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Ya I Frenkel's studies of the theory 
of the electric conductivity of metals 
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Abstract. The bulk of this cont r ibu t ion is a paper by 
Ya I F r enkeP on the theory of the electric conduct ivi ty of 
metals , wri t ten in 1928 and publ ished in the same year in 
U s p e k h i Fizicheskikh N a u k . M u c h of this paper is based 
on the original results of F renkeP himself obta ined in the 
years 1 9 2 4 - 1 9 2 7 . A n in t roduc to ry section provides a brief 
review of F renke l ' s ma in investigation in the fields of 
q u a n t u m mechanics and the kinetic theory of he condensed 
state, applied to specific p rob lems in physics. F renke l ' s 
paper is accompanied by necessary comment s relat ing 
mainly to the current state of the art of the subject. 

M u c h has been wri t ten abou t Y a k o v Il ' ich F renke l ' [ 1 - 3 ] , 
including also in Uspekhi Fizicheskikh Nauk [4, 5]. W e shall 
therefore preface F renke l ' s paper with just a brief 
b iographica l sketch. 

Y a k o v Il ' ich was b o r n on 10 F e b r u a r y (new style) 1894 
in R o s t o v - o n - D o n in a family of an office worker . His 
father had been a member of the ' N a r o d n a y a Volya ' 
( 'People 's F r e e d o m ' ) organisa t ion and had spent seven 
years in Siberian exile because of this activity. In 1913, 
after finishing the wel l -known K M a i high school in 
St Petersburg, F r enkeP entered the St Pe te rsburg Unive r ­
sity in the Phys icomathemat ica l Facul ty . H e completed a 
full course in three years and stayed to t rain for a universi ty 
teaching j o b . In the a u t u m n of 1917 Y a k o v Il ' ich passed in 
record t ime all the relevant examinat ions and was awarded 
a M a s t e r ' s degree. 

This helped h im to gain in 1918 the posi t ion of a p r iva t -
dozent (unestablished universi ty lecturer) at the Taur ic 
Univers i ty in Simferopol. H e worked there for three 
years. The very ha rd condi t ions dur ing the Civil W a r in 
Cr imea were aggravated in F renke l ' s case by his impr i son­
ment for par t ic ipa t ing in the government of the Taur ic 
Republ ic : he worked as D e p u t y People ' s Commissa r of 
Educa t ion and was a member of the editorial b o a r d of the 
newspaper Krasnyi Krym (Red Cr imea) . F r enkeP was 
arrested by the intelligence service of Den ik in ' s A r m y 
and spent a few m o n t h s in pr ison. W h e n he left pr ison 
he was prevented from cont inuing his teaching. One should 
ment ion also the practically complete isolation of Cr imea 
from St Pe te rsburg (at tha t t ime called Pe t rograd) and 
Moscow, where new physics schools began to evolve 
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rapidly beginning from 1918. This is the reason why, after 
a successful start in St Petersburg, the subsequent scientific 
achievements of F r enkeP were very modes t . H e did however 
gain teaching experience and, moreover , established p r o ­
fessional and persona l re la t ionships with ou t s t and ing 
scientists work ing in Simferopol: the mathemat ic ians 
N M Kry lov and V I Smirnov, the physicist I E T a m m , 
the biologist A G Gurvich and A A Lyubishchev, and the 
l i terature specialist N K Gudzi i . 

In M a r c h 1921 F renkeP re turned to Pe t rograd and 
began to work s imultaneously at the Physicotechnical 
Ins t i tu te (in his absence he was elected a staff member 
and researcher back at the t ime of foundat ion of the 
Ins t i tu te in 1918 — see p . 73 in Ref. [1]) and in the 
Physicomechanica l Facu l ty of the Polytechnic Inst i tute . 
H e soon became head of the Theoret ical Division at the 
Physicotechnical Ins t i tu te (PTI) and held the Chai r of 
Theoret ical Physics at the Polytechnic Inst i tute . All the 
scientific activities of Y a k o v Il ' ich took place at these two 
insti tutes which could justifiably be regarded as the leading 
scientific and teaching centres for physics dur ing the first 
quar te r of a century of the existence of the U S S R . At 
var ious t imes F renkeP worked s imultaneously at the 
Ins t i tu te of Chemical Physics, the M a i n Geophysica l 
Observa tory in Leningrad , the Ins t i tu te of Theoret ical 
Geophysics , the Al l -Union Inst i tute of Avia t ion Mater ia l s 
in Moscow, and K a z a n Universi ty. 

F r enkeP travelled several t imes ab road : in 1 9 2 5 - 1 9 2 6 
he went to G e r m a n y , F rance , and England as a Rockefeller 
F o u n d a t i o n fellow; in 1 9 3 0 - 1 9 3 1 for ten m o n t h s he was a 
visiting professor at the Minneso ta Univers i ty in the U S A , 
and in 1927 he spent two m o n t h s in I taly and F rance . 

F r enkeP became professor when still in Cr imea at the 
end of 1920 and was elected a cor responding member of the 
A c a d e m y of Sciences in 1929 together with his friends and 
colleagues P L Kap i t za and N N Semenov, who had been 
his colleagues at A F Ioffe's seminar on new physics held in 
Pe t rograd ( 1 9 1 6 - 1 9 1 7 ) , and then at the P T I . This was the 
end of the official career of Y a k o v Il ' ich. To a considerable 
extent this was because of his uncompromis ing struggle with 
the official Marxis t phi losophy, which had imposed restric­
t ions on the development of theoret ical physics, and even 
physics as a whole, in the thirties and forties. 

Censorship has prevented inclusion of these aspects of 
F renke l ' s b iog raphy in the b o o k s cited earlier [ 1 - 3 ] . 
Therefore, we shall t ry (at least briefly) to give an account 
of his re la t ionships with the official Soviet phi losophy. 
W h e n visiting the U S A in the early thirt ies, Y a k o v Il ' ich 
had tried to gain the a t tent ion and sympathy of Amer ican 
scientists and intellectuals for his mothe r country , and 
par t icular ly to the policy of the development of science 
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and culture, which has undoub ted ly had a major posit ive 
impact . In his own words , on re turn h o m e this gave him the 
right to criticise sharply the dis tor t ions of such policy which 
he saw with a 'fresh eye'. At tha t t ime such policy 
dis tor t ions in science affected most strongly the physicists 
because of the a t t empts of Marx is t ph i losophers to impose 
the dogma of M a r x i s t - L e n i n i s t phi losophy. In the opinion 
of and in accordance with the demands of the hera lds of this 
phi losophy, it should direct and cont ro l the development of 
new physics, par t icular ly q u a n t u m mechanics and relativity 
theory. These phi losophers rejected almost completely the 
universally recognised achievements of these fields of 
physics. 

At the Thi rd Physicochemical Conference, held in 
N o v e m b e r 1931, F renke l ' spoke against such guard ianship 
of physics. The publ ished proceeding of this Conference 
m a k e no ment ion of his speech. However , in the subsequent 
publ ica t ions of these phi losophers , above all those of 
A A M a k s i m o v , there have been frequent ci tat ions of 
F renke l ' s opinions . It has been found subsequent ly tha t 
these ci tat ions have been based on the minutes of a special 
meet ing of the Conference C o m m u n i s t Pa r ty G r o u p , held 
on 14 N o v e m b e r . F r e n k e l ' was called to this meet ing and, in 
answer to quest ions from some phi losophers a m o n g the 
member s of this G r o u p , stated tha t " T h e dialectical m e t h o d 
has no right to claim the leading role in science" and tha t 
wha t he " read in the works of Lenin and Engels could no t 
change [his] gnosiological v i ews . " In reply to a direct 
quest ion from the chemist S A Balezin "Is it possible to 
conclude from your s ta tement tha t dialectical mater ia l ism is 
an obstacle in the development of science and par t icular ly 
na tu r a l science?" F r e n k e l ' replied "Yes , it is an obstacle, at 
least in the dogmat ic form in which it is t aught n o w . " H e 
also added, in answer to another quest ion, tha t " I am not 

enthusiast ic abou t wha t I read in the b o o k s of Engels and 
Lenin. Nei ther Lenin nor Engels are author i t ies for 
phys ic i s t s" (p. 141 in Ref. [6]). 

Y a k o v Il ' ich confirmed later his negative a t t i tude to the 
regime of Arakcheev , which the official ph i losophers tried 
to impose on physics. H e did this in the middle thirt ies when 
the j o u r n a l Pod Znamenem Marksizma (Under the Banner 
of Marx i sm) launched a campaign of defamat ion (with a 
clear polit ical slant) of a number of Soviet physicists 
including S I Vavilov, A F Ioffe, L D L a n d a u , 
I E T a m m , V A F o k , Ya I F renke l ' , and some others . 
The major i ty of these leading physicists responded with 
dignity to this 'cri t icism' and defenced with courage m o d e r n 
physics from the a t tacks of the 'physics ignoramuses ' such 
as A A M a k s i m o v , V F Mitkevich, and others . It was 
surprising no t to find Y a k o v Il ' ich a m o n g those who 
answered the a t tacks , since he had the repu ta t ion of a 
resolute and uncompromis ing person, as often confirmed 
later by his colleagues and friends [2]. The answer to this 
puzzle has been found in the archives! . A A M a k s i m o v ' s 
pape r s have been found to include an article by Ya I F r e n ­
kel ' coun te ra t t ack ing M a k s i m o v and others with him so 
strongly tha t the edi tors of the j o u r n a l Pod Znamenem 
Marksizma refused to publish it (this article has been 
publ ished qui te recently; see Ref. [7]). 

The spectrum of F renke l ' s scientific interests was 
exceptionally wide and included classical electrody­
namics , electron theory, q u a n t u m mechanics , kinetic 
theory of solids and liquids, optics of crystals, physics of 
semiconductors , nuclear physics, as well as astrophysics , 
biophysics, and geophysics. H e belonged to the galaxy of 
po lyma th scientists who have n o w passed away and whose 
kind would be ha rd to find in the his tory of physics of our 
country . 

To conclude, we must ment ion tha t F r e n k e l ' was the 
founder and cont inued to be the leader, right to his last 
days, of the first seminar on theoret ical physics, in the 
U S S R . This seminar met weekly at the P T I . F r e n k e l ' was 
the au tho r of the first complete course of theoret ical physics 
( theoretical mechanics , e lectrodynamics, statistical physics, 
wave mechanics) wri t ten in 1 9 2 5 - 1 9 4 0 and publ ished fully 
in Russian, as well as part ly in G e r m a n and in English. H e 
wrote a to ta l (apar t from t rans la t ions and new editions) of 
22 m o n o g r a p h s and over 200 scientific and popu la r papers . 

Y a k o v Il ' ich F r e n k e l ' died at night on 23 J a n u a r y 1952. 

* 

The above list of active scientific interests of 
Ya I F r e n k e l ' can be grouped into three main t rends , 
which have a t t rac ted him practical ly t h r o u g h o u t the whole 
per iod of his scientific work . The first was the physics of 
real crystals (Frenkel defects, F renke l solitons, theory of 
s t rength) and the kinetic theory of l iquids. The p rob lems in 
these b ranches of physics occupied Y a k o v Il ' ich beginning 
from 1923 to the end of his life. In his au tob iography , 
publ ished in 1946, he wro te decisively: "A l though I have 
been concerned with a number of p rob lems belonging to 
different b ranches of physics, physical chemistry, and 
geophysics, the mains t ream of my work has been the 

f G A S a v i n a ( s t a f f m e m b e r o f t h e A r c h i v e s o f t h e R u s s i a n A c a d e m y o f 
S c i e n c e s , M o s c o w ) k i n d l y d r e w o u r a t t e n t i o n t o t h i s a r t i c l e ( w h i c h ex is t s 
in t y p e s c r i p t f o r m ) . 
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s t ructure of mat te r , par t icular ly of l iquids and so l id s " 
(p. 470 in Ref. [2]). 

The second of his main p reoccupa t ions have been the 
p rob lems in nuclear physics. The master thesis of 
Y a k o v Il ' ich, publ ished in three issues of Zhurnal Russkogo 
Fiziko-Khimicheskogo Obshchestva, Chasf Fizicheskaya 
( Journa l of the Russ ian Physicochemical Society, Physical 
Pa r t ) in 1 9 1 7 - 1 9 1 9 [8] was then, and for a long t ime after, 
the fullest scientific review of the subject in the Russ ian 
physics l i terature of the t ime. F r e n k e l ' was mos t active in 
nuclear research in the years 1 9 3 6 - 1 9 3 9 (developing the 
concept of the t empera tu re of nuclei and applying the ideas 
of statistical physics to the description of nuclei, p ropos ing 
an electrocapill lary theory of fission), bu t this cont inued 
well into the late forties. 

The last bu t no t the least was his interest in the electron 
theory of solids. This included q u a n t u m (1924) and wave-
mechanica l ( 1 9 2 7 - 1 9 2 8 ) theories of metall ic conduct ion , a 
theory of pa ramagne t i sm and ferromagnet ism ( 1 9 2 7 - 1 9 3 0 ) , 
physics of semiconductors and insulators , and physics of 
quasipart icles which have become k n o w n as the F renke l 
excitons (1931 - 1 9 3 6 ) . F r e n k e l ' cont inued work on these 
subjects also later and gave a full account of the major i ty of 
his results in the second edit ion of his b o o k Vvedenie v 
Teoriyu Metallov ( In t roduc t ion to the Theory of Meta ls ) , 
which had ten edit ions in Russ ian and foreign languages. 

In 1967 on the occasion of the fiftieth anniversary of the 
October Revolu t ion Uspekhi Fizicheskikh Nauk publ ished 

in two issues [ 9 - 1 0 ] the most impor t an t papers of Soviet 
physicists. Y a k o v Il 'ich was represented in these jubilee 
issues by his paper on excitons [11]. This t radi t ion was 
followed by a jubilee issue of Uspekhi Fizicheskikh Nauk 
publ ished on the occasion of the 75th anniversary of the 
foundat ion of the j o u r n a l [12] | . 

W h e n p lann ing to present F renke l ' s cont r ibut ion to the 
theory of meta ls on the centenary of his b i r th we decided, in 
a sense to supplement Ref. [12] and to reproduce here 
Frenke l ' s review " T h e o r y of metall ic c o n d u c t i o n " wri t ten at 
the invi tat ion of the editorial b o a r d of Uspekhi Fizicheskikh 
Nauk in 1928 and present ing an extended summary of his 
own results [13]. W e decided to in t roduce this paper by this 
short b iographica l no te and to follow it by a number of 
appendices and comments . W e h o p e tha t these addi t ions 
will no t be regarded as in t rus ions into F renke l ' s text and 
will help to guide the reader to some of the early original 
work of F r e n k e l ' as well as to some of the subsequent t rends 
of research in this b r anch of physics. 

The physics of metals can be regarded as a kind of a 
p rov ing g round where new physical principles are being 
tested. The concept of free electrons has been developed by 
D r u d e . His theory has been refined by Lorentz , who took 
into account the Maxwel l ian dis t r ibut ion of the electron 
velocities in a metal . Then , in 1924, F renke l ' applied the 
R u t h e r f o r d - B o h r mode l of an a tom to an electron gas and 
was thus able to resolve the p a r a d o x of the nonpar t i c ipa t ion 
of free electrons in the specific heat of metals , which was 
called the 'specific heat ca t a s t rophe ' by P S Ehrenfestf . 

Two new approaches to the p rob lem of the electric 
conduct ivi ty of metals were p roposed in 1927. Both were 
presented at the A Volta M e m o r i a l Congress held in C o m o 
in 1927 on the centenary of Vo l t a ' s death . One approach , 
p roposed by A Sommerfeld, was related to the fundamen­
t a l — for the theory of metals — transi t ion from the 
M a x w e l l - B o l t z m a n classical statistics to the P a u l i - F e r m i 
q u a n t u m statistics. The other , pu t forward by 
Ya I F renke l ' , was based on a direct extension of the 
ideas of de Broglie on the wave process, associated with 
the mot ion of electrons in empty space, to electrons mov ing 
in a metal . The stages of the development of this app roach 
are described in the paper of Y a k o v Il ' ich publ ished in 1928 
and repr inted below§. 

W e are very indebted to V I Perel ' for valuable 
comment s and suggestions which he m a d e in the course 
of a review of the mater ia l presented here. 

f N o n e o f t h e p a p e r s o f Y a k o v I l ' i c h , w h o p u b l i s h e d 17 o f t h e m in Uspekhi 
Fizicheskikh Nauk b e t w e e n 1924 a n d 1 9 5 1 , h a v e b e e n r e p r i n t e d in t h i s 
i s sue . 
J i t is a p p r o p r i a t e t o p o i n t o u t h e r e t h a t F r e n k e l ' w a s t h e first t o a p p l y t h e 
i d e a s o f R u t h e r f o r d a n d B o h r o n t h e n u c l e a r m o d e l o f a t o m s t o c o n t a c t 
p h e n o m e n a in m e t a l s . A t h e o r y h e d e v e l o p e d in 1916 m a d e it p o s s i b l e in 
p a r t i c u l a r t o p r o v i d e a t h e o r e t i c a l b a s i s o f t h e V o l t a s e q u e n c e o f m e t a l s 
( V o l t a se r ies ) in w h i c h e a c h m e t a l a c q u i r e s a p o s i t i v e c h a r g e w h e n b r o u g h t 
i n t o c o n t a c t w i t h t h e n e x t t e r m o f t h e se r ies . A n i n t e r e s t i n g a s s e s s m e n t o f 
t h i s p a p e r o f Y a k o v I l ' i c h w a s g iven b y T P K r a v e t s (p . 74 in Ref . [1]). 
T h e r e l e v a n t p a p e r s o f F r e n k e l ' , w h i c h w e r e p u b l i s h e d s i m u l t a n e o u s l y in 
1917 in R u s s i a [14] a n d in E n g l a n d [15] a n d h a d b e c o m e w i d e l y k n o w n , 
s e r v e d in 1927 a s o n e o f t h e r e a s o n s for i n v i t i n g Y a k o v I l ' i ch t o t h e V o l t a 
M e m o r i a l C o n g r e s s in C o m o . 

§ T h i s p a p e r o f Y a I F r e n k e l ' is t h e c o r e o f t h e a r t i c l e p r e s e n t e d h e r e . T h e 
g e n e r a l list o f r e f e r e n c e s a p p e n d e d a t t h e e n d i n c l u d e s t h e m a i n p a p e r s o f 
Y a k o v I l ' i ch o n t h e t h e o r y o f t h e e lec t r i c c o n d u c t i v i t y o f m e t a l s a s we l l a s 
s o m e m o r e g e n e r a l w o r k o n t h e p h y s i c s o f m e t a l s w h e r e d e t a i l e d 
d i s c u s s i o n s a r e g iven o f t h e r e l e v a n t p r o b l e m s [ 1 6 - 2 8 ] . 
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Theory of metallic conduction 
Y a I F r e n k e l ' ( L e n i n g r a d ) t 

1. Drude theory 
The main and most characterist ic p rope r ty of metall ic 
mater ia ls is their electric conductivi ty. The electric 
conduct ivi ty of metals no t only is quant i ta t ively much 
higher t han the conduct ivi ty of any of the other mater ia ls , 
bu t it also differs qualitatively. The passage of a current 
t h rough a meta l is no t accompanied by the t r anspor t of 
mat te r in the o rd inary sense of tha t word , in contras t to 
wha t happens in electrolytes. This p rope r ty of the metall ic 
electric conduct ivi ty has been explained soon after the 
appearance of the electric theory by the pos tu la te tha t 
electricity is t r anspor ted in metals no t by ions, i.e. no t by 
charged a toms or g roups of a toms , bu t by 'free' electrons 
which become separated from the individual a t o m s and 
move independent ly . D r u d e was the first to formulate 
quant i ta t ively the theory of free electrons. D r u d e based his 
theory on an ana logy between the mot ion of free electrons 
in a meta l and the mot ion of molecules in a gas. In b o t h 
cases the part icles (electrons or molecules) are not b o u n d at 
specific equil ibrium posi t ions , bu t move over the whole 
vo lume occupied by the investigated body ; the difference is 
only tha t gas molecules are confined within this vo lume by 
solid walls of some vessel, whereas in a metallic b o d y the 
role of these walls is played by its surface. 

This c i rcumstance by itself does no t yet provide g rounds 
for d rawing the analogy between electrons in a meta l and 
gas molecules (for example, in l iquids again molecules are 
no t b o u n d at some equil ibr ium posi t ions) . Moreover , there 
is every reason to assume tha t free electrons experience, in 
contras t to gas molecules, e n o r m o u s forces which are 
exerted on them by a toms , posit ive ions, and other 
electrons and which cont inuously bend their pa ths . The 
gas molecules, on the other hand , usually move rectilinearly 
and uniformly in the intervals between very brief collisions. 
Therefore, the identification of the mo t ion of free electrons 
with the mot ion of molecules in a gas has no reasonable 
basis. It was in t roduced by D r u d e mainly, if not exclusively, 
in order to simplify his calculat ions. 

D r u d e left open the quest ion of the n u m b e r of free 
electrons n (per uni t volume) and of the mean free p a t h /, 
selecting a priori only their mean-squa re velocity v, defined 
by the familiar equat ion 

I m v

2 = 1 kT , (1) 

where k is the Bo l t zmann constant and T is the absolute 
t empera tu re . It then immediate ly follows tha t the number 
of free electrons should be very small compared with the 
number of neu t ra l a t o m s which hold firmly on to their own 
electrons. Otherwise the heat capacity of metals would have 
been considerably greater than the value (6 calories per one 
g ramme-a tom) , which is predicted by the D u l o n g - P e t i t law 
and which follows from the theorem on the equipar t i t ion of 
energy. This theorem of classical statistical mechanics 
becomes invalid in the case of solids at low tempera ­
tures: according to Nerns t ' s theorem the heat capacity of 
solids tends to zero as t empera tu re is lowered. On the other 
hand , the heat capacity of a m o n a t o m i c gas retains a 

f F i r s t p u b l i s h e d in Usp. Fiz. Nauk 8 (2) 155 - 193 (1928 ) . 

constant value (three calories per one g ramme-a tom) . 
Therefore, the theory of an electron gas confined in a 
solid meta l can be reconciled with the experimental 
observat ions only if the number of free electrons is small 
compared with the number of a toms . 

If we assume tha t n is known , we can readily calculate 
the electric conduct ivi ty of a metal . Accord ing to D r u d e , 
this can be done as follows. In the presence of an external 
electric field E the mo t ion of free electrons between two 
collisions is subject to an acceleration w = eE/m (e is the 
charge and m is the mass of an electron) and electrons seem 
to 'fall ' a long the direction of this field. In a collision of an 
electron with any a tom (neutra l or positively charged) the 
electron loses its kinetic energy and transfers it to the a tom, 
which releases it in the form of heat (Joule heat) . The 
increment in the velocity of an electron at the end of its pa th 
is wt, where t is the t ravel t ime. If this addi t iona l velocity is 
small compared with the average velocity v of chaot ic 
the rmal mot ion , we can assume tha t t = l/v. Therefore, 
the average addi t iona l velocity impar ted to electrons by the 
field E is 

1 1 eE I 
a = - wt = — . 

2 2 m v 

The p roduc t of this velocity and ne is simply the density of 
the electric current , equal by definition to crE, where o is 
the electric conduct ivi ty of the meta l . Therefore, the 
conduct ivi ty is described by the expression 

e2nl 
2mv (2) 

A compar i son of this expression with the exper imental 
results is point less because we do no t yet k n o w n or /. 

However , D r u d e did no t stop at the result given above, 
bu t calculated the addi t iona l the rmal conduct ivi ty which 
metall ic bodies should have because of the presence of an 
electron gas. In so doing he pu t forward the hypothesis tha t 
the addi t iona l electron the rmal conduct ivi ty is equal to the 
the rmal conduct ivi ty of the electron gas itself, and he used 
an expression familiar from the kinetic theory to describe 
the latter: 

K = A vie , (3) 

where c denotes the specific heat per uni t vo lume of the gas 
(at cons tant volume) . In this case we have 

c = | kn 

and, consequently, 

K = \ kvnl . 

A compar i son of this expression with E q n (2) gives 

K kmv2 

a e2 

i.e. it follows from E q n (1) tha t 

a \e 

(4) 

(5) 

(6) 

Meta l s are k n o w n to be not only excellent conduc tors of 
electricity, bu t equally good heat conduc tors . Exper iments 
show tha t the rat io of the to ta l t he rma l conduct ivi ty of 
var ious meta ls to their electric conduct ivi ty is the same for 
all metals at the same t empera tu re and directly p ropo r t i ona l 
to t empera tu re . Therefore, this law (discovered by Wied-
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m a n n and F ranz ) is described correctly by Eqn (6) if o is 
unde r s tood to be no t the addi t iona l bu t the to ta l electric 
conduct ivi ty of a metal . The numer ica l value of the 
coefficient of p ropor t iona l i ty 3(k/e)2 then agrees accu­
rately with the exper imental value (it should be po in ted 
out tha t the rat io K/G does no t contain the u n k n o w n s n and 

At first sight this result seems to represent a t r i umph of 
the D r u d e theory, bu t in reality it suffers from an internal 
inconsistency. The the rma l conduct ivi ty of a meta l can be 
practical ly equal to the the rmal conduct ivi ty of an electron 
gas only if the n u m b e r of free electrons is very large. In 
reality E q n (5) is based on the assumpt ion tha t the 
t empera tu re of a nonuni formly heated meta l is governed 
by the kinetic energy of free electrons at a given point , i.e. 
the the rmal energy of a t o m s is equal to tha t of free 
electrons. This is obviously possible only if the number 
of free electrons is equal to the number of a toms . However , 
under these condi t ions the specific heat of metals would 
have been considerably greater t h a n the quant i ty predicted 
by D u l o n g and Petit in accordance with statistical m e c h a n ­
ics. 

2. Lorentz theory 
The D r u d e theory has been improved by Lorentz , who has 
t aken into account the dis t r ibut ion of the electron velocities 
on the basis of the familiar Maxwel l ian law. Accord ing to 
this law, the n u m b e r of electrons whose project ions of the 
velocities a long the coord ina te axes x , y, and z lie within 
the intervals (£, { + d{) , (rj, rj + drj), (£, £ + d£), is 

dn = A exp ( - d£ drj d£ , (7) 

where W = (1 / 2 ) m ( £ 2 + n2 + £2) = (1 /2 )mv 2 is the kinetic 
energy of an electron and A is a cons tant given by 

3/2 
(8) 

The Maxwel l ian velocity dis t r ibut ion has played an 
impor t an t role in a theoret ical explanat ion of the R i c h a r d ­
son effect (emission of electrons by heated bodies) , bu t it 
cont r ibutes only an u n i m p o r t a n t correct ion to the theory of 
electric and the rmal conductivit ies of metals . The following 
values are then obta ined for o and K: 

e2ln 

3 y/2nmkT 

3 V 2 J I W 3 V 3 J I 

(9) 

(10) 

where v is the mean-squa re velocity defined by Eqn (1). 
The rat io K/O is then 2(k/e)2T; the r igorous theory is thus 
in poorer agreement with exper iments than the approx ima te 
D r u d e theory. 

Loren tz calculated a and K by a me thod which will be 
described here, because it will be used later. The Maxwel l ian 
dis t r ibut ion of E q n (7) should be slightly dis torted by the 
presence of gradients of the poten t ia l or t empera tu re (or at 
least, a t empera tu re gradient) . In the first approx imat ion , 
this dis tor t ion has the following effect: at each poin t in 
space the dis t r ibut ion of the electron velocities is no t tha t 
which cor responds to the t empera tu re or po ten t ia l of this 
point , bu t the dis t r ibut ion cor responding to the t empera tu re 

and poten t ia l of those po in ts at which the electrons have 
just collided with the a toms (we shall consequent ly assume 
tha t any specific dis t r ibut ion of the electron velocities is 
established by such collisions). Elect rons crossing any p lane 
perpendicular to the x axis at velocities which are within the 
intervals d£, drj, and d£ have experienced the last collision in 
a paral lel p lane separated from the p lane in quest ion by a 
distance Ax = where t = l/v is the t ime from this 
collision [v = (£ 2 + rj2 + C 2 ) 1 ^ 2 ] . Therefore, the number of 
electrons of this kind, t aken per uni t volume, is no t 
fo(x, W)da> where for brevity we assume tha t 
Ae~w/kT =f0(x, W) and dco = d £ diy d £ bu t is instead 
given by 

f(x, W ) dco = f0(x + Ax, W + AW ) dco . 

Here , AW denotes the change in the kinetic energy of an 
electron in the interval Ax. In view of the smallness of this 
interval, we can assume quite accurately tha t 

/ o ( x + A x , W+AW)=f,(x, w)+(^Ax+^±AW 

or, since 

AW = eEAx 

(the change in the energy is equal to the work done by the 
acting force in the interval Ax), 

f(x, W)=f0(x, W) dx^dw ( i i ) 

This is the approx ima te expression for tha t dis tor ted 
velocity dis t r ibut ion which originates from the presence of 
the t empera tu re and poten t ia l gradients a long the x axis. 
Knowledge of the f u n c t i o n / ( x , W) allows us to calculated 
the density of the electric current and of the heat flux (i.e. 
the a m o u n t s of the electric charge or kinetic energy 
t r anspor ted by electrons per uni t t ime across an area of 
1 c m 2 perpendicular to the x axis) from the expressions 

7 = e U / d G > , Q Zf da. (12) 

The earlier expression for the electric conduct ivi ty 
[Eqn (9)] follows directly from the first of the above 
expressions since I = oE when d r / d x = 0. In the calcula­
t ion of the the rma l conduct ivi ty from Q = —KdT/dx it is 
necessary to in t roduce an addi t iona l condi t ion 1 = 0 
(which is far from being automat ica l ly valid). This gives 
E q n (10) for K. 

3. Sommerfeld theory 
As poin ted out above, the Loren tz theory does no t alter 
significantly the D r u d e theory and in any case the former 
does no t resolve the main conflict between the small 
number of free electrons required by the specific heat and 
the large value of this number which follows from the 
the rmal conductivi ty. Last year this conflict was resolved 
by A Sommerfeld, who retained all the ideas of D r u d e and 
Loren tz on the mot ion of electrons in metals and simply 
replaced the Maxwel l ian velocity dis t r ibut ion with what is 
k n o w n as the F e r m i d i s t r i bu t ion ! 

f T h e p h y s i c a l m e a n i n g o f t h e F e r m i d i s t r i b u t i o n is d i s c u s s e d l a t e r in 

S e c t i o n 4. A t t h i s s t a g e w e n o t e t h a t t h i s d i s t r i b u t i o n f o l l o w s f r o m c e r t a i n 

g e n e r a l p r i n c i p l e s o f q u a n t u m t h e o r y . 
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/<> = • 
(m/h)3 

Qxp(-W/kT) + 1 
(13) 

Here , h is the Planck constant and c is a certain fairly 
complex function of the t empera tu re T and of the electron 
density n (i.e. the number of electrons per uni t v o l u m e ) 1 ! . 
At very high values of T or for very low values of n this 
function is identical with the coefficient A in t roduced 
above and divided by (m/h) . In the opposi te case, i.e. 
when n is large and T is low, the function c(n, T) is given 
by the equa t ion} 

4 

* ( l n c)3 / 2 1 + -
8 (In c)1 

Figure 1. 

nW 
(14) 

app rox ima te expressions: 

(2nmkT)3/2 ' 

In the former case it is found tha t is very 
large compared with unity, so tha t the F e r m i dis t r ibut ion 
reduces in pract ice to the Maxwel l ian form. In the latter 
case the value of c'1 Qxp(W /kT) is conversely small 
compared with uni ty and we obta in a very different 
velocity dis t r ibut ion as well as a t empera tu re dependence 
of the average kinetic energy which is of completely 
different na tu re from tha t given by E q n (1). It is in fact 
found tha t 

1 3 2 
- kT x - In c 
2 5 1 + : 

1 

(M2 

In par t icular , if T = 0, we obta in 

1 3 h1 3 2/3 

(15) 

(16) 

It therefore follows from the F e r m i dis t r ibut ion tha t the 
average kinetic energy of electrons at absolute zero does no t 
vanish bu t re ta ins a finite value which increases with the 
electron gas density. W e can moreover show readily tha t 
this average energy increases with increase in t empera tu re 
m o r e slowly than its initial ( 'zero') value; at high t em­
pera tures we come back to the linear dependence of the 
classical theory: \mv2 = kT. These re la t ionships are 
i l lustrated in Fig. 1. 

If we identify the number n with the number of a toms 
per uni t volume, i.e. we assume tha t there is one electron for 
each a tom in a metal , then the velocity v 0 deduced from 
E q n (16) is of the order of 10 8 cm s _ 1 , i.e. it is comparab le 
with the velocities of revolut ion of the outer (valence) 
electrons in isolated a toms . The increase in the velocity 
between absolute zero and n o r m a l t empera tu res is very 
slight. The 'a tomic specific hea t ' of such extremely dense 
electron gas is negligible (about one -hundred th of a calorie). 
Therefore, the 'electron gas ' cont r ibutes practical ly no th ing 
to the to ta l specific heat of a metal . The electric and the rmal 
conductivit ies due to this gas are described by the following 

f T h e R o m a n s u p e r s c r i p t s (i .e. x » 1 1 e tc . ) wi l l b e u s e d t o i den t i f y o u r 
c o m m e n t s o n F r e n k e l ' s p a p e r . T h e s e c o m m e n t s c a n b e f o u n d a t t h e e n d 
o f t h e p a p e r ( R A S u r i s , V Y a F r e n k e l ' ) . 
j T h e e x a c t f o r m o f t h i s e q u a t i o n is a s f o l l o w s : 

J _ f°° c y x e ~ x 

y/nJo l + c e ~ x 
dx = 

4TI <n 

T ~h 
3n\2'3 

An) 

1/3 2 r 
1 e nl 

mv0 

(v « v 0 ) (17) 

and 

4 ^ rr / 3 n \ 
K~~9~ ~T~ \4n) 

2/3 
7C 

VT5 

1/3 k2Tnl 
mv0 

which gives 
- 2 / , _ \ 2 

K 

G 

7C 
T . 

(18) 

(19) 

The above expression is in excellent agreement with the 
exper imental results. However , this is not t rue of the 
preceding two expressions, because they contain the 
u n k n o w n mean free p a t h /. It should be noted tha t 
E q n (17) is of approximate ly the same form as the D r u d e 
[Eqn (2)] or Loren tz [Eqn (9)] formulas . The only difference 
between them is tha t in the former formulas the velocity v 
represents a relatively small quan t i ty p r o p o r t i o n a l to the 
square roo t of the absolute t empera tu re (at n o r m a l 
t empera tu res we have v = (3kT/m)1^2 w 6 x 10 6 cm s _ 1 ) , 
whereas in E q n (17) the velocity v 0 is of the order of 
10 8 cm s _ 1 . If the n u m b e r n of electrons is also regarded as 
constant , the t empera tu re dependence of o should reduce as 
a whole to the t empera tu re dependence of the mean free 
p a t h /. Exper iments showed tha t the electric conduct ivi ty of 
var ious metals at n o r m a l t empera tu res is inversely p r o p o r ­
t ional to the absolute t empera tu re . W e should therefore 
have / = c o n s t / r . The absolute value of / can be obta ined 
by subst i tut ing the exper imental values of o in Eqn (17) and 
this gives a value of the order of 10 ~ 5 cm at T = 300 K. 
Therefore, the mean free p a t h of electrons in a meta l should 
have approximate ly the same value as the mean free p a t h of 
molecules in a gas at n o r m a l t empera tu re and pressure, i.e. 
when the concent ra t ion of molecules is negligible. The 
familiar expression 

/ = 
1 

nnr2 
(20) 

where r is the effective rad ius of a toms (we are assuming 
tha t electrons do no t collide with one another at all), allows 
us to show readily by calculat ion tha t the effective rad ius r, 
which governs the magn i tude of the deflecting action of 
a t o m s on electrons, is approximate ly 3 x 10~ 9 cm, i.e. it is 
10 t imes less t han tha t which is usual ly a t t r ibuted to a toms 
and cor responds to the average distance between neigh-
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bou r ing a t o m s in any metal . Since, moreover , the n u m b e r n 
is independent of t empera tu re , we have to assume tha t this 
effective rad ius varies with t empera tu re approximate ly 
p ropor t iona l ly to the square roo t of t empera tu re . It 
seems tha t we are dealing no t so much with the rad ius 
of a toms , bu t with the ampl i tude of their the rmal 
v ibra t ions near the equil ibrium posi t ions . It should be 
no ted tha t the energy of such vibra t ions is a r 2 , where a is 
the coefficient of p ropor t iona l i ty represent ing the strength 
of the b ind ing of an a tom to its equil ibrium posi t ion. 
Therefore, from this poin t of view the mean free p a t h of 
electrons / should be inversely p ropo r t i ona l to the the rma l 
energy of a meta l (per uni t volume) . The the rmal energy of 
solids is k n o w n to be p ropo r t i ona l to the absolute 
t empera tu re only at m o d e r a t e t empera tures . Cool ing 
causes this energy to decrease much faster t han the 
absolute t empera tu re , so tha t the specific heat (i.e. the 
derivative of the energy with respect to t empera ture ) 
vanishes at absolute zero. Consequent ly , if the above 
in terpre ta t ion of E q n (20) cor responds to reality, i.e. if the 
mo t ion of electrons in a meta l is h indered no t by a toms 
themselves bu t only by the spheres formed a r o u n d their 
centres because of the rmal v ibra t ions , then on the basis of 
E q n (17) we can expect the electric conduct ivi ty to increase 
faster as a result of cooling than in inverse p r o p o r t i o n to 
t empera tu re , namely it should be inversely p ropo r t i ona l to 
the the rma l energy of metals . This conclusion is in 
quali tat ive agreement with the experiments . However , it 
is in reality found tha t this energy can be replaced by the 
p roduc t of the (atomic) specific heat c and t empera tu re . 
This law, established empirically by Gruneisen , is given by 
the expression 

It is therefore clear tha t the above in terpre ta t ion is 
suppor ted only quali tat ively by experiments . 

4. Pauli and Fermi distributions of the electron 
velocities 
W e shall no t analyse in detail E q n ( 1 7 ) - ( 1 9 ) bu t consider 
briefly the physical mean ing of the velocity dis t r ibut ion law 
from which these equa t ions follow. This law was 
established in 1926 by a y o u n g Ital ian theoret ic ian 
E Fermi , who extended the Paul i principle, governing 
the s t ructure of individual a toms , to gases. In m o r e or less 
complex a toms the electrons are distr ibuted a round a 
central nucleus in a series of layers or g roups which 
cor respond to specific t e rms in the X- ray spectra of these 
a t o m s | . The first, nearest to the nucleus, always consists of 
just two electrons (K group) . The next (L) group conta ins 
eight electrons. In the group M there can be a m a x i m u m of 
18 electrons and so on. Both K-g roup electrons move a long 
o n e - q u a n t u m orbi ts (i.e. a long orbi ts with the pr incipal 
q u a n t u m number 1), the L - and M - g r o u p electrons move 
a long a t w o - and th ree -quan tum orbi ts , respectively, and so 
on. Each group is divided in general into subgroups and it 
is found tha t each set of the q u a n t u m n u m b e r s (principal, 
az imuthal , internal , and magnet ic) cor responds to no m o r e 
t han one electron. This is the Paul i principle. It can be 

f T h e t e r m s r e p r e s e n t t h e e n e r g i e s n e e d e d t o e x t r a c t t h e s e e l e c t r o n s 
o u t s i d e . 

formulated also as follows: an a tom cannot have two or 
m o r e 'equivalent ' (in respect of the na tu re of their mot ion ) 
electrons; each electron of a given a tom differs in some 
respects (at least by one q u a n t u m n u m b e r ) from the rest. 

At absolute zero the a toms are in the n o r m a l state 
cor responding to the m i n i m u m of their energy. However , 
this m in imum is not absolute , bu t relative and its satisfies 
the Paul i principle or the 'equivalence principle ' , which was 
the n a m e given by Paul i himself. If there had been no such 
restrict ion, then all the electrons (no mat te r h o w large their 
n u m b e r ) would have a r ranged themselves at the same 
(nearest) dis tance of the nucleus, i.e. they would have 
moved a long identical one -quan tum orbits . In reality, 
these orbi ts carry just two electrons on condi t ion tha t 
their magnet ic axes are opposi tely d i rec ted}. The other 
electrons must therefore occupy m o r e distant orbi ts . W h y 
and h o w this happens we do not know, bu t it remains a fact. 
The Paul i principle is only regulative and it represents the 
principle governing the electronic ' communa l life', and a 
kind of 'housing law' of the electron communi ty . In this 
communi ty each pair of electrons is given a separate 
' a p a r t m e n t ' and the presence of a third electron in any 
' a p a r t m e n t ' — occupied by such an 'electron couple ' — is 
never permi t ted (this applies also to the ' unna tu ra l 
cohab i t a t ion ' of two electrons with identically directed 
moments ) . Some electrons m a y of course remain in the 
'bachelor ' state occupying a whole ' a p a r t m e n t ' by t h e m ­
selves. The number of such e lementary ' a p a r t m e n t s ' 
occupied by single electrons or by pai rs in an a tom cannot 
be expressed in te rms of any volume. The number in 
quest ion is therefore described differently by a t t r ibut ing 
it a uni t 'weight ' (in the statistical sense of this word) . 
Several ' a p a r t m e n t s ' with the same energy (if there are any) 
usually jo in to form a larger ' a p a r t m e n t ' whose weight is 
equal to the sum of the individual ' apa r tmen t s ' . 

The concept of such discrete ' a p a r t m e n t s ' is completely 
alien to classical statistical mechanics . This mechanics deals 
with a con t inuous set of spatial po in ts and velocities with 
the a priori admission of the possibili ty of any state, i.e. of 
any posi t ion and any velocity of the investigated particles. 
The state of a system tha t consists of a large number of 
identical part icles (for example, an electron gas discussed in 
the preceding section) is described by specifying the number 
of p a r t i c l e s / ( x , y, z\ C) dx dy dz d£ drj d£, whose coor ­
dinates and velocities are limited to the intervals dx, dy, dz, 
d£, drj, d£, i.e. by the form of the dis t r ibut ion function / . 
This me thod of represent ing the state of a complex system is 
re tained also in new statistical mechanics , related to 
q u a n t u m theory, in those cases when each of the part icles 
under considerat ion can have arb i t ra ry coordina tes and 
velocities in specified fairly wide intervals (which is t rue , for 
example, of an electron gas or any other gas). The new 
statistics does however in t roduce an impor t an t addi t ion 
tha t these intervals are separated into e lementary cells the 
dimensions of which are given by the expression 

dx dy dz d£ drj d£ = 

j T h e m a g n e t i c p r o p e r t i e s o f e l e c t r o n s a n d t h e i r i m p o r t a n c e in t h e 
m e c h a n i c s o f a t o m s c a n b e j u d g e d o n t h e b a s i s o f m y ea r l i e r p a p e r [29]. 
I f w e i g n o r e t h e s e m a g n e t i c p r o p e r t i e s , i .e. if w e r e g a r d a s e q u i v a l e n t t h e 
e l e c t r o n o r b i t s d i f f e r ing o n l y in r e s p e c t o f t h e d i r e c t i o n o f t h e m a g n e t i c 
m o m e n t , t h e P a u l i p r i n c i p l e r e d u c e s t o t h e s t a t e m e n t t h a t e a c h o r b i t c a n 
b e p r e s e n t in a n a t o m in n o m o r e t h a n t w o ' c o p i e s ' . 
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The cells (with the shape to be determined) represent in this 
case the basic ' a p a r t m e n t s ' for separate electron pairs , in 
the sense defined above . It was Planck back in 1916 who 
poin ted out tha t such cells cor respond to distinct q u a n t u m 
orbits , all with the same statistical weight of uni ty. 
However , it is to F e r m i tha t we owe the extension of 
the Paul i principle, i.e. of the 'housing law of the electron 
communi ty ' , to such cells. 

Let us n o w see wha t is the result of appl icat ion of the 
P a u l i - F e r m i theory to an electron gas at absolute zero [16]. 
F r o m the poin t of view of the classical theory, electrons can 
be at rest at a posi t ion which cor responds to a m i n i m u m of 
the poten t ia l energy, i.e. in one specific cell of the phase 
space (x, y, z\ *7, C)- However , this is as impossible as the 
placing of all the electrons of an a tom at the same one -
q u a n t u m orbits . In fact, the 'most convenient ' cell jus t 
ment ioned can a c c o m m o d a t e just one pair of electrons; 
other pa i rs are distr ibuted, possibly at a higher density, in 
cells with higher values of b o t h the kinetic and poten t ia l 
energies. If the poten t ia l energy is the same for the whole of 
the spatial vo lume under considerat ion, the dis t r ibut ion of 
electrons in this vo lume remains uni form. 

W e shall use v m a x to denote the m a x i m u m velocity of 
one out of N electrons in a vo lume V. The po in t s 
represent ing electrons in the velocity space (where the 
coordina tes are the velocity componen t s rj, £ ) should 
then lie within (or on the surface of) a sphere of rad ius r m a x , 
i.e. in the 'velocity vo lume ' ( 4 7 i / 3 ) v m a x . Combin ing this 
sphere with the spatial vo lume V, we obta in the following 
p roduc t for the phase volume: 

An 
V (23) 

Since the vo lume of a basic 'phase a p a r t m e n t ' is (h/m)3, 
the number Z of such ' a p a r t m e n t s ' in the phase vo lume <P is 

/ m \ 3
 4TC (m V 

(24) 

The var ious ' a p a r t m e n t s ' can be imagined in the form of 
a combina t ion of the spatial vo lume V and concentr ic 
spherical layers of the same velocity volume: 

4nv2Av = — (— (25) 

At absolute zero the number of ' a p a r t m e n t s ' should be 
identical with half the number of electrons N (when there is 
no t a single free place!), which cor responds to the min imum 
kinetic energy of an electron gas. If we subst i tute Z = N/2 
and N/V = n in the electron density in E q n (24), the result 

m 
1/3 

so tha t as a consequence we have 

2 m 
3n\ 2/3 

(26) 

(27) 

and dividing by the number of electrons N. At high values 
of N the summat ion can be replaced with integrat ion, i.e. 
we can assume tha t 

^ i 2 i r» 
> - mv = — 

1 v ^ l 
N 

2 4nv dv 

o " " V~l(h/m)3 

1 (m 
n\h 

4nm\ v 4 dv , 
Jo 

which on the basis of E q n (26) gives 

1 2 3 r / 3 
2 m V o = 10 m i t e * 

2/3 

(28) 

The above expression differs from Eqn (16), which I t ook 
from F e r m i ' s paper [31], by the replacement of An with 8TT. 
This can be explained by the fact tha t Fe rmi , and following 
him Sommerfeld, applied the Paul i principle in a form 
which is no t qui te accurate , namely by assigning basic 
' a p a r t m e n t s ' (h/m) to single electrons and not to electron 
pa i r s . 1 1 

The above ideas can readily be generalised to the case 
when T > 0. The number Z of the phase cells can then be 
greater t han half the number of electrons N; some of the 
cells thus remain unoccupied . The probabi l i ty of a pa r t i c ­
ular electron dis t r ibut ion (which is no t in conflict with the 
Paul i principle) with a to ta l energy W should then be 
p r o p o r - t ional to exp(—W/kT) or to exp[W — W0)/kT], 
where W0 = N x \ mv\ is the energy at absolute zero. This 
principle, inherited by the new q u a n t u m statistics from 
classical statistical mechanics , leads to the F e r m i expres­
sion (13) for the dis t r ibut ion of the velocities subject to a 
small correct ion, which reduces to the replacement of 
(h/m)3 in E q n s (13) and (14) with \ (h/m)3. 

5. Physical picture of the motion of electrons in 
metals 
In 1924, i.e. before the appea rance of the new statistics 
associated with the paul i principle, I developed an electron 
theory of m e t a l s | on the same basis as the Sommerfeld 
theory, namely on the assumpt ion tha t at absolute zero the 
kinetic energy of free electrons is very high and it remains 
a lmost cons tant when t empera tu re is increased, and tha t 
the number of such electrons is approximate ly equal to the 
number of a t o m s . 1 1 1 

This app roach follows from an analysis of the process of 
format ion of a solid or liquid meta l by condensa t ion of the 
vapour of this metal . 

M e t a l vapour s are not electrically conduct ing. It follows 
tha t they do no t contain any free electrons. Exper iments 
show tha t the outer electrons of meta l a toms are b o u n d less 
s trongly to the a t o m s than the cor responding electrons in 
the case of metal loids, which are insulators (nonconduc tors ) 
in the solid state. Moreover , according to the Bohr theory 
the outer electrons of meta l a t o m s follow strongly extended 
orbi ts resembling the orbi ts of comets , whereas the outer 
electrons of nonme ta l a toms have orbi ts similar to those of 
the familiar p lanets of the solar system. 

The interact ion of meta l a toms with metal loids results in 
the transfer of some of the electrons from the former to the 

This is the m a x i m u m energy of one of the electrons at 
T = 0. The average energy \mv\ is found by summing the 
values of Amv2 for different spherical layers of Eqn (25) f S e e R e f . [16]. 
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latter. These easily t ransferred electrons are usual ly called 
the valence electrons since their number determines the 
posit ive valence of a meta l or an ion. The valence electrons 
are simply the ' cometary e lectrons ' , just ment ioned a b o v e . I V 

The capture of these electrons by a metal loid a tom is no t so 
much due to their weak b inding to the paren t (metal) a tom, 
as due to their considerable distance from the centre of this 
a t om because the orbi ts are elongated. If the aphel ion of the 
undis tu rbed elliptic orbit of such electrons is close to the 
posi t ion of a metal loid a tom, they fall within the sphere of 
a t t rac t ion of the latter and no longer re turn to the metal . In 
a similar manne r the comets in the solar system m a y be 
captured by some other system of the same type if they 
app roach the sun sufficiently close. 

In a meta l vapour the average distances between a toms 
are very large compared with the dimensions of the orbi ts of 
the var ious electrons, including the cometary electrons. 
Therefore, the latter remain b o u n d to the cor responding 
a toms . However , when a vapour is condensed into a solid, 
these a t o m s are located in the direct vicinity of one ano ther 
and the cometary electrons can pass from one a tom to its 
ne ighbour . In each a tom they can m a k e one or at mos t 
several revolut ions (if the aphel ion distance of their 
unpe r tu rbed orbit is sufficiently large) and then jo in one 
of the adjacent a toms . In this way the cometary electrons 
are converted by the condens ta t ion of a meta l vapour into 
' i t inerant ' electrons, i.e. they travel over the whole vo lume 
occupied by a metall ic body . These i t inerant electrons, 
which have lost their b inding to specific 'hos t s ' and 
cont inuously pass from one a tom to another , represent 
wha t are usually k n o w n as free electrons. Their ' f reedom' is 
very limited. These electrons are converted from the pr iva te 
p rope r ty of a toms isolated from one ano ther in a meta l 
vapour into the collective p rope r ty of the communi ty 
formed when these a t o m s combine into a solid or a 
liquid. However , the b inding of these electrons to the 
communi ty does no t become weaker t han the b ind ing to 
the previous hosts ; just the opposi te , the b ind ing becomes 
even stronger, because each i t inerant electron located inside 
the meta l is held there not by one bu t by several (adjacent) 
a t o m s | . 

In the case of isolated a toms the outer (cometary) 
electrons revolve a long orbi ts at a velocity} of the order 
of 10 8 cm s - 1 . 

W h e n a meta l vapour condenses, these electrons 
cont inue to move at approximate ly the same velocity 
and even, as can easily be demons t ra ted , at a somewhat 
higher velocity. In fact, the s tronger the forces act ing on the 
electrons, the greater the acceleration induced by these 
forces and, consequently, the greater the velocity. This 
relat ionship can readily be m a d e m o r e specific by the use of 
wha t is k n o w n as the virial theorem. Accord ing to this 
theorem, in a system of part icles act ing on one ano ther with 
forces inversely p ropo r t i ona l to the square of the distance 
and remain ing at a finite distance from one another , the 
average kinetic energy W of all the part icles should be 

f T h e s e c o n d i t i o n s c h a n g e s o m e w h a t for e l e c t r o n s t h a t m a n a g e t o r e a c h 
s o m e h o w t o t h e s u r f a c e o f a m e t a l . T h e r e t h e y c a n b e c o m e s e p a r a t e d f r o m 
t h e m e t a l q u i t e r e a d i l y (a t t h e e x p e n s e o f a b o u t h a l f t h e e n e r g y o t h e r w i s e 
r e q u i r e d for s e p a r a t i o n ) . 
j F o r e x a m p l e , in t h e c a s e o f a n e l e c t r o n o r b i t i n g a r o u n d a p r o t o n 
( h y d r o g e n a t o m ) a l o n g a c i rc le o f r a d i u s r, t h e a t t r a c t i v e f o r c e is e q u a l t o 
t h e c e n t r i f u g a l fo rce , e2/r2 — mv2/r, w h i c h g ives v — ( e 2 / m v ) 1 / / 2 , w h i c h 
g ives v = 2 x 1 0 8 c m s " 1 for e « 5 x 1 0 " 1 0 , m = 1 0 " 2 7 , a n d r = 1 0 " 8 . 

numerical ly equal to their to ta l energy with the reversed 
sign, i.e. it should be equal to the work needed to separate 
the system into its components§ . Since in the condensa t ion 
of a meta l vapour the to ta l energy decreases by an a m o u n t 
equal to the latent heat of condensa t ion , the kinetic energy 
of electrons and p r o t o n s should then increase by the same 
a m o u n t . This increase applies if no t completely then at least 
mainly to the cometary electrons, because the mot ion of the 
other electrons is distorted only slightly and the kinetic 
energy of the v ibra t ional mo t ion of a t o m s taken as a whole 
can be ignored. If the kinetic energy of electrons is 
measured in volts (i.e. in t e rms of tha t po ten t ia l d rop in 
volts which is necessary to acquire this energy), we find tha t 
the kinetic energy of electrons of isolated a toms is of the 
order of 5 - 7 V, and the addi t iona l energy acquired due to 
the vapour condensa t ion process^} is 1 - 2 V. 

The appl icat ion of the virial theorem to the process of 
' social isat ion ' (collectivisation) of the valence e l e c t r o n s v 

shows tha t the velocities of these electrons are of the same 
order of magn i tude as those tha t follow from the P a u l i -
F e r m i statistical theory (discussed above) . It should be 
po in ted out tha t the virial theorem is applicable in the 
above form only at absolute zero. At T > 0 there should be 
a par t ia l spon taneous dissociation of a meta l in the gaseous 
and solid (by evapora t ion) states. If the virial theorem is 
extended into this case, it is necessary to al low also for the 
vapour pressure (or, m o r e accurately, for the pressure of a 
mixture of ions, electrons, and neut ra l a toms) on the walls 
of the enclosing vessel. The agreement between the ' zero-
poin t energy ' of free electrons predicted by the P a u l i -
F e r m i - S o m m e r f e l d theory with the quant i ty calculated by 
us on the basis of an analysis of the condensa t ion process is 
no t qui te exact, which in all p robabi l i ty is due to 
inaccuracies of our theory, which obviously represents 
only a fairly rough approx ima t ion . W e shall discuss the 
mean ing of such agreement , even t hough it is app rox ima te 
(see Section 8). 

6. Theory of electric and heat conduction 
deduced from the foregoing picture 
These ideas on the number and mot ion of free electrons in 
a meta l were used by me to develop in 1924 a theory of 
electric and the rma l conduct ion of metals , which differs 
considerably from the classical theories of D r u d e and 
Lorentz , and from the similarly developed Sommerfeld 
theory. 

There should be a correlat ion between the mot ion of 
var ious electrons, so tha t the posi t ion vacated by one 
electron, which moves away from a given a tom, should 
be occupied immediately by ano ther electron. W e shall 

§In t h e s i m p l e s t c a s e o f t h e h y d r o g e n a t o m w e f ind t h a t , for e x a m p l e , 
mv2 — e2/v. T h e l e f t - h a n d s ide o f t h i s e x p r e s s i o n r e p r e s e n t s t h e d o u b l e d 
k i n e t i c e n e r g y a n d t h e r i g h t - h a n d s ide is t h e p o t e n t i a l e n e r g y w i t h t h e 
r e v e r s e d s ign . T h e t o t a l e n e r g y is c o n s e q u e n t l y 

1 2 e2 e2 1 2 

— mv =—— = —- mv . 
2 r 2r 2 

I fThe a v e r a g e k i n e t i c e n e r g y o f a v a l e n c e e l e c t r o n in a n a t o m o f a u n i v a l e n t 
m e t a l , s u c h a s s o d i u m o r p o t a s s i u m , is e q u a l — in a c c o r d a n c e w i t h t h e 
v i r i a l t h e o r e m — t o t h e i o n i s a t i o n e n e r g y o f t h i s a t o m , i.e. t o t h e w o r k 
n e e d e d t o s e p a r a t e t h e e l e c t r o n in q u e s t i o n . T h e l a t e n t h e a t o f 
c o n d e n s a t i o n a m o u n t s t o a b o u t 2 0 - 4 0 k i l o c a l o r i e s p e r o n e g r a m m e -
a t o m , i.e. p e r 6 x 1 0 2 3 a t o m s . W h e n t h i s is a t t r i b u t e d t o t h e s a m e n u m b e r 
o f e l e c t r o n s , it is f o u n d t h a t 2 3 k c a l a r e e q u i v a l e n t t o 1 V . 
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ignore this correlat ion and try to follow the p a t h of any one 
electron in a metal . The meta l can be considered as one 
molecule of giant d imensions so tha t the whole pa th of an 
electron can be regarded as one u n b r o k e n ' q u a n t u m ' orbit . 
However , it can readily be shown tha t this applies only at 
absolute zero. The the rmal mo t ion of a t o m s should, 
because of its disordered na tu re , so to speak b reak the 
electron orbit into longer or shorter quant ised sections 
related to one another by the stochast ic laws only. W e shall 
call the rectilinear displacements cor responding to such 
sections the 'e lementary electron displacements ' . 

These e lementary displacements evidently p lay the same 
role as the free pa th s in the theory of an electron gas. At 
absolute zero they become infinite. Then a metall ic b o d y 
does not resist m o r e the mot ion of electrons than does a 
single a tom. The direct cause of the electric resistance of 
metals is the presence of irregularit ies in the dis t r ibut ions of 
a t o m s which are due to their the rmal mot ion . 

At sufficiently high t empera tu res these e lementary 
displacements of electrons should reduce to the m i n i m u m 
value which is equal to the distance between the adjacent 
a toms . This means tha t in the absence of an external electric 
field the e lementary displacements a long different directions 
from any a tom A 0 to one of its s ne ighbours A l 9 A 2 , . . .As 

are equ iprobable irrespective of the direction of the 
preceding (A^—>A 0 ) e lementary displacement . In the 
presence of an electric field E the e lementary displacements 
in the direction of this field (or, m o r e correctly, in the 
direction of the cor responding force F = eE) become m o r e 
p robab le t han the opposi te displacements . This change in 
the probabi l i ty in the course of the displacement A0At is 
p r o p o r t i o n a l to Qxp(—Ui/kT ), where 

-eEd cos 0; 

is the poten t ia l energy of an electron at the poin t At 

compared with the poin t A 0 , and 6 is the angle between the 
segment A 0 A ; and the vector E (or eE). This modified 
probabi l i ty pt can consequent ly be represented in the form 

Qxp(-Ut/kT) 
s 

^exp(-Uk/kT) 

(29) 

k = l 

where p® = l/s is its value for E = 0. 
If t is the t ime in which an elementary displacement is 

completed, the average displacement velocity of an electron 
in the direction of the external force eE is given by 

5> d cos 0, 

e2nd2 

a = ( 3 2 ) 

The same result can be deduced from the familiar 
relat ionship between the friction coefficient $ and the 
diffusion coefficient D: 

Dfi = kT , (33) 

which was first established by Einstein in the theory of 
Brownian mot ion . Here , $ is defined by $ = eE/u and the 
diffusion coefficient is given by D = dv / 3 = d2/3t, where 
v' = d/t is the average displacement velocity of electrons 
in a metal . In general , this velocity is somewhat less t han 
the intrinsic velocity v, bu t it is approximate ly equal to the 
latter if an electron does no t stay too long at the individual 
a t o m s bu t makes just one revolut ion a r o u n d each of them 
and passes immediate ly to a ne ighbour ing a t o m | . 

This condi t ion can be regarded as satisfied in the case of 
alkali metals the a t o m s of which have only one cometary 
electron with a very elongated orbit . If we assume tha t 
d& 1 0 " 8 and v « 10 8 , we find tha t the diffusion coefficient 
of electrons is of the order of uni ty and, moreover , it is 
independent of t empera tu re . If we rewrite E q n (32) in the 
form 

e2nD 
kT 

(34) 

(30) 

we can then see tha t the electric conduct ivi ty should be 
inversely p ropo r t i ona l to the absolute t empera tu re (in the 
range of t empera tu res where the length of e lementary 
displacements reduces to the in te ra tomic distance d) and it 
is of the order of e2n/kT. If we assume tha t 
e = 4.7 x K T 1 0 , n « 1 0 2 2 , and k = 1.3 x 1 0 " 1 6 , we in 
fact ob ta in n u m b e r s which are quite close to the 
exper imental results (the electrostatic cgs uni t s are used 
here; the electric conduc tance in te rms of reciprocal o h m s 
can be obta ined if the values are divided further by 
9 x 10 1 1 ) . M o r e accura te numer ica l da ta will no t be given 
here; the reader can find them in the paper cited above. I 
shall simply no te tha t in the case of divalent (alkal ine-
ear th) metals the velocity v is approximate ly half v; in this 
case the cometary electrons follow approximate ly two 
revolut ions a round the same a tom before passing to the 
next one. 

Accord ing to the p roposed viewpoint , free electrons do 
no t par t ic ipa te directly in the the rmal mo t ion of a t o m s and, 
therefore, they do no t increase significantly the specific heat 
of a solid or liquid metal , since they do no t increase the 
specific heat of a meta l vapour (apar t obviously from very 

or, in the first approx imat ion on the assumpt ion tha t 
Qxp(—Ui/kT) = \ — (Ui/kT) and, bear ing in mind tha t 
^ • = 1 c o s # j = 0, we obta in 

ed 
u = ^— c o s 2 9E , 

tkT 
(31) 

where c o s 2 0 denotes the average value of c o s 2 ^ for all s 
displacements A0At (if they are regarded as equiprobable) . 
Since the number s is usual ly quite large (it is either 12 or 
8), we can assume tha t c o s 2 0 = 1/3. Since the current 
density is neu = GE, we obta in the following expression for 
the electric conduct ivi ty of a metal : 

f I f t h e e l e c t r o n d e n s i t y falls a l o n g t h e x ax i s , w e f ind t h a t t h e ' d i f f u s i o n ' 
e l ec t r i c c u r r e n t a l o n g t h i s d i r e c t i o n h a s t h e d e n s i t y —cDdn/dx. I n t h e 
p r e s e n c e o f a n e lec t r i c field w e h a v e t o a d d t h e u s u a l c o n d u c t i o n c u r r e n t 
neu — ne1Ejrd. H e r e u n d e r e q u i l i b r i u m c o n d i t i o n s t h e t w o c u r r e n t s 
c o m p e n s a t e o n e a n o t h e r . W e t h e r e f o r e f ind , d e n o t i n g t h e p o t e n t i a l 
e n e r g y o f a n e l e c t r o n b y 

/ W \ dn ndU n 

n — c o n s t x exp(—U/Dfi ) . 

O n t h e o t h e r h a n d , a c c o r d i n g t o t h e B o l t z m a n n t h e o r e m , w e s h o u l d h a v e 
n — c o n s t x Qxp(—U/kT ) . A c o m p a r i s o n o f t h i s e x p r e s s i o n w i t h t h e 
p r e c e d i n g o n e y i e l d s E q n (33) . 
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high t empera tu res where significant ionisat ion of a toms 
begins). Therefore, the specific heat of a solid meta l at 
n o r m a l t empera tu res is c = 3kna, where na is the number of 
a t o m s per uni t volume, in agreement with the D u l o n g - P e t i t 
law. 

A l though they do not par t ic ipa te directly in the rmal 
mot ion , free electrons m a y nevertheless transfer the rmal 
energy from one a tom to ano ther in approximate ly the same 
manner , as h a p p e n s in gases. In the presence of a 
t empera tu re gradient in a meta l the t empera tu re dis t r ibu­
t ion is described by the familiar equat ion 

dT_K(d2T d2T d2T\ 

where K denotes as usua l the the rmal conductivi ty. 
A compar i son of this equat ion with the diffusion 

equat ion 

8; ~D\Qx2 +Qy2 + d z 2 ) ' 

which determines the changes in space and t ime of the 
density n of an a rb i t ra ry selected set of electrons (n 
should no t be mixed up with the to ta l density n \ yields the 
result 

- = D , (35) 
c 

which expresses the identi ty of the processes of the 
t r anspor t of electric charges and heat in a meta l (it 
should be no ted tha t this relat ionship applies also to gases). 
If we subst i tute in this expression the quant i t ies c = 3kna 

and D = okjne2 [on the basis of Eqn (34)], the result is 

* = W * Y r > ( 3 6 ) 

a n \eJ 

i.e. the W i e d e m a n n - F r a n z law. However , it mus t be 
po in ted out tha t the agreement with the exper imental value 
of the coefficient of p ropor t iona l i ty is obta ined only for 
n = na and tha t at low tempera tu res the specific heat is no 
longer cons tant . This results in the replacement of T on the 
r igh t -hand side of Eqn (36) with a m o r e complex function 
of t empera ture . Experiments however show that the 
W i e d e m a n n - F r a n z law is valid right down to the lowest 
tempera tures . 

At low tempera tures the electric conduct ivi ty also ceases 
to vary p ropor t iona l ly to T, bu t can be described — as 
po in ted out earlier — by the Gruneisen formula 

const 

where c is the specific heat of the meta l or, m o r e correctly, 
a certain function of t empera tu re such tha t it varies with 
t empera tu re at approximate ly the same manne r as the 
specific heat , bu t not the heat of the meta l in quest ion bu t 
of some other metal . 

A qual i tat ive in terpre ta t ion of the above formula on the 
basis of the p roposed theory is qui te easy. Cool ing 
cont inuously increases the length of the e lementary dis­
p lacements (which become infinite at T = 0). If this limit of 
length is denoted by /, the diffusion coefficient is given by 
D = / v ' / 3 , where v' has approximate ly the same value as 
before. 

Hence it follows from Eqn (34) tha t 

const 
ff = W 

Therefore, we can derive the Gruneisen formula of 
E q n (21) by assuming tha t the rat io d/l varies in direct 
p ropo r t i on to the specific heat c. However , it is impossible 
to derive this result in a r igorous quant i ta t ive form from 
the principles stated above. 

The p roposed theory differs from tha t developed by 
Sommerfeld in this respect: the influence of an external field 
on the mot ion of electrons reduces it to a change in the 
probabi l i ty of e lementary displacements of an electron 
a long different directions, whereas according to Sommer ­
feld (also according to D r u d e and Lorentz) , this influence is 
due to an addi t iona l velocity acquired by an electron dur ing 
an e lementary displacement (i.e. between two collisions). 
Accord ing to our ideas, this addi t iona l velocity plays no 
role whatever . Let us assume tha t , for example, electrons 
can move only paral lel to the x axis. In this case in the 
presence of a field they travel a distance between two a toms 
A i to A2 somewhat faster in one direction, for example, 
from Ai to A 2 , t h a n in the opposi te direction. However , 
since b o t h direct ions are equ iprobable and since, as found 
later, the length of e lementary displacements a long one or 
the other directions remains the same, then — on average — 
it is no t possible to induce any addi t iona l mo t ion a long the 
direction of act ion of the applied forces, irrespective of the 
value of the above-ment ioned addi t iona l velocity. This 
velocity m a y be impor t an t only when electrons do no t 
encounter one ano ther at each step, as is t rue evidently of 
metals at m o d e r a t e t empera tures , bu t few steps apar t and 
only if the number of such steps ( in tera tomic spacing) a long 
the direction of act ion of the active force is (in the final 
analysis) greater t han in the opposi te direction. It is this 
concept (a l though no t stated explicitly) tha t is the basis of 
the calculat ions repor ted by Sommerfeld, Lorentz , and 
D r u d e . It is interest ing to no te tha t in the case of the 
last two theories (Lorentz and Drude ) , pos tu la t ing tha t the 
average electron velocity is given by the expression 
I m v 2 = \kT, the electron mobil i ty can be calculated by 
either me thod (addi t ional velocity or addi t iona l probabi l i ty) 
and the result is practical ly the same in bo th c a s e s . V I 

7. Principles of wave mechanics. Cathode rays 
and waves 
I shall n o w present new and very special ideas on the 
mot ion of electrons in metals , which follow from the new 
wave (or q u a n t u m ) mechanics developed in the last few 
years by L de Broglie and E Shrodinger , and also from an 
equivalent (a l though superficially different) form p roposed 
by W Heisenberg, M Born , and P Jo rdan . 

The essence of wave mechanics reduces to a closer 
analogy between the mo t ion of mater ia l part icles and 
p ropaga t i on of light rays. This ana logy is implied also 
by the n a m e ' ca thode r ays ' given from the t ime of Crookes 
to a s tream of electrons emitted by the ca thode of a 
discharge tube . In this case the rays are the pa th s of 
single electrons (which m a y be rectilinear or curvilinear). 
On the other hand , the corpuscular theory of light, 
p roposed by Einstein, makes light waves resemble a flux 
of electrons the role of which is then played by light quan ta . 
Such p h e n o m e n a as the reflection and refraction of light, 



368 R A S u r i s , V Y a F r e n k e l ' 

i.e. the geometr ic-opt ics effects, can readily be explained by 
the q u a n t u m theory of light subject to some very general 
a ssumpt ions abou t the interact ion of light quan t a with 
' o rd ina ry ' mat te r . However , the p h e n o m e n a of interference 
and diffraction of light do no t fit at all the f ramework of 
corpuscular theory and can be explained solely by the wave 
theory of light. In this theory the light rays and the light 
quan ta , the former being the p a t h s of the latter, represent 
geometr ic functions and should be regarded simply as lines 
perpendicular to the surfaces of optical waves. The reality 
and 'essence' of light is represented by these waves and no t 
by rays. 

The main idea in the de B r o g l i e - S c h r o d i n g e r theory is 
tha t in the case of a mater ia l flux, such as ca thode rays, we 
are not dealing with individual part icles similar to light 
quan ta , bu t with waves of a special k ind ana logous to light 
waves. In no way does it imply tha t there are no electrons as 
such (i.e. as discrete mater ia l particles). It simply means tha t 
their mot ion in space cannot be deduced from the principles 
of classical corpuscular mechanics . W e have to replace the 
concepts of ca thode rays with tha t of ca thode or (as they 
are called by de Broglie) phase waves, establish the re la t ion­
ship between the wave and corpuscular representa t ions , 
similar to the relat ionship between light waves and quan ta , 
and finally find the laws of p ropaga t i on of ca thode waves in 
space, being guided again by their ana logy with optical 
waves. This p rocedure can be reduced to the following. The 
action of light on mater ia l bodies can be described in te rms 
of the corpuscular theory if we consider light quan t a as 
part icles of energy hv and with a m o m e n t u m h/X = hv/c (c 
is the velocity of light)"}". Hence it follows tha t in the case of 
ca thode rays we should define the oscillation frequency and 
the wavelength of the cor responding ca thode waves as 
follows: 

hv = V, j = mv , (37) 
A 

where V is the to ta l energy of an electron and mv is the 
electron m o m e n t u m . The energy V should be defined in 
such a way tha t an electron at rest has the energy mc2. 
Subject to this condi t ion, the velocity AV of ca thode waves 
is approximate ly c 2 / v , i.e. it is as m a n y t imes higher t han 
the velocity of light as the latter is higher t han the velocity 
of e l e c t r o n s . v n If we consider only low (compared with c) 
velocities v, we can describe the kinetic energy by the usua l 
expression \mv2. If W is the sum of this kinetic energy and 
of the poten t ia l energy U(x,y,z), we can assume tha t 
m 2 v 2 = 2m(W — U) and, consequently, it follows from 
E q n (37) tha t 

j=y/2m[W-U(x,y,z)] . (38) 

This expression provides a 's ingle-valued' relat ionship 
between the wavelength of ca thode waves and the 
coordina tes (the oscillation frequency v remains indepen­
dent of the coordinates , i.e. it is the same at all po in t s in 
space). 

The ampl i tude xjj of light waves with a definite 
frequency, p ropaga t i ng in a certain isotropic bu t i nhomoge -
neous med ium where the wavelength of these waves X varies 
cont inuously from one poin t to its ne ighbours , is described 
as a function of the coordina tes by the familiar equat ion: 

f See m y p a p e r l i s ted a s Ref . [32]. 

8fy 6 2 <A 8fy 4 J I 2 , N 

^ + ^ + ^ + - ^ = 0 - (39) 

Opt ical oscillations at each poin t are described by the 
p roduc t of this ampl i tude and C O S 2 T I W . The square of the 
ampl i tude (or, m o r e correctly, its absolute value) de termi­
nes the average energy of waves or the intensity of rays at 
the poin t in quest ion. 

Schrodinger assumed tha t the p ropaga t i on of ca thode 
rays is governed by the same differential equat ion as the 
p ropaga t i on of opt ical waves if the wavelength X is 
expressed as a function of the coordina tes in accordance 
with E q n (38). The Schrodinger equat ion then has the form 

8 V 8 V 8 2 i A 4n2m , V , „ 

^ + ^ + # + — ( ^ - ^ = 0 . (40) 

Born has suggested however tha t the energy of ca thode 
waves, i.e. the square of the function \j/9 is a measure of the 
intensity of ca thode rays or, m o r e correctly, of the density 
of the electron flux which forms these rays. The intensity of 
this flux is found from this energy ( i / f ) 2 (which can also be 
t reated as a measure of the probabi l i ty of finding an 
electron at a given space) multiplied by the velocity of rays 
v, i.e. by h/mX. 

8. Application of the theory of cathode waves to 
metalsj 
If we apply these ideas to the mo t ion of free electrons in 
metals , we first of all obta in a very simple and clear 
in terpre ta t ion of tha t velocity dis t r ibut ion at absolute zero 
which follows from the P a u l i - F e r m i principle. The 
subst i tut ion of mvmax/h = 1 / A m i n in E q n (26) yields, on 
the basis of Eqn (37), the expression 

K,„ - ( £ ) " " . (4.) 

This means tha t the m i n i m u m wavelength of ca thode 
waves, ' p loughing ' a long all direct ions in a metal , is 
approximate ly equal to the average distance between the 
adjacent electrons if we assume tha t they are distr ibuted in 
the from of a regular cubic lattice. Next , we can readily 
show tha t the condi t ion (25) is equivalent to the following: 
at absolute zero the mot ion of electrons in a meta l can be 
described by a superposi t ion of a system of N/2 s tanding 
ca thode waves, which represent resonant oscillations in a 
b o d y of a given vo lume and shape§. F o r example, in the 
case of a meta l in the shape of a rectangular paral lelepiped 
with the edges au a2, a3 the wavelength of different waves 
is 

j T h e r e s u l t s p r e s e n t e d in t h i s s e c t i o n w e r e o b t a i n e d b y m e in t h e s u m m e r 

o f l as t y e a r ( 1 9 2 7 ) a n d h a d b e e n i n c l u d e d p a r t l y in m y p a p e r p r e s e n t e d a t 

t h e I n t e r n a t i o n a l P h y s i c s C o n g r e s s in C o m o . S i m i l a r i d e a s w e r e p u t 

f o r w a r d s i m u l t a n e o u s l y b y S o m m e r f e l d , b u t d e d i d n o t d e v e l o p t h e m 

i n t o a q u a n t i t a t i v e t h e o r y . v m 

§ E a c h s t a n d i n g w a v e c a n b e r e g a r d e d a s a set o f t w o o r d i n a r y t r a v e l l i n g 

w a v e s p r o p a g a t i n g in o p p o s i t e d i r e c t i o n s . 



Y a I F r e n k e l ' s s t u d i e s o f t h e t h e o r y o f t h e e l ec t r i c c o n d u c t i v i t y o f m e t a l s 369 

where k\, k2, k3 are integers. Exact ly similar re la t ionships 
are obta ined when the rmal v ibra t ions of a t o m s in a meta l 
(or any other m o n a t o m i c solid) are represented by 
superposi t ion of a system of elastic s tanding waves, as is 
done for example in the familiar Debye theory of specific 
heat . 

It is interest ing to no te also the following circumstance. 
The dimensions of the circular orbit followed by an electron 
in an isolated a tom is given by the familiar Bohr condi t ion: 
the angular m o m e n t u m is mvr = kh/2n, where k is an 
integer and r is the orbit radius . Subst i tut ing mv = h/X in 
the above expression, we obta in 

^ = * ( = l , 2 , 3 , ...) (43) 

This equality, first ob ta ined by de Broglie, shows tha t the 
length of the orbit of the cometary electrons in isolated 
meta l a t o m s is if no t exactly equal then at least comparab le 
with the wavelength of the cor responding phase waves. If 
the condensa t ion of a meta l vapour converts all the 
cometary electrons into free electrons, the distance between 
them (n~1/3) is found to be comparab le with the 
in tera tomic distances. On the other hand , the in te ra tomic 
distances in solids are comparab le with the dimensions of 
orbi ts of the outer electrons, and we find tha t the m i n i m u m 
or average wavelength of ca thode waves in a solid meta l is 
of the same order of magn i tude as in the isolated a toms . 
Hence it follows tha t the average velocity of electrons is 
approximate ly the same in b o t h cases. 

These re la t ionships change somewhat when t empera tu re 
is increased. Firs t and foremost such an increase gives rise 
to shorter ca thode wavelengths t han those given by 
E q n (41). Next , and this is par t icular ly impor t an t to us, 
because of an irregular dis t r ibut ion of a toms associated 
with their t he rma l mot ion , the p ropaga t i ng ca thode waves 
begin to experience diffuse scat tering which reduces their 
intensity, i.e. which causes their apparen t absorp t ion and is 
the direct reason for the electric and also the rmal resistance 
of a metal . The ' resis tance ' is unde r s tood to be here the 
reciprocal of the conductance . At absolute zero the electric 
and the rmal conductances of a meta l are b o t h infinite, i.e. 
the cor responding resistances vanish. This means tha t from 
the poin t of view of wave mechanics the ca thode waves 
'p loughing ' t h rough a meta l p r o p a g a t e wi thout any 
' abso rp t ion ' or diffuse scattering, i.e. they p r o p a g a t e in 
the same way as optical waves in perfectly t r ansparen t 
b o d i e s . I X 

However , it is k n o w n tha t even perfectly t r ansparen t 
bodies such as pure air become m o r e or less ' tu rb id ' at 
t empera tu res other than absolute zero, i.e. they begin to 
scatter light rays pass ing th rough them. Such scattering of 
solar rad ia t ion is the reason for the visibility of a tmospher ic 
air (sky). The cause of such turbidi ty of air are the slight 
local increments or reduct ions in the density, which are the 
result of an irregular disordered mot ion of the air 
molecules. The coefficient of the scat tering light in gases 
whose molecules travel completely independent ly of one 
ano ther is, as demons t ra ted by the theory and experiment , 
t empera ture - independent . Conversely, in the case of solids, 
this coefficient decreases rapidly when t empera tu re is 
lowered, bu t at m o d e r a t e t empera tu res it is approximate ly 
directly p ropo r t i ona l to t empera tu re . One should however 
ment ion tha t this is t rue only of visible light or, m o r e 
correctly, of the optical waves whose wavelength is long 

compared with the in te ra tomic distances. In the case of 
short X-ray waves, whose wavelength is of the same order 
of magn i tude or even less t han these distances, the 
scattering coefficient remains constant at m o d e r a t e t em­
pera tures no t only for gases, bu t also for l iquids and solids. 

W h e n these principles are applied to the scattering of 
ca thode waves in metals , which is due to the the rmal mo t ion 
of the meta l a toms , it is necessary to answer first the 
quest ion whether these waves should be t reated as ' long ' or 
' shor t ' , compared with the in tera tomic distances. In the 
former case they should be scattered in approximate ly the 
same way as the waves of o rd inary light, i.e. approximate ly 
p ropor t iona te ly to T at m o d e r a t e t empera tures , whereas in 
the latter case they should be scattered in the same way as 
X-ray waves, i.e. approximate ly independent ly of T, 
natura l ly in the same t empera tu re range. At very low 
tempera tu res the scat tering coefficient of these waves 
should vanish in either c a s e . | 

The scat tering coefficient of waves in any turb id 
med ium is generally given by the expression 

1 dJ 
J dx 

(44) 

where / is the wave intensity and dJ is the change in this 
intensity in an interval dx a long the direction of the wave 
p ropaga t ion . In tegra t ion of this equat ion gives 

J = Jo exp(—/ix) . (45) 

In the case of ca thode waves the intensity / , represented 
by the square of their ampl i tude \j/9 is a measure of the 
number of electrons par t ic ipa t ing in the mo t ion described 
by these waves. Thus E q n (45) represents the law describing 
the reduct ion in the number of electrons in a ca thode beam 
because of tha t scat tering which the electrons experience by 
colliding with a toms . The rectilinear mo t ion of electrons is 
h indered no t only by the a t o m s themselves (because at 
T = 0 the scattering ceases), bu t also by the the rmal 
v ibra t ions of the a toms [compare this with the in terpre ta­
t ion of E q n (20)]. In any case, the relative number of the 
' scat tered ' electrons, i.e. those ejected from the beam in 
quest ion in an interval of length dx, is fidx. Hence it follows 
tha t the scattering coefficient fi is simply the reciprocal of 
the mean free p a t h of electrons or of their e lementary 
displacement /: 

1 
(46) 

Therefore, if we k n o w / i , we can calculate the electric 
and the rmal resistances of metals (or the cor responding 
conductances) by means of the expressions given above. 

A theory of heat conduct ion in solid insula tors con­
structed in a fully ana logous way was pu t forward by Debye 
in 1914. It has been established experimental ly tha t the low-
tempera tu re the rma l conduct ivi ty of insulators becomes 
very high and exceeds the the rmal conduct ivi ty of me t ­
als. Debye described the the rmal mo t ion of a t o m s in solids 
by a superposi t ion of a system of elastic waves and came up 
with the idea tha t the cause of the the rmal resistance lies in 
the scat tering experienced by these waves on f luctuat ions of 
the density of the investigated body . However , since these 

f T h e p r o o f o f t h i s for t h e s e c o n d c a s e is n o t a s s i m p l e a s in t h e first c a s e ; 
t h e r e a d e r c a n find it in m y p a p e r p r e s e n t e d a t t h e C o m o C o n g r e s s [17]. 
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f luctuat ions are in tu rn induced by elastic waves, the Debye 
theory has led to a conflict with the principle of super­
posi t ion of elastic waves on which it has been based. The 
theory of the electric and the rma l resistance of metals 
p roposed above is free of this conflict, because the 
scattered (ca thode) waves differ from the scattering 
(elastic) waves. 

F o r the m o m e n t we shall no t consider the de terminat ion 
of the numer ica l value of the coefficient fi (see below), bu t 
we can pu t forward the following qual i tat ive propos i t ions . 

If the ca thode waves in metals are regarded as long, then 
at m o d e r a t e t empera tu res we can assume tha t 

fi = const x T . (47) 

The electric conduct ivi ty G is inversely p ropo r t i ona l to T 
if it is described by the Sommerfeld formula [Eqn (17)], 
which does no t contain t empera tu re explicitly, whereas the 
appl icat ion of my formula [Eqn (34)] gives, in accordance 
with the equali ty 

1 , l v ' 
D = - lv' = - - , 

3 3 fi 

the expression 

const 
G = 5— . 

T2 

Conversely, if we treat ca thode waves as short ( regarding 
them as similar to X-ray waves), we obta in under the same 
condi t ions 

fi = const , (48) 

and, consequently, according to m y formula we have 
G = c o n s t / r , whereas the Sommerfeld formula gives 
G = const. 

The quest ion of which of these two formulas cor re ­
sponds to reality cannot be answered simply. W e have seen 
earlier tha t the average wavelength of ca thode waves in a 
meta l is indeed comparab le with the in tera tomic distances. 
Therefore, these waves should not , strictly speaking, be 
t reated as long or short . A theory of the scat tering of optical 
waves whose wavelength is in termedia te does no t yet exist 
because the development of such a theory meets with very 
serious difficulties. 

However , there are two circumstances which suppor t the 
Sommerfeld formula ra ther t han mine. 

Accord ing to the above theory the scat tering coefficient 
\i of ca thode waves in a meta l which is no t qui te pure , i.e. a 
meta l conta in ing a small number of some impuri t ies (if only 
of ano ther highly conduct ing metal) , should always be 
greater t han the scattering coefficient fi of the same meta l 
when it is perfectly pure . 

Such irregularly dis tr ibuted impuri t ies should in fact act 
on ca thode waves in approximate ly the same way as dust 
suspended in air acts on the scattering of light waves. W e 
can consequent ly assume tha t 

li' = li + Ali, (49) 

where Afi is an essentially posit ive quant i ty , which is 
practical ly independent of t empera tu re . Subst i tut ing here 
the value of fi from E q n (47) and applying the Sommerfeld 
formula for the electric conductivi ty, we obta in 

p' = —f = p + Ap = const x T + Ap , 

where p oc T is the resistivity of a pu re meta l and Ap is the 
addi t iona l resistivity p r o p o r t i o n a l to the n u m b e r of 
impuri t ies and independent of t empera tu re . This result is 
in full agreement with the exper imental observat ions 
formulated as the Mat th iessen rule. However , according 
to my formula the addi t iona l resistivity should be directly 
p r o p o r t i o n a l to the absolute t empera tu re . 

It is also k n o w n tha t the resistivity of the major i ty of 
metals rises steeply (it approximate ly doubles) as a result of 
melt ing. This can be explained directly by the concept of 
' long ca thode waves ' because inhomogenei t ies caused by 
f luctuat ions of the density in a liquid are stronger 
(approximate ly twice as s t rong) t h a n in the case of the 
corre-sponding solid. If the assumpt ion is m a d e tha t 
ca thode waves are short , the scattering coefficient should 
reach its m a x i m u m value fi = \/d w 10 8 c m - 1 a l ready in a 
solid near the melt ing point , so tha t its significant increase 
as a result of mel t ing becomes incomprehensible . 

These considerat ions unde rmine the validity of the 
calculat ion of the electron mobil i ty m a d e in Section 6, 
which is based on the idea of a change in the probabi l i ty 
of var ious e lementary displacements under the influence of 
an electric field (and which is related directly to the 
Bo l t zmann dis t r ibut ion law of electrons in a given force 
f i e ld ) . x As far as the numer ica l value of fi (at n o r m a l 
tempera tures ) is concerned, b o t h po in ts of v i e w — p o s t u l a t ­
ing ' shor t ' and ' long ' ca thode waves — lead to values which 
are in agreement with the exper imental da ta on the electric 
conduct ivi ty of var ious metals if in the former case this 
conduct ivi ty is calculated using m y formula and in the latter 
case the Sommerfeld formula is used. 

I am unab le to go into further details of the calculat ions 
in this paper . The calculat ion of fi is possible on the basis of 
the Schrodinger equat ion [Eqn (40)] if U is unde r s tood to be 
the poten t ia l energy of an electron relative to all the a toms 
and if the a toms are regarded as neutra l . The energy of 
ca thode waves scattered by one such a tom is, as d e m o n ­
strated by a new theory of collisions developed by Born and 
Wentzel , given approximate ly by 

A f e 2 \ 2 4k2a2 / 2n 2nmv\ 

^ 4 l t f c l J T T W \k = T = — ) ' (50) 

if the energy (co)2 of the incident waves is assumed to be 
unity. Here , a denotes the effective rad ius of an a tom in the 
n o r m a l 'Bohr ' sense, i.e. a quant i ty of the order of 
1 0 ~ 8 cm. The to ta l scat tering coefficient for a (pure) 
meta l conta in ing na a t o m s per uni t vo lume can be found if 
we mult iply the above expression by na in the case of 
' shor t ' waves and by the mean square f luctuation (Ana)2 in 
the case of long w a v e s | . In the former case this gives 
fi w 10 8 , i.e. / w 1 0 - 8 c m w d, whereas in the latter case it 
gives / i « 1 0 5 , i.e. / « 1 0 " 5 c m (at T w 300 K ) with the 
exper imental electric conduct ivi ty if the latter is calculated 
using my formula in the first case and the Sommerfeld 
formula in the second case. However , I th ink tha t the 
t empera tu re dependence of G at low tempera tu res agrees 
bet ter with the Sommerfeld formula, i.e. with the theory of 
an electron gas formed by long ca thode waves t han with 
m y theory of i t inerant comet-l ike electrons, which 
cor respond to very short ca thode waves. However , there 

f H e r e , Ana r e p r e s e n t s t h e d i f f e rence b e t w e e n t h e a c t u a l a n d m e a n v a l u e s 
o f na. 
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is no doub t tha t in reality the wavelength of these waves is 
comparab le with the in te ra tomic distances and, conse­
quently, they are short ra ther t han long. 

Appendix: Comments on Ya I Frenkel's paper 
T In t e rms of the m o r e usua l no ta t ion the value of c can be 
described as follows: c = Qxp(—E¥/kT), where E¥ is the 
F e r m i energy. 

n I n Ya I F renke l ' s ob i tua ry [33] A I Anse l 'm specially 
emphasised the elegance of Y a k o v IPich's der ivat ions of the 
main formulas in the q u a n t u m theory of metals for an ideal 
electron gas at absolute zero (Ansel 'm ment ioned this later 
in one of the first sessions of a meet ing devoted to the 
m e m o r y of Ya I F r e n k e l ' in 1953). These re la t ionships are 
derived in the first section of the famous article of 
A Sommerfeld and H A Bethe 'Elect ronentheor ie der 
Meta l l e ' [34] wri t ten in 1933 (and publ ished in Russ ian 
t rans la t ion in 1938). There is na tura l ly a direct reference to 
F renke l ' s work . Judging by all the facts, Y a k o v Il ' ich 
himself also liked this der ivat ion and with obvious satisfac­
t ion he included it in a n u m b e r of his pape r s and in a 
b o o k [28]. 

m T h e paper ment ioned by F r e n k e l ' was presented by 
R Becker at a col loquium in Berlin on 24 N o v e m b e r 1925. 
F o u r days earlier Y a k o v Il ' ich visited Einstein, told him 
abou t his own results obta ined on the theory of metals , and 
received his approva l . This was confirmed at the col loquium 
itself. On 26 N o v e m b e r F r e n k e l ' wro te to his pa ren t s : T h e 
day before yesterday at a col loquium at the Univers i ty in 
the presence of Einstein, Planck, Nerns t , Laue , and other 
leading scientists ( including A b r a m Fedorov ich [Ioffe]) one 
of the subjects repor ted on was m y theory of electric 
conduct ion of metals . Becker presented m y results bu t 
differed with me on one very impor t an t topic. Einstein 
contradic ted him strongly and declared tha t he " regards my 
ideas to be perfectly correct and the results as very 
r e m a r k a b l e " (see p . 146 in Ref. [1]). On the same day 
Ioffe wro te to his wife V A Krav t sova : " I was present at 
a col loquium where Frenke l ' s work on metals was discussed 
and praised very highly (part icular ly by E ins t e in ) " (p. 470 
in Ref. [35]). 

I V T h e concept of ' cometa ry ' electrons was applied by 
F r e n k e l ' to metals in the (chronologically) second of his 
publ ica t ions [14] (for the English version of this paper see 
Ref. [15]). It is amus ing to no te tha t Ya I F r e n k e l ' p u b ­
lished his first work in the Pe t rograd j o u r n a l Avtomobil 
(Automobi le ) and its title was 'Mechanica l condi t ions of the 
opera t ion of the differential ' [36]. 

v I n one of his pos twar paper s Y a k o v Il ' ich referred to 
the t rans i t ion from the insulat ing to metall ic type of 
conduct ion under the influence of an external pressure 
as the 'forced collectivisation of e lectrons ' . This served to 
accuse him (at a meet ing of the Academic Counci l of the 
Leningrad Polytechnic Ins t i tu te in the early fifties) of 
mock ing the Soviet collective farm system. These were 
difficult t imes! 

V I I n contras t to Sommerfe ld ' s work in which the 
influence of an external field on the mot ion of electrons 
is included automat ica l ly by the use of the P a u l i - F e r m i 
q u a n t u m statistics, Y a k o v Il ' ich tried to establish a physical 
mode l of the effect by considering diffusion j u m p s . 
However , this mode l provides an unsat isfactory descr ip­
t ion of the si tuat ion in o rd inary metals , i.e. metals with an 

allowed b a n d which is no t too na r row. However , the j u m p 
( 'hopping ' ) concept applies directly to wha t are k n o w n as 
low-mobil i ty mater ia ls . 

V I I O f course, we are dealing here with the phase velocity 
of waves. 

V I I I I t seems appropr i a t e to say a few words abou t the 
relat ionship between F r e n k e l ' and Sommerfeld. On 26 
September 1927 he wro te to his wife from Naples : " I 
travelled to Nap le s with Sommerfeld. On the way we 
talked a lot, na tura l ly abou t physics. H e is no longer 
y o u n g (58 years old), bu t be behaves in a very simple 
and pleasant manne r . It is a pi ty tha t ten years ago I could 
no t be one of his s tudents . Almost all the most talented 
y o u n g theoret ic ians (in G e r m a n y and par t ly elsewhere) are 
his s t u d e n t s " (see p . 434 in Ref. [2]). 

They evidently met in Italy. Fore ign archives conta in 
several letters from F r e n k e l ' to Sommerfeld (the pr iva te 
prewar archive of Y a k o v Il ' ich was lost dur ing the b lockade 
of Leningrad) . These letters (see pp 3 3 7 - 3 4 1 in Ref. [2]) 
can be used to judge the p ro found respect and even 
admira t ion tha t Y a k o v Il ' ich felt for Sommerfeld. It is 
interest ing tha t F r e n k e l ' abs t rac ted a large paper of 
Sommerfeld on the electric conduct ivi ty of metals for the 
G e r m a n abstract j o u r n a l Physikalische Berichte [9 1051 — 
1055 (1928)]. This abs t ract differs strikingly from the 
convent ional form. It no t only gives Sommerfeld 's 
results, bu t a l s o — w i t h Sommerfe ld ' agreement — some 
comment s which are part ia l ly polemical . F renke l ' s abs t ract 
was republished by Sommerfeld (pp 1 0 3 - 1 0 8 in Ref. [37]) 
and it is a good i l lustrat ion of the app roach to the p rob lem 
by two scientists, which supplements the paper of Y a k o v 
Il ' ich repr inted above. 

W e shall ment ion two events which describe the 
relat ionship between the two theoret ic ians. I K Kiko in 
writes in Reminiscences of FrenkeV (pp 6 2 - 6 9 ) : 'When I 
g radua ted from the Inst i tu te (in 1927 Kiko in g radua ted 
from the Physicomechanica l Facu l ty of the Leningrad 
Polytechnic Inst i tute) I was sent on an official tr ip to 
G e r m a n y and worked for a t ime at the M u n i c h Universi ty, 
where Sommerfeld held the chair of theoret ical physics, and 
I became acquain ted with young pos tg r adua t e s tudents , i.e. 
those who obta ined a first degree, and found tha t they were 
s tudying F renke l ' s e lectrodynamics. To m y quest ion wha t 
are they doing they answered: " W e are p repar ing to be 
examined on electrodynamics by Sommerfe ld" . "But 
Sommerfeld has his own course of lectures on electro­
dynamics?" . "Yes , bu t Professor Sommerfeld th inks there is 
no bet ter course in the wor ld t han tha t of F renke l ' . H e will 
examine us solely on the basis of F renke l ' s b o o k " (p. 66 in 
Ref. [2]). 

The same Reminiscences include a paper by 
G V Skrotskii . In September 1930 Sommerfeld par t ic i ­
pa ted in the Firs t Al l -Union Congress of Physicists in 
Odessa. H e presented there a paper on the influence of a 
magnet ic field on the electric conduct ivi ty of metals . The 
paper was t rans la ted on the spot by Y a k o v Il ' ich. Skrotskii 
writes: " Y a k o v Il ' ich went beyond the remit of an inter­
preter : he did no t p rov ide a simple t rans la t ion from the 
G e r m a n , bu t commented and explained var ious s ta tements 
in Sommerfeld 's paper . These improvisa t ions did no t escape 
the a t ten t ion of Sommerfeld, who thanked him and 
ment ioned this po in t especially at the conclusion. W h e n 
Y a k o v Il ' ich t rans la ted these words , Sommerfeld, 
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Y a k o v Il ' ich, and m a n y par t ic ipan ts were l a u g h i n g " (p. 164 
in Ref. [12]). 

I X I t is interest ing to poin t out tha t , judg ing by the paper 
of F r e n k e l ' presented at the C o m o Congress [17], he a l ready 
then unde r s tood tha t electron diffraction by a regular 
crystal lattice of a meta l does no t give rise to the 
resistance. Y a k o v Il ' ich stressed this poin t frequently in 
the paper repr inted above. The idea tha t the resistance of a 
pu re defect-free meta l is solely due to the the rmal v ibra t ions 
of the lattice is fundamenta l to the whole theory of the 
electric conduct ivi ty of metals . At present we might regard 
it as trivial, bu t we must recall tha t this idea was pu t 
forward in 1 9 2 7 - 1 9 2 8 , and at the t ime it has been far from 
self-evident. The unde r s t and ing has come only with the 
development of the b a n d theory of solids. Subsequent ly 
F r e n k e l ' ha s accepted his theory bu t has regarded its role as 
greatly exaggerated. His main objection was tha t it does no t 
al low for the e l e c t r o n - e l e c t r o n interact ion which is very 
s t rong in solids. Nevertheless , it is t empt ing to guess tha t 
this objection has been par t ly due to purely psychological 
and possibly even subconscious mot iva t ion . H e app roach 
very closely wha t is n o w k n o w n as the weak-b inding 
approx ima t ion (nearly-free electron model ) and is used 
widely in the me thod of pseudopoten t ia l , bu t did no t 
m a k e the next logical step of const ruct ing a many-wave 
theory of diffraction of electron waves. This is par t icular ly 
surprising because, judg ing by the list of names and 
references to his papers , he knew of the work of D a r w i n 
(1914), who developed a dynamic theory of X-ray diffrac­
t ion in the two wave approx imat ion . This theory is fully 
equivalent to the weak-b ind ing approx imat ion . 

H e r e is the relevant pa r t of his paper presented in C o m o : 
The electrical po ten t ia l in an absolutely h o m o g e n e o u s meta l 
crystal of infinite d imensions at absolute zero can evidently 
be represented by a triple Four ie r series, the per iod of which 
is equal to the edge of a uni t cell and the constant te rm is 
equal to the average value of the posit ive potent ia l . 
Consequent ly , we have 

W U = W0 + ^ ' C e x p ^ * ! + q2X2+q3X3) > (A-!) 

where Wq is the average kinetic energy of an electron, 
qs = (2n/as)ns (s = 1, 2, 3; ns = 0, 1 , 2 , . . . ) in the case of 
the o r t h o r h o m b i c lattice in which the uni t cell is a 
paral lelepiped with the edges ai9 a2, a3; the p r ime in the 
summat ion sign indicates tha t the term nx = n2 = n3 = 0 
is excluded. 

In t roduc t ion of E q n ( A . l ) into the Schrodinger equa ­
t ion and neglect of the per iodic te rms compared with W0, 
gives the zeroth-order approx ima t ion in the form of a 
solut ion of the type xjj = \j/0 = e x p ( f c ) , where 

2K 2nmv 2iz r-——— / 

This solut ion describes the main p r imary waves p r o p ­
agat ing in a crystal a long an arbi t rar i ly selected direction. 
Each per iodic term (W — U) cor responds to one side 
p r imary wave, described in the first approx ima t ion by 

Vfy' + * V = - C e x p ( i £ ' ^ , ) « A ° 

where k\, k2, and k3 are the componen t s of the vector k, 
represent ing the length and the direction of the main 
p r imary wave. 

If it is assumed tha t 

i//' =A e x p [ i ^ f e + £ j x , ] , 
s 

the result is 

[j2'(ls+ks)2-k2]A =C, 

i.e. 

A = 
C 

q2 +2Y,qsks 

(A.4) 

(A.5) 

(A.6) 

If we in t roduce the wavelength d of the e x p ( i ^ g p ^ ) 
waves and use 6q to denote the angle between the vectors k 
and — q, the denomina to r of E q n (A.6) can be wri t ten in the 
form 

? / l 2 cos 0a\ 
q2 + 2 £ « A = 2nq^- . (A.7) 

Hence it follows tha t A becomes infinite, in other words , 
our approx ima t ion becomes invalid at values of 6q which 
satisfy the relat ionship 

A = 2d cos i (A.8) 

this is the wel l -known Bragg or Rayleigh rela t ionship, 
which determines the direct ions of the interference maxima . 

It therefore follows tha t in the absence of the rmal 
mo t ion or any other cause of an inhomogenei ty of a 
crystal, the main waves, like the side waves, do indeed 
p r o p a g a t e wi thout any scattering. 

The scattering and the closely related apparen t a b s o r p ­
t ion cannot be calculated simply. I shall no t r eproduce here 
some of the a t t empts which I have m a d e in this connect ion. 
However , I shall po in t out one c i rcumstance which becomes 
self-evident as soon as we tu rn to the topic . A n elementary 
event in a crystal is the p ropaga t i on no t of just a single wave 
bu t of a 'packe t ' formed by the main and side waves. F r o m 
the corpuscular poin t of view this effect cor responds no t to 
a paral lel beam of electrons, bu t to mo t ion which is much 
m o r e complex. H a d we been able to solve the the rmal 
scattering p rob lem, could we have then found the quant i ty 
which would cor respond to an 'e lementary d isplacement ' 11 
I do not k n o w an answer to this quest ion. A p robab le way, 
a possible one, is to tackle this p rob lem wi thout recourse to 
corpuscular ideas ' (see pp 8 7 - 8 8 in Ref. [17]). 

x I t should be poin ted out tha t fusion of these opposi te 
po in t s of view on the process of conduct ion , ' hopp ing ' and 
'free-electron', has been achieved in wha t are k n o w n as 
superlatt ice semiconductors . The electrons move in artifi­
cially formed layer semiconductor s t ructures with per iods of 
tens of angs t roms , are localised by an applied electric field, 
and experience Bloch oscillations. The usua l conduct ion 
due to almost-free electrons in weak fields changes to the 
h o p p i n g mechanism when the field is sufficiently high to 
ensure tha t the localisation length becomes comparab le 
with the mean free pa th (or less t han this pa th ) . 

: C e x p [ i ^ f c + / : , ) x , ] , (A.3) 
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