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Abstract. One of Bell 's a ssumpt ions in the original 
derivat ion of his inequalit ies was the hypothes is of 
locality, i.e. of the absence of the influence of two remote 
measur ing ins t ruments on one another . Tha t is why 
violat ions of these inequalit ies observed in experiments 
are often interpreted as a manifes ta t ion of the nonloca l 
na tu re of q u a n t u m mechanics , or a refutat ion of local 
realism. In this paper , Bell 's inequali ty is derived in its 
t rad i t iona l form, wi thout resor t ing to the hypothesis of 
locality, the only assumpt ion being tha t the probabi l i ty 
dis t r ibut ions are nonnegat ive . These probabi l i ty dis t r ibu
t ions are calculated, for a specific opt ical experiment , in the 
f ramework of q u a n t u m theory and it is shown tha t they 
can take on negative values. This can therefore be regarded 
as a r igorous p r o o f tha t the hypothes is of locality is no t 
relevant to violat ions of Bell 's inequalit ies. The physical 
mean ing of the obta ined results is examined. 

1. Introduction 
Despi te the fact tha t the quest ions associated with the 
E i n s t e i n - P o d o l s k y - R o s e n ( E P R ) p a r a d o x [1] and Bell 's 
theorem [2] appear to have been largely elucidated, the 
s t ream of publ ica t ions on this topic has recently a p p r e 
ciably increased (see, for example, Belinskii and Klyshko 
[3] and the l i terature quoted therein) . The failure of Bell 's 
inequalit ies predicted by q u a n t u m theory and frequently 
tested experimental ly is t reated by the vast major i ty of 
invest igators as the manifesta t ion of the nonlocality of 
q u a n t u m theory . The poin t is tha t Bell [2] derived the 
original inequalit ies on the basis of the theory of hidden 
variables [1], one of the assumpt ions of which is the 
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hypothesis of locality, i.e. of the absence of the influence of 
two remote measur ing ins t ruments on one another . The 
logical inconsistency of the need to resort to the concept of 
nonlocal i ty in order to account for the failure of Bell 's 
inequalit ies has been demons t ra ted in a recent review [3] 
(see also Refs [ 4 - 7 ] ) . M y aim in the present s tudy is to 
formulate a r igorous p r o o f of Bell 's theorem wi thout 
resor t ing to the hypothesis of locality. 

2. Bell's inequality 
Using an a lgor i thm ana logous to tha t described by 
D e M u y n c k [6], I shall derive Bell 's inequali ty in its 
t rad i t iona l form 

\(AB) + (A 'B) + (AB ') - (A 'B')\ < 2 (1) 

without the assumpt ion of locality. Ano the r form of the 
inequali ty has been obta ined by D e M u y n c k [6]. He re A, A ', 
5 , and B' are d i cho tomous variables assuming unit values: 

A, A ' , B, B' = ±1. (2) 

The averaging is carried out with respect to events in the 
experiment described below. In order to demons t r a t e the 
validity of inequali ty (1), it is only necessary tha t the 
normal ised probabi l i ty dis t r ibut ion functions are n o n -
negative: 

W(A,A',B,B') > 0 , W(A,B, Bf) > 0, etc., (3) 

W(A,Af,B,Bf) = 1 
A,A ',B,B' 

W(A,B,B') = 1, etc. (4) 
A,B,B' 

Natura l ly , 

W(A,A', 5 , B') + W(-A, A ' , 5 , B') 

= W(A',B,B') >W(A,A',B,B'), (5) 
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similarly to other variables and dis t r ibut ions of lower 
dimensions. 

Accord ing to the p rope r ty defined by Eqn (5), one can 
write 

W(A,B, B') = W(A, A', B,B') + W(A, -A',B,BR) 

< W(A', B') + W(-A', B) 

= W(A', B') + W(B) - W(AF, B). (6) 

Similarly 

0 < W(A, -B, -B') 

= W(A, -B) - W(A, -B,B') 

= W(A) - W(A,B) - W(A,BF) + W(A, B,B'). 

(7) 

Let us transfer the last te rm of inequali ty (7) to the left-
h a n d side (to zero) and add the result ing relat ion to 
inequali ty (6). W e obta in as a result 

0 < W(A) + W(B) - W(A, B) 

-W(A',B) - W(A,B') + W(A\B'\ (8) 
or 

A(A, A B, B') = W(A,B) + W(A', B) + W(A,B') 

-W(A', B')-W(A)-W(B) < 0. (9) 

F u r t h e r 

W(B,B') = W(B) - W(B, -B'). (10) 

Similarly 

W(-B, -B') = W(-BF) - W(B, -B') 

= 1 - W(B')- W(B, -B'). (11) 

If we subtract E q n (10) from Eqn (11) we obta in as a 
result 

W(-B, -B') = 1 -W(B) - W(B') + W(B,B'). (12) 

Let us subst i tute this relat ion, together with E q n (7), in 
the following inequali ty: 

0 < W(-A,-B,-BF) = W(-B,-BF) - W(A,-B,-B'). 

(13) 
Then 

0 < 1 - W(A) - W(B) - W(B') + W(A,B) + W(A,B') 

+W(B,B') - W(A, B,B') = 1 - W(A) - W(B) 

-W(B') + W(A, B) + W(A,B') + W(-A, B,B'). 

(14) 

The last te rm is in this instance subject to the inequali ty 

W(—A, B, B') = W(-A,A',B,B') 

+W(-A, - A ' , B , B ' ) < W(A',B) + W(-A',B') 

= W{A B) + W(B')- W{A B'), (15) 

whence 

0 < 1 - W(A) - W(B) + W(A, B) + W(A B) 

+W(A,B')-W(A',B'), (16) 

or, t ak ing into account inequali ty (9), 

- 1 < A(A, A 5 , B') < 0. (17) 

W e shall n o w express the averages in inequali ty (1) in 
te rms of combined probabil i t ies , for example: 

(AB) = WAB (++) + WAB (—) - WAB (+-) - WAB (-+), 

(18) 

where 

WAB{+ + ) = W(A = + 1 , 5 = + 1 ) , etc. 

As a result of direct subst i tut ion, one can show tha t 

{AB) + (A FB) + {AB ') - (A FBF) = A(+ + ++) 

+ y t ( ) _ A(+ _ +_) _ + _+) . ( 1 9 ) 

Accord ing to inequali ty (17), we have 

- 2 < A(+ + ++) +A( ) < 0, (20) 

0 < -A(+ - +-) - A{- + - + ) < 2. (21) 

After add ing together inequalit ies (20) and (21) and 
tak ing into account Eqn (19) we obta in the final result (1). 
W e emphasise tha t the hypothesis of locality was no t used 
in this derivat ion. 

3. An example of the failure of Bell's inequality 
(1) and its cause 
The quest ion arises why inequali ty (1), which is based on 
extremely general pos tula tes , is violated in pract ice. The 
lack of an answer to this quest ion in D e M u y n c k ' s 
communica t ion [6] apparen t ly led to this work being 
undeservedly ignored. 

W e shall consider the scheme for the simplest experi
ment designed to test inequali ty (1) [3, 8, 9]. Two observers 
(Fig. 1) A and B each record s imultaneously one p h o t o n on 
' + ' or ' —' detectors assigning to these events the values A, 
B = + 1 or — 1. By changing the phase delays a by a r and/ 
or ft by /T, a t ransi t ion from the variables A and B to A ' 
and /o r B' is achieved. N u m e r o u s repet i t ions of the 
measurements m a k e it possible to calculate the averages 
in inequali ty (1). 

The q u a n t u m state of the p h o t o n s reaching the 
observers is described by the wave vector [3] 

Figure 1. Schematic illustration of the intensity interferometer with 
parametric sources of radiation for two observers A and B. The 
correlated photons are created simultaneously in the nonlinear elements 
7 or 2 under the influence of the pumping P and are directed to A and B via 
two modes, one of which undergoes a phase delay (circles). The modes are 
mixed in 50% light dividers (dashed lines) and are detected. 
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= (\/V2)(albt+atbt)\0) 

= ( 1 /V2 ) ( | 1 0 ) J 1 0 ) , + | 0 1 ) J 0 1 ) J , (22) 

where af and bf are the p h o t o n generat ion opera to r s in 
two signal (received by the observer A) and idler (received 
by the observer B) modes ; j = 1,2 cor responds to the 
number of the crystal emit t ing the given m o d e (Fig. 1); and 
| 0) denotes the vacuum state. 

The p h o t o n number opera to r s recorded by the detectors 
' + ' and ' — ' i n channel A assume the form 

n% = a%a± = (1 / 2) [/if + na

2 ± (aa_Qia + < e ~ i a ) ] , (23) 

where nf = afcij, oa_ = axa\, and o\ = (va-)+, j = 1, 2. 
Similar re lat ions define n± in channel B. 

W e n o w find the dis t r ibut ion function W(A, A ' , B, B') 
having calculated the combined probabi l i t ies as q u a n t u m 
momen t s : 

WAA >BB>(+ + + +) 

= W(A = + 1 , A ' = + 1 , B = +\,Bf = + 1 ) 

WAA >BB>{+ + + - ) = {^\n\4nb

+nbl\^ etc. (24) 

The pr imes denote here the replacement of a by a ' in 
E q n (23) and /o r by ' in channel B. 

W e establish the following phases in the channels: 

a = 0, a' = 7 t / 2 , p = -n/4, j8' = 7c /4 , (25) 

which cor responds to failures of inequali ty (1). As a result, 
we obta in the mat r ix elements (the lower indexes are 
omit ted) 

+ + = W ( + - - + ) 

= W(- + + - ) = W( ) = V2 j 16 , 

W ( + + - - ) = W(+ - + - ) = W(- + - +) 

= W ( - - + + ) = - V 5 / 1 6 , 

W(+ + -+) = W(+ ) = W(- + + +) 

= W ( - - + - ) = ( 2 - V 5 ) / 1 6 , 

w(+ + + -) = w(+ - + +) = w(- + - -) 
= W( +) = (2 + V2 ) /16 . (26) 

Some three-dimensional probabi l i t ies are also negative, 
for example 

wA*BBi+ + +) = w(- + +) 
= W ( + - - ) = W( ) = l / 8 , 

WA >BB>{- - +) = w(+ + - ) = ( i + y/2) 18, 

WA >BB>(+ - + ) = W ( - + - ) = (1 - V2) / 8. (27) 

T h u s the only cause of the failure of inequali ty (1) is the 
negative sign of the probabi l i ty dis t r ibut ion functions, i.e. 
failure of inequali ty (3) and hence of inequali ty (5). 
Accord ing to E q n s (26) and (27), the normal i sa t ion con
dit ions (4) and equa t ions of type (5) hold in this s i tuat ion. 

4. Conclusion 
In connect ion with the E P R p a r a d o x and Bell 's theorem, 
negative probabi l i ty dis t r ibut ions have been encountered in 
the l i terature [ 1 0 - 1 5 ] . However , the definition of the 
dis t r ibut ion function in the form W(A, A ' , B, B') makes it 
possible to reach an u n a m b i g u o u s conclusion concerning 
the role of locality or, m o r e precisely, the absence of such 
in the failure of inequali ty (1) by compar ing directly the 
results (26) and (27) with the initial pos tu la tes ( 3 ) - ( 5 ) . 
There is also no need to resort to 'h idden var iables ' . 

The probabi l i ty dis t r ibut ion function W(A, A ', B, B ' ) is 
ana logous to the Wigner dis t r ibut ion. N o t all the observ-
ables in it are described by commuta t i ng opera to rs , for 
example A and A '. They cannot be measured in a single 
event (the observer A can in no way record a single p h o t o n 
at different phase delays a and a r ) . Consequent ly , direct 
measurements of W(A, A \ B, B') are impossible. 
However , indirect m e t h o d s for the measurement of dis
t r ibut ion functions of this type are nevertheless permissible. 
T h u s a novel me thod , admit tedly designed for two-d imen
sional con t inuous Wigner dis t r ibut ions , including negative 
ones, has been p roposed [16] and applied experimentally. 
Pe rhaps one should become recon-ciled to a negative 
probabi l i ty , regarding it, after D i r ac [17], as a well-defined 
ma themat i ca l ana logue of a negative sum of m o n e y (see 
also M u c k e n h e i m [12]). 

Indeed, by following the p r o o f of inequali ty (1) in the 
opposi te direction, from the experimental ly recorded 
averages, we obta in jo int probabi l i t ies of types (26) and 
(27); a l though they do not have concrete values, never
theless some of them are b o u n d to be negative. 

W e have yet ano ther analogy. Negat ive t empera tu res 
do no t exist on the Kelvin scale, bu t a formal descript ion of 
the inversion of popu la t ion with the aid of a negative 
t empera tu re is widely used in q u a n t u m electronics. A 
negative t empera tu re cannot be measured with a t h e r m 
ometer , bu t it can be calculated and the state of the active 
levels can be elucidated. Thus the formal recognit ion of the 
existence of the dis t r ibut ion function W(A, A ', B, B') does 
no t leave r o o m for the requi rement tha t it should be 
nonnegat ive . 

The present s tudy does no t claim to embrace all possible 
q u a n t u m effects and to elucidate the p rob lem of nonlocal i ty 
in q u a n t u m theory in general . F o r example, the behaviour 
of a single p h o t o n in a M a c h - Z e n d e r interferometer can be 
t reated as nonloca l in the sense tha t it belongs s imulta
neously to two modes (arms) of the interferometer 
separated in space (see also Belinskii and Klyshko [3]). 
The present s tudy nevertheless makes it possible to claim 
tha t the violat ion of Bell 's inequalit ies does not p rovide 
g rounds for the invocat ion of the inexplicable nonlocal i ty as 
a characterist ic of q u a n t u m mechanics and for seeking help 
from mysticism in this connect ion. 
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