave, E q n s (34) - ( 3 6 ) become 

con = n0k • u, mn{)cou = kp, cop = yp^k • u . (37) 

Here , y = 5 /3 is the adiabat ic exponent . It follows from the 
last two equa t ions in the system (37) tha t 

co2 - c\k2 = 0 , (38) 

where c s = (ypo/mn0)1^2 is the speed of sound. 
The relat ionship of E q n (38) between the velocity and 

wave n u m b e r is k n o w n as the dispersion relat ion. Accord ing 
to the second of the equa t ions in system (37) the displacement 
of a med ium occurs in the direction of the wave vector. A 
compar i son of the first and thi rd equa t ions in system (37) 
shows tha t 

p/Po = f n/no . 

Since p = nT, it follows tha t the p ropaga t ion of sound per ­
tu rbs its t empera tu re , so tha t T/T0 = ^n/n0 = (y — l)n/n0. 
This is to be expected because in the case of ideal acoust ic 
v ibra t ions , the pressure varies in accordance with the 
adiabat ic law. 

W e shall n o w find the expression for the m o m e n t u m 
density P and the energy density s in an acoust ic wave. If we 
use the angular b racke ts for the averaging in space, in the 
second approx ima t ion with respect to the ampl i tude of the 
oscillations we obta in 

P = (mnu) = (mnu) = —mn()(u ) 
co 

(39) 

where u is the componen t of the velocity a long k. 
W e shall use here the first equa t ion from system (37) to 

express h in t e rms of u. The energy of the oscillations consists 
of the kinetic and potent ia l componen t s . The poten t ia l 
energy is readily found if the last two equa t ions in system 
(37) are wri t ten as a simpler re la t ionship, 

I = - a £ , (40) 

where a = k2c2 and { i s the displacement of the med ium, i.e. 
£ = u, and u is the componen t of the velocity u a long the 
direction of the wave vector (this is the only componen t tha t 
exhibits vibrat ions) . F or a wave with a given wave number we 
simply have a h a r m o n i c oscillator and its average kinetic 
energy is equal to the average poten t ia l energy. W e then have 
simply 

8 = mn0{u2) . (41) 

A compar i son of the expressions given by E q n s (39) and 
(41) shows tha t we have the r emarkab le relat ionship 

k k 1 
P = - s = -—s , 

co kv 
(42) 

where = co/k is the phase velocity of the wave. This is an 
impor t an t re la t ionship. It is of much m o r e general validity 
and applies no t only to an acoustic wave, bu t also to any 
other smal l -ampl i tude waves in isotropic media . W e shall 
n o w consider wha t this relat ionship means . 

A n y longi tudinal wave can be excited by a force applied 
a long the wave vector in resonance with the wave. Let us 
assume tha t this force is F, calculated per uni t vo lume of the 
med ium, and tha t it moves at the phase velocity . In the t ime 
t the externally applied force supplies a m o m e n t u m P = Ft. 
In this t ime the force does work W = Fs, where s = v ^ i s t h e 
p a t h traversed by the poin t on a wave with same resonant 
phase . However , it follows from the law of conservat ion of 
energy tha t W = 8, so tha t 8 = v^P. 

It is interest ing to consider wha t happens to a wave dur ing 
the mot ion of a med ium and, for example, at a velocity v 0 

a long the z axis. In the expression exp(—icot + ik •#•), 
describing the p ropaga t ion of a wave in a med ium at rest, 
we should replace r with r + v0t and we then obta in a new 
exponent ia l function exp(—ico't + ik •#•), where 

co co — k0'V0 = co — kzv0 . (43) 

This is the wel l -known Dopp le r frequency shift. In 
addi t ion to this frequency shift, there is also a change in the 
energy density 

P . (44) 

Here , s is the energy density in a wave in the coord ina te 
system moving with the med ium and sf is the energy density 
in the l abora to ry coord ina te system. Accord ing to Eqn (44) 
the energy density sf vanishes at co' = 0. Such a wave can be 
excited wi thout energy loss. F o r an acoust ic wave of 
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frequency co 
E q n (43) is 

kc. the condi t ion co' = 0 deduced from 

cos 9 : ka v 0 

(45) 

This is the wel l -known condi t ion for the emission of 
Cherenkov radia t ion . In the case of an acoust ic wave, 
condi t ion (45) governs the vertex of the M a c h cone. 

W h e n the velocity of the med ium is sufficiently high, the 
frequency co' m a y p rove negative. The energy of the wave in 
the l abora to ry coord ina te system also becomes negative: the 
excitation of this wave requires the removal of energy from 
the med ium and not the supply of energy. In this case it is 
usua l to speak of the a n o m a l o u s Dopp le r effect. 

The relat ionships describing the energy and m o m e n t u m 
of a wave can be conveniently represented in a somewhat 
different form. Let us assume, for the sake of simplicity, tha t 
the wave p ropaga te s a long the x axis. The velocity of 
v ibra t ions of a med ium for a wave with a given wave number 
k can be represented in the form 

u = uk Qxp(—icokt -\-ikx) H — — u_k exp(—ico_kt — ikx) , 

where u_k and co_k are simply the cor responding values of the 
ampl i tude and frequency for the factor with the negative 
wave number — k. However , since u should be a real quant i ty , 
it follows tha t u_k — uk and co_k = -cok. W e can easily see 
tha t the mean-squa re value of the velocity squared a long the 
x axis is 

/ 2 \ * (U ) = UkUk 

W e shall n o w select some definite poin t on the x axis, for 
example, x = 0. The velocity at this po in t can also be 
represented in the form 

(46) 

for the ampl i tudes ak and ak (known as phasors ) are given by 

\ 1 / 2 

ak = I — - I uk exp(—icokt) , 
mn0\ ' 

cok J 

# fmn0\/ „ . 
ak = ukQxp(-icokt) 

(47) 

The energy density of the wave can be expressed very 
simply in te rms of the a m p l i t u d e s ^ and ak\ sk = mn0(u2) = 
cokakak. The velocity u at the poin t x = 0 can also be 
represented in the form 

2mm 

1/2 
Xk cos cokt + Yk sin cokt 

The coefficients Xk and Yk are k n o w n as the q u a d r a t u r e 
componen t s because the difference between the phases of the 
cosine and sine is n/2. W e can easily show tha t 

Xk = \(ak +<%)> Y k = J i (ak ~a*k) • 

Since the m o m e n t u m density Pk can be expressed in te rms of 
the energy density, 

k 
Pk — —sk 

the ampl i tudes ak and ak yield a simple expression for Pk\ 
Pk = kakak. W e can n o w in t roduce an auxil iary function 
\jj{x9 t) defined by the relat ionship 

/ X 1 / 2 

\jf = f J uk Qxp(—icokt + ikx) . (48) 

W e can easily see tha t 

s = coM2

9 P = A # | 2 - (49) 

In other words , the quan t i ty \\/j\2
 can be interpreted as a 

certain a rb i t ra ry ' number of waves ' per uni t volume. The 
energy and m o m e n t u m densities are obta ined by a simple 
mult ipl icat ion of the 'e lementary energy ' cok and of the 
'e lementary momentum'A: by the a rb i t ra ry 'density of waves ' . 

The expressions in Eqn (49) are readily generalised to 
wave packets when the quan t i ty \\/j\2

 is localised in a certain 
relatively wide region of space and vanishes outs ide this 
region. 

In this case E q n (49) can be integrated in space, and 
values of the to ta l energy and to ta l m o m e n t u m can be found 
for a wave packet . 

The re la t ionships in E q n (49) can be generalised to any 
smal l -ampl i tude waves because the expression P = (k/cok)s 
is universal . Consequent ly , the na tu ra l frequency cok in 
E q n (49) need no t be equal to csk9 as is t rue of an acoustic 
wave, bu t m a y be governed by the appropr i a t e dispersion 
relat ion for any h o m o g e n e o u s med ium. 

Accord ing to the dispersion relat ion (39), for each value 
of the wave vector k we can find two frequencies: co = csk 
and co = —csk. Consequent ly , two waves m a y exist: one 
p ropa-ga t ing a long k and the other in the opposi te 
direction. F o r one of these waves the dispersion relat ion 
(provided the roo t is no t mult iple) can be wri t ten in the form 
co = cok9 where cok is the cor responding na tu ra l frequency. A 
superposi t ion of such waves belonging to the same m o d e of 
oscillation is described by 

^2(co-cok)il/k(r9t) = 0 (50) 

Here , \j/k is an e lementary p lane wave cor responding to the 
dependence \j/k oc exp(—icot + Ucr). W e can easily see tha t 

co = I — , 
8 ; 

so tha t for ij/(k,t) = J2k w e ob ta in 

^cok^k{r9t)=H^/ . 
1 _ 8 7 : 

(51) 

The expression on the r igh t -hand side of this equat ion can 
be regarded as the result of the act ion of some opera tor H on 
spatial coord ina tes of a function F o r example, in the case 
of an acoust ic wave travell ing a long x the frequency is 
cok = kcS9 so tha t H = — i c s 8 / 8 x . F o r other waves the 
expression for H m a y be m o r e complex. W e shall consider 
here only one special case, namely the evolut ion of the 
envelope of a wave packet . 

W e shall t emporar i ly in t roduce the symbol xjj' for the 
wa ve function (this is the simplest te rm for x//'): x//' = Ylk^k-
Let us n o w assume tha t x//' = x/jfr, t) exp(—ico0t + ik0x). 
Here , co0 = cok (k = k0) is the frequency of a wave with 
the wave number k = k0 and the function \j/(r91) plays the 
role of the ampl i tude , i.e. of the envelope of the wave with 
given values of k = &0 and co = co0. W e shall assume tha t 
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\j/(r91) is a smooth function of the variables r and t. Then, the 
expansion of \j/(r9t) into a sum of ha rmon ics of the type 
exp(— iv t + i#e*r) conta ins frequencies v <̂  co0 and the wave 
vectors K: < ^ k0. W e can use this to expand cok as a Taylor 
series in K = k — k0: 

COk^CO0 + VGKX + ] - VGK2

X + - j - V G K : l (52) 

Here , 

9<w* 9v p 8 2 ^ 
g 8£ ' g 8£ 8 £ 2 ' 

and the term with K\ appears because 

k = (kz

x + «i) . 2x1 /2 
'kx 

If we subst i tute the above relat ionships in Eqn (51), then 
after cancellation of the common phase factor exp(—ko0 + ik0x) 

the result is 

8iA 1 j 9V , 1 

2 1 
(53) 

This equat ion describes the evolut ion of the envelope of a 
wave packet . It is k n o w n as the Leontovich parabol ic 
equat ion . If the spatial d imensions of a wave packet are 
very large, the last two te rms on the r ight -and side of 
E q n (53) can be ignored and then the wave packet simply 
p ropaga te s at a group velocity v g = dcox/dk. W e no te tha t 
since E q n (53) applies to an envelope, the absolute phase of 
the complex ampl i tude xjj ceases to have meaning: the 
replacement of xjj with \p exp(ia), where a = const, leaves 
E q n (53) unchanged . 

11. Correlation function 
U n d e r real condi t ions one frequently encounters the 
si tuat ion in which m a n y waves are excited s imultaneously 
and they have different frequencies and ampl i tudes . F o r 
example, in the case of acoust ic waves this is the noise in a 
large city or of a large number of people at a rai lway stat ion. 
A large set of waves can be regarded as wave chaos and can be 
described by the m e t h o d s of statistical physics. The elements 
of such a descript ion can be unde r s tood by considering the 
simplest case of one m o d e of oscillations in a one -
dimensional med ium. The analysis can be carried out again 
using a wave function \j/(x9 t) because in linear waves all the 
other physical quant i t ies experiencing small oscillation can 
be expressed in te rms of ip. F o r example, let us assume tha t 

\j/(x9t) = ^^cik exp (— i co k t + ikx) (54) 

where is the ampl i tude of a wave whose wave number is k 
and CQk is the cor responding oscillation frequency. The t ime 
and space averages of \j/(x9 t) obviously vanish. If the number 
of waves is large and their phases vary with t ime, their 
average values (ak) can also be regarded as zero. This is 
k n o w n as the r a n d o m phase approx imat ion . However , if we 
take the p roduc t aka\9 its average value is independent of the 
phase , so tha t we can assume tha t (akal) = ak, where ak is a 
certain average value of the square of the ampl i tude . The 
quant i ty ak, considered as a function of k, is k n o w n as the 
spectral function or simply the spectrum. 

W e shall n o w find (ip(x, t)\p*(x\ t')), where the angular 
b racke ts denote the averaging over r a n d o m phases and 
ampl i tudes of the elementary waves. This quant i ty is k n o w n 
as the correlat ion function. If we subst i tute here the sums of 
E q n (54) for \j/ and and bear in mind tha t after averaging 
the phases only the p roduc t s akak remain , we find tha t 

= *S^al Gxp[—i(Qk(t — tf) + ik(x — x')] . (55) 

This is the familiar expression which makes it possible to 
calculate the correlat ion function from the k n o w n spectral 
density. 

It should be noted tha t the average of the square of the 
m o d u l u s of the wave function at a given poin t x is simply 

l-AI2 = £ « 2 (56) 

The t ime dependence of the correlat ion function on t — t' 
is determined, in accordance with E q n (55), bo th by the 
spectral composi t ion of the waves and by the dispersion law 
co = cok-

12. The Schrodinger equation 
Q u a n t u m mechanics shows tha t all micr op articles have wave 
proper t ies . Each free part icle cor responds to a wave 
frequency co and a wave vector so tha t the energy of this 
part icle is co and the m o m e n t u m is p = Hk, where H is the 
Planck constant . F o r a free part icle of mass m the energy is 
p /2m = H2k2/2m. In other words , s = %cok = H2k2/2m. 
Consequent ly , Eqn (51) for a free part icle assumes the form 
of the Schro'dinger equat ion 

r2 
i% 

2m v 2 i A • (57) 

It should be noted tha t , like the Leontovich 
equat ion (53), the Schrodinger equat ion is invar iant under 
replacement of \j/ with i/^exp(ia), where a is a cons tant phase 
shift. If a part icle is no t free bu t moves in a poten t ia l U(r), the 
to ta l energy s is equal to the sum of the kinetic and poten t ia l 
energies s = (p2/2m) + U and, consequently, the 
Schro'dinger equa- t ion can be wri t ten in the form 

(58) 

where H is the Hami l ton i an opera to r . 
By analogy with E q n (51), E q n (57) m a y be regarded as 

applicable to a classical wave field. Then , \\j/\2 can be 
interpreted as the density of identical Bose part icles at a 
given poin t in space. The appl icat ion of the Schrodinger 
equat ion to one part icle requires in terpre ta t ion of \\jj\2 as the 
probabi l i ty density. W e shall discuss later this app roach in 
m o r e detail. 

At this stage we shall consider the equat ion of free 
mo t ion (57) for one part icle in one dimension only, when 
xjj = \j/(x9 t). 

E q n (57) also resembles the diffusion equat ion , and the 
only difference is an addi t iona l factor of i on the left-hand 
side. Therefore, the app roach to its solut ion can be similar to 
tha t used in the solut ion of the parabol ic diffusion equat ion . 
F or example, let us assume tha t at t = 0 the wave function is 

1 1/4 

exp 
x 

(59) 
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This function is normal ised to uni ty , i.e. 

I . •• ' 
XJ/Q dx = 1 . 

It describes a wave packet localised in an interval Ax of 
a scale b. Direct subst i tut ion can demons t ra t e tha t at 
subsequent m o m e n t s the solution of the Schrodinger 
equat ion becomes 

b 2 \ 1 / 4 1 
(60) 

where a = b — i(Ht/m). Wi th the aid of this function we 
can readily calculate the mean-square value ( x 2 ) . It is given 
by the expression 

{x2) • b2 + 
r2,2 
n t 

m2b2 
(61) 

This expression cor responds exactly to the familiar 
uncer ta in ty relat ionship 

Ax Ap > H . (62) 

In other words , if the initial localisation Ax a m o u n t s to b, 
then the velocity uncer ta in ty Av oc H/mb results in the expan­
sion of the wave packet at a ra te Av, and at high values of t ime 
the localisation Ax increases as Ax oc t(fi/mb). 

The localised pe r tu rba t ion (59) can be confined by a 
h a r m o n i c poten t ia l U = \OLX2. W e can easily show tha t the 
'elastic ' cons tant is then a = H2/mb4 and the energy of an 
oscillator is s ^H(ct/m)1/2. In the limit b —> oo the 
elastic cons tant becomes a —> 0. 

13. Particle in a thermostat 
W e shall consider a q u a n t u m part icle with one degree of 
freedom in a the rmos ta t which is a box of length L a long the x 
axis. At this stage we shall no t be interested in the mo t ion of 
the part icle a long the y and z axes. If the walls of this b o x 
reflect the part icle perfectly, the following eigenfunctions 
should be selected for this part icle: 

. s / 2 \ 1 / 2 . nnx 
Wn = e x P ( - I sin — (63) 

Here , con = sn/H is the eigenfrequency, en = p2J2m = 
(%nH/L)2/2m is the eigenenergy, and n = 1, 2, 3 , . . . is any 
na tu ra l number . Norma l i sa t ion of the functions \pn is selected 
s o t h a t L ( | i A 2 | ) = 1. 

If the walls of the b o x are at a t empera tu re T = const, the 
part icle should reach t h e r m o d y n a m i c equil ibr ium with the 
walls at the same tempera tu re . This means tha t , in 
accordance with the Bo l t zmann formula or, equivalently, in 
accordance with the canonical dis t r ibut ion in statistical 
mechanics , the probabi l i ty pn of finding a part icle in a state 
n is 

pn=Z exp(-/?£„) . (64) 

Here , Z is a normal i sa t ion factor and = l/T. Since 
J2nPn

 = 1, it follows tha t 

Z = ^ exp (-/?£„) , (65) 

and for this reason the function Z is called the par t i t ion 
function. 

Somet imes the free energy F = — Tin Z is used instead of 
Z and then Eqn (64) becomes 

A, = exp (-/?£„ + pF) (66) 

This relat ionship can be used to find readily the average 
energy of the particle: 

and other t h e r m o d y n a m i c quanti t ies . The relevant re la t ion­
ships can be simplified by assuming tha t the dimensions of 
the system are very large so tha t the energy of the lower level 
is St <^ T. Then the summat ion over n in Eqn (65) can be 
replaced by an integral on the assumpt ion tha t n is a 
con t inuous variable. It is n o w quite easy to find the 
expression for Z : 

\n b0 

1/2 

(67) 

where 

u (mr) 1 / 2 ' 
Similarly, we can obta in the expressions for other 

physical quant i t ies . In par t icular , the average energy is 

8 = < 8 > = I 7 \ (68) 

The first law of t he rmodynamics for a one-dimensional 
part icle can be wri t ten in the form 

d e : -p dL + T ds (69) 

Here , 8, p, and s are the energy, pressure, and en t ropy per 
part icle; L is the length of the b o x (vessel). Let us assume tha t , 
for example, the walls of the b o x are impermeable to heat , so 
tha t ds = 0 and the process is adiabat ic . All the probabi l i t ies 
pn should then retain their previous values, which is possible 
only if 

TLz const (70) 

This is the adiabat ic law for the one-dimensional case. If 
we assume tha t p = TIL, where 1/L plays the role of the 
'particle densi ty ' , it follows from E q n (69) tha t the law of 
conservat ion of energy for ds = 0 and the relat ionship (70) 
are satisfied. The en t ropy is best defined in accordance with 
statistical mechanics : 

S = -^2pn\npn = P(s-F) (71) 

W e have used here the relat ionship (66). On the other hand , 
E q n (71) becomes 

F = s-Ts . (72) 

F o r a free part icle in a very large box we find tha t 

(73) 

where 

1 i 2 

Z 71 

are small n u m b e r s which can be ignored compared with 
\n(L/bo). E q n s (68) and (73) obta ined above and the 
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relat ionship p = TIL are valid only if L > bo. If the length L 
is reduced so tha t it approaches bo, it is no longer permissible 
to change from the summat ion over n to integra-t ion. W e can 
see tha t on app roach to L—>Z?o the lower energy level S\ 
becomes comparab le to T. Consequent ly , at low values of L a 
part icle d rops to the lowest energy level and the energy of this 
part icle increases as L~2 as L is reduced. The en t ropy s is zero 
and the p re s su rep varies as L~ . W e seem to reach the 'size' of 
the part icle bo and further deformat ion of the part icle 
requires a greater energy. 

W e can therefore b road ly say tha t bo is the characteris t ic 
'size' of the part icle at a t empera tu re T and then the rat io L/bo 
represents the number of cells in which a part icle with 
t empera tu re T can be placed. 

The dis t r ibut ion of the probabi l i t ies pn can be used to find 
one further quan t i ty p ( x , x ' ) , which is called the density 
mat r ix in q u a n t u m mechanics . The density mat r ix resembles 
the correlat ion function for a r a n d o m set of classical waves. It 
is defined by the following expression: 

p(x, x') = W ( * ' ) > = 5>„*» ( * ) * V ) • (74) 
n 

If L > bo, the function p ( x , x ' ) depends only on the 
difference x—x'. Therefore, in calculat ing E q n (74) we can 
average over x for a given difference x—x'. Next , since in 
accordance with Eqns (66), (72), and (73) the probabi l i ty is 

Pn 2L: 

2 \ l / 2 

QXp(-p8n) , 

the density mat r ix p can be calculated quite rapidly. Once 
again the summat ion over n can be replaced by integrat ion 
and then p(x, x') is given by 

p(x , x') = — exp 
(x — x') 2 1 

(75) 

where bl = H2 jmT. 
The above expression can be represented in the form 

p(x , x) = 
V2nb0 

p 0 ( x , x') 

where 

p 0 ( x , x') = 
2nb2

0 

1/2 

exp 
( / \ 2 - | [x — X ) 

2b2

0 

(76) 

The function p 0 ( x , x ' ) is normal ised to uni ty, i.e. the 
integral of po with respect to x' is uni ty. The function 
po(x ,x ' ) seems to represent the density dis t r ibut ion over x' 
for a fixed value of the poin t x, which in its tu rn can be placed 
in one of the cells with the probabi l i ty InbolL. 

14. Wave - particle dualism 
There is some similarity between the formal expressions for 
the density mat r ix in q u a n t u m mechanics and for the 
correlat ion function of a r a n d o m classical wave field. 
However , actually these physical objects differ strikingly 
from one another . The wave function in q u a n t u m mechanics 
applies in the simplest case to just one part icle. Broadly 
speaking it is real only where the part icle exists and has little 
mean ing outs ide the part icle. W e can state this differently. In 
q u a n t u m mechanics all the physical quant i t ies are obta ined 
as a result of the action of some opera to r s on the wave 

function. Accordingly the average values of these quant i t ies 
can be found after assigning to them the weight | \jj\2. Hence it 
is clear tha t the absolute phase and the absolute ampl i tude of 
a wave function have no physical mean ing and can be selected 
for convenience in calculations. Therefore, major relative 
changes in the ampl i tude at distant po in ts do not 
significantly alter the physical quanti t ies if the gradient xjj 
changes only negligibly. F o r this reason the \\jj\2 function 
assumes the mean ing of a distr ibution of probabil i t ies and not 
a distr ibution of the real density or of the wave mot ion , as is 
t rue of classical fields. 

W e shall apply this app roach to a part icle in a the rmos ta t . 
As demons t ra ted earlier, the energy of a free part icle in such a 
the rmos ta t is independent of the length L provided L > bo. 

W e shall repeat n o w the same though t experiment on a 
q u a n t u m part icle as was done earlier on a classical part icle. 
Specifically, we shall insert an impermeable barr ier into our 
the rmos ta t and thus divide it into two par t s . The 
pe r tu rba t ion of the the rmos ta t by this barr ier is slight and 
the part icle still has the energy \T, p rovided L > bo. The 
part icle is then only in one of the halves, bu t as far as the 
external wor ld is concerned this does no t imply anything: 
repeti t ion of this experiment still leaves a s i tuat ion in which 
\\//\2 is equal to 1/L in either of the two halves. 

Let us assume n o w tha t we k n o w of a m e t h o d of 
identifying which of the halves conta ins the part icle. In 
q u a n t u m mechanics such detection of a part icle in one of 
the states is called 'measurement ' . As soon as this 
measurement is carried out , the value of \\//\2 in the empty 
half d isappears and it is doubled in the half with the part icle. 
The wave function collapses. The en t ropy of the part icle 
decreases by In 2, i.e. it decreases by one bit. 

If this had not resulted in any change in the external 
world , we could have constructed a perpe tua l mo t ion 
machine of the second kind. Since this is impossible, it 
follows tha t our measurement should be accompanied by an 
irreversible increase in the en t ropy in the external wor ld by an 
a m o u n t which is at least one bit . W e can say tha t the collapse 
of the wave function is a real physical event, bu t it is induced 
no t so much by a device as by an irreversible process in the 
external world . 

One might t ry to ' cap tu re ' the part icle in a smaller interval 
Lo <̂  L. If again we have Lo > bo, the barr ier does no t alter 
the energy of the part icle and reduces its en t ropy to \n(L0/bo), 
i.e. by an a m o u n t ln(L/Lo). The en t ropy of the external wor ld 
should increase by at least the same a m o u n t . W e can see tha t 
this collapse m a y occur qui te spontaneous ly provided only 
L o > bo. W e can say tha t the quant i ty bo represents the 
effective 'size' of the part icle and at distances much greater 
t han bo a q u a n t u m part icle differs little from a classical one. 
In other words , in spite of its wave proper t ies , a q u a n t u m 
part icle in a large vessel m a y behave like a classical part icle. 

W e shall n o w consider this p rob lem from a somewhat 
different s tandpoin t . The wave function of E q n (63) can be 
represented by the sum 

a[exp(—icoj + iknx) — exp(—icon — iknx)] , 

where a is a certain ampl i tude and kn = nn/L is the wave 
number . W e can see tha t the above sum is the superposi t ion 
of two waves, one of which travels to the right and the other 
to the left. The wave number kn is p ropo r t i ona l to the 
m o m e n t u m of the part icle: pn = Hkn. This means tha t \jjn 

describes a part icle which travels between perfectly reflecting 
walls and has a cons tant m o m e n t u m pn. Such mot ion can 
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cont inue indefinitely if the walls are immobi le . This state is 
k n o w n as pu re in q u a n t u m mechanics . 

However , in the presence of heat exchange with the walls 
this pu re state cannot be conserved: according to Eqn (64) 
each such state cor responds to just a certain probabi l i ty pn. If 
we are dealing not with one part icle, bu t with a very large 
number (for example, N 5> 1) of identical bosons , then in 
each state there m a y be m a n y part icles. In this case the 
probabi l i ty pn mult iplied by the to ta l number of part icles N 
would cor respond simply to the Maxwel l ian dis t r ibut ion and 
then the density mat r ix p(x,xf) mult iplied by the to ta l 
number of part icles could be considered as a classical 
correlat ion function of a r a n d o m wave field Nl/2ij/(x,t). In 
this case we could begin with the na tu ra l assumpt ion tha t the 
phases of the eigenfunctions ij/n are mutua l ly r a n d o m , so tha t 
averaging of them gives the average correlat ion function. 

W h e n we consider one part icle, the behaviour becomes 
purely probabil is t ic . At each m o m e n t in t ime the part icle can 
be in only one of its mutua l ly incoherent states: one part icle 
cannot have m a n y m o m e n t a at the same t ime. If we suddenly 
open one of the covers and al low such a part icle to escape far 
from the conta in ing vessel, we could detect this part icle with 
just one of the possible values of the m o m e n t u m . In exactly 
the same way we canno t have two values of the m o m e n t u m in 
the case of a classical part icle. Therefore, pn represents only 
the probabi l i ty of finding a part icle in a state n. Loss of the 
m u t u a l coherence of the ij/n functions because of heat 
exchange with the wall leaves one possibility: the part icle 
remains in one of the mutua l ly incoherent states. There seems 
to be a h idden 'col lapse ' of the wave function, bu t this 
collapse is not yet real: the external wor ld m a y still have no 
informat ion on the level at which the part icle is located. 

If the part icle is acted u p o n very slowly, for example if the 
end barr ier is moved or new barr iers are in t roduced, the 
part icle m a y have sufficient t ime to go over from one level to 
ano ther and assume on average the Maxwel l ian dis t r ibut ion. 
F r o m the poin t of view of the external wor ld such a part icle 
behaves as a small thermodynamic-equi l ib r ium system. In 
this case again we are dealing with a density mat r ix p(x,xf), 
bu t the changes or act ions cor responding to it mus t be 
averaged over t ime intervals much longer t han the t ime 
needed for the establ ishment of t h e r m o d y n a m i c equil ibrium. 

If we a t t empt to localise the part icle sufficiently rapidly in 
space or to find its m o m e n t u m , the au toma t i c result is the 
collapse of the probabi l t ies accompanied by the collapse of 
the wave function. It is this event tha t cannot t ake place 
wi thout an increase in the en t ropy in the external world . In 
other words , the collapse is a min ia ture irreversible process 
which resembles microscopic bi r th or death . 

This example shows tha t a real measurement event in 
q u a n t u m mechanics can be represented as a combina t ion of 
two act ions: the p repa ra t ion of the xjj function for expansion 
into mutua l ly incoherent componen t s and the collapse into 
one of these componen t s . The loss of coherence m a y occur 
simply because of external noise or the rmal mot ion , bu t the 
collapse dur ing measurement requires a real nonequi l ibr ium 
process which creates informat ion in the measur ing 
ins t rument and generates at least an equal a m o u n t of 
en t ropy in the external world . U n d e r real condi t ions these 
two componen t s of the measurement m a y be combined or 
they m a y be difficult to distinguish. They are m o r e impor t an t 
for logical clarity t han for pract ical real isat ion. 

W e shall cont inue our discussion of the behaviour of a 
part icle in a b o x or vessel of length L bu t we shall n o w assume 

tha t only one of the ends of the b o x is main ta ined at a 
t empera tu re T and the other end is very cold, i.e. we shall 
assume tha t it is practically at absolute zero. Then the part icle 
m a y carry a heat flux q. W e can readily est imate its m a x i m u m 
value ^ m a x - This value is reached if in the first collision with 
the w a r m wall the part icle receives a the rmal energy \T. 
W h e n it arrives at the cold wall the part icle transfers to it an 
energy of the same order and then re tu rns to the w a r m wall 
for the next por t ion of heat . Let us assume tha t vt = (Tim)112 

is the average the rmal velocity. The t ime of flight to the 
second wall and re turn to the first wall cannot be less t han 2LI 
vt. Therefore, the heat flux is limited to g m a x = 7 v t / 4 L . The 
real heat flux m a y be much smaller: its value depends on h o w 
effectively the part icle can exchange heat with the walls in 
each collision. 

W e shall n o w assume tha t initially the part icle is i n t rodu­
ced in some localised state of Eqn (59) with an initial localisa­
t ion width b. Moreover , if this part icle moves at a velocity 
vo = po/m, the cor responding wave function can easily be 
shown to be simply x//(x,t) = x//(x — vot, t) exp( — icot + ikx), 
where hk = po = mvo and Tico = p2o/2m. If vo is of the order 
of the the rmal velocity vt, the t ime of flight from one wall to 
the other is tocL/vt. Accord ing to E q n (61) in this t ime the 
part icle spreads out addit ional ly, bu t if b2 is selected so tha t 
the width of this spread conserves the scale of the initial 
width , i.e. if b2 ~ Titlm ~ H/vtm, we can assume 
approximate ly tha t the wave packet re ta ins its width . W e 
can see tha t b2 = Lbo, where b2o = H/mT determines the 
min imum width of localisation of the density matr ix . If 
L > bo, the quant i ty b considerably exceeds bo, bu t it is (bo/ 
L)112 t imes less t han L . 

Since the system under considerat ion is far from 
equil ibrium, we cannot exclude the si tuat ion in which each 
collision with a cold wall m a y be recorded, i.e. m a y be 
'measured ' by the wall itself. 

This process implies tha t p h o n o n s created by the part icle 
reflected inelastically by the cold wall can induce irreversible 
strains in the wall or give rise to other excitat ions of soft 
modes which are then ' r emembered ' in one form or another . 
Irreversible processes inside the wall m a y automat ica l ly 
'measure ' the part icle, i.e. they m a y induce an addi t iona l 
collapse of the wave function. The quant i ty (Lbo)112 then 
determines the min imum size of the wave packet : this size is 
a t ta ined when the 'measurement ' occurs in each impact . It is 
evident tha t the wave packet can then resemble a classical 
part icle. However , the width of this packet b ^ (Lbo)112 is 
considerably greater t han the min imum scale bo = H(mT)l/2. 
It follows from the uncer ta in ty relat ion tha t b cor responds to 
the m o m e n t u m uncer ta in ty Ap ~ H/b. W e can see tha t each 
wave packet is b roadened over several energy levels, so tha t 
Av/vt ~ bo/b. If the localisation width is b <̂  L , the part icle 
m a y travel as a nonequi l ibr ium wave packet and, in order to 
fill the whole permit ted range of velocities ~ v t , it has to m a k e 
m a n y collisions with the walls. 

If we begin to increase the t empera tu re of the cold wall so 
tha t it approaches the t empera tu re of the w a r m wall, the 
degree of nonequi l ib r ium decreases. There is a cor responding 
b roaden ing of the width of the nonequi l ibr ium packet b. In 
the limit we again have a s i tuat ion in which the wave function 
of a part icle spreads out over the whole length L. If then the 
interact ion with the walls is negligible, the part icle will be for 
a long t ime at each energy level sn, undergo ing a slow 
Brownian mot ion between the levels because of the 
interact ion with the the rmal v ibra t ions of the walls. 
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It t hus follows from the above discussion tha t the w a v e -
part icle dual ism in q u a n t u m mechanics can depend to a great 
extent on the external condi t ions under which a part icle finds 
itself. 

The a p p a r a t u s of q u a n t u m mechanics makes it possible 
to describe a wide range of specific physical s i tuat ions. In 
par t icular , the descript ion of the the rmal mo t ion of the 
part icle in the form of moving packets m a y be provided on 
the basis of the density mat r ix p ( x , x ' ) , bu t this mat r ix will 
differ from the t h e r m o d y n a m i c density ma t r ix of E q n (74), 
because for each wave packet the phases of the ne ighbour ing 
ha rmonics are correlated with one another , i.e. each such 
packet looks like a superposi t ion J2n

 cnxlJ

n- ^ t n e a v e r a g m g ° f 
the density mat r ix in Eqn (74) is carried out , the result is the 
expression 

P(x9x')=YfWrm^m > (77) 
n, m 

in which the off-diagonal mat r ix elements Wnm need no t 
vanish. Moreover , if Wnm = cncm, we obta in simply the 
un ique pu re state which cor responds to the selected wave 
packet . 

If again we d raw an analogy with the classical field, we 
can say tha t in the pu re state the phases of the individual 
waves are correlated with one another , i.e. they are no t fully 
chaotic . The t ransi t ion to the rmal equil ibrium is 
accompanied by a change to chaot ic phases and by the loss 
of coherence. A part icle can then be only in one of two 
mutua l ly incoherent states. Therefore, when the phases are 
completely chaot ic the off-diagonal t e rms in E q n (77) 
disappear and we have the usua l definition of the 
equil ibrium density ma t r ix with the Bo l t zmann energy 
dis t r ibut ion of the probabi l i t ies Wnn. 

15. Radioactive decay 
Our idealised mode l of a one-dimensional the rmos ta t will be 
used to consider a process which resembles the radioact ive 
decay of a nucleus. In a the rmos ta t of length L we place a 
mina tu re t rap for a part icle by in t roducing an addi t iona l 
barr ier at a distance b from one of the ends, for example from 
the end on the left. Let us assume tha t b <^ bo, where 
bo = H(mT ) 1 / 2 is the width the m i n i m u m localisation of the 
part icle whose energy is ~ T. The first (lowest) energy level in 
this small t r ap , e ^ i n = 7t 2 / i 2 /2mZ?2, is much higher t han the 
tempera tu re . Therefore, the t empera tu re of the left-hand end 
of the the rmos ta t plays no role: the part icle is a l ready at a 
high level e ^ i n and the next level m a y be so high tha t the 
probabi l i ty of the part icle reaching it is negligible. 

Let us assume tha t our part icle is in a pu re state of energy 
8 ^ I N in a small t r ap of size b <̂  L . Let us n o w m a k e a small 
aper tu re in the barr ier so tha t the wave function of the 
part icle can leak t h rough it slowly into the main pa r t of the 
the rmos ta t . Na tura l ly , instead of such an aper ture we can 
employ an energy barr ier , which is ana logous to a barr ier 
t h rough which a wave function can leak in a process k n o w n 
as tunnell ing, which is subbarr ier leakage of the part icle to 
the free region. 

This process is exactly ana logous to the oc decay of a heavy 
nucleus. Since for L > b the wave function in the free region is 
always small compared with the \p function in a small section, 
the wave function of this small section decreases exponen­
tially with t ime: \ p b oc exp(— t /2x), \i//b\2 oc exp(—tjx). If there 

are very m a n y particles in a small section, for example if there 
are initially No particles, their number decreases with t ime as 
No exp(—tjx). However , we have only one part icle so tha t we 
have to speak of probabi l i t ies . 

It is quite obvious tha t the probabi l i ty of finding a part icle 
in a small section is px = exp(—tjx), and the probabi l i ty of 
finding the part icle in the main the rmos ta t is p2 = 
1 — exp(—tjx). F o r a classical part icle this is exactly h o w an 
irreversible process of pene t ra t ion of this part icle across a 
'sl immed d o w n ' barr ier would take place. The spatial pa r t of 
the en t ropy of Eqn (28) for a part icle in a the rmos ta t would 
have been considerably greater t han uni ty and a m o n o t o n i c 
rise of the probabi l i ty pi would have been automat ica l ly 
accompanied by a m o n o t o n i c rise of the en t ropy (the en t ropy 
of the small section can be assumed to be zero). However , a 
q u a n t u m part icle behaves in a somewhat m o r e complex 
manner . 

Let us assume initially tha t the r igh t -hand end of the 
the rmos ta t represents a pure barr ier at absolute zero. Then it 
would seem tha t the probabi l i t ies p\ and pi should apply to 
the small section and to the thermos ta t , and tha t their values 
should be described by the re la t ionships given above. 
However , we n o w have a cont radic t ion because the en t ropy 
S = — J2iPimPi s n o u l d increase first, reaching its m a x i m u m 
at p\ = p2= 1/2, and then should fall to zero at p\ —> 0 and 
P2—>1. In fact, the state under discussion, composed of a 
superposi t ion of the wave functions in the small section and 
in the main par t , is pu re if there is no external d is turbance. 
Before measurement this is the only state. Only after repeated 
measurements can we obta in the values of the probabi l i t ies of 
finding the part icle in the small section p\ or in the large pa r t 

P2-
The state is p u r e before measurements even if it does no t 

have a fixed energy. F o r example, if the decay is very slow, 
then at some m o m e n t in the middle of the process one can 
increase adiabat ical ly slowly the length L by shifting the m o r e 
distant end barr ier . The energy of tha t pa r t of the wave 
function which is outs ide the small section ( t rap) then 
decreases strongly compared with e ^ i n . The \j/ function 
leaking out from this small section has still the energy e ^ i n . 
Therefore, the xjj function would form as a superposi t ion of 
two states with different energies. 

Before the measurements the superposi t ion is again a 
pu re state. A n external force of frequency cor responding to 
the difference between the energy levels can freely change the 
rat io of the ampl i tudes of the two sublevels. Therefore, before 
the measurements it is no t possible to detect the rad ia t ion 
decay. 

However , if it is assumed tha t the r ight -hand end area is 
no t perfectly reflecting, the first collision of the part icle with 
this barr ier shows tha t the part icle has escaped somewhat 
earlier from a small initial volume. Such a collision, 
accompanied by the excitation of p h o n o n s in the end 
barr ier , serves as a measurement after which the ift function 
of the small vo lume practical ly d isappears and the ift function 
in the main pa r t of the the rmos ta t is normal ised to uni ty. In 
other words , an inelastic collision with the wall causes the 
collapse of probabi l i t ies (which up to tha t m o m e n t exist as 
possibilities and no t as real numbers ) , namely, the result is 
tha t pi—>0 and p2—>l. Only mult iple repeti t ion of the 
process of decay can give the dependence N = A/oexp( — tl 
T), on the basis of which we can gain an idea abou t the 
evolut ion of the averages in an ensemble of the a priori 
probab i l i t i e sp\ and p2. 
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After the first collision the part icle is fixed inside the 
the rmos ta t because it is 'measured ' together with the 
approx ima te p a t h from the 'decay ' poin t and then the 
process of establishing equil ibr ium with a the rmos ta t 
begins. The part icle exchanges p h o n o n s with the wall, its 
average energy decreases, and the dis t r ibut ion between the 
levels approaches the Maxwel l ian form. Final ly, the part icle 
energy reaches its average the rmal value s = \ T and the 
energy residue e ^ i n — \ T is t ransferred to the wall in the form 
of a po r t ion of heat AQ = e ^ i n — \ T. The internal en t ropy of 
the part icle then reaches the value given by E q n (73), i.e. it 
becomes s = ln(L/Z?o), and the en t ropy of the the rmos ta t rises 
by an a m o u n t AS = AQ/T = (s^/T) ~~ \- All this second 
stage of the process is essentially irreversible and is 
accompanied by an en t ropy increase. 

However , we shall n o w re turn to the first stage, ie. to the 
first collision. Let us assume tha t \jjb is the normal ised wave 
function in the small section and \\iL is the normal ised wave 
function in the free vo lume of the cold the rmos ta t . These two 
functions cor respond to the same energy when s —> oo. F o r 
finite values of s the wave function can be represented by the 
superposi t ion 

\\i = cb\\ib + cL\\iL , (78) 

where cb and cL are the cor responding ampl i tudes . It follows 
from the rules of q u a n t u m mechanics tha t the quant i t ies \ cb\2 

and | C L \ 2 cor respond to the probabi l i t ies of the relevant states 
when repreated measurements are carried out . Each of these 
measurements induces the collapse of the function into either 
\j/b or \j/L. In the case under discussion the role of the 
measur ing ins t rument is played by the second end of the 
large vo lume and the measurement itself induces the \j/ —> x//L 

collapse. Accord ing to q u a n t u m mechanics , the measur ing 
ins t rument cannot be used to induce deliberately this 
collapse. It simply awaits the m o m e n t when the collapse 
takes place and after m a n y measurements makes it possible 
to find p2(t) = 1— exp(—tjx). The collapse itself is 
essentially r a n d o m . Einstein said tha t the process looks as if 
" G o d played dice" . H e assumed tha t a deeper mean ing lies 
behind this r andomness . However , since this mean ing has no t 
been found, we are left with the o r t h o d o x q u a n t u m -
mechanica l po in t of view. 

W e can thus conclude tha t our process of re laxat ion of an 
equil ibrium state begins with the first inelastic collision of a 
part icle with the the rmos ta t wall. In q u a n t u m mechanics this 
collision represents a r a n d o m collapse of the wave function: 
^—^^L- One pu re state of the part icle is t ransformed to 
ano ther p u r e state, bu t an irreversible process of emission of a 
p h o n o n takes place in the wall and the p h o n o n escapes to the 
external world . A m e m o r y of this p h o n o n m a y remain in the 
form of one bit of informat ion concealed somewhere deeply 
in the wall. In principle, if some a u t o m a t o n is placed 
alongside the wall, this bit of informat ion can be 
t ransformed into the subsequent act ion of the a u t o m a t o n in 
accordance with an a lgor i thm provided in advance . F o r 
example, the a u t o m a t o n could use par t of the 'decay ' energy 
to do work . 

W e shall carry out one m o r e t hough t experiment. W e 
shall assume tha t a n a r r o w t rap of width b <^ bo is located no t 
at the end, bu t exactly in the middle of a the rmos ta t of length 
L . W e shall also pos tu la te tha t the t rap has two small 
aper tures so tha t the part icle m a y equally well escape to the 
left- or r igh t -hand half-volumes. 

The process of re laxat ion again begins from the first 
collision. This m a y n o w be the collision with the left-hand 
or r igh t -hand wall. This first collision leaves one bit of 
informa-t ion in the relevant wall. This is followed by a 
process of re laxat ion which again creates an en t ropy 
AS = AQ/T = ( £ m i n / r ) — \ in the appropr i a t e wall. The 
en t ropy of the part icle is then equal to 
s = \n(L/2bo) = m(L/Z?0) — In 2, because the region 
occupied by the part icle is equal to only hal f the length L . 
The en t ropy of the part icle is n o w one bit less. Then the 
displacement of the central barr ier in the direction of the 
empty vo lume could carry out work . However , we then have 
to k n o w in which half the part icle is actually located and this 
requires the use of the same bit of informat ion tha t has 
escaped into the wall in the first collision. Therefore, once 
again we cannot utilise the the rmal energy of the part icle 
wi thout ' payment ' . 

The ' radioact ive ' decay considered by us is thus an 
irreversible process of re laxat ion to t h e r m o d y n a m i c 
equil ibr ium. It begins with an irreversible collapse of the 
wave function which creates en t ropy in the external world . 
This is followed by the rmal re laxat ion which increases the 
en t ropy of the part icle and the en t ropy of the external world . 
In our example the energy is stored in the part icle itself and, 
therefore, dissipation does not require an addi t iona l energy 
or the addi t iona l in t roduct ion of a negative en t ropy from 
outside the system. 

16. Schrodinger's cat 
The wave function x// t hus has the following meaning . In 
the case of m a n y identical part icles the quant i ty \i//\2 is 
p r o p o r t i o n a l to the density of part icles at a given poin t in 
space. In the limit of one part icle the quan t i ty \\//\2 becomes 
the probabi l i ty of finding this part icle at a given point . The 
wave function evolves in accordance with the linear 
Schro'dinger equat ion , which admi ts the superposi t ion of 
linear solut ions, i.e. the superposi t ion of different states. In 
this superposi t ion the functions xjj themselves and no t their 
squares are used. Therefore, the usua l law for the addi t iona l 
probabi l i ty applies only if the wave functions of different 
states do no t overlap in space or if they have mutua l ly 
uncorre la ted phases . Such decorrela t ion m a y appear as a 
result of the interact ion of a part icle with the external 
envi ronment . If this envi ronment fixes one of the states of 
the part icle, the wave function seems to collapse. 

The external world is assumed to be classical, i.e. 
macroscopic bodies are pos tu la ted to be no t wave bu t po in t 
(or extended) objects with fixed coordina tes tha t vary with 
t ime in accordance with the laws of classical mechanics . 
However , this app roach means tha t there is a yawning gap 
between the wave microwor ld and the classical macrowor ld : 
in the usua l app roach it is not possible to go over from one 
world to the other . In fact, when the app roach is m a d e from 
the microwor ld side, it is necessary to include, in the 
Schro'dinger equat ion descript ion of m a n y particles, objects 
of increasing size including in the limit the whole Universe . 
On the other hand , when the app roach is from the classical 
macrowor ld side, it is na tu ra l to extend the classical 
descript ion right down to the smallest part icles and the 
smallest d imensions. The b o u n d a r y between the microwor ld 
and the macrowor ld is inde terminate and its discussion has 
raised and cont inues to raise m a n y prob lems . 
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This cont radic t ion has been stated mos t clearly by 
Schro'dinger [26] in his famous though t experiment with a 
cat. Let us assume tha t there is a Geiger counter which 
records a part icles or iginat ing from a decay of nuclei and 
passing t h rough this counter . This counter is in contact with a 
device which can b reak an ampou le with po tass ium cyanide 
when the part icle crosses the counter . If the ampou le and a 
live cat are placed together under a glass jar , it follows from 
s tandard q u a n t u m mechanics tha t there is the possibili ty of a 
superposi t ion of live and dead cats if the counter has no t 
m a d e its measurement and is in a state of superposi t ion of 
recorded and unrecorded part icle flights. 

Obviously there is no real p a r a d o x . The ac tual recording 
of a flight of a part icle is an irreversible process accopanied by 
the collapse of the wave function and only this can be 
followed by the opera t ion of an a u t o m a t o n which b reaks 
the ampoule . Superposi t ion of this state with the process of 
detection of a part icle which has no t t aken place is simply 
impossible. However , o r t h o d o x q u a n t u m mechanics does 
no t cover the process of irreversible measurements and the 
feasibility of unrea l superposi t ion shows tha t there is an 
in termedia te region between the q u a n t u m microwor ld and 
the classical macrowor ld where s t andard q u a n t u m 
mechanics does no t apply and which requires a special 
discussion. W e shall re turn to this topic later. 

17. Irreversibility of our environment 
N o t only life on E a r t h bu t other nonequi l ib r ium processes on 
our planet depend to a large extent on solar rad ia t ion . The 
solar constant , which is the flux of energy at the average 
distance of the Ea r th from the Sun, a m o u n t s to 1.4 x 
10 6 erg c m - 2 s - 2 . If we ignore a lbedo, we find tha t this 
energy is eventually converted to heat at a t empera tu re T of 
abou t 300 K. W e can easily est imate the cor responding ra te 
of en t ropy per uni t area per uni t t ime 5 0 = 3 x 
1 0 1 9 c m - 2 s _ 1 . Since the t empera tu re of the Sun is abou t 
6 x 10 3 K — i . e . abou t 20 t imes higher t han the t empera tu re 
of the Ea r th — and since solar rad ia t ion is conta ined within a 
very small solid angle, we can readily est imate tha t the 
p ropo r t i on of the solar en t ropy in S 0 represents no m o r e 
t han 1%. In other words , the solar energy has a very high 
degree of order and before it is converted into heat it carries 
an informat ion flux 7 0 of the same order of magn i tude as S0. 
The informat ion flux 7 0 has a giant value of ^ 4 x 
1 0 1 9 bit c m - 2 s _ 1 . It is i ncomparab ly greater t han any one 
of the informat ion fluxes deliberately created by m a n . 

Na tura l ly , this informat ion flux should be divided by the 
number of molecules to which it is t ransferred and which 
gives a much m o r e modes t value per molecule. F o r example, 
if the flux 7 is divided by the n u m b e r of molecules in the 
terrestr ial a tmosphere , in 1 c m 2 of the E a r t h ' s surface, then 
the informat ion flux per molecule does not exceed one bit per 
week. However , even this number is no t so small. W e mus t 
also bear in mind tha t no t all the energy is converted into 
heat . Some of the solar energy is captured by the a tmosphere 
and serves as the source of air currents , winds, clouds, 
precipi ta t ion, etc. Ano the r par t of this energy is used in the 
photosynthes i s of pro te ins by the p lan t k ingdom and the 
pro te ins in tu rn serve as the food and life suppor t of the 
an imal world . Therefore, in addi t ion to degrada t ion of the 
ordered solar energy and its conversion into heat , there is a 
s imul taneous process of self-organisation and complexifica-
t ion of the s t ructures in the world su r round ing us . All the 

growth processes occur only because they are accompanied 
by a powerful increase in the en t ropy due to a reduct ion in the 
degree of order ing of the energy arr iving from the Sun. 

Taken as a whole the a tmosphere and b iosphere of the 
Ea r th represent a complex open system. A steady-state 
ba lance of the energy fluxes is established by the emission of 
the rmal rad ia t ion from the Ea r th into space: the energy 
arrives on the E a r t h with a low en t ropy and escapes with a 
much higher ent ropy. However , we cannot say tha t the 
irreversible process of the en t ropy increase is perfectly 
m o n o t o n i c in all the componen t s of our complex system. 
On the cont rary , the overall en t ropy increase is accompanied 
by the process of creat ion of ordered s tructures and a 
reduct ion in the local values of the ent ropy. It is this global 
en t ropy rise tha t makes possible the opposi te process of local 
organisa t ion and development of order . The si tuat ion is 
similar to an irr igat ion system in which mechanisms are 
used to raise water from a lower to a higher level: the water 
falling back sets in act ion a water wheel which t r anspor t s pa r t 
of the water u p w a r d s . The large flux d o w n w a r d s creates a 
small flux upwards . 

Stephen Hawking , a major physicist of our t ime, uses the 
following lecture demons t ra t ion of irreversibility. H e shows a 
small episode on cine film where a cup with coffee slides down 
from a table, falls on the floor, and breaks ; the coffee spreads 
over the floor. H e comments on this episode as follows: "all 
of us are familiar with this scenar io" . H e then adds tha t " the 
reverse process is simply imposs ib le" and shows the same 
event in the reverse order: a poo l of coffee re turns back to the 
cup, which is restored from the fragments, and then the cup 
with coffee j u m p s and comes to rest on the surface of the 
table. Na tura l ly , n o b o d y believes in the possibili ty of such a 
miracle a l though pe rhaps no t all of us th ink what happens to 
the ent ropy. 

After all, the whole episode begins from the poin t at 
which a cup with coffee s tands on a table . A million years ago 
no th ing has indicated tha t such a cup would appear as a 
result of a purely irreversible process accompanied by 
con t inuous degrada t ion of the global order and a m o n o t o n i c 
increase in the to ta l en t ropy in the process of thermal isa t ion 
of the energy flux arr iving from the Sun. It is this general 
degrada t ion of energy tha t has m a d e possible the opposi te 
process, again irreversible, involving a reduct ion in the local 
en t ropy and the creat ion of highly organised mat te r . It is this 
process tha t has finally resulted in the appearance of the cup 
with coffee on the table. 

W e can say tha t no t only in a general open system, the 
passage of ordered energy th rough which is accompanied by 
en t ropy creat ion, bu t also in separate open pa r t s of this 
system there are two s imul taneous processes: degrada t ion 
leading to chaot ic the rma l mo t ion of molecules and self-
organisa t ion accompanied by an increase in the complexity 
of s t ructures and the growth of the associated por t ion of 
informat ion (i.e. the en t ropy decreases). 

A full unde r s t and ing of the irreversibility must s imulta­
neously al low for b o t h processes: self-organisation with a 
slight reduct ion in the en t ropy and degrada t ion of the order 
with energy thermal isa t ion and en t ropy creat ion at a much 
higher ra te . Both destruct ion and order ing are essential for 
the unde r s t and ing of irreversibility. 
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18. Who throws the dice? 
The probabi l is t ic descript ion of events in q u a n t u m theory 
raises the na tu r a l quest ion of whether a m o r e complex 
determinist ic pa t t e rn of physical processes lies behind the 
r a n d o m events and we are simply unab le to describe this 
pa t t e rn because of its complexity. A t t emp t s to in t roduce 
into q u a n t u m theory so-called h idden variables have been 
m a d e on m a n y occasions. However , it has been shown 
convincingly — beginning with the work of von N e u m a n n , 
and then later — tha t the logical s t ructure of q u a n t u m theory 
is closed and excludes the possibili ty of in t roducing h idden 
variables. (The reasons given by von N e u m a n n himself are 
no t quite correct, as poin ted out for example by M e r m i n [34], 
bu t this does not change the si tuat ion.) 

W h a t is the origin of r andomness? W h o in the final 
analysis t h rows the dice? In order to unde r s t and wha t it is 
all abou t , we mus t consider first the game of dice itself. 
Two players in tu rn t h r o w a cube with six faces bear ing 
n u m b e r s from one to six. This is indicated usual ly by the 
number of dots on the faces. After th rowing the dice cube the 
players determine — in accordance with rules established in 
a d v a n c e — w h o won . Usual ly each of the faces appears 
perfectly r a n d o m l y with a probabi l i ty of ^ However , why 
does this happen at r a n d o m ? 

It h a p p e n s because before the cube comes to rest it t u rns 
over m a n y t imes. Let us assume tha t , for example, the cube 
makes 100 such revolut ions . The same face appears for the 
second t ime if the cube is t h rown with a precision of at least 
1/600. Here the number 6 allows for the number of faces. It is 
practical ly impossible to repeat the t h r o w of the cube with 
this precision. Moreover , if the t h r o w of the cube p roduces 
repeatedly the same result, the second player m a y suspect the 
first of cheating. It follows tha t in this case the r a n d o m 
behaviour is due to the h a n d s of the players. The fact tha t the 
n u m b e r s appear at r a n d o m is m o r e due to the inability of the 
players to coord ina te precisely their movemen t s t han to their 
conscious behaviour . 

Ins tead of th rowing dice one could consider a device 
ensuring a perfectly chaot ic mo t ion of a cube in a b o x closed 
to the players . The players would open the top of the box 
from t ime to t ime and read the result. In this case we are 
dealing with an objectively occurr ing r a n d o m process. The 
mot ion of the cube in the b o x can be regarded as an ana logue 
of chaot ic the rma l mot ion . Consequent ly , the cube in the 
closed box has the en t ropy S = In 6. As soon as the box is 
opened and b o t h players look at the cube the en t ropy of the 
cube collapses to zero, because the cube face is n o w fully 
determined with the probabi l i ty of unity. Each of the players 
acquires the informat ion I = In 6, which m a y then be 
followed by the following events: one of the players m a y 
become pale and the other m a y smile with pleasure. The 
informat ion is received when each of the players destroys 
wi thout fail some of his ordered s t ructure and transfers to 
chaos , i.e. to the ent ropy, at least 1= In 6 of his own 
informat ion. 

W e shall n o w assume tha t our players have decided to 
replace the cube with a Brownian part icle so as to exclude 
completely any possibili ty of regular mot ion . It is u n i m p o r ­
tan t which posi t ion the players decide to regard as the winning 
posi t ion and we shall simply assume tha t they periodically 
measure the posi t ion of the part icle and then re turn it to the 
origin of the coordina te system. Let us assume tha t a dust 
part icle is moving in air in a container of 1 c m 3 in volume. The 

mot ion of this part icle is completely independent of the 
observers and is absolutely chaotic. It is here tha t we might 
say tha t " G o d p l a y s d i ce" . However , let us not be in haste . 

W e shall n o w consider to wha t extent this mo t ion is 
r a n d o m . One cubic cent imetre of air conta ins something of 
the order of N « 1 0 1 9 molecules. Consequent ly , the vo lume 
per molecule is Vo ~ 1 0 - 1 9 c m 3 . If we wan t to localise each of 
the molecules in vo lume no t smaller t han Vo, it follows from 
E q n (29) tha t the configurat ion par t of the en t ropy of the gas 
is a quant i ty which is at least N « 1 0 1 9 . W e shall n o w assume 
tha t we wan t to localise, i.e. 'freeze', this state. This state then 
has the informat ion I « S « 1 0 1 9 . W e also desire to cont ro l 
this complex system by correct ing it at t ime intervals 
T w l/cs « 1 0 - 1 1 s. Here , / « 1 0 - 6 m is the average distance 
between molecules and cs = 300 m s _ 1 is the velocity of 
sound. W e can see tha t the cont ro l of the mo t ion of the gas 
requires an informat ion flux, converted into the entropy, of 
the order of ~ 1 0 3 0 s~l. This is 1 0 1 0 t imes greater t han can be 
supplied by the solar energy flux reaching 1 c m 2 . In other 
words , if somebody would wan t to help one of the players , he 
would have to posses a spiri tual po ten t ia l capable of 
main ta in ing an ordered mo t ion of molecules by changing 
into chaot ic the flux of informat ion on the scale arr iving from 
the Sun on a surface of 1 c m 2 . 

It is therefore m o r e correct to say tha t G o d does no t play 
dice bu t the reverse is t rue: because of complete neutra l i ty of 
G o d to this game, it occurs on the basis of pu re r andomness 
created by the spon taneous na tu re . 

The r andomness m a y be regarded as an integral p rope r ty 
of mat te r which is in the rma l mot ion . Observat ions of a 
r a n d o m process reveal chaot ic successive numer ica l values of 
a r a n d o m quant i ty . Therefore, the most r igorous app roach to 
the descript ion of this process is based on the concepts of 
probabi l i ty , or dis t r ibut ion functions of probabi l i t ies , if the 
r a n d o m quant i ty can be regarded as con t inuous . If r a n d o m 
events are considered, then in the presence of informat ion 
links they should be analysed al lowing s imultaneously for the 
complex events which concern the observer or, m o r e 
generally, occur in the external world . 

19. Brownian motion 
W e shall n o w consider the mo t ion of a Brownian part icle in 
greater detail. W e shall begin with the one-dimensional 
mo t ion of a classical part icle. The most convenient app roach 
to the descript ion of the mo t ion of such a part icle is based on 
the Langevin equat ion 

Here , v is the velocity of the part icle, y is the coefficient of 
friction, m is the mass of the part icle, and F is a r a n d o m force 
created by r a n d o m collisions of molecules with the part icle. 

Let us assume tha t at t = 0 the velocity of the part icle is 
zero. It then follows from E q n (79) tha t 

1 f? 

v = - exp \-y(t - t ')]F(t') dt' . (80) 
m Jo 

If the average value of the force is (F) = 0, the average 
velocity is also zero. However , the mean-square value differs 
from zero and is 



Dynamics and information 443 

{»2)=—2 ' f exp[ -2y t + y(t' + t")}(F(t')F(t"))&t'&t' 
0J0 

(81) 

Since the collisions of molecules occur very frequently, 
the force F has a very small t ime-correlat ion scale, so tha t we 
can assume approximate ly tha t (F(t')F(t")) = 
F2Tb*(t' — t"). Here , F2 is a characterist ic scale of the square 
of the force and T is the characterist ic correlat ion t ime. The 
expression (81) becomes 

(v 2 ) 
F2r 

2m2y 
[1 - e x p ( - 2 y r ) ] . (82) 

W e can see tha t at low values of t the mean-squa re value 
(v2) increases with t ime as (v2) = F2xm~2t and, in the limit 
t —> oo, tends to the cons tant value F2xj2m2y. U n d e r the rmal 
equil ibrium condi t ions this l imiting value is Tim, so tha t we 
obta in 

D = 
F_\ 

2m2 

y_T 

m 
(83) 

Here, Dv denotes the velocity diffusion coefficient. Accord­
ing to Eqn (82) at low values of t we have (v2) = 2Dvt. W e 
shall also in t roduce the velocity dis tr ibut ion f u n c t i o n / ( v , t). 
If there is no r a n d o m function, then all the velocities decrease 
as voexp( — yt). In this case the distr ibution function would 
vary in accordance with the l a w / ( v , t) = exp (yt)f0 [v exp (yt)] 
where/o(vo) is the velocity distr ibution at t = 0. 

W e can easily see tha t then 

dt y d v y j ) 

On the other hand , if y vanishes and there is a r a n d o m force, 
velocity diffusion occurs . In fact, we then have 

f(v, t + At) = f(v - Av, t) ~ / ( v , t) - | ^ A v + 
2 8v 2 

(Av) 2 

where Av can be found from E q n (80). The averaging 
p rocedure gives ( (Dv) ) 2 = 2DvT>t. Consequent ly , 
expanding the left-hand side in A^ and allowing A^ to 
app roach zero, we obta in the diffusion equat ion . Together 
with the term conta in ing y it becomes 

9 / 9 r d2f 
(84) 

This is k n o w n as the F o k k e r - P l a n c k equat ion . After a 
long t ime a s teady-state dis t r ibut ion is a t ta ined and it follows 
from E q n (83) tha t this is the Maxwel l ian dis t r ibut ion 

fm 
m \ 

2nf) 

1/2 

exp 
mv (85) 

The t ime needed for the establ ishment of the Maxwel l ian 
dis t r ibut ion is usual ly very short . 

If the t ime intervals are regarded as much greater t han 1/ 
y, the mot ion of a part icle a long the x coord ina te can be 
regarded as diffusion. In fact, we can find the quan t i ty 

{x2) {v{t')v{t"))At'At" . (86) 

Since v is described in E q n (80) in te rms of an integral of a 
r a n d o m force, and since the force is regarded as 8-correlated, 

it follows tha t 

<v(f')v(f")> = - e x p [ - ? ( * ' - f " ) ] , 
m 

and E q n (86) leads to the relat ionship (x 2 ) = 2Dt, where the 
diffusion coefficient is D = 2Tlaym. Consequent ly , by 
analogy with the discussion leading to Eqn (84), we can 
readily obta in the equat ion for the probabi l i ty of the 
dis t r ibut ion p(x, t) of a part icle a long the x coord ina te : 

8 P n a 2

z 

dt dx2 
(87) 

The description of the evolut ion of the part icle velocity 
thus leads to the F o k k e r - P l a n c k equat ion and the diffusion 
of a part icle with a s teady-state velocity dis t r ibut ion is 
described by E q n (87) if yt 5> 1. 

If initially the part icle is localised with respect to its 
velocity and coordinates , and its en t ropy is very small, 
the en t ropy increases monoton ica l ly with t ime. In the 
velocity dis t r ibut ions this occurs because of the app roach to 
the Maxwel l ian dis t r ibut ion, whereas the configurat ion 
componen t of the en t ropy increases because the part icle 
occupies an increasing interval a l o n g x by a diffusion process . 

W e shall n o w consider the Brownian mot ion of a 
q u a n t u m part icle. The numer ica l aspect of the p rob lem will 
no t be stressed here and we shall therefore consider only an 
extremely simplified var iant of such mot ion . W e shall discuss 
the example, considered quali tat ively in Section 14, of a 
part icle in a finite one-dimensional b o x with walls which are 
at different t empera tures . In this way we shall directly al low 
for the occurrence of a nonequi l ibr ium process. 

Let us assume tha t a part icle of mass m is inside a b o x of 
length L and one end of this b o x is at a t empera tu re T\ and 
the other is at a lower t empera tu re T2< T\. Tempera tu re T2 

of the cooler is always regarded as lower t han the 
t empera tu re T\ of the heater. Only one-dimensional mot ion 
will be considered. 

Let the part icle be initially localised in the interval/? <̂  L . 
W e can use the classical app roach dur ing a certain t ime 
interval before the wave packet spreads out . Let v be the 
velocity of the part icle. This velocity changes r a n d o m l y 
owing to collisions with the walls, so tha t after a certain 
t ime the changes in the velocity can be described by the 
Langevin equat ion . The mot ion a long the x coord ina te is of 
little interest to us : it simply represents free flight from one 
wall to the other and back again. The t ime of flight between 
the walls is L/v, so tha t the frequency of collisions with each 
of the walls is v/2L. 

Let us assume tha t each collision with the wall results in 
the loss of some of the m o m e n t u m by the part icle, so tha t its 
velocity decreases by av t , where vt = (T\lm)l/2 and the 
coefficient a is simply a n u m b e r smaller t han uni ty. Then 
the loss of the m o m e n t u m in collision with one of the walls 
can be described as uni form decelerat ion at the ra te 

y a v T 

- - v = — - v . 
2 2L 

If we assume approximate ly tha t the loss of m o m e n t u m on 
the ho t and cold walls does no t differ greatly from the above 
value, then the losses on b o t h walls are described by y = 
avt/L. There is a wel l -known f luc tua t ion -d i s s ipa t ion 
theorem which shows tha t the mechanism responsible for 
the dissipation also creates f luctuations. In our case this is the 
heat ing of the part icle by diffusion. Eqn (83) allows us to 
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wri te down the F o k k e r - P l a n c k equat ion in the previous 
form (84), bu t for T2^T\ we have different diffusion 
coefficients for the left-hand and r ight -hand walls, so tha t 
on average 

Dv = ^ ( T i + T2) • (88) 

W e can easily see tha t the velocity dis t r ibut ion of the 
part icle approaches the Maxwel l ian form with the average 
t empera tu re T0 = \(T\ + T2). 

W e shall n o w discuss the quest ion of h o w long we can use 
the classical approach . W e can resolve this quest ion if we 
k n o w h o w fast a wave packet spreads with t ime. W e shall 
consider first the fate of the t empera tu re of the part icle before 
it has reached its equil ibrium value. W e shall mult iply 
E q n (84) by mv2 and integrate it with respect to velocity. If 
we assume tha t the dis t r ibut ion over the velocity is close to 
Maxwel l ian , we obta in 

dT 
__ = _ y ( r _ r i ) _ y ( r _ r 2 ) . ( 8 9 ) 

W e have used here the relat ionship (88) for Dv. 
Accord ing to Eqn (89) the part icle tends to equil ibrium 

with each of the walls at a ra te ~y. U n d e r equil ibr ium 
condi t ions , i.e. when T = \(T2 + T\\ the part icle receives 
heat from the ho t wall at a ra te of q = \y(T\ — T2) and 
transfers it at the same ra te to the cold wall. In other words , q 
is the heat flux carried by the part icle. This heat transfer 
delivers to the cold wall an en t ropy flux 

This en t ropy flux m a y induce an irreversible process in 
the wall, such as the s torage of informat ion tha t the part icle 
has collided with the wall. W e can say tha t this en t ropy 
increase is evidence of a kind o f ' m e a s u r e m e n t ' of the part icle. 
It can be regarded as a process of destruct ion of mutua l ly 
coherent pa r t s of a wave packet . Broadly speaking, if 
ASe« 1, a wave packet m a y split into two mutua l ly 
incoherent halves. This results in the collapse of the wave 
function: one of its halves vanishes and this increases the 
stored informat ion, i.e. it increases the 'knowledge ' at the 
cold wall with respect to the packet , bu t such knowledge is at 
the expense of an increase in the wall en t ropy by ASe « 1. If 
this process is repeated m a n y t imes, the wave packet re ta ins 
on average a localised state. The width of localisation of the 
packet can be est imated from E q n (61), which describes the 
spreading of the packet with t ime if its initial localisation is 
(x2) = b2 + (fi2t2/m2b2). If the packet is 'pressed ' against 
the cold wall in successive collisions, the spreading width 
should be of the same order as the initial width of the packet . 
In other words , if f « 1 /S e , then b2 &2 /m2b2S2. Hence , we 
find the localisation width 

( * V / 2 

b 9 i ( - r ) • w 
It follows from Eqn (90) tha t at the t empera tu re T\ much 

higher t han T2, the value of Se is of the order of y = av t /L , 
where a is a numer ica l factor which can be regarded as of the 
order of uni ty. In this way Eqn (91) yields the est imate 
b « (boL)l/2, where the quant i ty bo = h(mT)~l/2 

in t roduced earlier represents a characterist ic localisation 
width of the density matr ix . Even for an electron when 
L = 1 cm and T = 10 eV an est imate of b gives a fairly 

small value: b « 1 0 ~ 4 cm. In other words , nonequi l ib r ium 
results in a s t rong localisation of the part icle and impar t s 
those proper t ies tha t are usual ly a t t r ibuted to a 
micropart ic le . 

If b <̂  L , then the behaviour of such a part icle can be 
described by classical mechanics . Each of the possible wave 
packe ts has a 'velocity' width which is of the order of 
vtbo/b <̂  v t . Consequent ly , the velocity dis t r ibut ion of the 
part icle can be regarded as con t inuous and characterised by a 
dis t r ibut ion func t ion / (v ) . 

20. Microworld and macroworld 
The discovery of q u a n t u m mechanics has immediately raised 
a n u m b e r of p rob lems and the solut ions to some of these 
p rob lems cannot yet be regarded as fully satisfactory. This 
does no t prevent the use of the powerful theoret ical 
a p p a r a t u s of q u a n t u m theory when applied to an extensive 
range of physical p h e n o m e n a . Q u a n t u m mechanics has no t 
yet failed to account for practical ly any exper imental 
observat ion (this applies pr imar i ly to the nonrelat ivist ic 
theory) . Nevertheless , we are left with the quest ion of why 
the theory predicts only probabi l i t ies of r a n d o m processes in 
the microworld , and also with the quest ion why these 
processes are r a n d o m . The most impor t an t is the difficulty 
of establishing where the b o u n d a r y is between q u a n t u m and 
classical physics. 

It is obvious to everyone tha t classical macroscopic 
bodies have no visible wave proper t ies . On the other hand , 
all micropart ic les behave exactly as predicted by q u a n t u m 
mechanics , demons t ra t ing the universal wave na tu re of the 
microwor ld . Therefore, where is the in termedia te region and 
if it does exist, wha t is the theoret ical a p p a r a t u s needed to 
describe it? 

In this section we shall discuss this p rob lem in a purely 
quali tat ive way in order to m a k e clear the direction of 
t hough t which will be followed later. The main poin t is the 
constant informat ion coupl ing which is characterist ic of 
objects in our envi ronment . All of na tu re is exposed to solar 
rad ia t ion , which shines with all colours; this is sufficient for 
all living organisms cont inuously to observe their 
envi ronment . A similar coupl ing or link via light m a y also 
exist between inan imate objects. In q u a n t u m mechanics this 
means tha t the posi t ions of macroscopic bodies are being 
constant ly 'measured ' by the su r round ing living organisms 
and inan imate bodies . Therefore, the xjj waves of macroscopic 
bodies are subject to cons tant destruct ion of coherence. W e 
live in a wor ld of destroyed coherence and further con t inuous 
destruct ion of coherence. W e shall n o w try to est imate where 
the na tu ra l b o u n d a r y is between the microwor ld and the 
macrowor ld . W e shall do this on the basis of E q n (91), 
describing the width of a nonequi l ib r ium wave packet . 

Let us consider a macroscopic b o d y of density 
p = 1 g c m - 3 and of t ransverse size L . The mass of this 
b o d y is m = p L 3 . A n informat ion flux reaches the b o d y 
directly or indirectly and this flux is then converted into 
entropy, which can be est imated from Sc = L2S0, where 
S0 « 1 0 1 9 c m - 2 s _ 1 is the flux reaching the Ea r th from the 
Sun. 

W e shall n o w consider a b o d y for which the localisation 
width of E q n (91) is of the order of its own dimensions . Such 
a b o d y is obviously somewhere on the b o u n d a r y between the 
macrowor ld and the microwor ld . Subst i tut ing the relevant 
quanti t ies ,we obta in the following est imate: 
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10" (92) 

Na tura l ly , this is a very rough est imate, just sufficient to 
show tha t all visible bodies be long to the macrowor ld and this 
applies to the objects seen under a microscope. W e recall tha t 
a wavelength of visible light is X w 10~ 4 cm, so tha t the 
min imum dimensions of a macroscopic b o d y of ~ 0 . 1 um 
obviously do not exceed L 

It follows tha t all the objects in our macroscopic 
envi ronment have wave packets which are 'col lapsed ' to 
dimensions much smaller t han their t ransverse size and 
which appear to us as sharply defined and capable of 
descript ion in the classical te rms of solid, liquid, or gaseous 
bodies . It is sufficient to in t roduce the cor responding 
classical variables and to apply classical theoret ical 
mechanics . In other words , we are dealing with convent ional 
dynamics . 

On the other hand , in the case of micropart ic les the wave 
behaviour p redomina tes . If we wan t to k n o w something 
abou t the behaviour of a micropart ic le , we mus t ensure tha t 
it interacts with a macroscopic ins t rument which intervenes 
between the part icle and the observer. This ins t rument , 
including its componen t s , is all the t ime in a state of 
informat ion exchange with the envi ronment . Therefore, the 
wave function of the ins t rument 'lives' under condi t ions of 
unavo idab le destruct ion of its coherence. It is the destruct ion 
of coherence of the ins t rument tha t occurs in a pure ly r a n d o m 
manne r because of the m a n y links with the classical objects in 
the envi ronment . 

The ins t rument itself is constructed in such a way tha t 
different states of a micropar t ic le cor respond to different 
readings. The selection by the external world of one of the 
readings automat ica l ly destroys the coherence of the wave 
function of the micropart ic le . All this looks like a r a n d o m 
process but , if it is repeated m a n y t imes, then certain features 
of statistical re la t ionships are revealed and they can be 
described on the assumpt ion of t r ans format ion of a p u r e 
ensemble into a mixed one. The quan t i ty \\j/\2 then plays the 
role of the probabi l i ty density. The ins t rument simply 
indicates in which pa r t of the complete set of states acquired 
by the ins t rument is the part icle located dur ing a given 
measurement . 

21. Behaviour of a microparticle 
A n y object or living organism interact ing with the 
su r round ing world manifests only a small p r o p o r t i o n of its 
proper t ies or s t ructura l possibilities. The usua l a tomic 
app roach pos tu la tes tha t all these internal proper t ies can be 
revealed step by step, i.e. they can be explained completely if 
we k n o w all the proper t ies of the small componen t s of the 
object and their in teract ions with one another . Fo l lowing the 
same approach we shall consider the simplest object, namely 
a small part icle which manifests only its dynamics , i.e. its 
mechanica l proper t ies . 

In classical mechanics such an object is called a mater ia l 
point , i.e. a b o d y of very small d imensions wi thout any 
internal s t ructure. All tha t such a po in t has are its mass , 
posi t ion in space, and response to external forces in accor­
dance with N e w t o n ' s second law. In the one-dimensional 
case this response is described by 

Here , xo is the coord ina te of the point , m is its mass , 
po = mxo is the m o m e n t u m , x*0 is the velocity, x 0 is the 
acceleration, and F is the force acting on the poin t . In the case 
of a potent ia l field the force is F(x0) = — 8 £ / / 8 x 0 , where 
U(xo) is the poten t ia l energy. This app roach to a small 
part icle seems to be absolutely i r reproachable and mos t 
r igorous . However , it does no t always satisfactorily describe 
the interact ion of such a part icle with the external world . In 
fact, if the part icle is inside a the rmos ta t and is subjected to 
very slow act ions, such as a change in the vo lume occupied by 
it or a change in its average kinetic energy, it is m o r e correct 
to describe it in te rms of t h e r m o d y n a m i c quant i t ies , which 
include the t empera tu re , volume, ent ropy, in ternal and free 
energies, etc. The descrip-t ion of the object should 
cor respond exactly to the interact ion of this object with the 
external world . 

In the t h e r m o d y n a m i c descript ion there is no need to 
consider the ins tan taneous posi t ion of a part icle in space and 
it is sufficient to k n o w only its average characterist ics. 
Na tura l ly , in this case the descript ion is based on incomplete 
informat ion abou t the part icle. A m o r e general app roach to 
an incomplete descript ion of the part icle is based on the 
in t roduct ion of the dis t r ibut ion function f(x, v, t) for the 
probabi l i ty of finding the posi t ion and velocity of the part icle 
near x and v, respectively, so tha t the q u a n t i t y / ( x , v, £)AxAv 
cor responds to the probabi l i ty tha t the coord ina te lies within 
the interval Ax and the velocity within Av. Evolu t ion of the 
f u n c t i o n / ( x , v, t) is governed by the kinetic equat ion 

^ + v ^ - i — ^ = 0 
8^ 8x m 8x 8v 

(94) 

Po = F • (93) 

The descript ion given by Eqn (94) is mos t app ropr i a t e to 
a small part icle. It na tura l ly covers bo th limiting cases: in one 
case when the velocity and coord ina te dis t r ibut ions have t ime 
to assume the M a x w e l l - B o l t z m a n n form and the t h e r m o ­
dynamic limit is reached, and also in the case when 

/ e = 5 ( x - x 0 ) 5 ( v - v 0 ) (95) 

and we are dealing with a mater ia l po in t whose coordina tes 
are xo(0 and vo(0- Eqn (95) conta ins formal 8 functions 
which always vanish except at the po in ts where their 
a rgument vanishes. In physical discussions it is convenient 
to assume tha t x and v are no t con t inuous bu t discrete 
variables, so tha t the space of x and v is split into very small 
cells of d imensions Ax and Av. Then the function (95) should 
be equal to (Ax A v ) ~ 1 in jus t one cell and in all the other cells it 
vanishes. 

If the dis t r ibut ion function of E q n (95) is subst i tuted into 
E q n (94) and integrated with a weight x and then with a 
weight v, the result is E q n (93). Therefore, the description of 
the mo t ion of a part icle in te rms of the dynamic variables x 
and p = mv cor responds to the m a x i m u m localisation of 
E q n (95). W e shall assume tha t the coord ina te x varies only 
in a finite segment of length L and the velocity is limited from 
above to the value c. Then the to ta l number of cells in the 
phase space is N = L c ( A x A v ) - 1 . Consequent ly , the function 
described by E q n (95) cor responds to a state with jus t one 
occupied cell, i.e. with the m a x i m u m informat ion / = lnAf 
and zero ent ropy. If we select smooth dis t r ibut ions, then the 
cor responding values of the en t ropy increase with the 
number r of occupied cells: S = l n T . Consequent ly , the 
a m o u n t of informat ion decreases: / = lnAf — l n T . In the 
limit when the part icle uniformly fills the whole segment L 
and the velocity dis t r ibut ion becomes Maxwel l ian , the 
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en t ropy reaches its m a x i m u m value for a given average 
energy. Consequent ly , the a m o u n t of informat ion for this 
state should be regarded as zero because the velocity limit at a 
given t empera tu re T is simply c « (Tim)112. 

A descript ion based on the dis t r ibut ion function readily 
deals with the p rob lem of going to the t h e r m o d y n a m i c limit. 
However , even this description has a characterist ic, bu t no t 
very obvious defect: it applies only to a small part icle in the 
macrowor ld . Essentially this part icle is in cons tant informa­
t ion ' contac t ' with the external world and the informat ion 
interact ion is sufficiently small no t to affect in any way the 
dynamics of this world . 

The kinetic description does in fact admit a solution of the 
type given by E q n (95). It readily follows from the kinetic 
equat ion (94) tha t xo and po satisfy E q n (93). This con­
sequently means tha t if the x coord ina te has the value xo(t) 
at t ime t, and the value xo(t + At) at t ime t + At, its velocity is 
defined as [xo(t + At)—xo(t)]/At. In other words , the velocity 
measurement can be m a d e by measur ing the coord ina te 
twice: at t ime t + At and at t ime t. Only if we are sure tha t 
the second measurement does no t disturb the state of the 
part icle dur ing the first measurement , can we speak of the 
existence of the velocity vo and, consequently, of the 
m o m e n t u m p0 which occurs in the dynamic equat ion (93). It 
is unde r s tood tha t the measurement and the interact ion of 
the part icle with the ins t rument are objective processes. 
Therefore, it is m o r e correct to say tha t the dynamic 
equa t ions are based on the assumpt ion tha t the part icle has 
a cons tant informat ion link with the external world and 
this link does no t disturb the dynamic proper t ies of the 
part icle. These are the characterist ics appropr i a t e for 
relat ing them to the objects in the macrowor ld . However , in 
the case of the microwor ld part icles it follows from q u a n t u m 
mechanics tha t the old assumpt ions abou t the s imul taneous 
existence of the posi t ion and m o m e n t u m of a part icle are 
incorrect . 

Q u a n t u m mechanics is based on a completely new 
a p p p r o a c h to the process of measurement or, m o r e 
accurately, to the informat ion interact ion of a micropar t ic le 
with the macrowor ld objects. The fundamenta l principle of 
q u a n t u m theory says tha t the process of measurement , which 
would seem to permit an infinitesimally small exchange of 
energy between a part icle and an ins t rument , has nevertheless 
a significant influence on the micropar t ic le dynamics . Each 
measurement considerably alters the state of the mic ro ­
part icle and therefore a second measurement applies only to 
a new state and the previous state is dis turbed by the 
measurement itself. The quest ion is: h o w can one describe a 
micropar t ic le in such a case? 

The first conclusion is obvious . If any measurement 
destroys something, then the required relat ionship can be 
identified only by m a n y similar experiments . This means tha t 
each measurement m a y give results somewhat different from 
the other measurements : the events are r a n d o m and only the 
average statistical results can reveal the investigated re la t ion­
ship. However , this is also t rue when the descript ion is based 
on the dis t r ibut ion func t ion / (x , v, t). Where is then the differ­
ence? The difference is tha t the macroscopic descript ion 
admi ts the solution of E q n (95) with the m i n i m u m en t ropy 
and this solut ion is based on the feasibility of second 
measure-ments wi thou t dis turbing the state of a part icle, 
whereas in the microwor ld any measurement dis turbs this 
state. 

W e shall call the solution of Eqn (95) with the m i n i m u m 
en t ropy a pu re classical ensemble: repeated measurements 
carried out on such an ensemble always give the same result. 
It is this fact tha t cor responds to S = 0. However , in 
addi t ion to this pu re state, Eqn (95) also predicts states with 
S ^ 0. W e shall call them mixed states. A n y mixed state can be 
regarded as a composi te of pu re states: 

/(*,/, t) = Jc(*o,vo,0/od*oVo , (96) 

where c(xo, vo, t) is a function of the variables xo and vo, 
whose form is identical w i t h / ( x , v, t). 

However , a q u a n t u m part icle can also be in a mixed state: 
this is simply a r a n d o m l y selected member of a statistical 
ensemble with a certain dis t r ibut ion of probabi l i t ies between 
individual states which can be called pure . A part icle in a 
mixed state interacts with the external world as if only some 
of its informat ion poten t ia l is par t ic ipa t ing in this 
interact ion. In the limit of m a x i m u m en t ropy and m i n i m u m 
informat ion abou t a q u a n t u m part icle we can once again 
apply a the rmo-dynamic descript ion in te rms of t empera tu re 
and ent ropy. 

Q u a n t u m mechanics states tha t even in a pu re q u a n t u m 
state a part icle interact ing with a macro ins t rumen t behaves 
as a r a n d o m object which requires a statistical descript ion. 
W e shall t ry to show why the logic of q u a n t u m mechanics 
na tura l ly leads to the wave equat ion . W e shall assume tha t we 
have an ins t rument which can measure the posi t ion of a 
part icle. After each measurement the state of the part icle is 
destroyed, i.e. it is converted either into a state which cannot 
be pu re or to a different pu re state bu t different from the 
initial one. The second measurement of the coord ina te of the 
pu re state cannot give the result which would be related 
directly to the first measurement of posi t ion. Therefore, the 
most na tu ra l assumpt ion is tha t the posi t ion can be measured 
by establishing some statistical re la t ionship. Let us assume 
tha t px(x) is the probabi l i ty density for ob ta in ing the results 
of the measurements of the posi t ion of a part icle in the 
interval (x ,x + dx) . 

In addi t ion to the coord ina te y a part icle has a second 
dynamic characterist ic, which is its m o m e n t u m p. The 
m o m e n t u m p cannot be measured with an ins t rument bu t is 
used in the de terminat ion of its posi t ion: if repeated 
measurements tha t do not destroy the state are forbidden, 
the velocity of the part icle cannot be found by measur ing its 
coordinates . Consequent ly , the m o m e n t u m has to be 
measured with a different ins t rument , for example on the 
basis of the recoil m o m e n t u m after reflection from a perfectly 
reflecting barr ier in the ins t rument , which makes it possible 
then to measure the m o m e n t u m acquired by this barr ier . Let 
us assume tha t pp(p) is the probabi l i ty of finding the part icle 
m o m e n t u m in the interval (p,p + dp). 

W e can therefore carry out two incompat ib le types of 
measurements : either we determine the posi t ion of a part icle 
or its m o m e n t u m . These measurements m a y be carried out on 
the same state of the part icle, bu t by completely different 
ins t ruments . In each case we speak of a complete set of m e a ­
sured quant i t ies and, consequently, a complete 
measurement . 

Let the state of the part icle evolve with t ime. Then , the 
probabi l i t ies found by the ins t ruments are functions of t ime: 
Px = px(x, t), pp = pp(p, t). W e shall n o w try to see wha t we 
can deduce abou t these probabi l i t ies by clear and logical 
physical reasoning. W e shall simplify such reasoning by 
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assuming tha t our part icle moves freely, i.e. tha t U = 0. The 
energy is then s = p2/2m and, therefore, de te rminat ion of the 
m o m e n t u m dis t r ibut ion function gives automat ica l ly the 
energy dis t r ibut ion function. 

Let us next assume tha t a state is created with a precisely 
specified m o m e n t u m p= po and a precisely specified energy 
£2 = p2o/2m. F r o m the poin t of view of mechanics such a 
state is absolutely s ta t ionary (steady) in t ime and, therefore, 
the probabi l i ty px should no way depend on t ime. However , 
this au tomat ica l ly means tha t px should be independent of x 
because uni form mot ion a long x should again yield a 
s ta t ionary state. 

It therefore follows tha t a s ta t ionary state cor responds to 
the probabi l i t ies px = const and pp = 6(p—po). W e shall 
n o w consider a slightly nons t a t i ona ry (unsteady) state when 
px is a slowly varying function of the coord ina te x and of the 
t ime t, and pp(p) is a s trongly localised function near the 
value p = po. 

If the width of the localisation region of the part icle a long 
x is very large, then the ins t rument used to measure the 
posi t ion of the part icle need no t be k n o w n very precisely: a 
slow change in px a long x means tha t the scale of Ax in the 
measurement of the part icle can be large. However , we then 
have an almost classical part icle and it is na tu ra l to assume 
tha t px(x,t) t ravels at the velocity of the part icle, which is 
close to po/m: px= px(x — potm_1). W e thus obta in an 
ana logue of E q n (95) except tha t the scale of localisation 
a long x is fairly large and the p robab i l i t i e sp x and pp apply to 
the readings of different ins t ruments , so tha t they cannot be 
combined into one p roduc t of Eqn (95). 

By analogy with E q n (95) we shall assume tha t there is a 
function W(x, p) such tha t , when integrated with respect to p 
or x, yields the following expressions for px(x) and pp(p), 
respectively: 

Px(x) \w(x,p) dp, pp(p) W(x,p)dx . (97) 

The function W(x,p) is called the Wigner function. In the 
classical case W(x,p) should be identical to the dis t r ibut ion 
function of x and p , bu t in the q u a n t u m case this is not t rue 
because measurements of the values of x and p are carried out 
by different ins t ruments . Consequent ly , W(x,p) need no t be 
a posit ive or even real function. Moreover , the Wigner 
function m a y no t be expandable into the p roduc t of the 
function of jus t x and ano ther function of just p. Final ly, in 
the case of a smooth dis t r ibut ion of px (x) with respect to x the 
function W(x,p) m a y be regarded as close to 
W(x—ptm~l, p) with the dependence on the second 
a rgument localised strongly near p = po. So far non e of this 
is in conflict with the classical dis t r ibut ion of the 
probabi l i t ies . The t ransi t ion to the q u a n t u m descript ion 
requires the appearance of a quant i ty with the dimensions 
of length which would indicate at wha t length scale the new 
physics applies. It has been found, however , tha t there is no 
such universal quant i ty with the dimensions of length. 
Ins tead there is a universal quant i ty ft, which is the Planck 
constant with the dimensions of act ion. 

W e can try to find the m i n i m u m length with the aid of H 
and p. F o r example, we can relate this length to the quant i ty 
Tilp and, consequently, relate the m o m e n t u m to the reciprocal 
of length. It would be m o r e na tu r a l from the ma themat ica l 
po in t of view to assume tha t the m o m e n t u m is p ropo r t i ona l 
to the derivative Hd/dx. However , the average value of the 
derivative 8/8x vanishes for any dis t r ibut ion px(x). There ­

fore, this derivative should not act on the probabi l i ty bu t on 
some other quant i ty , for example, a new quant i ty such as the 
wave phase in a wave packet . By analogy with classical fields 
it is necessary to in t roduce a wave function M o r e exactly, 
i f i /^ (x) = e x p ( i £ x ) t h e n p is defined as follows: 

P^k = = nk^k • 

Therefore, for a p lane wave the m o m e n t u m i s p = Hk, where 
k is the wave n u m b e r and the Planck constant Ti indicates tha t 
for one and the same part icle the m o m e n t u m p cor responding 
to a given value of the wave number k cannot be as small as 
we please, bu t is limited from be low by the q u a n t u m of 
act ion. 

The function \j/ should be linked somehow to the p r o b ­
abilities W(x,p), px(x), and pp(p). W e shall assume tha t \j/ 
depends also on t ime, for example, in accordance with the law 

\jjk(x,t) = exp(—icot + ikx) . 

The frequency co should depend first of all on the wave 
number , i.e. co = cok = cok(k). If this is t rue , the superposi ­
t ion of the function \j/k can be used to plot wave packets 
p ropaga t i ng at a group velocity. These packe ts with a set of 
wave numbers near a specific value k = ko = po/H correspond 
to the p r o b a b i l i t y p k ~px(x —potm~l) for a very wide distri­
bu t ion of the probabi l i ty density px a long the x axis. Since in 
the case of a wave packet we have p0m = v g = dcok/dk and 
since p0 = Hk, we find directly the dispersion law: 
cok = Hk2/2m. Ana logy with the construct ion of the classical 
wave packets leads in a na tu ra l manne r to the relat ionship 

px(x,t) = \l/*(x,t)\l/(x,t) = \\l/(x,t)\ (98) 

Next , we can close the re la t ionships in E q n (97) on the 
assumpt ion tha t the Wigner function is 

1 
W(x,p) \l/*(x)\l/(x') exp ip (x — x') dx' . (99) 

In other words , W(x,p) cor responds to the Four ie r t r a n s ­
format ion of the density mat r ix i/f*(x)i/f(x ' ) a long one of the 
coordina tes and the probabi l i ty pp(p) is equal to the m o d u l u s 
of the square of the ampl i tude in the Four ie r expansion \jj(x) 
in t e rms of ha rmonics of the type exp(i&x), where x = pITi. 
The logic of the informat ion interact ion of a micropar t ic le 
with a macro ins t rument , considered on the assumpt ion tha t 
the state of the part icle is destroyed by measurement and tha t 
there is a q u a n t u m of H act ion, thus unavo idab ly leads to 
wave mechanics , and then to the Schrodinger equat ion and 
the probabi l is t ic in terpre ta t ion of 

2 2 . Perception 
Measu remen t s in q u a n t u m mechanics represent an entirely 
irreversible informat ion process and this process can be 
described if we in t roduce some auxiliary reasoning and 
constructs . W e recall once again tha t in the informat ion 
processes it is not the energy aspect which is impor t an t 
(a l though it is essential), bu t the mean ing of the t ransmi t ted 
and received signals. The dynamics is the exchange of 
m o m e n t u m and energy, and the informatics is the exchange 
of symbols between pa r tne r s par t ic ipa t ing in the informat ion 
interact ion process . 

W e shall consider here the informat ion aspect of the 
process of measurement which can be called the detection 
or percept ion of signals processed first by an analyser. A 
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A = P 

Figure 1. Perception occurs as a result of a transition from the state a to the state b. In response to an event u?- in an observed object U an analyser A 
detects an event a* due to the initial storing of information in a feeder system F . 

measured object U (unity) interacts directly with an analyser 
A, which is in one of the states a*-. F o r the sake of simplicity, 
we shall assume tha t these states are equivalent and related to 
the object of measurement in such a way tha t all a; are 
equiprobable . Let us assume tha t the to ta l number of a*- states 
is N. Then the probabi l i ty of any one of these states is l/N. A 
measurement is regarded as performed if a state a* is recorded 
by a detector acting as an informat ion 'perceptor ' . The 
informat ion can then be recognised. In this section we shall 
deal specifically with recognit ion itself. 

W e shall assume tha t our detector consists of two par t s : 
an informat ion perceptor P and a feeder F which feeds 
informa-t ion to the system P. Let us assume tha t P and F 
each have N componen t s . Let us also assume tha t before 
receiving informat ion the system P is 'clean' , i.e. it is free of 
any initial informat ion. 

A system free of informat ion can be represented in two 
var iants : it is either simply a set of N clean cells or these cells 
have states which vary rapidly and at r a n d o m , for example 
from zero to uni ty and back again. In the former case we are 
dealing simply with a m e m o r y M , which we shall also 
consider later. In the latter case we have wha t is apparen t ly 
a thermo-s ta t with pu re the rmal mo t ion or its chaot ic 
ana logue . Therefore, we shall denote it by the letter C 
(capacity). In the case of M we have a system with zero 
informat ion and zero ent ropy, whereas in its initial state the 
informat ion in C is zero and the en t ropy has its m a x i m u m 
value S = InN. In this section we shall consider purely 
physical processes by which informat ion can be exchanged 
with the external wor ld and therefore in our discussion it will 
be m o r e convenient to consider an initially stochastic system 
with zero informat ion and m a x i m u m entropy, i.e. a system of 
the type C. 

W e shall n o w discuss the system F which can serve as a 
source which can feed informat ion to the perceptor P in the 
state C. W e shall also assume tha t F consists of N cells, bu t 
only one cell is filled or excited. The en t ropy of F is zero and 
its informat ion content is / = In N. 

W e shall n o w consider the mode l of percept ion in the 
purely classical case when the occurrence of a r a n d o m value 
of the measured quan t i ty is no t related to the measurement 
process . Let us assume tha t the system U has N states u* which 
can be realised with the same probabi l i ty l/N. W e shall 
assume tha t between the states of the measured objects u* 
and the states of the analyser a; there is a one- to-one 
correspondence , so tha t the occurrence of u* automat ica l ly 
results in the event a*. 

Therefore, in the classical case we seem to have just one 
event (u*, a*-). F o r example, a change in the direction of wind 
u; alters the direction of a weathercock a*-, and if these 
direct ions are observed every hour , a chain of r a n d o m events 

(u*-, a*) is recorded. However , these events have no t yet been 
recognised and 'unders tood ' . Recogni t ion requires an 
irreversible recording a; somewhere in the ins t rument . This 
can be done as follows (Fig. 1). 

After an event u* occurs in the system U , the analyser 
consecutively scans the cells of U and when it detects u*, it 
r esponds to u* by an event a*- at the expense of the informat ion 
stored in the feeder system F . This system is constructed in 
almost the same way as the analyser A, bu t it is in the state of 
m a x i m u m order , when only one of the cells is filled and the 
other cells are empty. The initial informat ion abou t the event 
u;, for example, tha t one of the faces of a cube comes u p , is 
lnAf, where N is the number of cells in U . The analyser A 
responds by the appearance of a signal in the cell a* 
cor responding to u*. The informat ion in the system A then 
increases abrupt ly from zero to InN and the en t ropy falls 
from the initial value InN to zero. In accordance with the 
second law of t he rmodynamics such a fall of the en t ropy is 
possible only because of a change to chaot ic behaviour in 
the feeder system F , the en t ropy of which rises from zero to 
InN. 

It should be poin ted out tha t the to ta l en t ropy is 
conserved in the interact ion of the systems A and F . This 
means tha t the process of informat ion transfer from F to A is 
fully reversible: from the state of the systems A and F in 
Fig. lb can re turn to the state of A and F in Fig. l a wi thout 
violat ion of the second law of the rmodynamics . Therefore at 
this stage the appearance of the signal a*- in the analyser does 
no t represent the irreversible s torage of informat ion. 

However , we must bear in mind tha t in pract ice such an 
ideal ins t rument is difficult to construct because of na tu ra l 
external d is turbances . Therefore, a m o r e realistic device for 
signal detection m a y look as shown in Fig. 2. 

If because of irreversible processes some of the 
informat ion is lost by the feeder F , it is necessary to 'fatten 
u p ' the feeder itself and expand it, i.e. it is necessary to 
increase the informat ion stored in it. This can be done by 
increasing the number N* of its cells so tha t N* > N and 
7* > I. N o w in the course of s toring the informat ion which is 
in A some of the stored informat ion 7* m a y be lost, i.e. it m a y 
be destroyed by dissipative interact ions with the su r round ing 
med ium. The informat ion W = I* — I = \n(N*/N) is then 
given up to the external med ium in the form of losses (waste). 
W e can say tha t the interact ion with a med ium in equil ibrium 
increases the en t ropy of the A + F system by W. W e shall 
in t roduce a quan t i ty rji = I/I* ^ 1 which can be na tura l ly 
called the informat ion efficiency or effectiveness. Clearly, all 
the real processes have the efficiency Y\I< 1. 

Ifrji< 1, the process of recording the signal becomes i r re­
versible: it is no longer possible to re turn simply from Fig. 2b 
to Fig. 2a. W e can therefore say tha t the signal a*- is n o w 
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Figure 2. Record of an event m in an analyser A when the information 7* in the feeder F is not fully utilised: the rest of the information W — I* — I is 
lost by dissipation in the environment. 

'perceived' or ' s tored ' . W e can easily see tha t apar t from the 
analyser A, shown in Fig. 2, we can imagine one or m o r e sim­
ilar addi t iona l analysers. All of them 'see' the same signal u*. 
Let us assume tha t U is a cube with numbered faces and the 
event u* is a r a n d o m coming up of one of its faces. Analysers 
of the A type are the players checking which face of the cube 
appears on the top . They record the events a; by seeing them 
and s tor ing them in their memory . 

The players m a y wan t to t h r o w the cube again. However , 
they should p repare for the recognit ion of the results of the 
new th row. This is done by 'c leaning ' the analyser A, i.e. by 
removing the recorded signal (Fig. 2b) and t ransferr ing it to a 
different m e m o r y system by exactly the same process as tha t 
by which the signal a*- has been obta ined from the signal u*. 
Moreover , it is necessary to 'fatten u p ' the feeder F with 
informat ion. This can be done by exactly the same process 
which F has used to ' in te r roga te ' A, namely we must have a 
feeder F ' with the informat ion 7** > 7* and then with the 
efficiency rjj = h/h* < 1 we can switch F to the state in 
Fig. 2a. In other words , in order to t h r o w the cube and 
recognise the results of such events it is necessary to 'feed' 
informat ion from somewhere outside. 

The informat ion process in Fig. 2 includes two 
irreversible processes: the actual event u* and the recording 
of the event a*- with the aid of F and with the loss of 
informat ion 7* — / , i.e. with an increase in the en t ropy of the 
combined system A + F . The event u* arrives from outside 
and can be either r a n d o m or m a y represent a m o r e regular 
sequence. The process in the system A + F is a typical 
irreversible process accompanied by an increase in the 
en t ropy and the loss of the informat ion W. The r a n d o m or 
n o n r a n d o m na tu re of a chain of consecutive recognit ion 
events is determined entirely by the input , i.e. by the presence 
or absence of regulari ty in the sequence of events u*. 

W e shall n o w assume tha t the object U is no t of classical 
bu t of q u a n t u m na tu re . Then the cells in Fig. 2a cor respond 
to eigen functions of the complete basis and the object U itself 
is a superposi t ion of these eigenfunctions. The analyser A 
must also be a q u a n t u m object, so tha t its cells cor responding 
to a rb i t ra ry readings of the ins t rument are also eigenvectors 
correlated with U . The ac tua l measurement occurs when the 
irreversible system F associated with the external wor ld 
comes into play. It is this system tha t per forms the 
irreversible 'measurement ' process cor responding to the 
t rans i t ion from Fig. 2a to Fig. 2b. This increases the 
en t ropy of the system F and the systems U and A collapse 
s imultaneously into u* and a*-. The q u a n t u m systems U and A 
come into contact with the external classical world via the 
system F . This contact destroys the coherence of the initial 

states of the systems U and A and leads to an immedia te 
collapse of these systems into u* and a*. W h e n measurements 
of the same type are repeated, the collapse occurs at r a n d o m 
in one and then in ano ther cell, so tha t the pa t t e rn averaged 
over m a n y measurements assumes the na tu re of a mixed state 
described statistically by, for example, the density matr ix . 

The system F is thus the b o u n d a r y between the q u a n t u m 
and classical wor lds . In the t ime interval between the 
measurements the q u a n t u m descript ion can be expressed in 
te rms of the evolut ion of the wave function xjj of a pu re state 
or of the density mat r ix p of a mixed state. 

These discussions are fairly general and do no t yet give a 
direct recipe for the descript ion of the real link and in terac­
t ion between the q u a n t u m microwor ld and the classical 
macrowor ld . Before we can provide this descript ion we 
have to become acquain ted with one m o r e very impor t an t 
phe -nomenon , which is the presence of f luctuations. 
However , a further general comment should be m a d e first. 

Complex physical objects can be described with different 
degrees of detail and this is no t only because an exact 
descript ion requires much effort or a large vo lume of com­
puter calculat ions. After all, all our experience shows tha t 
when interact ing with the external wor ld a physical object 
never reveals all its po ten t ia l inner complexity. 
Consequent ly , an incomplete or even a phenomenolog ica l 
descript ion of physical p h e n o m e n a or of physical objects 
sometimes bet ter describes the crux of the mat te r and 
provides an under - s t and ing of wha t occurs. This applies in 
par t icular to collec-tive p h e n o m e n a when an e n o r m o u s 
number of part icles is involved in general collective mot ion . 
F o r example, gas dynamics describes better and m o r e 
satisfactorily the wind flows than does simply molecular 
dynamics . Exact ly in the same way the processes associated 
with the the rmal mo t ion of a toms are described bet ter and 
can be unde r s tood m o r e easily if use is m a d e of 
t he rmodynamics and statistical physics. W e can state this 
differently: there are physical p h e n o m e n a for which an 
incomplete description with neglect of excess detail is m o r e 
satisfactory and even reflects bet ter the essence of the 
processes under considerat ion. 

In par t icular , a statistical descript ion involving the 
in t roduct ion of probabi l i t ies and averaging over the velocity 
dis t r ibut ions is a bet ter descript ion of objects composed of a 
very large number of a toms . If the number of a t o m s is 
reduced, then against the b a c k g r o u n d of a probabi l is t ic 
descript ion, which does no t lose its mean ing averaged over 
m a n y processes of the same type, individual processes begin 
to appear and play an increasingly impor t an t role. These can 
be called f luctuat ions and we can quite arbi t rar i ly select the 
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degree of detail in their descript ion. F o r example, the mo t ion 
of a Brownian part icle can be described as diffusion. 
F requen t repet i t ion of the measurements makes it possible 
to charac-terise this mo t ion as a r a n d o m M a r k o v chain. In 
the limit, if the part icle is followed over very short t ime 
intervals, we can see a very complex p a t h of such a part icle. In 
any case, when applied to classical physics, there is no doub t 
tha t we can provide the descript ion as accurately as required. 
However , this is no t t rue of a q u a n t u m part icle: the 
observat ion is accompanied by the part icle interact ion with 
the macrowor ld and this interact ion cannot be as small as we 
please. It is desirable to become acquain ted first with 
f luctuat ions in order to find ways of achieving a bet ter 
unde r s t and ing of the effects in quest ion. 

23. Fluctuations and irreversibility 
The t h e r m o d y n a m i c re la t ionships used above in Sections 3 -
6 apply solely to the average values. U n d e r real physical 
condi t ions such averaging m a y occur, in a sense, spon­
taneously because of the slowness of the processes tha t t ake 
place. The formal averaging should therefore also be carried 
out only with respect to t ime. It has been shown in statistical 
physics tha t in the case of a large number of part icles the 
averaging in quest ion can be carried out not only with respect 
to t ime bu t also over the phase space, which finally leads to a 
canonical dis t r ibut ion. However , the discrete — i.e. 
a t o m i c — s t r u c t u r e of mat te r does no t appear completely 
and it is manifested by f luctuations, which are small 
deviat ions from statistical equil ibr ium. In this section we 
shall consider the simplest examples of f luctuat ions and 
discuss their relat ionship to irreversibility. 

Once again let us consider an ideal gas. Let N non in te r -
acting classical particles be located in a vo lume V. Then the 
average density of the part icles is given by n = N/V. The 
the rmal mo t ion of the part icles has the effect tha t the number 
of part icles in a certain small vo lume Vo is no t exactly equal to 
No = A/Vo, bu t fluctuates near this value. These f luctuat ions 
can be found quite simply. Let us assume tha t a sum over all 
the part icles 

(100) 

represents the real microscopic density of the part icles at the 
poin t r. Here , the 8 function of the type 8(r —rt) is localised at 
the poin t of locat ion of the iih part icle. W e can n o w assume 
tha t nfX = n + bn, where n is the average density and 

bn{r) (101) 

The function bn(r) represents a set of spikes against the 
b a c k g r o u n d of a uni form negative value ( — n). The average 
value is (bn) = 0. The magn i tude of f luctuat ions is usual ly 
found by in t roducing a correlat ion function (b*n(r) hn(r')). It 
follows formally from E q n (101) tha t 

(bn(r)bn(r')) = 8(r - r'){Tb(r' - rt) 

+ ^ < 8 ( r - r , . ) 8 ( r - r , ) ) - / i 2 . (102) 
¥j 

Here , the first te rm is simplified to the componen t s with the 
same indices / and j and it is assumed tha t 
8(r—#•*•)8(r' —/-;) = b*(r—r')b*(r'—ri), and in the second 

term only the com-ponen t s with i^j are retained. W e can 
easily see tha t the resul tant relat ionship can be represented in 
the form 

(bn(r) bn(r')) = n 8 ( r - r ' ) (103) 

This relat ionship can be used to find readily the 
f luctuation of the number of part icles in a small vo lume Vo. 
This can be done by integrat ing twice with respect to r and r' 
in the vo lume Vo. The result is the deviat ion 8A/o from the 
average value No = Von 

(&N2

0)=N0[1 v 
(104) 

If Vo <^ V, we obta in the familiar relat ionship 
1/2 

8A/Q = N0' and for V0 = V we find the na tu ra l result tha t 
the to ta l n u m b e r of part icles in the whole vo lume V does no t 
fluctuate. The relative f luctuat ions of the density become 
par t icular ly large when only one part icle is in the vo lume V: 
N= l,n= l/V. 

W e can easily show tha t Eqn (104) re ta ins its form also 
for one part icle so tha t the f luctuat ions of the part icle number 
in the vo lume Vo are described by 

V2 
(105) 

This relat ionship is absolutely symmetr ic relative to the 
in ternal Vo and external (V — Vo) volumes. In the limits 
Vo—>0 and Vo—> V the f luctuat ions disappear . F o r a small 
value of Vo, compared with V, we have (SNq) = V 0 / V . This 
relat ionship has an obvious physical meaning: VolV is simply 
the fraction of t ime when within the vo lume Vo there is only 
one particle, so tha t ($Nq) is uni ty multiplied by the 
probabi l i ty tha t the part icle is found inside the vo lume Vo. 
W e can see tha t for one part icle the square of the f luctuation 
in the part icle n u m b e r (SNq) is equal to the average number 
of part icles No = Vol V in the vo lume Vo. In other words , the 
f luctuat ions are very large and, therefore, they m a y signifi­
cantly influence the logic of some of our earlier conclusions. 

W e shall n o w re turn to the process of work done at the 
expense of the the rmal energy by a single part icle, with the aid 
of Maxwel l ' s daemon , i.e. to the measurement of the posi t ion 
or velocity of a part icle considered in Section 4. F o r 
simplicity, we shall begin with the one-dimensional case on 
the assumpt ion tha t the part icle is in a the rmos ta t with two 
ends separated by a distance L from one another a long the x 
axis. The part icle collides with the ends and on average 
main ta ins the Maxwel l ian velocity dis t r ibut ion with a 
t empera tu re T. If the effective mass M of an acoust ic wave 
created by the impact of the part icle on the end considerably 
exceeds the mass m of the part icle under investigation, then 
each such collision with the end changes the absolute velocity 
of the part icle only by a small fraction ~mlM of its value. 
The smallness of mIM is due to the fact tha t p h o n o n s in a 
substance consist ing of heavy a toms are also 'heavy ' and 
slow. If mIM <̂  1, an a tom experiences m a n y collisions 
before there is any deviat ion from the Maxwel l ian 
dis t r ibut ion. The process of re laxat ion is then similar to a 
r a n d o m walk described by the Langevin equat ion . After 
m a n y collisions the Maxwel l ian dis t r ibut ion will definitely 
be restored and the process can easily be described in te rms of 
the Brownian mot ion of the m o m e n t a . 

It would be m o r e convenient to consider a simpler case 
when m = M. It is then necessary to assume approximate ly 
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tha t only one collision is sufficient to reach the Maxwel l ian 
dis t r ibut ion of the part icles flying away from the wall 
irrespective of the velocity tha t these part icles have arr iving 
at the wall. F o r example, let us assume tha t one part icle with 
a Maxwel l ian velocity dis t r ibut ion fills the whole the rmos ta t 
of length L . W e shall n o w begin our t hough t experiment on 
the work done . Let a detector record the collisions of part icles 
by the end wall and then after a t ime shorter t han b/vt a 
barr ier is inserted at a distance b from the end and imprisons 
the part icle in a small section. A slow shift of the barr ier in the 
direction of the other end makes it possible to perform 
negative work W on this barr ier at the expense of the the rmal 
energy of the part icle, which is \ T in the the rma l equil ibr ium 
case. 

It would seem tha t this experiment is a th rea t to the 
second law of the rmodynamics . In fact, in recording the 
impact of a part icle at the wall we obta in only one bit of 
informat ion, because against the b a c k g r o u n d of m a n y t ime 
intervals wi thout any collisions and wi thout any new 
informat ion, only one interval provides the signal: 
'collision'. This is equal to one bit of informat ion. 
Consequent ly , 'ass imilat ion ' of this informat ion and the 
subsequent insert ion of a barr ier requires an increase in the 
external en t ropy Se by an a m o u n t In 2. It seems tha t the gain 
in the work can be much greater: after all, the initial vo lume b 
can be expanded to L , which m a y be much larger than b. 
Consequent ly , the en t ropy increases by an a m o u n t ln(L/ 
b)P 1. However , we must no t be too has ty with our 
conclusions. It is found tha t the validity of the discussion 
requires a l lowance for the presence of f luctuat ions. 

W e shall begin with a certain general comment . The 
famous f l uc tua t ion -d i s s ipa t ion theorem has been proved in 
statistical physics: its mean ing is tha t the mechanism of any 
dissipation is s imultaneously the mechanism of creat ion of 
f luctuat ions. This is the reason why f luctuat ions never die out 
bu t are main ta ined at the level dictated by the discrete, i.e. 
a tomic , na tu re of mat te r . 

In our case the dissipation, i.e. the conversion of the 
probabi l i ty of the dis t r ibut ion of the part icle velocities to the 
Maxwel l ian form, is created by collisions with the w a r m ends. 
It is the collisions with the ends tha t main ta in the 
f luctuat ions. W e shall n o w consider this process in 
somewhat greater detail. 

W e shall begin by assuming tha t there is a cloud of many , 
for example N 5> 1, part icles. L e t / ( x , v, t) be the dis t r ibut ion 
function a long the coord ina te x and the velocity v of these 
particles. If this cloud is incident on a perfectly reflecting 
wall, it is reflected wi thou t dis tor t ion and consequent ly no 
irrevers-ible processes occur. However , if this wall is 'wa rm ' , 
then the reflection of each a tom becomes inelastic and after 
m a n y repeated reflections the dis t r ibut ion function 
approaches the Maxwel l ian form. It would seem tha t 
dissipation can 'disperse ' and smear out all the 
pe r tu rba t ions , including those associated with the a tomic 
s t ructure of the cloud. However , this is no t t rue: the 
microscopic dis t r ibut ion func t ion /^ always has the form 

/ , = X ) 8 ( * - x I - ) 8 ( v - v I . ) , (106) 
i 

where the coordina tes of the part icles xt and vt obey the 
microscopic equat ions of dynamics and therefore provide the 
full descript ion of the mo t ion of the part icles. The 
f luctuat ions of the type described by E q n (102) should 
therefore be conserved. Crea t ion of f luctuat ions can be 

regarded as a r a n d o m process in which one part icle is 
apparen t ly t aken out from the incident flux which has a 
smooth dis t r ibut ion function. A part icle, with certain definite 
values o fx ; and v* obeying on average the statistics of inelastic 
scattering, then appears in the reverse flux. Therefore, an 
inelastically reflecting wall is s imultaneously responsible for 
the mechanisms of the smooth ing out of f luctuat ions and 
creat ion of new fluctuat ions by a r a n d o m 'injection' of 
part icles accompanied by s imul taneous remova l of part icles 
from their average dis t r ibut ion function. 

If the number of part icles is large, the f luctuat ions 
themselves are small and the mechanism of their format ion 
has a weak per tu rb ing effect on the average dis t r ibut ion. 

W e shall n o w consider wha t h a p p e n s when N = 1. Let us 
assume tha t a cloud with the probabi l i ty density p(x, v, t) is 
moving towards a wall. Somewhere inside this cloud the one 
and only part icle is ' h idden ' . A layer Ax = vA^ of this cloud 
reaches the wall in a t ime A^. The thickness of this layer is 
p ropo r t i ona l to the runn ing value of the velocity v. Since we 
are interested only in the probabi l i ty p(x,v,t), then in our 
mode l we should t ake the fraction Jp(x, v, t)vAtdv, which 
applies to the probabi l i ty of finding a part icle in this layer, 
and convert it to the Maxwel l ian dis t r ibut ion with reflection 
from the wall. If the Maxwel l ian dis t r ibut ion applies to the 
cloud incident on the wall, then the cloud reflected by the wall 
has the same Maxwel l ian dis t r ibut ion. 

A completely different descript ion language should be 
used if we wish to follow in detail the f luctuat ions. In the 
whole cloud with p ( x , v , t) there is only one part icle at an 
u n k n o w n locat ion. W e can easily see tha t an inelastic 
collision of the part icle with a wall can be regarded as a 
r a n d o m event, which ins tan taneous ly destroys the a priori 
probabi l i ty p(x, v, t) and t ransforms it into the 8 function of 
the type 8(v — vo)8(x — vot), where vo is the velocity after the 
collision at the m o m e n t t = 0 and at the poin t x = 0. A 
collapse takes place, i.e. the extended probabi l i ty cloud 
p ( x , v , t) collapses into a n a r r o w localised 8 function. 
Repea ted collisions of the part icle with the end wall repeat 
the process: the a priori p robabi l i ty for the incident cloud 
disappears at some m o m e n t and the part icle with the 
associated d-function probabi l i ty density flies away from 
the wall. 

If the cloud contains , say, N part icles with the same 
dis t r ibut ion p(x,v,t), then Np(x,v,t) = f(x,v,t) and each 
collision 'picks o u t ' j u s t one part icle so tha t the dis t r ibut ion 
function is t ransformed ' ins tan taneous ly ' from Np(x,v,t) 
into (N-l)p(x,v,t) + 8 ( v - v 0 ) 8 ( x - v 0 0 - If N > 1, the 
r a n d o m process of the appearance of f luctuat ions does no t 
dis turb very strongly the initial Maxwel l ian dis t r ibut ion. In 
this case the f luctuat ions occur in accordance with the Nl/2 

law and at high values of N the f luctuat ions are relatively 
weak. 

In the case of a single part icle however , the f luctuat ions 
are very large: they t ransform the mot ion of the part icle into 
classical flight from one end to the other with a r a n d o m 
change in the velocity after each collision. Nevertheless , it 
seems obvious tha t if the mo t ion of a p is ton-shaped barr ier is 
very slow, so tha t the collisions can be regarded as very 
frequent, the t ime-averaged dis t r ibut ion of the part icle 
velocities can be regarded as Maxwel l ian . However , this is 
no t qui te t rue because there are f luctuat ions. 

Let us assume tha t a barr ier , located initially at a dis tance 
b from the left-hand end and separat ing the part icle from the 
rest of the vo lume of size L 5> b, begins to move slowly at a 
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cons tant velocity evt, where s <̂  1 is a very small number and 
vt = (Tim)112 is the average the rma l velocity. In the smaller 
section the part icle will main ly exhibit the Maxwel l ian 
behav iour so tha t the work will be done on the barr ier and 
the power cor responding to this work is 

T . T 
P = -W = - X = 8 V T - , 

b b 

since the average pressure of the part icle on the wall is Tib. 
However , there is a low probabi l i ty tha t after reflection by 
the w a r m wall the velocity of the part icle will be less t han evt. 
Such a part icle can never catch up with the moving barr ier 
and, consequently, with a probabi l i ty of the order of s the 
pressure on the barr ier can unexpectedly fall to zero and 
never recover. This can occur after lis collisions with the wall 
(on average). Because the average t ime between the collisions 
is of the order of b/vt, it follows tha t before the d i sappearance 
of the pressure the barr ier becomes displaced t h rough a 
distance Ax = evt(b/vt)/e « b. In other words , when the 
work is done we can only double the section conta in ing the 
part icle and then the pressure on the barr ier (piston) 
d isappears abrup t ly and no further work can be done . The 
en t ropy of the part icle can then be increased by just one bit, 
i.e. exactly equal to the a m o u n t by which the en t ropy of the 
envi ronment increases in the initial detection of the collision 
of the part icle with the wall. F u r t h e r work can be done by 
s topping the barr ier and wai t ing unt i l the part icle catches up 
with the barr ier and then recovers its Maxwel l ian 
dis t r ibut ion. Hav ing detected tha t at least one 'full-weight' 
collision with the barr ier , we again expand the section with 
the part icle. However , such a measurement requires an 
expense of informat ion, i.e. it requires an increase in the 
en t ropy of the envi ronment by one bit. The subsequent 
expansion of the vo lume can again increase the en t ropy of 
the part icle by just one bit, doubl ing the vo lume unt i l the 
pressure on the barr ier d isappears again. Once again, 
Maxwel l ' s d a e m o n has to t ake account of the second law of 
the rmodynamics . 

W e no te tha t if instead of one part icle we have N part icles 
which do no t interact with one another , the d i sappearance of 
the pressure due to the mo t ion of the barr ier applies to each 
part icle separately so tha t on average the pressure d isappears 
and the vo lume is doubled even if N 5> 1. 

At first sight it seems tha t our example is too artificial and 
tha t we can find the condi t ions under which one detection of 
a collision with the end can 'fence of f the part icle at a 
dis tance b from the end. Then by expanding the vo lume to 
the to ta l length L it should be possible to increase the en t ropy 
of the part icle by \n(L/b) and do the relevant work at the 
expense of the the rma l energy. However , this is no t t rue . Let 
us consider, by way of example, a m o r e realistic case when the 
part icle is in a cylindrical the rmos ta t of rad ius a. The 
Maxwel l ian dis t r ibut ion is then established by collisions 
with the side walls, so tha t the appea rance of slow 
longi tudinal mo t ion of the part icle at a velocity less t h a n 
tha t of the barr ier (piston) plays no major role: the part icle 
can rapidly recover its longi tudinal velocity because the side 
walls convert the dis t r ibut ion to the Maxwel l ian form. 

Let us assume tha t v* = vt/a is the average frequency of 
collisions of the part icle with the side walls. It is convenient to 
consider the limit in the case when b 5> a; it is then tha t v* 
governs the ra te of recovery of the Maxwel l ian dis t r ibut ion. 
It would seem tha t at a low expansion velocity x = evt, where 
8 ^ 1 , there should be no p rob lem in recovering the 

Maxwel l ian dis t r ibut ion and the average pressure on the 
wall should always be Tib. However , this is no t t rue: the 
diffusion effects begin to play a role. At each collision with a 
side wall there is a r a n d o m change in the t ransverse and 
longi tudinal componen t s of the velocity. Therefore, the 
mo t ion of a part icle in the longi tudinal direction becomes a 
r a n d o m walk with the diffusion coefficient D = v*a2 = vta. 
A par t of the vessel of length b is filled by such a part icle in the 
t ime t = b2/D, so tha t the velocity of the barr ier should no t 
exceed x = bit = Dlb = vta/b to guaran tee tha t the 
dis t r ibut ion of the probabi l i ty over x does not become 
'de tached ' from the moving barr ier . However , this is no t 
sufficient. Each collision with the side wall results in 
localisation of the dis t r ibut ion function of the part icle near 
the poin t of collision and then this localised cloud wanders 
for a long t ime a long the x axis. The t ime t « b2ID is the t ime 
of wander ing inside the segment of width b from one end to 
the other , so tha t the average collision frequency in the 
presence of a barr ier is of the order of 

1 D vt a 
V ~ 7 ~ h2 ~ ~bb' 

F o r alb <̂  1 this quant i ty is much less t han the average 
collision frequency vt/b of a freely moving particle. It follows 
tha t in a n a r r o w tube the work done by the part icle on a 
pis ton is considerably less and the high ra te of conversion to 
the Maxwel l ian dis t r ibut ion does no t help at all, bu t even 
interferes with the work . 

It follows tha t f luctuat ions play a major role and 
par t icular ly when one part icle is involved. It should be 
stressed tha t f luctuat ions can be considered as an intrinsic 
pa r t of an irreversible process: dissipation disperses the 
consequences of f luctuating behaviour , bu t it also creates 
new fluctuations. In par t icular , the process of conversion to 
the Maxwel l ian dis t r ibut ion of a part icle at a w a r m wall can 
be regarded as a r a n d o m l y repeated process of annihi la t ion 
of the probabi l i ty density flowing to the wall and of creat ion 
of a state localised na r rowly a long x and v: this is a typical 
collapse of the dis t r ibut ion of the probabi l i t ies for a classical 
part icle. 

W e shall n o w consider a q u a n t u m part icle which is 
subject to the uncer ta in ty limits Ax Ap> ft, where Ax is the 
uncer ta in ty a long the coord ina te and Ap is the m o m e n t u m 
uncer ta in ty . Let us assume tha t this part icle is in a mixed 
state, for example, tha t it represents a set of wave packets 
with the probabi l i ty | Ct I2 of finding it in the iih packet . Such a 
part icle differs little from the classical one if each of the wave 
packe ts does no t spread out dur ing the observat ion t ime. The 
collision of the part icle with a w a r m wall has the effect tha t 
only one of the wave packets exists in reality after an inelastic 
reflection: the other packe ts do no t contain the part icle and 
they become automat ica l ly annihi la ted. A n d if in this process 
the impor t an t aspect for the external envi ronment is the state 
in which the part icle flies away, we can say tha t a collapse of 
the mixed state takes place. 

The si tuat ion is somewhat m o r e complex in the collapse 
of a pu re state. W e shall assume tha t a very wide a lmost 
m o n o c h r o m a t i c packet with Ax Ap <̂  ft is incident on a wall. 
The quan t i ty | i / f | 2 for such a packet plays the role of the 
probabi l i ty dis t r ibut ion and, therefore, it m a y in principle 
collapse in the same way as the density of the probabi l i ty 
dis t r ibut ion for a classical part icle. If \\//\2 is the classical 
probabi l i ty dis t r ibut ion, then an inelastic collision accompa­
nied by s torage and informat ion abou t the collision in the 
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b o d y itself can r a n d o m l y capture a part icle from the cloud 
\\//\2 and completely annihi la te the incident par t , emit t ing a 
s trongly localised reflected pa r t of the probabi l i ty density. 
Something similar occurs in the case of a q u a n t u m part icle. If 
the incident wave packet is split into wide strips of thickness 
Ax, then for a sufficiently large value of Ax the collapse 
occurs in only one of the layers. The very fact of localisation 
with respect to x automat ica l ly b r o a d e n s the dis t r ibut ion of 
the m o m e n t a by an a m o u n t Til Ax. This b roaden ing cannot be 
greater t han the measure of an inelastic collision. If, for 
example, the velocity of a part icle is altered by a collision by a 
value of the order of vt, then the m i n i m u m size of an 
inelastically reflected packet can be H/mvt = bo. Since our 
part icle is reflected inelastically from m a n y a t o m s of the wall, 
it follows tha t for Av « vt the quan t i ty bo cor responds to the 
coherence length of the packet . It is na tu ra l to assume tha t 
the part icle is captured by just one of the coherent packets . If 
for any reason the probabi l is t ic localisation of a part icle is 
considerably greater t han the coherence width , it means tha t 
we again have a mixed state with a certain dis t r ibut ion of the 
probabi l i t ies | d I2 of finding a part icle in the zth pu re state. 

W e shall re turn again and again to the p h e n o m e n o n of 
collapse of a wave function. Here , we shall stress once m o r e 
the irreversible n a t u r e of the f luctuation effects. W e shall 
consider once m o r e just one part icle in a long tube , which is a 
the rmos ta t of length L. If the part icle is localised at some 
poin t in the middle pa r t of the tube , it begins to diffuse a long 
the x axis and this is characterised by a diffusion coefficient 
D. This is a typical irreversible process accompanied by an 
increase in the en t ropy in accordance with law S oc \n(Dt). On 
the other hand , each collision with a side wall can be regarded 
as a r a n d o m event, which localises a part icle in a distance of 
the order of a. Each such collision is also an irreversible 
process, bu t it is accompanied no t by an increase in the 
en t ropy bu t by its reduct ion. W h a t is the reason for this? 

This is a very fundamenta l p rob lem and should be 
discussed in greater detail . 

Let a part icle be in a tube of length L separated into 
N = Lib identical cells each of length b (Fig. 3a). In the 
initial state the posi t ion of the part icle is u n k n o w n and its 
en t ropy is S = \n(L/b). Let the part icle n o w be in the shaded 
cell in Fig. 3b. The process of appearance of the part icle in 
the cell can be regarded as, for example, a p u r e f luctuation 
collapse: the part icle ' informs ' of its posi t ion by one collision 
with a side wall, and all the other probabi l i t ies vanish. A 
r a n d o m event occurs and in this event the en t ropy of the 
part icle falls to zero, bu t this mus t be accompanied by 
appearance of informat ion in the wall of the shaded cell in 
Fig. 3b. This informat ion m a y be subjected to the following 
subsequent processing: the receiving system m a y ' s tore ' this 
informat ion as one of the N = Lib possibilities, so tha t the 
cor responding value / is / = \n(L/b). In this case the quan t i ty 
/ would represent the informat ion impar ted to the external 
observat ion system abou t the posi t ion of the part icle and we 
would have / + S = const = \n(L/b). 

If the collision of a part icle with a wall triggers an external 
informat ion system, then the informat ion obta ined can be 
used to p roduce the work due to the the rmal mot ion . If this is 
no t done , then the received informat ion is simply forgotten in 
the course of the irreversible increase in the ent ropy. The 
work done can be maximised if m a x i m u m use is m a d e of the 
oppor tun i t ies for the recognit ion of informat ion and 
subsequent increase in the en t ropy of the part icle dur ing 
expansion of the free volume. 

a 

1 
1 

Figure 3. Fluctuations localise a particle from an initially homogeneous 
state (a) in the only cell (b). 

In the other limiting case we m a y do no th ing with the 
obta ined informat ion and no t even ' recognise ' it, so tha t we 
do no t k n o w where the part icle is really located. Then an 
equil ibrium p a t h of the part icle a long the cube in Fig. 3a 
represents a simple the rmal r a n d o m walk with a cons tant (on 
average) en t ropy S = \n(L/b). 

It therefore follows tha t the informat ion abou t a part icle 
can be dealt with by very different me thods . Let us assume 
tha t , for example, the wall of each cell in Fig. 3a conta ins a 
sensor which records the impact of a part icle with the wall. If 
the t ransverse size of the tube is greater t han the cell length b, 
repeated collisions in one cell will be rare , so tha t between the 
collisions the part icle can ' j ump ' from one cell to another . 
Repea ted measurements can give the average frequency of 
collisions with the walls T _ 1 and the mean-squa re displace­
ment (Ax) 2 between collisions. These quant i t ies can be used 
to calculate the diffusion coefficient D = \ (AX) 2T_ 1 and then 
one can use a statistical descript ion of the Brownian mot ion 
of a part icle. This descript ion of an individual part icle is 
effectively replaced by an ensemble of identical systems and 
then the average evolut ion of this ensemble cor responds to 
the probabil is t ic , i.e. incomplete , description of the part icle 
dynamics . 

The cor responding diffusion process is irreversible and is 
accompanied by a m o n o t o n i c increase in the en t ropy if in the 
initial state the en t ropy is no t maximal . F o r example, if 
initially an ensemble of identical systems cor responds to the 
posi t ion of a part icle in the shaded cell with zero entropy, 
then dur ing the subsequent t ime intervals the probabi l i ty 
' c loud ' expands in accordance with the law ( A x ) 2 = 2Dt 
and the en t ropy increases logari thmical ly with t ime. 
However , if jus t one individual part icle is selected from this 
ensemble, then the very first collision with a wall, recorded by 
a par t icular cell, leads to the collapse of the a priori 
probabi l i ty p (x ,v , t) in one cell and this is accompanied by 
an ab rup t fall of the en t ropy of the part icle to zero. 

It seems tha t this collapse is independent of the presence 
or absence of sensors on the walls. In fact this is no t correct: 
the process of collapse is closely related to the system of 
measurement . F o r example, all electrical signals from sensors 
can be b rough t together at one input and then only the 
occurrence of the collision is recorded, i.e. it seems tha t the 
collapse is recorded wi thout indicat ion of the cell where it 
occurs. If irreversible sensors such as mina tu re pho tog raph i c 
plates are used, the occurrence of the collapse is recorded for 
one of the cells, bu t as yet wi thou t an immedia te recognit ion 
by external recording ins t ruments . 

It is very clear from the last examples tha t one bit of 
informat ion is sufficient to record the actual collapse. The 
collapse is an irreversible process or, m o r e exactly, a r a n d o m 
event cor responding to a collision and the a m o u n t of the 
cor responding new informat ion / and the reduct ion in the 
previous en t ropy S depend pr imar i ly on the ensemble which 
models the average statistical characterist ics of the part icle 
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mot ion . Consequent ly , the values S and / apply not so much 
to the part icle as to the combined system formed by the 
part icle and its immedia te envi ronment , including the 
observat ion and percept ion of informat ion abou t the 
part icle. 

It is convenient to separate these two physical events. The 
first event is a r a n d o m appearance of a part icle in one of 
the possible posi t ions with cor responding 'mark ing ' of the 
cell number , which we will call the hint . The hint is the 
appearance of a n u m b e r on a t h rown dice. The hint and 
percept ion or s torage of informat ion represents wha t we shall 
call ' observa t ion ' or 'measurement ' . The complete measu re ­
ment process can involve a major change, which is the 
'col lapse ' of the a priori p robabi l i ty and, consequently, m a y 
be accompanied by a large change in the en t ropy which 
applies to the ensemble represent ing the collective aspect of 
the dynamics of a given part icle. 

A measurement in classical mechanics can thus be 
represented as a combina t ion (linkage) of a hint , which is 
the appea rance of a given numer ica l value of the measured 
quant i ty , and subsequent recording and s torage of this value. 
Overall , this is an irreversible process accompanied by an 
increase in the en t ropy of the external world. 

W e shall consider one m o r e aspect of the interact ion of a 
classical part icle with a macroscopic object. W e have 
assumed so far tha t the walls of a vessel or a the rmos ta t 
have r igorously defined geometr ic d imensions and the 
probabi l is t ic descrip-t ion is required only for a part icle. 
This is no t generally t rue: the walls themselves are in r a n d o m 
mot ion and , moreover , external ins t ruments m a y be 
insufficient for accurate and cons tant t rack ing of the 
posi t ions of macroscopic bodies . W e shall assume tha t the 
posi t ions of the walls are determined with an error and tha t 
there is a probabi l i ty density which applies to the dis t r ibut ion 
of the wall pos i t ions (F ig. 4). 

The con t inuous curve in Fig. 4 is the main (on average) 
b o u n d a r y of a solid and the dashed lines represent its 
uncertainty. A 'cloud' of the probabil i ty distribution p(x, v, t) 
is incident on this wall. After inelastic reflection by this b o d y 
there m a y be one bit of informat ion abou t the collision and 
the particle flies away from the body . If far from the b o d y this 
part icle is detected either by an ins t rument or as a result of a 
spon taneous irreversible process in which the actual appear ­
ance of a part icle plays a definite role in the subsequent evo­
lution of the system, the reflected part icle should be regarded 

Figure 4. Conversion of a 'cloud' of the probability distribution incident 
on a wall into one reflected particle. The solid wall has an uncertainty 
represented formally by dashed curves. The wavy line is the information 
on collision 'stored' in the macroscopic body and the continuous arrow is 
the information which escapes to the external world. 

as present in a localised state: p = 8(r — vo^— ro)5(v — vo), 
where r 0 and vo are the coordinates immediately after 
collision at t = 0. 

As we can see, under these condi t ions after the part icle 
bounces off from the b o u n d a r y of the b o d y the probabi l i ty 
dis t r ibut ion of the part icle collapses and no th ing as yet 
occurs in relat ion to the uncer ta in ty abou t the b o d y itself: 
the part icle m a y bounce off from the con t inuous line or from 
any of the dashed lines (Fig. 4). However , if not one bu t two 
incident part icles are bounced off from the same poin t on the 
wall, the poin t of their intersection m a y be localised and 
informat ion m a y be transferred to the external wor ld tha t 
only the poin t on the con t inuous line is real. Two m o r e 
part icles will be sufficient to determine the angle of direction 
of the cont inu-ous line in the p lane of the figure. N o t only the 
probabi l i t ies of the mo t ion of the part icles bu t also the 
probabi l i t ies of the posi t ion of the solid collapse. W e can 
see tha t only one informat ion link with the external world is 
sufficient for the dis t r ibut ion function of the probabi l i t ies of 
the posi t ion of the solid b o d y to collapse into a state 
cor responding to a qui te definite posi t ion of the classical 
object (natural ly, accura te to within the rma l f luctuat ions of 
its b o u n d a r y ) . 

W e shall n o w consider wha t h a p p e n s when a q u a n t u m 
part icle is incident and then reflected by a macroscopic b o d y 
with a fixed b o u n d a r y . If the incident ' c loud ' \\j/\2 of the 
density mat r ix of the part icle is sufficiently extended, its 
behav iour m a y differ little from tha t of a classical part icle. 
Irrespective of whether the incident state is pu re or mixed, 
only a strongly localised 'c loud ' is reflected from the b o u n d a r y 
of the b o d y as a result of an inelastic interact ion (with a 
cor responding 'measurement ' inside the body) . The only 
restraint is the uncer ta in ty of the posi t ion and m o m e n t u m , 
corresponding to the Heisenb erg relat ionship. However , if the 
b o u n d a r y of the macroscopic b o d y itself is subject to an 
uncer ta in ty corresponding to an addit ional ly extended wave 
function of this body, the si tuation changes. The subsequent 
reflections of particles one after another result in na r rowing 
of the localisation of the macroscopic body . A n d since the 
spreading of the q u a n t u m packet of the macroscopic b o d y is 
very slow, the final result is tha t the packet acquires features 
of a classical object. It is the interact ion with the external 
world that converts macroscopic bodies into classical objects 
with localised wave functions. In general, when micro-
particles interact with other objects, we encounter two 
extremes: the microworld of light particles and the m a c r o -
world of very massive bodies , with some intermediate range 
b etween them representing b o dies with small bu t macro scopic 
scales. 

24. Measurement in quantum theory 
W e shall n o w consider in greater detail the p rob lem of 
measurement in q u a n t u m mechanics . To do this, it is 
convenient to tu rn back to Fig. 1 which shows schematically 
the process of percept ion of the informat ion result ing from 
an event ut in a physical system U . The rows A and F in F igs 1 
and 2 demons t r a t e h o w this informat ion m a y be perceived. 
Only the first r o w U is impor t an t to us and it demons t ra tes 
the actual event ut. Measu remen t in classical or q u a n t u m 
systems begins with such an event. 

W e shall adop t the logic and no ta t ion of the b o o k by 
J Schwinger Quantum Kinematics and Dynamics (Reading, 
M A : W A Benjamin, 1970) and assume tha t an event ut 
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Figure 5. Selective measurement of M{ut) corresponds, in quantum 
theory, to a random event when a physical quantity U, which can assume 
one o fH values, is in the only cell ut. The dashed outline represents the 
possibility of adding another physical quantity vt to the system. 

Figure 6. Screen D can reduce the number of states that can be recorded 
by an analyser A (the inaccessible region is shaded). 

cor responds to a measurement which results in the selection 
of ut out of a set of other possible real isat ions of the physical 
quant i ty U. W e shall denote this event by the symbol M(ut). It 
follows from Fig. 5 tha t the symbol M(ut) simply means tha t 
a q u a n t u m part icle, which can be in any one of N possible 
states, enters the cell ut in this event. In other words , M(ut) 
cor responds to the collapse U —> m. 

The process itself can be explained somewhat differently. 
Let us assume tha t a q u a n t u m part icle with a wave function xjj 
is incident on an ins t rument , i.e. on a macroscopic b o d y 
which has a complex internal s t ructure. At the entry to this 
ins t rument there is an analyser which specifically shows h o w 
the informat ion on the incident part icle can be perceived. In 
q u a n t u m mechanics this means the me thod of de terminat ion 
of the eigenvectors xpt into which the xjj function can be 
expanded: J2icill/i - ^ n e e i g e n f u n c t i o n s \j/t are assumed to be 
o r thogona l and normal ised, and each of them cor responds to 
an eigenvalue ut of a physical quan t i ty U. Let there be N such 
functions, so tha t the cor responding number of cells (Fig. 5) 
is N. The ins t rument for selective measurement in Fig. 5 
re tains only the function xj/j in each measurement event. All 
the other functions are annihi la ted, so tha t the collapse 
iff—nf/i takes place and this cor responds simply to the 
c i rcumstance tha t the part icle being measured has 'fallen' 
into the state /. It should be stressed tha t in such selective 
measurement followed by percept ion of the relevant 
informat ion the absence of the part icle from one of the 
remain ing empty cells also implies no th ing for the 
subsequent 'h is tory ' : only the informat ion with the value of 
the physical quan t i ty U equal to ut is real and meaningful . 

A single measurement event can be regarded as purely 
r a n d o m and it is obviously insufficient to establish the 
s t ructure of \j/ function. Only repeated measurements can 
give the average values of the probabi l i t ies of realisat ion of 
the values ut of the investigated physical quant i ty U. 
Repea ted measurements create a mixed ensemble which can 
be described by a density matr ix , bu t this is no t essential. Our 
a t tent ion will be concent ra ted on the measurement itself. 

The symbol M(ut) t hus cor responds to a selective 
measurement event which retains (or ' t ransmits ' ) a part icle 
with the value ut of U and rejects (i.e. annihi lates) all the other 
states. 

The class of selective measurements can be extended in a 
na tu r a l manner . Namely , we can assume tha t a screen D is 
placed inside the ins t rument and it selects some par t of the 
\\f function incident on the ins t rument (Fig. 6). Then the cells 
outs ide the screen aper tu re will never be recorded. In 
par t icular , if the screen obs t ruc ts all the cells apar t from the 

zth, it selects a subensemble with the value ut of the quan t i ty 
U. If all the cells are obst ructed, the result is a measurement 
which would be na tu ra l to denote by the symbol 0. On the 
other hand , if the screen is opened completely and the actual 
value of ut is no t recorded, then such an extremely n o n ­
selective measurement can be designated by the symbol 1. 
It is then qui te easy to in t roduce the opera t ions of add i ­
t ion and mult ipl icat ion of the measurement symbols . The 
addi t ion opera t ion creates a measurement which is no t so 
selective and the result of measurements is a subensemble 
cor responding to all the values of U occurr ing in the sum, 
i.e. one of these values cannot be dist inguished from the 
o thers by a measurement of this k ind. Measu remen t which 
cor responds to the sum over all m, i.e. which t ransmi ts 
the whole ensemble wi thout dividing it into subensembles, 
should obviously be regarded as uni ty. The opera t ion of 
mult ipl icat ion of the measurement symbols implies con­
secutive measurements (from right to left). It follows from 
the physical mean ing of such opera t ions tha t the addi t ion 
is commuta t ive and associative, and the mult ipl icat ion is 
associative. 

The proper t ies of e lementary opera t ions denoted by 
selective measurement symbols can be wri t ten in the form 

M(ut)M(ut) = M(ut), M(ut)M(uj) = 0 for i^j , 

Y^M{Ui) = \ , (107) 

where the symbols 0 and 1 represent measurements which 
either reject or t ransmi t all the systems. The mean ing of such 
measurements implies tha t they have the following algebraic 
proper t ies : 

1-1 = 1, 0 - 0 = 0 , l - 0 = 0 - l = 0 , 

1 + 0 = 1 , (108) 

1 -Miui) = Mlut) • 1 = Mlut) , 
(109) 

O'Mfa) = M(ut) > 0 = 09M(ut) + 0 = M(ut) . 

W e have considered so far the one physical quant i ty U 
whose act ion on the wave function \j/ is regarded in q u a n t u m 
mechanics as the opera tor 

Uij/ = U^crfi = Y^CiUti/fi . 
i i 

Natura l ly , the number of physical quant i t ies can be large. 
Therefore, there can be m a n y measur ing ins t ruments . Two 
physical quant i t ies and are regarded as compat ib le 
if measurement of one of them does no t destroy the k n o w l ­
edge obta ined by an earlier measurement of the other . They 



456 B B Kadomtsev 

are denoted by the symbols U and V in Fig. 5 . The corre­
sponding selective measurements M (u^) and M (wj2^), carried 
out in one sequence or another , create an ensemble of systems 
in which the quanti t ies and have simultaneously 
quite definite values and uf*. W e can therefore introduce a 
symbol for a composite selective measurement : 

M(uf\ uf))=M(u?))M(uf))=M(uf))M(u?)) . (110) 

A complete set of compat ib le physical quant i t ies 
U^2\ is unde r s tood to be a set of physical 

quant i t ies in which each pair is compat ib le and at the same 
t ime there are no other physical quant i t ies which are 
compat ib le with each of U^s\ Then 

k 
M(u) = l[M[ui(s)] (111) 

s=l 
describes a complete measurement . It cor responds to the 
m a x i m u m number of tags which can be obta ined s imulta­
neously wi thout uncont ro l led measurement of the value of 
each of them in an earlier measurement . The symbolic 
proper t ies of complete measurements cor respond also to 
E q n s (108) and (109). 

W e shall m a k e one further step on the way of expanding 
the class of measurements . W e shall consider measurements 
which m a y alter the state. Let the symbol M(ut, Uj) denote a 
selective measurement in which only the systems in the state 
7 ' are accepted and the systems appear in the state V . The 
value of Uj of the physical quant i ty U is thus converted to uu It 
is na tura l ly unde r s tood tha t M(uu ui) = M(ui). W e can 
easily show tha t measurements of the M(ut, Uj) type have 
the p rope r ty 

M (uh Uj)M(uk, Ui) = bjkM(uu Ui) , ( H 2 ) 

where bjk = 0 when j^k and bu = 1. In fact, the factor 
M(ut, Uj) on the left t ransmi ts only the states for which the 
value of U is Uj, i.e. uk mus t be equal to Uj. It should be no ted 
tha t if the factors in E q n (112) are t ransposed , the result is 

M(uk, Ui)M(uh Uj) = duM(uk, Uj) , ( H 3 ) 

which shows tha t mult ipl icat ion of measurement symbols 
(112) and (113) is noncommuta t i ve . 

In addi t ion to the complete set of U, there m a y be also 
other complete set V, W,..., which are mutua l ly incom­
pat ible . Measu remen t symbols of the type M(uu Uj) m a y be 
derived for each of these sets. Na tura l ly , the quest ion arises of 
a selective measurement l inking two such sets. The symbol 
M(uu Vj) denotes a measurement process which rejects all the 
values, except v,-, of a physical quan t i ty V and which emits a 
system into the state ut of a physical quan t i ty U. 

W e shall n o w construct a combined measurement 
M(ut, Vj)M(wk, zi). The final result of such a measurement is 
selection of the state zi and its transfer to ut, i.e. this should be 
a selective measurement of the M(uu zi) type. However , 
dur ing the first stage a system appears in the state wk and 
only the second stage represents selection of the state Vj. If Vj 
and Wk have the same value, i.e. V= W, we should obta in an 
in termedia te factor Sjk which is either zero or uni ty. However , 
in the general case of different values V ^ W, we can expect 
the transfer factor to fluctuate from one measurement to 
another . On the average, only a certain fraction of the states 
or iginat ing from W is recognised in the second stage of 
measurement by the composi te ins t rument . It is therefore 
na tu r a l to assume tha t on average 

M(uh Vj)M(wk, zi) = (vj \wk)M(uh zi) . (114) 
Here , the quan t i ty (vj \wk) is a number such tha t the mat r ix 
(vj \ wk) represents the statistical relat ionship between the 
states of V and W. In the special case when V = W, we 
obviously have 

<V, |V T ) = 8, t . ( 1 1 5 ) 

Since M(ut, ui) = M(ui) it follows from the general 
relat ionship (114) tha t 

M(vj)M(wk, zi) = (vj \wk)M(vj, zi) , (116) 

M(uh vj)M(zi) = {vj \zi)M(uh zi) . (117) 

The appearance of numer ica l factors of the (vj\wk) type in 
E q n s (114) - ( 1 1 7 ) is of fundamenta l impor tance in q u a n t u m 
theory. Formal ly , these factors appear as the p rope r ty of 
measurements , bu t we shall see later tha t they in fact lead to 
the principle of superposi t ion of states, which is the main 
posit ive principle of q u a n t u m mechanics . 

However , we shall begin first with some of the simplest 
consequences of the re la t ionships obta ined above. If we 
assume tha t wk = zi in E q n (116) and use the relat ionship 
M(wk, Wk) = M(wk), we obta in 

M(vj)M(wk) = {vj \wk)M(vj, wk) . (118) 

W e shall n o w consider the triple p roduc t s 
M (vj)M (ut)M (wk), which we shall sum over all in termedia te 
values of ut. Then, on the one hand , we obta in simply the 
quant i ty (118) and, on the other , in the case of the first pair of 
factors we can use the relat ionship (118) and then apply (117) 
so tha t the result is 

^M(vj)M(ui)M(wk) = {vj\wk)M(vj,wk) 

= ^ ( v / K ) ( « , K ) M ( v / . , wk) . ( 1 1 9 ) 

A compar i son of the last two expressions yields 

= ( v y k ) . (120) 
Ui 

In the special case when V = W, we find tha t 

^2{vj\ui){ui\wk) = Sjk . (121) 
ut 

So far these are purely algebraic re lat ionships which are a 
simple consequence of the definitions of the measurement 
symbols in t roduced above. However , let us consider a 
simpler p roduc t M(yj)M(ui)M(vj). By analogy with the last 
expression in Eqn (119) (without summat ion over ui), we 
obta in 

M(vj)M(Ui)M(vj) = p(uh Vj)M(vj) , (122) 

where 

P(ui> vj) = (vj \ui)(ui \vj) = P(vj> ui) • ( I 2 3 ) 

The mean ing of the left-hand side of Eqn (122) is tha t the 
ins t rument first selects the state Vj and then selects from it tha t 
pa r t which can be t ransmi t ted as ut; the ins t rument then emits 
again the state v/. Therefore, p(u^ vj) p lays the role of the 
probabi l i ty tha t the state Vj passes t h rough the whole 
ins t rument , i.e. tha t p(u^ vj) can be interpreted as the 
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probabi l i ty of detection of the state ut in the initial state Vj. 
The probabi l i ty p should be regarded as a real nonnega t ive 
quant i ty . It is therefore na tu ra l to assume tha t the factors in 
E q n (123) are mutua l ly conjugate: 

(vj \u,) = (u, \Vj)* . (124) 

It follows from the relat ionships (121) and (124) tha t the 
mat r ix S with the mat r ix elements Stj = (ut |vy) should be 
regarded as uni tary . 

The above re la t ionships can be wri t ten in a m o r e usua l 
form if we use the language of wave mechanics . Let \j/ be the 
measured wave function. It can be represented as a 
superposi t ion of the eigenfunctions of the ope ra to r s U and V: 

«A = Y^crf, = ^bjcpj , (125) 
i J 

where Uij/i = u^i and Vq)j = Vj(pj. Na tura l ly , the measu re ­
ment symbols should also be regarded as opera to rs , so tha t 

MfaW = , M(vj)il, = bj q>j . (126) 

Each of the functions cpi can be expressed as a linear 
superposi t ion of the functions x/jk simply because of the 
proper t ies of the eigenfunctions (it is assumed tha t the 
Hermi t i an opera to r s V and W have all the necessary 
propert ies) . Let us assume tha t the relevant relat ionship is 

«A, - 5>V/>, • (127) 
J 

W e shall apply the opera tor M(vk) to this re la t ionship. On 
the r igh t -hand side of this relat ionship it leaves only one term 
with j = k and on the left-hand side instead of M(vk) we can 
use an opera to r M(yk)M{uj) since M(ui)\jji = i/^. However , 
we can n o w apply a relat ionship of the type given by 
E q n (118), from which it follows tha t 

M(vl)M(ui)ilfi = (vikWl, (128) 

since M(v/, M,)^,- = (pi. Consequent ly , we find that 

Su = (vh U i ) , i.e. = ^ < v ; \ui)q>j • (129) 
j 

This is the relat ionship for going over from one represent­
at ion to another . If, as usual , it is assumed tha t ij/t and cpi each 
represents an o r t h o n o r m a l basis, we readily find tha t 

bj = Z>,- l«'->c'- • ( 1 3 0 > 
i 

Der iva t ion of the expression for \bj\2 shows tha t the 
superposi t ion of t e rms of the c*ct type appears on the r ight-
h a n d side of E q n (130). Let us assume tha t the difference 
between the phases of mutua l ly o r thogona l ampl i tudes has 
no direct physical mean ing and can be r a n d o m . Then, 
averaging over the phases gives 

\bj\2 = ^2p{ui,vJ)\ci\2 , (131) 
i 

where the t ransi t ion probabi l i ty is given by E q n (123). N o w , 
E q n (131) looks like the relat ionship between the p r o b ­
abilities if the quant i t ies \bj\2 and | Q | 2 are interpreted as 
probabil i t ies . A n assumpt ion is m a d e (sometimes implicitly) 
tha t the phases of the individual modes in the expansion of 
the xjj function in te rms of the eigenfunctions are mutua l ly 
r a n d o m . Therefore, a measurement in q u a n t u m mechanics 

intrinsically depends on the appearance of incoherence in the 
case of mutua l ly o r thogona l modes . 

Let us re turn to Fig . 5. Selective measurement of M(ut) 
identifies only the cell in which there is a physical quan t i ty U 
if the cor responding informat ion is received by the 
ins t rument . The wave function then collapses into xjjt and all 
the coeffi-cients cu (with the exception of cj) d isappear . The 
coefficient Q is t ransformed into uni ty. Therefore, within the 
f ramework of this logic a measurement seems to be composed 
of two closely related elements: the measurement symbol 
M(uj) 'points a finger' to the quant i ty ut and the percept ion of 
ut causes the collapse of the function i/f—nl/i and of the 
probabi l i ty dis t r ibut ion \ cu | 2 —> 8^. 

The measurement symbol is thus constructed in such a 
way tha t it does not yet define fully the results of measu re ­
ments . In par t icular , if in Fig. 5 a ' l ine ' of cells ut of the 
quant i ty U is followed by a similar ' l ine ' of the quant i ty V, a 
process is possible in which the first line t ransmi ts only x/zi, 
i.e. xjj is t ransformed into ctipt before it is measured . 
Therefore, the measurement symbol plays the role of a hint , 
i.e. the role of an indicat ion which quant i ty m a y be measured . 
Then ip. = J2i (vj K)̂ - d rops into the second ' l ine ' and only 
there the final collapse xjj^cpj with a cor responding 
composi te measurement takes place. If this is repeated 
m a n y t imes by changing the cells /, the result is E q n (131) 
relat ing the probabi l i t ies \bj\2 and \q\2 by the t ransi t ion 
probabi l i typ( in , vj). 

Since in a composi te measurement M(vj, uj) the order of 
opera t ions is definite, an oppor tun i ty arises for a r rang ing a 
sequence of measurements in t ime. In par t icular , if the level U 
cor responds to the function ^ (0) , then the level V in Fig. 5 
m a y be a t t r ibuted to the function \p(t) related to \p(0) by 

i A W = S i A ( O ) = e x p ^ - i f f i ^ O ) , (132) 

where H is the Hami l ton i an opera to r . Then also the S mat r ix 
assumes the mean ing of the opera tor of a t ransi t ion from the 
initial t ime t = 0 to some subsequent m o m e n t t. The wave 
function \j/(t) satisfies the Schrodinger equat ion . 

W e can n o w unde r s t and m o r e precisely the principle of 
superposi t ion. The relat ionship given by E q n (131) means 
tha t for any linear superposi t ion of the wave functions, i.e. 
for any expansion of the \j/ function in te rms of any one of its 
bases, there is a ready probabi l is t ic in terpre ta t ion of wha t 
occurs in the course of measurements : the squares of the 
ampl i tudes give the probabi l i t ies and the squares of the 
mat r ix elements give the t ransi t ion probabil i t ies . The whole 
evolut ion in t ime of these future possible elements of the 
measurement process is governed by the linear Schrodinger 
equat ion . 

W h y have we arrived at q u a n t u m mechanics? If we re turn 
once m o r e to the beginning of the present section and follow 
again the logic of in t roduct ion of the measurement symbols 
M(ui), it is far from self-evident tha t they will lead to 
q u a n t u m mechanics ra ther t han to classical mechanics . A 
hint of the appearance of elements of the q u a n t u m -
mechanica l app roach first appears in E q n (114) when a 
mat r ix element (v/|w^), i.e. a number different from the 
trivial zero and uni ty in E q n s (107 ) - (109 ) , is in t roduced for 
the first t ime. In const ruct ing the symmetr ic expression (122) 
we encounter the square of the mat r ix element (123) which 
can be interpreted as the t rans i t ion probabi l i ty . 

However , the main and decisive step t owards wave 
mechanics is m a d e in going over from E q n (130) to 
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E q n (131), when the hypothes is of r a n d o m phases of 
mutua l ly o r thogona l ampl i tudes makes it possible to d raw 
the conclusion tha t only the squares of the ampl i tudes of the 
\ct | 2 type have a real physical mean ing and are interpreted as 
cor responding probabi l i t ies . 

W e shall n o w d r a w a t tent ion to the following c i rcum­
stance. All the opera t ions on the t ransi t ion symbols are 
convent ional ly carried out from right to left. However , they 
can be read also from left to right na tura l ly in a somewhat 
different sense. F o r example, the relat ionship (114) can be 
read from left to right on the assumpt ion tha t the first 
opera tor on the left perceives ut and emits v/, the second 
recognises Wk and emits zi, and so on. However , the same 
process can be constructed in the usua l order , i.e. we can 
obta in 

M(zh wk)M(vJ9 ut) = (wk\vj)M(zh ut) . (133) 

Accord ing to Eqn (124), the mat r ix element tha t appears 
here is (wk lv/) = (vj\wk)*. The mean ing of the relat ionship 
(133) read element by element from right to left has been 
interpreted above as consecutive opera t ions in t ime, i.e. in the 
direction from the past to the future. Consequent ly , if 
E q n (114) is read from left to right this means tha t the 
opera t ions are carried out in the direction from the future 
to the pas t . W e can see tha t the entire difference between 
E q n s (114) and (133) lies simply in the complex conjugate of 
the opera to rs . Therefore, beginning from an in t roduct ion of 
the compos i te -measurement symbols and later we have 
al ready been following the t racks of q u a n t u m mechanics by 
establish-ing a symbolic basis for fully reversible opera t ions . 
The whole subsequent logic automat ica l ly leads to the 
conclusion of full reversibility of quan tum-mechan ica l 
processes: t ime can be reversed simply by going over to 
complex conjugates. The relat ionships (122) and (123) can 
therefore be interpreted as the condi t ion of ' encounte r ' of the 
past with the future. At this po in t an ins t rument can 
b reak the quan tum-mechan ica l causal relat ionship between 
the past and the future, bu t the probabi l is t ic 
relat ionship (123) is super- imposed on the results of 
measurements . 

It is clear from the discussion tha t the logic of q u a n t u m 
mechanics establishes a rigid b o u n d a r y between two classes 
of events .The fundamenta l object of q u a n t u m mechanics is 
the s tudy of fully reversible processes beginning from a 
certain externally imposed state and right up to the entry 
into an ins t rument where a s trongly irreversible process of the 
collapse of a wave function takes place. W a v e mechanics 
describes the evolut ion of a wave function and predicts only 
the probabi l i t ies of some specific results of measurements . 
Therefore, wave mechanics represents powerful a p p a r a t u s 
for the s tudy of the possibilities ra ther t han an ' e a r t h -bound ' 
theory of real processes. This can be seen par t icular ly clearly 
in the wha t is k n o w n as the many-wor ld in terpre ta t ion of 
q u a n t u m mechanics [27], bu t we shall no t discuss this topic . 

Ins tead, we shall consider a specific example of a typical 
q u a n t u m process which is radioact ive decay. This process is 
shown schematically in Fig . 7. 

Let us assume tha t at a poin t R there is a radioact ive 
nucleus R which emits a part icles as a result of its decay. 
Accord ing to q u a n t u m mechanics , the wave function of an 
oc part icle consists of a pa r t localised inside a nucleus and of a 
wave flux leaking outs ide the nucleus, represented formally 
by the wavy a r rows in Fig . 7. Let us assume tha t an 
ins t rument detect ing a part icles consists of a set of thin 

Figure 7. Schematic representation of an instrument for detecting an 
oc particle emitted as a result of radioactive decay of a nucleus R. The 
dashed lines represent a variant of a measurement in which the exact 
position of the nucleus R is not known. 

plates each of which conta ins an eno rmous number of cells 
connected to counters tha t can record the passage of an a 
part icle t h rough one of the cells. All the cells opera te in 
passive m o d e and t ransmi t no informat ion to the m e m o r y of 
an ins t rument if there are no signals in these cells. 

Let us assume tha t at some m o m e n t t a cell ut in the very 
first p la te records the passage of an oc part icle and t ransmi ts 
this informat ion for the processing and percept ion inside the 
ins t rument . E n o r m o u s changes should then occur in the \j/ 
function. Relat ive to the future there is a to ta l collapse of the 
wave function into a compact wave packet , which then 
intersects all the other plates a long the dashed line shown in 
Fig. 7. Consequent ly , only such cells cor respond to the 
oc part icle. However , an equally surprising effect occurs with 
respect to the past . The whole wave function for the past also 
collapses into a wave packet moving in the direction t owards 
the cell ut so tha t the part icle velocity v and the distance L 
from R to ut can be used to find approximate ly the t ime 
t — (L/v) when this collapse occurs . At this calculated m o m e n t 
no t only does the whole external wave function collapse into 
a wave packet (apar t from the wave packet travell ing t owards 
the ins t rument) , bu t the wave function of the oc part icle inside 
the nucleus is annihi la ted. 

If the initial wave function of the nucleus itself has no t 
been localised bu t covers the dashed circle in Fig. 7, the first 
measurement in the first p la te is insufficient to determine the 
oc-particle ray inside the dashed tangents to this circle. 
However , the second measurement in a subsequent p la te 
fixes the ray itself a long which the oc part icle is travelling. In 
fact, measurements on one oc part icle are insufficient to 
determine the posi t ion of the nucleus a long the ray p a t h and 
to find the m o m e n t of oc-particle decay, i.e. the m o m e n t of 
collapse of the wave function in the nucleus itself. There is 
some uncer ta in ty in this respect. However , if a small grain of 
the radioact ive element is available, then repeated measu re ­
ments on oc part icles can fix the posi t ion of this grain (if this 
informat ion has not been obta ined by ano ther me thod) . 

Let us n o w assume tha t instead of a radioact ive nucleus R 
there is its classical imi ta tor , ie. a small classical ' w a r m ' t r ap 
which can emit classical part icles with the same lifetime. W e 
shall assume tha t the measur ing ins t rument is const ructed 
similarly. W e can easily see tha t the cor responding classical 
'decay ' has much in c o m m o n with tha t shown in Fig. 7. 
Ins tead of the flux of xjj outs ide the 'nucleus ' , we n o w have a 
probabi l i ty density flux. Measu remen t of ut again collapses 
its flux into a compact bunch , which in the future crosses all 
the plates of the ins t rument P and in the pas t there is a 
collapse of the probabi l i ty associated with the wave function 
collapse. Apa r t from the uncer ta in ty relat ionships, the two 
processes are very similar. However , in the classical case we 
k n o w exactly tha t there are particles with classical p a t h s and 
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the probabi l is t ic description is used simply because we do no t 
fully k n o w the 'lifetime' of a classical part icle inside the t r ap . 
In the q u a n t u m case there is no exact p a t h and the probabi l i ty 
becomes an integral p rope r ty of the evolut ion of the q u a n t u m 
object. It would seem tha t the q u a n t u m and classical 
descript ions should be identical when applied to objects and 
processes which are similar to one another , apar t from the 
uncer ta in ty re la t ionship. However , this is no t t rue . 

Q u a n t u m mechanics has been developed as a theory of 
fully reversible processes, bu t only 'between measu remen t s ' . 
It does not include the concept of a classical b o d y and there is 
no descript ion of the processes of the interact ion between 
microscopic and macroscopic bodies . The strength of q u a n ­
t u m mechanics is tha t it describes universally all p h e n o m e n a , 
bu t only in the f ramework of reversible processes. This is also 
its weakness , because the process of measurement is an 
external effect which is no t catered for by this theory. W e 
can see from Fig. 7 in which direction this theory should be 
extended. 

Let us move the ins t rument P increasingly further away 
from the nucleus R, so tha t L —> oo . The process of collapse 
of the \p function near the nucleus is obviously no t affected. 
In other words , the decay of the nucleus and the 
cor responding collapse of the xjj function can be regarded as 
the result of a measurement carried out in the far future. If we 
retain the causality, the influence of the future can be only a 
causeless r a n d o m process. Thus , a m o r e general view of the 
evolut ion of q u a n t u m systems should include the causal 
development of events in accordance with the Schrodinger 
equat ion and 'causeless ' collapse events represent ing the 
result of 'measurements in the future ' . W e shall consider a 
little later h o w these collapse events occur. 

25. The Einstein-Podolsky-Rosen paradox 

At the very early stages of the development of q u a n t u m 
theory, in 1935, Einstein, Podolsky, and Rosen publ ished a 
paper [2] entitled " C a n quan tum-mechan ica l descript ion of 
physical reality be considered c o m p l e t e ? " The au thors 
formulated their famous p a r a d o x which has st imulated lively 
discussions tha t are still cont inuing. 

Einstein, Podolsky, and Rosen ( E P R ) considered two 
quan tum-mechan ica l systems which interact for a t ime with 
one ano ther and then cease to interact . F o r example, these 
m a y be two part icles which, having interacted at a short 
distance, fly far apar t . If measurements are carried out on the 
first system, different results of these measurements cor re ­
spond to different states of the second system described by 
different wave functions, a l though in fact there is no physical 
act ion on the second system. A pair of part icles with a wave 
function which cannot be factorised into a p roduc t of wave 
functions of each of the part icles is usual ly called an E P R 
pair . States with the wave function which canno t be 
separated into p roduc t s of individual functions have been 
called by Schrodinger 'entangled states ' . Such states are 
characterised by a fairly s t rong internal correlat ion. It is 
precisely because of this correlat ion tha t a measurement on 
one part icle alters the wave function of the second part icle 
even if the latter is very far from the first part icle. At first sight 
this seems to be an absolutely paradoxica l s i tuat ion 
indicat ing the existence of some nonloca l interact ion, 
k n o w n as the 'absence of local real i ty ' . The formal 
resolut ion of this p a r a d o x was provided by Bohr a lmost 
immediately after publ icat ion of the E P R paper . Bohr 
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po in ted out tha t in q u a n t u m mechanics it is no t permissible 
to speak of a state independent ly of its envi ron-ment and, in 
par t icular , independent ly of the measur ing ins t ruments . If in 
the measurement of the m o m e n t u m of one part icle it is 
possible to predict uniquely the m o m e n t u m of a second 
part icle, then this occurs precisely because of a certain 
configurat ion of the ins t ruments . The exact knowledge of 
the m o m e n t u m of the second part icle is obta ined for a 
specific dis t r ibut ion of the ins t ruments and it is this 
macroscopic configurat ion tha t makes it possible to reveal 
in ternal correla t ions in a q u a n t u m system. 

However , this app roach to the resolut ion of the E P R 
p a r a d o x has not satisfied all and other ideas have been pu t 
forward. W e shall discuss this p a r a d o x by considering a m o r e 
specific example shown in Fig. 8. 

Figure 8. Decay of an unstable molecule R into two particles and 
recording of a particle by an instrument P; C is a gas cloud 

A n uns tab le part icle R dissociates into two part icles M 
and m. This m a y be the dissociation of an excited molecule in 
two a t o m s or the oc decay of a radioact ive nucleus or the 
decay of the Auger effect type when an excited a tom emits an 
electron and d rops into a stable state. If in the initial state the 
part icle R is at rest, the part icles M and m emerging in 
opposi te direct ions have identical bu t opposi tely directed 
m o m e n t a . Let us assume tha t an ins t rument P measures the 
m o m e n t u m p of the part icle m. Obviously, this p rocedure 
also measures the m o m e n t u m of the part icle M a l though the 
distance between the part icles m a y be very large and there is 
practical ly no direct effect of the ins t rument on the second 
part icle. Measu remen t of the m o m e n t u m of the part icle M 
converts its wave function into a wide wave packet in the 
form of a p lane wave with the m o m e n t u m —p and with an 
ampl i tude which decreases slowly t owards the edges of the 
packet . Clearly, the part icle M can no longer move a long the 
direct ions represented by the dashed and chain lines in F ig. 8. 
A real collapse of the wave function of the part icle M occurs 
in the direction identified by the con t inuous line. If the 
m o m e n t u m of the part icle M is n o w measured , it is found to 
be equal to —p. However , if we t ry to measure the coord ina te 
of the part icle M , the appropr i a t e ins t rument destroys the 
wide wave packet because the m o m e n t u m of the part icle M is 
per turbed . W e can say tha t the ins t rument P prepares the 
initial state of the wave function of the part icle M and 
then this wave function evolves in accordance with the 
Schrodinger equat ion . The most interest ing aspect is tha t 
the ins t rument alters the wave function for the part icle M by 
its influence only on the second pa r tne r of the E P R pair , i.e. 
on the wave function of the part icle m. 

Let us look at Fig. 8 once again. If instead of a q u a n t u m 
system we have had a classical imita tor , then the collapse 
would have been quite obvious and na tura l . In fact, the 
cont inuous , dashed, and chain lines would have corre­
sponded to different r a n d o m events. Their probabi l i t ies 
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would have been perfectly identical and then the recording of 
the part icle m by the ins t rument P would have mean t tha t this 
measurement would have involved precisely the event which 
can be recorded with the ins t rument P. This ins t rument 
would have obta ined the informat ion I = — J2iPimPi •> a n d 
the probabi l i t ies pt would have collapsed to uni ty for the 
con t inuous line and would have vanished for all the other 
states. This irreversible measurement process should be 
accompanied by irreversible reception processes, as po in ted 
out above, so tha t the combined en t ropy of the part icle and 
the ins t rument cannot decrease. 

However , as demons t ra ted earlier, wide q u a n t u m packets 
behave in pract ice as localised part icles. Therefore, the 
behav iour shown in Fig. 8 should no t differ very greatly 
from tha t of the classical imita tor . W e shall consider the case 
when the mass of the light part icle m is considerably less t han 
the mass of the heavy part icle M . The velocity of the light 
part icle is then considerably higher t h a n the velocity of the 
heavy part icle, so tha t the former is the first to escape to the 
external world . W e shall n o w remove the ins t rument P and 
replace it with a gas cloud C. The light part icle reaches this 
cloud and is 'self-measured' becoming a par t ic ipant of a 
nonequi l ibr ium process. W e can state this as follows: the 
separate wave packets of the light part icle lose their m u t u a l 
coherence because of the interact ion with the cloud C and the 
initially pu re state of the light part icle becomes mixed. 
The en t ropy of this part icle increases from zero to 
/ = — J2iPi^nPi> where pt are the probabi l i t ies of the 
incoherent packe ts and / is the packet number . The 
correlat ion between M and m ensures tha t the same occurs 
to the heavy part icle: it loses the 'pur i ty ' of its state and 
acquires the same en t ropy S. If an irreversible collapse 
process n o w occurs in the cloud (for example, at the expense 
of the energy of the part icle m itself), the probabi l i t ies pt 
collapse, so tha t only one state with the probabi l i ty of uni ty 
remains . This is accompanied by the collapse of the wave 
function of the part icle M . W e can say tha t this collapse is a 
direct consequence of the forbiddenness of the Schrodinger ' s 
cat state: there cannot be a superposi t ion of states belonging 
to very different scenarios of history, i.e. to evolut ion of the 
nonequi l ibr ium world . It should be stressed once again tha t 
the collapse of a wave function is related directly to the 
contact (direct or indirect) of a q u a n t u m object with the 
external world . 

Macroscopica l ly isolated systems with a low level of the 
the rmal noise can also exhibit q u a n t u m proper t ies . Such 
objects somet imes are called ' q u a n t u m ca t s ' in scientific 
j a rgon [28, 29]. Only their contact with the classical world , 
for example, in the form of dissipation, can t ransform their 
statistical proper t ies to the realm of classical logic [30, 31]. 

The collapse of a wave function is thus m o r e likely to be 
the p rope r ty of the envi ronment of a q u a n t u m object and no t 
of the object itself: it is the external world tha t first converts 
\\j/\2 into a set of probabi l i t ies pt and then, by nonequi l ib r ium 
evolution, t ransforms the probabi l i t ies into a set of zeroes 
and one uni ty for the state into which the collapse takes place. 
The collapse is a r a n d o m process of the dice- throwing type. It 
is this process tha t is outs ide the f ramework of the t rad i t iona l 
a p p a r a t u s of q u a n t u m theory, which is a theory of reversible 
processes. The collapse events can be allowed for by explicitly 
supplement ing the equa t ions of evolut ion with appropr i a t e 
opera to r s which would al low for the real irreversible 
evolut ion of q u a n t u m systems with t ime. W e shall see later 
h o w this can be done . 

26. Bell's inequalities 
Q u a n t u m theory has become the n o r m a l too l of m o d e r n 
physics. Nevertheless , there is a certain suspicion of doub t 
which sends t r emors t h rough the souls of theoret ic ians and 
experimentall ists , and a direct check of the fundamenta l 
principles of wave mechanics is still a topical subject. In 
par t icular , it would be desirable to exclude by direct 
experiments an al ternat ive bu t inconsistent theory of h idden 
variables. In 1964, J S Bell publ ished a paper [3] in which the 
p rob lem of h idden variables was considered from a new 
s tandpoin t . H e demons t ra ted tha t the hypothesis of the 
existance of h idden variables, i.e. the hypothesis of the 
statistics of events close to the classical ideas, makes it 
possible to derive a number of inequalit ies which do no t 
agree with q u a n t u m theory and can be checked by direct 
experiments . W e shall consider here only the simplest 
example of Bell 's inequalit ies. 

This example is based on an analysis of a correlat ion 
experiment of the E P R type, bu t in a simpler form p roposed 
by D B o h m [32]. Let us assume tha t a molecule in a singlet 
state dissociates into two a toms , each of spin \ (in uni t s of Ti). 
After dissociation the combined m o m e n t u m of the two 
part icles is still zero because of the law of conservat ion of 
m o m e n t u m . Let us first check tha t the q u a n t u m approach 
does indeed lead to the E P R p a r a d o x . If the project ion ox of 
the m o m e n t u m of the first part icle a long the x axis is 
measured , the second part icle is au tomat ica l ly found to be 
in the state — ax. In the classical case the project ion of the 
spin of the second part icle onto other axes, for example y and 
z, would have vanished automat ica l ly . However , this is no t 
t rue in the q u a n t u m case. The opera to r oy does not c o m m u t e 
with crx, and its eigenvalues are ± \ . Therefore, measurements 
of ay for the second part icle give values =b^ with equal 
probabil i t ies . 

W e shall n o w derive one of Bell 's inequalit ies. W e shall 
assume tha t the second part icle has s imultaneously all three 
componen t s of the spin which in the measurements can give 
the values W e n o w m a k e m a n y measurements and 
obta in an ensemble of states. Let us use X+ for the case 
when ax = \ and X ~ for the case when ax = and so on. 
W e then find tha t 

N(X+, Y~) = N(X+, Y~, Z + ) + A f ( X + , Y~,Z~) , (134) 

where N is the n u m b e r of measurements in an ensemble with 
proper t ies identified by the parentheses . W e similarly obta in 

N(Y~, Z + ) = N(X+, Y~, Z + ) + N(X~, 7 " , Z + ) , (135) 

N(X+, Z " ) = N(X+, 7 + , Z " ) + A f ( X + , 7 " , Z " ) . (136) 

It follows clearly from the above three relat ionships tha t 

N(X+, 7 " ) ^ N(Y~, Z+) +N(X+, Z " ) . (137) 

W e shall n o w re turn to two part icles which fly apar t in a 
singlet state, so tha t the spins of the two part icles are exactly 
opposi te . F o r example, if the first part icle is in the state X~, 
then the second is in the state X+. Similarly, if we reverse the 
signs of the second (i.e. the first when reading from right to 
left) t e rms inside the parentheses in E q n (137), we obta in the 
relat ionship 

n(X+, 7 + ) ^n(Y~, Z+)+n(X+, Z+) , (138) 

where n(X + , 7 + ) denotes the number of part icle pa i rs in the 
ensemble and in each pair the first part icle has the spin 
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project ion ax = the second has ay = etc. The 
relat ionship (138) is in fact one of Bell 's inequalit ies. 
Na tura l ly , no t one bu t several such re la t ionships can be 
wri t ten down. They cor respond to the assumpt ion of the 
existence of h idden variables and, consequently, they m a y be 
violated in the case of real q u a n t u m objects because the spin 
componen t s are noncommuta t i ve . 

Exper iments carried out on different q u a n t u m objects 
have shown tha t Bell 's inequalit ies are in fact violated, as 
expected on the basis of q u a n t u m theory. W e shall ment ion 
here only two of this series of experiments . A Aspect and his 
colleagues [39] experimental ly studied the correla t ions of the 
polar isa t ion of p h o t o n pa i rs with the aid of analysers varying 
with t ime. They were switched at a ra te faster t han c/L, where 
c is the velocity of light and L is the distance between the 
detectors (analysers). The results were in full agreement with 
q u a n t u m mechanics : there are correla t ions at any m o m e n t in 
t ime and they are no t t ransferred by any signal. Bell 's 
inequalit ies are violated with an error a m o u n t i n g to five 
s tandard deviat ions. In the latest experiment repor ted by 
T E Kiess et al. [40] it was found tha t Bell 's inequalit ies are 
violated with an error of 22 s tandard deviat ions. M a n y 
experiments on violat ion of Bell 's inequali ty thus confirm 
reliably the principle of q u a n t u m mechanics and exclude 
' local real ism' , i.e. they exclude the existence of h idden 
variables. 

27. Quantum cryptography 
The E P R p a r a d o x and the associated Bell 's inequalit ies 
appear as certain k inds of nonloca l interact ions, i.e. as 
force-free transfer of informat ion over a large distance, 
possibly even at super luminal velocity. Therefore, the 
feasibility of const ruct ing a super luminal te legraph has been 
discussed frequently in the l i terature. W e can easily see tha t in 
the direct var iant of a single E P R pair , the E P R p a r a d o x is 
no t app ropr i a t e for this purpose . In fact, a measurement 
carried out on the first part icle of the pair is pure ly r a n d o m 
and cannot be predicted and control led in advance. The 
si tuat ion does differ very much from the classical case, when 
black and white balls are concealed separately in different 
boxes and the boxes are far apar t . Open ing one of the boxes 
immediately reveals the colour of the bal l inside it and tha t in 
the second box. There is no transfer of informat ion in this 
case: this is an a priori k n o w n correlat ion of the probabil i t ies . 
The q u a n t u m case differs only in tha t before the opening of 
the b o x the balls have no colour. However , as soon as the first 
b o x is opened and the bal l is ' i l lumina ted ' (in the same way as 
happens to a pho tog raph i c plate) , it immediately reveals a 
colour, and the second bal l then acquires an opposi te colour 
inside the second box. In q u a n t u m mechanics other types of 
measurements with n o n c o m m u t a t i v e ope ra to r s can be 
carried out on the second box, bu t in the de terminat ion of 
the ' co lour ' it is no t possible to detect anyth ing else except the 
colour opposi te to tha t of the first ball . Since the first event is 
purely r a n d o m , a correlat ion between isolated E P R pairs 
cannot be used directly for ins tan taneous informat ion 
transfer [5]. 

However , E P R correla t ions are interest ing because of 
their possible use in encoding the t ransmi t ted messages. The 
fundamenta l idea is based on the c i rcumstance tha t any 
interference with a q u a n t u m system, such as 'eavesdropping ' , 
destroys a pu re state and therefore cannot remain undetected 
if the pure states are used correctly. This has been called 

q u a n t u m cryptography [ 6 - 9 ] . W e shall n o w consider two 
very simple examples of q u a n t u m cryptography. The simplest 
var iant is p robab ly tha t p roposed by A K Eker t [6]. It is 
based on Bell 's inequalities. Two par t ic ipants of the process 
of informat ion t ransmission and reception prepare m a n y 
E P R pairs , a toms with spin \, which have a net spin of zero. 
These pai rs are divided into two halves between the par t ic i ­
pan ts , who then measure the spins in accordance with a 
matched p r o g r a m m e , so as to violate Bell 's inequalities. It 
is found tha t a suitable selection of the measurement 
p r o g r a m m e can maximize these violat ions [10]. In this 
correlated experimental scheme the informat ion appears in 
the course of measurements and cannot be obta ined by 
eavesdropping. Del iberate interference by a third person 
ignorant of the measurement p r o g r a m m e is readily detected. 

There are also m o r e direct ways of q u a n t u m encoding 
informat ion wi thout recourse to Bell 's inequalit ies [7, 8]. One 
of the mos t interest ing var iants of q u a n t u m informat ion 
transfer has been p roposed by C H Bennet t et al. [9]. They 
have called it ' te lepor t ing ' of a q u a n t u m state with the aid of 
double , classical, and E P R channels . The te rm te leport ing 
comes from science fiction where it describes a process by 
which a person or an object disintegrates at one place and 
complete information on its s tructure is transferred elsewhere, 
where an exact copy is formed. 

In the present case the following process is considered. A 
singlet E P R pair of identical part icles, each with spin \, is first 
p repared . One part icle remains with the informat ion sender 
and the second is sent to the receiver. Let us assume n o w tha t 
the sender wishes to teleport to the receiver a th i rd part icle in 
an u n k n o w n state \(f>) with spin \ . It is found tha t the sender 
needs to carry out only a s imul taneous measurement of the 
spin in the double system compris ing the first pa r tne r of the 
E P R pair and the third particle. This can be done by means of 
Bell 's basis [10], which conta ins four o r thogona l states: one 
singlet and three triplet (with spins 0 and 1, respectively). 
However , the three part icles, i.e. the E P R pair and the thi rd 
part icle in the u n k n o w n state |</>) = a \ \) + b | j ) , have a to ta l 
of four o r thogona l states and they can be represented by the 
superposi t ion of certain eigenfunctions conta in ing the 
ampl i tudes a and b . After measurement , the sender can send 
the classical informat ion on these ampl i tudes to the receiver, 
who can construct the state |</>) by simple ro ta t ion of the 
ins t rument abou t the x , y , z axes relative to the second 
par tne r of the ESR pair . 

28. Random wave function 
W e shall n o w consider a somewhat m o r e complex though t 
experiment by means of which we shall study, in a very 
simplified form, the evolut ion of a q u a n t u m system which is 
in a cons tant informat ion coupling with the external world . 
W e shall specifically assume tha t a q u a n t u m part icle is 
'measured ' not by ins t ruments , bu t by the interact ion with 
the nonequi l ibr ium envi ronment . A n appropr i a t e experi­
men ta l set up is shown in Fig. 9. 

Let us assume tha t a micropar t ic le of mass m is enclosed 
between two hor izon ta l walls, which are kept at somewhat 
different t empera tures : T\ ^ T2. Then , this part icle collides in 
tu rn with the upper and lower wall and, if the interact ion is 
inelastic, it can t r anspor t po r t ions of heat from the ho t to the 
cold wall. At the cold wall each such por t ion spreads into the 
interior of the wall mater ia l and can be 'measured ' there. 
M o r e accurately, such a por t ion of heat resembles, in a sense, 
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Figure 9. Microparticle m moving along the^ axis collides consecutively 
and inelastically with the walls of a vessel. The temperature of the upper 
wallT i is not equal to the temperature of the lower wallT 2 and the particle 
transfers (on average) heat from one wall to the other. A plug in the form 
of a macroscopic body M is introduced into the left-hand end of the vessel 
so that motion along ^ may result in a collision of the microparticle with 
the macroscopic body. 

the process of radioact ive decay, because it m a y collapse in a 
na tu r a l manner : we can say tha t it is 'measured in the future ' . 
The collapse of each por t ion of heat causes collapse of the 
xjj function of the micropar t ic le and, consequently, the 
mo t ion of the part icle a long the x axis can be regarded as a 
sequence of r a n d o m collapse events. 

Since the interact ion of the part icle with the walls is 
r a n d o m , the ift function is r a n d o m . W e can describe it by 
developing suitable r igorous m e t h o d s of statistical physics, 
bu t at the m o m e n t it would be m o r e useful to concent ra te on 
the quali tat ive aspects of the p h e n o m e n o n . W e shall 
therefore adop t major simplifications and describe the 
\p function only by its m o m e n t s , i.e. by the average values 
of the posi t ion of the wave packet (x), its width ((x — ( x ) ) 2 ) , 
and velocity u = (p)/m, where p is the m o m e n t u m and the 
angular b racke ts denote averaging with the weight \\//\2. 

W e shall assume tha t immediate ly after an inelastic 
collision with a wall the wave function assumes the form 
of a localised packet , E q n (59), with the m o m e n t u m 
p = aim: 

i2s 
^ = (Kb2)l/4 exp ( i f a ' -^) ( 1 3 9 ) 

where k = u/Hm, x = x — £ is the coord ina te of the 
'centre of m a s s ' of the packet , and b2 = ((xf )2) is its width; 
the initial t ime is t aken as zero. At the subsequent t imes the 
wave function evolves so tha t the packet spreads in 
accordance with E q n s (60) and (61): 

i//t(x, t) = Qxp(—icot-\-ikxf)xl/0t(xf — ut, t) , (140) 

where co = Hk2/2m and the function i/%(x', t) is given by 
E q n (60), i.e. by 
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where a2 = b2 — i(H/m)t. Accord ing to Eqn (61) the width of 
the packet increases as 

/ >2\ (x ) b2 + 
r2,2 
n t 

m2b2 
(142) 

Let us assume tha t T is the average t ime between 
consecutive 'measurements ' . Then , on average, the width of 
the packet before a collision with a wall is given by E q n (142) 
at t = T. The square of the width of localisation b2 of the 

wave packet immediate ly after an inelastic collision with the 
cold wall is governed by the processes of 'measurement ' of a 
por t ion of heat , which occur in the wall itself. The average 
t ime T is p ropo r t i ona l to the distance between the walls and is 
a free (fitting) pa ramete r . It can be selected in such a way tha t 
the second term in E q n (142) is much greater t han the first. In 
other words , after 'measurement ' a wide wave packet con­
t racts to d imensions much less t han its previous width . 
W e shall use a2 to denote the quant i ty described by 
E q n (142) at t = T, i.e. immediately before an inelastic 
collision. Averaging E q n (142) dur ing the t ime interval 
between collisions allows us to determine the average value 
a2 = \(a\ -\-2b2). Therefore, the wave packet oscillates in 
width between b2 and a2 and the mean-squa re width is a2. 

Between two consecutive collisions the wave packet is 
displaced on average by A£ = ut. If we assume tha t the 
velocities u have the Maxwel l ian dis t r ibut ion with a 
t empera tu re T = \(T\ + T2\ the average value of the 
square of the displacement a long { before the second 
collision will be Tx2lm. The displacements due to the 
widening of the packet and its free mo t ion are statistically 
independent of one another , so tha t the probabi l i ty i) of 
the posi t ion { of the wave packet is described by the diffusion 
equat ion: 

dp 
dt 

D 
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2T \ m 
(143) 

It therefore follows tha t a r a n d o m walk of a q u a n t u m 
part icle can be regarded as the diffusion of a wave packet 
with the probabi l i ty dis t r ibut ion p(t, of its centre of mass 
whose evolut ion is described by Eqn (143). The dis t r ibut ion 
of the velocities u can be regarded as Maxwel l ian and the 
square of the width (x,2) is periodically either compressed to 
b2 after a collision or expands to al before the next collision. 

W e shall n o w consider h o w such a r a n d o m l y moving 
q u a n t u m part icle interacts with a macroscopic b o d y whose 
mass is M. Let the wave function of the macroscopic b o d y be 
W(X), where X is the coord ina te of the r igh t -hand b o u n d a r y 
of the b o d y with which the part icle m a y collide. Before the 
interact ion with the part icle the wave function W(X) can be 
regarded as s ta t ionary, because for M m the q u a n t u m 
spreading of W(X) can be ignored. In the course of its 
mo t ion a long the container the micropart ic le sooner or later 
collides with the macroscopic b o d y and after reflection from 
it flies to the right. Since the coord ina te of the macroscopic 
b o d y is unde te rmined , superposi t ion of the wave packets 
occurs. 

Let W(X) be localised near X « 0, as shown in Fig. 9. W e 
can easily see tha t if X > 0 the reflected packet is found to be 
slightly further to the right, bu t for X < 0 it is slightly further 
to the left, compared with the reflection by the b o u n d a r y 
X = 0. Therefore, after reflection the point x —X < 0 assumes 
the position x = — x + 2X > 0 and the wave function becomes 

W(X)il/(-x + 2X, t) , (144) 

where the xjj function of the micropar t ic le is given by 
E q n (140). In other words , in this approx ima t ion the pa r t s 
of the wave packet which would have been outs ide the surface 
of the macroscopic b o d y in the case of free mot ion , i.e. would 
have been at x —X < 0, is simply reflected elastically from the 
X p lane and is found at the poin t X — (x — X) = 2X — x. 

Before the next collision with the the rmos ta t wall the 
wave function of the micropar t ic le resembles the wave packet 
of Eqn (141). However , immediately after the collision this 
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wave function contrac ts into a n a r r o w wave packet with the 
square of the width a m o u n t i n g to b2. There cannot be any 
super-posi t ion of different wave packets : the 'measurement ' 
leaves only one packet and annihi lates all the other 
componen t s of the \j/ function. A real collapse of the wave 
function takes place. The coord ina te X of the macroscopic 
b o d y is also measured to within ao'. after the collision 
accompanied by 'measuremen t ' the coord ina te of the 
micropar t ic le x is k n o w n to within b, so tha t the factor 
W(X) in the wave function (144) also collapses and we have 
((X — cons t ) 2 ) = Oq9 i.e. the coord ina te is X « X0 = const 
to within \ a§. 

The setup in Fig. 9 represents essentially an indirect 
measurement of the coord ina te of the macroscopic body . 
After each such indirect measurement the initial function 
W(X) collapses into a packet of width less t han \a§. Before 
the collapse, the quant i ty \W(X)\2 plays the role of the 
classical probabi l i ty density of the dis t r ibut ion of the 
average values of the coord ina te X for each of the localised 
wave packets which are generated r a n d o m l y by collisions of 
the micropar t ic le with a hor izon ta l wall. 

Our though t experiment suggests a way of developing a 
theory describing the p h e n o m e n a involving na tu ra l processes 
of the collapse of the wave function. First , a r a n d o m 
intrusion of collapses into the evolut ion of the system with 
t ime shows tha t the main role begins to be played no t by 
quas is ta t ionary states, bu t by wave packets which spread 
with t ime. Apa r t from quan tum-mechan ica l proper t ies , these 
packe ts acquire features of extended classical objects, so tha t 
it is na tu r a l to apply to them a mixture of classical and 
q u a n t u m descrip-t ions. The natural ly appear ing 
noncoherence of states impar ts to macroscopic bodies the 
usual na tu re of determinate behaviour and ' th rows br idges ' 
across between the classical macrowor ld and the q u a n t u m 
microworld . 

The reader na tura l ly asks the quest ion: why is it necessary 
to assume tha t T\ ^ I t would seem tha t an o rd inary 
the rmos ta t can destroy the q u a n t u m coherence and create 
mixed states of the wave-packet type from any pu re state. In 
fact, this is no t so much the quest ion of the real behaviour , 
bu t of logical g rounding . Even if T\ = T2, there are g rounds 
for speaking of the absence of coherence, bu t we cannot state 
with certainty tha t the noncoherence is accompanied by 
'measurement ' and collapse of wave functions. R a n d o m 
collapse processes are na tu ra l in systems which are no t in 
t h e r m o d y n a m i c equil ibr ium. 

It will p robab ly be necessary to come back to this topic in 
future discussions. At this stage we shall consider in greater 
detail h o w to describe the evolut ion of a r a n d o m wave 
function. Let \j/(x9 t) be a r a n d o m wave function 
represent ing one-dimensional mo t ion of a part icle when 
r a n d o m measure-ments t ake place. The evolut ion of xjj with 
t ime can be described by the equat ion 

in&4=h*+m* = - ^ ^ + M m • ( i 4 5 ) 

Here , M is a r a n d o m 'measurement ' opera tor . W e shall 
assume tha t M in t rudes r a n d o m l y in the evolut ion of the 
system, i.e. in accordance with the Poisson dis t r ibut ion with 
an average t ime interval At = x between 'measurements ' . 
Immedia te ly after a 'measurement ' , which will be assigned 
the t ime t = 0, the function xjj collapses into a packet of 
E q n (139). Since this packet conta ins two pa rame te r s u and 
the definition of the opera to r M should include an ins t ruc­

t ion h o w these pa rame te r s should be dealt with. Before the 
next collision the solution \p is given by E q n (140), i.e. 
\pt = Qxp( — iHt/H)\po, where t is measured from the preced­
ing collision. W e shall assume tha t b<^a,so tha t we can wri te 
approximate ly 

p(u, u', i) = p(u, uf)\ij/t(x = £ ) | 2 • (146) 

Here , p(u, u\ t) is the dis t r ibut ion of the probabi l i t ies of 
the quant i t ies u and { in the case when this collision occurs 
after a t ime interval t from the first;p(u, u') is the probabi l i ty 
of a change in the velocity of the packet from the value u' 
before 'measuremen t ' to the value u after 'measurement ' . In 
the special case of complete ' forget t ing ' of the velocity before 
'measurement ' , the probabi l i ty p(u, u') is independent of u\ 
so tha t the quant i ty p(u, u') = p(u) has the Maxwel l ian 
dis t r ibut ion with the t empera tu re T. If there are m a n y such 
'measurements ' , the t ransi t ion probabi l i ty can be averaged 
over t ime: 

f°° / A dt 
p(u, u\ £ ) = J exp f - - \ p(u, u',£,t)—. (147) 

Here the first factor under the integral represents the p r o b a ­
bility of the absence of a collision up to the m o m e n t t and the 
quant i ty dt/x is equal to the probabi l i ty of 'measuremen t ' in 
the interval dt. If we go over to the t ime-average probabi l i ty , 
the number of collisions in the interval At should be t aken as 
At/x. In this way the p roposed logic automat ica l ly leads to a 
classical M a r k o v chain and the q u a n t u m approach is needed 
only to find the probabi l i t ies of a t ransi t ion from one 
'measurement ' to the next. As a result, in the case of m a n y 
repeated measurements we obta in the diffusion equat ion 
(143) for /?(£, t) with the Maxwel l ian part icle velocity 
dis t r ibut ion. It is possible to go over from these probabi l i t ies 
to the density ma t r ix p (x , x') = {xjj* (x)\jj(x')). However , we 
can see tha t there is no urgent need for this. Average wave 
packets , which occur in E q n (147), p lay the role of the basis 
in which the density mat r ix is d iagonal : p(x, x ' ) represents a 
r a n d o m sampling of one of such packets with a probabi l i ty 
which is prescribed from outside by the measurement ope ra ­
tor M(\jj). Consequent ly , the descript ion of the statistical 
proper t ies of a r a n d o m wave function is influenced greatly by 
the proper t ies of the 'measurement ' itself and the free flight of 
the part icle between one 'measurement ' and the next 
determines only the diffusion coefficient D. 

Let us see once again h o w the opera tor M(\jj) acts on the 
r igh t -hand side of Eqn (145). As established above, before 
the action of this opera tor the wave function looks like a 
relatively wide wave packet of E q n (141) and its width is 
~ao. Immedia te ly after the measurement a packet of width 
~b <̂  ao is formed. Thus , \\jj\2 has the value ~ IIao before the 
measurement and ~ lib after it. The pa t t e rn looks like a wave 
packet of width ~ao cut into segments of width b. The 
number of such segments is ao/b. At each measurement the 
part icle falls into one of these segments and, therefore, the 
square of the wave function increases by the factor ao/b. 
Therefore, the opera to r M(\jj) is s trongly nonl inear : it 
destroys the wave function in all the cells except one and in 
tha t cell it increases the ampl i tude of the function by (ao/b)112. 
This is a na tu ra l consequence of the collapse with re tent ion of 
the normal i sa t ion . However , it is found tha t changes in the 
density matr ix , and par t icular ly in p(x, x) = | i / f(x) | 2 , are 
much less r emarkab le (if they occur at all). Na tura l ly , we 
need at least ao/b measurements to ensure tha t the part icle 
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d rops once into each of the segments formed by 'cut t ing ' the 
original packet . Therefore, the average (over ao/b measure ­
ments) probabi l i ty tha t the part icle falls into a given segment 
is approximate ly the same as for the original packet . If we 
bear in mind tha t the probabi l i ty of measurement is assumed 
by us to be p ropo r t i ona l to | i / ^ (x ) | 2 , we find tha t this 
probabi l i ty is exactly the same as after the measurement . 

The opera tor M(\jj) differs little from a macroscopic 
ins t rument in respect of its act ion on \j/t: it causes the 
collapse of the wave function in accordance with the rules 
of measure-ment theory in q u a n t u m mechanics , i.e. the 
collapse is into one of the mutua l ly o r thogona l states. If 
these measurements are t reated in te rms of the conversion of 
a pu re ensemble into a mixed one, we can easily see tha t the 
density ma t r ix p(x, x ') changes very little as a result of such 
measurements . In fact, the oscil latory dependence of the 
density mat r ix on x—x' is governed pr imar i ly no t by the 
dimensions of the wave packets , bu t by the Maxwel l ian 
dis t r ibut ion of the m o m e n t a . Therefore, the descript ion of a 
mixed state in te rms of the density mat r ix is no t sufficiently 
sensitive to determine whether the collapse does take place: 
averaging over an ensemble easily destroys the relevant very 
fragile informat ion. 

In the descript ion of the measurements result ing in the 
destruct ion of the coherence and in the collapse of a wave 
function one needs a m o r e r igorous app roach in which the 
processes in quest ion are described explicitly. 

It is k n o w n from q u a n t u m theory tha t there are no 
universal measurements : the const ruct ion of an ins t rument 
or, m o r e exactly, the macroscopic condi t ions dur ing 
measure-ment , entirely determine which specific physical 
quant i t ies can be measured and to which eigenvectors these 
quant i t ies cor respond. 

W e shall consider here just one m o r e specific example of a 
na tu r a l measurement process, which is radioact ive decay. In 
the oc-decay of a radioact ive nucleus the wave function of the 
oc part icle consists of two par t s : a function localised near 
the nucleus and decreasing with t ime as exp {—t/2x) and a 
s ta t ionary function outs ide the nucleus, describing the flux of 
the function to infinitely distant regions. The decay can be 
described by a r a n d o m measurement opera tor M(\jj). 
However , in this case the opera tor M(\j/) should select at 
r a n d o m a certain ray emerging from a nucleus and should 
form on this ray a wave packet which travels away a long the 
ray at the velocity of the emitted oc part icle. The act ion of the 
opera tor M(\jj) can be regarded arbi trar i ly as the result of a 
measurement carried out at infinity and, consequently, in the 
infinite future. In the Schrodinger equat ion it appears as a 
r a n d o m collapse of a wave function. W e can readily establish 
again tha t the collapse itself represents a strongly nonl inear 
process, which occurs at r a n d o m , bu t if we consider just the 
quant i ty | i / f | 2 , as represent ing the probabi l i ty density of an 
ensemble of identical systems, then the relevant processes in 
quest ion appear as very 'soft ' tha t do no t alter the average 
value ( | i A | 2 ) over the ensemble. 

Q u a n t u m theory itself is logical and closed. The 
dynamica l behaviour of microscopic objects with any 
number of part icles, including quant ised fields, is described 
by the generalised Schrodinger equat ion 

iH 
8 7 

= Hi// (148) 

where xjj is the wave function of the whole system, dependent 
on a large number of coordinates , and the opera tor H is the 
Hami l ton i an of the system. The wave function can be 
regarded as a vector in Hi lber t space, so it is sometimes 
called the state vector. 

The Schrodinger equat ion describes the evolut ion of a 
q u a n t u m system beginning from a certain initial state and 
ending with a measurement , i.e. with the interact ion between 
this system and a macroscopic ins t rument . The ins t rument is 
assumed to be a purely classical object and is described in 
te rms of classical variables. Between these two limits there is a 
mesowor ld , the unde r s t and ing of which is absolutely 
essential if we wan t to link the microwor ld and the 
macrowor ld . W e shall begin discussing this topic again with 
a t hough t experiment . 

Let us assume tha t a radioact ive t racer is deposi ted on the 
surface of a solid macroscopic b o d y (Fig. 10a). If an oc 
part icle emitted by the t racer is 'measured ' by an 
ins t rument , the measurement gives also the coord ina te y on 
the surface of the macroscopic body: after the measurement 
we can reliably say tha t the radioact ive nucleus is k n o w n to 
be located at the poin t A* and no t at some other po in t B*. 
Before the measurement the po in ts B* and A* m a y be 
equivalent either because the wave function of the 
macroscopic b o d y has the same ampl i tude at these po in t s 
(pure state) or simply because an external observer does no t 
k n o w at which of the two poin ts , A* or B*, the tracer is really 
located. In the first case the measurement on an a part icle 
au tomat ica l ly leads to the collapse of the wave function of the 
macroscopic body , whereas in the latter case the a priori 
uncer ta in ty of the probabi l i ty of finding the tracer is lifted 
and the probabi l i ty 'col lapses ' , i.e. the external world receives 
informat ion on the posi t ion of the tracer. It should be 
po in ted out tha t the oc part icle itself could escape a long any 
one of the rays emerg-ing from the poin t A*, bu t the ray 
identified in Fig. 10a by an a r row identified by oc. This means 
tha t the wave function of the oc part icle collapses on one of 
the rays. 
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29. Mesoworld 
W e can n o w consider h o w the mesowor ld is constructed, i.e. 
the range of physical p h e n o m e n a between the classical 
macrowor ld and the q u a n t u m microwor ld . It is na tu r a l to 
start with the microwor ld which can be regarded as the base 
for describing all the other p h e n o m e n a . 

Figure 10. If on the surface of a macroscopic body there is a radioactive 
tracer A*, detection of an oc particle which is emitted can be used to 
measure t h e ^ coordinate of the macroscopic body (the dashed lines in 
Fig. 10a show the unrealised paths). In the presence of external 
perturbations the \jj function of the a particle splits into noncoherent 
wave packets b and of these only one packet is real: the a particle 'falls' 
accidentally into this packet. 
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W e can imagine tha t the selection of one of the rays 
occurs because weak external pe r tu rba t ions shift somewhat 
the relative phases of the wave functions for different rays, 
conver t ing them into ray packets . If this is t rue then the 
phases m a y be shifted a long the ray so tha t the wave function 
of the oc part icle m a y change from a spherical wave diverging 
from the poin t A* into a set of wave packets shown in Fig. 
10b. The part icle itself can be in just one of these packets 
identified by a solid circle (in Fig. 10b) and the other packe ts 
are just missed oppor tun i t ies for the part icle to occupy them. 
W e can n o w easily show tha t this representa t ion is correct. In 
fact, if we tu rn back to E q n s (130) and (131), we can show 
once again tha t the squares of the ampl i tudes are 
t ransformed into the probabi l i t ies only if the difference 
between the phases of the var ious o r thogona l states become 
chaotic . Nonin te rsec t ing wave packets in Fig. 10b seem to 
represent such mutua l ly o r thogona l states. The phase chaos 
seems to split the coherent wave function into separate b locks 
and the value of | \p\2 for each of these b locks is converted into 
the probabi l i ty . In te rms of the t ransi t ion from a pu re to a 
mixed state such conversion of the phases to chaos seems to 
be a slightly changing t ransi t ion: \x//\2 changes nowhere in 
magn i tude and it is only converted into the probabi l i ty , i.e. 
into the a priori possibility. A part icle m a y drop into only one 
of the cells, i.e., into one of the wave packets , bu t an external 
observer does no t k n o w it yet. Only a real observat ion results 
in the collapse of the probabi l i ty into one of the cells. In 
accordance with our te rminology the d ropp ing of a part icle 
into a cell is simply the measurement symbol or hint tha t a 
future measurement will find the part icle precisely in this cell. 
This is m o r e an informat iona l t han a dynamica l effect. 
Consequent ly , one bit of informat ion is required to label 
one of the cells as the cell with the part icle. 

The dis t r ibut ion of the cells in Fig . 10b and the d imen­
sions of the cells depend largely on the intensity of the 
external pe r tu rba t ions tha t des t roy the coherence of the 
pu re state. However , since the \j/ function of a part icle 
emerging from a radioact ive nucleus spreads progressively 
from the nucleus A*, in the real world the destruct ion of the 
coherence sooner or later does occur: if external 
pe r tu rba t ions are reduced, the cells in Fig. 10b simply 
move to the right and become larger. The part icle itself 
sooner or later falls into one of the cells and, therefore, 
objectively (i.e. independent ly of the observer) the collapse of 
the \j/ function seems to t ake place. The subsequent 
measurement collapses only the probabi l i ty and thus 
confirms tha t the radioact ive decay has t aken place and tha t 
the a part icle flies a long one of the possible rays. 

The collapse of the wave function occurs into just one of 
the wave packe ts within which the phase is no t greatly 
dis tor ted. Therefore, initially the collapse of the xjj function 
and then the measurement of \\p\2 relatively far from A* 
determines (approximate ly) the whole pa t t e rn of the initial 
emission of the part icle from the nucleus and its subsequent 
mo t ion a long a ray. W e can say tha t the collapse of the wave 
function is spon taneous , bu t it is m o r e logical to assume tha t 
it is induced by a 'measuremen t ' at a very large distance from 
the nucleus A*. W e can n o w imagine a si tuat ion when this 
'measurement ' occurs very far, i.e. practically at infinity, 
from A* and then the collapse of the \j/ function can be 
regarded as the result of a 'measurement ' carried out at an 
infinite distance in the infinite future. 

W e can thus formulate the principle of collapse. It is 
similar to the principle of emission of rad ia t ion in 

electrodynamics. W e recall tha t in discussing the emission 
of an electromagnet ic wave by a per iodic dipole a single-
valued solution can be obta ined by applying a b o u n d a r y 
condi t ion in the form of the absence of an advance (i.e. 
arr iving from infinity) wave. This principle is no t universal: if 
the rad ia t ion is emitted in a closed resona tor cavity, then 
undoub ted ly we have to allow for waves b o t h leaving the 
source and arr iving there. However , in open space an 
advance wave is assumed to be absent , which is equivalent 
to a very weak a t t enua t ion of the wave, i.e. a slight initial 
dissipation. The suppression of an advance wave makes the 
solution single-valued. 

In the case of q u a n t u m part icle we must also impose the 
condi t ion of absence of a wave arr iving from infinity. 
Moreover , we m a y assume tha t a 'measurement ' occurs in 
infinity, i.e. tha t the collapse of a wave function takes place 
there. This distant collapse leads to the collapse of the 
xjj function into a wave packet over the whole pa th of mo t ion 
of a part icle a long a ray on which this part icle is found. The 
net result is tha t the measurement itself seems to be 
unnecessary. 

W e can extend the principle of collapse to all the q u a n t u m 
part icles escaping from macroscopic bodies to infinity. W e 
thus seem to say tha t a wave function diverging to infinity 
cannot be a real object if this function cor responds to a single 
part icle. Such a part icle should manifest itself by the 
interact ion with the external world only in a finite volume, 
because it cor responds to the only reality. 

W e shall n o w consider a s i tuat ion in which the b o u n d a r y 
of a solid is i l luminated with a flux of light and the p h o t o n s 
reflected by the b o u n d a r y fly away to infinity (Fig. 11). 

Let us assume tha t the whole surface of this b o d y is b lack­
ened and only a small region near a poin t A* is specularly 
reflecting. This region is fully ana logous to the radioact ive 
tracer discussed above: the p h o t o n s reflected from this region 
can be measured at infinity and the external envi ronment 
then obta ins informat ion on the posi t ion of the poin t A*. The 
posi t ion of this poin t can therefore be found irrespective of 
whether the initial posi t ion has been indeterminate in the 
classical sense (i.e. because of a certain dis t r ibut ion of the 
posi t ion probabi l i ty) or because the macroscopic b o d y has an 
extended wave function. In par t icular , the eye can be the 
measur ing ins t rument and then the behaviour looks as if the 
observer has caused the collapse of the wave function of b o t h 
a p h o t o n and of the macroscopic body . It is unde r s tood tha t 
in this case the collapse is in no way related to the observa­
t ional and intellectual capabili t ies of the h u m a n observer: the 
detection of a reflected p h o t o n by any ins t rument has exactly 
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Figure 11. Boundary of a solid M with a blackened surface carries a 
small mirror, A*, which reflects photons. 'Measurement ' of these photons 
at infinity determines the coordinates of the point A* with an error up to 
one wavelength. 
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the same effect. Moreover , the par t ic ipa t ion of this p h o t o n in 
any irreversible process occurr ing as far as we please from A* 
can be regarded as a 'measuremen t ' accompanied by the 
collapse of the wave function. 

Let us n o w assume tha t the mir ror A* is in fact the pointer 
of an ins t rument so tha t var ious coordina tes yt of the posi t ion 
of A* on the surface of the b o d y cor respond to different 
values of ut of a certain physical object U. If the object U is of 
q u a n t u m na tu re , then the quant i t ies ut can also assume 
certain discrete values. Therefore, the p h o t o n s reflected 
from A*, which can be 'measured ' somewhere far from A*, 
cause the collapse of the xjj function of the mir ror , i.e. of the 
ins t rument pointer . This results in measurement of a physical 
quant i ty U when it has a certain value ut and the result of this 
measurement m a y be recognised by the external world and, if 
desired, the reflection of the p h o t o n from A* can be stored in 
a memory . W e can easily see tha t two irreversible processes 
occur in such a measurement . Initially because the phases 
become chaot ic the single coherent state splits into layers 
which represent a set of wave packets . The only ift function is 
split into segments with a slight phase dis tor t ion, bu t the 
part icle (pho ton) can be in only one of the coherence regions. 
The wave function seems to split into a set of probabi l i t ies 
and only inside one of the packets is there a pu re state of the 
part icle. W e can say tha t its wave function represents a some­
wha t 'softer ' entity t han the dis t r ibut ion of the probabi l i t ies 
or of informat ion: different pa r t s of the wave function of the 
pu re state still retain a certain 'affinity via the phases ' . 

W e can then easily see wha t the classical world represents . 
In the case of large macroscopic bodies with a large mass even 
few 'measurements ' are sufficient for the localisation of the 
wave packet to be negligible compared with the dimensions 
of a body . Such bodies acquire ' forever ' the characterist ics of 
classical objects with precisely specified coordinates . The 
classical wor ld is the wor ld of large dimensions and masses. 
Therefore, any measurements which are then applied to 
classical objects are accompanied by the collapse of the 
wave functions in accordance with the recipes of q u a n t u m 
mechanics . The objectively occurr ing 'measurement s ' per ­
formed by the nonequi l ibr ium solar rad ia t ion are quite 
sufficient for the reduct ion of the wave packe ts of classical 
bodies in our envi ronment . 

The mesowor ld in termedia te between the classical and 
q u a n t u m wor lds is much m o r e complex and much richer with 
regard to the physical p h e n o m e n a which occur in it. The 
bodies in the mesowor ld exhibit b o t h classical and q u a n t u m 
proper t ies . The mesowor ld is the wor ld of a set of al ternat ive 
collapses of wave functions and probabi l i t ies , and it is the 
world in which the coherences are b o r n and die. 

It is therefore evident tha t there is no universal recipe for 
the description of the mesowor ld : the variety of specific 
physical condi t ions in which a combina t ion of classical and 
q u a n t u m processes is possible is n o w far too great. One of the 
possible approaches to this descript ion is given in the 
preceding section, bu t there m a y be m a n y other approaches . 

It seems to be n o w somewhat clearer wha t processes 
cannot exist in the mesowor ld . F o r example, superposi t ions 
of the Schrodinger ' s cat type should definitely be forbidden. 
In fact, the actual recording of radioact ive decay excludes the 
possibili ty of its superposi t ion with a nucleus which has no t 
decayed. Even m o r e so there cannot be a superposi t ion of a 
live and a dead cat, because a living organism represents a 
macroscopic b o d y which is closely linked to the external 
world and is therefore subject to con t inuous 'measurement ' . 

W e can see tha t the logic of the mesowor ld excludes m a n y 
imaginable bu t physically impossible states of the m a c r o -
world when wide coherent wave functions, incompat ib le with 
real condi t ions , m a y be a t t r ibuted to macroscopic bodies . 
The microwor ld m a y include mixed, i.e. c l a s s i c a l - q u a n t u m , 
states and processes when the coherence of the packe ts m a y 
be annihi la ted and created again. This is why the mesowor ld 
is a very mobi le and live wor ld of collective p h e n o m e n a 
organised in a complex manner . 

W e shall n o w tu rn back to F ig. 11 and consider in greater 
detail h o w 'measurement s ' in the external world can localise 
the wave function of a massive part icle. W e shall consider a 
q u a n t u m system of two part icles: a very heavy part icle with a 
mass M and a light part icle with a mass m <̂  M. W e shall t ry 
to see h o w the measurements carried out on the light part icle 
result in an indirect 'measurement ' , i.e. in compress ion of the 
wave function of the heavy part icle. Let the wave function of 
the system be Y(r, /? , t\ where r and R are the posi t ion 
vectors of the light and heavy particles, respectively. Let us 
assume tha t the tracer A* in Fig. 11 cor responds to some 
local po ten t ia l of the interact ion U(\r—R |) between the 
part icles under considerat ion. Let this potent ia l be not only 
strongly localised, bu t also no t very deep, so tha t the Born 
approx ima- t ion can be used to describe the interact ion, i.e. 
the scattering of the light by the heavy part icle. M o r e 
specifically, let us consider the following si tuat ion. Let a 
p lane wave of the light part icle with coord ina te dependence 
of exp(iK"i «r) be incident on the b o d y with the m a s s M . Here , 
ki is the wave vector of the incident wave (Fig. 12). W e shall 
assume tha t the marke r A* is near the origin of the coord ina te 
systems so tha t R <̂  r. 

\y 

A , 

R -J^R P 

L 

x x 

Figure 12. Plane wave of a light particle is incident on the scattering 
centre A* representing a 'marker ' of a heavy particle. The scattered wave 
with the wave vector kf falls on an instrument P and it is measured there. 

If, for example, R = 0, the incident wave can be 
described as exp( i£*r) and the scattered wave is 
r _ 1 e x p ( i £ f r) [the dependence of the type exp( — icot) is 
ignored]. If the scat tering centre A* is n o w displaced to the 
poin t /? , the incident wave acquires at the scattering poin t the 
factor e x p ^ i • / ? ) , so tha t after the scat tering a wave 
\r — R \~l exp( i£ f \r — R | + \k{•/?) arrives from this po in t at 
the poin t r. If an ins t rument P is located very far, then the 
quant i ty \r—R\ in the pre-exponent ia l function can be 
regarded simply as L = const. This quant i ty is u n i m p o r t a n t 
to our analysis, bu t the phase factor will be considered in 
greater detail. It will be assumed tha t the heavy part icle is at 
rest and tha t the scattering of the light part icle is elastic, so 
tha t \kf | = ki | = k. Moreover , for the sake of simplicity, it 
will be assumed tha t the incident wave p ropaga te s only a long 
t h e x axis, i.e. it has the form exp(i/b:) and tha t the ins t rument 
is also located on the same axis. Moreover , we shall assume 
tha t R has only two coordinates , which we shall denote by the 
capitals X and Y. If we assume tha t y, Y <̂  L , we obta in the 
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following expression for the phase factor of the scattered 
wave, accura te to within 7 2 : 

exp ikx + 
ik (y-Y)2 

W e shall n o w assume tha t this wave is measured by the 
ins t rument P, i.e. tha t a packet localised a long the y axis and 
of the envelope \j/-p = exp(i£x —y2/2b2) separates from this 
wave; here, b is the localisation width of the packet . The wave 
function can be 'projected ' on to this state simply if it is 
mult iplied by ip? and the result then can be integrated with 
respect to x and y. The final expression is p ropo r t i ona l to an 
exponent ia l function: 

0 = exp 
k2b2Y2 

'l(L2 + k2b4) 
iL 

kb2 
( 1 4 9 ) 

This exponent ia l function should be multiplied by the wave 
function of the heavy part icle \p(Y). W e can see tha t 
measurement on the light part icle au tomat ica l ly localises 
the heavy part icle with the form factor 0. If we ignore the 
imaginary pa r t in the exponent ia l function of <P and retain 
only the real pa r t of the form factor <Pr e ai, it can be 
represented in the form 

^ r e a l = Q X V ( - ^ ] , ( 1 5 0 ) 

where 

L2+fcV 
k2b2 

Two limiting cases, L2 <̂  x2b4 and L2 ^> k2b4, can easily 
be dealt with by means of the above expressions. In the 
former case (of a nea rby ins t rument ) we have a2 = b2, i.e. the 
localisation of a heavy part icle is identical to the localisation 
of a light part icle. In the other l imiting case, L2 ^> k2b4, we 
have a = l/0k, where 9 = b/L is the vertex angle of a cone 
suppor ted by the ins t rument at the posi t ion of the part icle. 
Since k = 2TI/A, where X is the wavelength, then even for 
small angles 0 ^ 1 / 1 0 the size of the localisation of the 
part icle is of the order of the wavelength. 

The complete expression ( 1 4 9 ) for cp conta ins also an 
exponent ia l function with an imaginary phase which m a y 
lead to addi t iona l localisation for L2 k2b4 for small 
depar tures from coherence, bu t at this stage we shall no t go 
into such detail. 

In the above discussion the concept of an ins t rument is 
used frequently. However , it is qui te unnecessary: if the 
localisation of the light part icle occurs somewhere in the 
external world , i.e. because of the interact ion with an 
u n k n o w n ' ins t rument ' , this process still leads to the 
localisation of the wave function of the heavy part icle. If 
then L2 ^> k2b4 and the angle 9 is small (but no t negligible) the 
localisation of the heavy part icle will be on the scale of the 
wavelength of the l ight-particle wave function. 

Fig. 1 2 has just been used to consider the localisation 
a long the y axis, bu t the same ins t rument of finite size a long 
the z axis per forms similar localisation of the wave function 
a long z. If the ins t rument and the incident wave are b o t h 
ro ta ted by 9 0 ° , then localisation a long the x axis is possible. 
Na tura l ly , in spon taneous 'measuremen t s ' on m a n y incident 
part icles a complete localisation a long all direct ions can be 
achieved. 

W e shall assume tha t such 'measuremen t s ' on different 
incident part icles are repeated one after ano ther at a certain 
average frequency N = 1 /T , SO tha t after a long t ime interval 
t a large number N = Nt = t/x of such measurements takes 
place. Each measurement gives a new factor of the type 
given by Eqn ( 1 5 0 ) , so tha t after N measurements the factor 
becomes <PN. The localisation region then becomes a/Nl/ 

2 = a(xlt)l/2. F o r a very large mass the localisation con­
t inues unt i l such a part icle becomes a classical object with a 
fully de terminate classical coord ina te Y and, consequently, X 
and Z . If the mass is no t very large, the process of localisation 
is compensa ted for by the opposi te effect of the b roaden ing of 
the wave packet between consecutive measurements . If we 
recall Eqn ( 6 1 ) for the b roaden ing of a wave packet with 
t ime, we can est imate the m i n i m u m localisation of the 
part icle with mass M: 

- - ( l ) " 2 - & f • 
This expression defines an approx ima te b o u n d a r y 

between the macrowor ld and the mesowor ld : if from the 
pract ical po in t of view the value of am{n can be regarded as 
zero, then we are dealing with a macroscopic b o d y which has 
classical coordinates . In the opposi te case, a b o d y has bo th 
the proper t ies of a classical object, and m a y also exhibit wave 
proper t ies , i.e. we are dealing with a mesowor ld object. 

It therefore follows from the s tandpoin t of wave 
functions tha t the macrowor ld is the world of 'fossils': all 
the past 'measurements ' carried out on the macroscopic 
bodies in the preceding epochs had the result tha t these 
bodies have ' lost ' their former wave proper t ies and have 
become classical objects with sharply defined coordinates . In 
' con tac t ' with the microwor ld and mesowor ld they can only 
' recall ' their wave proper t ies by a s imul taneous 'col lapse ' of 
the wave function of the microwor ld and a r a n d o m choice of 
the coord ina te of the classical object, for example, the 
posi t ion of a pointer of a measur ing ins t rument . The last 
process can be described also in te rms of the mode l of the 
scattering of a light part icle by a marke r A*, shown 
schematically in Fig. 1 2 . All tha t is required is tha t the 
ins t rument P should distinguish var ious posi t ions of the 
marke r A* in one coherent state. This can be done mos t 
simply by supplement ing the ins t rument P with a set of 
col l imators and detectors , so tha t each c o l l i m a t o r - d e t e c t o r 
pair is directed to its own poin t with the coord ina te Yt. These 
discrete coordina tes Yt should be selected in such a way tha t 
the form factors of the different posi t ions of the marker A* do 
no t overlap a long the coord ina te Y. Then the very first 
opera t ion of one of the detectors measures one of the 
coordina tes Yt ( the relevant coll imator is directed to this 
coordinate) . 

If instead of an ins t rument P there is an external world , 
the scat tering of just one light part icle immediate ly causes the 
collapse of the wave function of the macroscopic object a long 
the coord ina te 7 . If the micropar t ic le is ' emit ted ' into the 
external world t h rough a system of col l imators , such tha t 
each of them is directed to jus t one of the discrete posi t ions 
Yt, then each micropar t ic le collapse is accompanied by the 
collapse 7—>7*. Repet i t ion of such 'measuremen t s ' can 
establish the statistical dis t r ibut ion of the coord ina te Yt. In 
this way we can find the density mat r ix of a mixed state of a 
macroscopic object after 'measurement ' , i.e. after destruct ion 
of the coherence by the scattering and subsequent 'escape ' of 
the scattered micropar t ic le to the external world . 
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30. Collapse of wave functions 
Some examples of the collapse of wave functions are 
discussed above: in radioact ive decay and in indirect 
'measuremen t s ' as a result of the collapse of the wave 
function of a part icle tha t escapes to the external world and 
loses its coherence there. As a rule, the collapse applies m o r e 
proper ly to the probabi l i t ies of ' expecta t ion ' by the external 
world , i.e. it in fact cor responds to a r a n d o m appearance of a 
specific value of one or ano ther physical quant i ty . However , 
it is convenient to refer the collapse to the wave function 
itself. W h e n this app roach is adop ted , the collapse can be 
described by a 'measurement o p e r a t o r ' in the generalised 
Schrodinger equat ion (145). The term 'measurement 
o p e r a t o r ' indicates tha t this opera to r should cover also the 
q u a n t u m measure-ment processes. In the latter case the 
opera tor is identical to the project ion opera tor : it projects 
the initial state xjj on to an eigenvector \j/i9 which cor responds 
to an eigenvalue ut of a physical quant i ty U which is being 
measured . Therefore, in discussing real measurement 
processes we can use instead the von N e u m a n n project ion 
opera to r s [33]. However , our m o r e general p rob lem requires 
no t only the description of the deliberately m a d e 
measurements , bu t of the na tu ra l processes of the collapse 
of wave functions which represent , together with the 
reversible dynamics in accordance with the Schrodinger 
equat ion , the real ' q u a n t u m his tory ' . 

In this section we shall consider wha t general proper t ies 
should the measurement opera to r have in the simplest case of 
one or two part icles. Firs t of all, let us po in t out tha t in 
Eqn (145) the operator M (xjj) is in the form of a term alongside 
the kinetic energy and the to ta l energy hco. Therefore, the 
opera tor should have the dimensions of energy, i.e. of the 
rat io H/to, where to is a characterist ic measurement t ime. 
Therefore, interference of the opera tor in the evolution of a 
q u a n t u m particle should in general per turb not only the wave 
function, bu t also the energy of the particle. In other words , 
measurement m a y be accompanied by the exchange of energy 
with the external environment . However , this energy m a y be 
negligible if either the measurement takes a very long t ime or 
the collapse occurs into such wide wave packets tha t the 
corresponding energy change can be ignored. F o r example, 
when the physical quant i ty U is such tha t its opera tor 
commutes with the Hami l ton ian of the part icle is being 
measured, there is no energy per tu rba t ion and this measure ­
ment need no t destroy the s ta t ionary state. 

The simplest example of measurement of a physical 
quant i ty is the Stern - G e r l a c h experiment in which the 
passage of a beam of part icles across an inhomogeneous 
magnet ic field splits this beam into componen t s cor respond­
ing to different values of the project ion of the spin on to the z 
axis. Let us assume tha t , for example, the spin project ion \oz 

can have only two values: Then, a detector will register 
only two lines. Let a wave packet of rec tangular shape a long 
the longi tudinal coord ina te enter the detector . If the length of 
the packet is L, then the spatial pa r t of the square of the wave 
function is | 2 = 1/L. Before reaching detectors (in this case 
there are two of them) the packet splits into two componen t s 
with magni tudes oz = + 1. W e shall denote by v the velocity 
of the part icle and by x the t ime taken to record the part icle 
inside the detector . If T ^ L/v, the wave packet can be 'cut ' 
mental ly into layers of width / = VT. Obviously, each of the 
detectors will analyse a packet layer by layer and, with the 
probabi l i ty 1/2L, one of the detectors will record a part icle 

and at the same t ime measure the value of az. In this example 
we can assume tha t the probabi l i ty of the dis t r ibut ion a long 
x, equal to \\jj\2, reaches the detector input , so tha t in fact the 
collapse of probabi l i t ies takes place. However , it is no t very 
w r o n g to say tha t each of the detectors induces the collapse of 
a wave function into a layer of width / in one of the detectors 
and destroys the rest of the wave function. The result does no t 
change if we assume tha t even before reaching a detector the 
wave function collapses into one of its componen t s , for 
example tha t with oz = + 1 or with oz = — 1, and then this 
componen t collapses into a layer of width / in one of the 
detectors . In t roduc t ion of a suitable opera to r into the gen­
eralised Schrodinger equat ion makes it possible to describe 
the collapse of a wave function as a consequence of the 
collapse of probabi l i t ies ( throwing of dice) when a q u a n t u m 
part icle is informat ion-coupled to the external world . 

W e shall n o w consider h o w an opera to r acts in the case of 
radioact ive decay. Once again it is convenient to consider the 
probabi l i t ies and no t the wave functions. Moreover , it is 
preferable to replace | i / f | 2 by a very large n u m b e r of identical 
radioact ive nuclei and consider the n u m b e r of nuclei. Let the 
dependence N = N0 exp(—t/x) indicate h o w the number of 
radioact ive nuclei decreases with t ime (No is the initial 
number of nuclei and 1/T is the decay ra te constant ) . 

W e shall select a t ime interval At <^x and consider wha t 
h a p p e n s to the wave functions of oc part icles emitted from the 
nuclei. W e shall select some value R = Ro for the distance 
from the radioact ive source and assume tha t the oc part icles 
are 'measured ' outs ide this radius , i.e. they fall within the 
envi ronment of a t o m s and molecules in which they follow 
nonequi l ibr ium t racks . Let v be the velocity of the oc particles. 
Then in a t ime A^ they travel a distance AR = v A^. Since the 
source power is Nix, then in a layer of vo lume 4nR2 vAt there 
are AN = NAtlx part icles. 

Let the interval AR be selected in such a way tha t it 
cor responds to the localisation width of a wave packet after 
'measurement ' . If in a t ransverse direction the localisation 
width is also of the order of AR, then in the layer in quest ion 
of vo lume 4 T Z R 2

0 A R there are Ns = 4 T Z ( R 0 / A R ) 2 cells and 
each of the collapsing part icles m a y fall into one such cell. 
The probabi l i ty of reaching the cell per part icle is 

_ AN 1 _ 1 (AR)3 

P ~ l^N^ ~ x 4nvR2 ' 

W e can easily see tha t the value of 1/T per part icle is equal 
to the flux across a surface of radius/?o- 1/T = \ip(R)\2 x 4%R2vo. 
Therefore, the probabi l i ty Ap is simply Ap = \\p(R)\2(AR)3. 
Consequent ly , the opera tor can be regarded as equal to the 
form factor which collapses a particle into one of the cells of 
volume (AR)3 and annihilates the xjj function in all the other 
cells. This process can be regarded as repeated r andomly near 
a sphere of radius Ro at an average repeti t ion frequency 
1/A^ = v/Ro. If the decay process is slow, then the sum of the 
probabil i t ies of falling into all the cells of volume 4TZRQAR, 

i.e. \\p\2 x 4nRoAR, m a y prove to be much less than unity. 
This means tha t the process of collapse near the sphere of 
rad ius Ro should be repeated m a n y times unt i l the part icle 
falls into at least one of the cells. However , if it falls there, then 
l i /f | 2 in the cell should be increased to (AR)~3 and elsewhere 
the wave function should become annihi lated. 

A packet which collapses into a vo lume (AR)3 spreads out 
further away from the source, so tha t after a long t ime its 
t ransverse localisation varies, in accordance with E q n (61), 
as Ax ocht/mAR. The radia l coord ina te of a packet also 
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increases with t ime as vt so tha t at high values of t the packet 
remains within a cone of size 

Ax % 
vt mvAR 

Hence , it is clear tha t the selection of Ro is fairly arbi t rary: 
provided only/?o 5> AR, further p ropaga t i on of wave packets 
depends little on the value of Ro. Moreover , the format ion of 
packe ts can be represented by an evolut ion, reversed in t ime, 
down to the scale Ro ^ AR. The measurement opera to r can 
therefore be regarded as per forming r a n d o m sampling on a 
wave packet with the aid of a form factor localised bo th a long 
the rad ius and with respect to the angle. The ac tual m o m e n t 
of collapse is no t so impor tan t : it m a y only be indicated as a 
' t r end ' near a certain poin t of rad ius R = vt and a wave 
packet m a y form with a shift a long the t ime axis, i.e. much 
later. The ' t r end ' itself cor responds to one bit of informat ion 
abou t the subsequent format ion of a wave packet near a 
given poin t with definite angular coordina tes and with the 
radia l coord ina te R = vt. Correspondingly , the 
measurement opera tor also permi ts freedom of change in 
the localisation width of a wave packet a r o u n d r a n d o m l y 
selected coord ina tes of its centre. 

Rea l 'measurement ' of an oc part icle my occur at a further 
large distance from a nucleus. However , the wave packet 
obta ined then m a y be 'projected ' into the future. C o n ­
sequently, the collapse of a wave function can be regarded 
as a spon taneous cont rac t ion of a wave function into a wave 
packet as a result of ' p remoni t ion ' of a future measurement . 

The collapse is an irreversible process, bu t its evolut ion in 
t ime does no t resemble the usua l causal evolut ion from the 
past to the future, pass ing successively t h rough all the 
in termedia te phases : such a detailed descript ion of the wave 
function would have required in termedia te measurements 
and these measurements would have destroyed the coherence 
of the state. Therefore, the opera to r in the generalised 
Schrodinger equat ion is much m o r e complex than the 
opera to r s acting on physical quant i t ies . 

If a l lowance is m a d e for the collapse, the relat ionship 
between the past and future m a y be m o r e complex than tha t 
viewed from the s tandpoin t of the usua l classical de te rmin­
ism. I ts analysis can conveniently be m a d e by simplified 
measurements . 

Let us consider, for example, an E P R pair in the B o h m 
var iant when two part icles with spin \ are p rea r ranged 
initially, at t = 0, in a singlet state and then they fly apar t 
in different directions to large distances from one another . 
W e shall assume tha t at the m o m e n t t\, the x componen t of 
the spin ox\ is determined for the first part icle and the result is 
0 * 1 = + 1 - This means tha t in view of the correlat ion the 
second part icle collapses to a state with cr x 2 = — 1. Since an 
observer cannot cont ro l the selection of ax\ and the values 
0 * 1 = + 1 appear completely at r a n d o m , the collapse of the 
second spin crx2—> —1 cannot be used for ins tan taneous 
transfer of informat ion from the first observer to the 
second. Let us n o w assume tha t the second observer 
measures the componen t ayi and with a probabi l i ty 0.5 
ob ta ins the value ayi = + 1 . Such a measurement on a 
correlated E P R pair would have led to a cor responding 
reduct ion of the state of the first part icle: oy\ —> — 1 . If b o t h 
observers are no t too far apar t , the collapse of the wave 
functions will be induced by the first (on the t ime scale) 
measurement . However , when the part icles are far apar t , the 
concept of s imultanei ty loses its absolute meaning: in the 

Lorentz- invar iant theory the sequence of events on a space­
like p lane depends on the velocity of the coord ina te system. 

The quest ion arises h o w the processes of the wave-
function reduct ion can be m a d e consistent with the Loren tz 
invariance. W e shall consider this in m o r e detail . W e shall 
begin with the measurement ax\ = 1 on the first part icle at a 
m o m e n t t. This measurement automat ica l ly leads to 
aX2 = — 1 for the second part icle. Since no act ion has been 
taken in relat ion to the second particle, it seems na tu r a l tha t 
the spin cr x 2 = — 1 of the second part icle is qui te definite no t 
only at t imes longer t han t\ bu t also when t< t\. In other 
words , the measurement yielding ax\ = 1 no t only makes it 
possible to predict cr x 2 = —1 for a future measurement of 
cr x 2 , bu t it also matches the value cr x 2 = —1 in the pas t . 
However , similar reasoning can also be extended to the 
measurement of the spin of the second part icle. The 
measured value of this spin oy2 = + 1 means , because of 
the correlat ion, tha t ay\ assumes the reliable value 
oy\= — 1, bo th after the measurement which gives ay2 = 1 
and before this measu remen t .We n o w seem to be faced with a 
p a r a d o x . Namely , if ox\ = 1 is measured first, then the spin 
of the second part icle assumes the value cr x 2 = — 1 and the 
subsequent measurement yielding ay2 = 1 destroys the 
coherence and correlat ion of the E P R pair . If the first 
measurement gives ay2 = 1, then the value ay\= —1 is 
established automat ica l ly for the first part icle and the 
subsequent measurement ox\ = 1 destroys the correlat ion 
of the E P R pair . The sequence of measurements can be 
different in different Lorentz- invar iant coord ina te systems. 
Therefore, it is no t clear which scenario is the t rue one. 

In fact, there is no major conflict. The in termedia te 
correlated states of the ox\ = 1, cr x 2 = —1 and ay2 = 1, 
(Tyi = —1 types are only the possible measured states and 
no t the real ones. In reality the measured ax\ = 1, ay2 = 1 
measured state does no t conserve the correlat ion in the E P R 
pair , a l though at first sight the ope ra to r s ax \ and ay2 seem to 
be commut ing , i.e. s imultaneously measurable . In fact, the 
measurement of one of the opera to r s pe r tu rbs the measu re ­
ment of the second one because of a correlat ion (for details 
see Ref. [11]). Therefore, the measurements of ax\ and ay2 

give uncorre la ted pai rs ax\ = + 1 and ay2 = ± 1 wi thout 
any causal relat ionship between the measurements . 

W e shall n o w tu rn back to the correlated measurements 
of the gx\ = 1, cr x 2 = —1 type. Here we have a s t rong 
correlat ion. Therefore, it is qui te u n i m p o r t a n t which of the 
measurements is carried out first: the second measurement 
gives a definite result b o t h forward and backward on the t ime 
axis. The second measurement simply reveals the result which 
had been predetermined either by the past or future 
measurement on the first part icle. Na tura l ly , here we are 
speaking of the first and second part icles in a fairly a rb i t ra ry 
manner : the two part icles are equivalent . Therefore, in the 
case of measurement of ax\ and cr x 2 , it is m o r e logical to 
assume tha t the selection of ox\ = 1 and cr x 2 = —1 is 
perfectly spon taneous , i.e. tha t it occurs before a real 
measurement . It is even m o r e logical to assume tha t we are 
dealing here only with a hint symbol of a measurement which 
has not yet been converted into a real measured result. Only 
the measurement event itself selects the values of ox \ and cr x 2 . 
The si tuat ion is similar to tha t of radioact ive decay: an E P R 
pair seems spontaneous ly to select the polar isa t ion matched 
to the ins t ruments . This polar isa t ion is then measured by the 
ins t ruments . 
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It should be stressed tha t in all three cases under 
discussion — the measurement of ax\ and cr x 2 in an E P R 
pair , the radioact ive decay, and the collapse of the wave 
function of a heavy part icle in the case of an indirect 
'measurement ' when a correlated light part icle escapes to 
infinity — no energy pe r tu rba t ion is in t roduced from outside. 
It is sufficient to assume one bit of informat ion appears 
somewhere in the external world , which is fully compat ib le 
with the nonequi l ibr ium state of this world . However , in the 
case of a purely local analysis, the collapse can be regarded as 
spon taneous . It can be described by a 'measurement ' 
opera tor M in the generalised Schrodinger equat ion . This 
opera tor can be regarded as r a n d o m with a not very accurate 
indicat ion of m o m e n t of t ime when this opera tor causes the 
collapse. 

W e shall n o w consider a m o r e complex example of a 
system of m a n y part icles in the form of a low-density gas of 
'classical ' particles. W e shall pos tu la te tha t the gas of a toms 
(or molecules) with a density n is at a t empera tu re T. Let us 
assume tha t o is the cross section for collisions between 
particles, so tha t ro = cr 1 / 2 represents the average size of an 
a tom and X = Xlno is the average mean free pa th . The 
density pa rame te r s = nr\ of a low-density gas is very 
small: e <̂  1. Let us assume tha t initially the gas is classical, 
i.e. tha t the average localisation size of the wave functions 
(which will be denoted by b) is much less t han the average 
distance between the a t o m s n~l/3. Tha t gas can be regarded 
as consist ing of a set of separate wave packets . W e shall n o w 
try to unde r s t and wha t h a p p e n s to these wave packets and 
whether the initial pa t t e rn of separate wave packets is also 
retained subse-quently. 

Let us assume tha t vt = (Tim)112 represents the average 
the rmal velocity. The quant i ty 

_ X _ 1 
vt novt 

is equal to the average t ime between pair collisions of a toms 
with one another . W e shall select an a rb i t ra ry wave packet 
and consider wha t happens to it. If initially the value b is less 
t han ro and this inequali ty is re tained for a t ime T, the wave 
packet evolves in the same way as a classical part icle, 
colliding and being scattered by other a t o m s at a frequency 
v = 1/T. Therefore, after a t ime T the initial wave packet 
d isappears and becomes t ransformed into a scattered wave. 
However , ifb> ro, then the initial packet also d isappears in 
the t ime T, bu t it is no t converted into one bu t (biro)2 scattered 
waves, because in travell ing a distance X the initial packet 
meets (biro)2 different a toms . In the second case, when (bl 
ro)2> 1, the separate scattered waves lose their m u t u a l 
coherence and the original a tom d rops into one of the 
scattered waves with a probabi l i ty (ro/b)2. In the first case, 
when b< ro, at the first scattering event the packet m a y still 
retain its individuali ty, bu t a few subsequent collisions are 
sufficient to m a k e the scattered waves so complex tha t the 
coherence between its individual pa r t s will be lost completely. 
The part icle m a y again drop into just one of the scattered 
packets . 

W e can therefore d r aw the conclusion tha t in the course 
of its subsequent evolut ion the gas m a y retain its 'packet 
s t ructure ' . W e m a y easily est imate also the dimensions of the 
(on average) s teady-state wave packets . W e can do this by 
applying the uncer ta in ty relat ion. Let b be the spatial 
localisation of the packet . Then , the uncer ta in ty in the 
velocities Av a m o u n t to Av « Tilmb and the average size of a 

packet does no t change greatly in the t ime T between the 
collisions if AVT « b. Hence , we find tha t 

b = ( — Y / 2 = (M) i / 2 , (152) 
\mvtGn J 

where bo denotes bo = H/mvt of the order of the de Broglie 
wavelength of an a tom moving at the rmal velocity. 

Let us n o w est imate the value of the quan t i ty described by 
E q n (152) for air at a tmospher ic pressure. If we subst i tute (in 
the cgs system o f units) the values Ti = 1 0 - 2 7 , m = 3 x 1 0 - 2 3 , 
v t = 3 x 10 4 , g= 1 0 - 1 5 , and n= 3 x 1 0 1 9 , we find 
approximate ly tha t b & 2 x 10 ~ 7 . This is slightly less than 
the average distance between the a toms: n~l/3 « 3 x 1 0 ~ 7 . 
W e can see tha t air can be regarded arbitrari ly as a gas of 
classical particles in the sense tha t the effective dimensions of 
the wave packets of the ni t rogen and oxygen molecules do not 
exceed the average distance between these molecules. 

Our discussion ignores the c i rcumstance tha t in the case 
of identical bosons the wave function should be symmetrised 
over all the molecules. However , this c i rcumstance does no t 
greatly affect our conclusions, provided we indeed have 
b< ro. In view of the identi ty of the part icles the wave 
packet of one part icle is indist inguishable from the wave 
packet of a second colliding part icle, bu t the packet s t ructure 
of the gas is still conserved. 

In our discussion the key feature is the initial assumpt ion 
tha t a part icle m a y drop into one of the componen t and 
mutua l ly uncorre la ted pa r t s of a complex wave packet . It is 
this assumpt ion tha t underl ies the statistical in terpre ta t ion of 
the square of the wave function \\//\2. Convers ion of one 
packet into a set of uncorre la ted packets is equivalent to 
conversion of a pu re state into a mixed one, i.e. we find tha t 
the wave function is apparen t ly converted into probabi l i t ies . 
Since in this case there is no external measurement , formally 
there is no collapse of the probabi l i t ies either. The transfer of 
a part icle into one of the componen t pa r t s of a packet 
discussed here is no t observable in the external world . 
Consequent ly , a l though the evolut ion of the wave packets 
with the cor responding collapse events does t ake place inside 
the gas, in the external wor ld this appear s only in the form of 
probabi l i t ies which should be described statistically with the 
aid of the density matr ix . Since the events in which the wave 
functions of an equil ibrium gas collapse are no t observable, 
they cannot by themselves lead to the collapse of the 
dis t r ibut ion of probabi l i t ies for macroscopic bodies which 
are interact ing with the gas. However , the gas molecules m a y 
destroy the coherence of the wave functions of macroscopic 
bodies (this is t rue, for example, of a part icle in Brownian 
mot ion) . This requires the destruct ion of the coherence 
between the individual componen t s in a superposi t ion of 
the wave functions of a macroscopic body . The phases of the 
componen t s change with t ime if their frequencies are altered 
somewhat and then after a t ime t it is possible to change the 
phase by ~ 1 if ACQ « lit. Since ACQ cor responds to an energy 
pe r tu rba t ion AE = HCQ, the loss of coherence requires an 
exchange of energy AE « Tilt. 

W e can summarise the above discussion by drawing the 
following conclusions. In generalised q u a n t u m mechanics , 
which includes a descript ion of irreversible 'measurement ' 
processes, there are two types of collapse of wave functions. 
The first cor responds to a nonequi l ibr ium 'measurement ' 
process in the external world , it relates purely to informa­
t ion, can occur wi thou t any pe r tu rba t ion , and appears as 
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spon taneous cont rac t ion of a wave function. These are the 
processes tha t occur in measur ing ins t ruments . The processes 
of the second kind are associated with uncont ro l led 
pe r tu rba t ions . They appear as the loss of coherence with 
energy exchange and are described in te rms of conversion of 
pu re ensembles into mixed ones. They include above all the 
processes associated with the the rmal mo t ion of particles. 
They can be described na tura l ly in te rms of the density 
matr ix , which in the case of a weak pe r tu rba t ion of the 
d iagonal t e rms is automat ica l ly converted into the p r o b ­
ability dis t r ibut ion function. 

In the case of the collapse associated with the appea rance 
of informat ion in the external wor ld the most na tu ra l 
descript ion is tha t involving the 'measurement ' opera tor M. 
The act ion of this opera to r leads to r a n d o m t ransi t ions of the 
wave function to new m o r e localised states. This represents a 
kind of consecutive appl icat ion of the project ion opera tors . 
Each such project ion opera to r can be described in te rms of 
the D i r ac no ta t ion in the form P = \ij/c}(ij/c\, where ij/c is the 
wave function after the collapse. The action of the opera tor P 
is given by 

P<& = <Ac JVcVd* = |tfrc)M#) , (153) 

if \jj(x) depends only on one variable x . In general , the act ion 
of Pc on \j/ — i.e. the project ion of \j/ on ij/c — is equal to the 
scalar p roduc t of the wave functions i/fc and x//9 mult iplied by 
the wave function ij/c. The opera tor M differs from P only in 
this respect: after project ion the wave function should be 
normal ised to unity. Moreover , as a rule the opera to r M 
represents a set of m a n y r a n d o m project ions. Since b o t h 
functions \j/ and i/fc , evolve with the same Hami l t on i an 
opera tor H9 in m a n y cases it is no t impor t an t at which 
precise m o m e n t the opera tor M is applied: in par t icular , it 
can be assumed tha t it is applied from the future if in the 
interval from a given t ime t to infinity there are no other 
collapse events. 

31. Second quantisation 
In systems of m a n y identical part icles it is m o r e convenient to 
use the a p p a r a t u s of second quant i sa t ion . W e shall discuss 
this only to the extent necessary for subsequent considera­
t ions. Let us assume tha t \J/N(XL ...9XN9 t) is the wave 
function of identical part icles dependent only on one of 
the spatial coord ina tes xt of the iih part icle out of the to ta l 
number N. F o r simplicity, we shall assume tha t these 
part icles satisfy the B o s e - E i n s t e i n statistics, i.e. tha t the 
wave function is symmetr ic in the variables xu In the second 
quant i sa t ion language there is no need to fix the number of 
part icles N and it is possible to admit the possibili ty of 
creat ion and annihi la t ion of the part icles, as well as changes 
in the occupancy n u m b e r s of different q u a n t u m states. 
Therefore, instead of one function \j/N we can consider a set 
of functions ij/o, fa, . . . , ij/N, ••• with different number of 
part icles. These functions can be ar ranged in column form 
and we can thus obta in wha t is k n o w n as the state vector in 
F o c k space. Ins tead of considering the functions \jjN9 it is 
convenient to in t roduce opera tor functions act ing on the 
state vector. These opera tor functions represent a second-
quant i sa t ion field or simply q u a n t u m field. In the case of the 
F o c k space under discussion, two opera to r fields are 
specified: the creat ion opera to r W + (x) and the annihi la- t ion 
opera tor W~(x) of one part icle. Sometimes in the case of the 

opera tor W~(x) the minus index is omit ted and then W + 

denotes simply the Hermi t i an conjugate opera tor relative to 
W. The opera tor W act ing on the function \j/N t r ans forms it 
into ij/N-U a n d the opera tor W+ t ransforms x/JN-I into ij/N. 
The explicit expression for these opera to r s is 

Y(x)\l/N(xu...,xN) 

1 N 

— 771 /2 ~~ xl)Xl/N-l(xl9 ••• J xl-l> xl+l> ••• J XN) > 
^ 1=1 

(154) 

^f+{x)xljN_l{xl9...9xN_l)=Nl,2xljN{x9xl9...9xN_l) . (155) 

W e shall add here one m o r e useful relat ionship describing 
the c o m m u t a t o r of the opera to r s W(x) and W+ (y): 

[w(x)9 W+(y)] = W(x)W+(y) - W+(y)W(x) 

= 6(x-y). (156) 

The action of these opera to r s can be unde r s tood mos t 
simply by considering the example of nonin te rac t ing part icles 
when the symmetrised function \j/N m a y be assumed to be the 
p roduc t of one-part icle functions xjjr. 

N 

\/jN(xl9...9 xN) = Yi^iixt) . (157) 

i=i 
This state is k n o w n as B o s e - E i n s t e i n condensa t ion . W e 

can n o w see tha t the opera tor W(x) t r ans forms the function 
\j/i(xi) into the 8 function 8(x — xj) and then summat ion is 
carried out over all the functions 8(x —xj). The opera to r 
adds one m o r e factor \j/i(x) to the p roduc t (157). W e can say 
(and this is t rue, apar t from a factor \/Nl/2 or N1'2) tha t the 
opera tor W(x) replaces one of the functions ^f\{xi) with the 8 
function at a poin t xi, so tha t one of the factors of the ^f\(xj) 
type d isappears . The opera tor W + (x) simply adds one m o r e 
part icle with the wave function \jt\(x\ i.e. it increases by uni ty 
the number of factors of the \jj\(xi) type. The rela t ionships 
given by E q n s (154) and (155) allow us readily to find the 
expression for the opera tor W+W9 which is called the par t ic le-
number opera tor N: 

N\l/N(x1,...,xN) = xF+(x)xF(x)\l/N(xl9...9xN) 

N 

= ^2&(x-xi)\l/N(xl9...,xN) . (158) 
i=i 

The par t ic le-number opera tor is d iagonal and the integral 
is J W + (x)W(x) dx\//N = N\//N9 i.e. it is simply equal to the 
number of part icles N for each of the functions ij/N. The 
mean ing of the opera to r s W(x)9 W + , and N can be unde r s tood 
bet ter if we average them, i.e. if we integrate with respect to 
x\9..., XN with the weight \ i//N\2. In the simplest case we find 
tha t integrat ion of Eqn (157) gives 

{v{x))N = Jv1/2<KM, 

= ( t f + l ^ V i t o , (159) 
(N)N = A # , ( * ) | 2 • 
In the m o r e general case, when \j/N is no t equal to the 

p roduc t (157), instead of i//i(x) there is a one-part icle function 
averaged over all N var iables with the exception of one. The 
opera to r s W(x) and W + (x) can be used to find readily the 
project ion opera to rs . Let us assume, for example, tha t as a 
result of measurement the initial function collapses into 
ij/c. If there is only one part icle, then this collapse is due to the 
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collapse opera to r (153). If we are dealing with N part icles, we 
have to ensure the collapse of each part icle in tu rn and even 
symmetrise the resul tant wave function so as to al low for the 
B o s e - E i n s t e i n symmetry. If E q n (154) is integrated with 
respect to x and the weight used is \l/c(x)9 then the r ight -hand 
side is exactly the wave function in which one of the factors 
\j/i(xi) is replaced with ^ c (*z) , i-e- the part icle for which the 
collapse \l/i(xi)—nl/c(xi) takes place. W e can n o w obta in an 
equat ion of the type given by Eqn (153) if we just add the 
mat r ix element ( i ^ c | i ^ i ) . W e can readily see tha t this can be 
done by integrat ion of E q n (155) with the weight i//l(x). I n 

this way we obta in by a na tu ra l p rocedure the following 
expression for the project ion opera tor : 

Pc = ^:(x)V+(x)dx^il,c(y)ny)dy • (160) 

It is unde r s tood tha t this expression is accura te apar t 
from a normal i sa t ion factor (if the final wave function is 
normal- ised) . If we use the re la t ionships (154) and (155), the 
act ion of the project ion opera tor (160) on the wave function 
of N part icles i /f /v(xi, . . . , xN) can be wri t ten in the form 

Pc\l/N(xl9...,xN) = 5^c(*z) 
i=i 

^t(xl)\l/N(xl9...9xN)dxl. 

(161) 

In other words , the mat r ix element is calculated for the 
wave function \j/N relative to the wave function \jt*(xi) and it is 
then multiplied by Wc(xi); next, the resul tant expression is 
symmetrised for all the part icles. After the collapse the 
symmetry of the type given by Eqn (157) is lost bu t the new 
expression applied to the function (157) is still quite simple. 

In t roduc t ion of the opera to r s W and W+ is convenient 
because their use makes the descript ion of the dynamics of 
q u a n t u m part icles very similar to the descript ion of the 
dynamics of fields. Therefore, the opera tor W(x) is usual ly 
called the q u a n t u m field. Let us consider wha t this means . 

Firs t of all, some addit ive physical quant i t ies can be 
expressed very simply in te rms of the opera to r s W(x) and 
W + (x). F o r example, the m o m e n t u m of one part icle px is 
expressed in the form of the opera tor 

which is applied to the wave function. If we define the 
opera tor 

¥+(x)px¥(x)dx , (162) 

it then follows from E q n s (154) and (155) tha t its act ion on 
\J/N(XI9 . . . , xN) is equivalent to the sum of the m o m e n t a of all 
N part icles. Similarly, the one-part icle Hami l ton i an 
J W+(x)H(x)W(x) dx averaged over x and applied to IJ/N is 
equal to the sum of the Hami l ton i ans of N part icles. 
Moreover , even in the presence of pair forces with the 
poten t ia l U^2\\x — y\) the to ta l Hami l ton i an m a y be wri t ten 
in the following compact form 

H ¥+(x)H{1)¥(x)dx 

+ ¥ + (x)¥ + (y)U{2)(\x -y\)¥(x)lF(y)dxdy . (163) 

Here , is a one-part icle Hami l ton i an in the field of forces 
with the potent ia l U^l\x)9 and U^2\\x —y\) is the poten t ia l 
of the interact ion between the particles. In the descript ion of 
the dynamics of m a n y part icles it is frequently convenient to 
go over to the occupancy n u m b e r representa t ion . This is done 
as follows. Let \jjn(x) be the complete o r t h o n o r m a l basis. As 
this basis we shall consider, for example, s tanding waves of 
the type 

xjjn(x) = s i n ( ^ ) . 

However , in general , \j/n are complex variables. The opera to r s 
*F(x)and Y + (x), considered as functions of the var iable x can 
be expanded into the series: 

i i 

The functions \j/n represent an o r t h o n o r m a l basis, so tha t 

aj = JV*(x)<F(x)dx, af = JV&)¥+(x) dx . (165) 

The ampl i tudes a~ and a„ are also opera tors . The wave 
functions \jjN(x\,..., x N \ considered as functions of the 
variables x i , . . . , xN, can also be expanded in the basis \jtn(x). 
It is then convenient to go over to the occupancy number 
representa t ion . The wave function with the serial n u m b e r nt 
can be denoted by \m) and it is possible to show tha t the 
action of the opera to r s a~t and a +1 is quite simple: 

at\nt) = ( ^ + 1 ) 1 / 2 K + 1) , 
- i \ V2 | 1 N ( 1 6 6 ) 

a i \ni) = n i \ni ~ l) • 

The opera tor afaf = nt is d iagonal and the opera tor of 
the to ta l number of part icles is 

N (167) 

W e have ignored so far the t ime dependence of the wave 
functions \JJN- In fact, these functions satisfy the Schrodinger 
equat ion , which can be wri t ten in the following compact 
form: 

\H^- = Hit 
dt Y 

(168) 

where xjj is a co lumn of the functions \j/N(xi9...9 xN) and the 
Hami l ton i an opera tor is given by E q n (163). The symbolic 
solut ion of Eqn (168) is 

iH 
*P = exp t U ( 0 ) (169) 

where \jj(0) is the state vector at the initial t ime. 
The equa t ions for quant ised fields become even m o r e 

striking if we t ry to carry out all the averaging of the physical 
quant i t ies with the weighting function i/f(0). This implies 
going over from the Schrodinger to the Heisenberg 
representa t ion: the wave function is regarded as independent 
of t ime, bu t all the opera to r s acquire a t ime dependence. In 
the case of the opera tor W this means 

n 0 = exp&Wexp^f (170) 

file:///JJn-
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where Wo is the t ime- independent opera tor in t roduced earlier 
by means of E q n s (154) and (155). It follows from the 
relat ionship (170) tha t 

| + v . V / = S t ( / ) (173) 

~df 
-[H, V] (171) 

A , = 

where the square bracke ts denote commuta t i on . E q n s (170) 
and (171) describe the evolut ion of a pu re state. They are fully 
reversible and ignore all the interact ions with the external 
world . If an interact ion of this type can be reduced to jus t 
heat exchange with the external med ium and the loss of 
coherence of the states, the cor responding processes can be 
described simply by in t roducing the density mat r ix of mixed 
states. However , if these processes include nonequi l ibr ium 
collapse events, the si tuat ion becomes m o r e complex. Each of 
these events can be described by the project ion opera tor of 
the type given by E q n (159). It can be represented in the form 
Pc = A^AC where the ampl i tudes A c and are, 
respectively, 

ij/c(x)W(x)dx, At = JV C ( JC)<P+cLC . (172) 

The appearance of r a n d o m project ion ope ra to r s can be 
allowed for in E q n (168) by an addi t iona l term of Mxjj. The 
generalised Schrodinger equat ion then ceases to be reversible 
and the cor responding evolut ion of the q u a n t u m field, 
described by E q n s (170) and (171), takes place only between 
the collapse events. In general, the evolut ion of a q u a n t u m 
system becomes much m o r e complex and, most impor tan t ly , 
ceases to be reversible. The irreversibility is the result of an 
informat ion link or coupling between a given q u a n t u m 
system and the nonequi l ib r ium external world . 

32. Molecular chaos 
Our main task is to describe nonequi l ib r ium processes, which 
m a y be of q u a n t u m or classical na tu re . In these processes we 
shall distinguish two types of behaviour : the app roach to an 
equil ibrium because of dissipation, accompanied by an 
increase in the cor responding ent ropy; and the reverse 
process of development of self-organisation with a reduct ion 
in the en t ropy at the expense of an increase in the 
envi ronment ent ropy. It is na tu ra l to begin with the first of 
these irreversible processes, i.e. with the app roach to 
equil ibr ium. This app roach represents m o n o t o n i c 
destruct ion of order or unavo idab le dispersal of the initial 
f luctuat ions only if the deviat ion from equil ibrium is small. 
In systems far from equil ibrium there are usually m o r e 
complex nonl inear processes in which in the case of some of 
the degrees of freedom there is no destruct ion bu t 
complicat ion of the s tructures . Na tu ra l ly , it is necessary to 
begin with the simplest case of a small deviat ion from 
equil ibrium. Moreover , it is na tu ra l to start from the 
simplest physical system. 

This simplest system is a low-density gas of classical 
part icles. Let us assume tha t the density pa ramete r of the 
gas is 8 = na3 (where n is the density and a is the average size 
of the molecule) is much less t han uni ty. This means tha t the 
average distance / = n~l/3 between the molecules is con­
siderably greater t han the size of the molecules. Therefore, 
the gas molecules t ravel freely a distance X = Una2 > a and 
they collide with one another relatively rarely. 

U n d e r these condi t ions the behaviour of the gas is 
described by the Bo l t zmann equat ion 

Here , f(r,v,t) is the dis t r ibut ion function of the part icle 
velocities at a po in t r and at t ime t. The collision term S t ( / ) , 
quadra t i c in / , describes the evolut ion of the dis t r ibut ion 
function when al lowance is m a d e for pair collisions of 
molecules with one another . The collision term is derived on 
the assumpt ion tha t b o t h part icles flying t owards one 
another have the same dis t r ibut ion function / and tha t the 
collisions are r a n d o m . This approx imat ion pos tu la tes tha t 
'molecular chaos ' is established in the gas, i.e. tha t molecules 
are in no way correlated before collisions. This assumpt ion is 
perfectly na tu ra l from the physical po in t of view, bu t it needs 
a definite justification which will be discussed below. 

The collision term in E q n (173) explicitly in t roduces an 
irreversibility, as demons t ra ted by the famous H theorem of 
Bo l t zmann . The quest ion is frequently asked h o w does this 
irreversibility arise: after all, in finding the change in the 
dis t r ibut ion function owing to pair collisions it would seem 
tha t there have been no explicit a ssumpt ions abou t 
irreversibility. Moreover , the collision term itself is derived 
on the assumpt ion tha t the dynamics of the colliding part icles 
is reversible. Consequent ly , it is the assumpt ion o f 'molecu la r 
chaos ' tha t leads to irreversibility. It is necessary to consider 
the origin of 'molecular chaos ' and h o w such chaos is then 
involved in the irreversible evolut ion of the dis t r ibut ion 
function. 

W e shall first consider the process of app roach to 
t h e r m o d y n a m i c equil ibr ium. The kinetic equat ion (173) can 
be wri t ten very roughly in the form 

8 / 

dt 
+ v -V/= - v ( / - / 0 ) , (174) 

where fo is the Maxwel l ian dis t r ibut ion with density n, 
average velocity w, and average energy ( | m v 2 ) , which are 
exactly the same as ana logous quant i t ies in the func t ion / . On 
the r igh t -hand side of E q n (174) the coefficient v represents 
the average frequency of pair collisions: v = vJX and 
vt = (Tim)1'2. If the dis t r ibut ion f u n c t i o n / i s h o m o g e n e o u s 
in r, it then follows from E q n (174) tha t any deviat ion f rom/o 
decays with t ime as exp( — vt). However , if the initial 
dis t r ibut ion function depends b o t h on v and on r, its 
evolut ion is much m o r e complex. In par t icular , for spatial 
scales considerably greater t h a n the mean free p a t h X, the 
collisions establish qui te rapidly, in a t ime T = 1/v, a local 
equil ibrium dis t r ibut ion function with the density n, 
t empera - tu re T, and velocity u dependent on the spatial 
coordinates . 

In the subsequent t ime the evolut ion of the quant i t ies n, u, 
and T is described by the equat ions of gas dynamics . If 
a l lowance is m a d e for the te rms p ropo r t i ona l to 1/v, these 
equa t ions conta in dissipative te rms with the viscosity and 
the rmal conductivi ty. They lead to a much slower decay of 
f luctuat ions with t ime. Since the k inemat ic viscosity and 
the rmal diffusivity are of the order of % « v?/v, p e r t u r b a ­
t ions of the order of X decrease only as exp( — ytlA2) = 
exp( — v2t/vA2). W e can see tha t the higher the collision 
frequency v, the slower the decay of the cor responding 
pe r tu rba t ions . The slowest decay is exhibited by p e r t u r b a ­
t ions of the m a x i m u m scale A = L , where L is the size of the 
container enclosing the gas. In the final analysis, it follows 
from the kinetic equat ion (173) tha t all the f luctuat ions 
should disappear and the function / should eventually 
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become the equil ibrium Maxwel l ian dis t r ibut ion indepen­
dent of the spatial coordinates . 

However , the derivat ion of the Bo l t zmann equat ion (173) 
is subject to a certain inaccuracy. A l though the collision term 
describes, by definition, r a n d o m collisions of molecules, only 
the t ime-average pa r t of this te rm is retained. It will be m o r e 
correct to consider the collision term a r a n d o m quant i ty , so 
tha t E q n (173) should be supplemented by a f luctuation term 
equal to the difference between the t rue r a n d o m collision 
term and its average pa r t S t ( / ) . It is found tha t this 
correct ion, which plays a role of an external r a n d o m force, 
prevents complete re laxat ion of / and cont inuously 
reactivates the rmal f luctuat ions. It is convenient to divide 
these f luctuat ions into two classes: individual and collective. 
The individual f luctuat ions occur on a scale less t han the 
mean free pa th when the mot ion of the molecules can be 
regarded as free. However , on a scale greater t han X we have 
to speak of collective f luctuat ions. 

These collective f luctuat ions can be described by the 
equa- t ions of gas dynamics . The cor responding mot ion of 
the gas splits into two classes: acoust ic v ibra t ions and 
incompressible mot ion of the type represented by small 
vortices. Each the rmal m o d e of the acoust ic v ibra t ions has 
an energy T, equal to the sum of the kinetic (\T) and 
poten t ia l (\T) energies. F o r each vor tex there is an energy 
\T. The number of such modes is a quan t i ty of the order of 
(L/X)3. Hence , it is clear tha t the energy of the rma l mo t ion of 
collective modes , ~ ( 3 7 7 2 ) L 3 / A 3 , is much less t han the to ta l of 
the rmal energy (3T/2)L3n. Their ra t io is 1/ 
X3n = a6n2 = s2 <̂  1. 

Therefore, if in Eqn (173) we replace the average collision 
term with its t rue r a n d o m value, we find tha t the dis t r ibut ion 
function evolves not to the Maxwel l ian f o r m / 0 , bu t to the 
quant i ty f0 + / , w h e r e / c o r r e s p o n d s to the rmal f luctuations. 
In the presence of these the rmal f luctuations a small fraction, 
8 2 <̂  1, of the energy is related to the collective degrees of 
mot ion and the rest, (3nT/2)(\ — e 2 ) , of the the rmal energy is 
represented by the individual degrees of mot ion . The to ta l 
energy of the rmal mo t ion is \nT, in accordance with the laws 
of the rmodynamics . 

Two quest ions remain: why n o n t h e r m a l pe r tu rba t ions of 
the dis t r ibut ion function relax and whether the rmal 
f luctuat ions can be regarded as reversible. In order to 
unde r s t and the basis for these quest ions it is desirable to 
consider one further possible app roach to the descript ion of 
the dynamics of a gas with the aid of the Liouville equat ion . 
This equat ion describes the evolut ion of the dis t r ibut ion 
function W(r\, v\\ r 2 , v2; . . . ; rN, v/v, t) for all N part icles in 
the gas in a 6A/-dimensional phase space: 

R)W N N 

+ J2 v, • V,-W + J^gi • \W = 0 . (175) 

i i 
Here , gt is the acceleration of the iih part icle. In classical 
mechanics the mo t ion of part icles is described by the 
H a m i l t o n equa t ions 

| = V , " , m g l = f = - W r i H , (176) 

where 

« = E ^ + E ^ ' - ' > I ) 0 7 7 ) 
1 ij 

represents the Hami l ton i an opera tor , i.e. the sum of the 
kinetic and potent ia l energies of the particles, pt = mvt is 

the m o m e n t u m of the iih part icle; and gt is the acceleration of 
the Oh part icle. It follows from the H a m i l t o n equat ion (176) 
tha t the probabi l i ty W is conserved a long a pa th in the phase 
space so tha t E q n (175) can be wri t ten in the form dW/dt = 
0, where d/dt is the to ta l t ime derivative a long the pa th . In 
other words , the flux in the phases space is incompressible. 

The Liouville equat ion (175) is fully reversible: the s ta te­
ment abou t the constancy of W a long a p a t h is t rue b o t h as 
far as the future and the pas t are concerned. Therefore, it is 
no t at all obvious tha t the statistical descript ion should lead 
to irreversibility: after all this is no t evident in the Liouville 
equat ion . M o r e likely the opposi te is t rue: the probabi l i ty W 
is cons tant a long a p a t h and for each of the configurat ions of 
the initial coord ina tes and velocities of the part icles the p a t h 
is uniquely defined b o t h in the future and in the past . 

Let ri(t) and vt(t) describe the mot ion of a poin t in the 
phase space for a certain n u m b e r of initial values. W e can 
easily see tha t the function 

w , = Yi&fo-riiOmvi-Viit)] 
i 

satisfies the Liouville equat ion . At each m o m e n t in t ime this 
function cor responds to one un ique poin t in the phase space. 
A n y function W can be regarded as the average value of 
the initial da ta taken with a certain weight Fo(ri0, v/o). W e 
shall n o w consider the microscopic density in a six-
dimensional phase space 

i 

This function plays the same role in relat ion to W as the 
second-quant isa t ion opera to r N in relat ion to the wave func­
t ion i / f /v(xi , . . . , xN). The only difference is the addi t ion of the 
variables to the configurat ional variables n. Averaging the 
function (178) with the weight W makes it possible to find a 
single-particle dis t r ibut ion function / ( r , v, t). If is used 
instead of W, the result is the following t ime-dependent 
microscopic density: 

F„(r, v, t) = E § I r " r.-(')]8[v " v,-(0] • (179) 
i 

This function can be averaged over the initial da ta and 
we then again obta in / ( r , v, t). W e can easily see tha t the 
function (179) satisfies the Kl imontov ich microscopic 
equat ion: 

^ + W F „ + * . ^ F „ = 0 , (180) 

where 

g = - I v f f / ( | r - r , | ) F / , ( r , , v , , O d r , d v , . (181) 
m J 

E q n (180) is also fully reversible. However , if averaging is 
carried out over r and over a t ime interval of the order of the 
collision t ime, then under the condi t ions of molecular chaos 
the last te rm m a y be t ransformed into a collision term. It is 
then quite obvious tha t the assumpt ion of molecular chaos , 
i.e. the absence of correlat ion in the mot ion before collisions 
is precisely tha t key element which in t roduces irreversibility 
into the Bo l t zmann kinetic equat ion . 

In order to unde r s t and the mean ing of the assumpt ion 
abou t molecular chaos , we mus t consider in greater detail the 
scenario of mo t ion of a single molecule. 
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Figure 13. Molecule M collides consecutively with molecules 1, 2, 3. If 
the velocity of the initial motion is perturbed slightly (dashed line), the 
deviations from the initial path increase from one collision to the next. 

F ig . 13 The con t inuous line in Fig. 13 represents the pa th 
of one of the molecules, and the spheres labelled 7, 2, 3 
describe the poten t ia l of the scat tering of a molecule M by the 
molecules 7, 2, 3. The rad ius of each ball is regarded as 
approximate ly equal to a; the average p a t h between the 
collisions is t aken to be X = Una2. The initial velocity of 
the molecule M is assume to receive a certain pe r tu rba t ion v, 
so tha t its p a t h follows the dashed line tha t deviates by an 
angle yo = v/vt relative to the initial pa th . W e can readily see 
tha t in the next collision this angle increases by a factor XIa 
and after the &th collision it is of the order of yo(X/a)k. If the 
average distance a long the pa th is denoted by s « kX and if 
s = vt, the result is 

y = y0 exp(itf) , (182) 

where 

v X 
K = - In -

A a 

is k n o w n as the K o l m o g o r o v - Sinai ent ropy. 
Hence , we can see tha t even for a very small initial 

pe r tu rba t ion yo ^ 1 the value of y m a y become of the order 
of uni ty for 

In ln-

The dashed p a t h subsequent ly represents collisions with 
very different molecules. Therefore, the mo t ion of a molecule 
in a gas is very sensitive to the initial pe r tu rba t ions . 

W e shall n o w show tha t in addi t ion to the initial 
pe r tu rba t ions there are those which are cont r ibuted by the 
external envi ronment . W e shall do this by al lowing for those 
the rmal f luctuat ions which cor respond to the collective 
degrees of freedom. If there are no inelastic in teract ions of 
molecules with the walls, these f luctuat ions become a 
componen t pa r t of the mo t ion of a system of N part icles in 
a 6A/-dimensional phase space. In other words , it should be 
regarded as reversible. In the hyd rodynamic approx imat ion 
such collective f luctuat ions are created by a r a n d o m 
componen t of the collision term and the cor responding 
energy of the f luctuat ions is a fraction of the order of s2 of 
the the rmal energy. In the presence of inelastic collisions with 
the walls a new source of the rma l noise appears and its power 
seems to be equivalent to the noise due to the b o u n d a r y layer 
of a gas of thickness XIL. Consequent ly , the fraction of the 
noise due to the external source is 

L < 1 

In other words , pe r tu rba t ions on a scale 

8 L 

1/2 

are in t roduced from outside, i.e. they are absolutely r a n d o m 
and uncont ro l lab le . Hence we can see tha t after 

In In­ to X 
ln-

collisions the initial condi t ions are completely forgotten since 
there cannot be any reversibility. 

W e shall est imate k for air. Then (in the cgs system of 
uni ts) we have n= 3 x 1 0 1 9 , a2 = 1 0 ~ 1 5 , X = 3 x 1 0 ~ 5 , 
and 8 = na3 = 1 0 - 3 , so tha t if L = 1, we obta in approx i ­
mate ly k « 2. After the first two or three collisions the 
correlat ion of the mo t ion of molecules is lost completely! 
Therefore, the simplest mechanism for the excitation of the 
acoust ic noise by the walls is sufficient for the instabili ty of 
the part icle p a t h s to lead to molecular chaos under very usua l 
condi t ions in air at n o r m a l t empera tu re and pressure. A weak 
interact ion of the gas with the walls is sufficient for molecular 
chaos to be established in the gas and the consequence of this 
chaos is an irreversible app roach to an equil ibr ium. 

The influence of the external envi ronment can be allowed 
for quant i ta t ively (but still approximate ly) by adding small 
addi t iona l t e rms to the kinetic equat ions . Let us begin with 
E q n (180) for the microscopic function F^. The presence of 
external pe r tu rba t ions has the effect tha t in each collision of 
the molecules an addi t iona l inaccuracy appears in the 
collision pa rame te r s and the scale of this inaccuracy is In 
other words , a r a n d o m dis tor t ion of the p a t h of a depar t ing 
part icle of the order of { is in t roduced by each collision. W e 
can say tha t each of the molecules experiences an addi t iona l 
r a n d o m force which p roduces addi t iona l impulses at an 
average frequency v equal to the frequency of pair collision. 
This s i tuat ion cor responds exactly to the Langevin equat ion 
(79) and therefore the average result of such impulses can be 
allowed for exactly in the same way as has been done in the 
derivat ion of Eqn (84) al lowing for the Einstein relat ionship 
E q n (83). Consequent ly , the r igh t -hand side of E q n (180) 
should be supplemented by an addi t iona l te rm 

Kf = DvWJ^f+Wvf 

where Dv = £ 2 v 2

t v is the diffusion coefficient in the velocity 
space and v\ = T/m. 

H e r e K is the diffusion opera tor in the velocity space. It 
acts on the function F^ and leads to b roaden ing of the 8 func­
t ions, so tha t with t ime the uncer ta in ty (Av) 2 near each of the 
8 functions increases linearly with t ime, i.e. Avoc vt(£2vt)l/2. 
After a t ime t w T = 1/v this uncer ta in ty represents a small 
quant i ty Av « £vt, i.e. the est imate obta ined is exactly the 
same as for v. The subsequent collisions characterised by 
diverging p a t h s lead to a much faster b roaden ing of localised 
' l umps ' in E q n (179) which appear as a result of averaging of 
F^ over the impulses received from the external envi ronment . 
If the localisation of the individual componen t s (F^) becomes 
of the scale a, then E q n (181) for the acceleration of part icles 
can no longer be used because in the course of collisions the 
average value (F^r, v, t)F/j(r', v', i)) cannot be regarded as 
equal to the p roduc t of the average values of the function F^. 
A way of bypass ing this difficulty is well k n o wn : it is 
necessary to assume tha t the functions F^r, v, t) and 
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F^(r\ v ' , t) are uncorre la ted before the collision. Then the 
average value of the third te rm in Eqn (180) automat ica l ly 
leads to the Bo l t zmann equat ion . Therefore, the 'molecular 
chaos ' is in fact created by the external wor ld and is enhanced 
by a large factor due to the mot ion of the molecules. 

The r a n d o m interference of the external wor ld can also 
easily be allowed in the Liouville equat ion (175) by adding 
again the cor responding addi t iona l te rms. W e can readily 
determine h o w these te rms look. In fact, if the solution of 
E q n (175) is t aken to be the microscopic function 

w , = n 8 [ r ' - r ' t o ] 8 [ v , - v , - ( 0 ] > 

it follows from the Langevin approx ima t ion tha t we 
should al low for the addi t iona l velocity diffusion of each of 
the part icles. Therefore, the generalised Liouville equat ion is 
of the form 

Figure 14. Liquid in a ring-shaped vessel is heated from below by a 
heater kept at a temperature, Tm, considerably higher than the 
temperature T0 of a cooler in the upper part of the vessel. When the 
temperature difference is sufficiently large, convection appears in the 
liquid. 

dW 

w + vv.w (183) 

W e can see tha t the diffusion opera tor K leads to 
b roaden ing in t ime of a localised function W^. W e can say 
tha t K represents the opera tor of en t ropy creat ion by the 
external world . The need to allow for the microscopic 
irreversibility has been poin ted out by Prigogine [12]. His 
app roach also includes the en t ropy creat ion opera tor M 
which is close in mean ing to the opera to r K (we are using K 
only because the symbol M is employed as the measurement 
opera tor ) . In contras t to Pr igogine 's t rea tment , E q n (183) 
gives the explicit form of the opera to r K. 

The existence of the opera tor K quali tat ively alters the 
s t ructure of E q n (183). This equat ion is no longer reversible: 
the velocity diffusion, no mat te r h o w slow, makes E q n (183) 
parabol ic and an increase in the en t ropy occurs in jus t one 
direction, from the pas t to the future. Accord ing to E q n (183) 
the probabi l i ty W is no t simply transferred a long the pa ths , 
bu t also diffuses weakly from one p a t h to another . As a result 
of this we m a y speak of the 'molecular chaos ' . 

However , we have assumed so far tha t the external 
envi ronment itself is close to equil ibr ium. It is found tha t 
the s i tuat ion changes radically when the external 
envi ronment is no t in equil ibr ium. A physical system which 
can exchange energy and en t ropy with the external world is 
k n o w n as open. M a n y open physical systems have the 
p rope r ty of format ion of complex nonl inear s t ructures and 
processes. This is why they are called complex physical 
systems or systems with self-organisation. 

33. Convection 
Let us consider convect ion of a liquid in a gravi ta t ional field 
as the simplest example of an irreversible process in an open 
system. Such convect ion readily appears in any layer of a 
liquid when it is heated from below. The warmer pa r t s of the 
liquid become lighter as a result of t he rma l expansion and 
they are pushed u p w a r d s by the Arch imedean force, and 
become replaced by cold masses. There is a large number of 
convective flows. Let us consider just one of the simplest 
examples of convect ion in a closed to r ro ida l vessel (Fig. 14) 
of rad ius R. 

W e shall assume tha t the liquid in this vessel is heated 
from be low and cooled from above. M o r e exactly, we shall 
assume tha t the wall t empera tu re is 

TW = r 0 + i ( r m - r 0 ) ( i + c o s 9), 

where the angle 9 is identified in Fig. 14. Let T = T (9, t) be 
the t empera tu re of the liquid averaged over the t ransverse 
cross section of the to ro ida l vessel. If y denotes the coefficient 
of heat exchange with the vessel walls, then the t empera tu re T 
can be described by the equat ion 

ST v dT . ^ x (184) 

The liquid is regarded as weakly compressible, so tha t the 
velocity v is independent of 9 and can vary only with t ime. Let 
a be the vo lume the rmal expansion of the liquid, so tha t its 
density p acquires a correct ion bp = pcnT. In a gravi ta t ional 
field this change in the density gives rise to a force gbp. I ts 
project ion a long the az imutha l direction is — gddp s i n# = 
— gpaT sin 9. If this force is averaged over the angle 9, the 
result is a certain average value. It is this average value tha t 
acts on a r ing of the liquid, so tha t 

Pdt = ~gp0C(T s i n 6)~^v (185) 

H e r e the last te rm with the coefficient rj, p r o p o r t i o n a l to 
the viscosity of the liquid, al lows for the decelerat ion of the 
liquid by the walls. 

Averaging of E q n (184) over the angle 9 shows tha t the 
angle- independent pa r t of the t empera tu re reaches a s teady-
state value (T) = \(T0 + Tm). Let T = (T) - Tx sin 9 + T2 cos 9. 
Then T\ and T2 are described by the equat ions 

v „ 

-y[T2 

Tm - 77 

(186) 

(187) 

After averaging T sin 9 over the angle 9 the equat ion for the 
velocity becomes 

gpoc (188) 

As we can see, in the system of three equa t ions for the 
variables v, Ti, and T2 , two of them — E q n s (186) and (187) 
— are nonl inear and only E q n (188) is linear. The system of 
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equa t ions (186) and (187) ha s been derived by Lorenz [13], 
who has drawn attention to its very interesting features. Usually 
the Lorenz equat ions are writ ten in the dimensionless form 

dX 

~d7 
d 7 

~di 

dZ 

~d7 

= —Y + RX — XZ , 

= -bZ + XY , 

(189) 

where cr, r, and b are dimensionless pa rame te r s and the 
quant i t ies X, 7 , Z are selected in such a way tha t they are 
p ropo r t i ona l to v, T\, and T2—\(Tm - To), respectively. 

The system of equa t ions (189) is usual ly called the Lorenz 
model . I ts simplest solut ion i s X = Y = Z = 0. It describes 
the t empera tu re dis t r ibut ion in a liquid at rest. However , the 
system (189) has one m o r e steady-state solution: 

1 ) ] 1 / 2 , Z O = ±[b(r 1 ( 1 9 0 ) 

Natura l ly , this solut ion exists only for r> 1. A compar i son 
of the second equat ion of this system (189) with E q n (187) 
readily shows tha t the pa ramete r r is p ropo r t i ona l to the 
t empera tu re difference Tm — T0. Therefore, the solution with 
a nonzero velocity vocX appears only after the difference 
Tm — To exceeds a certain critical value. Steady-state 
convection then can occur either anticlockwise ( v o c X > 0) 
or clockwise ( v o c X < 0). Accord ing to E q n (190), the 
convection velocity is p r o p o r t i o n a l to the square roo t of the 
supercrit icality (r— 1). 

Let us consider the linear approx ima t ion of Eqn (189) 
when the variables X, 7 , and Z are small. In this case the 
quadra t i c te rms should be d ropped and the third equat ion of 
the system (189) is unre la ted to the first two and describes the 
decay of Z with t ime. The first two linear equa t ions have a 
solution in the form of an exponent ia l function such tha t 
b o t h X and 7 are p ropo r t i ona l to exp(y^). The growth 
increment y of small pe r tu rba t ions is described by the 
dispersion equat ion: 

y 2 + ( < j + l ) y + <7(l - r ) = 0 . (191) 

If r< 1, two roo t s of this equat ion are negative, i.e. small 
pe r tu rba t ions decay with t ime. However , if r> rc = 1, one 
eigenvalue becomes posit ive, i.e. an instabili ty appears . If 
r— 1 <̂  1, i.e. if the supercrit icality is small, then one of the 
modes varies slowly with t ime: in m a n y b ranches of physics 
these are called soft modes . The quant i ty X — 7 for a soft 
m o d e is small, so tha t 7 « X. Therefore, in the second and 
third equa t ions of the system (189) we can ignore the deriva­
tives with respect to t ime, so tha t 7 and Z are described by the 
quasiequi l ibr ium values: 7 = X, Z = b~lXY = b~lX2. 
These approx ima te re la t ionships can be used to write down 
the second equat ion of the system (189) in the form 

F S - £ + ( r - l ) X - I x ' = - £ - f = 0 . ( 1 9 2 ) 

dt y ) b dt dX v ) 

This equat ion should be regarded as the equat ion of mot ion 
of a mater ia l po in t with zero mass and with a coord ina te X, 
acted u p o n by a force F equal to the viscous friction — dX/dt, 
and by a force exerted by the poten t ia l 

U = - r — - X 2 + - I - X 4 + const . 
2 4b 

( 1 9 3 ) 

Accord ing to Eqn (192), a 'par t ic le ' slides slowly down to 
the b o t t o m of a poten t ia l well U. The poten t ia l U is very 
different for r< 1 and r> 1 (Fig. 15). 

\ 
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Figure 15. Dependence of the potential energy VJ o n X in the case when 
(a) r< l a n d ( b ) r > 1. A t r > 1 the particle in a stable steady state can be 
only in one of the minima off/: 7 or 2. 

If r< 1, the poten t ia l U rises in b o t h directions from 
X = 0, so tha t X = 0 is a stable steady state. W h e n the 
pa ramete r r passes t h rough uni ty in the direction r— 1 > 1, a 
bifurcat ion appears : one uns tab le and two stable posi t ions 
are acquired by a mater ia l po in t with the coord ina te X and 
these posi t ions cor respond to steady states. 

If we recall tha t the coord ina te X is p r o p o r t i o n a l to the 
velocity of the liquid v, we can say tha t s teady-state 
convection in the clockwise or anticlockwise direction 
appears when the supercrit icality is small. 

The supercrit icality pa ramete r r is frequently called the 
cont ro l pa ramete r : it is imposed from outside. If the 
pa ramete r r rises and passes t h rough uni ty, the liquid 
responds by an instabili ty at the poin t r = 1 and by a 
subsequent spon taneous untwis t ing of the flow so tha t 
v o c ( r — 1 ) 1 / 2 . W e can say tha t if r< 1, the liquid carries no 
informat ion associated with its mot ion : the liquid is simply at 
rest. However , if r > 1, the liquid ha s two equil ibr ium states 
differing in respect of the sign of the ro ta t iona l velocity. This 
means tha t one macroscopic degree of freedom can 
' r emember ' one bit of informat ion which for r> 1 is 
main ta ined stably by convection flow. It is readily seen tha t 
within the f ramework of the adop ted macroscopic equa t ions 
one bit of informat ion appears directly at r = 1 when the 
flow velocity of the liquid is still zero: if r is reduced from 
r> 1 in the direction of r = 1, the bit of informat ion abou t 
the liquid is conserved up to r = 1. W e can say tha t at r = 1 
the liquid exhibits a ' t rend ' , i.e. a hint of the appearance of the 
macroscopic order pa rame te r v. Then a negligibly small 
excess of r over uni ty t ransforms this t rend into one bit of 
informat ion. A further increase in r does no t change in any 
way the informat ion capaci ty of our convect ion r ing 
regarded as a m e m o r y cell: only the velocity v changes, i.e. 
the cell becomes m o r e resistant to dis turbances . 

Rea l l iquids or gases are subject to the rmal f luctuat ions. 
In par t icular , the degree of freedom associated with circular 
flow cor responds to an energy jT. Consequent ly , if r< 1, 
there is a grass-line b a c k g r o u n d of the the rmal noise of 
different modes . In the limit r—• 1, a c i rcular-mot ion m o d e 
seems to separate from other modes : its ampl i tude becomes 
greater since the decay decreases and the p u m p i n g of the 
the rmal noise remains the same as before. It is this 
p h e n o m e n o n tha t can be called a t rend: the m o d e ampl i tude 
s tands out by its height a m o n g 'coevals ' . The passing of the 
pa ramete r r t h rough uni ty converts this epi thermal m o d e into 
macroscopic flow. 
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Let us re turn to the complete Lorenz mode l of E q n (189). 
It has three s teady-state solut ions for r > 1, bu t only two of 
them described by Eqn (190) are stable when the 
supercrit icality is small. Let us consider wha t h a p p e n s if we 
increase the pa ramete r r wi thou t l imiting it to small values. 
The first quest ion, whether the equil ibrium of Eqn (190) is 
stable, can again be considered by a linear approx imat ion 
near an equil ibr ium. A n appropr i a t e analysis shows tha t 
there is a second critical value r C 2 above which a second 
bifurcat ion takes place. However , this is not all. The system 
of equa t ions (189) is found to have m a n y solut ions 
represent ing different modes of mot ion . The mos t surprising 
a m o n g them, discovered by Lorenz [14], cor responds to the 
values of the pa rame te r s r = 28, cr = 10, and b = 8/3. This 
solut ion is k n o w n as the ' s t range a t t rac tor ' . Lorenz has 
shown tha t the system (X, 7 , Z ) undergoes complex chaot ic 
mot ion , resembling a dance, a r o u n d two uns tab le foci. 
Beginning from any poin t with small values of X, 7 , Z the 
system goes over to an uns tab le focus a round which it begins 
to describe spirals of ampl i tude increasing with t ime, i.e. to 
follow pa ths a long an untwis t ing spiral. After a certain 
number of such tu rns the system abrup t ly moves to the 
second focus a r o u n d which it again forms p a t h s a long an 
untwis t ing spiral. After several tu rns of the second spiral the 
system j u m p s back to the first spiral in order to repeat 
approximate ly the same mot ion . However , there is no 
periodici ty in such mot ion : the t imes for which the system is 
close to one of the foci and the number of tu rns in each of the 
spirals seem to be perfectly r a n d o m . Chao t ic mo t ion appears 
in a perfectly de terminate dynamica l system with three 
coordina tes X, 7 , and Z . 

Al though the form of the equa t ions of mo t ion in the 
system (189) is very simple, it does no t give a clear idea h o w 
the chaos appears . Wi th this in mind, one of the equa t ions 
should be wri t ten in a m o r e complex form. The variable 

:X + 1 — 
a dt 

from the first equa t ion in the system (189) should be 
subst i tuted into the second and third equat ion , and then the 
var iable 

If dZ 
Z = T \ X Y 

b \ dt 
should be subst i tuted into the second equat ion . W e thus 
obta in an equat ion for X which again is no t closed, bu t it n o w 
has the following form which is very convenient for 
quali tat ive analysis: 

1 d 2 X 

G~d? 
= F = 1 +(T-X' dX 

~di 

dU X dZ 
' dX +~b~di 

(194) 

H e r e U is the same poten t ia l (193) with two h u m p s (for 
r> 1). Wi thou t the last te rm E q n (194) has the form of the 
equat ion of mo t ion of a mater ia l po in t in a potent ia l well U 
with a friction force p r o p o r t i o n a l to dXIdt and a friction 
coefficient whose sign is reversed from posit ive to negative 
for X 2 ^ 1 + cr. The last te rm has the form of an elastic force 
with a t ime-dependent elasticity coefficient 

_ 1 dZ 

~b ~dt ' 

If the derivative dZ/dt is no t small, this te rm depends on two 
other variables 7 and Z which have complex t ime depen­
dences, and acts as a var iable driving force. If the correlat ion 

between dZ/dt and X is ignored, it seems to be a r a n d o m 
force. In other words , a mater ia l poin t in a t w o - h u m p 
potent ia l well moves under the action of a r a n d o m force 
and the friction coefficient can be bo th posit ive or negative. 
This accounts for quali tat ively for the na tu re of mo t ion of a 
s t range a t t rac tor , bu t its quant i ta t ive analysis is preferably 
carried out by going back to the initial system of equa t ions 
(189). 

At high values of the pa ramete r r the Lorenz system has 
no t only a s t range a t t rac tor , bu t a whole series of different 
dynamica l regimes. These regimes will no t be discussed in 
detail here (the reader is directed to , for example, Ref. [34]). 
W e shall simply poin t out tha t these solut ions are associated 
with convect ion and tha t convection itself is related to an 
enhancement of the heat flux from a heater to a cooler. In 
fact, a vertical heat flux q, calculated uni t area of the 
t ransverse section of the vessel, is q = cvT sin 0, where c is 
the specific heat . Averaging of q over the angle 9 gives 
q= cvT/2, i.e. (q) o c X 7 . If the system (189) is averaged 
over t ime, it is found tha t the t ime-average heat flux is 
p r o p o r t i o n a l to bZ, where the ba r over Z denotes t ime 
averaging. In a stable state it is found tha t Z = 0 and in a 
regime with convection the relat ionship (q) ocb(r— 1) is 
obeyed approximate ly . In other words , convective mot ion is 
related directly to enhancement^ of heat transfer, i.e. to an 
increase in the ra te of rise Se of the en t ropy of the 
envi ronment . 

The convect ion in the Lorenz mode l is found to have the 
main c o m m o n features of dissipative nonl inear processes 
considered in the approx ima t ion of a small number of the 
order pa ramete r s . A n increasing deviat ion from equil ibrium 
(i.e. an increase in the difference Tm — To) gives rise initially, 
beginning from a certain critical value of this cont ro l p a r a m ­
eter, to spon taneous new nonzero order pa rame te r s (T\ and v 
in this case). A further increase in the supercrit icali ty causes 
these pa rame te r s to grow, i.e. a s teady-state bifurcat ion of 
E q n (190) appears and there is a cor responding increase in 
the ra te of dissipation, i.e. in Se. Then, a further increase in 
the supercrit icality Tm — T0 gives rise to a second bifurcat ion, 
so tha t the coord ina te pa rame te r s X, 7 , Z become dynamica l 
variables of a complex nonl inear system (189). A further 
increase in Tm — To « r— 1 considered within the f ramework 
of the system (189) m a y result in in terchange of the var ious 
modes . N e w order pa rame te r s m a y appear in a real physical 
system and they describe higher ha rmonics of the mot ion of 
the liquid. As the number of ha rmon ics increases, the mot ion 
becomes m o r e and m o r e complex: for simplicity, we shall call 
it simply turbulent . Such turbulen t mot ion together with heat 
transfer from the heater to the cooler represents a complex 
scenario of app roach to an equil ibr ium in a system far from 
it. 

34. Self-organisation 
Our convection system is a typical example of self-
organisa t ion: as the nonequi l ib r ium pa rame te r r increases, a 
liquid becomes uns tab le at r = 1 and then steady-state 
convection is established; at high values of r there are 
var ious modes of stochastic mot ion of the s t range-a t t rac tor 
type. There is an e n o r m o u s n u m b e r of other types of 
nonl inear self-organisation which are described in 
b o o k s [ 1 4 - 1 9 ] and in the l i terature cited there. 

M a n y of the nonl inear systems are so beautiful tha t they 
are quite suitable for br ightening up the interiors of m o d e r n 
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apa r tmen t s or houses . F o r example, the s t ructure shown in 
Fig . 16, which is k n o w n as the 'p lasma sphere ' , can be seen 
qui te frequently in the shops of Western cities. 

Figure 16. 'Plasma sphere' in which glow-discharge 'plasma snakes' 
appear, rise upwards, and pairwise merge there. 

This is indeed a sphere m a d e of a dark glass, \ m in 
diameter , filled with luminous moving ' snakes ' . Each snake is 
a p lasma format ion represent ing a weakly luminous 
f i lamentary discharge. Such a discharge is very similar to 
the luminous discharge in convent ional neon tubes used for 
i l luminat ion of major cities at night. It is k n o w n as the glow 
discharge: it appears when the electric current in a low-
pressure gas is no t too high. In the p lasma sphere the glow 
fi lamentary discharge develops between a spherical meta l 
electrode located at the centre of the system and a weakly 
conduct ing metallised surface of the outer glass sphere. 

Each discharge snake, and up to twenty of them m a y 
appear s imultaneously, is directed on average in the radia l 
direction. However , like a live snake, it bends slightly and 
vibrates all the t ime and there are several bend ing per iods 
a long its length. At each of its ends the snake has a 
characteris t ic t r ident , which like a t iny cat ' s paw, shimmers 
cont inuously and collects charges from the appropr i a t e 
electrode. These snake discharges are in con t inuous mot ion . 
In addi t ion to the twisting, each of the snakes slowly rises 
u p w a r d and this is obviously the result of convect ion. The 
snakes collect in the upper posi t ion and merge in pairs , so 
tha t some of them disappear permanent ly . On the other 
hand , in the lower pa r t of this system there is a con t inuous 
process of creat ion of new snakes, they mult iply, split into 
two, and rise upwards , where they disappear . 

In spite of its complexity, the whole pa t t e rn can be readily 
unde r s tood from the physical poin t of view. Na tura l ly , it is 
theoretical ly much simpler to consider an absolutely sym­
metr ic glow discharge between the inner and outer electrodes. 
However , such a discharge is uns table : hea t ing of the gas and 
a reduct ion in its local density with a cor responding 
reduct ion in the electric resistance mean tha t an electric 
current flows m o r e readily a long relatively n a r r o w tubular 
channels . The discharge splits into p lasma filaments. Since 
these filaments are lighter, they float up under the 
Arch imedean force. The interact ion of the filaments with 
the gas currents and with one ano ther is the reason for the 
format ion of a pa t t e rn of snakes, which is organised in a 

complex m a n n e r and which resembles the mythologica l head 
of the M e d u s a (one of the Gorgons ) . W e can see why cat ' s 
p aw s form at the ends of each snake. If the conduct ivi ty of the 
electrodes is low, the density of the surface charge directly 
opposi te the discharge becomes less and the end of a snake 
with the opposi te charge is likely to split and travel from 
poin t to poin t collecting the surface charge. The qual i tat ive 
behav iour is thus absolutely clear and even somewhat bor ing . 
Nevertheless , the p lasma sphere fascinates and a t t rac ts by its 
appa ren t mystery: it resembles a living th ing with conscious 
mot ion . 

The example of the p lasma sphere makes it possible to 
follow once again all the main characterist ics and c o m p o ­
nents of self-organisation. It begins in a system which is close 
to its stability margin . A n instability, which in this case is the 
splitting of the discharge into filaments, begins from a hint of 
the appearance of a future filament. Only one bit of 
informat ion is sufficient for each hint . As the external n o n -
equil ibrium pa rame te r (in this case current) increases, real 
format ion of fi laments takes place. The initial spherical sym­
met ry is dis turbed: we can say tha t spon taneous symmetry 
b reak ing occurs. As the gas in the filaments becomes heated, 
convect ion begins to play a role, i.e. the next bifurcat ion 
occurs and a new order pa ramete r (gas-dynamic velocity) 
appears . The cat ' s p a w at the end of each snake represents 
one further bifurcat ion with its own instabili ty mechanism. 
On the whole , a complex nonl inear physical system with 
chaot ic mot ion is formed. The mot ion is main ta ined for a 
long t ime if the system is open: an electric current from an 
external source must be passed cont inuously t h rough the 
p lasma sphere. Moreover , this source should supply energy 
in a sufficiently ordered form: in accordance with the 
Bril louin terminology, a negative entropy, i.e. an en t ropy 
with the opposi te sign, should be ' injected' into the system. 

Let us n o w consider wha t this means in the case of the 
p lasma sphere. The snakes exist only because of local hea t ing 
of the gas inside a f i lamentary discharge. In other words , the 
gas inside the filament should be heated bu t the system as a 
whole remains at r o o m tempera tu re , i.e. the excess heat is 
t ransferred to air across the glass sphere. If there is a flow of 
heat , it means tha t en t ropy is created. The p lasma sphere 
converts some of the highly organised electric energy into 
heat , which is then disipated into su r round ing space. E n t r o p y 
is created cont inuously inside the sphere and it flows together 
with heat into the su r round ing space. If the en t ropy flux is 
b locked, a p lasma filament 'dies ' . In the p lasma sphere we 
need to remove cont inuously the 's lag ' of the newly created 
ent ropy: figuratively speaking, we have to in t roduce an 
en t ropy with the opposi te sign. If en t ropy is a measure of 
disorder, then en t ropy with a negative sign (negentropy) is a 
measure of order . 

It follows tha t self-organisation requires two elements to 
'feed' it: energy and negent ropy. Only their sum can ensure a 
s teady main tenance of a s t ructure of a nonl inear dissipative 
system. Systems of this kind are usual ly called complex open 
physical systems. 

A clearer idea of the en t ropy (or informat ion) fluxes can 
be gained by considering the simplified scheme in Fig. 17. In 
this figure the abscissa represents the absolute m a x i m u m 
en t ropy of a system M when it is isolated from the external 
wor ld and the o rd ina te gives the in ternal en t ropy Si with the 
opposi te sign, i.e. the negent ropy . If the system is initially 
pe r tu rbed from a stable equil ibrium, its negen t ropy increases 
to SQ. In m o n o t o n i c re laxat ion processes (Fig. 17A) the 
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max 5 

Figure 17. Schematic representation of the entropy fluxes in a 
nonequilibrium system M: (A) monotonic increase of the internal 
entropy S\; (B) in the presence of N pivots a part of the entropy S[ 
decreases against the general background of an increase in the entropy S\; 
(C) if entropy flows through the external system, the reduction in the part 
of the entropy of the system S( may be due to a negative entropy 
(information) of the external medium. 

negen t ropy of the system smooth ly slides down, apparen t ly 
'falling' in the direction of the 'force of gravity ' . However , a 
re laxat ion process of this type is relatively rare . F or example, 
if in a perfectly h o m o g e n e o u s gas the part icle velocity 
dis t r ibut ion function is dis turbed identically at all the 
poin ts , a fast slide of the type shown in Fig. 17A occurs. 
However , if such a pe r tu rba t ion is not h o m o g e n e o u s in space, 
the pic ture changes drastically. Collisions convert the 
dis t r ibut ion function to the Maxwel l ian form only locally: 
the local equil ibrium order pa rame te r s (density, velocity, and 
tempera ture ) evolve then in accordance with the laws of gas 
dynamics . Collisions then even prevent fast re laxat ion to an 
equil ibr ium: the m o r e frequent the collisions, the smaller are 
the kinetic dissipation coefficients. In Fig. 17B this var iant is 
identified as dissipation with a connectivity (number of links) 
N, which prevents a uni form slide of the en t ropy level. W e 
apparen t ly have a lever with its large a rm dropp ing and a 
small a rm which can rise. In other words , d ropp ing down to 
the 'centre of m a s s ' is accompanied by a rise of a small pa r t of 
the system: an increase in the order appears in the number of 
degrees of freedom, i.e. self-organisation takes place. 

The var iant in Fig. 17C shows a m o r e complex self-
organisa t ion scenario when the second a rm with a 
connectivity N' prevents d ropp ing of the system negent ropy 
because of the flow of en t ropy to the external wor ld . 
The result is an open system in which order ing is due to an 
increase in the en t ropy Se of the external world . 

The en t ropy AS[ flowing out of the system M represents 
heat either par t ly or mainly. This means tha t the en t ropy flux 
is accompanied by an energy flux. Consequent ly , a steady 
state in a self-organised system M cannot be main ta ined 
simply by removal of the excess ent ropy: energy has to be 
applied to the input of this system. The energy delivered to 
the system should be m o r e organised compared with heat : the 
en t ropy per uni t of this energy should be less t han T~l, where 
TQ is the t empera tu re of the external med ium. In other words , 
it is necessary to feed the system simultaneously with b o t h 
energy and negent ropy. 

On E a r t h the mos t powerful source of energy and 
negent ropy is solar rad ia t ion . It is this rad ia t ion tha t sets in 
mot ion the mechanisms of self-organisation in the 
a tmosphere , oceans, and b iosphere of the Ea r th . 

35. Approach to equilibrium and collapse 
M a n y of the processes discussed above represent relaxat ion, 
i.e. the app roach to t h e r m o d y n a m i c equil ibrium either in 
systems initially far from such an equil ibrium or in systems 
dis turbed from equil ibr ium by other re laxat ion processes. 
Let us t ry to discuss them from a general s tandpoin t . Let us 
begin with the simplest example of one part icle in a poten t ia l 
well (Fig. 18). 

a b 

Figure 18. Classical material point M in a potential well (a) undergoes 
weakly damped vibrations and transfers its energy to the external 
medium. A quantum particle (b) can transfer its energy by emitting 
radiation quanta. 

If a classical part icle M is placed in the poten t ia l well 
shown in Fig. 18a, then this part icle vibrates periodically 
with an ampl i tude which decreases monoton ica l ly because of 
the friction force. The energy s of the v ibra t ions is gradual ly 
t ransferred to the med ium unt i l this energy reaches the 
the rmal v ibra t ion level, which is equal to the t empera tu re of 
the med ium T. 

It is qui te obvious why this occurs. After all, a 
displacement of the part icle M from its equil ibrium 
posi t ion, impar t s to it a greater energy, i.e. it 'dr ives ' an 
energy s much greater t han t empera tu re into one degree of 
freedom. If this energy is simply converted into the the rmal 
energy of the medium, the en t ropy of the med ium would 
increase by AS = s/T. Consequent ly , our initial state is far 
from equil ibrium and has a negen t ropy s/T. The simplest 
scenario of d isappearance of this negen t ropy is the 
dissipation of the energy of ordered oscillations of the poin t 
part icle M simply into heat , which does indeed occur because 
of the friction forces. 

Na tura l ly , there are also m o r e complex scenarios of such 
a t ransi t ion. F o r example, the poin t M can be used as a 
weight to set in mo t ion a pendu lum clock and then the 
process of dissipation of energy into heat , i.e. the 
d isappearance of the negent ropy, is different. 

N e a r the b o t t o m of the potent ia l well in Fig. 18a the poin t 
part icle M oscillates thermally . These oscillations can be 
described following Langevin, i.e. the frictional force m a y 
be supplemented by r a n d o m impulses from the external 
med ium. On average, the to ta l energy of the part icle is then T. 

Let us n o w consider a q u a n t u m part icle (Fig. 18b). The 
energy of such a part icle is quant ised. F o r example, in a 
h a r m o n i c potent ia l the energy of a level n is sn = hcoo(\ + n), 
where a>o is the vibra t ion frequency. The initial state of the 
part icle need no t cor respond to just one level. F or example, in 
the case of a h a r m o n i c oscillator it is possible to construct 
wha t are called coherent states from a superposi t ion of wave 
functions of different levels. However , even in the m o r e 
complex case of an a n h a r m o n i c oscillator we can select as 
the initial wave function any superposi t ion of eigenfunctions. 
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However , the specific na tu re of selection then is manifested 
qui te rapidly dur ing subsequent evolut ion. 

Each level n has its own eigenfrequency con = sn/H, where 
sn is the cor responding eigenenergy. Therefore, a part icle M 
can transfer energy to the med ium if it 'itself searches for ' 
resonances at frequencies comn = com — con. If such 
resonances are found, then even in the case of a very weak 
interact ion with a med ium the part icle M m a y transfer energy 
to the med ium. However , the process of re laxat ion does no t 
begin from this event. If the oscillator is anha rmon ic , the 
frequen-cies C O 1 2 , C O 2 3 , . . . , do no t coincide and they therefore 
find different resonances in the external med ium. The first 
effect is the loss of the phase difference between the var ious 
levels. The wave functions of different levels lose their m u t u a l 
coherence and, therefore, the wave function of the part icle 
collapses into one of the levels. The probabi l i ty of this 
collapse is equal to the square of the ampl i tude . In view of 
energy conservat ion, a similar collapse should also occur in 
the system in which the part icle is ' p repared ' in a state of 
superposi t ion of several levels. In other words , the collapse of 
the function of the observed part icle seems to be transferred 
to the system tha t p repares the part icle for the subsequent 
observat ion. 

W h e n the part icle 'sett les ' at a par t icular level, the 
processes of emission of q u a n t a Hcon, HCO23, etc. begin, i.e. 
the part icle ' d rops ' down the levels. Final ly, at the lower 
levels, t he rma l equil ibrium is established: the part icle either 
emits or absorbs quan t a and reaches equil ibrium by emit t ing 
the rmal rad ia t ion . The last process is also accompanied by 
q u a n t u m transi t ions , i.e. by the collapse to one level, then to 
another , and so on. At any given m o m e n t one q u a n t u m 
part icle can be only at one level if coherent l inks of some 
q u a n t u m states of rad ia t ion with other states are no t 
established deliberately in the external med ium. The 
t rans i t ions accompanied by the emission of rad ia t ion or 
emission of field q u a n t a represent the collapse of the wave 
function of the part icle. W e can say tha t the concept of 
collapse is implicit in the concept of quan ta : instead of the 
term q u a n t u m transi t ions , we can equally well consider the 
collapse of wave functions. 

W e shall n o w consider a somewhat m o r e complex 
though t experiment . W e shall assume tha t the poten t ia l of 
Fig. 19a is deformed adiabat ical ly slowly in such a manne r 
tha t instead of one min imum, two potent ia l energy min ima 
are created. W e shall also assume tha t a part icle is at the 
lowest energy level. 

M o r e r igorously, in a potent ia l with two wells and a large 
h u m p between them we have to allow for the presence of two 
lower levels. One of them (the lower) cor responds to a 
symmetr ic wave function and the other to an ant isymmetr ic 
function. If the initial state is set very accurately, i.e. if it is set 
by ad iaba t ic deformat ion of the lower state in the initial 
single well, then the part icle is in a symmetr ic state. 

Let us n o w consider var ious though t experiments on this 
part icle. Firs t of all, let us assume tha t two wells (Fig. 19a) 
are sufficiently far apar t to seem to ' lock ' the wave functions 
in two 'boxes ' . The energies of the symmetr ic and 
ant isymmetr ic functions are then found to be practical ly 
identical. Con-sequent ly , the energy levels in the left-hand 
and r ight -hand wells are also identical and the wave functions 
of the part icle in each of the wells are correspondingly equal 
to the half-sum and half-difference between the symmetr ic 
and ant isymmetr ic functions. 

Figure 19. Lower energy levels in a two-hump well (a) represent a weakly 
split doublet. If a weak external interaction destroys the coherence of the 
right-hand and left-hand parts , the wave function collapses into one of the 
potential wells. The corresponding symmetry breaking can be detected 
from outside, which is equivalent to measurement: out of two possible 
states (b) only one is real. 

Let us n o w begin to ' hea t ' the part icle by br inging it into 
contact with an external the rmos ta t . Then , in addi t ion to the 
lower levels, higher levels begin to play a pa r t and the part icle 
m a y be transferred to these levels with the probabi l i ty given 
by the Bo l t zmann dis t r ibut ion. However , a different effect is 
m o r e impor t an t to us . The the rma l noise dis turbs the 
coherent coupl ing between the r igh t -hand and left-hand 
wells. The part icle m a y then exist only in one of the boxes. 
Consequent ly , the wave function does exist in one of the 
boxes bu t no t in the other . The collapse of the wave function 
takes place, bu t at this stage wi thout the collapse of the 
probabil i t ies : the probabi l i ty of finding the part icle in one of 
the boxes is still exactly equal to one-half. The si tuat ion is 
exactly similar to tha t considered in the first sections of this 
paper . W e have a part icle in a the rmos ta t separated by an 
internal barr ier . W e can try to find in which of the boxes 
inside the the rmos ta t the part icle is located. This requires an 
appropr i a t e measurement , which is accompanied by an 
irreversible process in the external world . After such a 
measurement the dis t r ibut ion of the probabi l i t ies for the 
part icle collapses into the state (0, 1). The en t ropy of the 
part icle then decreases by one bit and an irreversible process 
accompanied by an increase in the en t ropy by at least one bit 
should take place in the external world . In other words , we 
are dealing with a typical informat ion process . 

Let us n o w assume tha t no such measurement takes place 
and we again begin to lower t empera tu re to zero. In the final 
state the part icle is again at the lowest the level in one of the 
wells, bu t n o w we can say precisely tha t one of the boxes is 
empty and the part icle is inside just one of these boxes . In 
other words , only a very weak contact between the system 
and the external world and the cor responding destruct ion of 
the coherence seems to have resulted in a ' spon taneous 
symmetry b reak ing ' , so tha t the wave function of the part icle 
collapses into one of the boxes . W e can again t ry to detect in 
which of the boxes (wells) the part icle is located, bu t this t ime 
the process of measurement does no t affect the wave function 
and simply causes the collapse of the probabi l i ty dis t r ibut ion. 

Let us consider the si tuat ion when this measurement is 
no t carried out . W e can then imagine a mixed ensemble of 
m a n y states, half of which have the half-sum and the other 
half the half-difference of the symmetr ic and ant i symmetr ic 
wave functions. In other words , in hal f of the states the 
part icle is in the left-hand well and in the other half it is in the 
r igh t -hand well. Then each of the states begins to oscillate 
since the cor responding wave function passes periodically 
from one well to the other . The frequency of such oscillations 
is As/H, where As is the difference between the energies of the 
symmetr ic and ant isymmetr ic states. If the frequency of these 
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oscillations is known , we can predict the m o m e n t when the 
wave function again collects in one of the wells from the 
previously isolated boxes . If we n o w detect the presence of the 
part icle in one of the wells, we automat ica l ly induce the 
collapse of the previous probabil i t ies , i.e. we shall de termine 
to which subensemble a given part icle belongs. 

Ins tead of this very long descript ion of a scenario, let us 
n o w consider a simpler example. Let us assume tha t we wish 
to carry out a measurement , i.e. to detect in which of the wells 
(Fig. 19a) the part icle is m o r e likely to be located after the 
second well has been formed by slow deformat ion of a single 
well (Fig. 18a). Let the ins t rument be constructed in such a 
way tha t after measurement the wave function collapses into 
just one well, i.e. tha t only one of the possible states is real 
(Fig. 19b). Such an ins t rument should destroy the coherence 
of the initial state and create a mix ture of symmetr ic and 
ant isymmetr ic functions. This means tha t it should transfer 
an energy of at least ^Ae to the part icle. However , together 
with the collapse of the wave function (in one of the wells) the 
ins t rument also induces the collapse of the probabi l i t ies in a 
specific well. This means tha t the ins t rument of the external 
wor ld should experience an increase in the en t ropy by at least 
one bit, i.e. In 2. 

Our very simple example has thus m a d e it possible to deal 
with a number of p rob lems . Firs t of all, the collapse of the 
wave functions can be separated from the collapse of the 
probabi l i t ies . As established above, the the rmal mo t ion itself 
is sufficient to des t roy the coherence and cause the collapse of 
the wave function into one of the possible states. As long as 
this collapse is not observed outside, it is bet ter to speak of 
the conversion of a pu re ensemble into a mixed one: we have 
here an irreversible process with a set of probabi l i t ies in the 
final state and our part icle is a member of this ensemble. W e 
can say tha t the collapse is a f luctuation and if we are no t 
par t icular ly interested in f luctuations, we can use this average 
statistical descript ion with the cor responding probabil i t ies , 
i.e. the density mat r ix of the mixed state. 

However , the collapse itself is an interest ing physical 
process and it could be studied in the case of q u a n t u m m e a ­
surements . A q u a n t u m measurement is a process organised in 
such a way tha t the wave function and the probabi l i t ies 
collapse s imultaneously. W e seem to have a un ique informa­
t ion process . Accord ing to Fig. 2, a measurement does 
indeed cause the collapse of the wave function and of the 
prob-abil i t ies . In format ion abou t a q u a n t u m object is 
perceived, i.e. s tored in a perceptor P , and this is 
accompanied by a s imul taneous ' release ' of a value Ut of a 
physical system U. All this is possible because of a feeder F , 
which transfers some of the negen t ropy ( informat ion) to the 
perceptor and some of the en t ropy W = 7* — I is ejected in 
the form o f ' s l ag ' to the su r round ing med ium. In the physical 
object itself the coherence is lost and the wave function 
collapses into just one of the states. Therefore, a q u a n t u m 
measurement repre-sents a process far from equil ibrium and 
it can be considered as one of the scenarios of app roach to 
equil ibr ium. 

W e shall consider one further aspect of the mode l in 
Fig. 19a. If the potent ia l wells in Fig. 19a are moved 
sufficiently far apar t , the system obta ined can be regarded 
as a m e m o r y cell. A part icle placed in one of the boxes can 
n o w remain there indefinitely, re ta ining one bit of 
informat ion. This bit can be impar ted initially by 
deformat ion of the well of Fig. 18a so tha t it forms the 
poten t ia l of Fig. 19a and this is accompanied by an 

asymmetr ic correct ion so tha t a part icle d rops to the lowest 
level in just one of the wells. This asymmetr ic correct ion is the 
cont ro l pa ramete r which initially conserves one bit of 
informat ion and then deposi ts it in a cell. Ano the r var iant 
of creat ing an asymmetry is m o r e cumbersome: the second 
well in Fig. 19a could be formed far from the first well (where 
the part icle is located) and then br ing it closer in the empty 
form and thus create the symmetr ic cell of Fig. 19a. One 
further var iant involves the format ion of m a n y cells of the 
type shown in Fig. 19a and then collapse into them of the 
wave functions by 'hea t ing ' the cells; this is followed by 
separat ion of the cells into ' r igh t -handed ' and ' lef t -handed' 
by measurement . The cells can then be used to construct a 
text. However , even m o r e at t ract ive is the possibility (if it can 
be realised) to record the text directly by the collapse of wave 
functions inside the cells. 

A set of m a n y cells of the type shown in Fig. 19a with the 
wave functions collapsed inside them can be regarded as a 
form of a ' q u a n t u m m e m o r y ' . The text can be retrieved from 
such a m e m o r y simply by identifying which well conta ins the 
wave function. There is no t any need to destroy the existing 
q u a n t u m state: all tha t is necessary is an external feeder with 
a sufficient store of the classical negen t ropy and a detector 
which recognises which well is filled. 

W e shall n o w consider the app roach to equil ibrium of a 
system of m a n y particles, namely a gas, which is one of the 
simplest systems of this kind. As demons t ra ted earlier, 
classical analysis of the mo t ion of a t o m s or molecules in a 
gas leads na tura l ly to molecular chaos and to the Bo l t zmann 
equat ion . The app roach of a dense gas to equil ibrium, con­
sidered within the f ramework of the Bo l t zmann equat ion , 
goes over na tura l ly to the descript ion based on the equa t ions 
of gas dynamics with dissipation. 

However , gas a t o m s are not classical part icles bu t 
micropart ic les . H o w can one construct a m o r e logical 
p ic ture of the process? W e can do this by considering a 
separate q u a n t u m packet of a r a n d o m l y selected part icle. 
Since the part icles are indist inguishable, it is best no t to speak 
of a specific part icle, bu t of a wave packet cor responding to 
one part icle. The mot ion of such wave packet causes its 
scattering by other packe ts and its shape m a y resemble tha t 
of an expanding cloud with a complex jagged shape. Some 
pa r t s of this cloud rapidly lose their m u t u a l coherence, so tha t 
the part icle must unavo idab ly fall into one of the pa r t s . W e 
can say tha t the wave packet of such a part icle collapses into a 
m o r e compact wave packet . However , this collapse is no t 
observed. The collapse of wave functions inside a gas are 
indist inguishable from the rmal f luctuations: they cannot be 
measured from outs ide and they are no t accompanied by the 
collapse of the observed probabil i t ies . Therefore, inside a 
small macroscopic vo lume the process of re laxat ion occurs in 
exactly the same way as for classical part icles. Consequent ly , 
the dis t r ibut ion function becomes locally Maxwel l ian and the 
gas acquires macroscopic order pa rame te r s ( tempera ture , 
density, velocity). Macroscop ic gas part icles have a very 
short de Broglie wavelength, so tha t their wave functions 
can be regarded as collapsed into quasiclassical functions. 
Therefore, the equa t ions of classical gas dynamics , with all 
their consequences, can be applied to the gas as a whole . 

36. Sokolov effect 
The collapse of wave functions of gas a toms cannot usually 
be observed. However , it does no t mean tha t the process is 
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always h idden and we shall n o w describe an effect in which 
the role of such a collapse is the dominan t one. W e shall 
discuss the effect discovered experimental ly by Yu L Sokolov 
[36, 37] and we shall call it the Sokolov effect. This effect was 
detected in a tomic interferometry experiments [36] carried 
out with the use of a p p a r a t u s shown schematically in F ig. 20. 
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Figure 20. Experimental setup for atomic interferometry. Here, S is the 
source of hydrogen atoms in a metastable state 2S; 1 and 2 are double 
slits with a longitudinal electric field in the gaps; D is a detector of 
radiation due to IP —> IS transitions. 

A beam of excited hydrogen a t o m s in a metas tab le state 
2S is generated in a special source S: hydrogen ions are 
extracted from a small p lasma source and accelerated to an 
energy of abou t 20 keV; they are then subjected to a charge 
exchange process in a gaseous target . Beyond this target 
m a n y excited a toms are formed, bu t at a dis tance of a few 
metres only the metas tab le 2S a t o m s remain . These a t o m s are 
first t ransmi t ted by a pair of min ia tu re slits (7 ) to which a 
longi tudinal electric field is applied, i.e. a small capaci tor is 
formed. Each a tom becomes polar ised in this longi tudinal 
electric field, i.e. a state represent ing a superposi t ion of the 2S 
and 2P states is formed. The state 2P is no longer metas tab le 
and a dipole t ransi t ion causes its decay to the g round state 
accompanied by the emission of a Lyman-a lpha p h o t o n 
which can be recorded with a detector , D . In addi t ion to 
the first capaci tor (7 ) there is also ano ther capaci tor (2 ) 
connected rigidly to the detector D . 

After crossing the first capaci tor (7 ) the state 2P decays 
monotonica l ly , so tha t the detector D of the Lyman-a lpha 
rad ia t ion yields a monoton ica l ly falling dependence as the 
detector is moved away from the slits (7 ) to a distance L 
(Fig. 21a). However , if the second capaci tor (2 ) with an 
electric field E2 is placed in front of the detector, the 
coord ina te dependence of the intensity of the Lyman-a lpha 
rad ia t ion hp(L) shows a very clear interference pa t t e rn 
(Fig. 21b). It appears because the energy levels of the 2S 
and 2P states are separated from one ano ther by the L a m b 
shift with a frequency of abou t 10 9 Hz . The velocity of a 
hydrogen a tom with an energy 20 k e V i s a b o u t 2 x 10 8 cm s" 
1 . Con-sequent ly , the phase of the 2P ampl i tude oscillates 
relative to the phase of the 2S ampl i tude , changing by an 
a m o u n t 2n in a distance of abou t 0.2 cm. The second 
capaci tor (2 ) creates a new admix ture of the 2P ampl i tude 
to the 2S state and adds it to the componen t created earlier in 
the first capaci tor (7) . Since the phases of these two 
componen t s are different, a tomic interference between the 
two 2P ampl i tudes becomes possible (Fig. 21b). 

It mus t be stressed once again tha t we are not speaking of 
interference between two ' rays ' , bu t of interference between 
two 2P ampl i tudes inside the same a tom. Since the 2S + 2P 
superposi t ion appears at an electron cloud shifted relative to 
the p ro ton , interference apparen t ly takes place between two 
dipole shifts of an electron. 

The L a m b shift is by itself small, bu t the real difference 
between the energy levels of the 2S and 2P states in this 

experiment is even less and is practical ly zero. This is because 
the shift of the levels is induced by static electric fields 
which do no t alter the to ta l eigenfrequency of an energy 
level. Therefore, a small change in the energy of an electron 
level is compensa ted for exactly by a cor responding change 
in the kinetic energy of an a tom. W e can say tha t if a l low­
ance is m a d e for the kinetic energy of the p ro ton , the levels 
2S and 2P have the same energy, so tha t the t rans i t ions 
2S —> 2P and 2P —> 2S are apparen t ly equivalent to a change 
in the polar isa t ion of a part icle wi thout a change in its 
energy. 

These a tomic interference experiments are in good 
agreement with s tandard q u a n t u m theory. They have m a d e 
it possible to measure the L a m b shift with a very high 
precision. However , this is no t of p r ime interest to us. The 
most impor t an t feature is tha t in the Sokolov experiments a 
small admix ture of the 2P ampl i tude appears after passage 
th rough the second gap 2 even in the absence of any electric 
field at this gap . Moreover , this admix ture appears also when 
a 2S a t om simply flies near a meta l p la te (Fig. 21c). Precisely 
this p h e n o m e n o n will be called the Sokolov effect. 

The effect is fairly s t rong. I ts results appear as if a 
longi tudinal electric field of the order of several volts per 
cent imetre were present near a slit or a meta l plate , bu t under 
the exper imental condi t ions the appearance of a field of this 
order of magn i tude is qui te impossible. Since the effect is 
s t rong, interference can be observed even when b o t h capaci ­
tors are replaced with meta l plates (Fig. 21d). Del iberately 
designed experiments have shown tha t this ' d a e m o n ' s field' 
(which is the n a m e used by Sokolov) polarises a 2S a t om in 
such a way tha t its electron shell s tands away somewhat from 
the p r o t o n . 
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Figure 21. Experimental setup for atomic interferometry. (a) After 
crossing a capacitor with a fields 1 a mixture of 25 and 2P amplitudes is 
formed, atoms in the state 2? decay, and the corresponding intensity I2P 

falls monotonically when the distance A_. from the slit is increased. 
(b) Second slit with the field E2 gives rise to interference patterns 
(dashed curve) in a weak field E2 and (solid curve) in a strong field E2. 
(c) Weak interference appears even when the second capacitor is replaced 
by metal plate M. (d) Even weaker interference is detectable when both 
capacitors are replaced with metal plates M. 
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Figure 22. (a) Atom A with dipole moment d flies at a velocity vo above a in which an atom is at rest there are two electrons, e' and e, which travel at 
metal at a distance lo from its surface. The thickness of the layer of the an angle to the metal surface and are then reflected, escaping into the bulk 
interaction with the conduction electrons is /. (b) In a coordinate system of the metal. 

All a t t empts to account for the Sokolov effect by the force 
interact ion of an a tom with f luctuating electric fields or with 
an image field in a meta l have no t been successful: they give 
cont r ibu t ions which are several orders of magn i tude less t h a n 
the required value. However , the effect can be explained on 
the basis of the ideas on the collapse of wave functions of 
electrons in a meta l [38]. 

In this explanat ion it is necessary to consider in greater 
detail the interact ion of an excited 2S a t om with electrons in a 
metal . F o r simplicity, we shall consider the case when an 
a tom A flies a long the surface of a meta l at a cons tant 
dis tance lo from this surface (Fig. 22). The velocity of the 
a tom is vo. In Sokolov ' s experiments the hydrogen a t o m s had 
an energy of abou t 20 keV, so tha t vo ~ 2 x 10 8 cm s _ 1 . T h i s 
value is somewhat greater t han the velocity v F of electrons in 
a meta l at the upper levels of the F e r m i dis t r ibut ion, which 
a m o u n t s to abou t 10 8 cm s _ 1 . 

Let the z axis be paral lel to the mo t ion of the a tom. The 
2S —>2P dipole t ransi t ion a long this axis cor responds to a 
dipole m o m e n t d « 3aoe, where ao is the Bohr rad ius and e is 
the electron charge. W e can say tha t such an a tom interacts 
with a conduct ion electron whose number is / at a poin t Mt 

(Fig. 22a) in accordance with the C o u l o m b law with the 
poten t ia l Ui = edz/r3. This interact ion is very weak. In no 
way can it disturb the coherence of a wave function of an 
a tomic electron, bu t it can shift somewhat the phases of the S 
and P ampl i tudes . This process cor responds to the creat ion of 
a small admix ture of the P s tate from the original S s tate by 
an off-diagonal mat r ix element of the interact ion. Our task is 
to est imate this admix ture created by all the conduct ion 
electrons. 

Let n be the density of the conduct ion electrons. The 
order of magn i tude of this density is given by n « ao~3T/E¥, 
where T is the absolute t empera tu re (in energy units) and EF 

is the F e r m i energy. W e shall in t roduce / = n~l/3 = ao(EF/ 
T)113 for the average distance between the conduct ion 
electrons at the upper F e r m i levels. 

The interact ion of an a tom with each conduct ion electron 
is formally described by a quant i ty Ut, bu t the to ta l inter­
action of all the electrons with an a tom is no t the sum of all 
the Ut cont r ibut ions : it is s trongly suppressed by the presence 
of an ion core and by the correla t ions of electrons with one 
another . The main correlat ion, which can be called a local 
quasineutral i ty , appears in the bulk of a metal . Each charge, 
including the charge of every electron, is su r rounded by a 
shell with the opposi te charge. In a p lasma, i.e. in a system of 
charged classical particles, the characterist ic charge-
screening length is equal to the D e b ye radius . In metals this 

length is approximate ly equal to the average distance / 
between the conduct ion electrons. W e can therefore assume 
tha t only those electrons which are in a surface layer of 
thickness / do actually interact with an a tom. 

Each electron travell ing from the interior of a meta l in the 
direction of its b o u n d a r y and then reflected back into the 
interior remains for a t ime A^ = //VF in the surface layer. 
Therefore, it seems tha t dur ing the t ime interval A^ all the 
surface electrons are replaced with new ones tha t arrive from 
the interior of the metal . 

W e shall n o w consider one of the electrons in the surface 
layer of thickness /. If there is only one electron, then in the 
t ime A^ it should induce a change Aan of the ampl i tude of the 
2P s tate (on the assumpt ion tha t the ampl i tude of the 2S s tate 
is close to unity) , which is of the order of AaPi « UtAt/H. 
However , the to ta l change in the ampl i tude Aap is no t always 
equal to the sum of the r a n d o m quant i t ies AaPi. This is 
because the cont r ibu t ions Aan are correlated in such a way 
tha t the sum of the ampl i tudes practical ly vanishes. This 
condi t ion can be called external quasineutral i ty: the mo t ion 
of electrons in the surface layer is pe r tu rbed weakly in such a 
way tha t the to ta l electric field outs ide the meta l is weak, i.e. it 
does no t exceed the the rmal noise value E oc r_ 1/2/0

- 3^2. 
Therefore, the effect of the to ta l change in the ampl i tude 
Aap seems to be always excluded. However , this is no t quite 
t rue . 

The interact ion of the conduct ion electrons with an a tom 
should in fact be considered as a single q u a n t u m process so 
tha t the phase shift Aat applies no t only to an a tom bu t also to 
a conduct ion electron whose number is /. After the 
interact ion this electron escapes into the interior of the 
meta l and there, because of the loss of coherence, its wave 
function collapses so tha t out of a wide packet of a wave 
reflected on the surface only a small fraction remains after the 
collapse of the xjj function. W e can say tha t each pu re state of 
the wave packet is converted into a mixed state, bu t then a 
nonforce correct ion m a y also appear in the phase AaPi. This 
effect is similar to a correlat ion pair of particles in the E P R 
p a r a d o x : the collapse of the wave function of one of the 
part icles which has a l ready ceased to interact alters the wave 
function of the part icle correlated with it. The E P R p a r a d o x 
is no t of the force bu t of the correlat ion type, such as, for 
example, the Paul i principle. Therefore, the correlat ion phase 
shifts do not obey the quasineutra l i ty rule and the sum of the 
phase shifts does no t vanish: these phase shifts are no t due 
only to the average electric field act ing on an a tom, bu t also 
to the processes in the interior of a metal . 
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W e shall n o w try to est imate the order of magn i tude of 
this effect. W e shall do this by adop t ing a coord ina te system 
moving together with an a tom (Fig. 22b). In this coord ina te 
system the electrons in a meta l move relative to an a tom so 
tha t they app roach the b o u n d a r y and are reflected from it at 
an acute angle relative to the surface (Fig. 22b). 

W e shall consider two electrons, e' and e, reflected from 
the b o u n d a r y of a meta l at exactly symmetr ic poin ts , M ' and 
M , at the same t ime. A macroscopic electric field of such 
electrons is exactly zero simply because of the symmetry. W e 
can readily see tha t , on average, all the electrons interact ing 
with an a tom can be divided into such symmetr ic pai rs so 
tha t , if t he rmal f luctuat ions are ignored, the macroscopic 
interac-t ion of the conduct ion electrons with the a tom is, on 
average, zero. However , let us consider in greater detail wha t 
h a p p e n s to each electron after reflection from the b o u n d a r y 
of the meta l (Fig. 23). 

The average energy of the part icle does no t change if its 
velocity decreases by an a m o u n t Aw, so tha t 

Figure 23. Wave-function packet of an electron e is reflected from the 
boundary of a metal and spreads into its interior. Somewhere in the region 
C the wave function collapses because of the scattering by impurities, 
inhomogeneities, or other electrons. Correlation is transferred from this 
collapse to a point M and to an atom A. 

Let the wave function of an electron e appear as a small 
wave packet which is incident on the b o u n d a r y of the metal , is 
reflected by it, and then escapes into the interior. Let the size 
of this packet be of the order of b. Then the wave function of 
an electron immediate ly after reflection can be approx imated 
by E q n (139) on the assumpt ion tha t the x axis is directed 
a long the mot ion of the packet and the wave number is 
k = u/hm, where u is the componen t of the electron velocity 
a long the x axis. The order of magn i tude of this componen t is 
u « VF. F u r t h e r away from the poin t M the wave function of 
a free electron evolves in accordance with the relat ionships 
given by E q n s (140) - (142) , i.e. the wave packet spreads out . 
However , in the distance equal to the mean free p a t h A, i.e. at 
the poin t C in Fig. 23, the wave packet is ' torn into t a t t e r s ' to 
such an extent by the scattering on impuri t ies , i n h o m o ­
geneities, and other electrons tha t separate pa r t s of the 
packet are no longer coherent . U n d e r these condi t ions the 
original packet splits into several pa r t s and the electron 
remains in only one of them. In other words , the wave 
function collapses to dimensions of the order of b and the 
remain ing pa r t s of the packets are annihi la ted. 

The collapse of the wave functions should no t change the 
average electron energy. However , if a wide wave packet 
collapses into a compac t packet of size b, it follows directly 
from the uncer ta in ty relat ionship tha t its energy should 
increase by an a m o u n t 
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represents the dis tor t ion asymmetry: the velocity of the 
'centre of m a s s ' of the wave packet slows down somewhat . 
W e can say tha t the collapse 'carves o u t ' the slower par t of the 
electron wave packet . The change in the wave function of the 
a tom therefore cor responds to a longer a t o m - e l e c t r o n 
interact ion. 

Let us n o w tu rn back to Fig. 22b. W e can see tha t the 
asymmetry seems to cor respond to an effective delay of the 
reflected packet by a t ime interval cuAt = a / /v F . It is evident 
from Fig. 22b tha t after reflection at the po in t s M ' and M the 
wave packe ts are not quite symmetr ic relative to the a tom. 
After a displacement by Az = voA^ dur ing the t ime A^ = / /v F 

needed to cross the interact ion layer the packet M ' is 
somewhat further from the a tom than the packet M . In 
other words , at the poin t M ' there is apparen t ly an effective 
charge and at the poin t M there is an equal (in the absolute 
sense) opposi te charge. If we n o w bear in mind tha t in the 
interact ion layer of thickness / = n m there are nl = n2/3 

electrons per uni t area, we obta in an est imate of the effective 
density of the surface charge 

cr* oc ocne1/3 v 0 v F

 ll0

 1 (195) 

We can assume here approximately that N1^3 = CIQ1 (T/E¥)1/3. 
K n o w i n g this surface charge density we can est imate [38] the 
phase shift Aap for a finite aper ture 

J ( J \ ! / 3 

AaP oc 3a : (196) 

A compar i son of Eqn (196) with experiments shows tha t 
a « 1 0 - 2 . In accordance with the above representa t ions , 
a « ocl/b2 and, consequent ly, the size b of an electron packet 
is ~ 10<zo, i-e- it is slightly larger t han /. 

W e can say tha t an effective field represents the net 
effect on an a tom. However , E* is no t a real electric field: it 
cannot be measured with a macroscopic ins t rument . 
P robab ly the mos t appropr i a t e n a m e for E* is the d a e m o n ' s 
field. The effective field E* acts only on an excited a tom flying 
past . The field E* is closest to the field act ing in insulators , 
when the effective field experienced by each specific 
microscopic dipole differs from the average field E because 
of a m u t u a l correlat ion between the interact ing dipoles. 

In our case the field E* ^E « 0 appears because of a 
correlat ion in the evolut ion of the wave function of an a tom 
and of the collapsing wave functions of the conduct ion 
electrons. W e meet here with an effect such as the E P R 
correlat ion, not in the var iant of isolated E P R pairs , bu t 
under condi t ions when an a tom is the only p r imary pa r tne r 
interact ing with an eno rmous number of secondary par tners , 
which are the conduct ion electrons. After the interact ion with 
the a tom in the conduct ion layer the electrons fly back into 
the interior of the metal , where in the process of collapse they 
create correlat ion responses which then accumula te at the 
a tom in the form of the phase shift Aap. In the final analysis it 
is the collapse tha t results in a dipole deformat ion of the a tom 
and in a g radua l appea rance of the 2P ampl i tude from the 
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initial 2S ampl i tude . The Sokolov effect is a completely new 
type of irreversible interact ion in the microwor ld . It is based 
on wel l -unders tood (in principle) microscopic processes, bu t 
it has been observed for the first t ime in the var iant of fine 
correla t ions of the E P R pairs . 

37. Quantum telegraph 
It would be desirable to carry out addi t iona l test experiments 
to provide the final p r o o f tha t the above discussion does 
indeed give the correct explanat ion of the Sokolov effect. 
However , if we assume tha t everything is correct, we can 
consider wha t consequences follow from the possibili ty of 
h idden collapse on a mass scale. If the polar isa t ion of an a tom 
is in a final analysis owing to the collapse, we can try to 
est imate the velocity at which the collapse effect p ropaga tes . 
A m o r e pract ical formulat ion of the p rob lem is whether it is 
possible to utilise the collapse to create fundamental ly new 
means for informat ion transfer. F o r example, let us consider 
a device shown in Fig. 24, which could be called the 
' q u a n t u m te legraph ' . 

L 

A A' 

M 

V//. 
< 

Figure 24. Schematic representation of the quantum telegraph based on 
the Sokolov effect. The conduction electrons in a sample M made of a 
pure semimetal or a semiconductor fly, after the interaction with an 
excited atom A, away from the interaction surface to a scattering region 
R. Their wave functions collapse in this region and simultaneously an 
atom A' located at a distance!, from the sample acquires a 2? amplitude. 

This is in fact a m o r e complex modif icat ion of Sokolov ' s 
experiment . Once again metas tab le IS hydrogen a toms fly 
above the surface of a sample M . If this sample is m a d e of a 
very pu re metal , semimetal , or a semiconductor , then at 
liquid hel ium tempera tu res it is possible to establish 
condi t ions under which the mean free p a t h of an electron 
before the scat tering is X « 1 cm. Let us assume tha t the 
sample has exceptionally smooth , i.e. perfectly reflecting, 
side walls. Then , an electron e tha t has interacted with an 
a tom m a y travel freely a distance X unt i l it reaches a ' turbid 
m e d i u m ' R, where it begins to scatter strongly and collapses. 
W e can assume tha t before the collapse of electrons the 2P 
ampl i tude of the 2S a t om is no t excited. Therefore, in the t ime 
taken by electrons to travel the distance X the a tom moves a 
distance L away from the sample M . 

Let v e denote the average velocity of the electrons inside 
the sample. In a meta l this velocity is v e = v F ~ 10 8 cm s _ 1 , 
bu t in a semimetal or a semiconductor at liquid hel ium 
tempera tu res the value of v e m a y be reduced to v e ~ 
10 7 cm s _ 1 . W e shall moreover assume tha t a t o m s A have a 
very high energy, so tha t their velocity vo is of the order of 
1 0 1 0 cm s _ 1 . D u r i n g the t ime T = XIvQ t aken by an electron 

to travel the mean free p a t h an a tom flies away from the 
sample to a distance L = V O T = A(vo/ve). 

Let us assume also tha t the electron scat tering region R is 
much less t han X; for example, tha t it a m o u n t s to AX = 0.1X. 
Then the collapse dura t ion AT is also ten t imes shorter t han T; 
tha t is, informat ion abou t the appea rance of the 2P 
ampl i tude is t ransferred from the poin t R to the poin t A 
apparen t ly at a velocity ten t imes higher t han vo, i.e. at 
v « 1 0 1 1 cm s - 1 . W e can see tha t this is three t imes the 
velocity of light. 

The most interest ing quest ion is: can the collapse of 
electrons on a massive scale be control led? In fact, it is easy 
to imagine a s t ructure in which inhomogenei t ies in the region 
R can be altered deliberately either under the influence of 
deformat ions or with the aid of an external magnet ic field 
acting on magnet ic scat tering centres. In principle, it is 
possible to use any m e t h o d s for order ing or disorder ing of a 
med ium. A per iodic or an aper iodic var ia t ion of the ra te of 
the electron collapse would seem to be transferred to an a tom 
A at the velocity 

L _ X 
AT V°AX ' 

W e can say tha t the d a e m o n ' s field acts on an a tom flying 
above the sample not immediately bu t after a delay t ime 
T = XIvq. The field begins to act only at a distance L = V O T 
= Xvo/ve and creates decaying 2P a toms . Lyman-a lpha 
p h o t o n s p roduced by such decay can be detected and the 
t ime dependence of the decay ra te should reproduce dura t ion 
of the collapse in the scattering zone R. W e meet here a 
completely new principle of informat ion transfer based on 
collapse control . Single events of the collapse of E P R pairs 
cannot be control led, bu t the ra te of collapse on a massive 
scale when electrons are scattered by impuri t ies would seem 
to be control lable . 

W e can see from the description of the device in Fig. 24 
tha t its not so easy to construct a pract ical work ing q u a n t u m 
telegraph because it is necessary to s imultaneously satisfy 
several cont rad ic tory requi rements . F o r example, the sample 
M must be very pu re with perfectly reflecting side walls. The 
density of the conduct ion electrons must be sufficiently high 
[according to Eqn (195) the Sokolov effect is p r o p o r t i o n a l to 
nl/3] and the scattering zone R must be sufficiently n a r r o w 
and, mos t impor tan t , control lable . Moreover , the beam of 
a t o m s must be sufficiently s t rong so tha t f luctuat ions of the 
Lyman-a lpha p h o t o n s do not suppress the useful signal. 

However , at present much m o r e interest ing is no t the 
device itself, bu t the principle of informat ion transfer. Since it 
is based on the collapse of wave functions wi thout any 
mot ion of mat te r or wave p ropaga t ion , the ra te of 
informat ion transfer should no t similarly be limited by the 
velocity of light. However , super luminal informat ion 
transfer is so unusua l , because it affects the main principles 
of m o d e r n physics, tha t the feasibility (or otherwise) of signal 
(not wave!) transfer at a speed greater t han tha t of light will 
be considered in greater detail . 

38. Superluminal communication 
W e shall denote the velocity of signal transfer by V and the 
velocity of light by c. It follows from the theory of relativity 
tha t no mater ia l b o d y and no wave can travel at a velocity 
higher t han c. Therefore, super luminal communica t ion 
characterised by V > c cannot involve energy transfer over 
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a distance, i.e. it should be of completely different na tu re . 
Nevertheless , let us assume tha t signal transfer at a super­
luminal velocity is possible and consider the consequences of 
this assumpt ion . F o r simplicity, we shall consider the case of 
one-dimensional p ropaga t ion of signals and in t roduce the 
t ime t and the coord ina te x a long which the signal 
p ropaga tes . Let the signal be emitted from the poin t x = 0 
at t ime t = 0. Then at subsequent t imes the coord ina te x is 
x= Vt.\fV> 0, the signal travels to the right, bu t for V< 0 
it travels to the left. 

Let us consider the quest ion: wha t is seen by an observer 
moving at a velocity v? To answer this quest ion we shall go 
over to the coord ina te system of the observer and look at the 
external world together with the observer. 

Let x' and t' be the s p a c e - t i m e coord ina tes of the 
moving observer. It is well k n o w n they are related to x and t 
by the Loren tz t rans format ion : 

_ x ~ v t J - t-™lc2

 ( 1 9 ? ) 

y/1 ~ V2/C2 9 y/1 ~ V2/C2 

The poin t from which the signal originates in a coord ina te 
system at rest, i.e. x = 0, t = 0, is seen from the moving 
coord ina te system as the poin t x' = 0, t' = 0. Let us 
consider n o w h o w the signal p ropaga tes . If we subst i tute 
x = Vt into Eqn (197), we obta in 

V-v , \-vV/c2 

. t . (198) 
• V2/C2 y/l ~ V2/C2 

Dividing one relat ionship by the other , we find the signal 
velocity V' = x 'It' in the moving coord ina te system: 

V' = (199) 
1 - vV/c2 ' 

If V< c, the above relat ionship shows tha t for v ^ V 
there is a change in the sign of V', which is to be expected: if 
the observer over takes the signal, it sees it as lagging, i.e. as 
p ropaga t i ng in the opposi te direction. If we are dealing with 
an electromagnet ic wave, then V = c and according to 
E q n (199) we simply have V' = c. This is the familiar 
result: light p ropaga te s at its cons tant velocity in any 
coord ina te system. This is the por tu la t e tha t underl ies the 
theory of relativity. 

However , let us assume tha t V> c. Eqn (199) directly 
yields a coord ina te system in which the signal velocity V 
is infinite. This coord ina te system moves at a velocity 
v = c2/V< c. It is evident tha t the coord ina te system with 
the infinite velocity V is for some reason special. W e shall 
therefore assume tha t it is a coord ina te system at rest and, 
going to the limit V —> oo , we find from E q n (199) tha t 

V' = -— . (200) 
v 

W e can see tha t in the coord ina te system moving to the 
right the signal moves to the left and for v < 0 the signal 
moves to the right, i.e. V> 0. In the limit v—>0, we have 
V' —> zboo , i.e. the signal p ropaga te s at an infinite velocity in 
b o t h directions at the same t ime. Na tura l ly , these re la t ion­
ships are somewhat simplified and idealised, because the 
signal emission t ime is assumed to be zero. 

At first sight the relat ionship (200) seems to be in clear 
conflict with the principle of causality. Let us assume tha t 
indeed the p ropaga t i on of a signal at the velocity V' > 0 from 
the coord ina te system with v < 0 is observed. F o r example, 
the signal sender m a y be at the poin t x' = 0, t' = 0, and 

then the signal reaches the recipient at the poin t x' = L 
somewhat later, i.e. at t' = LIV> 0. It is qui te clear here 
which is the cause and which is the effect. However , the 
observer travell ing at a velocity v > 0 sees the signal at a 
velocity V' < 0, i.e. the cause and the effect are in terchanged. 
It would seem tha t because of this absurdi ty the super luminal 
informat ion transfer is impossible. However , we must no t be 
too hasty! Passive observat ion by itself means little. The real 
conflict with the principle of causali ty occurs only if the 
informat ion recipient can send the signal back to the sender 
before the emission of the first signal and therefore the cause 
of the effect m a y be changed. Let us consider whether this can 
occur and if so, wha t addi t iona l const ra ints ensure tha t the 
principle of causali ty is obeyed. 

Let there be two events A and B related by the cause and 
effect link. Let us assume tha t A is the cause and B is the 
effect. F o r example, in the q u a n t u m telegraph of Fig. 24 the 
event A is the collapse of the wave functions of the 
conduct ion electrons and the event B is the appearance of 
the 2P ampl i tude in the 2S a t om and the emission of L y m a n -
a lpha p h o t o n s . Let us select a coord ina te system in which the 
signal transfer ra te is infinite. T h u s b o t h events A and B occur 
at the same t ime t = 0. This means tha t they are in the same 
spatial segment A B (Fig. 25). The selected coord ina te system 
with V = zboo is clearly special. Therefore, the t ime t in this 
system has certain features of absolute t ime, bu t this po in t 
will be considered later. 

Let us assume tha t these events are observed from the 
coord ina te system x ', t' moving at a velocity v > 0. Then the 
result ob ta ined from E q n (197) for t = 0, x = L is 

t' = tk = 
Lv 

cVc2 
:<0 

In other words , this observer sees the signal B earlier t han A 
and undoub ted ly is very surprised. Even m o r e surprising is 
tha t at the poin t x = 0 the t ime t# cor responds to the t ime of 
the event A' , which is 

vL 
c c 

Bearing this in mind, the observer B m a y want to influence 
the event A by, for example, a t t empt ing to remove the sample 
M in the experiment of Fig. 24. W e can imagine for example 
tha t near the sample M there is an a u t o m a t o n which removes 
the sample immediate ly on receiving an order from outside. 
In par t icular , the order m a y be a signal sent by the observer in 
the pr imed coord ina te system. Na tura l ly , if no addi t iona l 

^ 0 

t = 0 

A' 

^ 7 

/ 

/ 

J b 
x =L 

Figure 25. Two events A and B occur simultaneously at t = 0 and are 
separated by a spatial segment of length L. An observer, moving at a 
velocity v> 0, sees the event B earlier than the event A. The dashed lines 
represent t' = const. 
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const ra in ts are imposed on the signals, the causali ty principle 
is lost immediately. 

W e shall therefore formulate three addi t iona l principles: 
(I) each new coord ina te system x ' , t' cor responds to a 

macroscopic b o d y which exists in reality; 
(II) a super luminal te legraph associated with this b o d y 

t ransmi ts in the b o d y a signal at the velocity V' = zboo; 
(III) a super luminal cont ro l signal cannot p r o p a g a t e in 

the opposi te direction of the t ime t of the main coord ina te 
system if the two coord ina te systems are in format ion-
coupled. 

Let us re turn to Fig. 25. It is clear tha t any signal cannot 
be t ransferred by a mater ia l carrier from the poin t B to the 
poin t A faster than in A^ = Lie because the velocity of such 
signals is less t han the velocity of light in any coord ina te 
system. Therefore, A^> — fA', i-e- a combina t ion of jus t one 
super luminal signal from A to B together with an ord inary 
light signal from B to A does no t violate the principle of 
causality. In other words , it is sufficient to consider jus t the 
super luminal te legraph satisfying the principles ( I ) - ( I I I ) . 

W e shall assume tha t we have a te legraph sending signals 
at the velocity V' = x 'It' in the pr imed coord ina te system. 
Wi th the aid of E q n (197) we can easily find tha t in the 
l abora to ry coord ina te system the signal velocity V is 

v' + v 
(201) V — 

1 + vV'/c2 ' 

In the limit V' —> oo this velocity is 

v 
(202) 

W e can see tha t if v > 0, the velocity v is posit ive. If we 
adop t the principle (III), this signal can only p r o p a g a t e to the 
right. This means tha t the te legraph in the pr imed coord ina te 
system cannot send a signal back from the poin t B to the 
poin t A, i.e. it cannot influence the cause a l though it can 'see' 
it as occurr ing after B. The signal can be sent to the left, i.e. 
from B to A, if there is a 'doubly p r imed ' super luminal 
te legraph moving at the velocity v" = — |v"|. Accord ing to 
E q n (202) the velocity V " of the signal from this te legraph is 
V" = —c2/\v"\. However , this te legraph sees the event B at 
the m o m e n t 

L/v" 

cVc2^] 
: > 0 

[we are using E q n (197) again bu t with the subst i tut ion 
v—• |v" | ] . In other words , for this te legraph the event B is 
indeed the consequence of the cause A and even for a signal 
travell ing at an infinite velocity it cannot influence the cause 
A. 

A decisive role in our discussion is played by the principle 
(III). This principle impar t s the features of absolute t ime to t, 
which — strictly speaking — is in conflict with the principle 
of relativity. Therefore, we should consider in greater detail 
the physical mean ing of the constra int set by this principle, 
which seems to be quite na tu ra l for an observer at rest. 

W e shall therefore app roach this p rob lem from a 
somewhat different s tandpoin t . W e shall implicitly assume 
tha t there is no way tha t super luminal signals can be 
generated except on the basis of the wave collapse and we 
shall consider a certain wave function xjj = exp( — icot + ikx). 
Let this wave function apply to a part icle of mass m and a 
m o m e n t u m hk. The quant i ty Tico represents the energy of this 

part icle. W e shall al low for the kinetic energy of the part icle 
as well as for the rest energy, so tha t in the nonrelat ivist ic 
limit the energy is s = Hco = mc2 + | m v 2 and 
Pk = hk = mv, where v is the part icle velocity. Let V = col 
k represent the phase velocity. As is known , the phase 
velocity is the velocity of mot ion of a po in t with a cons tant 
phase cp = cot — kx= const . Let us consider h o w this po in t 
moves in a pr imed coord ina te system which is travell ing at a 
relative velocity v relative to a coord ina te system at rest. This 
can be done by using the relat ionships of E q n (197) to express 
x, t in t e rms of x ', t'\ these expressions are then subst i tuted 
into cp = cot — kx = const. The result is an expression for a 
new frequency co', a new wave vector k', and a new phase 
velocity V': 

co 

k' = 

Vf 

CO -kv 

- v2/c2 

k - cov/c2 

- v2/c2 

V — V 

1 - Vv jc2 ' 

(203) 

W e can readily see tha t the expression for V' is exactly the 
same as tha t given by E q n (199). W e can therefore directly 
d r aw the conclusion tha t there is a special coord ina te system 
moving at the velocity v = pk/s = c2/V = c2k/co. In this 
coord ina te system the phase velocity V' becomes infinite and 
the wave number k' vanishes, so tha t the wave is converted 
simply into oscillations h o m o g e n e o u s in x ' and of frequency 
co'. At the selected frequency we have Hco' = mc2 + | ( m v 2 ) 
and in the nonrelat ivist ic limit we obta in Tied = mc2. This 
means tha t we are dealing simply with a part icle at rest and its 
wave number is zero. It is usua l to regard the phase velocity as 
no t having much physical meaning: the energy, and 
consequent ly the wave informat ion, p r o p a g a t e at the group 
velocity and no t at the phase velocity. However , the phase 
velocity plays a major role in the collapse. 

W e shall consider a typical example of an E P R pair in the 
B o h m var iant : two part icles with spin \ fly apar t in opposi te 
direct ions and their to ta l m o m e n t u m is zero. The two 
pa r tne r s of such a pair have equal and opposi tely directed 
m o m e n t a and exactly the same phases at the same distance 
from the poin t where their mo t ion begins. A measurement 
carried out on one part icle immediatel ly collapses the wave 
function of the second part icle to the spin value corre­
sponding to the opposi tve direction. It is na tu ra l to assume 
tha t this process is ins tan taneous in a coord ina te system in 
which the centre of mass is at rest. In other words , the velocity 
of the signal abou t the collapse is V = oo. However , in a 
moving coord ina te system we find from E q n (200) tha t 
V = —c2/v. Depend ing on the sign of v, this quant i ty can 
be posit ive or negative. It means tha t for some observers the 
signal of collapse to the second part icle arrives after a delay, 
which is qui te na tu ra l . F o r other observers it arrives ahead of 
the collapse, i.e. in the reverse direction in t ime from the 
future to the present . This seems to be a fantasy, bu t there is 
no violat ion of the principle of causality: the collapse of 
correlated functions is a purely r a n d o m process, i.e. it is 
uncont ro l lab le . Therefore, in the collapse of isolated E P R 
pairs there is in fact no informat ion transfer: this is simply a 
un ique process wi thout cause or effect. In this sense the signal 
abou t a single collapse resembles the phase velocity: it exists, 
bu t carries no informat ion. 
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The analogy has in fact a deeper meaning . After all, the 
collapse appears when the coherence is lost. The coherence 
between two poin ts in a wave can be destroyed by a very small 
external pe r tu rba t ion most easily if for a considerable t ime 
there is a cons tant phase difference between the poin ts . In 
other words , they travel at the phase velocity of the wave. The 
phase velocity itself carries no informat ion, bu t makes it 
possible to impose 'ma rke r s ' on those pa r t s of the wave which 
can subsequent ly collapse. 

W e shall n o w consider an E P R pair moving at a velocity v. 
In its own coord ina te system the collapse cor responds to the 
t ransmiss ion of a signal at an infinite velocity V' = oo. In the 
l abora to ry coord ina te system the velocity is V = c2/v, as is 
clear from E q n s (201) and (202). Once again, depending on 
which of the pa r tne r s the first measurement is carried out , the 
signal of collapse can be sent to the second par tne r either into 
the future or into the past . There is again no violat ion of the 
principle of causality, because the measured result is purely 
r a n d o m : recipes from q u a n t u m theory can be used to 
calculate the probabi l i ty of the results of measurements , bu t 
the results themselves cannot be predicted a priori. 

Therefore, a l though the collapse represents an 
irreversible process, there is a great variety of such 
processes: they occur absolutely spontaneous ly and cannot 
be control led from outside if we consider only separate 
e lementary events. The quest ion arises whether in principle 
it is possible to consider any forms of control led q u a n t u m 
collapse. The example of a chain react ion in an a tomic 
reactor suggests tha t there is some hope of a posit ive 
answer. After all, the whole react ion is based on elementary 
q u a n t u m t ransi t ions , each of which cannot be control led. 
However , if the probabi l i t ies of the t rans i t ions are control led, 
they are multiplied by the large number of nuclei 
par t ic ipa t ing in the process, which makes them 
automat ica l ly the cor responding macroscopic variables of 
nuclear kinetics. C o n t r o l then becomes possible. It therefore 
follows tha t m a n y par t ic ipants of a process are needed if the 
process is to be control led. 

W e shall go back to the q u a n t u m telegraph of Fig. 24. W e 
shall first consider an e lementary event: an excited a tom A 
flies above a sample which conta ins the conduct ion electrons 
and then the electrons t ravel deeper into the meta l and 
par t ic ipa te there in the collapse event, whereas the a tom A 
acquires a 2P ampl i tude which m a y create a p h o t o n . If this 
p h o t o n is detected, this represents a 'measuremen t ' in which 
the collapse of an a tom into the 2P state with a subsequent 
t rans i t ion to the \S state takes place and at the same t ime in 
the region R of the sample M the occurrence of n u m e r o u s 
events of the collapse of wave functions of the conduct ion 
electrons is confirmed. At first sight this seems to be the sole 
r a n d o m collapse process: a detector of Lyman-a lpha rad ia ­
t ion records a p h o t o n and inside the meta l n u m e r o u s wave 
functions of the electrons collapse. It would seem tha t such a 
collapse should be detectable from outside. The process has 
no cause or effect. Therefore, the signals of the collapse m a y 
be transferred between the electrons and the a tom at an 
infinite velocity and observers moving outs ide m a y observe 
such collapse events in different t ime sequences. 

Let us, however , assume tha t we have a whole beam of 
excited a t o m s and, consequently, we can carry out a long 
series of identical measurements . A change in the s t ructure of 
the region R makes it possible to cont ro l the probabi l i t ies of 
the collapse of the electrons in this region, i.e. to alter the 
coefficient a in E q n (196) for the d a e m o n ' s field E*. In this 

way we seem to contro l the ra te of decay of excited hydrogen 
a t o m s at a large distance from the sample M . The cont ro l 
signal travels together with the collapse signal and, therefore, 
is super luminal . In ac tual fact this represents cont ro l of the 
probabi l i t ies of real q u a n t u m 'measurement ' processes, i.e. of 
irreversible informat ion processes in their relat ionship to 
external classical devices and objects (in this case, 
observers) . This process is clearly irreversible and 
determines the direction of the ' a r row of t ime ' . The t ime t 
inside the sample M assumes the na tu re of the 'absolute t ime ' 
and can no longer be reversed: the principle of causali ty is not 
compat ib le with reversibility in t ime. 

It is obvious tha t a super luminal cont ro l signal cannot 
p r o p a g a t e in the reverse direction of t ime t in tha t system of 
coordina tes in which the telegraph is at rest. F o r the same 
reason of irreversibility of the processes of measurement and 
cont ro l of the probabi l i t ies in the case of the te legraph in 
Fig. 24 it is quite clear tha t the cause of the changes in the 
ra tes of decay of the a toms A can only be a control led change 
in the collapse probabi l i ty occurr ing in R. The cause is R and 
the effect is A' , so tha t the cont ro l signal travels from R to A ' 
(possibly with a short delay A^ required to change the 
probabi l i t ies in R) . 

M o r e difficult is the quest ion h o w the te legraph of Fig. 24 
acts when it is set in mo t ion and observed from a coord ina te 
system at rest. In p roper t ime this te legraph receives a cont ro l 
signal at the velocity V = oo. Formal ly , the signal in a 
coord ina te system at rest m a y p r o p a g a t e a long t or against t. 
On the other hand , however , this signal is irreversible. The 
quest ion n o w is h o w to resolve this pa r adox . 

W e have decided earlier to impose an addi t iona l 
const ra int (III) the mean ing of which is tha t in the usua l 
(convent ional) t ime t of immobi le bodies the irreversible 
processes should occur only from the past to the future, i.e. 
there should exist the ' a r row of t ime ' . However , further 
analysis is needed to unde r s t and better the mean ing of this 
principle. 

W e shall re turn to this p rob lem later. At this stage we no te 
tha t the spatially correlated collapse events simply must lie on 
spatially similar wor ld lines. Otherwise we would have 
collapse events consecutive in t ime (in one of the mobi le 
coord ina te systems) and this would have led to even greater 
conflicts with the principle of causali ty if there are indeed no 
h idden variables. Thus , the most na tu ra l assumpt ion is tha t 
the correlated collapse events occur ' ins tan taneous ly ' when 
they are, for example, located on lines of the phase velocity 
v P h = s/p = const of the centre of mass of the correlated 
system. The velocities s/p are always super luminal and 
r a n d o m measurements K t ake place a long such velocities. 
However , in order to unde r s t and h o w this occurs, we mus t 
consider h o w the collapse events agree with the principle of 
relativity. 

39. Present, past, future 

W h a t is the present? Each of us has a ready answer: this is 
our world , because all tha t has happened earlier has t aken 
place in the pas t . Un t i l the appea rance of the theory of 
relativity such an answer would have been in full agreement 
also with a m o r e r igorous mathemat ica l , i.e. quant i ta t ive , 
t r ea tment (Fig. 26a). 

In the simplest case of one measurement of x we have a 
space which travels uniformly a long the t ime axis t. In this 
app roach t ime is absolute ; at all po in t s x it flows at the same 
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Figure 26. (a) Before the theory of relativity the structure of space-time 
was considered as uniform motion of the whole space along the world time 
coordinate t. (b) Since the velocity of light is constant, the real 'visible' 
present lies in the shaded layer and the line t = const here represents an 
arbitrary time. 

ra te and absolutely identically for immobi le and moving 
bodies . 

In the theory of relativity everything is m o r e complicated. 
I ts main principle states tha t there are no signals p ropaga t i ng 
faster t han the velocity of light and tha t this velocity is the 
same in immobi le or moving coord ina te systems. To people 
living on Ea r th this means tha t s imultaneity on the E a r t h ' s 
surface has been determined to within 2R0/c « 40 ms, where 
Ro is the rad ius of the Ear th . A n d if we look at the s tarry sky, 
we can see stars a long the t = — Lie line, where L is the 
distance to the star and t is the t ime in the past measured from 
the m o m e n t of observat ion. H a r d l y any of those watch ing the 
stars will agree tha t wha t is seen is no t ' now ' . This 'present 
visible' cor responds to the lines x = ±ct, extending to 
negative t imes. F o r all the inhab i tan t s of the Ea r th the 
present is defined to within IRolc. 

W h a t does t = const mean? Strictly speaking this 
i sochronous line, i.e. a line with the same t ime, is purely 
arbi t rary . It can be obta ined as follows. Firs t , a set of clocks is 
placed a long the x axis. The clocks are identical physical 
bodies or mechanisms tha t are in per iodic mot ion such tha t 
the per iod is constant . These clocks are then synchronised by, 
for example, a light signal travell ing from a given clock to the 
ne ighbour ing one and vice versa. All these effects have taken 
place in the pas t and, therefore, an extended per iodic object 
with the same ins tan taneous phase is formed: at t = const all 
the ' a r rows of t ime ' poin t in the same direction. 

If we consider each of the clocks as an oscillator with a 
per iod T = 12 h, we obta in a wave with wave vector k = 0 
and frequency co = 2%/T. Clearly, such a classical object 
with an infinite phase velocity can be formed only by 
evolut ion from the past and at this m o m e n t t there is no 
physical link between the clocks. 

The a rb i t ra ry na tu re of such ' s imultanei ty ' can be seen 
qui te clearly by considering the example of o rd inary clocks 
on the Ear th . They can be set so tha t they would show exactly 
12.00 h o u r s at midday . Then , viewed from space, we can see a 
wave constructed from the phases of the clocks. The 
wavelength is 2KRQ and the phase velocity of the wave is 
exactly equal to the velocity of ro ta t ion of the E a r t h and 
opposi tely directed. The cons tant phase equal to 12 h will 
always poin t to the Sun. There is no internal physical link 
between such clocks: they are set on the basis of external 
informat ion, i.e. they are set by the Sun! 

W e shall n o w consider a single observer at rest at the 
poin t x = 0 at a t ime t (Fig. 27). 

The wor ld line of an observer at rest cor responds to the 
half-axes of the ordinates , arr iving from t = —oo at the poin t 

Figure 27. Observer O at the point x = 0, at the moment t = 0 finds the 
real 'past ' in the shaded region bounded by the lines x = ct. The lines A 
and B correspond to moving bodies. 

t = 0. At the poin t O with the coordina tes x = 0, t = 0 
there m a y also be moving bodies , for example A with a 
posit ive velocity and B with a negative velocity. Accord ing to 
the theory of relativity the m a x i m u m velocity at which any 
mater ia l objects can travel, and this includes the waves, is 
equal to the velocity of light. Therefore, at the poin t O it is 
possible to collect only tha t informat ion which existed 
earlier, inside the shaded region in Fig. 27. This is the past , 
which can be directly seen, heard , touched , or reconstructed 
on the basis of all the m o n u m e n t s and 'fossils' located at the 
poin t O. 

W e thus reach a somewhat pa radoxica l conclusion tha t 
the future of the observer O lies no t at t> 0 bu t t h r o u g h o u t 
the unshaded pa r t of Fig. 27. In any case, this should be the 
si tuat ion as seen by a single observer. As far as the past is 
concerned, it should be a region accessible to passive 
acquisi t ion of informat ion, which arrives with electro­
magnet ic waves or which is stored in any moving mater ia l 
carriers (for example, sound, mail , etc.). 

W e shall n o w consider a region of bidirect ional inform­
at ion communica t ion between an observer O and any other 
observer in the past (or in the 'present ' ) . 

Let us assume tha t three observers A, O, and B are at rest 
(Fig. 28a). In the state O', i.e. at the m o m e n t —t, an observer 
m a y send signals with the m a x i m u m velocity c. These signals 
reach the world lines A 'A and B'B of the other two observers 
at the po in t s A " and B" , which in tu rn send their own 
' responses ' to the poin t O. It is evident from Fig. 28 tha t the 
observers A and B are separated by a distance L = ±ct/2. 
Inside these wor ld lines there is a region (shown shaded) of 
bidirect ional communica t ion between the observer O at rest 
and the other observers also at rest. In par t icular , there m a y 
be clocks at the po in ts A, O, and B and then bidirect ional 
communica t ion m a y be used to synchronise clocks at rest, i.e. 
to plot the lines t = const. 

Mobi l e observers m a y also congregate at the poin t x = 0 
at the t ime t = 0. If they also are in bidirect ional 
communica t ion with other objects, then all the informat ion 
on bidirect ional communica t ion is collected at the poin t O. 
F o r example, in Fig. 28b a mobi le observer at the posi t ion O ' 
sends, at a t ime —t, informat ion at the velocity of light to the 
poin t A" on the world line A 'A of an observer at rest, and 
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Figure 28. Space - t ime region of bidirectional communication between an observer O and other observers: (a) observer O' at rest; (b) observer O' 
moving along the line O'O. 

then the response from the second observer appears at the 
poin t O. 

W e can see tha t if all the mobi le observers congregate at 
the poin t O, then all the informat ion on bidirect ional 
communica t ion in the region between the lines x = ±ct is 
collected. In other words , in addi t ion to the results of passive 
observat ions , it is possible to collect at this po in t the 
informat ion on bidirect ional communica t ion . 

W e shall n o w consider two observers A and B at rest and 
separated by a distance L (Fig. 29). 

Nei ther of the observers has any special features to dist in­
guish him from the other . However , one of them, for example 
A, sees B at a somewhat earlier t ime at the poin t B' , whereas B 
experiences an opposi te effect: it sees A somewhat earlier at 
the poin t A' . Na tura l ly , the two results should match , 
because at any given m o m e n t they cor respond to t = const 
and because of the signal delay they do no t have 
ins tan taneous informat ion on one another . The region 
covered by dots in Fig. 29 is the shared past of the observer 
A and the observer B. 

Obviously, to within an error A^ = Lie, the observers A 
and B can be regarded as shar ing the t ime even from the poin t 
of view of their m u t u a l informat ion coupling. This shared 
t ime they na tura l ly regard as the present . F o r shorter 
characterist ic t imes of physical processes the observers are 
m o r e likely agree with the delayed signals t han with their own 
existence in different t imes. 

In the theory of relativity the concept of s imultaneity is 
even m o r e complex. Specifically, the Loren tz t rans format ion 
to the system of coord ina tes x ', t' moving at the velocity v is 
described by the expressions in E q n (197). Lines cor respond­

ing to the same t ime t' = const do no t coincide with the lines 
cor responding to t = const (Fig. 30). However , the 
b o u n d a r y of the past x = ±ct r emains in its place also in 
the new system, i.e. x ' = ±ct'. 

W h e n the velocity v is increased the slope of the line 
t' = const relative to the x axis increases, bu t it never reaches 
the posi t ion x = ct and approaches it only in the limit v—>c. 
W e can n o w consider the concept of the future. In the 
f ramework of the Gali lean invariance characterised by the 
absolute t ime t the future relative to t = 0 is defined by the 
simple relat ionship t > 0. W h e n the t ime increases by a small 
a m o u n t A^ the realisat ion of the future can be viewed 
s imultaneously for all values of the coord ina te x. If we bear 
in mind tha t there are no bodies or wave signals travell ing at a 
velocity exceeding c, then the 'act ive ' future for the poin t 
x = 0, t = 0 lies in the range t ^ \x \lc which can be reached 
by light signals or moving bodies from the poin t x = 0, 
t = 0. Only in this region the mater ia l po in t x = 0, t = 0 
can act to influence the evolut ion of its envi ronment . This 
region is identified by the same proper t ies also in the case of 
moving bodies with wor ld lines passing th rough the poin t 
xf= 0,t' = 0. 

All the discussions in the present section are based on the 
ideas of the theory of relativity and classical field theory . W e 
shall n o w consider wha t new features are in t roduced by the 
collapse of wave functions. As established earlier, the 
collapse of functions of correlated part icles occurs on wor ld 
lines of the phase velocity of their centre of mass . W h e n the 

f f t' 

/ I 

Figure 29. Observers A and B separated by a distance L from one 
another. A sees B' and B sees A'; the shaded region is their common past. 

Figure 30. Coordinates x' and t' of a moving coordinate system in an 
(x, t) plane. 
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centre of mass is fixed, this line cor responds to t = const and 
for the centre moving at the velocity v it is the line t' = const. 
Accord ing to Figs 28 and 29, the collapse event seems to 
occur in the future. This is the reason why they are r a n d o m 
and causeless. However , the collapse events are irreversible. 
This becomes par t icular ly clear when the collapse of a wave 
function is accompanied by the collapse of probabi l i t ies , and 
it is t rue in measurements . In the case of this process the 
informat ion abou t a q u a n t u m system increases and the 
en t ropy should increase in the external world . However , 
even in the absence of the collapse of probabil i t ies , the wave 
function collapse is irreversible: in an ensemble of m a n y 
part icles it converts a pu re ensemble into a mixed one. In the 
case of just one pa r tne r a pu re state 'col lapses ' into a r a n d o m 
' representat ive ' of a mixed ensemble. The irreversible process 
of collapse is related to the informat ion interact ion of a given 
system with the external world . If this is t rue , then the t ime t 
in the coord ina te system associated with the external 
envi ronment becomes the absolute t ime. On Ear th , and 
m o r e precisely in the solar system, this t ime is l inked to a 
system of coord ina tes in which the centre of mass of the solar 
system is at rest. 

The line t' = const (F ig. 30) can be regarded as the wor ld 
line of a cons tant phase velocity on which the collapse of 
corre-lated part icles m a y take place and the centre of mass of 
these part icles travels at a velocity v. If a system of part icles 
and bodies with the centre of mass at rest in the coord ina te 
system x ' and t' is completely (also in respect of informat ion) 
isolated from the external world , the collapse events can 
occur in the system simultaneously a long the line t' = const. 

F r o m the poin t of view of absolute t ime t all looks exactly 
the same except tha t the collapse events associated with the 
external world (for example those observed from the outside) 
should occur consecutively in the direction of the increasing 
t ime t. The collapse events can occur in the opposi te direction 
of t a long the line t' = const only in the absence of observa­
t ion or informat ion coupl ing with the external world . Only in 
tha t case the two directions of t ime in a closed reversible 
q u a n t u m systems are fully equivalent . In reality even a weak 
informat ion coupl ing to the external wor ld leaves only t as 
the absolute t ime. 

W e can n o w re turn to the q u a n t u m telegraph. It utilises 
objectively occurr ing collapse events. A change in the 
configurat ion of a physical system imposed from outside, 
which thus influences the probabi l i t ies of r a n d o m na tu ra l 
collapse events, makes super luminal informat ion transfer 
possible. However , this informat ion transfer is based on 
irreversible processes in the absolute t ime t and cannot 
occur in the opposi te direction a long t\ the a r row of t ime is 
qui te clearly encountered here. In this way we reach in a 
na tu r a l manne r the principle (III), i.e. tha t p ropaga t i on of 
super luminal informat ion signals from the future to the past 
cannot occur in the absolute t ime t. This t ime variable 
cor responds to the reference frame where the centre of mass 
of the combined system is at rest. 

In order to m a k e it clear why the existence of the q u a n t u m 
telegraph should no t be rejected a priori, it is useful to con­
sider the following analogy. The main means for informat ion 
transfer in the an imal world , including m a n k i n d before the 
invention of rad io , have been sound and light. Sound is used 
actively: our speech is formed by sound and we receive it by 
hear ing. In the case of light we receive passively the solar 
rad ia t ion scattered by objects. Since the invention of rad io , 
e lectromagnet ic waves are generated actively by t ransmi t te rs 

and reach receivers, i.e. they are used in the same way as 
sound. F r o m this poin t of view the super luminal te legraph is 
an ana logue of light and colour observed in daylight. The 
wave functions of the microwor ld are under condi t ions of a 
cont inuing process of consecutive collapse. Var ia t ion of 
details of such a collapse at one poin t in space makes it 
possible then (i.e. after a small shift in the absolute t ime t) to 
change the probabi l i t ies of the collapse at other po in ts in 
space. The collapse itself cannot be t ransferred to ano ther 
po in t in space. However , it is quite feasible to vary in a 
control led m a n n e r the classical envi ronment of a set of 
collapsing systems at one poin t in space and to detect this 
influence on the collapse at ano ther distant po in t in space. 

40. Free will 
Before re turn ing to the collapse events, let us m a k e a trip to a 
completely different field. Specifically we shall t ry to 
unde r s t and h o w to deal with the p h e n o m e n o n of free will 
within the f ramework of physics. 

By free will we unde r s t and here the freedom of act ion or 
of selection between two or m o r e possibilities. It is usua l to 
assume wi thout quest ion tha t h u m a n beings have a free will 
because they are free in their conduct . Na tu ra l ly , m a n 
frequently has to act under the force of external 
c ircumstances, bu t even then he re ta ins the final choice. 

It is no t t rue tha t absolutely everybody accepts these 
s ta tements as t rue . F o r example, following Schopenhauer , 
one could say tha t m a n analyses only his desires and at the 
last m o m e n t the decision m a y be outs ide his control . In other 
words , the exercise of his will m a y be imposed from outside. 

However , we shall retain a m o r e naive poin t of view and 
assume tha t m a n is free in his deeds and is therefore 
responsible for them. In accepting the freedom of act ion for 
m a n we mus t no t offend the an imal world . The p a r a d o x of 
Bur idan ' s ass has been passed on to us from ancient t imes: an 
ass exactly half-way between two bundles of hay dies of 
hunger because it cannot decide from which one to begin its 
meal . W e all k n o w tha t this does not happen in reality and 
tha t the ass chooses one hay bund le wi thout any difficulty. 
But the logical p a r a d o x remains . I ts simplest solut ion is based 
on small pe r tu rba t ions : an accidental breeze m a y br ing a 
s tronger smell of one of the bundles and this is sufficient to 
ensure tha t the ass makes its choice. Observa t ions of animals 
lead us to the conclusion tha t the ass anyway is free to m a k e 
its choice unre la ted to any external mot iva t ion : all tha t it 
needs to k n o w is the existence of two bundles of hay. 

Moreover , any an imal is alive because it has to m a k e 
decisions h o w to feed itself and no t to become food for a 
beast or bird of prey. The higher a given species is on the 
evolut ion tree, the greater the spectrum of decisions tha t it 
has to take . However , we cannot accept the hypothesis tha t 
the freedom of act ion appears abrup t ly at some stage of the 
evolut ion: even the most primit ive members of the an imal 
world retain the freedom of act ion. Moreover , it is very 
difficult to set the b o u n d a r y for the freedom of will between 
living and inani -mate wor lds . I ts much m o r e na tu ra l to 
assume tha t the free-dom of will is an immanen t , i.e. an 
intrinsic p rope r ty of the universe. Only on the basis of this 
initial a ssumpt ion can we escape from the thought less 
completely determinist ic mech-anist ic universe to the 
universe which is alive and developing. 

W e shall therefore assume tha t the universe as a whole has 
the freedom of will, i.e. the ability to t ake decisions and freely 
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act within those res t ra ints which are imposed by the laws of 
physics, including those of classical physics. This freedom of 
action is realised in the form of an e n o r m o u s range of small 
free act ions and each of them should fit within the f ramework 
of the physical laws. This means tha t the freedom of act ion 
can be realised only at bifurcation po in t s where the laws of 
mechanics and physics permit mul t ipa th development of a 
process . 

Let us begin with classical physics. A typical example of 
bifurcat ion can be found in Fig. 15b, which shows an 
uns tab le posi t ion of a mater ia l poin t at the top of a h u m p 
between two poten t ia l wells. The instabili ty of the initial state 
causes the mater ia l po in t to roll down into one of the wells. 
The result is spon taneous symmetry breaking . The process 
can be regarded as the result of evolut ion under the influence 
of an initial pe r tu rba t ion . The pe r tu rba t ion itself can be 
regarded as completely r a n d o m , unre la ted to any cause. 
However , equally well we can say tha t the universe as a 
whole (including a large n u m b e r of small links, i.e. p e r t u r b a ­
t ions) 'makes a decision' on the subject of this spon taneous 
symmetry breaking . Similarly, r a n d o m bifurcat ions can be 
regarded as occurr ing in a causeless and spon taneous 
manner , i.e. as if they have been adop ted in a vol i t ional 
manne r from outside the system. 

Let us n o w tu rn to the microwor ld . Large-scale bifurca­
t ions can occur in systems of m a n y particles. However , of 
much greater interest are the smallest bifurcat ion t ransi t ions , 
i.e. the collapse of wave functions. It is na tura l ly t empt ing to 
consider the collapse events as microinstabil i t ies of a certain 
kind. One could assume, for example, tha t the wave function 
which splits into incoherent pa r t s is uns tab le and tha t a 
part icle m a y be in one coherent subpacket . This app roach is 
close to the idea of h idden variables and can hard ly serve as 
the basis for complete unde r s t and ing of microprocesses . 
Moreover , we can easily give a counterexample which 
contradic ts this hypothesis . Specifically, let us again divide 
one wave function between two poten t ia l boxes and then heat 
the boxes, so tha t the coherence between the two pa r t s of the 
wave function is destroyed. The collapse of the wave function 
occurs in one of the boxes and this is where the part icle is 
located. The part icle cannot j u m p from one box to the other . 

Therefore, it is m o r e logical to assume tha t the wave 
function is above all a 'measurement index' . This can be seen 
par t icular ly clearly in Schwinger 's formalism when measure ­
ment symbols are in t roduced. These symbols are simply 
possibilities or in tent ions of a part icle to manifest some 
value of a physical quant i ty . The real physical qual i ty is 
found only by measurement when the intent ion collapses, i.e. 
when the wave function collapses, and this is accompanied by 
the collapse of probabil i t ies , which is the recording of the 
relevant quant i ty by a measur ing ins t rument . 

If we n o w tu rn back to Section 24, we can demons t r a t e 
once again tha t the evolut ion of the state vector, i.e. of the 
wave function, in t ime is in a na tu r a l way inscribed in the 
formalism of t ime evolut ion of the measurement symbols . 
Exaggera t ing somewhat , we can say tha t the whole q u a n t u m 
theory represents the formalism for the descript ion of the 
t ime evolut ion of measurements in the microwor ld . Even in 
q u a n t u m theory the field opera to r s evolve with t ime only to 
be able to act on the s ta t ionary state vector, which is the 
quintessence of the in tent ions in the microwor ld . W e can n o w 
unde r s t and at a qual i ta t ive level the evolut ion of the n a t u r e 
on the Ear th , as observed by us . The most general app roach 
to the descript ion of a toms , molecules, and fields which 

form our envi ronment is based on the use of the wave 
function \p — i.e. of the state v e c t o r — w h i c h obeys the 
following equat ion: 

iH^- = Hxjj + M\jj . (204) 

Here , H is the Hami l ton i an opera tor and K is the collapse 
opera tor . In the absence of collapse events, E q n (204) 
describes the evolut ion of a pu re state for the whole mat te r 
on the E a r t h including the biosphere . W e then have 

<K0 = e x p ( - ^ ( 0 ) , 

where i/f(0) is the initial state vector. Ins tead of \j/(t) we can use 
the Heisenberg representa t ion by in t roducing t ime-
dependent opera to rs . These opera to r s act on the s ta t ionary 
state vector i//(0). All the re la t ionships then have Loren tz -
invar iant form. 

However , i/f(0) has an enigmetic form and in order to 
describe real processes al lowing for the rma l mo t ion we have 
to adop t addi t iona l statistical averaging. Such averaging in 
fact implicitly implies the occurrence of collapse events which 
create a mixed ensemble from a pu re state. If statistical 
averaging is not carried out , bu t the existence of collapse 
events is assumed, then the opera tor M should be regarded as 
r a n d o m because it is an ana logue of a set of causeless voli­
t ional events. Na tura l ly , the state vector \j/(t) also becomes a 
r a n d o m quant i ty . 

It is na tu r a l to assume tha t the collapse events K realise a 
nonequi l ibr ium evolut ion of a system. This is par t icular ly 
clear in the processes similar to measurements when the 
collapse of wave functions is accompanied by the collapse 
of probabil i t ies . As demons t ra ted in the preceding sections, 
the negen t ropy of a collapsing system should then increase 
because of an increase in the en t ropy of the envi ronment . It is 
clear tha t this can only give rise to a nonequi l ib r ium system. 
On Ea r th the most powerful source of nonequi l ibr ium is solar 
rad ia t ion and, therefore, the ra te of collapse (of the state 
vector and probabil i t ies) is governed by the negent ropy flux 
from the Sun. 

However , the collapse of wave functions need no t be 
accompanied by the collapse of probabi l i t ies because of, for 
example, t he rma l mot ion . Nevertheless even in this case a 
nonequi l ibr ium envi ronment plays an impor t an t role. The 
si tuat ion is similar to tha t of molecular chaos . W e have seen 
tha t even a weak coupl ing to the external wor ld considerably 
alters the evolut ion of a system of m a n y particles: in a closed 
system the reversible Liouville equat ion applies and the 
coupl ing with the envi ronment destroys the reversibility of 
t ime. A similar s i tuat ion also arises in the q u a n t u m case: a 
closed system evolves as a pu re state and the coupl ing to the 
external envi ronment dis turbs the coherence and leads to 
collapse events. 

The s t ructure of Eqn (204) suggests tha t a real physical 
system includes b o t h the cause-and-effect Lorentz- invar ian t 
evolut ion of the state vector, — i.e. the evolut ion of 
' in ten t ions ' — and the r a n d o m 'vol i t ional ' sequence of 
act ions, i.e. the collapse events M. The collapse of the wave 
functions on the Ea r th is in the final analysis due to the 
collapse of solar rad ia t ion p h o t o n s in the cascades of their 
t r ans format ions into the rmal mo t ion of a toms and 
molecules. The ra te of collapse, i.e. the absolute value of the 
nonl inear opera tor M , is governed by the level of the solar 
negen t ropy flux. The collapse opera tor need no t be Loren tz -
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invar iant . It acts pr imar i ly in a coord ina te system linked 
rigidly to Ear th . In a system of correlated part icles at rest the 
collapse opera to r acts s imultaneously in the whole space, i.e. 
it acts ' ins tan taneous ly ' in t e rms of the absolute t ime t to 
within a cons tant t ime of the process A .̂ The collapse 
opera tor for mobi le correlated systems of particles, no t 
isolated from the envi ronment , acts consecutively in t ime t 
on a wor ld line of the phase velocity of the centre of mass . 

It follows tha t even in te rms of the microscopic s t ructure 
of mat te r and fields we have to distinguish the cause-and-
effect and 'vol i t ional ' (i.e. spontaneous ly acting) aspects of 
the evolut ion of the world . Wi thou t the collapse event the loss 
of coherence of the separate pa r t s of the wave function would 
have resulted in a b ranched scenario of the development of 
the world: according to Everet t III [27], we can imagine m a n y 
wor lds developing in parallel . In fact , however , we live in 
one na tu ra l world: the spontaneous ly occurr ing 'vol i t ional ' 
collapse events create a un ique and unrepea tab le line of 
evolut ion and development of the world . The addi t ion of 
macroscopic bifurcat ions does no t alter the qual i ta t ive 
picture, bu t greatly extends the range of possible scenarios 
out of which the his tory chooses just one. 

W e shall go back again to the p rob lem of the past , 
present , and future, bu t we shall n o w assume tha t 
super luminal signals m a y p r o p a g a t e because of the collapse 
of wave functions. W e shall select a coord ina te system linked 
to the solar system. W e can assume tha t the bulk of mat te r in 
such a coord ina te system is at rest because the mot ion of all 
the macroscopic bodies takes place at velocities much less 
t han the velocity of light. The t ime t in such a system will be 
regarded as ' absolute ' . Then, in the simplified pa t te rn of one -
dimensional mot ion , a simplified graph of the past , present, 
and future for a part icle at x = 0, t = 0 has the form shown 
in Fig. 31. In this figure the hatched region P cor responds to 
the past : an observer at the point x = 0, t = 0 can receive 
signals t ranspor ted by mater ia l carriers (waves, particles) 
from the whole of this region. The b o u n d a r y N of this region 
cor responds to the present: this is wha t the observer at x = 0, 

Figure 31. Graph of the past, present, and future for a point x = 0 at the 
time t = 0. The shaded region P covers the past events and its boundary 
N corresponds to the present. The region F is the dynamic future: the 
point x = 0, t = 0 can be the cause of the events in this region. In the 
regions C an information coupling is possible with other points of the 
spatial intervals: the continuous line t = 0 corresponds to the collapse in 
the 'absolute t ime' and the dashed lines represent the collapse in moving 
bodies which are information-coupled to the main body at rest. The 
arrows indicate possible directions of control signals. 

t = 0 sees a round himself, including the stars in the distant 
galaxies. All tha t this is outside P is the future: if the observer 
moves uniformly a long the t axis, then sooner or later any 
poin t outside P passes th rough the 'present ' crossing the 
moving b o u n d a r y N . However , the future divides natura l ly 
into two regions F and C. 

The region F is the dynamic (i.e. active) future for the 
poin t x = 0, t = 0: an observer at this po in t can actively 
influence the events in F with the aid of signals t r anspor ted by 
mater ia l carriers. The region C is the passive future. This 
future sooner or later crosses the ' p r e s e n t ' N , bu t the observer 
at x = 0, t = 0 cannot influence this future by mater ia l 
signals. The reverse is also t rue: no object in the future C can 
send a signal by a mater ia l carrier to the poin t x = 0, t = 0. 
In other words , within the f ramework of the dynamica l 
in teract ions the po in ts in the region C cannot be in the 
cause-and-effect relat ionship with the poin t x = 0, t = 0. 

W e shall n o w assume tha t the q u a n t u m collapse events 
occur in such a way tha t they can t r anspor t super luminal 
signals because of the q u a n t u m correla t ions of the 
' en tangled ' states, i.e. we shall admi t the feasibility of the 
' q u a n t u m tele-graph ' . Then the collapse events involving 
part icles travell ing at subrelativistic velocities cor respond to 
the ' i n s t an taneous ' (V = oo) t ransmiss ion of a signal, which 
is identified by the double-headed a r rows on the x axis. The 
dashed lines in Fig. 31 cor respond to moving bodies for 
which the signal velocity is V' = oo in their own coord ina te 
systems. If the wave functions of the part icles of these bodies 
have correla-t ion links with the external envi ronment , then 
only tha t direc-tion of p ropaga t i on of the cont ro l (i.e. 
carrying informat ion) signals is possible which cor responds 
to an increase in the 'absolute t i m e ' t . Direc t ions of this kind 
are identified by a r rows of the dashed lines in Fig. 31. It is 
implied tha t we can imagine a moving b o d y isolated 
absolutely from the external world , and this includes 
isolation in respect of informat ion . If nonequi l ib r ium 
irreversible processes occur in this body , then the collapse 
of wave functions also occur in it. In this case it is sufficient 
just to lock the coord ina te system of Fig. 31 to a moving 
b o d y and the rest of the reasoning can be applied in the new 
coord ina te system. In other words , the full Loren tz 
invariance includes informat ion isolation of the system. 

41. Hierarchical systems 
The term 'hierarchical system' reminds us a little of b u r e a u ­
cracy. In fact, the principle of hierarchical organisa t ion is 
used to construct any managemen t s t ructure , which m a y be 
managemen t of a small enterprise, a ministry, or the State as a 
whole . The principle of such a s t ructure is i l lustrated in 
Fig. 32. 

At the head of such a m a n a g e m e n t s t ructure there is one 
person M who makes the final decisions on the mos t 
impor t an t p rob lems in an enterprise D . Between M and D 
there is an in termedia te managemen t level (or several such 
levels). The level C repor t s to M abou t the decisions made , 
receives orders from M , and controls sections of the 
enterprise D so as to ensure its op t imal functioning. 

It would seem tha t Fig . 32 is very far from the physical 
systems under discussion here. However , this is no t t rue: in 
complex open physical systems there m a y be tendencies to 
splitting into informat ion and dynamica l subsystems, some­
wha t similar to the d iagram in Fig. 32.Let us consider wha t is 
involved here. W e recall tha t an open physical system is 
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nonl inear links between Qt. Consequent ly , the p a t h Qt in the 
phase space m a y be very sensitive to small pe r tu rba t ions and 
have m a n y bifurcat ion poin ts . U n d e r these condi t ions the 
phase poin t m a y be easily t ransferred from one pa th to the 
other by small external pe r tu rba t ions or small changes in the 
s t ructure elements of the system. 

Those s t ructure elements which can strongly influence 
the dynamics of a system by relatively small pe r tu rba t ions 
(signals) na tura l ly form a cont ro l s t ructure. In this way 
complex dynamica l systems can themselves split into two 
hierarchical levels as shown in Fig. 34. 

Figure 32. Hierarchy of a management structure: M is the head of 
the organisation, C are divisional heads, and D are sections of the 
organisation. 

constructed in accordance with the principle i l lustrated in 
Fig. 33. A n open system X receives from outside an ordered 
energy of power P and a negen t ropy flux —St. If, for example, 
the t empera tu re of the system X is T and the arr iving energy 
has an en t ropy which can be described by an effective 
t empera tu re Teff, then the negen t ropy flux is — St = 
-P(Tt eff 

Irreversible processes inside the system X lead to en t ropy 
creat ion and a small pa r t of the negent ropy arriving in the 
system is dissipated in the ma in tenance and improvement of 
the internal s t ructure of the system X. The en t ropy flux SQ9 

generated in the system X, is expelled, together with an excess 
mass , outs ide in the form of waste. 

If the system X has an internal s t ructure which is no t too 
complex, it m a y behave as a h o m o g e n e o u s dynamica l 
(mechanical) system. F o r example a m o u n t a i n river receives 
mass (water) and an ordered potent ia l energy from the 
melt ing of glaciers. In te rms of hydrodynamics , the river has 
no internal s t ructure with a memory , unless we are interested 
in the evolut ion of the river gorges or valleys. 

However , in m o r e complex systems with a complicated 
internally organised s t ructure a single system m a y split into 
two closely coupled subsystems. One of them we shall still call 
dynamica l or force subsystem and the second can be called 
the informat ion or cont ro l subsystem. This is possible 
because of the great complexity of the 'phase po r t r a i t ' of the 
system. If such a system is described by certain order 
pa ramete r s , which are generalised coord ina tes Qu then the 
evolut ion of Qt in t ime m a y be very complex because of 

Waste: Se+M 

Figure 33. Open system X receives energy from outside at a rate equal to 
the power P and can receive matter at a rate M. The energy should arrive 
in an organised form, so that together with the energy in the system a 
negative entropy (5,-) is introduced. Waste is ejected from the system X to 
the external environment and this waste results in ' thermal pollution' of 
the medium in the form of an increase in the external entropy at a rate Se; 
the waste also includes the mass M flowing through the system. 
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Figure 34. Hierarchical systems X and Y consist of dynamic systems D x 

and D Y and control subsystems C x and C Y . Each of the 'control units ' , 
for example C x , receives information on its dynamic subsystem and on 
other systems. It uses this information to form control signals C x and D x . 

Let us consider, for example, a system X. It has two 
hierarchical levels: a cont ro l subsystem C x and a dynamica l 
subsystem D x . H e r e C x is also a dynamica l system, bu t it is 
m o r e 'sensitive' t han D x . The block C x can 'work ' with much 
weaker energy exchange processes, i.e. it can in fact work 
with 'signals ' . If the subsystem C x is organised in a fairly 
complex manne r , it m a y no t respond to the intensities of the 
t ransmit - ted signals, bu t to their profiles, i.e. to their 
'meaningful pa r t s ' . In other words , C x becomes an 
informat ion system and its complex internal organisa t ion 
makes it possible to construct a thesaurus , which is a set of 
in ternal archives which enables the system to process the 
incoming informat ion and generate cont ro l signals addressed 
to the dynamica l sub-system D x . W e shall refer to the 
hierarchical systems of the type shown in Fig. 34 as systems 
with informat ion behaviour . 

W e shall n o w consider two systems with informat ion 
behaviour , X and Y, as shown in Fig. 34. The highly sensitive 
block C x can receive signals no t only from its dynamica l 
subsystem D x , bu t also from the subsystems C x and D x of 
the second system Y. The signals should carry informat ion, 
i.e. the relevant negen t ropy should also be supplied from 
somewhere outside. The blocks C x and C Y can then utilise 
either pa r t of tha t negen t ropy which reaches the b locks D x 

and D Y or other negen t ropy fluxes which exist in the n o n -
equil ibrium external world . If we consider living organisms, 
then the negent ropy source for the D subsystems is food and 
informat ion m a y be obta ined with the aid of light received by 
the vision organs . 

F o r any system X the second system Y m a y be the whole 
external world . In this case we should speak of ' immers ion ' 
of a given system in the external Universe and of its 
adap ta t ion to the energy and informat ion fluxes in the 
nonequi l ibr ium Universe . It is in the case of the systems 
with informat ion behaviour tha t this m u t u a l relat ionship 
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between the dynam-ical and informat ion processes, discussed 
in the preceding sections, is impor t an t . 

It should be po in ted out tha t the s t ructura l complexity 
and s t ructura l hierarchy, ra ther t han the h ierarchy of 
e lementary levels (particles, a toms , molecules, bodies) are 
m o r e impor t an t for informat ion behaviour of complex 
physical systems. Elements of informat ion behaviour are 
also exhibited by micr op articles in the form of the collapse 
of the wave functions and as the s t ructures become larger and 
m o r e complex, they acquire nonequi l ib r ium collective order 
pa rame te r s playing the role of dynamica l variables. The 
collapse of wave functions and the bifurcat ions of their 
dynamica l variables near b ranch ing po in t s look like free 
deeds, i.e. as manifes ta t ions of the freedom of will. This is 
why na tu re as a whole can develop freely and this is realised 
by s t ructura l complicat ions and development of its 
componen t elements which are complex physical systems. 

42. Summary 
Let us n o w summar ise briefly all tha t has been said above. 

At a school level knowledge of mechanics an unwi t t ing 
impression is gained tha t this b r anch of physics is an exact 
science dealing with a set of clearly formulated and exactly 
solvable elegant dynamica l p rob lems . At least this is h o w 
mechanics is usual ly taught . This impression of mechanics 
leads qui te na tura l ly to a mechanis t ic app roach to other 
p h e n o m e n a in physics and Laplace ' s determinism then seems 
to be fully justified: it would seem tha t it is sufficient to find 
the forces act ing between individual bodies and then use the 
initial condi t ions to predict the evolut ion of the world . W e 
k n o w tha t na tu re is built and develops in a much m o r e 
complex manner . However , it m a y no t yet be very widely 
k n o w n tha t the s i tuat ion in mechanics itself has changed 
considerably in the last few years . 

It has been found tha t all the exactly solvable, or in tegra-
ble, p rob lems be long to a class of specially selected, s trongly 
simplified tasks . The major i ty of the p rob lems dealing with 
mechanica l systems are no t integrable. This is not simply due 
to the inabili ty of finding the final form of the solution, bu t is 
the result of a complex behaviour of dynamica l systems 
which resembles chaos ( r a n d o m behaviour ) . This 
behaviour , k n o w n as the dynamica l chaos, ha s been 
demons t ra ted and analysed for a large number of specific 
examples and it seems a fairly universal p h e n o m e n o n . In this 
case, ne ighbour ing pa th s of mo t ion diverge in the phase 
space, i.e. the mot ion is locally uns table . Therefore, a 
descript ion of such mo t ion can be provided only by r igorous 
calculat ions of the pa th s on a computer , bu t also by statistical 
m e t h o d s if our interest is in the behaviour of a system 
evolving over a fairly long per iod t ime. 

However , this is not all. In discussing the behaviour of 
systems with stochasticity and the characterist ics of the 
interact ion of such systems we can use ideas bo r rowed from 
the theories of cont ro l and cybernetics tha t have been 
developed to describe cont ro l systems deliberately created 
by man , bu t which also have their own analogues in na tu ra l 
p h e n o m e n a , par t icular ly in biological processes. 

Chao t i c behaviour is typical of a large number of 
dynamica l systems, b o t h energy-conserving and dissipative. 
In Hami l ton i an systems in which the phase vo lume is 
conserved the mot ion represents mixing in the phase space: 
an initial ' d r o p ' of the phase space is of a size which is set by 
the uncer ta in ty of the initial da ta and becomes deformed in a 

complex manne r dur ing its mot ion . The ' d r o p ' sprouts 
' b ranches ' which then become longer, deformed, and 
gradual ly pene t ra te the whole phase space while re ta ining 
their volume, so tha t the result resembles a bal l of co t ton 
wool . The close p a t h s diverge rapidly from one another 
dur ing such mot ion and the average range of their 
divergence is characterised by the K o l m o g o r o v - S i n a i 
ent ropy. In the course of this mixing process the p a t h s m a y 
at any given poin t in space be approached arbi t rar i ly close. 
These systems are k n o w n as ergodic: the t empora l and spatial 
average values of a certain function of the coord ina te of the 
phase space are identical. 

In systems with dissipation the phase vo lume cont rac ts 
dur ing mot ion . In the simplest case such a system evolves to a 
state of equil ibrium: the cor responding p a t h in the phase 
space has the form of a stable focus. W h e n energy is supplied 
from outside, a dissipative system m a y experience stable 
oscillations — they represent a stable cycle in phase space 
(and in the mul t id imensional phase they represent a torus) — 
or it m a y exhibit complex stochastic mo t ion k n o w n as a 
s t range a t t rac tor . All the p a t h s of a dissipative system in the 
phase space thus cor respond to a t t rac tors : they represent an 
equil ibrium, per iodic oscillations, or a s t range a t t rac tor . One 
of the a t t rac tors m a y be the destruct ion of the system. 

If a dissipative system has m a n y degrees of freedom, it can 
have m a n y a t t rac t ion zones in the phase space. If they are 
composed of stable foci, the system tends to one of the stable 
equil ibrium poin ts . In this case it is usua l to speak of a 
mult iequi l ibr ium system and the simplest example is a com­
puter memory . The limiting state m a y also be one of the limit 
cycles: such memor ies also exist (for example, a cyclic t ra in of 
magnet ic bubb le doma ins runn ing one after ano ther ) . In a 
m o r e general case a system m a y tend to one of m a n y possible 
a t t rac tors , including s t range a t t rac tors . W h e n external 
act ion takes a system out of a given a t t rac tor state, the 
system will evolve to another a t t rac tor where the a t t rac t ion 
zone covers the poin t of the initial state of the system. A n 
order ing process k n o w n as self-organisation m a y develop in 
complex many-a t t r ac to r physical systems. 

In the simplest case the process of self-organisation repre ­
sents the appearance of order in an initially h o m o g e n e o u s 
systems, i.e. it represents spon taneous symmetry b reak ing in 
an uns tab le homogeneous state. There are m a n y examples of 
self-organisation of this type in physics, chemistry, and other 
na tu ra l sciences. 

Second-order phase t rans i t ions can be described, follow­
ing L a n d a u , by in t roduct ion of an order pa ramete r . A similar 
app roach is used to describe the appea rance of Benard cells 
in a layer of a liquid heated from below. These examples 
demons t ra t e the appearance of order and of new symmetry is 
associated with an increase of a certain physical order 
pa ramete r well above the initial the rmal level. F o r an ins ta­
bility in a liquid the relevant physical pa rame te r s are the 
velocity, density, and t empera tu re . Chemical self-oscillatory 
waves (self-waves) can be described in te rms of the concent ra ­
t ions of the substances par t ic ipa t ing in the react ion. 

Macroscop ic quant i t ies such as the velocity, density, 
t empera tu re , and concent ra t ion of chemical substances are 
con t inuous functions of a point , i.e. they are physical fields. 
Therefore, such fields formally have an infinite n u m b e r of the 
degrees of freedom. However , when order appears or 
s t ructures develop, only a finite n u m b e r of the degrees of 
freedom is excited. This is manifested par t icular ly by the 
Benard cells or the Taylor vortices. Therefore, systems with 
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order ing can frequently be regarded as having a finite 
number of the degrees of freedom and they can be model led 
(at least numerical ly) by simple dynamica l systems. It is 
wor th recalling tha t s t range a t t rac tors have been found 
specifically when describing convection in a liquid. 

After t rans i t ion to turbulence the number of strongly 
excited degrees of freedom can be very large. However , even 
then the n u m b e r of effectively active free quant i t ies need not 
be very large. The fractal dimensional i ty of the effective 
phase space is as a rule no t high: small-scale degrees of 
freedom simply ma tch the large-scale ones and play the role 
of stronger dissipation. 

Summaris ing, we can say tha t self-organisation in h o m o ­
geneous media and the format ion of s t ructures br ing some 
collective degrees of freedom to a level which is far from 
thermal . These degrees of freedom can be described in te rms 
of macroscopic pa rame te r s which play the role of generalised 
coordina tes in the relevant dynamica l models . Therefore, 
descript ions of self-organised systems resemble those of 
dynamica l systems. 

A m o r e complex type of self-organisation appears in tha t 
case when the hierarchy m a y develop further in the newly 
formed structures because of the appea rance and interact ion 
of new structure elements. A n example is provided by 
prebiological evolut ion of macromolecules and biological 
evolut ion. A d o p t i n g a simplified app roach we can say tha t 
such self-organisation involves new degrees of freedom 
which, in te rms of dynamica l modell ing, can be regarded as 
m e m o r y componen t s in mul t is table states. F o r example, 
desert sand dunes can be t reated as a slowly evolving 
dynamica l system which stores the his tory of the interact ion 
of the surface of the sand with the wind. A quant i ta t ive 
descript ion of the cor responding development processes m a y 
be model led by dynamica l const ructs with dissipation and 
m e m o r y and with a sufficiently large number of the degrees of 
freedom. 

The very existence of stochastic systems with a small 
number of degrees of freedom significantly alters our ideas on 
the formulat ion of dynamica l p rob lems . In fact, it had 
hi ther to been assumed tha t stochasticity is a p rope r ty only 
of systems with a very large n u m b e r of the degrees of freedom 
when it is na tu ra l to employ a statistical description, whereas 
systems with few degrees of freedom should be described 
exactly, i.e. 'exactly ' in the f ramework of the adop ted model , 
which m a y no t cor respond fully to reality. However , this can 
be replaced by an analysis of the response of a system to small 
pe r tu rba t ions : in a stable system the pe r tu rba t ions remain 
small. 

If a system is uns table , then all the p a t h s in the phase 
space diverge and, therefore, the initial da ta become very 
impor tan t . If we wish the p a t h of real mo t ion to be close to a 
selected one, i.e. tha t the end of the p a t h should be in a certain 
region of the phase space, the initial da ta should be selected 
sufficiently precisely. In other words , it is necessary to specify 
the value of each of the coordina tes q to a sufficiently large 
number of decimal places. The number of decimal places is 
p r o p o r t i o n a l to + ln( l /Ag) , where Aq is the error with which 
a coord ina te is specified. W h e n all the coordina tes and 
m o m e n t a are specified with a certain error, the result is a 
quant i ty p r o p o r t i o n a l to l n ( W A V ) , where V is the to ta l 
vo lume of the phase space and AV is the p ropo r t i on of this 
vo lume in the initial state. The quan t i ty l n ( W A V ) is k n o w n 
as the a m o u n t of informat ion. Therefore, in the case of 
uns tab le systems we have to deal not only with the 

dynamica l pa r t of the p rob lem, associated with the forces 
acting between the bodies , bu t also with the informat ion pa r t 
which plays a major role and is associated with the 
specification of the initial values of the coordinates . 

However , this is no t all. Let us consider, for example, a 
Hami l ton i an system and pos tu la te tha t we are interested in 
the p rob lem of a phase pa th reaching a certain finite ' d r o p ' in 
the phase space. Let us project this ' d r o p ' a long the phase 
p a t h from the future to the initial t ime. Then this ' d r o p ' 
spreads out to resemble a 'ball of co t ton w o o l ' covering a 
large pa r t of the phase vo lume in the manne r of a highly 
p o r o u s body . A r a n d o m poin t in this vo lume is unlikely to be 
located on a 'f ibre' of the ' co t ton-wool bal l ' , bu t a small 
displacement in the phase space m a y result in placing this 
po in t on a pa th inside a 'f ibre' ending in a ' d rop ' . Therefore, a 
very small displacement in the phase space can br ing the 
poin t to the required pa th : all tha t is necessary to k n o w is in 
which direction the displacement should be made . This 
knowledge is also informat ion . The simplest m e t h o d of 
ob ta in ing this knowledge involves following the pa ths . This 
is exactly h o w the cont ro l systems are constructed: they 
follow the real p a t h and apply small signals to alter it to the 
required one. 

It follows tha t small signals can greatly alter the p a t h s in 
uns tab le systems. In the case of these signals it is no t their 
ampl i tude which is impor tan t , bu t the exact ma tch ing to the 
feasibility of t ransferr ing the initial p a t h to the required one, 
i.e. the correct informat ion on the s t ructure of the phase 
por t ra i t is necessary. 

Let us n o w consider dissipative systems. As poin ted out 
earlier, the phase space of open dissipative systems can be 
represented in a simplified manne r as divided into regions of 
a t t rac t ion to different a t t rac tors . The system can be t r a n s ­
ferred from one a t t rac tor to another if it is t aken from one 
region of a t t rac t ion to another . Again it is not the magn i tude 
of the force acting tha t is of p r ime impor tance , bu t its 
informat ion characterist ics: a force is necessary to transfer 
the system to any poin t of a t t rac t ion of the second a t t rac tor , 
i.e. the system has to be provided with a certain a m o u n t of 
informat ion l n ( W A V ) , where AV is the a t t rac t ion vo lume of 
the second a t t rac tor . Obviously, in reality the transfer of a 
system from one a t t rac tor to ano ther requires a certain 
a m o u n t of energy and there m a y be a m in imum value of 
this energy be low which the transfer is impossible and the 
appro-pr ia te signal does no t implement the available 
informat ion. 

Nevertheless , no t only the dynamica l bu t also the 
informat iona l aspect is impor t an t in a transfer of this kind. 
It should therefore be described in te rms of informat ion 
processes. The impor t an t feature is no t only the a m o u n t of 
the informat ion which is provided, bu t also its content 
(sometimes called the semantic content) , i.e. an indicat ion 
to which specific a t t rac tor the system is being transferred. 

Let us consider a system which is dynamical ly uns table , 
i.e. a system with diverging pa ths . The discussion can be 
m a d e easier by considering a very much simplified discrete 
mode l in which the pa th passes consecutively t h rough 
bifurcat ion poin ts . 

At each such bifurcat ion (branching) po in t a system 
forms a 'deed ' or 'act ' : it selects one of the subsequent pa r t s 
of the pa th . At every poin t the selection is r a n d o m and there 
is no correlat ion between the selections, which means tha t we 
are dealing with a M a r k o v chain. However , this aspect is of 
no interest to us . 
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W e shall assume tha t our system in fact complex and, in 
addi t ion its external dynamic variables, it has also internal 
degrees of freedom such as those cor responding to mul t i -
stable states or in ternal a t t rac tors . Then the p a t h selection at 
the bifurcation poin t is governed by the state of the internal 
degrees of freedom. If the system has an energy source, then 
in the selection process it is again impor t an t to have just an 
informat ion hint which pa th is preferable. A system of this 
kind m a y be regarded as one with control , which is governed 
by the state of the in ternal pa r t of the dynamica l system. 

Against the b a c k g r o u n d of force dynamics the behaviour 
of this system begins to be governed by its informat ion 
proper t ies so tha t it can be called a system with informat ion 
behaviour . If there is moreover a feedback between the 
dynamica l and internal degrees of freedom, then a system of 
this kind can react in a complex manne r to all external 
stimuli. 

The behaviour of complex systems is undoub ted ly a 
suitable topic for specific investigations. Nevertheless , some 
general ideas can be pu t forward. 

In a compar i son of simple and complex systems, for 
example simple mechanisms and biological systems with a 
complex hierarchical organisa t ion, the pr incipal difference 
between them strikes the eye: the mo t ion of simple 
mechanica l systems is fully predetermined, whereas in the 
case of living (even the simplest) o rganisms we can detect 
signs of free behaviour , which is no t determined simply by 
external factors. Na tura l ly , this freedom of act ion is 
manifested even m o r e strongly by complex organisms. 

The quest ion arises whether it is possible to follow this 
t rend s tar t ing with the ideas on self-organisation. 

As ment ioned earlier, self-organising systems can split 
into dynamica l and informat ional (control) par t s . If we are 
dealing with biological or prebiological systems, capable of 
replicat ion and mult iple repeti t ion of a g rowth cycle, we can 
easily see tha t systems with informat ion behaviour can, and 
in fact have, advantages in the fight to survive, i.e. in the 
a t t empt to extend the phase space of their stable existence. It 
follows tha t under competi t ive condi t ions the dynamica l 
behav iour of a system and its development begin to be 
determined to a greater extent by its informat ion proper t ies , 
including the informat ion coupl ing to the external world . 

In addi t ion to the usua l exchange of energy and negen­
t ropy with the external envi ronment , which is necessary to 
retain an open self-organised s tructure, systems of this kind 
are capable of informat ion development , i.e. of in creasing the 
complexity and qual i ty of their control . This process is 
related to compl ica t ions of the control l ing par t , i.e. by 
appearance of new degrees of freedom or order pa rame te r s 
because of increasing number of new bifurcat ions. The 
process m a y be characterised phenomenologica l ly as 
requir ing addi t iona l informat ion from the nonequi l ibr ium 
external world . 

W h e n systems with m e m o r y and informat ion behaviour 
interact , processes of adap ta t ion of some system to o thers 
m a y take place. This is an ana logue of the appearance of 
'knowledge ' of the react ion of other systems to the behaviour 
of a given one. Fu r the r development of the mechanisms 
of adap ta t ion and opt imisat ion of the behaviour of a 
system leads to the possibili ty of da ta processing, i.e. to 
the appearance of e lementary consciousness. However , in 
addi t ion to freedom, these complex systems exhibit the 
beginnings of free will. 

F r e e d o m is the ability to select one of several possibilities 
and the act of volit ion is the selection itself. In uns tab le 
systems with diverging pa th s it is sufficient to select one of the 
p a t h s by al tering very slightly the initial da ta , i.e. to use for 
this pu rpose a very small signal with specific informat ion. In 
a complex system with informat ion behaviour this selection 
can be m a d e by a signal from a cont ro l uni t . This signal is 
generated by a cont ro l system in the process of its dynamic 
mot ion and using the accumula ted memory , i.e. knowledge. 
Such knowledge is the p roduc t of a long development of a 
given system in the course of its interact ion with other 
informat ion systems and this knowledge is to some extent of 
pe rmanen t na tu re , i.e. it is no t related solely to the events in 
the recent past . Therefore, an act of volit ion seems to be free: 
it is no t prede termined by causes which are obvious at 
present . Moreover , the informat ion integrated over a long 
t ime and accumula ted in m e m o r y includes da ta on the evolu­
t ion of the system in its envi ronment with t ime, so tha t it is 
possible to predict events and m a k e decisions with a definite 
aim. In other words , in contras t to the usua l dynamics where 
the behav iour of a system is governed by its ins tan taneous 
configurat ion and by the forces cor responding to this con­
figuration, in informat ion processes the selection is m a d e on 
the basis of long-term m e m o r y and with possible ex t rapola­
t ion to the future. Hence it is possible to select the goal . In this 
way the selection of the goal and its feasibility can be 
regarded as quite na tu ra l p roduc t s of the development of 
complex systems with informat ion behaviour . 

It would seem tha t the m o r e complex the system, the 
greater the degree to which it should manifest aspects of 
informat ion behaviour . In na tu re as a whole the 'voli t ional 
spiri t ' is related to the s t ructure and m e m o r y tha t have 
formed as a result of a long development . If in the course of 
investigation it is possible to isolate a system from its external 
envi ronment , the s i tuat ion becomes much simpler and m o r e 
readily under s tood , bu t the si tuat ion is impoverished by 
informat ion isolation from the external world . 

In tackl ing increasingly complex systems it is the 
s t ructura l and informat ion aspects of their behaviour and 
evolut ion tha t become of p r ime impor tance and the dynamics 
is simply the base for the development of the informat ion 
aspect. 

If we al low for q u a n t u m processes in the microwor ld the 
pic ture of development of the world becomes even m o r e 
complex and richer in the sense of informat ion behaviour . 
N e w nonequi l ib r ium and strongly nonl inear process in the 
form of the collapse of wave functions n o w come into play. 
The s t ructure informat ion links and their influence on 
dynamica l processes become correspondingly m o r e complex. 

The concept of the collapse of wave functions appears 
na tura l ly in measurements of q u a n t u m values: it follows 
from the fundamenta l principle of q u a n t u m mechanics tha t 
measurement of this k ind can provide with a certain 
probabi l i ty only one of the discrete eigenvalues of the 
cor responding opera to r . W e can see tha t when an 
' informat ion con tac t ' is established between a q u a n t u m 
object and its classical nonequi l ibr ium envi ronment (for 
example, an ins t rument) , the wave function of the object 
re ta ins only one project ion and all the other componen t s are 
destroyed. They are annihi la ted. This process is also k n o w n 
as decoherence and in recent years it has been discussed 
extensively, together with the 'historicity ' , in the l i terature on 
fundamenta ls of q u a n t u m theory (see, for example, the 
review by Omnes [41]). 
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W e have adop ted here a much simpler po in t of view 
according to which b o t h the decoherence and the collapse of 
wave functions of our envi ronment are the results of its very 
s t rong nonequi l ib ium associated in par t icular with the 
negent ropy flux from the Sun. Q u a n t u m t rans i t ions in the 
course of thermal isa t ion of the solar rad ia t ion are, on the one 
hand , responsible for the m o n o t o n i c increase in the en t ropy 
and, on the other , des t roy the coherence of the wave 
functions of macroscopic bodies and thus impose on them 
the con-di t ions of classical behaviour . In other words , the 
evolut ion of nonequi l ib r ium na tu re by itself gives rise to 
classical behav iour of macroscopic bodies . The contact 
between the classical macrowor ld and the q u a n t u m 
microwor ld induces the collapse of wave functions. In 
q u a n t u m measurements such collapse is accompanied by 
the collapse of the prob-abil i t ies , which creates informat ion 
on a microobject in the external world . 

The p rob lem of measurement in q u a n t u m mechanics has 
always a t t rac ted and cont inues to a t t ract the interest of m a n y 
physicists, b o t h theoret ic ians and experimentall ists . There 
are two main poin ts of view in this respect. One begins from 
Niels Bohr and states tha t the results of measurements are 
purely r a n d o m and tha t q u a n t u m theory can only prescribe 
the probabi l i t ies p r o p o r t i o n a l to the squares of the 
ampl i tudes of the wave function. The s t ructure of a specific 
ins t rument and the macroscopic configurat ion determine 
which specific ampl i tudes are being measured . The other 
po in t of view was pu t forward by Alber t Einstein. It 
pos tu la tes tha t behind the complex results of measurements 
lies a m o r e complex physical p ic ture of the universe. This 
second poin t of view has been developed in several var ian ts of 
theories of 'h idden var iables ' . However , in recent years, 
par t icular ly after an exper imental conf i rmat ion of Bell 's 
inequalit ies, we have seen the acceptance of B o h r ' s view. In 
spite of this, the p rob lem is still under discussion and will 
cont inue to be discussed in the scientific l i terature. 

The celebrated p a r a d o x of Einstein, Podolsky, and 
Rosen [2] is very frequently used in discussions of this kind. 
This p a r a d o x is based on a t hough t experiment in which two 
q u a n t u m part icles become separated by a very large distance 
after they interact . The two part icles are correlated and, 
therefore, the results of measurements on one part icle are 
correlated with the results of measurements on the other 
part icle. At first sight this looks like an ins tan taneous ac t ion-
at-dis tance and it is not surprising tha t different au tho r s have 
at t imes discussed the possibility of signal t ransmiss ion faster 
t han the velocity of light by means of correlated E P R pairs . 

Sh imony [5] and Ghi ra rd i , Rimini , and Weber [42] have 
shown tha t super luminal signals are impossible within the 
f ramework of the s t andard q u a n t u m theory when all the 
results of measurement follow the | \//\2 law. It is found tha t the 
measurements carried out on one pa r tne r of an E P R pair 
cannot in any way cont ro l the results of measurements of the 
second par tner . This would seem to solve the p rob lem. 
However , as specially stressed by Shimony [5], the p r o o f 
relies implicitly on the assumpt ion tha t macroscopic bodies 
cannot have microcorre la t ions . 

Sections 3 6 - 4 0 demons t ra ted tha t the p rob lem is no t so 
trivial. Section 36 described the effect discovered experi­
mental ly by Sokolov et al. [36, 37] when the flight of an 
excited 2P hydrogen a tom th rough a slit in a meta l screen 
creates cont inuously a correct ion to the 2P ampl i tude . The 
simplest theoret ical explanat ion of this effect [38] is based on 
the idea tha t the hydrogen a tom is the first pa r tne r of a set of 

E P R pairs and the second par tne r is a conduct ion electron. 
After interact ion in the surface layer with meta l the electrons 
t ravel into the interior of the meta l and their wave functions 
collapse there by the decoherence mechanism. There is no 
external measurement in this collapse and therefore the \ i//\2 

law is no t obeyed. However , it follows from energy conserva­
t ion tha t each such collapse is very likely to release a slower 
pa r t of a wave packet . There is in fact no measurement in the 
process of evolut ion of the complex wave function of m a n y 
electrons. The collapse events have the effect tha t the slow 
par t of a wave packet of each electron which has interacted 
with an a tom is somewhat m o r e likely to appear t han the 
cor responding value of \\//\2. The individual effect is 
extremely small, bu t it has the same sign for the conduct ion 
electrons, so tha t the cor responding admixtures to the 2P 
ampl i tude accumula te . W e can say tha t an excited a tom 
creates microcorre la t ions inside a macro-scopic b o d y which 
gradual ly result in the accumula t ion of the 2P ampl i tude of 
an a tom from the 2S ampl i tude . 

Since the collapse of single wave functions of electrons 
does no t necessarily obey the law of the probabi l i t ies | i / f | 2 , we 
can discuss the possibili ty of cont ro l of the collapse of the 
secondary pa r tne r s of E P R pairs . A suitable scheme was 
considered in Section 37. It is at present difficult to say h o w 
realistic such a scheme is: this is pr imar i ly a mat te r for 
exper imental verification. However , we can formulate a 
purely theoret ical quest ion: do super luminal signals con­
tradict the s t andard theory of relativity? This was discussed 
in Sections 3 8 - 4 0 . 

It is shown in these sections tha t super luminal signals 
associated with the collapse and no t with mater ia l carriers do 
no t contradic t the theory of relativity. Moreover , we can 
imagine a scheme shown in Fig. 31 when the cause-and-effect 
closure loops are completely el iminated. In this case the 
causali ty is no t violated even in the super luminal regions C. 
At a poin t x = 0, t = 0 such a region cor responds to the 
future and, therefore, the s tandard requi rement of causali ty 
in a region C (effect after cause) m a y be too stringent. 

All these topics require further investigation. 
The ideas on self-organisation and format ion of dissipa­

tive s t ructures in open systems have proved very impor t an t in 
bui lding br idges between physics and biology. It is, however, 
clear tha t one should go further and s tudy hierarchisat ion of 
s tructures, format ion of s t ructures from memory , feasibility 
of acquir ing informat ion from outside, s toring it in a 
memory , and using informat ion to cont ro l and process the 
stored informat ion with the aim of achieving op t imal control . 
W e can readily see tha t there are m a n y features in c o m m o n in 
the behaviour b o t h of organic and of inorganic complex 
systems, and tha t inorganic systems with a complex s t ructure 
are no t simple in respect of the s t ructure and their behaviour . 
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