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Abstract. The review is devoted to theoretical and experimental 
problems in the study of liquid crystals by light scattering 
methods. Nematic, cholesteric, and smectic liquid crystals in the 
isotropic and ordered phases are considered. The possible types of 
fluctuations are discussed for each phase. In the isotropic phase, 
special attention is devoted to pretransition phenomena. The 
influence on light scattering by unusual properties of liquid 
crystals such as the marked anisotropy, gyrotropy, and the 
presence of a regular periodic structure is examined in detail. 
The characteristic features of Green's function of Maxwell's 
equations for such media are discussed. The influence of the finite 
size and of the surface effects in the liquid crystal on the 
fluctuations and light scattering is considered. The problem of 
taking into account multiple scattering is discussed. The theo­
retical results are illustrated by the available experimental data. 
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1. Introduction 

After the invention of lasers, the light scattering m e t h o d 
became one of the most effective p rocedures of the 
investigation of condensed systems. It has been tho rough ly 
developed b o t h experimental ly and theoretical ly and is used 
successfully in the s tudy of a wide variety of physical systems 
[ 1 - 3 ] . Since the med ium is then subjected to a min imal 
external influence, this me thod is par t icular ly promis ing for 
systems with a high susceptibility, for example a liquid near 
second-order phase t ransi t ion poin ts , liquid crystals, etc. 
However , when light scat tering m e t h o d s were applied to 
complex objects such as liquid crystals, a whole series of 
p rob lems arose which had no t been previously analysed in 
detail . These are related pr imari ly to the necessity to consider 
the f luctuat ions of the tensor order pa ramete r and sometimes 
of two and m o r e interact ing order pa rame te r s [4, 5]. Large 
scale f luctuat ions are usual ly analysed for variables of the 
scalar type, for example the density or concent ra t ion near the 
critical po in ts [6] or for a vector ^ -componen t order 
pa ramete r [7, 8]. F o r liquid crystals, the f luctuat ions of the 
order pa ramete r are frequently anomalous ly large and the 
intensity of scattering by them can exceed the scattering 
intensity in the usua l organic l iquids by several orders of 
magn i tude [ 9 - 1 1 ] . Ano the r p rob lem is associated with the 
unusua l opt ical proper t ies of liquid crystals. The large optical 
an iso t ropy, the presence of a regular per iodic s t ructure, the 
characterist ic size of which m a y be of the order of magn i tude 
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of the light wavelength, and the anomalous ly large optical 
activity m a y be regarded as such proper t ies [ 9 - 1 4 ] . Finally, 
surface effects play a significant role for liquid crystals in 
small volumes [15]. All these features lead to major 
compl icat ions in the solut ions of light scattering p rob lems 
and to difficulties in the analysis of exper imental da ta . 

F r o m the general statistical poin t of view, the order in 
liquid crystals is described by the dis t r ibut ion function of 
molecules with respect to angles and by the microscopic 
function of the density of molecules. If one is interested 
solely in the Rayleigh light scattering, then, in describing the 
order in main types of liquid crystals, one can restrict the 
t rea tment to a pa ramete r represent ing a second r ank tensor 
Rap(r,t). The tensor Rap can be constructed on the basis of 
any physical quant i ty with the same tensor dimensions (for 
example, the magnet ic susceptibility, the relative 
permit t ivi ty, etc.) [9, 16]. 

It is convenient to consider separately the or ienta t ion 
order pa rame te r 

S*p(r, t) =Rafi(r, t)-^^Ryy(r, t) 

which is a traceless tensor , and a scalar pa rame te r 

p(r, t)=\Ryy(r, f), 

character is ing the microscopic density. 
Since we are interested in the p rob lem of light scattering, 

we shall select henceforth the traceless componen t of the 
relative permit t ivi ty eap(r,t) at an opt ical frequency co0 as 
S a jg(r, t), neglecting the t ime and spatial dispersions of the 
tensor e. In the absence of intrinsic absorp t ion , the tensor 
Sap(r, t) can then be regarded as real and symmetrical . 

The equil ibr ium values of (Sap(r)) = S ^ ( r ) and 
(p(r)) = Po(r), where the ( . . . ) denotes statistical averaging, 
are related directly to the type of phase of the liquid crystal. 
The symmetr ical tensor S^p(r) can be diagonalised in the 
local coord ina te system ^ ( r ) , ^ W , ^ ( r ) : 

J=I 
where s®, s2 and are the eigenvalues of the tensor 
c 0 0 , 0 , 0 A 

S *p :sx + s2 + s3 = 0. 
In the isotropic phase (I-phase), si = s2 = s3. 
The case of a nonzero s- co r responds to the ordered phase 

of the liquid crystal. If two of the three eigenvalues s^s2,s^ 
are identical, then such a phase is locally uniaxial . Otherwise 
it is locally biaxial . If the system is spatially homogeneous , i.e. 
p 0 (r) , Sj(r), and e-(r) are independent of the poin t r, then it 
const i tutes a uniaxial (N-phase) or a biaxial ( N 2 - p h a s e ) 
nemat ic liquid crystal ( N L C ) . 

In cholesteric liquid crystals (CLC) , the ej(r) axes ro ta te 
helicoidally: e\(r) = [ c o s ( p 0 •#•), s i n ( p 0 •#•), 0], e2(r) = 
[ - s i n ( p 0 T ) , cos (p 0 •# • ) ,0 ] , and e°3(r) =p0/p0 = ( 0 , 0 , 1 ) , 
while the values of Sj(r) and p0(r) a r e constant . The quan t i ty 
2n/p0 represents the pitch of the cholestric helix. Cholester ic 
liquid crystals are usually locally uniaxial : si = s2. 

In smectic liquid crystals (SLC), the density p0(r) *s o n e ~ 
dimensional ly per iodic in space. In the simplest version, 

Po(r) = Poo + <Ao c o s ( ? o ' r ~ w 0 ) , (1-2) 

where 2n/q0 is the per iod of the smectic layers of the order of 
magn i tude of the molecular size, e0 = q0/qo is the direction of 
the n o r m a l to the layers, and uo represents the initial phase . If 
si(r) = s2(r) = const ^ 0, e-(r) = const, and e3 = e0, then 

such a phase cor responds to the smectic A phase ( S A -
phase) . If Sj(r) = const and ej(r) = const bu t n o n e of the 
(j = 1,2,3) axes coincides with eo, then the cor responding 
phase is a smectic C phase (Sc-phase) . 

Even m o r e complex liquid crystal phases — smectic B, C*, 
F , and H phases , discotic phases , etc. exist [4, 5, 9, 10], bu t 
we shall no t consider them here. F o r uniaxial liquid crystals, 
such as smectic A liquid crystals, and also for the vast 
major i ty of nemat ic and cholestric liquid crystals, the 
equil ibrium value of the tensor order pa ramete r S ^ can be 
conveniently wri t ten in the form 

SajS = S0(nln°p - ^ S a j g ) ; (1.3) 

where S0 = —3s® = — 3 ^ and n° = e\. The scalar So has the 
significance of the average degree of order of the long axes of 
the molecule a long the director vector n° [9]. 

The f luctuat ions of the order pa ramete r 

<Mr> 0 =Safi(r, t)-S°afi(r), 

hp{r,t)=p{r,t)-po{r) (1.4) 

generate in the med ium fluctuation inhomogenei t ies of the 
relative permit t ivi ty 8eajg, which scatter light. 

The pr incipal cont r ibu t ion to the light scat tering in liquid 
crystals comes from the or ienta t ion f luctuations q>ap(r,t). 
This is associated with the fact tha t the f luctuat ions 8p in 
cases where p 0 ( r ) = c o n s t (nematic and cholesteric liquid 
crystals) have the same order of magn i tude in liquid crystals 
as in the usua l l iquids. On the other hand , in smectic liquid 
crystals, where po(f) is periodic, there are appreciable 
f luctuat ions 8p bu t their characterist ic scale qo~l <̂  A (the 
light wavelength) and they are hard ly manifested in the usua l 
light scattering. W e shall therefore henceforth consider only 
the scattering by or ienta t ion f luctuat ions cpap unless 
otherwise st ipulated. The tensor cpap has in the general case 
five independent f luctuation modes £ 1 ? . . . , £ 5 . 

The space t ime pair correlat ion function 

Gapyp(ru r 2 ; tx - 1 2 ) = (<pafi(ru h)<pyp{r2, t2)) (1.5) 

is used in the statistical descript ion of the f luctuation 
bsap = cp^p. In par t icular , the intensity of single light 
scattering is expressed in te rms of this function [1 - 3 ] : 

7 ( e « , e W ) = J 0 0

o o g / ( e « , e W , « , ) , (1.6) 

where the spectral intensity of the scat ter ing at the point r is 

7 ( e« , e ( s ) , ft)) = F 0 £ &i&r2 e^efT^r, rx; co + co0) 

xT}s(r, r2; co + co0)GyilSv(ru r 2 ; co) 

xEf{ri)Ef\r2)efe^\ (1.7) 

Yo is a cons tant linked to the definition of the intensity, and 
Vs is the scattering volume. This formula refers to the case of 
a h a r m o n i c incident wave. 

^ ( r , t) = £ < l ) ( r ) e - i r a » ' = E $ ( r ) ^ ' , (1.8) 

where Tap(r,rf;co) is Green ' s function of Maxwel l ' s 
equa t ions at the poin t r in the co-representation, and e ( s ) 

a re the polar isa t ion vectors of the incident and scattered 
light, and G( r l 5 r 2 ; co ) is the frequency Four ie r t ransform of 
the correlat ion functions (1.5). 
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F o r m u l a (1.6) defines the integral intensity of the 
scattered light. In the descript ion of a real experiment on 
light scattering, it is usually sufficient to use for G r e e n ' s 
function T(r,rf; co + co0) its asymptot ic form in the remote 
region \r — r'\ > X. Bear ing in mind tha t the characteris t ic 
hyd rodynamic frequencies co of the correlat ion function 
G(r , r r ; co) are much smaller than the optical frequencies coo, 
the frequency shift m a y be neglected in G r e e n ' s functions T in 
E q n (1.7), i.e. T(r,rf; co + co0) m a y be replaced by 
r ( r , r r ; co0). The integral intensity defined by E q n (1.6) is 
then defined by the spatial correlat ion function 

Gapyp(ru r2) = (<pafi(ru t)cpyp(r2, t)) 

= J ^ GaPyp(ru r 2 ; co). (1.9) 

In this case the a rgument t of the function cp(r,t) can be 
omit ted bear ing in mind tha t the cor responding corre la tors 
are s imul taneous . 

F o r the calculat ion of the correlat ion function G(r , r ' ) , it 
is essential to k n o w the cont r ibu t ion of the f luctuat ions cp(r) 
to the t h e r m o d y n a m i c potent ia l of the liquid crystal 0. The 
deviat ions of Sxp(r) from the state of equil ibrium (S ^) 
require an expendi ture of energy. The magn i tude of this 
dis tor t ion energy actually determines the probabi l i ty of the 
given f luctuation [18]. 

F r o m the s tandpoin t of the general principles of the 
con t inuum theory of liquid crystals [4, 9, 10, 17], the 
quant i ty 0 is a functional of the invar iants of the pa rame te r s 
S<xp(r) and p(r) and their gradients . If one is interested solely 
in fairly smooth dis tor t ions of the or ien ta t ional s t ructure of 
the liquid crystal, then one need retain in 0 only gradient 
t e rms of an order in V no t higher t han the second. In nemat ics 
and cholesterics, where p0(r) = const, the interact ion of the 
f luctuat ions in p and Sap is insignificant and the cont r ibut ion 
8p to the t he rmodynamic poten t ia l m a y be disregarded. The 
expansion of the t h e r m o d y n a m i c poten t ia l includes in this 
case invar iants of the type 

Saj8> • • • ? Syd , (1-10) 
Sa/3>---> SysVpS^V^S^, (1-11) 
etivPStxp, • • • ? SysV^ST<T, (1-12) 

cont rac ted over all pa i rs of indices; here E ^ P is a fully 
ant isymmetr ic third r ank uni t vector. It follows from 
symmetry considera t ions tha t the invar iants (1.12) in V can 
exist only for chiral liquid crystals (cholesteric, smectic C*, 
etc. liquid crystals) [9, 18]. W e m a y also no te tha t invar iants 
of the type Sp(S") are expressed, for any n, in te rms of two 
independent invar iants Sp(S 2 ) if Sp(S 3 ) as a consequence of 
the recurrence relat ion 

SpSn+1 = \SpS2SpSn~1 + i SpS3SpSn~2. (1.13) 

This app roach const i tutes in fact an extension of the Oseen -
F r a n k con t inuum theory [9, 10] to the case where liquid 
crystals are described not in te rms of the director vector n(r) 
bu t in te rms of the tensor order pa ramete r . 

In smectic liquid crystals, it is essential to t ake into 
account b o t h the or ienta t ion order pa rame te r S^r) and the 
s t ructura l pa ramete r po(r). Since po(r) is no t a smooth 
function of the coordinates , it is necessary, strictly speaking, 
to t ake into account arbi t rar i ly high orders of the spatial 
derivatives of po(r). However , in order to obta in the 
pr incipal characterist ics of smectic liquid crystals, it is 

sufficient to t ake into account the spatial derivatives of po(r) 
up to the fourth order inclusive [19]. In par t icular , E q n (1.2) 
is then obta ined from the condi t ion for a m i n i m u m in the 
cor responding potent ia l . A n al ternat ive app roach [20], in 
which Eqn (1.2) is pos tu la ted and the smooth complex 
ampl i tude \jj(r\ 

iP(r) = \iP(r)\e-'^r\ (1.14) 

is adop ted as the order pa ramete r , is m o r e c o m m o n . The 
quant i ty u(r) has the significance of the project ion on to qo of 
the vector u(r) of the displacements of the smectic layers, 
while \i//(r)\ is the ampl i tude of the density wave. |iAo( r)l = *Ao 
cor responds to the equil ibrium value of the pa ramete r i//o(r) 
and u(r) = w0 in E q n (1.2). 

The present review is devoted to the p rob lem of the s tudy 
of f luctuat ions and light scat tering in liquid crystals. 
Theoret ical and exper imental results are described in 
parallel . The theoret ical considerat ion is fairly detailed. The 
final expressions are quoted , so far as possible, in a form 
permi t t ing direct compar i son with experiment . The pr incipal 
types of liquid crystals — nemat ic , cholesteric, and 
smectic — are considered. Both the ordered and isotropic 
phases of the liquid crystals are discussed. A brief resume is 
presented at the end of each section and the possible 
prospects for further research are discussed. 

2. The isotropic phase of nematics 
2.1 Fluctuations and light scattering intensity 
The proper t ies of liquid crystals in the isotropic phase do no t 
differ from those of the usua l organic l iquids with aniso t ropic 
molecules. However , the na tu re of the behaviour associated 
with the correla t ions in the or ienta t ions of the molecules and 
in par t icular with the f luctuat ions of the tensor order 
pa ramete r cpap(r) are in the present instance completely 
different. In the vicinity of the poin t cor responding to 
t ransi t ion to the ordered phase , the ampl i tude of the 
fluctuat ions increases sharply and the fluctuation kinetics 
exhibit a critical r e ta rda t ion . The characterist ic features of 
the behaviour of a liquid crystal in the region of the phase 
t ransi t ion can be obta ined with the aid of the mode l p roposed 
by de Gennes [9, 16, 17, 21]. The L a n d a u expansion of the 
t h e r m o d y n a m i c poten t ia l is used as a basis [18]: 

0(S ) = 0(0) + 1 A 0 Sp S 2 - i B0 Sp S 3 + \ C 0 ( S p S2)2 , 

where 0(0) is the cont r ibu t ion to the poten t ia l no t associated 
with the or ienta t ion and B0 and Co are posit ive cons tants . In 
L a n d a u ' s theory, A 0 = A ' 0 t , A 0 > 0, t = (T -T*)/T*9 and 
T* is the t empera tu re at which the isotropic phase loses its 
stability. In the isotropic phase , the average value of S is zero. 
A characteris t ic feature of the above expansion is the 
presence of a third order te rm in S. The^ cubic term is 
in t roduced because states with +S and —S are physically 
completely different: S0 > 0 describes the preferred 
or ienta t ion a long n°, while S0 < 0 describes the preferred 
or ienta t ion in the p lane perpendicular to n° [9]. 

This mode l predicts a first-order phase t ransi t ion at a 
t empera tu re Tc = T *[1 + (B1/27A 0 C 0 ) ] , the difference 
Tc — T* is usually approximate ly 1 K, while the heat of 
t ransi t ion Q = A 0B2

0/27C2

0 is very low ( ~ 1 J c m - 3 ) [9, 22]. 
The phase t ransi t ion is a weak first-order phase t ransi t ion 

over a wide range in which free t ransi t ion p h e n o m e n a , 
characterist ic of second-order t ransi t ions , are observed [22]. 
A detailed descript ion of the behaviour of the liquid crystal in 
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the region of the phase t ransi t ion requires the in t roduct ion of 
an effective H ami l tonian [7, 18]. W h e n account is t aken of up 
to sixth-order t e rms in 5 , it assumes the following form: 

HeS = | d r [ 1 A Sp S2 + 1 L!(VaSfr)2 + \ L2(VxSxfl)2 

- ± B S p S 3 + ± C ( S p S 2 ) 2 + ± £ S p S 2 S p S 3 

+ l D 1 ( S p S 2 ) 3 + i J D 2 ( S p f 3 ) 2 ] , (2.1) 

where A = A ' t , Af ,Li,L2,B,C,Di, and Z) 2 are constants , 
L i > 0, and Lx + ( 2 / 3 ) L 2 > 0 [4, 17]. Usual ly A ' > 0 and 
B > 0. 

W e shall use be low the Four ie r spatial- t ime 
t rans format ions defined by the relat ions 

F (r> * ) = ^ } ^ e x p " r ^ ' 

(co) = f dr [ dt F (r, t) exp [ - i (g . r - cot)], (2.2) 
JV J -oo 

in a finite system with a vo lume V, in which the subst i tu t ions 
V ~l J2q ~^ (^n)~ 5 dq and Fq —>• F(q) are carried out in the 
case of an u n b o u n d e d system. 

W e in t roduce the coord ina te system {e\,e2,p}, where 
P — q/q is a uni t vector a long q, e\ and e2 are uni t vectors 
o r thogona l to the vector q, and ex = e2 x p to m a k e the 
t rea tment concrete. In this coord ina te system, the tensor cpapq 

can be conveniently paramet r i sed in the form [23, 24] 

<PaP,q = £lAP<*eiP +Ppelx) + %2,q(Pxe2P + Pfie2a) 

+%3,q(elxe2P + eipe2*) + %4,q(elxeiP ~ e2^2p) 

H5,qV2(nl4-^). (2.3) 

Consider the f luctuat ions of the modes ^ ( j = 1 - 5 ) in 
the Gauss ian approx imat ion . On subst i tut ing S = cp from 
E q n (2.3) in E q n (2.1), we have 

H * = v £ u a
 + ( L i + l ^ ( i ^ i 2 + i ^ i 2 ) 

+(A+L1c1

2)(\^q\2 + \^q\2) 

+ [ A + ( L 1 + f L 2 y ] | ^ | 2 } . (2.4) 

Evident ly the paramet r i sa t ion cpap,q in t roduced is convenient 
because the f luctuat ions of the modes £1,4, • • •, £5,4 are 
independent . The mean squares of the fluctuation modes 
can be easily found from Eqn (2.4): 

< | £ J 2 ) = i £ B 7 V ( A + L u ) q 2 Y \ j = l - 5 , (2.5) 

where 
l ( 1 ) = l ( 2 ) = l ( 3 \ l { 3 ) = l { 4 ) = l ^ \ l ( 5 ) = l ( 2 ) , 

and &b is the Bo l t zmann constant . 
It is seen from E q n (2.5) tha t the f luctuat ions of all five 

modes behave in a critical m a n n e r at T — TC bu t their 
g rowth is limited by the in ter rupt ion due to the first-order 
phase t rans i t ion at a t empera tu re TC ^ T *. It is interest ing to 
no te tha t , in contras t to the scalar order pa ramete r , here we 

have no t one bu t three correlat ion lengths rCJ- = ( L ^ / A ) 1 / 2 

(j = 1 -3 ) , which depend on two paramete r s , L\ and L 2 , and 
they are linked to one another by the relat ion 
4r2

c2=r2

c3+3r2

cl. 
The correlator defined by E q n (1.9) in an u n b o u n d e d 

spatially h o m o g e n e o u s med ium depends solely^ on the 
difference between the a rguments G ( r l 5 r 2 ) = G(rx — r2). 
F r o m E q n s (2.3) and (2.5), we find in the q representa t ion 
[23, 25] 

3 
G*i>,p(q) =kBT^B$yp(p)(A + L ^ V ) _ 1

: 

J'=I 
where 

(2.6) 

Balp(P) = \ fixyPflPp + ^pPpPy + fypPaPy + $foP*Pp 

-4paPpPyPp), 

B % P ^ ) =HP*PP -l8*p)(PyPP ~^yp) > 

B^(p)=I-B{2)(p)-B^(p) *(3)/ 

and the tensor 
I s s 

' 3 ua(}uyp •> (2.7) 

plays the role of a uni t tensor for the given symmetry. 
W e shall n o w consider the intensity of the light scattered 

by these f luctuat ions. In te rms of the B o r n ' approx imat ion , it 
can be wri t ten in the form [1 - 3 ] 

7(e®, , ( s ) ) = Z ® e " ' L * e®efGmto(qJe®e® , (2.8) 

where Z ^ = Ii

0

l)Vs(co2

0/4nc2R)2, I® is the intensity (the 
m o d u l u s of the Boynt ing vector) of incident light, c is the 
velocity of light in a vacuum, R/R is the direction t owards the 
observat ion point , R is the distance from this po in t to the 
scattering vo lume VS9 VlJ3 <̂  R, L t r is the pa th t raversed by 
light in the medium, a the extinction coefficient (linked to the 
energy lost in the scattering process), and are the 
polar isa t ion vectors, k^ and k^ are the wave vectors for the 
incident and scattered waves respectively, and 
qsc =k® — k® is the scattering vector. 

The scattering intensity for a rb i t ra ry polar isa t ions and 
can be found from E q n s (2.6) and (2.8): 

I(e®,e®)=AYi

l-
j=l 1 + fec^c,) 

(2.9) 

where 

A = l l ) V S R S C R - 2

E - A L " , 

VW(e®, e ( s ) ) = i + \ x 2 - v ' V 0 , e®) - v< 3 >(*« * ( s ) ) -

v^\e^\ €^) = I (xp^Xp S — 3X[S) , 

^(e^, e^) = 2~Xp[ ~\~ 2~Xps H~ -^is-^pi-^ps 2xp^XpS, (2.10) 

h e r e x i s = e{l) -e{s\ x p i =p-e{l\ x p s =p-e{s\ and/? = qsc/qsc. 
The quan t i ty RSC is the scattering constant defined as follows 
[26]: 

^ s c — 7 7 4 — 0) — 
5X 

co0 \ kBT 
(2.11) 

7 = 1 , 

while all the correlat ion radi i rC J ~ t v and v = 0.5. W h e n 
account is taken of Eqns (2.9) and (2.10), formula (2.8) 
makes it possible, in par t icular , to formulate expressions for 

In te rms of the mean field approx imat ion , A ~ t 
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the scat tering intensities cor responding to all the 
polar isa t ions usual ly employed in the experiment: 

1 v 

1 H — 

A 

'2 

A 

~~2 

A 

2 

1 
• + 

1 1 

1 + fec^cl) 3 1 + 0 ? s c r c 2 ) 

c o s 2 ( 0 s c / 2 ) + s i n 2 ( 0 s c / 2 ) 

c o s 4 ( 0 s c / 2 ) + 1 s i n 4 ( 0 s c / 2 ) 

1 + fec^cl) 3 1 + (<7sc r c2) 

(2.12) 

where 9SC is the scattering angle, qsc = 2k$ s i n ( 0 s c / 2 ) and 
k0 = \k^\ = \k®\ are the wavenumber s in the med ium. It is 
seen from these formulae tha t by s tudying the light scattering 
indicatrixes for different componen t s , it is possible, in 
principle, to determine all three correlat ion radi i rCj. 

Hither to there have been no exper imental independent 
de te rmina t ions of all three correlat ion radi i rCj. This is 
associated with the fact tha t , owing to the in ter rupt ion by 
the first-order phase t ransi t ion, it is impossible, in principal , 
to carry out measurements at T ^ 10~ 3 . Hence the asymmetry 
arising in the light scattering indicatr ix is very small [27, 28]. 
The fact tha t this asymmet ry is nonzero has been no ted by 
Chu et al. [29]. The first fairly reliable da ta have been 
obta ined by Stinson and Litster [30]. Very careful 
measurements have been m a d e by Gu la ry and Chu [31] for 
M B B A . They measured the light scat tering intensity to 
within 0 . 1 % for two fixed angles 0 S C = 21.4° and 158.6°. 
The componen t s of the scattered light Iy and 1^ were 
measured . It follows from E q n (2.12) tha t the first order of 
the asymmetry of the scat tering indicatr ix in these 
componen t s is defined by the expressions ^ 2

c ( 3 r 2

1 + r 2

2 ) / 4 
and q2

c[rli c o s 2 ( 0 s c / 2 ) + r 2

2 s i n 2 ( 0 s c / 2 ) ] respectively. Gu la ry 
and Chu [31] did no t observe a difference between these 
quant i t ies . This justifies the use of the single correlat ion 
radius r C J = r c approx imat ion for the description of the SLC 
isotropic phase , which cor responds to the condi t ion L 2 = 0 in 
E q n (2.1). It follows from E q n (2.2) tha t in this case the 
scattering depolar isa t ion coefficient / J J / Z y = 3 /4 , which has 
been confirmed experimental ly [ 2 6 - 3 1 ] . The m a x i m u m 
angular asymmetry , measured by Gu la ry and Chu [31], was 
1%, which cor responds to r c w 120 A. The t empera tu re 
dependence of r c = r 0 T _ V with v = 0.5 has been confirmed 
[30, 31]. Gu la ry and Chu [31] and Stinson and Litster [30] 
found tha t the pa ramete r r 0 = 5.5 ± 0 . 2 A and 6.8 ± 1.0 A 
respectively. 

The extinction coefficient cr, character is ing the decrement 
in the decay of n o r m a l waves p ropaga t ed in the med ium, is 
determined by the imaginary componen t s of the effective 
relative permit t ivi ty [32]. F o r the calculat ion of the extinction 
coefficient in te rms of the lowest order in f luctuations, it is 
usual ly sufficient to integrate the to ta l relative scattering 
intensity per uni t vo lume over all the direct ions k^ [32, 33]. 
W h e n k0rcj <̂  1 (it was found in the above invest igations 
[30, 31] tha t k0rcj ^ 0.1), we have 

40TC 
d = — RK. (2.13) 

A n expression for o cor responding to a rb i t ra ry korCJ- has been 
publ ished [26]. 

2.2 Pretransitional phenomena in the isotropic phase 
The I —> N phase t ransi t ion is a first-order t ransi t ion, bu t it is 
accompanied , as in second-order t ransi t ions , by an increase 
in the intensity of the scattered light [ 2 6 - 3 1 ] , an increase in 
the magnet ic birefringence [27], an a n o m a l o u s behaviour of 
the heat capacity [34, 35], and a critical r e ta rda t ion of 
f luctuat ions [27, 3 6 - 3 8 ] . This is associated with the fact 
tha t the phase t ransi t ion entails a small j u m p in the specific 
vo lume [39] and an insignificant heat of t rans i t ion [ 4 0 - 4 2 ] 
(see also Anis imov [22]) and should be accompanied by an 
increase in the f luctuation order pa ramete r in the vicinity of 

In the early studies of Stinson and Litster [27, 36], it was 
a l ready shown tha t the reciprocal of the light scattering 
intensity I ~l(T) in a M B B A nemat ic , with the exper imental 
accuracy specified a priori, varies linearly with t empera tu re 
over a fairly wide range of the latter (T — Tc w 20 K ) 
(Fig. 1), which cor responds to the critical susceptibility 
index y = 1.0. Subsequent ly this conclusion was confirmed 
in experiments b o t h on light scat tering [ 2 8 - 3 1 ] and on 
birefringence (the C o t t o n - M o u t o n effect) [43] — in the 
latter case for five different nemat ic liquid crystals. The 
correlat ion rad ius index v proved to be 0.5 [30, 31]. The 
most na tu ra l explanat ion of these facts is tha t in the given 
instance there is a region where the L a n d a u theory applies 
[9, 16]. However , the hypothesis of the possible tricritical 
na tu re of the I <-> N phase t ransi t ion has also been pu t 
forward [35, 44]. 
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Figure 1. T e m p e r a t u r e v a r i a t i o n o f t h e r e c i p r o c a l o f t h e s c a t t e r i n g 
i n t e n s i t y in M B B A a t a s c a t t e r i n g a n g l e 9 — 21 .4° [31]. 

Nevertheless , as can be seen from Fig. 1 , 2 - 2 . 5 K beyond 
the poin t cor responding to the t ransi t ion to the ordered 
phase Tc a deviat ion from the I~l(T) linear relat ion is 
observed and the light scattering intensity begins to increase 
faster with t empera tu re . T h u s in the s tudy of G u l a r y and Chu 
[31] the inclusion of the exper imental po in ts in the immedia te 
vicinity of Tc in the in terpre ta t ion of the results altered the 
index y from 1.0 to 0.85 =b 0.05. This p h e n o m e n o n is of 
special interest because deviat ions from universal laws over 
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a wide t empera tu re range are no t observed in the majori ty of 
physical systems [ 6 - 8 ] . 

The simplest cause of the observed anoma ly in the 
behaviour of the scattering intensity as a function of 
t empera tu re m a y be of purely ' a p p a r a t u s ' origin — an 
increase in the cont r ibut ion of mult iple scat tering in the 
immedia te vicinity of Tc. The characterist ic features of the 
behaviour of the susceptibility in the vicinity of Tc have been 
analysed in detail in a B M O A B liquid crystal by light 
scattering m e t h o d s [26]. The measurements were performed 
for two polar i sa t ions Iy and 1^ at a fixed scat tering angle 
of 90°. The error of all the measurements was ~ 0 .7%. Their 
results are presented in Fig. 2. The I~l(T) re lat ion is 
represented by a straight line. A deviat ion from linearity is 
observed only 1 .5-2 .5 K beyond the t rans i t ion poin t T c , 
reaching 30 - 40% in the immedia te vicinity of Tc. The degree 
of depolar isa t ion over the entire range of the measurements 
was close to 3/4. Calcula t ion of the cont r ibut ion by double 
scattering to the to ta l intensity, carried out [26] by the 
me thod of A d z h e m y a n et al. [46], showed tha t even in the 
immedia te vicinity of Tc its cont r ibut ion was ~ 3 % . This 
means tha t the observed deviat ions from universal laws 
cannot be accounted for by mult iple scattering. The 
nonuniversa l i ty of the t empera tu re var ia t ion of the 
susceptibility of an isotropic nemat ic liquid crystal near Tc 

has been confirmed also in experiments on magnet ic 
birefringence [47]. 

Together with the increase in the scattered light intensity, 
an a n o m a l o u s rise in the heat capacity Cp is also observed in 
the vicinity of the t rans i t ion poin t Tc [22]. The reason for this 
is the increase in f luctuat ions at T —> 77 . Since 

formulae (2.11) and (2.12) can in fact be regarded as 
represent ing the lowest (Gauss ian) f luctuation cont r ibut ion 
to the scattered intensity, it is of interest to consider the 
ana logous Gauss ian f luctuation cont r ibu t ion also to the heat 
capacity Cp. The cor responding formula for nemat ics can be 
obta ined directly from the k n o w n scalar f luctuation 
cont r ibut ion [8, 18], provided tha t one takes into account 
the number of f luctuat ions modes £j(j=\-5) and the 
difference between their correlat ion radi i r c / : 

c p = + 
1671 

(2 r 0 1

3 + r 0 2

3 + 2 r 0 3

3 ) T -1/2 (2.14) 

where CY

p

eg is the regular componen t of the heat capacity, 
usual ly fitted by the linear function X + YT, r\j = L ( 7 ) / A ' 
(j = 1 - 3 ) . In te rpre ta t ion of the exper imental heat capacity 
da ta for B M O A B and M B B A [34, 48] by A d z h e m y a n et al. 
[26] showed tha t here the si tuat ion is the same as for the 
light scat tering intensity. In the t empera tu re range 
4 ^ T - T c ^ 2 0 K , E q n (2.14) describes the results to 
within ~ 0 . 0 5 % , which is close to the exper imental 
accuracy. W h e n po in t s with Tc — T < 4 K are included in 
the t rea tment , the agreement with experiment is sharply 
impaired. This is i l lustrated in Fig. 3. The effective 
pa ramete r r 0 , e f f = [ (2 r^ 3 + + 2 r ^ 3 ) / 5 - 1 / 3 « 5.2 A, 
obta ined for M B B A in the range 4 K ^ T — TC9 agrees well 
with the independent value r 0 = 5.5 ± 0.2 A found [31] for the 
same liquid crystal by optical m e t h o d s on the assumpt ion of 
the equali ty r0 j- = r 0 ( j = 1 - 3 ) . The latter confirms, in 
par t icular , tha t the single correlat ion length approx imat ion 
can be used also for the heat capacity. 
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Figure 2 . T e m p e r a t u r e v a r i a t i o n o f t h e r e c i p r o c a l o f t h e s c a t t e r i n g 

i n t e n s i t y in B M O A B : ( 7 ) t h e Iy c o m p o n e n t s ; ( 2 ) t h e 7 h c o m p o n e n t ; 

d a s h e d l ines — l i n e a r fits t o r e m o t e p o i n t s ; t h e c o n t i n u o u s l ine p a s s i n g 

t h r o u g h e x p e r i m e n t a l p o i n t s for t h e Iy c o m p o n e n t w a s f i t ted b y 

E q n (1 .15) t a k i n g i n t o a c c o u n t t e r m s a s far a s t - 2 [26]. 
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Figure 3 . T e m p e r a t u r e v a r i a t i o n o f t h e h e a t c a p a c i t y CP in t h e i s o t r o p i c 

p h a s e o f B M O A B [34, 48 ] : d a s h e d l ine 7 — E q n (1 .14) f i t ted t o t h e r e m o t e 

p o i n t s ; d a s h e d l ine 2 — a f o r m u l a o f t y p e (1 .17) f i t ted t a k i n g i n t o a c c o u n t 

t e r m s a s far a s ? - 7 / 2 [26, 54] . 

These results show tha t there is a large range of 
t empera tu res for the isotropic phase of nemat ic liquid 
crystals, where the behaviour of the system (at least its 
susceptibility and heat capacity) is described within the 
framework of the mean field approx imat ion , bu t 
appreciable deviat ions from this approx ima t ion are 
observed in the vicinity of Tc. 

Var ious explanat ions for these characterist ics of the 
behaviour of a nemat ic liquid crystal have been p roposed . 
One of them is tha t the nonuniversal i ty of the behaviour 
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indicates a t ransi t ion to the f luctuation region, where the 
interact ion of the order pa ramete r f luctuat ions becomes 
significant [21, 26, 49]. Other hypotheses are based on the 
necessity to t ake into account the interact ion of cp<xp with 
other order pa ramete r s , for example the smectic order 
pa rame te r s [50, 51]. 

The a t t empts to describe the behaviour of the system in 
the immedia te vicinity of Tc by the renormal i sa t ion group 
m e t h o d s [52, 53] lead to results inconsistent with experiment 
[22]. This apparen t ly means tha t the first-order phase 
t rans i t ion takes place before the a t t a inment of the region of 
intense f luctuat ions. In such a si tuat ion, it is na tu ra l to 
employ the pe r tu rba t ion theory in te rms of non -Gauss i an 
te rms [Eqn (2.1)] for the calculat ion of the characterist ics of 
nemat ics near Tc. 

The t empera tu re dependences of the susceptibility the 
x (T) = 1/A ' ? [21, 26, 49, 54], the correlat ion rad ius 
r c = r 0 T - 1 / 2 [21, 54], and the heat capaci ty [26, 54] were 
calculated on the basis of this approach : 

T = T[1 + y D - y c i 1 / 2 - ( ^ c - J 5 £ ) T ' l n r 

-yB* 
-3 /2 

+ . . . (2.15) 

for the susceptibility, 

r\ = r%\\ + (^y2

c +\yBE)T-1 +±yB T " 3 / 2 + . . . ] (2.16) 

for the correlat ion rad ius , and 

C„ ~ireg 5k 
\6nrl 

B T - l / 2 
L + 2 Y ° 

1 ( \ 
+ 2 l 7 r c 

- y B E ] T _ 1 l n T 1 + - y B t 
-3 /2 , (2.17) 

for the heat capacity, where 

C 7 B2 

y B E = ^ M 2

0 ^ , y D = l E l ( D l + lSD2), 

Mn = 

A ' 

11 

33 " A ' 

4nA 'r\ ' 

(2.18) 

The calculat ions were performed in te rms of the one- loop 
[21, 49] and three- loop [26, 54] approx imat ions . W e m a y 
no te tha t , owing to the differences in the p rocedure used to 
eliminate divergences, the results of studies described in 
Refs 21 and 49 and in 26 and 54 differ somewhat . In the 
former [21, 49], the divergences in the d iagrams were 
el iminated by in t roducing a limiting cut-off m o m e n t u m qm, 
which became an addi t iona l mode l pa ramete r . In the second 
group of studies [26, 54], the pa r t s of the d iagrams diverging 
at qm —> o o were included in the renormal ised mode l 
cons tan ts [Eqn (2.1)], while in the finite pa r t s of the 
d iagrams the limiting t ransi t ion qm —> o o was carried out . 
E q n s (2 .15) - (2 .17) are consistent with the second set of 
results [26, 54]. The region of the applicabili ty of 
E q n s (2 .15) - (2 .17) as asymptot ic expansions is determined 
by the decrease in the cor responding terms. The inequalit ies 

y c T ~ 1 / 2 < \ , y B T - * / z < \ , y B E T - L \ R T - L <1, y D < l , 

are in this instance an ana logue of the G inzburg criterion 
[ 6 - 8 , 18]. The convergence of the series (2 .15) - (2 .17) can be 
significantly accelerated, weakening thereby the 

- 3 / 2 

requi rements of the G inzburg criterion by changing from T 
and r 0 in Eqns (2 .16)- (2 .18) and in the correction terms 
(2 .15) - (2 .17) to a description in terms of the quanti t ies T 
and r 0 [54]. 

The exper imental da ta were interpreted in te rms of 
formulae of the type (2 .15)- (2 .17) [21, 26, 54]. Gramsbergen 
et al. [21] interpreted data for the intensity of the scattered 
light in 8CB liquid crystals using the k n o w n paramete rs of the 
latter in the nemat ic phase . By varying T * and the limiting 
wavenumber qm, they were able [21] to describe the behaviour 
of the scattering intensity as a function of t empera ture over 
the entire experimental range of the latter (admittedly the 
na tu ra l values of qm were not then always obtained) . 
Adzhemyan et al. [26] subjected the heat capacity and 
scattering intensity (more precisely Rsc) da ta for the 
B M O A B liquid crystal to a joint t rea tment . The paramete rs 
of the Landau - d e Gennes model [Eqn (2.1)] were determined. 
It was found that the coefficient C of S 4 is negative for the 
given liquid crystal, which made it necessary to take into 
account in Eqn (2.1) higher-order terms in S. The parameters 
obtained [26] agree with the experimental latent heat of 
transit ion Q = 1.17 J e m - 3 in B M O A B [42] when fluctuation 
corrections are applied to this quant i ty [54]. The parameter ro 
for B M O A B proved to be 6.0 ± 0.5 A and A ' = 39 ± 2 J c m " 3 . 
The agreement between the theory and experiment is illustrated 
in Figs 2 and 3. W e obtained similar results also for M B B A . 
Here it was also found that C < 0 and r 0 w 5.7 A, which agrees 
with direct measurements [31]; A / ? ^ 3 3 J c m _ 3 . The (2.1) 
model together with the paramete rs obtained describe 
satisfactorily also experimental data [55, 56] for the tempera­
ture dependence of the scalar order parameter S(T), which 
determines the degree of order in the nematic phases of B M O A B 
and M B B A . Here one should note that the experimental index 
of the order parameter is close to 0.25 [44, 57], which Kyes [44] 
used as a basis for the hypothesis that the I —> N transition is 
tricritical. On the other hand, when the sixth-order term in S is 
taken into account, the (2.1) model yields the index = 0.25 but 
this time in terms of the mean field approximation. 

In order to account for the deviat ion from the mean field 
behav iour of a nemat ic liquid crystal in the isotropic phase , it 
has been suggested [50, 51] tha t account be taken of the 
interact ion of the nemat ic order pa ramete r SaR with the 
smectic pa ramete r F o r example, when account is t aken 
of the expression for the t h e r m o d y n a m i c poten t ia l with the 
smectic invar iants \i/j\2, |Vi/f|2, and |V2i/f| 2, the interact ion 
te rms Vi/f* Sap and Wpij/* SaySyp, and the invar iants 
defined by E q n s (1.10) and (1.11), the t empera tu re 
dependence of the susceptibility in te rms of the one- loop 
approx ima t ion assumes the form 

T = T + A ^ T + T s n ) ' 
- 1 / 2 , -3 /2 (2.19) 

where are constants , a2 > 0, the pa ramete r 
t s n — (T* — Tl)/T* has the significance of the relative 
width of the nemat ic phase , and is the t empera tu re of 
the divergence of the smectic f luctuat ions in the absence of 
the interact ion of S and XJJ [50]. 

A somewhat different model of the interaction of nematic 
and smectic fluctuations was proposed in another study [51]. 
Instead of the scalar order parameters a second rank tensor 
was employed [51]. The fluctuation corrections to the 
susceptibility, to the correlation radius, and to the heat capacity 
were calculated in terms of the one-loop approximation: 

file:///6nrl
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- 1 / 2 . 
- < 2 2 ( T + T S N ) 

- 5 / 2 ] 

-3 /2 

167r7n 
^ V ? - l / 2 (2.20) 

The expression for T in Eqn (2.20) differs from Eqn (2.19) by 
the replacement T —> T in the correction terms, i.e. it actually 
represents an equat ion for T and effectively takes into account 
higher-order terms in the per turbat ion theory than Eqn (2.19). 

The temperature variation of the scattering intensity in the 
homologous series of nO 4 (n = 1 -8 ) liquid crystals, in which 
the width of the nematic phase varies from ~ 4 0 K (n = 2) to 
~ 2 . 5 K (n = 7), has been measured [50]. A correlation was 
observed between the deviation of I _ 1 (T) from linearity and the 
width of the nematic phase TSN • the smaller the width of the 
nematic phase, the greater the nonlinearity o f / _ 1 r (Fig. 4). 
Quantitative treatment of the experimental data for the 7 0 4 
liquid crystal demonstrated a satisfactory agreement with 
Eqn (2.19). Joint treatment of the scattering intensity [58] and 
heat capacity [41] data for the 8CB liquid crystal, carried out [51] 
in terms of Eqns (2.20) with variable parameters T*, <z1? 

a2-> T S N •> A N A " ro, also demonstrated agreement with experiment. 
Exper iments [59] involving the measurement of the 

t empera tu re var ia t ion of the light scat tering intensity in a 
mixture of two liquid crystals, 6 0 6 N 0 2 and 6 0 1 0 , with a 
var iable concent ra t ion X are of interest in this connect ion. 
W h e n X was varied from 1.00 to 0.60 in this system, the width 
of the N - p h a s e changed from 7 K to zero, which m a d e it 

possible to vary cont inuously the pa ramete r TSN from 0.006 
to —0.02, passing t h rough zero in the vicinity of the N - S A - 1 
triple poin t . A satisfactory agreement between the experi­
men ta l da ta and the first formula in Eqn (2.20) was obta ined. 

On the other hand , a s tudy [21] of the light scattering 
intensity [21] for the nCB h o m o l o g o u s series of liquid crystals 
(n = 5 - 1 2 ) with the width of the nemat ic phase varied from 
~ 11 K (n = 5) to ~ 1.7 K (n = 9) did no t reveal an explicit 
correlat ion between the deviat ion of I~l(T) from linearity 
and the width of the N - p h a s e TSN despite the fact tha t the 
deviat ions of I~l(T) from linearity were considerable. 

2.3 Kinetics of the fluctuations of the order parameter 
In describing the kinetics of the f luctuat ions in the isotropic 
phase of a liquid crystal, we shall choose, as before, the 
f luctuating componen t of the relative permit t ivi ty tensor 6sap 
as the order pa ramete r . 

D e Gennes p roposed a system of phenomenolog ica l 
equa t ions describing the kinetics of the f luctuat ions [9]: 

A 'T8eap = l\m^ + v5e a j 8 , 

<7AJ8 = 2y\u^ + 2 / i5e a j 8 , 

(2.21) 

where rj is the shear viscosity at zero frequency, v and \i are 
phenomenolog ica l coefficients having the dimensions of 
viscosity, wajg = (1 /2 ) (9w a /9 r^ + dup/dr^) is the deforma-
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Figure 4 . T e m p e r a t u r e v a r i a t i o n o f t h e q u a n t i t y T/l\ (a) a n d d e v i a t i o n s S o f t h e q u a n t i t y (Zh ) 1 f r o m l i n e a r i t y (b) for t h e h o m o l o g o u s ser ies o f l i q u i d 
c r y s t a l s ^ 0 4 (N= 1 - 8 ) [50]. 
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t ions tensor , u is the displacement tensor , and aaR is the 
stresses tensor . E q n s (2.21) describe purely t ransverse 
mo t ions and do no t include vo lume terms. The quant i ty 
T R = v/A fT has the significance of the re laxat ion t ime of the 
var iable 5e a £ , while 2/i 2 /v represents the or ienta t ion 
cont r ibu t ion to the shear viscosity. 

Exper imenta l s tudy of the kinetics of the order pa ramete r 
in liquid crystals on the basis of the depolarised light 
scattering spectra, of the kind carried out for o rd inary 
organic liquids, is extremely difficult owing to the range of 
frequencies in which the relaxat ion t imes TR are located: in the 
region 2 0 - 3 0 K beyond Tc, these frequencies are of the 
order of magn i tude of several tens of megaher tz [37] and they 
can be investigated with the aid of single pass F a b r y - P e r o t 
e ta lons in which the distance between the mi r ro r s is up to 
10 cm. 
A single-frequency laser must be used as the light source. As 
Tc is approached , the frequency vr = \/2nxx diminishes to 
several megaher tz and in the immedia te vicinity of Tc it can be 
of the order of magn i tude or less t han 1 M H z . In this case, the 
resolving power of the usua l e ta lons is insufficient and it is 
necessary to employ spectroscopic ins t ruments with a greater 
resolut ion, for example confocal F a b r y - P e r o t in terferom­
eters with a base of several tens of cent imetres [27, 36]. 
Add i t iona l difficulties in such experiments are associated 
with the instabili ty of the emission from the lasers, which in 
the case of single-frequency ionic lasers is 5 - 1 0 M H z s _ 1 . 
On the other hand , this frequency range is ra ther large for 
optical mixing spectroscopy owing to the l imitat ions imposed 
by the t ime resolut ion of the electronic h a r d w a r e used in the 
s t andard corre la tors [60]. 

Apparen t ly owing to exper imental complexities, the 
a m o u n t of da ta on the kinetics of the order pa rame te r in 
nemat ic liquid crystals, ob ta ined from light scattering 
spectra, is much smaller t han in the n u m e r o u s studies on the 
edge of the Rayleigh line in the usua l l iquids. The studies by 
Stinson and Litster [27, 36] in M B B A were performed in the 
immedia te vicinity of Tc. It was shown tha t the spectra of the 
/ v and / h componen t s are identical and tha t the dis t r ibut ion 
of intensities in them is described by the Loren tz line. It was 
found tha t exper imental da ta satisfy the empirical relat ion 
vr = (T° - 4 0 . 5 8 ) L 3 3 M H z . After the inclusion of the 
t empera tu re var ia t ion of the shear viscosity, the var ia t ion of 
v r can be fitted satisfactorily by a linear function ofT — Tc. 
Gierke and F ly gar e [37] investigated in detail the spectrum of 
the depolarised scattering in M B B A and in its solut ions in 
carbon te t rachlor ide with the aid of a confocal interferometer 
with a 2 G H z dispersion region. F o r pu re M B B A , the 
measurements were performed in the region not closer t han 
27 K t o Tc, where vr = 2 5 ±2 M H z . 

A complete quant i ta t ive compar i son between de G e n n e s ' 
theory and experiment is an impor t an t exper imental task. 
This permi ts the de terminat ion of the na tu re of the re laxat ion 
of the shear viscosity rj and the s tudy of the behaviour of the 
pa rame te r s fi and v. Together with light scattering spectra, in 
this case it is necessary to employ also other exper imental 
da ta . This is associated with the fact tha t in liquid crystals in 
the vicinity of the I —> N t ransi t ion there is no fine s t ructure 
and the dis t r ibut ion of intensities in the spectrum is close to 
the dispersion dis t r ibut ion because l / r r <̂  v\q2

c/ p. 
The Maxwel l effect conta ins addi t iona l informat ion. In 

an experiment on birefringence in a flow, opt ical an i so t ropy 
arises owing to the ra te of deformat ion gradient , so tha t the 
first of E q n s (2.21) assumes the form 

—A fTb*sap = 2fiuap . (2.22) 

If the flow is directed along the x axis and the velocity gradient is 
directed along the z axis, then the optical anisotropy is given by 

\i dux 

§// = — 
A'xn 8z 

(2.23) 

where bn = sa/2n (e a = 8|| — £j_, 8|| and £j_ being the lengths 
of the pr incipal axes of the relative permit t ivi ty t e n s o r ? ) and 
n the average refractive index. 

The scattered light spectrum is given by the following 
formula at the limit qrcj <̂  1: 

1 

71 I CO2 + TR

 2 

CQ2 + (qjri/p)\\-Rr) 

[qlcn/p^x - co2) W [ T R

 1 + (1 -Rr)qiri/p] 
cos 

(2.24) 

where RY = 2fi2/vrj is the relative cont r ibut ion of or ienta t ions 
to the shear viscosity. 

The most complete analysis of the spectrum of the 
depolarised scattering in M B B A has been carried out by 
Alms et al. [61]. The measurements were performed using a 
laser with a wavelength X = 5145 A and a power of 1 W at a 
fixed scat tering angle of 90°. The scattered rad ia t ion was 
recorded with a F a b r y - P e r o t interferometer hav ing a 
dispersion range of 7.4 G H z . The measurements were 
performed in the t empera tu re range 1 5 0 - 2 3 0 °C. The 

f r e q u e n c y / r e l . u n i t s 

Figure 5 . S p e c t r u m o f t h e 1^ c o m p o n e n t in t h e i s o t r o p i c p h a s e o f M B B A 
in t e r m s o f a r b i t r a r y sca les a t d i f fe ren t t e m p e r a t u r e s : ( 7 ) T — 150 ° C ; 
( 2 ) T = 180 ° C ; (3) T = 2 1 0 ° C ; (4) T = 2 3 0 ° C . T h e c o n t i n u o u s l ines 
h a v e b e e n f i t ted b y E q n (1 .24) u s i n g T r , qlcri/p, a n d Rr a s t h e a d j u s t a b l e 
p a r a m e t e r s [61]. 
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t empera tu re was main ta ined with an accuracy to within 
± 0 . 5 °C. Fig . 5 presents the spectrum of the 1^ componen t s 
for four t empera tures . Evidently, all the spectra exhibit a fine 
s t ructure. The dis tor t ions in t roduced by the a p p a r a t u s 
function of the etalon were excluded with the aid of the 
deconvolut ion p rocedure described by Alms et al. [62]. 
The quant i t ies Rr, qljllP> a n d T r were determined from the 
spectra obta ined. With in the limits of exper imental accuracy, 
Rx = 0.36 ± 0.02 does no t vary in the measured exper imental 
range . On the basis of this exper imental fact, it was 
pos tu la ted tha t Rr r emains unal tered up to the t ransi t ion 
t empera tu re Tc, which was 45 °C for the given M B B A 
specimen. 

The rat io v r /A ' was determined from the t empera tu re 
var ia t ion T r . F o r this purpose , the da ta [37, 61] on the hal f 
width of the con tour of the / H componen t were ext rapola ted 
to the I —> N t ransi t ion point . A n empirical expression was 
used for A which yields A ' = 75 A J c m - 3 in the vicinity of 
the t rans i t ion point , exceeding by a factor greater t han 2 the 
exper imental value A ' = 32.6 J e m - 3 obta ined from 
measurements of the integral scattered light intensity. 

This led to the calculat ion of the pa rame te r s v and fi for 
several t empera tu res near the I —> N t ransi t ion point . Since it 
had been pos tu la ted earlier tha t Rr is independent of 
t empera tu re , the relaxing componen t of the viscosity 
Arj = 2fi2/v remained constant as the t ransi t ion poin t Tc 

was approached and was of the order of 6 cP. 
W h e n Z u b k o v et al. [63] formulated their experiments 

designed to investigate the kinetics of the f luctuat ions of the 
order pa ramete r , their main task was to perform experiments 
in the immedia te vicinity of Tc. This makes it possible to 
avoid hypotheses of different k inds concerning the 
t empera tu re dependence of the pa rame te r s of the 
phenomenolog ica l theory. 

Since there is no fine s t ructure in the / H componen t of the 
scattered light near Tc, da ta on the Maxwel l cons tant M were 
resorted to . The measurements were performed for two liquid 
crystals — M B B A and B M O A B . The behaviour of the 
relaxa-t ion t ime as a function of t empera tu re was 
investigated on a p p a r a t u s in which the spectroscopic 
ins t rument was a three-pass F a b r y - P e r o t interferometer . 
The t empera tu re range in which the measurements were 
performed was limited by the instabili ty of the laser 
rad ia t ion as regards frequency. In M B B A , the poin t closest 
to Tc at which measurements were m a d e was at a distance of 
T — T C = 7 K , while in B M O A B the above t empera tu re 
difference diminished to T — TC = 5K. The measured 
relaxat ion t imes were fitted by the expression 

TT=J0(T-T*)-leT/T<9 

where J0 = 4.99 x 1 0 " 1 2 sK and TY = 3750 K in M B B A and 
j 0 = 4.06 x 1 0 " 1 3 sK and Tx = 4 7 0 0 K in B M O A B . 

As in the case of the Maxwel l constant , in fitting the 
t empera tu re var ia t ion of T r it was assumed tha t T * does no t 
differ greatly from the value obta ined from the integral light 
scattering intensity. 

Us ing exper imental da ta for T r and M , the coefficients \i 
and v were calculated. It was found tha t , as assumed by Alms 
et al. [61], the quan t i ty AY\ depends only slightly on 
t empera tu re , whereas the characteris t ic frequency of this 
cont r ibut ion varies a lmost critically. The calculated value of 
Arj is approximate ly 3.5 cP for M B B A , i.e. is smaller by a 
factor of 2 t han in the s tudy of Alms et al. [61]. 

Final ly, it is impor t an t to emphasise tha t Arj = 2/n2/v is of 
course independent of the choice of the order pa ramete r , 
a l though the coefficients \i and v are wholly determined by 
this choice. 

Fo rma l ly a nemat ic liquid crystal in the isotropic phase is 
an o rd inary organic liquid. Light is scattered in such systems 
b o t h by scalar density f luctuat ions and by tensor an i so t ropy 
f luctuat ions. However , as a result of the similarity to the 
ordered liquid crystal phase , tensor f luctuations, which 
almost wholly determine the light scat tering by the system, 
p r edomina t e under these condi t ions . The integral scattering 
intensity in the isotropic phase of nemat ic liquid crystals has 
been investigated in very great detail and there is in this 
instance a satisfactory agreement between theory and 
experiment . The spectral composi t ion of the scattered light 
has been tho rough ly investigated only in the region r emote 
from the phase t rans i t ion poin t . In the immedia te vicinity of 
Tc, the n u m b e r of reliable results is small owing to the 
exper imental difficulties described in Section 2.3. 
Improvemen t of the correlat ion spectroscopic technique 
gives rise to the hope for a considerable progress in this field 
in the immedia te future. 

As regards the critical behaviour of f luctuat ions in the 
I-phase, here are at present at least two al ternat ive 
approaches whereby the exper imental x(T) and CP(T) 
relat ions in the isotropic phase of nemat ic liquid crystals 
can be described satisfactorily — the mode l of the interact ion 
of nemat ic f luctuat ions and the mode l of the interact ion of 
nemat ic and smectic f luctuat ions. Apparen t ly the first and 
second mechanisms opera te in nemat ic liquid crystals with 
b r o a d and n a r r o w nemat ic phases respectively. It is fairly 
difficult to separate these two effects because the t empera tu re 
var ia t ions defined by E q n s (2 .15) - (2 .17) and by E q n s (2.19) 
and (2.20) are similar. Evidently, in order to t h r o w light on 
the si tuat ion it is necessary to include in the jo int t r ea tment a 
greater number of var ious independent experiments , for 
example addi t iona l da ta on RC(T) in the I-phase and Tc, Q, 
CP(T), x(T), and rc(T) in the N - p h a s e . In the N - p h a s e , it is 
essential to t ake into account the cor responding fluctuation 
correct ions. 

3. The ordered phase of nematics 
3.1 Fluctuations of the order parameter in the ordered 
phase of nematics 
In the s tudy of f luctuat ions in the ordered phase of a nemat ic , 
the t r ea tment is usual ly restricted to the considerat ion of the 
f luctuat ions of the director bn = n — n° [9, 10]. The O s e e n -
F r a n k con t inuum theory, opera t ing with the d i rec tors ' field 
n = n(r), is used to describe the distorted state of nemat ics . 
The cor responding poten t ia l <P (the F r a n k energy) assumes 
the form 

d r [ ^ n ( d i v w ) 2 + K22(n-cm\n)2 

+K33\nxcm\n\2 -Xa(n-H)2], (3.1) 

where Kjj (j=\-3) are the F r a n k modul i , # a is the 
an i so t ropy of the magnet ic susceptibility, and H is the 
magnet ic field s trength. F o r low values of 8n, the 
f luctuat ions m a y be assumed to be t ransverse relative to the 
director: b*n w 6n±. F o r xa > 0, when n°\\H, the mean square 
of their Four ie r componen t s is [9] 
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( | 5 ^ | 2 ) = VkBT(qlKjj + qlK33+XaH2)-\ (3.2) 

where 

b~n±q = b~nhq ex(q±) + hn2,q e2(q±), 

*i(q±) = q±/q±, ei(q±) = n° x ^ ( g j , 7 = 1 , 2 . (3.3) 

H e r e q^ and q± are componen t s of the wave vector q a long 
and across n°. 

These f luctuat ions are anomalous ly large and in the 
absence of an external field with q —> 0, the Four ie r com­
ponen t s hnjq increase wi thout limit. However , the integrals 
with respect to d3q, which determine the mean square of the 
f luctuat ions in the r-space, remain finite [18]. Typical values 
of the nemat ic pa rame te r s are xa 1 0 " 7 a n d % - 10"° dyn 
for H ^ 10 Oe [9]. Therefore, for the characterist ic optical 
values of the wave vector q ~ k0 = co/c ~ 10 5 c m - 1 , we have 
a small pa ramete r A = x j i 1 /k^K^ < 10~ 5 and the 'field' 
te rm %Ji2 in Eqn (3.2) m a y be neglected. 

The order pa rame te r Sap(r), which is described at each 
poin t r by E q n (1.3) with S 0 = const and the director 
n = n(r), cor responds to the O s e e n - F r a n k theory. This 
implies the conservat ion of uniaxial i ty and of the degree of 
order So in the system subjected to f luctuat ions. If, apar t 
from fluctuations of the director, one is also interested in 
local changes in So and in the appea rance of local biaxiality, 
then the distorted state of the nemat ic must be described in 
te rms of the tensor order pa rame te r Sap(r) [24, 25]. In the 
uniaxial phase with the equil ibr ium director n°, it is 
convenient to use the pa ramet r i sa t ion p roposed by 
Pokrovsk i i and K a t s [24] for f luctuat ions of the tensor 
order pa rame te r (p<xp(r): 

-L(2)/ (3.4) 

where 

K s ( 1 ) ( r ) = £\(r)(nle\p + n\ela) + £2(r)(n°ae2p + n ^ 2 a ) , 

K s ( 2 ) ( r ) = ^(r)(elae2p + eipe2a) + £A(r)(elaelfi - e2pe2o,), 

= V 3 f e W ( / i 2 ^ - ^ 8 a / , ) . (3.5) 

H e r e ei, e2, and n° are a set of three o r thogona l uni t vectors. 
The tensors (p^\ <P^p2\ and <P^p are defined invariant ly in 
E q n (3.2) in the sense tha t for any other choice of auxiliary 
axes e\ and e2 cor responding to a fixed n°, each of these 
tensors is conserved and only the pa i rs of variables £1,2 and 
£3,4 are altered. In te rms of the te rminology of Pokrovski i and 
K a t s [24], the modes £i>2 are referred to as t ransverse 
uniaxial , £3,4 are t ransverse biaxial, and £5 is longi tudinal . 
The quant i t ies £i/So and &/S0 have the significance of 
project ions of the vector of the f luctuations of the director 
bn on to the axes e\ and e2\ 

8n±(r) ^ 1 ( ^ 1 + ^ 2 ( ^ 2 (3.6) 

It is usual ly unde r s tood tha t the f luctuat ions occur 
spontaneous ly — as a result of the r a n d o m the rma l m o v e ­
ment of the molecules of the system. Such are, for example, 
the density or an i so t ropy f luctuat ions in the isotropic 
med ium and all the types of f luctuat ions (j=\-5) 
in t roduced in the ordered and isotropic phases m a y also 
have the same origin. However , in the ordered phase the 
specific symmetri-cal proper t ies of the nemat ic liquid 
crystal — the degeneracy of its con t inuous symmetry 
group — lead to the possibili ty of yet ano ther mechanism 

for the generat ion of the f luctuat ions £3,4,5 as a result of the 
large scale f luctuat ions of the director [23, 24]. In order to 
demons t ra t e this, we shall consider the change in the tensor 
Sap following an arb i t ra ry finite, bu t no t infinitesimal, 
ro ta t ion of the director n°: 

n = n°+ Sn = n°( l + 8/i||) + + ^ e 2 , (3.6a) 

where 8n|| = n° • Sn. Tak ing into account the re tent ion of the 
length n2 = (n0)2 = 1 ( ' the principle of the conservat ion of 
the m o d u l u s ' [7]), 

28/1,1 + 8/if + (£? + £ ! ) S 0 - 1 = 0 , (3-7) 

we find tha t the f luctuation of the order pa ramete r in this 
ro ta t ion is 

V*p(r) = S0]na(r)np(r) -^p] - S°ap = <p^ ( 1 ) (r)(l + 8,i||) 

+£3(r)(elae2p + eipe2a) +^(r)(elaelp - e2pe2a) 

+ A / 3 ? 5 ( r ) ( ^ - l 5 a / ? ) , (3.8) 

where 

Ur)Ur) 
So ' 

= - V 3 

2 5 0 

t2 

2 5 n 

(3.9) 

Thus, according to the second-order terms^in £ i j 2 , the fluctua­
tions of the director generate longitudinal (£ 5 ) and biaxial (£3,4) 
fluctuations. The appearance of nonclassical longitudinal fluc­
tuations {5 of this nature is associated with the fact that the local 
deviations of the director lead to a decrease in the average degree 
of order in the system along n°. The appearance of nonclassical 
biaxial fluctuations £ 3 4 can be easily understood in relation to 
the uniaxial ellipsoid: when this axis deviates from w0, the cross-
section in the plane orthogonal to n° becomes noncircular. 

In order to calculate the correlation function of the 
spontaneous fluctuations fy, it is essential to have the 
corresponding expression for the fluctuation contribution to 
the thermodynamic potential of the nematic liquid crystal 60. By 
virtue of the symmetry of the nematic liquid crystal relative to the 
reflection of all the coordinate axes, r —> —r, only invariants of 
the types defined by Eqns (1.10) and (1.11) contribute to 0. 

The density of the h o m o g e n e o u s componen t of the 
poten t ia l <Po, determined by invar iants of type (1.10), can be 
conveniently regarded, by vir tue of Eqn (1.13), as a function 
@(x,y) of two^in dependent invar iants of the order pa rame te r 
Sap : x = Sp S 2 , y = Sp S 3 , x3 ^ 6y2 [24]. Tak ing into 
account the interact ion with^the external field H, we have in 
te rms of the lowest order in S 

0O = *(x, y) - (xaSapHaHp/2S0). (3.10) 

F o r the case xa > 0, when n°\\H, the equil ibrium condi t ion 

(3.11) 

which is a consequence of the uniaxial i ty of the nemat ic liquid 
crystal, leads to 

8<i>; (N) _ 1 
0 — 2 [ A H ( d + & ) + A ± ( d + d ) + A , , d ] , (3.12) 

where 
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A i =A • 2 A H : 

: A , , + 2 A H , A_ 12 8^0 
8x 

8 ^ o 
D S 2 

8^o 
8x + 3 ^ 8 ^ o 

8JC2 

3 62<P0 4 3 1 
+ 3 S o e ^ + 3 5 ° 6 y 2 

(3.13) 

All the derivatives in E q n (3.12) are calculated subject to the 
condi t ion x3 = 6y2 [23, 24]. The condi t ions for the stability 
of the ordered phase are specified by the inequalit ies A j_ > 0 
and A || > 0. 

Analysis similar to tha t specified by E q n s (3 .10) - (3 .13) 
shows tha t , in the case where xa < 0> tha t state of the nemat ic 
with n° _L H, minimising the F r a n k energy specified by 
E q n (3.1), is uns tab le in relat ion to the biaxial f luctuat ions 
£3,4. As a result, a weak biaxiali ty p ropo r t i ona l to x*H2 

should arise in the nemat ic for xa < 0. 
The inhomogeneous pa r t of 0 can be constructed from 

invar iants of type (1.11) having generated all possible 
cont rac t ions of two tensors ¥aq>py and an even n u m b e r of 
vectors n°. There are 11 such invar iants . As a result we have 
the following expression, in the Gauss ian approx imat ion , for 
the f luctuation cont r ibut ion to the t h e r m o d y n a m i c poten t ia l 
of the nemat ic by the modes ^ 9 , . . . , £ 5 q with the given wave 
vector q [23]: 

+ 2 2 > ( ^ 4 + + Z F { 4 f c ] , (3.14) 

where 

JCj = So2(qiKjj + qlK33+XaH2), . 7 = 1 , 2 , 

C± = A ± + q2(b± + c± c o s 2 , 

C\\ =A\\ +<l2(b\\ + C | | c o s 2 iA ) , 

V = q2dsm2i//, H = q2hsm2\jj, T = q2f sin2 ij/; (3.15) 

here bj_\\, c_q|, d,f, and h are independent coefficients and \j/ 
is the angle between q and n°. Eqn (3.14) refers to the 
selection of the auxiliary axes e\ and e2 in Eqn (3.5) in 
conformity with E q n (3.3). Des igna t ions of the type 
£j = k^lv 2%A = kq^lq + w h Q Y Q t h e asterisk 
denotes complex conjugat ion, are implied in Eqn (3.14). 

In the case of not very s t rong fields H, only the 
coefficients A_q| can exhibit a p r o n o u n c e d t empera tu re 
dependence in E q n (3.14). F o r the weak first-order 
t rans i t ion I—>N, only the £5 m o d e exhibits a critical 
behav iour a m o n g the modes . The second-order t ransi t ion 
N —> N 2 is characterised by a critical behav iour of the £3 and 
£4 modes , while b o t h £ 3 ? 4 and £5 exhibit a critical behaviour in 
the t rans i t ion in the region of the I - N - N 2 t r i c r i t i c a l p o i n t j t 
is of interest to no te tha t , as a consequence of Eqn (3.13), A j_ 
can become zero for fairly s t rong fields H, and hence a 
t ransi t ion to a biaxial phase with a critical behaviour of the 
£3,4 modes should be observed. 

In the usua l L a n d a u - d e Gennes mode l [Eqn (2.1)] with 
E = Di = D2 = 0, C > 0, and H = 0, there is a first-order 
I -> N transi t ion. Tc = T * [1 + (B 2/27A 'C)] for this 
t ransi t ion, while the t empera tu re cor responding to the loss 

of stability by the N - p h a s e is T** = T*[l + ( 5 2 / 2 4 A ' C ) ] . 
The co efficients A j_ and A|| then assume the following form in 
the vicinity of T**: 

2 (3A'\ll2{T**-T^I2 

A » ^ = 3 S V 2 C 

AL{T**)=B2/2C>0. 

+ 4A 
,T* 

(3.16) 

At ten t ion m a y be d rawn to the identi ty Tc — T* = 
8(7** — Tc), i.e. this mode l predicts tha t r * * is much closer 
to Tc t han T* and the observat ion of critical p h e n o m e n a on 
the side of the nemat ic phase might be of interest. The 
quant i ty 

8 * « i , f c ) = 2 v ( / C 1 | ^ | 2 + / C 2 | & i , | 2 ) (3.17) 

in E q n (3.14) is the f luctuation ana logue of the F r a n k energy 
defined by Eqn (3.1). 

W e m a y no te tha t this me thod for the derivat ion of the 
elastic dis tor t ion energy makes possible certain conclusions 
of a general na tu re concerning the behaviour of the F r a n k 
modu l i Kjj as functions of So, which follow from the general 
symmetr ical considerat ions . In par t icular , 

Kn=klSl+k2Sl + ..., 

K22 = k3S 0 + k4S 0 + • • • , 

K33=klS2o+k5Sl + .... (3.18) 

where ki,.. .,k5 a re cons tants , i.e. Kn — K33 ~ S 0 + • • •. 
If it is assumed tha t the t e rms conta in ing q2 i n j i q n (3.15) 

are small compared with the cons tan t s A ± and Ay, then , to 
within second-order t e rms in q, the following expressions 
follow from Eqn (3.14) for the quadra t i c corre la tors of the 
f luctuat ions . . . , £ 5 ^ : 

«?), = kBTS 2

0(q2

±Kjj + 4 ^ 3 3 + t J i 2 ) - \ . / = 1 , 2 , 

<{i>, = kBT{A± + q2[b± + c± c o s 2 ^ 

-q2d2sm2{2^)K,2l]}~1, 

< d > , = kBT{A± + q2[b± + c± c o s 2 xj, 

-q2d2sm2{2^)1C[l]}~1, 

{ ^ ^ ^ { A n + ^ ^ i i + c n cos 2»A 

q2d2 sin2(2x1/) tCi1}} l n - i (3.19) 

At ten t ion should be d rawn to the fact tha t the f luctuat ions 
( £ 1 ) and ( £ 2 ) expressed in te rms of this approx imat ion agree 
with the familiar results of de Gennes [Eqn (3.2)] [9]. 
_ The_ corre la tors of_ the nonclassical quant i t ies 

i&q, ( d ) ^ (£25)q, and { ^ 5 ) q have singularities - q~l for 
H = 0. In par t icular , 

J loqK 3'3 

+ K 2 2 1 K - I / 2 M , 

\6qKg2 

(3.20) 

file:///6qKg2


F l u c t u a t i o n s a n d l igh t s c a t t e r i n g in l i q u i d c r y s t a l s 151 

where Kj(\j/) = cos \/j + K33 sin The correlat ion 
function Gapyp(q) in the N - p h a s e can be easily found from 
E q n s (3.19) and (3.20). In par t icular , when account is t aken 
of the f luctuat ions of the director, we have 

2 

G*pyp(q) = ^2(^j)q(ejoLn°p + ejpnl)(ejyn)

f) + ejpny). (3.21) 
J'=I 

The comple te^xpress ion for Gapyp t ak ing into account all the 
modes and £y has al ready been publ ished [23]. 

3.2 Fluctuations in biaxial nematics 
A p a r t from the isotropic and uniaxial nemat ic phases , there is 
also a biaxial phase in nemat ic liquid crystals. It was observed 
experimental ly in lyotropic nemat ic liquid crystals [64]. 
Theoret ical studies on this phase and the cor responding 
phase t rans i t ions have been carried out also in te rms of 
lattice models [65, 66], the M a i e r - S a u p e mean field theory 
[67], and the L a n d a u theory [52, 66]. A n ana logue of the 
F r a n k energy has been formulated [68] for the N 2 - p h a s e and 
in other studies [69] its hydrodynamics were established. The 
fluctuat ions in this phase have been considered within the 
framework of the L a n d a u theory [70] and from a general 
symmetr ical s tandpoin t [71]. 

The cor responding ana logue of E q n j T . 3 ) for the 
equil ibrium value of the order pa ramete r S 0 assumes the 
following form in this case [9, 52]: 

= Slnanp + S2mamp-\(Sl + S 2 ) 8 a / J ; (3.22) 

where n° and m° are mutua l ly o r thogona l uni t vectors Si ^0, 
S2 ± 0 , and Si ^ S2. E q n (3.22) cor responds to the choice 
n0=e°u m°=ei S 1 = 2 , s ? + , & and S2 = s0

x + 2s\ in 
E q n (1.1). In the biaxial phase , described by the order 
pa ramete r defined by Eqn (3.22), the f luctuation tensor cpap 
can be conveniently expressed in the form (3.4), using the 
paramet r i sa t ion 

* i ( 1 ) M = W O W + mfcl) + Ur){n"4 + 

<Ptp2\r) = Ur) [(2S2 - Sl)nyp + (S2 - 2Sl)m°am0

B + ( 5 i - 5 2 ) 8 ^ ] , 

q>lfi(r) = Z5(r)S°aa (3.23) 

where e° = m° x n° is a uni t vector o r thogona l to n° and m°. 
W e m a y no te tha t an infinitesimal ro ta t ion of the tensor 

S Ip cor responds to the f luctuat ions (p^. In this sense, they 
can be regarded as f luctuat ions of the directors n° and m°. 
Here it must be emphasised, however , tha t the quant i t ies n° 
and m° are no t independent , since they are linked by the 
or thogona l i ty condi t ion n° • m ° = 0. As in a uniaxial nemat ic , 
these are the most intense f luctuat ions in the limit q —> 0 
because uniform ro ta t ions of the nemat ic liquid crystal as a 
whole do no t require an energy expendi ture . 

As for the uniaxial phase , f luctuat ions of this type (£i, £ 2 , 
and £3) cont r ibute in te rms of second-order te rms to the 
remain ing modes £4 and £5 by vir tue of the principle of the 
conservat ion of the modu lus : 

: 2 ^ 1 + ^ 2 . ^ 2 ^ 1 - 2 ^ 2 2 2 S 1 - S 2 \ 
>1 7 7T T- C2 ^ \~ C3 ^ J 

o 2 — ^ 1 ^ 1 ^ 2 / 

x[2(S2

1-S1S2+S2

2)]-1, 

15 = - 3 ( £ 2 + & + &)/2(S f - S ^ + S l ) . (3.24) 

In considering the density of the uni form componen t of 
the energy of the dis tor t ion of a biaxial nemat ic liquid crystal 
®o(xiy) (x — Sp ̂  2 , v = Sp 5 3 ) , one must t ake into account 
the fact tha t the equil ibrium condi t ions have in this case the 
following form (for H = 0): 

8*0 e*o = 0 

8x ' dy 

To within te rms of the order of cp2, we have 

6 ^ N 2 ) = A 4 4 d + 2 A 4 5 ^ 5 + A 5 5 ^ , 

(3.25) 

(3.26) 

where A 4 4 , A 4 5 , and A 5 5 are cons tants , A 4 4 > 0, and 
D =AAAA55 - A 4 5 > 0. 

The nonun i fo rm componen t of the fluctuation 
cont r ibut ion to the energy of the dis tor t ion of a biaxial 
nemat ic can be derived by setting up all possible invar iants 
compris ing the vectors m° and n° and two tensors ¥a(ppy. The 
number of such invar iants is 37. Cer ta in invar iants are then 
in terdependent by vir tue of the or thogonal i ty condi t ion 
m° • fi° = 0. As a result, the complete expression for the 
dis tor t ion energy 84*^ 2 ) conta ins 27 phenomenolog ica l 
coefficients when account is t aken of all the modes ^ , . . . , £ 5 . 

The cont r ibut ion to the t h e r m o d y n a m i c po ten t ia l of a 
biaxial nemat ic liquid crystal associated with the pr incipal 
Go lds tone modes £i>q, £ 2 , 4 , and £3^ conta ins 12 elastic 
modu l i (c fTreb in [68]): 

(3.27) 

where 

JCU = <?{Kf cos^ ^ + Kf cos^ fo+K™ cos^ tfr3), ( 2 ) , 

JCij = 2q2Kijcos1^ cos\j/p i^j . (3.28) 

Here ij/t (i = 1 - 3 ) are the angles formed by the wave vector q 
with the axes n°, m ° , and e° respectively. The f luctuat ions of 
the modes £1 , £ 2 , and £3 are of the Go lds tone type: 

< { 2 ) , ~ < T 2 and ~ q~2 (i, j = 1 - 3 ) . (3.29) 

Cor re la to rs of weaker classical f luctuat ions of type £4 and 
{ 5 permit going to the limit q —> 0 and are given by 

.2x_kQTA44 /p2\_^bTA55 

\ S 5 / 

« 4 « > 

D D 

kBTAA5 

D 
(3.30) 

when q = 0. The m o d e £4 behaves critically in the t ransi t ion 
to the N - p h a s e and all the corre la tors (£4) , ( £ 5 ) , and (£4^5) 
diverge at q —> 0 in the region of the N 2 - N - I tricritical 
poin t . _ _ 

The corre la tors of the nonclassical f luctuat ions £ 4 and £ 5 

have a singularity ~ q~l, as in a uniaxial phase . 
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3.3 Light scattering in the ordered phase of a uniaxial 
nematic 
One of the main p rob lems in the theoret ical descript ion of 
light scat tering in the ordered phase of a nemat ic is 
associated with the fact tha t , in t e rms of its optical 
proper t ies , this phase is an anisot ropic crystal. In uniaxial 
nematics , to which we shall confine ourselves in this section, 
the equil ibrium relative permit t ivi ty tensor assumes the form 

z% = B±&ap + eanln°p 9 (3.31) 

where 8 a = 8|| — £j_; 8|| and £j_ are the relative permitt ivit ies 
a long and across n° respectively. Since the optical an i so t ropy 
of the major i ty of nemat ics is no t small (it reaches 0.3 and 
m o r e [14] at an opt ical frequency e a /£_i_), it follows tha t , in 
any theory of the p ropaga t i on and scattering of light in 
nemat ics claiming to al low a quant i ta t ive compar i son with 
experiment , it is essential to t ake into account the aniso t ropy. 

L a x and Nelson const ructed a logical general theory of 
light scat tering in anisot ropic media [ 7 2 - 7 4 ] . I ts pr incipal 
results reduce to the following. G r e e n ' s function for an 
electromagnet ic field in a uniaxial med ium has the following 
form in te rms of the q, co representa t ion [72]: 

U) 
eU)eU) 
Cot eR 

M - fc^-iO^),^))' W 

where are the vectors of the polar isa t ions of the n o r m a l 
waves in the med ium [ e ( 1 ) is an o rd inary wave (0), e ( 2 ) is an 
ex t raord inary wave (e), and e ( 3 ) is a longi tudinal wave] and 
k(j) are their wavenumbers ( j = 1 - 3 ) : 

n 1/2 
£ ± £ | | 

C ( l ) 
CO 

k{2) = C(3) (3.33) 

where s =k/k; e^l\ e ( 2 ) , and e ( 3 ) are uni t vectors determined 
by the following condi t ions: _L n°, _L s; e ( 2 ) _L (e 
with e ( 2 ) located in the p lane of the vectors s and n°; = s. 

The asymptot ic form of G r e e n ' s function (3.32) in te rms 
of the r, co representa t ion has the following form for large 
dis tances/? [73]: 

, 3 3 

T*p(R, co) 

where 

4nc R 4-f • / o - ) e i (3.34) 

co R 

8 ± £ | | 

(R, (e^R) 

CO 
(?0)-lR, 

/ ( 2 ) 

8| |8_ l / (s , 8 ° S ) , 

81181 

1/2 

(3.35) 

H e r e s=k^/k^ and k ^ = k ^ } for all the quant i t ies . 
(Cf also Motu lev ich ' s earlier results [1, 75]). 

E q n (3.34) makes it possible to find an expression for the 
intensity of single light scat tering in a uniaxial an iso t ropic 
med ium [73]: 

I{e{i\e{s))=Z (0 U{s)F{s) 

cos (5^ cos 3 

XP^P^G 7 ( 0 , ( 0 (3.36) 

Here the no ta t ion is the same as in E q n (2.8); k^ 

cosdU) = (eu\^°eU))l/2/nU)9 (3.37) 

is the angle between the electric field vector e ( j 0 a n c [ the 
electric induct ion vector ' e 0 ^ (for an o rd inary ray = 0). 
In the derivat ion of E q n (3.36), use was also m a d e of the 
formula 

| 5 ( j ) | = (c/4n)\EU)\2n{j)cos3U) (3.38) 

for the m o d u l u s of the Poyn t ing vector in an aniso t ropic 
med ium, where is the ampl i tude of a jth type wave. 

E q n (3.36) refers to the case where the incident and 
scattered rays are p ropaga ted within the med ium. The 
effects associated with a l lowance for the influence of the 
refraction of the incident and scattered rays at the b o u n d a r y 
of the specimen have al ready been examined [73, 74]. 

As a l ready stated above, the main cont r ibut ion to the 
scattering in nemat ic liquid crystals comes from the 
Go lds tone modes £i and £ 2 . Scattering by these modes is 
par t icular ly p ronounced for low values of qsc, i.e. close to the 
forward direction. Since in te rms of lowest-order te rms in So 
it follows from E q n (3.18) tha t Kjj ~ S Q, the quant i t ies (£1 ,2 )4 

depend only weakly on So at H —> 0 according to Eqn (3.19). 
Therefore, the quant i ty kBT/I should be virtually 
independent of t empera tu re t h r o u g h o u t the region of the 
existence of the N - p h a s e up to the phase t ransi t ion poin t Tc. 

If one is interested in comparat ive ly weak biaxial and 
longi tudinal f luctuations and £7 (j = 3 - 5 ) , then, in order 
to isolate them against the b a c k g r o u n d of intense 
f luctuat ions of the director, it is desirable to have 
exper imental geometr ies in which the cont r ibut ion of the 
modes £1 ,2 to the scattering is minimal . It is found tha t 
exper imental geometr ies exist in which single scattering by 
the modes £1 ,2 is al together absent . This quest ion has been 
considered in a number of studies [9, 17, 2 3 - 2 5 , 76]. Tak ing 
into account the optical an iso t ropy, all such geometries have 
been found [76]: 

( l ) n ° - ^ = n ' = 0 , 

(2) n° \\e{i) || _ L * ( j ) , , 

(3) n° || *<'•>, 

(4) n° \\k{s)+k{i). (3.39) 

In geometr ies (3) and (4), the polar isa t ion vectors e ( 0 a n d e(s) 
should lie in the scat tering p lane k^s\ k^\ G e o m e t r y (1) refers 
to scattering of the (0) —> (0) type, while geometr ies ( 2 ) - ( 4 ) 
refer to the (e) —> (e) type. The scattering intensities in these 
geometries , conta in ing only the cont r ibu t ions by the £3,4,5 
modes , have been calculated [76]. It is interest ing to no te tha t , 
according to geometry (1), when an o rd inary ray is incident 
on an ordered nemat ic liquid crystal the intensity of its 
scattering by the f luctuat ions of the director is zero, i.e. the 
entire singly scattered light (scattered at any angles) has the 
polar isa t ion of the ex t raord inary wave. 

The first experiments on light scat tering in the ordered 
phase of a uniaxial nemat ic were carried out fairly long 
ago [77]. It was found tha t the characterist ics of the 
polar isa t ion and angular intensity dis t r ibut ions and their 
behav iour as a function of t empera tu re found [77] for the 
P A A and P A F liquid crystals can be satisfactorily accounted 
for by the theory of light scattering by the director 
f luctuat ions £1 ,2 described above [9, 12, 78]. This was 
confirmed also in subsequent experiments on M B B A [79]. 
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Measu remen t of the angular dependence of the scattering 
const i tutes at the present t ime a widely used and convenient 
me thod for the de terminat ion of the rat io of the F r a n k 
modul i . F o r example, in the geometry where k^s\ 
(/ = 1, .v = 2), we have from Eqn (3.36) at H = 0 

I(e^\e{s))=Z 
(0 kBTs2

a8\\ 
0 p n2 

c o s 2 ( 0 s c / 2 ) + s i n 2 ( 0 s c / 2 ) 
(3.40) 

the ratio of the F rank moduli . The formula for the spectral 
intensity of the scattering by director fluctuations in terms of the 
hydrodynamic approximation is given by Eqns (3.36), (3.21), 
(3.19), and (3.2), where, for the correlators fl^f) = S o( |5?z/) 
(j= 1,2), account should be taken of additional cofactors 
which are proport ional to T y / ( c o 2 + T 2 ) in spectroscopic 
measurements and to exp(—f/ry) in measurements by the 
methods of correlation spectroscopy; here we have [82] 

[^(1)0/0 + X a # 2 ] 

f 1 1 [ l + ^ i cos(2i/0f 
2v 3 cos2(2i/f) + (vi + v 2 ) sin2(2i/f) 

where q2

c = (co/c)2[s\\ + e_|_ — 2(e||e_L)1^2 c o s 0 s c ] . It is 
significant that in this geometry = 0 and az(2) = 8,, (co/c), 
i.e. the aniso t ropy is hard ly manifested in the angular factors 
with the exception of the refraction at the b o u n d a r y of the 
specimen. Eqn (3.40) makes it possible to find the rat io 
Kn/K22 [10, 77, 80]. A fairly complete analysis of the 
p rob lem of the de terminat ion of Ku/Kjj has been carried out 
[187]. 

The light scattering me thod has been applied [81] to the 
de terminat ion of two ra t ios of the F r a n k modul i : K23IK22 and 
K33/K11. The measurements were per formed in a polymeric 
nemat ic with a very low optical an i so t ropy 8 a w 0.001. This 
m a d e it possible to neglect mult iple scattering and to use the 
formulae for scattering in an isotropic med ium. The source of 
light was a 100 m W argon laser (A = 5145 A) and the 
thickness of the specimen was L = 40 um. F o r each 
scattering angle (2.5° < 0 S C < 65°), two scattering geom­
etries were considered — one geometry described by 
E q n (3.40) and another with / = 1, s = 2, and q\\n°. In the 
latter case, ~ cos2(6sc/2)K33q2

c. Fig. 6 il lustrates 
the angular dependence of the rat io of the intensities J in 
these geometr ies as a function of t a n ( 0 s c / 2 ) . The theoret ical 
curve is a pa rabo la : J = (K33/K22) t a n 2 ( 0 s c / 2 ) + K33/Kxx. 
In terpre ta- t ion of the da ta in Fig. 6 yielded 
K33/K22 = 13.0 ± 0 . 4 and K33/Kn = 1.17 ± 0.03 for the 
given nemat ic . 

In spectroscopic measurements of light scattering, one can 
obtain information about the Leslie coefficients in addition to 
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Figure 7. A n g u l a r d e p e n d e n c e o f t h e n o r m a l i s e d i n t e n s i t y / o f t h e 
s c a t t e r e d l igh t for t h r e e t y p e s o f s c a t t e r i n g [(e) —> (e ) , (e) —> (0 ) , a n d 
(0) —> (e)] in a M B B A s p e c i m e n 1 m m t h i c k ; 0\ a n d 6S a r e t h e a n g l e s 
b e t w e e n t h e d i r e c t i o n s o f t h e w a v e v e c t o r s o f t h e i n c i d e n t a n d s c a t t e r e d 
l igh t a n d o f t h e d i r e c t o r . T h e a n g l e 6{ is f ixed a t 2 5 ° . C i r c l e s — 
e x p e r i m e n t a l d a t a ; t h e c o n t i n u o u s l ines w e r e c a l c u l a t e d b y E q n (2 .36) 
u s i n g t h e k n o w n v a l u e s o f t h e F r a n k m o d u l i [84]. 

0.1 0.2 0.3 0.4 0.5 0.6 0 .7 

tan(0/2) 

Figure 6. A n g u l a r d e p e n d e n c e o f t h e s c a t t e r i n g i n t e n s i t y r a t i o / , o n e 
i n t e n s i t y b e i n g d e s c r i b e d b y E q n (2 .40) a n d t h e o t h e r c o r r e s p o n d i n g t o 
t h e c a s e w i t h i — 1 a n d s — 2 a n d Q \ \ N0 for a p o l y m e r i c l i q u i d c r y s t a l [81]. 
C i r c l e s — e x p e r i m e n t a l d a t a ; t h e c o n t i n u o u s l ine w a s f i t ted b y t h e 
t h e o r e t i c a l r e l a t i o n / = K33/Kn + (K33/K22) t a n 2 ( 6 / 2 ) . 

r / H z 

\ 

- B I 

-

1 1 

^ ^ ^ ^ 

1 

6S - 0 i / l O - 2 r a d 

Figure 8. T h e l ine h a l f - w i d t h R for s c a t t e r e d l igh t for t h e t y p e (e) —> (0) in 
M B B A a s a f u n c t i o n o f t h e d i f f e rence 6S — 9{ for t h e f ixed a n g l e 9{ — 2 5 ° . 
C r o s s e s — e x p e r i m e n t a l d a t a ; c o n t i n u o u s l ine — c a l c u l a t i o n b y 
E q n s (2 .4) [84]. 
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r / H z 

Figure 9. D e p e n d e n c e o f t h e h a l f - w i d t h r for s c a t t e r e d l igh t in o r i e n t e d 
M B B A o n t h e a n g l e 6{ b e t w e e n t h e d i r e c t i o n o f i n c i d e n t l igh t a n d t h e 
d i r e c t o r for a fixed s c a t t e r i n g a n g l e 6S b e t w e e n ks a n d n o f t h e o r d e r o f 7° . 
C o n t i n u o u s l ines — c a l c u l a t i o n for t h e a n g l e s 6S — 5° a n d 7° [85]. 

Tr1 = b 2 t f ( 2 )W0+x„ff 2 ] 

X / I + X (341) 

where Ai, yi, vi, v2, and V3 are kinetic coefficients. The 
cor responding spectrum of nonclassical f luctuat ions £y has a 
non-Loren tz ian form. The quant i ty ( £ 5 ) ^ has been 
calculated by Kamensk i i and K a t s [83]. 

Fig. 7 il lustrates the exper imental angular dependence of 
the integral intensity of the scattered light in M B B A for three 
types of polar i sa t ions of the incident and scattered light 
[(0) -> (e), (e) -> (0), (e) -> (e)] [84]. Curves calculated 

using the k n o w n values of the F r a n k modu l i are also 
presented. Fig. 8 il lustrates the angular dependence of the 
effective frequencies co e f f = 1 / T e f f ob ta ined by the m e t h o d s of 
correlat ion spectroscopy. As in Fig. 7, the con t inuous line 
represents the values calculated using the exper imental 
kinetic coefficients and the F r a n k modul i . Bo th figures 
show a satisfactory agreement between the theory and 
experiment , which confirms the possibili ty of determining 
the pa rame te r s for liquid crystals from light scattering da ta . 

A m e t h o d has been p roposed [85] for the de terminat ion of 
the viscoelastic cons tan ts of nemat ics from measurements of 
the spectral line width (LW) of the light scattered by the 
f luctuat ions of the director as a function of the angle Oq) 
between n° and The scattering angle 9SC w 7° was 
constant in the above s tudy [85] and only the or ienta t ion of 
the cell was varied, while the receiver and the emitter were 
s ta t ionary. The geometr ies of the (0) —> (e), (e) —> (0), and 
(e) —> (e) scat tering were considered. Fig. 9 il lustrates the 
dependence of the half-width r on the angle 0^). The 
con t inuous line cor responds to the theoret ical calculat ion 
for the scat tering angles 9SC = 7° and 5°. 

Measu remen t s of the dependence of the relaxat ion t imes 
Ti and T2 on q 2

c have m a d e it possible to determine [81] the 
ra t ios of the viscosity coefficients in a polymeric nemat ic . The 
absolute values of the Leslie coefficients were determined by 
resor t ing to the quan t i ty ^ 3 3 determined on the basis of the 
Freeder icksz t ransi t ion. 

Measu remen t s have been m a d e [86] of the absolute light 
scattering intensities cor responding to different polar isa t ions 
and all three F r a n k modu l i have been determined for M B B A . 
The results are Ku = (5.7 ± 0.3) x 1 0 " 7 , K22 = (4.0 ± 0.2) x 
1 0 " 7 , and ^ 3 3 = (7.3 ± 0.5) x 1 0 " 7 dyn. 

Light scattering m e t h o d s are used to determine the F r a n k 
modu l i also by indirect measurements . T h u s a novel me thod 
has been p roposed [87] for the de terminat ion of the critical 
magnet ic field s trength Hc in the Freeder icksz effect, from 

Figure 10 . D e c a y o f t h e t i m e c o r r e l a t i o n f u n c t i o n V(T) in t h e 5 C B l i q u i d c r y s t a l a t 2 9 . 9 °C for d i f fe ren t a p p l i e d field s t r e n g t h s . T h e l o g a r i t h m i c sca le 
i l l u s t r a t e s t h e p u r e l y e x p o n e n t i a l n a t u r e o f t h e d e c a y p r o c e s s [87]. 
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which it is possible to find the F r a n k m o d u l u s 
K22 = x a ( / / c L / 7 i ) 2 , L being the thickness of the specimen. 
The idea of the me thod is as follows. A cell with an oriented 
nemat ic was charged with a small admix ture of ex t raneous 
part icles. The ra te of diffusion of these part icles was 
measured by light scat tering me thods . F o r a zero magnet ic 
field strength, the diffusion across the director was measured . 
In an external field, where the Freeder icksz t ransi t ion 
occurred and the director at the centre of the cell began to 
undergo a pole reor ienta t ion , the paral lel componen t of the 
diffusion coefficient began to influence the diffusion 
relaxat ion t ime, the diffusion process was accelerated and 
the relaxat ion t ime diminished. Fig. 10 presents the var ia t ion 
of the ra te for different field s t rengths H. Fig. 11 illustrates 
the threshold na tu re of the var ia t ion of the re laxat ion t ime as 
a function of H. The above measurements [87] were 
performed on a 5CB liquid crystal conta in ing 0 . 1 % of an 
admixture . The results of the measurement of K22 agree with 
the results of other workers within the limits of exper imental 
accuracy (to within abou t 10%). A similar idea for the 
de terminat ion of the critical field strength Hc by a light 
scattering me thod was applied by Gala to la [183]. However , 
the de terminat ion was based no t on the spectrum bu t on the 
dis tor t ion of the symmetry of the angular dis t r ibut ion of the 
intensity. 

P (n, t) 
0.10 

H/kOe 

Figure 1 1 . D e p e n d e n c e o f t h e r e l a x a t i o n t i m e Tr in t h e 5 C B l i q u i d c r y s t a l 
o n t h e a p p l i e d m a g n e t i c field H a t 31 .7 °C [87]. 

A p a r t from the integral and spectral intensities, the 
statistics of p h o t o c o u n t s dur ing scattering by the 
f luctuat ions of the director has been investigated in nemat ics 
[88]. F o r the usua l Gauss ian f luctuat ions involving very short 
measurement t imes, the p h o t o c o u n t dis t r ibut ion function 
should be exponent ia l . The experiment carried out on 5CB, 
M B B A , and D I B A B liquid crystals showed tha t the 
dis t r ibut ion function has a G a u s s i a n - L o r e n t z i a n form 
(Fig. 12). Accord ing to the au thors , the deviat ions from the 
Gauss ian behav iour can be explained by the nonl inear 
interact ion of the modes ^ q ( j = 1,2) with different wave 
vectors q. 

The light scattering in biaxial nemat ics has been 
considered in te rms of the optical i so t ropy approx imat ion 
[70]. A detailed s tudy tak ing into account the optical 
an i so t ropy has no t been carried out hi ther to so far as we are 
aware . F r o m the purely optical po in t of view, the s tudy of 
light scattering in these systems is of interest, in par t icular , in 
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Figure 12 . D i s t r i b u t i o n f u n c t i o n P(n,t) for p h o t o c o u n t s e x p r e s s e d in 
t e r m s o f t h e n u m b e r s o f c h a n n e l s n d e t e c t e d d u r i n g a p e r i o d t = 1 0 " 3 s f o r 
l igh t s c a t t e r e d b y a h o m e o t r o p i c a l l y o r i e n t e d s p e c i m e n o f a D I B A B 
n e m a t i c l i q u i d c r y s t a l a t T = 0M9TC [88]. 

connect ion with the familiar p h e n o m e n a of the external and 
internal conical refraction in biaxial crystals [33, 89]. 

3.4 Fluctuations of the director and light scattering in a 
bounded nematic 
The previous discussion concerned the case of an u n b o u n d e d 
nemat ic , so tha t only bulk phase cont r ibu t ions to the energy 
were t aken into account . On the other hand , real experiments 
are carried out in small cells where the surface energy m a y 
play a significant role. The presence of bounda r i e s alters the 
na tu re of the f luctuat ions of the director. One of the m e t h o d s 
for the measurement of the energy of the anchor ing of the 
director to the suppor t is based on this effect [90]. 

Suppose tha t the liquid crystal is enclosed in a cell with a 
thickness L between plane-paral le l plates and tha t the origin 
of coordina tes is located at the centre of the cell, the z axis 
being directed a long the n o r m a l to the plates. W e shall 
assume tha t the interact ion of the director with the suppor t 
is t aken into account in te rms of the Rap in i po ten t ia l [15, 91]. 
The surface cont r ibut ion to the t h e r m o d y n a m i c poten t ia l 
then assumes the form 

surf " -w 
1 

| d 2 r ± K 2 ( r ± , L / 2 ) + ^ 2 ( r ± , - L / 2 ) ] (3.42) 

for the homeo t rop i c or ienta t ion (z||w°) and 

^ s u r f = \\d2r±[Wyn2(r±, L/2) + Wyn2(r±, -L/2) 

+Wzn2

z(r±, L/2) + Wzn2

z(r±, -L/2)] (3.43) 

for the p lanar or ienta t ion (z _L n°); here W, Wy, and Wz are 
the surface densities of the anchor ing energy and x is the light 
or ienta t ion axis. The to ta l t h e r m o d y n a m i c potent ia l , l inked 
to the director field, is 
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<£ = <£bulk + <£surf, (3-44) 
where the bulk phase energy 0 b u i k is the F r a n k energy defined 
by Eqn (3.1). 

As an example, we shall consider the f luctuat ions of the 
director in a homeot ropica l ly oriented cell. The s tandard 
compu ta t i ona l m e t h o d involves the expansion of the 
f luctuat ions in te rms of intrinsic modes . The solution is 
formulated as an infinite series, the de terminat ion of each 
member of the series involving the solution of a 
t ranscendenta l equat ion [90, 92, 93]. A me thod permi t t ing a 
solut ion in a closed form has been p roposed [94]. 

W e shall n o w proceed to the two-dimens ional Four ie r 
spectrum bn(q±,z) with q ± ± z . The cont r ibut ion of the 
f luctuat ions with the given q± to 8 0 [Eqn (3.44)] is 

8 0 : 
'L/2 

-L/2 
d z [ ^ i | 5 ^ ( z ) | 2 + ^ 3 | e z 5 ^ ( z ) | 2 til 

+W[\8nj(L/2)\2 + | 8 n y ( - i / 2 ) | 2 ] } . (3.45) 

Here the modes 8n/ (j= 1,2) are defined by E q n (3.3) and 
the a rgument q± in the function dn(q±,z) has been omit ted. 

In an u n b o u n d e d medium, the p rocedure used to find the 
correlat ion function is as follows. Differentiat ion by pa r t s 
in the formula for 8 0 and neglect of the te rms outs ide 
the integral expression lead to an expression of the type 
8 0 = ( 8 ^ , A 8 ^ ) / 2 , where A is a self-adjoint differential 
opera tor , while the scalar p roduc t implies integrat ion with 
respect to con t inuous var iable and summat ion over the 
indices^ The correlat ion function is then obta ined in the 
form G = kQTA~l. A characterist ic feature of b o u n d e d 
media is tha t 8 0 conta ins te rms outs ide the integral 
expression, which mus t be taken into account in the 
inversion of the opera tor A . In this case, the task m a y be 
reduced to the selection of b o u n d a r y condi t ions for the 
functions $n(g±,z) such tha t , firstly, 8 0 has a quadra t i c 
form and, secondly, the cor responding opera to r A is self-
adjoint over the subspace dense in te rms of L 2 . 

In this case, the b o u n d a r y condi t ions are 

WSn±K33dzSn = 0, z = ±L/2. (3.46) 

Then 

8 0 

where 

dz8n*(q±, z)Aj?>nj{q^ z), 

Aj=Kjjqi-K33d2

z. 

(3.47) 

(3.48) 

T h u s the b o u n d a r y condi t ions (3.46) m a k e it possible to 
eliminate the te rms outs ide the integral in the expression 
for 8(P. Since the ^opera tors Aj are symmetr ical and the 
adjoint ope ra to r s A * have been defined for the same class 
of functions, it follows tha t the Aj are self-adjoint [95]. T h u s 
the correlat ion functions of the director f luctuat ions in the 
q±,z representa t ion , i.e. Gj(q±;z,z') = {Srij(z)&nj(zf))q±9 

must satisfy the equa t ions 

Aft = kBT&(z - z'), (3.49) 

i.e. it is necessary to invert the opera to r s Aj t ak ing into 
account the b o u n d a r y condi t ions (3.46). F o r z ^ z \ the 
differential equa t ions (3.49) are h o m o g e n e o u s and can be 
readily solved. By jo in ing the solut ions for the regions z > z' 
and z < z t ak ing into account the b o u n d a r y condi t ions 

(3.46), we obta in 

G j { 9 i ; z ' z ' ) = 2i§^fij ^ ~ w 2 ) c o s h ^ ( z + z ' ) ] 

+A2jcosh[pj{z - z ' ) ] - Aysinhipjlz - z ' | ) } ; (3.50) 

where Au = (fij + w2) sinh(j8,-L) + cosh(j8,-L), A2j = 
{fi) + w2) cosh(pjL) + 2PjWsmh(pjL), ft = qi^/K^f2 

(j = 1,2), and w = W/K33 is the inverse length characterising 
the anchoring of the nematic crystal to the substrate [15]. 

The series expansions of the correlat ion function in the 
intrinsic modes of the f luctuat ions t aken from Refs 90, 92, 
and 93 can be obta ined, provided tha t Eqn (3.50) is expanded 
as a m e r o m o r p h i c function of q± into simple fractions. 

The correlat ion functions of the director f luctuat ions for 
a p lanar cell can be calculated in a similar a l though 
technically actually a m o r e complex way [94]. 

It is of interest to compare the correlat ion functions 
GLj (q±;z,zf) in a b o u n d e d cell having a thickness L 
[Eqn (3.50)] with the cor responding inverse Four ie r 
t ransform Gf(q;z — z') of the quant i ty defined by 
E q n (3.2) in an u n b o u n d e d specimen subjected to an 
external field H. In te rms of the no ta t ion of Eqn (3.50), we 
have 

Gf{qL;z-z') = 
kRT 

2 \l/2 

:exp[-(p2+w2

H) 2 W 2 
z - z (3.51) 

where wH = / / ( X a / ^ 3 3 ) 1 ^ 2 is the inverse magnet ic coherence 
length. The director f luctuat ions in an u n b o u n d e d specimen 
for H = 0 are of the Go lds tone type: Gj(q) ~ q~2 —> 00 for 
? -> 0. W h e n H ^ 0, 

/•OO 
G f ( « = 0 ) = dz'G?(q±=0;z-

J —OO 
V ) 

K33 

1 

w2

H 

(3.52) 

F o r the correlat ion function (3.50) in a b o u n d e d cell, the 
ana logous integral has the following form after the removal 
of the indeterminacy at q± —> 0: 

•L/2 

-L/2 

(3.53) 

F o r L —> 00 and wH —> 0, b o t h equat ions , (3.52) and (3.53), 
diverge quadrat ical ly , which reflects the Go lds tone na tu re of 
the director f luctuat ions for L = 0 0 and H = 0. However , it is 
significant tha t , for a finite L , the quan t i ty defined by 
E q n (3.53) diverges (albeit linearly) if w —> 0. T h u s no t only 
in a b o u n d e d med ium bu t also in thin nemat ic liquid crystal 
films the director f luctuat ions are singular in the absence of 
anchor ing to the suppor t . 

Since the definition of the vectors e\ and e2 in E q n (3.23) 
is based solely on the t ransverse componen t of q± of the wave 
vector q, the correlat ion function Gyv^v(<q;zf,z") of the 
relative permit t ivi ty f luctuat ions in the q±,z representa t ion 
is again defined by E q n (3.22), in which it is only necessary to 
replace ( $ ) q by S2

0Gj(q±;z',z") (where S0 = e a ) . The 
intensity of light singly scattered by director f luctuat ions in 
a p lanar cell is then given by 
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I(e{i\ e{s)) ~ -
L/2 

-L/2 
dz' 

L/2 

( 

L / 2 
dz"exp[-iql(z'-z")} 

^ e f G ^ M ^ z ' ^ y f e V , (3.54) 
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Figure 1 3 . A n g u l a r d e p e n d e n c e o f t h e i n t e n s i t y o f t h e (e) —> (e) s c a t t e r i n g 
in M B B A s p e c i m e n s 2 0 - 100 \im t h i c k a n d o r i e n t e d p l a n a r l y o n s e v e r a l 
s u r f a c e s : ( 7 ) p o l y v i n y l a l c o h o l ) c o a t i n g ; ( 2 ) r u b b e d g l a s s ; ( 3 ) P A C 
v a r n i s h c o a t i n g ; c o n t i n u o u s l ines — c a l c u l a t i o n u s i n g t h e a n c h o r i n g 
e n e r g i e s ( f r o m a b o v e d o w n w a r d s ) Wy — 5 x 1 0 - 5 , 1 0 - 4 , 2 x 1 0 - 4 , a n d 
5 x 1 0 - 4 e r g c m - 2 . T h e p o l a r i s a t i o n v e c t o r o f t h e i n c i d e n t r a d i a t i o n 
m a k e s a n a n g l e o f 20° w i t h t h e d i r e c t o r [90]. 

7 / r e l . u n i t s 

12 0 / m r a d 

Figure 14 . A n g u l a r d e p e n d e n c e o f t h e i n t e n s i t y o f t h e (e) —> (e) s c a t t e r i n g 
in M B B A s p e c i m e n s p l a n a r l y o r i e n t e d b y P A C v a r n i s h for d i f fe ren t 
t h i c k n e s s e s o f t h e cel l : ( 7 ) L = 80 urn; ( 2 ) L = 50 urn; (3) L — 35 urn. 
C o n t i n u o u s l ines — c a l c u l a t i o n for Wy — 5 x 1 0 - 4 e r g c m - 2 : 
( 7 ) L = 80 urn; ( 2 ) L = 50 urn; (3) L = 35 urn; (4) L — 65 urn. T h e 
p o l a r i s a t i o n v e c t o r o f t h e i n c i d e n t l igh t m a k e s a n a n g l e o f 20° w i t h t h e 
d i r e c t o r [90]. 

where q^c and qsc are the longi tudinal and t ransverse, relative 
to the z axis, componen t s of the scattering vector qsc. The 
integrals in E q n (3.54) are evaluated analytically [94]. 

The results of measurements of the intensity of the 
scattering of the ex t raord inary ray in an unusua l cell with a 
p lanar ly oriented nemat ic liquid crystal have been publ ished 
[90]. The rad ia t ion from hel ium-neon (A = 6328 A) and 
a rgon (A = 5145 A) lasers was used. The polar isa t ion vector 
of the incident rad ia t ion m a d e an angle of 20° with the 
director. The anchor ing energy was determined for M B B A 
in glass cells having a thickness L= 2 0 - 1 0 0 um with 
oriented coat ings of poly(vinyl alcohol) [PVAL 
(Transla tor) ] and P A C [poly-acrylic? (Transla tor) ] varnish 
or with suppor t s rubbed in one direction. Figs 13 and 14 
present the angular dependences of the scattered light intensities 
for different anchoring energies and thicknesses of the specimens 
[90]. Evidently the angular distribution is sensitive both to the 
thickness of the specimen and to the anchoring energy, the latter 
eliminating the divergence of the intensity in forward scattering. 
The anchoring energies were found by comparing the theory 
with the experimental results: W « (2 ± 0.05) x 10~ 4 e r g c m - 2 

for glass rubbed in one direction, W « (5 ± 2) x 1 0 - 4 erg c m - 2 

for the PAC varnish, and W « (1 ± 0.2) x 1 0 " 4 e r g c m - 2 for 
PVAL. 

Fig . 15 illustrates the dependence of the intensity of the 
(e) —> (e) scattering calculated by Eqn (3.54) for a 
homeot ropica l ly oriented nemat ic liquid crystal cell in the 
case of n o r m a l incidence. It is of interest to no te tha t , in 
contras t to the inclined incidence, here there is a dip 
cor responding to the zero angle, its width being greater the 
greater the anchor ing energy. 

3.5 The effective relative permittivity and the extinction 
coefficient 
As a result of the presence of f luctuations, the effective 
relative permit t ivi ty of the med ium S^P becomes nonloca l 
[32]. In te rms of the lowest-order terms, the nonloca l 
componen t of e^ f is given by 

dq 

(2TT) 
jGwp^k - q, co)Tv^(q, co) .(3.55) 
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Figure 15 . A n g u l a r d e p e n d e n c e o f t h e i n t e n s i t y o f t h e l igh t s c a t t e r e d b y a 
h o m e o t r o p i c a l l y o r i e n t e d l i q u i d c r y s t a l cel l r e f e r r e d t o t h e i n t e n s i t y in a n 
u n b o u n d e d m e d i u m I^O) for d i f fe ren t v a l u e s o f a = W/Kk: ( 7 ) a = 0; 
( 2 ) a = 0 . 0 0 1 ; (3) a = 0 . 0 1 ; (4) a = 0 . 0 1 ; ( 5 ) a = 1; kL = 100 [94]. 
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Correc t ions to the real and imaginary ("e") componen t s 
of ? e f f m a y be found from E q n s (3.55) and (3.32) and 
Sokhotski i ' s formula (x — i O ) - 1 = P(\/x) + i<5(x), where P 
is the symbol denot ing the pr incipal value of the integral . 
The imaginary componen t then reduces to a double 
integral and determines the extinction coefficients 
( j ( 0 = ( < » / c ) n ^ c o s - 2 < 5 ^ for the 
o rd inary and ex t raord inary waves [76]: 

e{i)e{i) 

FF(0 GTK2) „ ( 0 c o s 2 ^ ' 

E 
s=l 

dQ, G^ikM-kM), (3.56) 

where dQk(s) denotes integrat ion over all the direct ions k^s\ 
E q n (3.56) represents the anisot ropic version of the 

optical theorem [32] the a t t enua t ion of the mean field in a 
r a n d o m l y inhomogeneous med ium wi thout intrinsic 
absorp t ion is due to the loss of light in scattering: 

( 0 ( (3.57) 

where is the overall scattering cross-section — the 
integral of the relative scattering intensity per unit volume 
with respect to all the angles [Eqn (3.36)]. The corresponding 
formula for 1^ has been obta ined by Langevin and Bouchia t 
[96]. 

Since the main cont r ibut ion to the scattering and hence to 
the extinction in nemat ics is associated with the director 
f luctuat ions £1 ,2 , calculat ion of cr^) can be restricted to 
f luctuat ions of only one type (estimates have shown tha t the 
cont r ibut ion of the £3,4,5 modes to is 2 - 3 orders of 
magn i tude less t han the cont r ibut ion of the £1,2 modes [76]). 

W e n o w in t roduce the designat ion for the 
cont r ibut ion to cr^) due to the scattering of a (s)th type 
wave: = + 0 ^ 2 ) • It follows immediate ly from 
E q n (3.57) and geometry 1 in E q n (3.39) tha t c r ^ ^ = 0 and 
<T(1) = f f ( l , 2 ) -

The exact analyt ical calculat ion of the double integral 
(3.56) with the correlat ion function (3.22), (3.2) is fairly 
cumbersome. Numer i ca l calculat ions of 1^ have been 
carried out [84]. The p rob lem m a y be significantly 
simplified by employing the fact tha t the pa ramete r 
A = xaH2/k2

0Kjj < 10~ 5 (see Section 3.1) is small. In 
par t icular , in the limit A —> 0 we have 

<7(i)(0) = (7o du 
1 - 11 

G{2,\){6) 

( \ + a 0 u 2 f 2 

x[(l-u2)Il2(tut2)+I2(t2)], 

aQ>n\l) (0) s m 2 0 
1 J/2 

(3.58) 

< ^ dn[v§(l - u2

0)Il2(tu t2) + I2(t2j\ , (3.59) 

where 

co kQT 
8 ^ 2 

(fi-Lfi||) 
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Figure 16 . A n g u l a r d e p e n d e n c e o f t h e e x t i n c t i o n coef f i c i en t s o f t h e 
o r d i n a r y r a y (a) a n d t h e e x t r a o r d i n a r y r a y C(2)(0) (b ) c a l c u l a t e d 
b y E q n s (2 .58) a n d (2 .61) for t h e P A A ( c u r v e s 1) a n d M B B A ( c u r v e s 2 ) 
in l i q u i d c r y s t a l s [76]. 

h{t) = {P\+2tPxP2 + t 2 P 2

3 y l / 2 , 

Ii2(h,t2)=Il(t2)-Il(tl)9 

ii(t) = tprl[pl + t p 2 + i 2 \ t ) ] - l

9 

P\ = (vi cos 9 — w) 2 , P2 = v 0 s in 2 9+1 —u, 

P3=vlsin29 + u2 - 1 , V l = [(1 +a0u2)/(\ +a0)]lf\ 

v 0 = n2{9)/Ell2, a0 = 8a/8_L, tj = Kjj/K33 , (3.60) 

9 is the angle between and n°9 v = v\ in Eqn (3.58), v = v 0 

in E q n (3.59). Assuming tha t kQT ~ 4 x 1 0 " 1 4 erg, ~ 
1 0 _ 6 d y n , co/c ~ 10 5 c m - 1 , e a ~ 1, and e_q| ~ 3, we find 
tha t c r 0 ^ 5 c m _ 1 and, bear ing in mind tha t the integral 
mult ipl iers in E q n s (3.58) and (3.59) are of the order of 
magn i tude of 2.5 and 0 - 5 in the first and second integrals, 
we find respectively ~ 1 0 - 2 0 c m - 1 and CT(2,I) ~ 0 -
20 c m - 1 . Fig . 16a presents the angular dependence of 
ff(i)(0) calculated by Eqn (3.58). 

However , the cont r ibu t ion of CT(2,2) cannot be calculated 
in this way — the cor responding integral for 9 ^ 0 and 90° 
diverges logari thmical ly at A —> 0. The reason for the 
divergence is the Go lds tone na tu re of the correlator of the 
director f luctuat ions at H ^ 0 : (Srij)q ~ q~2, which leads to 
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an anomalous ly p r o n o u n c e d scattering at low angles 9SC 

when qsc = — —> 0. There is no divergence in the 
quant i t ies C(2,i) and = <7(1 ) 2) since generally speaking 
\k^\ ^ \k^\ in an aniso t ropic med ium and the scat tering 
vector qsc does no t become zero. F o r 9 = 0° or 90°, the 
quant i ty lim^_>0 C(2,2) is finite because it follows from 
E q n (3.39) tha t under these condi t ions the (e) —> (e) type 
forward scat tering intensity becomes zero due to the presence 
of the angular mult ipliers. 

A m e t h o d has been p roposed [96] for the de terminat ion of 
the absolute values of all three F r a n k modu l i from measure ­
ments of the extinction coefficient in the three exper imental 
geometr ies in which the l imiting t ransi t ion lim^_>0 is 
permissible: k{i)\\n0[a{1)(0°)}; k{i) ±n°, e{i) _L n0[a{1)(90°)}; 
k^-Ln°, e^| |fi o [0"(2)(O)]. The measurements were 
performed in M B B A specimens with thicknesses L = 1,1.5, 
and 2 m m oriented by a magnet ic field with a s trength H 
ranging from 10 3 to 3 x 10 G. The values of the F r a n k 
modu l i obta ined agreed well with the results of 
measurements by other me thods . This p rocedure for the 
de terminat ion of the F r a n k modu l i is convenient and is 
widely used nowadays . In par t icular , (j = 1-3) have 
been determined [97] for the 8CB m o n o m e r in the 
t empera tu re range —10K — Tc ^ 0 K and for the 
lyotropic polymer P B L G at a fixed t empera tu re and two 
concent ra t ions . 
The au thor [97] notes an appreciable influence of the size of 
the specimen employed on 0(i). Thus , when the thickness of 
the cell L was varied from 2 to 0.2 m m in 8CB, the quant i ty 
0"(i)(O) varied from 2.35 to 3.05 c m - 1 , while ff(2)(0) varied 
from 2.86 to 3.85 c m - 1 (Fig. 17). The values of Kjj found 
proved to be systematically larger t han those derived from 
da ta for the Freeder icksz t ransi t ion, which has been 
explained [97] by the influence of the or ient ing magnet ic field. 

In the calculat ion of ff(2)(0) in the range 0 < 6 < 90°, 
account must be taken of the finite na tu re of the small 
pa ramete r A. The asymptot ic expansion of CT(2) in t e rms of 
the pa ramete r LH/X ~ A~l/2, where LH = 2n(K33/xaH2)l/2 

is the magnet ic coherence length, is of the form [76] 

+ « g ; ; ' ( « ) + < T ( J i , l ( « ) + o ( j l ' = ) , (3.61) 

where 

U(9) = ( e ± £ | | ) 3 / 2 s in 2 20/(e_L c o s 2 9 + e,, s in 2 0)2 , 

Fj = (tjsj c o s 2 9 + tjsl s in 2 0 ) 1 / 2 , (3.62) 

(j = 1,2), and 0q2)(O) is the cont r ibu t ion to CT(2,2) in te rms 
of zero order in A. The quant i ty (T0^) is of the order of 
magn i tude of ff(2,i) and oq) and its angular var ia t ion is 
smooth over the entire range 0 < 9 < 90°. F o r typical 
nemat ics with £(a) ~ 1, ~ 1 0 6 d y n , H ~ 1 0 2 O e , and 
Xa ~ 10~ 7 , we have LH/X ~ 3 x 10 3 and <T(2) ~ 60 c m - 1 . 
Evident ly G(i)(Q) depends greatly on the angle 9 and is several 
t imes greater than the extinction coefficient for the o rd inary 
ray. Fig. 16b presents p lo ts of the angular dependence CT(2)(0) 
calculated by E q n s (3.61) and (3.59) [76]. A fit linear in 9 was 
used for (T^(6) between <7(2, 2 )(0) = <7(i , 2 ) (0) and <7 ( 2,2)(90°), 
which permi ts the limiting t ransi t ion A —> 0. Plots similar to 
tha t in Fig. 16 have been obta ined [84] on the basis of 
numer ica l calculat ion of the double integral (3.56). 

If the nemat ic liquid crystal is considered in the absence of 
an external field, then the p rob lem of the divergence of G(2,2) 
remains . W e m a y no te tha t the logar i thmic ' infrared' 
divergence of the extinction coefficient for corre la tors of the 
Go lds tone type for light scattering at the second-order phase 
t ransi t ion point , where the correlat ion rad ius of the 
f luctuat ions r c is infinite, was noted a very long t ime ago 
[98, 99]. [Under these condi t ions , o ~ l n ( r c /& 0 ) . ] Accord ing 
to Placzek [98] and R o c a r d [99], the divergence can be 
eliminated if account is t aken of the finite size of the 
scattering system L. On the one hand , the correlat ion rad ius 
is in this case actually limited by the size of the specimen: 
r c ^ L [98]. On the other hand , the divergence of o is 
el iminated after the in t roduct ion of L < oo if account is 
t aken of the diffraction effects in scat tering at low angles 
9 ~ XjL [99]: in the calculat ion of the extinction coefficient 
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Figure 17. T e m p e r a t u r e v a r i a t i o n o f t h e e x t i n c t i o n coef f ic ien t C(i)(0) ( 7 ) a n d G(i)(9) ( 2 ) for t h e 8 C B l i q u i d c r y s t a l (TM = 3 1 4 . 5 K ) a n d d i f fe ren t 
t h i c k n e s s e s o f t h e s p e c i m e n : (a) L — 0.2 c m ; (b ) L — 0.1 c m ; (c) L — 0 .04 c m [97]. 
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by E q n (3.57), the integral with respect to dQk(s) mus t be 
t runca ted at scattering angles 6SC of the order of magn i tude of 
the angle of diffraction 0 d i f w XjL by the specimen as a whole. 
(See the first edition of the b o o k by L a n d a u and Lifshitz [33] 
and also Fabel inski i [1].) In the first case, the t runca t ing 
pa ramete r L is the t ransverse dimension and in the second it is 
the longi tudinal d imension of the specimen relative to the 
direction of p ropaga t ion of the incident wave. 

It is r emarkab le tha t , in the course of the development of 
the theory of critical p h e n o m e n a , it was discovered tha t the 
to ta l scat tering cross-section at the second-order phase 
t rans i t ion poin t is nevertheless finite also for L —> o o 
because, instead of the Go lds tone spectrum G(q) ~ q~2, 
there is at this poin t a weaker singularity G{q) ~ q~2+n', 

where rj is the Fisher exponent [ 6 - 8 ] . However , for 
nematics , the reasoning employing the finite size of the 
system L is entirely applicable [33]. In te rms of the main 
orders in the pa ramete r XIL, b o t h approaches [98, 99] yield 
the same result, namely E q n (3.61), where it is sufficient to 
replace LH by L. 

These results are sufficient for the description of 
extinction in real optical experiments . However , the 
fundamenta l quest ion of the behaviour of the extinction 
coefficients c r ( 2 ) in an u n b o u n d e d nemat ic in the absence of 
an external field remains obscure. This quest ion proved to be 
related to the p rob lem of confinement in the field theory and 
has been analysed in a series of studies [100 - 1 0 3 ] , initially for 
the case of scalar waves and the correlat ion function 
G(q) ~ q~2 [100-102] , and then for e lectromagnet ic waves 
and the real correlator (3.21) [103]. It was found tha t the 
divergence of the extinction coefficient c r ( 2 ) for H = 0 and 
L = o o is due to the fact tha t the t rue asymptot ic behaviour of 
the mean field in such systems involves a superexponent ia l 
a t t enua t ion : 

{EU) (#•)) = eU)E {

0

j) exp [\kU) -r] e x p [ - * " -r \n(kU) - r ) + f ] , 

(3.63) 

where £ is a cons tant of the order of uni ty. The physical sig­
nificance of the appea rance of the unusua l superexponent ia l 
a t t enua t ion in such systems is tha t , in anomalous ly intense 
forward scattering, yet ano ther mechanism — the super­
posi t ion of waves with r a n d o m l y displaced phases scattered 
almost in the forward direction — arises apar t from the usua l 
mechanism of the a t t enua t ion of the mean field as a result of 
the sideways escape of the scattered rad ia t ion [which leads to 
the exponent ia l Bouguer law (E^\r)} ~ exp(— k" •#•)] [102]. 
F o r a correct calculat ion of the field pa ramete r in directions 
close to 0 S C = 0 in such systems, it is essential to use m e t h o d s 
tak ing into account in the d iagram series for the mean field all 
the d iagrams and no t only those least connected, as is usual ly 
done in m e t h o d s based on the D y s o n r e summat ion [32]. It has 
been shown [101] tha t the simplest me thod of this k ind is the 
e ikonal me thod . The e ikonal approx ima t ion makes it 
possible to derive correctly the pr incipal logar i thmic term of 
the asymptot ic expression (3.63). However , the cons tant £ is 
then found to diverge in the limit q —> o o ( 'ultraviolet 
divergence') . In order to eliminate the divergence, it is 
necessary to achieve a certain improvement of the e ikonal 
approx imat ion , for example one mus t use the me thod for the 
separat ion of the degrees of freedom of the f luctuating field 
into 'fast ' and 's low' , applying different types of pe r tu rba t ion 
theory to them [104, 105], which has been used by 
A d z h e m y a n [101], or an al ternat ive m e t h o d [102] which 
does no t require the separa t ion of the modes . 

0 / d e g 

Figure 18 . D e p e n d e n c e o f t h e t e r m a d d e d t o t h e r e a l c o m p o n e n t o f t h e 
w a v e v e c t o r dk — ( o ; / c ) R e 5 8 e f f / 2 g ^ 1 ^ 2 o n t h e a n g l e 6 b e t w e e n ko a n d t h e 
d i r e c t o r . T h e q u a n t i t y 5k ( c m - 1 ) is o b t a i n e d b y m u l t i p l y i n g dknorm b y 
k^TIX2K, w h e r e K is t h e effect ive v a l u e o f t h e F r a n k m o d u l u s [106]. 

The f luctuation cont r ibut ion to the real pa r t of the 
effective relative permit t ivi ty, which is determined by the 
integral in the sense of the pr incipal quan t i ty in Eqn (3.56), 
renormal ises the real par t of the wavenumber W e m a y 
no te tha t the correct calculat ion of this cont r ibu t ion usually 
requires the el imination of the ultraviolet divergence of the 
integral . This small cont r ibut ion , which is usual ly neglected, 
leads in the case of a uniaxial nemat ic to an interesting 
quali tat ive effect — the wavenumber of the o rd inary wave 

begins to depend, albeit only weakly, on the direction of 
its p ropaga t ion [106]. Fig. 18 il lustrates the calculated [106] 
angular dependence of the correct ion to for the 5CB 
liquid crystal. 

3.6 Multiple light scattering in nematics 
The appreciable , compared with <T(i), extinction coefficient of 
the ex t raord inary ray cf( 2) can, at first sight, lead to the 
conclusion tha t the ex t raord inary ray decays much faster 
t han the o rd inary one. T h u s the cause of such a large 
extinction coefficient cr(2) is r a n d o m phase shifts of the 
ex t raord inary waves scattered almost in the forward 
direction; virtually the entire light is concent ra ted in the 
region 0 S C = 0 and has the same polar isa t ion of the 
ex t raord inary ray. T h u s the ex t raord inary coherent laser 
ray in an ordered nemat ic is t ransformed as a result of 
mult iple forward rescat ter ing into a diffuse beam with a 
relatively small expansion wi thout a significant change in the 
to ta l intensity and polar isa t ion. The 'extinction coefficient' 
of this diffuse beam is of the same order of magn i tude as <T(i) 
owing to scattering at large angles. This effect has been 
confirmed experimental ly (Fig. 19) [107]. Direct 
de te rminat ion of c r ( 2 ) from the a t t enua t ion of the t ransmi t ted 
ray therefore presents considerable difficulties. The me thod 
for the de terminat ion of cf(2) based on the measurement of the 
degree of coherence of the wave t ransmi t ted t h rough the 
specimen can apparen t ly p rove effective here. 

It is seen from the effect described tha t theoret ical s tudy 
of the angular dependence of the mult iple scattering in an 
ordered nemat ic (in the first place for the ex t raord inary ray is 
of considerable interest. F o r H —> 0 in the region 0 S C w 0, it is 
then necessary to take into account all the scat tering mul t i ­
plicities. Examina t ion of the ana logous scalar p rob lem by the 
e ikonal me thod [102, 108], by the Glauber me thod [109], 
and on the basis of the rad ia t ion transfer equat ion ( R T E ) 
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F igure 19 . I m a g e o f t h e r a y w h i c h h a s p a s s e d t h r o u g h a cell w i t h a p l a n a r l y 

o r i e n t e d H - 1 0 6 l i q u i d c r y s t a l 2 m m t h i c k for t w o a n g l e s o f i n c i d e n c e 9 
[107] o f t h e o r d i n a r y (a ) a n d e x t r a o r d i n a r y (b) r a y s . 

is the low angle approx ima t ion [ 1 1 0 ] , showed tha t the 
mult iple scattering indicatr ix 7 m u i t ( 0 ) in the region of small 
angles 9 = 9SC differs significantly from the single scattering 
indicatr ix ~ 9~2. Thus , according to the l i terature 
[ 1 0 2 , 1 0 8 - 1 1 0 ] , the singularity in 7 m u i t ( 0 ) at 9 - > 0 has the 
form 

- ( 2 - z / z o ) (3.64) 

where z is the pa th traversed by light in the med ium and zo is 
the length pa ramete r of the order of cr^j. The result 
[Eqn (3.64)] has been recently extended [111] to the case of 
real nemat ics , where it is necessary to take into account the 
vector na tu re of the electromagnet ic field E and the tensor 
na tu re of the correlat ion function G^yp. The n a t u r e of the 
singularity defined by E q n (3.64) in the mult iple scattering 
indicatr ix at z/zq < 2 is retained in this case also. The poin t is 
tha t the anomalous ly intense forward scattering is associated 
solely with the ex t raord inary wave and tha t , when scattering 
at low angles is considered, the presence of the o rd inary wave 
m a y be neglected, i.e. one can proceed in fact from t he vector 
to the scalar p rob lem. 

On the other hand , if the p rob lem of mult iple scat tering in 
an ordered nemat ic liquid crystal in the presence of an 
external field 7 7 is considered, whereupon the correlat ion 
rad ius of the f luctuat ions becomes finite, then strictly 
speaking the o rd inary ray cannot be neglected. The pr incipal 
p rob lem consists in this instance in the fact tha t a direct 
extension of the e ikonal approx imat ion does no t exist for 
such a b imoda l p rob lem because the so-called linear 
interact ion of the modes arises [112]: waves with one type of 
polar isa t ion enter the med ium but , after repeated 
rescat ter ing by tensor f luctuations, waves with b o t h types of 
polar isa t ion are present at the exit from the med ium. 

There exists ano ther app roach to the descript ion of the 
angular dis t r ibut ion of the scattered rad ia t ion which is 

closely related to the eikonal approx ima t ion in the u n i m o d a l 
p rob lem [32], bu t , in contras t to the latter, it permi ts a direct 
extension to the mul t imoda l case. This app roach is based on 
the use of a system of rad ia t ion transfer equa t ions for the 
descript ion of the s imul taneous process involving the 
p ropaga t i on of the ex t raord inary and ord inary rays. F o r 
the rad ia t ion transfer equat ion to apply, it is necessary tha t 
the inequali ty a^rQ <̂  1 should hold [32, 113]. If account was 
taken of the fact tha t , in experiments with nemat ic liquid 
crystal specimens having a thickness of the order of 1 cm a 
magnet ic field is used to orient the single crystal [96, 97, 107], 
then the extinction coefficient can be calculated by 
E q n (3.61) and the magnet ic coherence length LH can be 
used as r c . Es t imates have shown tha t , for typical nemat ics in 
a field 7 7 ~ 10 3 G, these inequalit ies do hold. The rad ia t ion 
transfer equat ion for a scalar field in the s ta t ionary case has 
the following form [32, 113]: 

[ (h i , V) + cr]a(r, m) dQm>F(m, m')a(r, m) + b(r, m); 

(3.65) 

where m is a uni t vector, o the extinction coefficient, F the 
scattering indicatrix, a(r, m) the intensity at the poin t r of the 
waves p ropaga ted in the direction specified by m, and b the 
rad ia t ion source. The coherence function character is ing the 
rad ia t ion [32] has in the case of an electromagnet ic field four 
independent componen t s by vir tue of the t ransverse na tu re of 
the waves [114]. Ins tead of these, four Stokes pa rame te r s are 
usually employed [115]. One then obta ins , instead of 
E q n (3.65), a system of four equat ions . In an aniso t ropic 
med ium, where there are two types of waves with their own 
polar i sa t ions and wave vectors, the n u m b e r of independent 
componen t s of the coherence function reduces to two [116]: 

V) + ( J ( 0 ] f l ( 0 ( r , m) 

J=I J 
dGm>F{ij)(m, m')a{j)(r, m) + b{i)(r, m), 

(3.66) 

(/ = 1,2); here is the direction of the group velocity of a 
wave of type (/) [identical? (Transla tor) ] with the direction of 
the wave vector m, F^)(m1mf) is the indicatr ix of the 
scattering of a type (j) wave to give a type (/) wave, and by) 
is the source of emission of type (/) waves. W e m a y d raw 
a t tent ion to the fact tha t , in contras t to an isotropic medium, 
in E q n s (3.66) account is t aken of the difference between the 
direct ions of the group velocity and the wave vector. If a wave 
of type (j) having an intensity 7 ^ is p ropaga t ed in the 
med ium in the direction of nto, then scattering by r a n d o m 
inhomogenei t ies results in the conversion of its energy into 
the energy of incoherent rad ia t ion . If the incoherent 
componen t is considered as a^(r,m), then the source is 
given by the quant i ty 

(3.67) 

F o r k n o w n values of a^(r,m), it is easy to find the 
exper imental average Poyn t ing vector and the 
electromagnet ic energy density [116]. 

E q n s (3.66) have a simple physical significance. The 
var ia t ion of the energy of type (/) waves a long the ray [the 
term (s, V)<Z(/)(r,ni)] t akes place, firstly, as a result of losses 
on scattering in other direct ions and in the form of other 
types of waves [the term a^a^{r^m)\ and , secondly, as a 
result of the scat tering of type (j) waves with the wave 
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vectors k^m in the form of type (/) waves with the wave vector 
k(jfn (the integral term) and also as a result of emission from the 
source b^. 

A characterist ic feature of this system for a nemat ic liquid 
crystal is tha t the indicatrixes F(#) for different types of waves 
(/ and j) are significantly different. The indicatr ix F 2 2 has a 
sharp peak at m w m\ since the ex t raord inary ray is scattered 
mainly in the forward direction with a polar i sa t ion e ( 2 ) . The 
indicatrixes F ( i 2 ) and F(2i) do no t have such a m a x i m u m for 
forward scattering because the wavenumber s k(v> and kp) are 
different. The quan t i ty F(n) is identically equal to zero, since 
the scattering of the o rd inary ray by the f luctuat ions of the 
director to give ano ther o rd inary ray does no t occur. 
E q n s (3.66) al low a descript ion of the jo int p ropaga t i on of 
the o rd inary and ex t raord inary waves in nemat ics t ak ing into 
account mult iple scattering. However , in the general case 
integrat ion of E q n s (3.66) is possible only by numer ica l 
m e t h o d s because the extinction coefficients depend on the 
direction m, while the indicatrixes F(#) are functions of m and 
m and no t only of the angle between them. 

The p rob lem simplifies significantly when the 
ex t raord inary ray is incident on the specimen, whereupon 
the source ^ 2 ) M ) has a sharp m a x i m u m in the direction of 
p ropaga t i on mo of the incident ray. Then in the region of low 
scattering angles F^i) P F(2\) a n d the term in the equat ion for 
<Z(2)(r,#?i), t ak ing into account the scat tering of the o rd inary 
wave to give the ex t raord inary wave, m a y be neglected. 
A closed equat ion is obta ined for <2(2)(r,fw), which can be 
considered in te rms of the low angle approx ima t ion [32, 113] 
i.e. with the replacement (s, V) —> ( h i 0 , V). 

The angular dis t r ibut ion of the intensities of the 
ex t raord inary waves for different depths of pene t ra t ion z, 
obta ined [116] on the basis of the low angle approx imat ion , is 
presented in Fig. 20. Evidently, for z less t han several 
extinction lengths, the angular intensity dis t r ibut ion is 
approximate ly the same as for single scattering. F o r higher 
values of z, appreciable b roaden ing of the ray begins. This is 
associated with the fact tha t the indicatr ix for the scattering 
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Figure 2 0 . A n g u l a r d i s t r i b u t i o n o f t h e i n t e n s i t y o f s c a t t e r e d l igh t w i t h 
p o l a r i s a t i o n o f t h e e x t r a o r d i n a r y r a y for d i f fe ren t l e n g t h s o f t h e t r a v e r s e d 
p a t h / = 0"(2)Z, w h e r e G(2) is t h e e x t i n c t i o n coef f ic ien t o f t h e e x t r a o r d i n a r y 
r a y c a l c u l a t e d b y E q n (2 .61) in t h e p r e s e n c e o f a n e x t e r n a l f ield: (1)1 — 2; 
(2) I = 4 ; (3) I = 6; (4) I = 8; ( 5 ) / = 10 ( d a s h e d l ine — s i n g l e s c a t t e r i n g 
i n t e n s i t y ) [116]. 

of the ex t raord inary ray to give ano ther ex t raord inary ray is 
very greatly extended in the forward direction, so tha t its 
var ia t ion in the region of low angles is appreciable only after 
several scattering steps. F o r large values of z, the low angle 
approx ima t ion becomes inapplicable. In this case, it is 
essential to employ the complete system of transfer 
equat ions . 

F r o m the s tandpoin t of f luctuat ions and light scattering, 
the ordered nemat ic phase is a very interesting and fairly 
complex object. A complete description of the f luctuat ions is 
complicated by the mul t i componen t na tu re of the order 
pa ramete r . A correct descript ion of the scat tering requires 
in its tu rn al lowance for the aniso t ropy. The most interest ing 
feature of the ordered phase is the presence of singular modes 
of the director f luctuat ions leading to an anomalous ly intense 
light scat tering in the vicinity of the forward direction. On the 
one hand , this leads to the diffuse regime in the p ropaga t ion 
of the ex t raord inary ray in nemat ics and also to a very 
unusua l superexponent ia l decay of the mean field. On the 
other hand , the usual ly weak effect of the finiteness of the 
system and its interact ion with the b o u n d i n g surfaces become 
significant under these condi t ions . 

The p rob lem of the s tudy of the critical behaviour of the 
system in the t ransi t ion to the isotropic phase should be 
regarded in the first place as one of the future fundamenta l 
p rob lems concerning the ordered nemat ic phase . In this 
connect ion, there are exper imental da ta on the t empera tu re 
var ia t ion of the heat capacity, the order pa ramete r , and the 
F r a n k modu l i bu t a detailed combined t rea tment of 
exper imental da ta t ak ing into account f luctuation 
correct ions, of the k ind carried out for the isotropic phase , 
has no t yet been performed. 

In format ion abou t the critical behaviour of the system 
can be obta ined also from light scattering da ta , provided tha t 
one isolates the cont r ibut ion of longi tudinal f luctuat ions 
from the to ta l intensity. A n a t t empt to carry out these fairly 
difficult measurements has been unde r t aken [162]. The 
measurement of the angular dependence of the extinction 
coefficient of the o rd inary ray is of interest. This will m a k e it 
possible to determine the F r a n k modu l i by optical m e t h o d s 
with a higher accuracy than the de terminat ion based on the 
Freeder icksz t ransi t ion or from measurements of three values 
of the extinction coefficient in the me thod of Langevin and 
Bouchia t [96]. 

Exper iments on the mult iple scattering of the extra­
ord inary ray in nemat ic liquid crystals and the s tudy of the 
kinetics of the f luctuat ions of the director on the basis of low 
angle mult iple scattering da ta have also been of interest. In 
thin nemat ic liquid crystal specimens, it is necessary to 
investigate the influence of the surface F r a n k modu l i (of the 
K24 and K13 type) on the f luctuat ions and to t ake into account 
the bounda r i e s of the system in the scattering p rob lem. 

F o r biaxial nematics , the theory is still far from perfect: 
the s tudy of the angular dependence of the scattering tak ing 
into account the an i so t ropy and the calculat ion of the 
extinction coefficient are required. W e m a y no te tha t 
G r e e n ' s function for the electromagnet ic field in a biaxial 
med ium with a l lowance for external and internal conical 
refraction p h e n o m e n a , which is essential for the descript ion 
of the scattering, has been recently obta ined [163]. The 
correlat ion function for the f luctuat ions of singular modes 
in a b o u n d e d cell has no t been calculated either. In this 
connect ion, we m a y d r aw a t tent ion to the effect recently 
predicted theoretical ly — the phase t ransi t ion of a uniaxial 



F l u c t u a t i o n s a n d l igh t s c a t t e r i n g in l i q u i d c r y s t a l s 163 

nemat ic to the biaxial state under the influence of the 
b o u n d i n g surface [179, 180]. 

It has been found tha t the interact ion with the subst ra te 
under special condi t ions can lead to fully biaxial order ing in 
the surface layer of a nemat ic liquid crystal. Such quas i - two-
dimensional order ing is found to be stable for a fairly s t rong 
interact ion with the substrate , whereupon the b o u n d i n g 
surface tends to orient the molecules a long the layer also 
at t empera tu res TC<T<TS, where Tc is the phase 
t rans i t ion t empera tu re in an u n b o u n d e d nemat ic and Ts is 
the t empera - tu re of the t rans i t ion to the biaxial state. F o r 
anchor ing energies greater t han a certain critical value, this is 
a second-order phase t ransi t ion. Pre t rans i t iona l p h e n o m e n a 
m a y be investigated by the light scattering me thod . The 
correspond- ing experiments have no t apparen t ly been 
carried out , bu t the p rob lem has been considered 
theoretical ly in detail in a s tudy [180] where b o t h the integral 
and spectral characterist ics of the scattering of light were 
calculated within the f ramework of a two-dimens ional 
model . 

4. The isotropic phase of cholesteric liquid 
crystals (CLC) 
The so-called chiral liquid crystals occupy a special place in 
the optics of liquid crystals. They include cholesteric liquid 
crystals, chiral smectic liquid crystals, as well as the blue 
phases of liquid crystals. The h igh- tempera tu re cholesteric 
phase is s tructural ly simplest. The proper t ies of this med ium 
have a number of characteris t ic features associated with the 
chirality of the molecules. The n o r m a l waves are circularly 
polar ised and the wave vectors cor responding to the right 
and left circular polar i sa t ions are different. As a result of this, 
a linearly polar ised wave is subjected to the ro ta t ion of the 
p lane of polar isa t ion. In the pre t rans i t iona l region, the 
magn i tude of this ro ta t ion exceeds by a factor of h u n d r e d s 
the intrinsic molecular ro ta t ion [117, 118]. There is also a 
possibili ty of the tempera ture- induced inversion of the sign of 
the optical activity [119]. The r ight- and left-polarised waves 
have different extinction coefficients, i.e. circular dichroism 
is observed [120]. The relative permit t ivi ty tensor for the 
med ium has a nonzero ant isymmetr ic componen t , which like 
the symmetr ical componen t , m a y fluctuate and lead to 
ant isymmetr ic light scattering [121]. 

4.1 Fluctuations of the order parameter 
The absence of inversion in the symmetry poin t group of the 
cholesteric liquid crystal leads to the existence of an 
addi t iona l invar iant (the Lifshitz invar iant) in the expansion 
of the t h e r m o d y n a m i c poten t ia l [Eqn (2.1)] in powers of the 
order pa ramete r [9, 18]. In the Gauss ian approx imat ion , the 
expansion has the form [16] 

d r f A S ^ + L ^ V ^ ) 2 

(4.1) 

where d is a pseudoscalar and the remain ing no ta t ion is the 
same as in E q n (2.1). In order to determine the correlat ion 
function, it is convenient to carry out the Four ie r 
t r ans format ion and to express the order pa ramete r by a 
linear combina t ion of five traceless tensors ^Jp(p) 
( j = 0 , ± l , ± 2 ) [122]: 

j=~2 

(4.2) 

where p = q/q. The tensors n^(p) are defined by the 
equa t ions 

Kafi(P) = ma(p)m[3(p) > 

^afi(P) = ^ [ma(p)Pfi + mfiWP*] : 

^ • ) ( p ) = ( - i ) ^ S ) ( - p ) , (4.3) 

where m(p) = {ex + ie2)/V2 is a complex vector and e\ and e2 

are uni t vectors which form a r igh t -handed tr iad with 
p:e1xe2=p. 

In te rms of the basis compris ing the tensor n^{p), the 
t h e r m o d y n a m i c poten t ia l (4.1) has the form 

( 0 | 2 (4.4) 
l=-2 q 

where 

k{-l\q) = kl + Al{q-qlf, Xt = A - -
2 d 2 

4A, ' 

L 1 + 1 l 2 ( 4 - / 2 ) , gr­
id 

7 A ; 
(4.5) 

Wi th the aid of E q n (4.4), it is easy to find, in te rms of the 
G aussian approx imat ion , the mean square f luctuat ions of the 
m o d e and the correlat ion function for the f luctuat ions of 
the order pa ramete r : 

(4.6) 

w « ) = | : ^ * S ( i ' ) « 5 r ( p ) (4.7) 

The stability condi t ion consists in the fact tha t the 
quant i t ies X^l\q) mus t be posit ive for all wave vectors q, i.e. 
ki > 0 and Ai > 0. If kx = 0, then A(/)(<?/) = 0 and arbi trar i ly 
large f luctuations, with a wave vector q (\q\ = qt), of the 
m o d e assigned the n u m b e r / are possible. The t empera tu re T * 
at which this occurs is the t empera tu re of the absolute 
instabili ty of the / mode . In the mode l defined by E q n (4.1), 
we have 

T * = T * + 
l 2 d 2 

(4.8) 
4A 'A{' 

It follows from the identi ty AA2

X — A~[x = 3A0(AiA2)~l and 
the stability condi t ions Ax > 0 tha t the inequalit ies 
T * = T * < T * = T * _ 1 < T * = T * _ 2 h o l d However , the 

t empera tu re T\ is no t a t ta ined because the b reak due to a 
first-order phase t ransi t ion occurs at a t empera tu re Tc > T\. 
Since the modes with / = ± 2 have the highest t empera tu re of 
absolute instability, effects associated pr imari ly with the 
fluctuat ions of precisely these modes are manifested in the 
vicinity of the phase t ransi t ion poin t . 
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4.2 The effective relative permittivity 
In the p ropaga t i on of light in a cholesteric liquid crystal, the 
influence of f luctuat ions leads, firstly, to the a t t enua t ion of 
light as a result of scat tering by inhomogenei t ies , secondly, to 
the appearance of f luctuat ion-induced ro ta t ion of the p lane 
of polar isa t ion, and, thirdly, to the manifes ta t ion of circular 
dichroism associated with the fact tha t the r ight- and left-
polar ised waves have different extinction coefficients. All 
these effects can be described with the aid of the effective 
relative permit t ivi ty 8 a j 8 ( # , co). In an isotropic gyrot ropic 
med ium, it can be expressed in the form [33, 123] 

e*p(q, co) = e±(q, co)(5 a j 8 - papp) + e^q, co)papp 

+2iv(#, co)qeapypy, (4.9) 

where s±9 8||, and v are even functions of q by vir tue of the 
Onsager symmetry principle [18], v being a pseudoscalar . As a 
result of the presence of the last te rm in Eqn (4.9), the 
eigenwaves in such a med ium have a circular polar isa t ion. 
Indeed, the equat ion for p lanar waves assumes the form 

co 
@ap-PaPp)[q - — £±(q,co) 

CO 
e\\(q, co)papp 

^ / S CO . 
-2qv(q, co) -j ieapypy 

Ep(q, co) = 0. (4.10) 

The opera tor on the left-hand side of this equat ion has the 
eigenvectors/?, m, and m*. The condi t ion tha t the eigenvalues 
are zero determines the cor responding dispersion equa t ions 
for n o r m a l waves: 

,2 
CO 

en(q, co) = 0 (4.11) 

for a longi tudinal wave with a polar isa t ion vector p and 

co co2 

i i ) T 2 ? ( i i ) v ( ? ( ± i ) , co)--s±(qi±l), co)-j = 0 (4.12) 

for a wave with circular polar i sa t ions m and m * , q^ 
cor responding to the right polar isa t ion and q^-\) to the left 
polar isa t ion . 

In the absence of spatial dispersion, when 
8|| = e_|_ = 8° = const and v = 0, Eqn (4.12) has the solut ions 
q{±\) = where k = (s°)1^2co/c. The effects associated with 
spatial dispersion are usual ly small (e° > vk) [123], so tha t 
one can pu t s±(q^±l^co) = s±(k, co) and v ( # ( ± 1 ) , co) = v(k, co) 
in E q n (4.12). In te rms of this approx imat ion , the 
wavenumber s are defined by the expressions [33] 

q ( ± l ) = - { [ 8 _ l ( * , co)]l/2T~ v ( * , co)} (4.13) 

The quant i t ies 8 ± ( & , co) and v(&, co) are complex in the general 
case. The real componen t v(£,co) determines the difference 
between the wavenumber s of the r ight- and left-polarised 
waves and is responsible for the ro ta t ion of the p lane of 
polar isa t ion (optical activity). The angle of ro ta t ion per uni t 
wavelength is (co/c)2 Rev(k ,co) . The quant i t ies Im8(£,co) 
and Imv(£,co) are associated with the a t t enua t ion of the 
waves because they determine the imaginary componen t of 
the wave vector: 

Im q{±\) 
l 2 [ R 

I m 8 j _ ( f c , co) co 
5: -rj^^- lmv(k, co) 

ee±(k, co)] c 
14) 

If there is no energy absorp t ion in the system, then 

the a t t enua t ion of the wave is fully associated with the 
scattering by r a n d o m inhomogenei t ies . In this case, we 
obta in (J(±\) = 2 I m # ( ± 1 ) for the extinction coefficients of 
the r ight-polar ised wave (ff(i)) and the left-polarised wave 
(ff(-i)). W h e n I m v ^ O , the extinction coefficients G(±\) 
are different and circular dichroism is manifested in the 
med ium. 

The ant isymmetr ic componen t of the effective relative 
permit t ivi ty tensor is defined by the following expression 
according to E q n (3.55): 

£xy(q, co) -8Ya(q, co)=^ 
die 

(27C) 
jTpy(K + q) 

x[Gapyd^)-Gapyd(-K)]. (4.15) 

On subst i tut ing the correlat ion function G [Eqn (4.7)] in 
E q n (4.15), we obta in v(&,co) = V\(K,co) + v2(&,co), where 

(In) qzcz J (q + K) -

S*p ~ 
(K+q)p(K+q)d 

k2- • i O 

kU)(q)kH)(q) 

(4.16) 

( 7 = 1 , 2 ) ; here r\ = k/k, AJ , k^\ and qj are defined by 
E q n s (4.5) and (4.13). The term vi in E q n (4.16) represents 
the sum of the cont r ibu t ions of the modes designated by 
n u m b e r s 1 and — 1 , while the term v 2 represents the sum due 
to the modes designated by 2 and —2. The zero m o d e does no t 
cont r ibu te to the ant isymmetr ic componen t of the relative 
permit t ivi ty tensor . After evaluat ing the integrals in 
E q n (4.16) for q = k, we obta in [119, 124] 

Rev^fc , co) q\ 

24s0nAlk[ 1/2 
Im V! = 0 , (4.17) 

Rev 2 (& , co) = 
64s°%A nA2k2' I 

: + 2 ( a 2 + l ) - ( a 3 + a ) l n ( a - l ) 18) 

where kj = kj/Aj, a = (q2 + ik2)/2k, and 

Imv 2 (&, co) <?2 

32nA2k f 
Jo 

# + 0 - 1 ) 1 & + H ) 1 P « " > 
The integral in E q n (4.19) can be expressed in te rms of 
e lementary functions [124].JT the system is fairly close to 
the phase t rans i t ion poin t (k2 <^ q2), one can pu t a = q2/2k 
and E q n (4.18) assumes the following form: 

R e v 2 

<?2 

4 8 7 i 8 ° ^ 2 A 2

/ 2 2 V a + 3 
- ( a 3 + a ) In 

a + 1 

The sign of the cont r ibut ion of the modes with / = ± 2 to the 
optical activity depends on a. F o r fairly large values of a, the 
signs of the cont r ibu t ions of the modes with / = ± 2 and 
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F i g u r e 2 1 . T e m p e r a t u r e d e p e n d e n c e o f t h e a n g l e o f r o t a t i o n cp p e r u n i t l e n g t h for C E 2 s o l u t i o n s ; c o n c e n t r a t i o n ( w t % ) : ( 7 ) 40 ; ( 2 ) 60; (3) 80; (4) 100 [125]. 

/ = zbl are different, the cont r ibu t ion R e vi p redomina t ing in 
the region remote from the phase t ransi t ion t empera tu re . As 
can be seen from E q n s (4.17) and (4.18), at t empera tu re close 
to the phase t rans i t ion poin t we have Rev,- ~ (T — r * ) - 1 ^ 2 , 
and, since T 2 > T *, the cont r ibut ion R e v 2 becomes decisive. 
The n o n m o n o t o n i c t empera tu re var ia t ion of the optical 
activity, caused by the compet i t ion between the con t r ibu­
t ions R e v i and R e v 2 , has been predicted [119]. The opt ical 
activity of a solut ion of the highly chiral 4 / / - (2-methylbutyl -
phenyl )^^2-methy lbu ty l )b iphenyl -4 -ca rboxyla te (CE2) cho­
lesteric liquid crystal in a nonchi ra l liquid crystal has been 
measured in the region of the phase t ransi t ion [125]. By 
varying the concentra t ion, it was possible to regulate the 
chirality of the solution and for pu re C E 2 the quant i ty qi in 
Eqn (4.5) was 100 nm, whereas the value for a 40% solution 
(by weight) was 250 nm. The t empera tu re dependence of the 
optical activity was investigated. The difference between the 
tempera tures at different poin ts in the specimen did not 
exceed 0.03 K. The accuracy of the measurement of the 
angle of ro ta t ion of the p lane of polar isa t ion was to within 
±0 .01° . The H e - N e laser (A = 633 nm) was chosen as the 
source of light. Fig. 21 presents the var ia t ion of the angle of 
ro ta t ion per unit length as a function of t empera tu re at 
different concentra t ions . Least squares t rea tment of the 
results yielded the following values for pu re CE2: 
A ' = 0 . 9 2 x 10 6 e r g c m " 3 K, Lx = 6.2 x 1 0 " 7 e r g c m " 3 , 
molecular ro ta t ion cp = — 4 . 8 d e g c m _ 1 , T\ = 389.28 K, and 
T*2 = 390 .17K. 

In contras t to the optical activity, only the modes with 
/ = ± 2 cont r ibu te to the circular dichroism. A qual i ta t ive 
conclusion concerning the t empera tu re var ia t ion of the 
circular dichroism can be reached on the basis of 
E q n (4.19). The in tegrand expression has poles at the po in t s 
{ = (=h/2 ± L l J / 2 ) . If qi/^k < 1, then a singularity arises at 
X2 —> 0 (near the phase t ransi t ion j>oint) a long the integrat ion 
pa th . Im v 2 then increases as X^1^ > Im v 2 ~ ( r — T 2 ) - 1 ^ 2 . 
On the other hand , if q2/2k > 1, i.e. half the wavelength is 
greater t han the pi tch of the helix formed in the t ransi t ion, 

then there is no such singularity. In the region remote from 
the phase t ransi t ion point , I m v decreases as (T — T*)~2. 
T h u s the t empera tu re var ia t ion of the circular dichroism in 
the pre t rans i t iona l region is nonuniversa l and depends 
significantly on the pa rame te r s of the medium. F o r 
example, the (T — 7 * ) - 1 / 2

 r e g i m e cannot be observed owing 
to the break due to the first-order t ransi t ion. 

The pretransi t ional behaviour of the circular dichroism in 
choles tery lnonanoate has been studied experimentally [120]. It 
was shown that , in the region \T — Tc\ < 1.5 K, this relation is 
described satisfactorily by the formula AD = A x (T ) /A a , where 
the exponent a = 5.4 ± 0.2 and AX(T) =A10/(T — T*). The 

Figure 2 2 . T e m p e r a t u r e v a r i a t i o n o f t h e c i r c u l a r d i c h r o i s m in c h o l e s t e r y l 
n o n a n o a t e in t h e r e g i o n p r e c e d i n g t r a n s i t i o n t o t h e b l u e p h a s e [120]. 
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A\(T) and Ax

l(T) relations are illustrated in Fig. 22 and 
correspond to the tempera ture T * = 90.76 =b 0.01 and 
Tc = 90.85 ± 0.01 °C. These results do not conflict with 
theoretical predictions because the power exponent in the 
tempera ture variat ion of the dichroism varies from —1/2 to 
—2 and a relation of the (T — r * ) _ 1 type is possible over a 
n a r r o w tempera ture range. 

The symmetr ical pa r t of the relative permit t ivi ty tensor 
also yields the imaginary componen t , which determines the 
extinction coefficient. As can be seen from E q n (4.14), it is 
sufficient to calculate e ± (£ ,co) in order to determine the 
extinction coefficient. Accord ing to E q n s (3.55) and (4.1), 
we have 

f die 
x 7 ^ 3 Tfis(.9 + K)lG«w(K) + G ^ ( - k ) ] • (4.20) 

J (2n) 

H a v i n g pu t \q\ = k in E q n (4.20), it is possible to obta in with 
the aid of Sokhotsk i i ' s formula the final expression for the 
imaginary componen t e ± (£ , co ) . W e m a y no te tha t , in the 
region r emote from the phase t ransi t ion point , where 
A ( j ) - 1 / A , we have Im e±(k, co) ~ \T - T I f the 
wavelength is less than twice the pi tch of the helix formed 
( g 2 / 2 £ < 1), then, for T = T\, there is a singularity in the 
integral defined by E q n (4.20). In this case, 
I m e ± ( £ , c o ) - {T-TlY1'2. 

T h u s in the vicinity of the phase t ransi t ion point , the 
circular dichroism, the optical activity, and the extinction 
coefficient increase as (T — T ^ ) - 1 ^ 2 , p rovided tha t the 
wavelength of light is less t han twice the pi tch of the helix. 
The opt ical activity in the pre t rans i t iona l region m a y change 
sign for highly chiral cholesteric liquid crystals. 

4.3 The scattering intensity 
In calculat ing the scat tering intensity in gyrot ropic media , 
account must be t aken of the fact tha t Green ' s function in 
E q n (1.7) mus t be calculated tak ing into account the 
gyro t ropy. F u r t h e r m o r e , apar t from the relative permit t ivi ty 
f luctuations, there is also a possibility of gyro t ropy fluctua­
t ions in such a med ium. 

In media with na tu r a l gyrot ropy, the e lectromagnet ic 
induct ion vector D(r) depends no t only on the field s trength 
E(r) at a given poin t bu t also on its spatial derivatives. 
In an isotropic h o m o g e n e o u s nonmagne t i c med ium with 
gyrot ropy, the mater ia l equa t ion assumes the form [33, 123] 

D*(r) = ( e 0 5 a j 8 + 2v0e,pyWy)Ey(r), (4.21) 

where e° and vo are cons tan ts and the coefficient 2 of vo has 
been in t roduced for convenience. G r e e n ' s function for the 
electromagnet ic field T in a med ium with the mater ia l 
equat ion (4.21) has been obta ined [126]. In par t icular , in 
t e rms of the r, co representa t ion in the remote zone 
approx imat ion , we have 

Tap(r, co) = 
1 

47tr(co/c)[£° + v0(co/c) 2 i l / 2 

(4.22) 

where are defined by E q n (4.13) for v ( & , c o ) = v 0 

(j = =bl). Eqn (4.22) represents the sum of two diverging 
spherical waves with circular polar i sa t ions and the 
wavenumber s q ^ . The term with j = —1 cor responds to the 
left-polarised wave and tha t with j = 1 cor responds to the 
r ight-polar ised wave. It is convenient to describe the 
scattering in te rms of these waves. 

In the calculat ion of the scat tering intensity, one should 
t ake into account the fact tha t the presence in the med ium of 
spatial dispersion and in par t icular of gyro t ropy leads to an 
addi t iona l cont r ibu t ion to the expression for the Poynt ing 
vector [33, 123]: 

c 2 _ r _ co 9 e ^ 
a 87TCO L J a 1671 

co) 

dk„ 
ESE„ 

where in our case we have according to Eqn (4.21) 

fia/*(*> co) = e°8a j 8 + 2 i v 0 e a ^ . 

The mater ia l equat ion assumes the following form when 
account is t aken of the relative permit t ivi ty and gyro t ropy 
f luctuat ions [121, 123, 127]: 

D*(r) = [e^(r) + Vpyafip(r)]Ep(r) + 2yafip(r)VpEp(r), 

(4.23) 

where yapp is a tensor ant isymmetr ic with respect to a and 
and 

The tensor K a j 8 determines the gyro t ropy fluctuations. The 
presence in E q n (4.23) of a second term conta in ing spatial 
derivatives yapp is associated with al lowance for the Onsager 
symmetry principle [121, 128, 129]. 

W e obta in in this case the following expression for the 
scattering intensity [121]: 

/ (a, p) = I(

0

l)C{i)(-iPeyxXsx + 5 y z - sysx) 

x (—icf.evpxria + 8VjU — z'v/^) 

x [ (8e w 8e V J C ) 9 + ihp({hymhsn)q - ( 8 y v p z 8 e w ) J 

+ W 5 ^ y 5 W « ] ' (4-2 4) 

where 

C(i) 
co2Vsk2

{i) 

(%KcR)2[e0 + (co2v2

0/c2)Y 

h = h^-\-k^s\ the uni t vectors i and s are the directions 
of p ropaga t i on of the incident and scattered waves, and a 
and ft are n u m b e r s character is ing the circular polar i sa t ions 
of the incident and scattered waves (a,/? = ± l ) , 
q = qsc = —k^l\ and the remain ing no ta t ion is the same 
as in Eqn (2.8). W e m a y no te tha t , regardless of the polar i sa­
t ion of the incident light, waves having bo th polar i sa t ions are 
formed on scattering. Both the f luctuat ions of the 
symmetr ical componen t of the relative permit t ivi ty 8 ? and 
the f luctuat ions of the gyro t ropy K (ant isymmetr ic scat tering 
[33]) cont r ibu te to the scattering intensity. 

In the isotropic phase of cholesteric liquid crystals, the 
f luctuat ions of the order pa rame te r cpap are mos t 
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p ronounced . In the linear approx imat ion , one can assume 
tha t Kap = gcpxp, where ^ is a cons tant . U n d e r these 
condi t ions , the first te rm in the square bracket in 
E q n (4.24), which is no t associated with the gyro t ropy 
f luctuations, makes the main cont r ibu t ion to the scattering. 
The cont r ibu t ions of the remain ing two te rms are of the order 
of magn i tude of r m /A and (rm/X)2 respectively, where r m is a 
dimension of the order of magn i tude of the molecular 
dimension [33, 123]. However , a l lowance for the gyro t ropy 
f luctuat ions can lead in certain cases to qual i ta t ive changes in 
the scattering pa t te rn , for example to a difference between the 
intensities / ( + 1 , — 1) a n d / ( — 1 , + 1 ) [121]. The cont r ibut ion 
to the scattering intensity associated with the relative 
permit t ivi ty f luctuat ions [the first expression on the right 
h a n d side in E q n (4.24)] has the form 

/ (a , fl=/0C(0 W ' > \ , (4.25) 
I =-2 

where 

/ (°) = I [(1 + cos 2 i/0(l - ocp + c o s 2 xjj) + 1] , 

= \ { \ - a £ ) c o s 2 i A , 

/ & = I {4ocp s in 2 ij/ + [2(a + fi) sin ij/ + 1 + s in 2 ij/] 

x [ l + s i n 2 i A ] } , (4.26) 

/ H ) ( a , j 8 ) = / ( z ) ( - a , - j 8 ) ( / = 1,2) and i/, = 0J2 (0SC is the 
scattering angle). The complete expression for / (a, /?), t ak ing 
into account bo th the 8e and 8y f luctuations, has been 
publ ished [121]. In the vicinity of the poin t of t rans i t ion to 
the ordered phase , the £ ( 2 ) or ^~ 2 ^ m o d e is manifested mos t 
intensely in the scat tering depending on whether a r ight-
handed or left-handed helix is formed after the t ransi t ion. 

The cont r ibu t ions of these modes depend on the polar isa t ion 
of the incident and scattered light. F o r example, for a 
r igh t -handed cholesteric liquid crystal the cont r ibut ion to the 
intensity by the £ ( 2 ) mode , when the incident and scattered 
waves are r ight-polarised, greatly exceeds the scattering 
intensity for other polar i sa t ions at a lmost all scattering 
angles. The scattering under these condi t ions is 
p redominan t ly in the backward direction [121]. This effect 
is similar to the reflection of waves in an ordered cholesteric 
when the direction of the polar isa t ion of the wave is the same 
as the direction of the helix in the cholesteric. 

There have been comparat ive ly few exper imental studies 
on light scat tering in the isotropic phase of a cholesteric. 
Measu remen t s have been carried out under the condi t ions of 
b o t h circular [130] and linear [131] polar isa t ions . The first 
measurements with circular polar i sa t ions were carried out in 
a s tudy [132] where right as well as left circular polar i sa t ions 
of the exciting light were used. The measurements were m a d e 
for the angles 6SC r anging from 30° to 130°. The in terpre ta t ion 
of the above exper imental da ta [132] involved certain 
difficulties because all five modes cont r ibuted to the 
scattering. Detai led studies have been m a d e [130] on the 
light scattering in a mix ture of a chiral C E 2 liquid crystal and 
the nonchi ra l 7S5 nemat ic . By varying the concent ra t ion of 
the mixture , it was possible to vary the pa ramete r 
Po = 4nLi/d, which determines the pi tch of the cholesteric 
helix. The measurements were carried out at a fixed scattering 
angle 0 S C = 170°. Such measurements are convenient 
because, as follows from Eqn (4.26), the modes with / = ± 1 
do no t cont r ibute to the scat tering for 6SC = 180° {xjj = 90°). 
The linearly polar ised light of the H e - N e laser was passed 
th rough a quar te r -wave pla te ro ta ted abou t 45° relative to the 
p lane of polar isa t ion . The light back-scat tered from the 
specimen passed t h rough the same pla te and ano ther 
polariser and entered a photomul t ip l ie r . Two posi t ions of 
the quar te r -wave pla te were used. F o r one posi t ion, t h e r i g h t -

(/-/0) V r e l - u n i t s 

Figure 2 3 . T e m p e r a t u r e v a r i a t i o n o f t h e r e c i p r o c a l o f t h e s c a t t e r i n g i n t e n s i t y (I —10) 1 for a 4 0 % s o l u t i o n o f C E 2 in 7 S 5 . T h e d a t a for d i f fe ren t m o d e s 
h a v e b e e n o b t a i n e d w i t h t h e a i d o f d i f fe ren t o r i e n t a t i o n s o f a q u a r t e r - w a v e p l a t e . C o n t i n u o u s l ines w e r e f i t ted b y E q n (3 .27) u s i n g t h e l eas t s q u a r e s 
m e t h o d [130]. 
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Figure 2 4 . T e m p e r a t u r e v a r i a t i o n o f t h e r e c i p r o c a l o f t h e s c a t t e r i n g i n t e n s i t y in p u r e C E 2 . T h e c o n t i n u o u s l ines w e r e f i t ted b y E q n (3 .27 ) . I n t h e c a s e 
w h e r e / = —2, o n l y t h e h i g h - t e m p e r a t u r e d a t a w e r e u s e d [130]. 

polar ised light was incident on the specimen and the 
r ight-polar ised [left-polarised? (Transla tor) ] light was 
incident on the photomul t ip l ie r . F o r the second posi t ion, 
the polar i sa t ions of the two b e a m s were reversed. Thus , it 
follows from E q n (4.26) tha t these two posi t ions yielded 
informat ion abou t the cont r ibu t ions of the modes with 
/ = 2 and —2 respectively. The nonuni formi ty of the 
t empera tu re in the specimen did no t exceed 0.01 K. The 
measurements were performed at C E 2 concent ra t ions in the 
solvent c 0 = 40, 60, 80, and 100 w t % . The results of the 
measurements for the 40 w t% (p0 = 250 n m ) and 100 wt% 
(po = 100nm) solut ions are presented in Figs 23 and 24. 
Evidently, as in the isotropic phase of a nemat ic , the 
reciprocal of the intensity varies linearly with t empera tu re 
over a fairly wide range . The difference consists in the fact 
tha t a specific t empera tu re of the loss of stability 
cor responds to each mode . In the immedia te vicinity of Tc, 
a deviat ion from linearity is observed in pu re C E 2 after a 
change in t empera tu re of ~ 1 K. The exper imental da ta were 
t reated by the me thod of least squares in te rms of the formula 

I(±2, ± 2 ) =IB+K0[T- T i 2 ( q ) ] , (4.27) 

where r ± 2 ( # ) — T* — (Lx/A '){cj^2qd/Li) and 7b and are 
adjustable pa rame te r s (q is the m o d u l u s of the scat tering 
vector) . The dependence of the difference 
T-i(q) — T2(q) = —4qd/A' on the concent ra t ion c 0 is 
presented in Fig. 25 [130]. The theoret ical difference 
between these t empera tu res must be p ropo r t i ona l to the 
reciprocal of the pi tch of the cholesteric helix if it is assumed 
tha t all the remain ing pa rame te r s remain unchanged . 
A l though the exper imental da ta do not demons t ra t e a linear 
relat ion, nevertheless an increase in the t empera tu re 
difference with increase in concent ra t ion is clearly seen. 

In the case of experiments using linear polar isa t ions , it is 
necessary to t ake into account the ro ta t ion of the p lane of 
polar isa t ion before and after scattering. The cor responding 
expressions have been obta ined [126]. The t empera tu re 
var ia t ion of the polar ised and depolarised componen t s of 

T*-2(q)-Tl(q)lK 
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Figure 2 5 . T h e d i f f e r ence b e t w e e n t h e t e m p e r a t u r e s T*_2(q) a n d T^q) in 
C E 2 s o l u t i o n s a t t h e c o n c e n t r a t i o n s c — 40 , 60, 80, a n d 100 w t % 
c o r r e s p o n d i n g t o d i f fe ren t c h i r a l i t i e s [130]. 

the integral scattered light intensity in the isotropic phase of 
cholesteryl oleate (Tc = 308.1 K ) has been investigated [131]. 
The intensity was measured at a scattering angle of 90° to 
within 1%. The source of light was a H e - N e laser. The 
t empera tu re was varied in the range 3 0 8 . 2 - 3 2 5 . 0 K. The 
accuracy of the measurement and of the stabil isation of 
t empera tu re was at least to within 0.01 K. The results of the 
measurements are presented in Fig. 26. In te rpre ta t ion of the 
exper imental da ta shows tha t , if T > 310 K, the reciprocal of 
the intensity for an exper imental accuracy specified a priori 
behaves as const x (V - T*), where T* = 307.1 K. At 
T < 310 K, a deviat ion from the linear relat ion is observed. 
In contras t to the si tuat ion which obta ins with a nemat ic 
liquid crystal, this deviat ion can be due no t only to the 
interact ion of the f luctuat ions bu t also to the difference 
between the t empera tu res cor responding to the b r e a k d o w n 
of stability T *, since at 6SC = 90° several modes cont r ibute to 
the scattering: the modes with / = ± 2 , ± 1 cont r ibu te to the 
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Figure 2 6 . T e m p e r a t u r e v a r i a t i o n o f t h e ( 7 y ) _ 1 a n d ( 7 h ) _ 1 c o m p o n e n t s o f 
t h e s c a t t e r e d l igh t a n d o f t h e d e g r e e o f d e p o l a r i s a t i o n A — 7 n / 7 y ( D ) in 
t h e i s o t r o p i c p h a s e o f a c h o l e s t e r i c l i q u i d c r y s t a l — c h o l e s t e r y l o l e a t e . 
E x t r a p o l a t i o n o f t h e r e m o t e p o i n t s for t h e q u a n t i t y ( 7 h ) _ 1 a l o n g s t r a i g h t 
l ine 7 a f f o r d s T* — 307 .1 K . T h e d i s c r e p a n c y b e t w e e n t h e e x p e r i m e n t a l 
v a l u e s o f t h e ( 7 y ) _ 1 c o m p o n e n t a n d t h e d a s h e d s t r a i g h t l ine d i r e c t e d 
t o w a r d s t h e s a m e t e m p e r a t u r e d e m o n s t r a t e s t h e c o n t r i b u t i o n t o t h e 
s c a t t e r i n g b y t h e f l u c t u a t i o n s o f o t h e r t h e r m o d y n a m i c q u a n t i t i e s , in 
p a r t i c u l a r t h e d e n s i t y [131]. 

Iy componen t and the modes with / = ± 2 , 0 cont r ibu te to 
t h e / n componen t [122, 126]. 

T h u s measurements under the condi t ions of b o t h circular 
and linear polar i sa t ions confirmed the applicabil i ty of the 
L a n d a u theory over a wide t empera tu re range in the isotropic 
phase of cholesteric liquid crystals. The deviat ion of the 
t empera tu re var ia t ion of the reciprocal of the scattering 
intensity from linearity in the critical region m a y be 
described with the aid of the theory tak ing into account the 
f luctuat ion-dependent correct ions due to the interact ion of 
the f luctuat ions of the type examined in Section 2.2 [133]. 

T h u s the pr incipal studies on the isotropic phase of a cho ­
lesteric have been devoted to the effects dist inguishing 
cholesterics from nemat ics : the anomalous ly large ro ta t ion 
(compared with molecular ro ta t ion) of the p lane of 
polar isa t ion and circular dichroism. It was shown tha t these 
effects are caused by f luctuat ions and are par t icular ly large in 
the vicinity of the t rans i t ion to the ordered phase . The 
difficulty of describing these effects in the case of highly 
chiral cholesterics is associated with the existence of an 
in termedia te fog phase [164] (see Section 5.3 below), the 
s t ructure of which has been only slightly investigated. This 
m a y account for the lack of studies in which combined 
invest igations of the phase t ransi t ion are m a d e by measur ing 
the t empera tu re var ia t ion of the heat capaci ty and 
susceptibility (as has been done in the isotropic phase of 
nematics) and the results are subjected to a jo int 
in terpre ta t ion . Such studies would be of great interest. 

Measu remen t s under the condi t ions of circular 
polar isa t ions , which makes it possible to isolate 
pseudoscalar pa rame te r s of cholesteric liquid crystals, 
const i tute a me thod which is no t t rad i t iona l for molecular 
optics. These measure-ments have been per formed only for 
the integral intensity of the scattered light. Measu remen t s of 
the spectral intensity, which would m a k e it possible to ob ta in 
informat ion abou t the kinetics of the f luctuat ions of the 
order pa ramete r , are of considerable interest. 

5. The ordered phase of cholesterics 
In an ordered cholesteric liquid crystal, the equil ibrium 
director n° is no t a cons tant vector, as in nemat ic liquid 
crystals, bu t ro ta tes as the given poin t migrates a long the axis 
of the helix (the z axis). T h u s these crystals are h o m o g e n e o u s 
in the p lane o r thogona l to the z axis and per iodic a long it with 
the per iod equal to the pi tch of the helix. Such a s t ructure 
leads to completely un ique optical proper t ies . First ly, light is 
reflected selectively [12]. Secondly, the ro ta t ion of the p lane 
of polar isa t ion observed in the ordered phase of cholesteric 
liquid crystals a t ta ins several t h o u s a n d degrees per mill imetre 
[13]. The eigenwaves in such a med ium have a per iodic 
ampl i tude (Bloch waves) determined in the general case by 
an infinite set of Four ie r coefficients [12]. A n exact expression 
is available only for waves p ropaga t ed a long the optical axis 
[134]. In the case of an inclined incidence, fairly effective 
approx ima te m e t h o d s have been developed for the 
descript ion of the p ropaga t i on of light in a cholesteric 
[12, 13, 134, 165], using the an iso t ropy e a as a small 
pa ramete r . The complexity of the eigenwaves h inders the 
description of the scattering by the fluctuations of the medium. 

As in other h o m o g e n e o u s media, b o t h the field of the 
poin t source and the correlat ion function of the relative 
permit t ivi ty f luctuat ions must be k n o w n for the 
de terminat ion of the scattering intensity. Each of these 
p rob lems is of independent interest. A characterist ic feature 
of Green ' s function and the correlat ion function for an 
ordered cholesteric is tha t they are t ransla t ional ly 
noninvar ian t . In par t icular , the field of the poin t source 
depends no t only on the distance from it bu t also on its 
posi t ion [135]. This leads to significant ma themat ica l 
difficulties and the analyt ical expressions for them can be 
obta ined only in the presence of small pa rame te r s [136-138] . 
In the case of G r e e n ' s function, the optical an i so t ropy sa/s± is 
such a pa ramete r [12], while in the case of the correlat ion 
function the pa ramete r is the rat io q±/po [136, 138], where q ± 

is the componen t of the wave vector at right angles to the axis 
of the helix and 2n/po is the pi tch of the helix. 

5.1 Fluctuations of the director in an ordered cholesteric 
All the k n o w n cholesteric liquid crystals are uniaxial and 
their equil ibrium order pa rame te r s S^(r) is determined by 
the director n° = n°(r): 

where the vector n°(r) ro ta tes as the given poin t migrates 
a long the axis of the helix: 

n°(r) = n°(z) = [COS(t?0z), s in(poz), 0 ] . 

As in the case of a nemat ic liquid crystal, the f luctuat ions 
8S = S — S 0 can be divided into three groups : longi tudinal 
f luctuat ions (one mode) , f luctuat ions of the director (two 
modes) , and biaxial f luctuat ions (two modes) . In order to 
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find the correlat ion function for the fluctuations, it is 
necessary to formulate an expression for the t h e r m o d y n a m i c 
potent ia l , which is the sum of all the possible invar iants m a d e 
up of the order pa rame te r and its derivatives. Assuming tha t 
the inhomogenei t ies are fairly smooth , one can restrict the 
t rea tment to derivatives not greater t h a n those of the second 
order [Eqns (1 .10) - (1 .12) ] . In the Gauss ian approx imat ion , 
this expression has a quadra t i c form in 6\S. The correlat ion 
function is obta ined by invert ing the opera to r which enters 
into this quadra t i c form. 

The local order in the majority of the known cholesteric 
liquid crystals is fairly close to the nematic local order. This 
factor makes it possible to reach a conclusion about the 
magnitude of the longitudinal and biaxial fluctuations. The 
biaxial fluctuations in nematics are small and their correlation 
radius rcl_ is of the order of magnitude of the intermolecular 
distance rm. The longitudinal fluctuations behave critically on 
passing to the isotropic phase. However, owing to the break 
caused by the first-order transition, their correlation radius r c | | is 
also small, although it can be appreciably greater than rc J_. Since 
rcl_ and rc | | are much smaller than the pitch of the cholesteric 
helix, it follows that in a cholesteric these fluctuations remain 
virtually the same as in nematics. As regards the fluctuations of 
the director, the situation is different. In an unbounded nematic 
in the absence of an external field, both modes have an infinite 
correlation radius and their amplitudes exceed by several orders 
of magnitude the amplitudes of the longitudinal and biaxial 
modes. In cholesterics, one of the director modes is singular and 
the other has a finite correlation radius of the order of magnitude 
of the pitch of the helix, which is large compared with rcl_ and rc | | 
[17]. Therefore we can limit the treatment, to a first 
approximation, to the allowance for only the director 
fluctuations. (The biaxial and longitudinal fluctuations in 
cholesterics have been considered elsewhere [136].) The relative 
permittivity fluctuations are related to the director fluctuations 
by the expression 

(5.1) 

8$ = i | d r | ^ n ( V - 8 n ) 2 + ^ 2 2 [ « ° ( V x 8n)f 

+ ^ 3 3 [(8n • V)k° + (b° • V ) 5 k ] 2 } . (5.5) 

The correlat ion function Ga jg(r — r ' , z + z') is the kernel of 
the opera tor equal to the reciprocal of the opera to r of the 
quadra t i c form defined by E q n (5.5). The most logical 
calculat ion of the director fluctuations has been carried out 
in a s tudy [138] where the zero ha rmon ic in te rms of the 
second a rgument of this correlat ion function was found in 
terms of the single constant approximat ion Kjj• = K ( j = 1 - 3): 

G%ti) =V~l Ur&r'exp[-i*• ( r - r ' ) ] G x P ( r - r ' , z + z'). 

In the x , y, z coord ina te system, it has the form 

GUq) 
'p2

0Kg(q) 

2 
Po 

-iq±Po 
0 

q±Po 
q±Po + g(q)/2 

o 

0 > 

0 

* ( t f ) / 2 , 

where 

(5.6) 

(5.7) 

8e«/?(r) = e a [8na(r) n°fi(z) + 5^a(r) n°fi(z)] . 

F o r the relative permit t ivi ty fluctuation correlat ion function 
G<*p8y(r ~r',z + z')> one can write 

G^dy{r - r z + z') = sa [n0

a(z)n0

d(z)GPy + nl(z)n°y(z)Ga5 

E q n s (5.6) and (5.7) are valid only subject to the condi t ion 
4± ^Po- W e m a y d r aw a t tent ion to the unusua l na tu re of the 
correlat ion function (5.6). F o r = 0 , it has a s i n g u l a r i t y ^ 4 . 
This is a manifesta t ion of a general p rope r ty of one -
dimensional ly per iodic systems — the L a n d a u - P e i e r Is 
instabili ty [18]. Such dependence on q leads to an infinite 
mean square fluctuation at a po in t and a crystal with an 
infinite vo lume cannot therefore exist. However , the 
smear ing of the crystal by fluctuations would occur only for 
as t ronomica l d imensions [138]. 

5.2 Green's function of the electromagnetic field 
The equil ibrium relative permit t ivi ty tensor e^p for an 
ordered cholesteric can be resolved into longi tudinal and 
t ransverse componen t s relative to the director: 

+ n 2 ( z ) « ? ( z ) G / w + 4(z)n°s(z)Gxy], (5.2) = C | | n ° ( z ) „ ° ( z ) + B ± [ 5 ^ - n°(z) /#(z) ] (5.: 

where Gap is the correlat ion function for the director 
fluctuations: 

(5.3) G a P ( r - r ' , z + z') = (Sna(r)8nls(r')). 

Since the direction of the vector n° varies as the given poin t 
migrates a long the z axis, it follows tha t instead of the basis 
vectors e\, e2, e3, it is m o r e convenient to go over to a t r iad of 
uni t vectors: 

By vir tue of the symmetry of the med ium, G^psy and Gxp are 
per iodic functions of the second a rgument . 

In order to determine the correlat ion function Gap, we 
m a k e use of the expression for the t h e r m o d y n a m i c poten t ia l 
of the cholesteric as a functional of n(r) [9]: 

= ( e i ± i * 2 ) / V 2 , n° = e3. 

In terms of this basis, the relative permittivity tensor has the form 

/ 8 0 

0 = 0O + i j dr { t f n (V • nf + K22 [ « x ( V x « ) + p0] 

+K33[(n.V)n]2}. 

sap(z) = 0 
1 o 1 

2 a 

fi_L 
0 

(5.9) 

(5.4) 

This expression differs from E q n (3.1) by the presence of a 
pseudoscalar p0. The field n = n°(z) in E q n (5.1) is k n o w n to 
ensure a m i n i m u m in the free energy defined by E q n (5.4). 
The free energy change associated with a small deviat ion 
8w(r) of the director field from n°(r) assumes the following 
form in the quadra t i c approx imat ion : 

where s = (e_|_ + fi||)/2. Evident ly the per iod of the var ia t ion 
of the relative permit t ivi ty tensor is smaller by a factor of two 
than the pi tch of the helix. This is associated with the fact tha t 
the directions of the director n and — n are equivalent . 

G r e e n ' s function T mus t satisfy the equat ion 
, 3 

V x V x T{r,r') = 5 ( r - r ' ) . (5.10) 
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The differentiation in the left-hand side of this equat ion is 
carried out with respect to the componen t s of r. Like the 
correlat ion function for the director f luctuations, the 
p r o p a g a t o r T depends no t only o n r - r ' bu t also on z + z' 
and is a per iodic function of z + z ' with the per iod Inlpo. 
Accord ing to Peterson [135], the two-wave approx imat ion 
[12, 13], which was effective in the p ropaga t ion p rob lem, is 
unsui tab le for the de terminat ion of G r e e n ' s function in the 
scattering p rob lem. 

In Pe te rson ' s s tudy [135], the problem of finding the p r o p ­
agator reduces to the determinat ion of the eigenwaves in the 
medium and an effective numerical me thod is p roposed for 
this purpose . In following the procedure in the above study, 
we shall consider the opera tor L = ' e _ 1 ( z ) V x V x , acting in 
the space of the functions E (r) with the scalar p roduc t 

(E',E).e 

1 

(2nY 
\ArE:{r)e^{z)Ep{r). (5.11) 

This is a Hermi t i an opera tor . W e shall designate by EJ

k(r) the 
eigenfunctions of this opera tor . The discrete index j n u m b e r s 
the types of waves in the med ium. If the normal i sa t ion 
condi t ions (EJ

k,,E3) = Sjj'fk — k') holds , then G r e e n ' s 
function can be represented in the form 

dk 
EU(r)DUr') 

[C0j(k)/c]2-x 
(5.12) 

where Dj

k = % = (co/c) 2 , and C0j(k) satisfies the 
dispersion relat ion. By vir tue of the t ransverse na tu re of the 
field D, there exist only two types of waves ( j = 1,2). F o r 
large distances r, the p r o p a g a t o r can be found by the 
s ta t ionary phase me thod [139]: 

Ta,(r,r') = ^M-'E^(r)D^y), 

where 

Mj: •• An 
dcof d2k 1/2 

(5.13) 

(5.14) 

The derivatives are calculated at the poin t kst on the surface 
coj(k) = xc2, where the external n o r m a l is directed a long r. 
The eigenwaves EJ

k(r) in E q n (5.13) are of the Bloch type. 
Their ampl i tudes can be sought in the form of a Four ie r 
series. The p rob lem is h o w to solve the sequence of recurrence 
relat ions for the coefficients of the series. A numer ica l 
a lgor i thm has been p roposed [135] for the calculat ion of 
these coefficients, based on the ideas usual ly employed in the 
solut ion of the Ma th i eu equat ion [140]. 

One of the characterist ics of the p ropaga t i on of waves in 
per iodic media is the existence of forbidden gaps [12]. This 
leads to the si tuat ion where at a fixed frequency co the 
dispersion surface k = k^\k,co) is nonconvex [141]. As a 
result of the presence of po in ts of inflection, M 7 i n E q n (5.14) 
becomes zero for certain directions. This means tha t in these 
direct ions the field of the poin t source decreases m o r e slowly 
than r _ 1 . This behaviour of Green ' s function has been 
considered [142] for the case of a scalar field and it has been 
shown tha t in these direct ions the field decreases as r - 5 / 6 . 

5.3 Blue phases of cholesterics 
F o r cholesterics with a high degree of chirality over a n a r r o w 
t empera tu re range between the isotropic and the usua l helical 
phases , the so-called blue phases are observed. At the present 
t ime not less t han three phases are dist inguished: BPI , BPII , 

and the fog phase BPI I I . They appear in the above sequence 
as the t empera tu re is raised [164]. The s tructures of BPI and 
BPII have been tho rough ly investigated b o t h theoretical ly 
[164, 166, 167] and experimental ly [168], while the s t ructure 
of the fog phase still remains a subject of investigation. The 
symmetry of the BPI and BPII phases is characterised by the 
cubic g roups O 8 and O 2 respectively. The fog phase 
apparen t ly const i tutes an a m o r p h o u s macroscopic 
nonorde red state of the substance with a large correlat ion 
length in the or ienta t ion order . W e shall discuss be low the 
proper t ies of BPI and BPII . The blue phases possess 
interest ing optical proper t ies : a selective light scattering 
(which usual ly in fact leads to the blue colour) , a m a r k e d 
optical activity, circular and linear dichroisms, and the 
absence of linear double refraction. W e m a y no te tha t , in 
contras t to the ordered phase of cholesterics, here one 
observes no t one bu t several comparab le Bragg reflections. 
The presence of these reflections permi ts the conclusion tha t 
the blue phases have a per iodic s t ructure. 

The na tu re of the polar isa t ion dependence of the 
diffraction leads to the conclusion tha t this periodici ty is 
associated pr imar i ly with the or ienta t ion degrees of freedom 
[164]. Therefore, the symmetr ical traceless tensor S 
[Eqn (1.1)] can be used for the descript ion of the order in 
blue phases . The equil ibrium order pa ramete r S °(r) can be 
expressed in the form 

5°(r) = £ ^ 0 e " " r ' (5.15) 

where t = 2n(hx + ky + lz})/d, x , y, and z are the uni t 
vectors of the axes, h, k, and / are integers, and d is the lattice 
constant . The tensors Sx are Four ie r coefficients, which can 
be expanded in te rms of the tensors basis (4.3): 

2 

(5.16) 

The per iodic order defined by E q n (5.15) leads to Bragg 
peaks on diffraction of light by the s t ructure, the peaks 
cor responding to the scattering vector q = r. However , 
apar t from the scat tering by regular s t ructura l 
inhomogenei t ies S 0 (diffraction), scat tering by the the rmal 
f luctuat ions of the order pa rame te r s 6S also occurs. Since the 
shift of the system as a whole takes place wi thout the 
expendi ture of energy, f luctuat ions cor responding to the 
shear deformat ions of the lattice are the most intense. The 
presence of f luctuat ions should lead to the ' spreading ' of the 
Bragg peaks . 

The scattering by f luctuat ion-induced lattice deformat ion 
has been examined theoretical ly [169]. The change in the 
t h e r m o d y n a m i c potent ia l <P associated with the deformat ion 
in the crystal is 

where 

dr X, u$ypuu.$uyp . (5.17) 

= 1 (Qua duH 

2\dr«dr( 

is the deformat ion tensor , u the displacement vector, and 
Xapyd the tensor of the modu l i of elasticity [170]. The 
correlator of the f luctuat ions of the displacements can be 
easily found from E q n (5.17): 

{^Uy) Hq 
:kBT(X.p.pqfiqp\ pJay (5.18) 
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The Go lds tone na tu re of the displacement f luctuat ions 
({uu) ~ q~2 at q —> 0) makes it possible to use the principle 
of the conservat ion of the m o d u l u s [7] (cf Sections 3.1 and 
3.2): in large scale slow fluctuat ions w, there is sufficient t ime 
for the fast degrees of freedom S ° ( T , j ) to a t ta in the 
equil ibrium and to become adjusted to the new state of the 
system. This leads to the appearance of a cont r ibu t ion to the 
f luctuat ions of the order ^pa rame te r tensor ^ b y the 
displacement f luctuat ions: &S(r)u = S°(r + u) — S°(r). In 
te rms of the lowest orders in w, we have from E q n (5.15) 

s(co) = const + -
0.214 

1 + ( w / 1 2 5 ) 2 1 + (ro/360) 
r + 0 . 0 0 1 3 

(5.19) 

W e m a y d raw at tent ion to the fact tha t in the given instance 
the cont r ibu t ion of the 'principle of the conservat ion of the 
m o d u l u s ' is of first order in te rms of the Go lds tone var iable 
and not the second, as was the case in nemat ics (and also in 
magnet ic mater ia ls [7]). The reason for this is the spatial 
inhomogenei ty of the blue phase . As a result, the correlator 
(6Su6Su)q is also of the Go lds tone type. 

Na tura l ly , apar t from the displacement- induced 
f luctuat ions 6Sm there is a possibili ty in the blue phase also 
of the usua l spon taneous f luctuat ions 6\S. However , they are 
no t of the Go lds tone type and we shall no t be interested in 
them. 

The single scat tering intensity in the lowest app rox ima­
t ion in te rms of S ° ( T , j) can be found from E q n (2.8). F o r 
the wave vector —k^ = T -\-p near the reflection T (for 
p <^ T ), we have 

/ ( e « « « ) = zf\e^sU^\\ry{XTpPpPp)-y • (5.20) 

Here the no ta t ion is the same as in Eqn (2.8). This formula 
shows tha t , by measur ing the dis t r ibut ion of the intensity in 
the vicinity of the Bragg reflection, it is possible to determine 
the modu l i of elasticity of the blue phase . It is no tewor thy 
tha t , according to E q n (5.20), the intensity in the vicinity of 
the peak falls as p~2. 

If, following Dmi t r i enko [169], one pos tu la tes tha t the 
entire change in S is associated with the shear deformat ion 
r—>r + w(r) in Eqn (5.15), then the L a n d a u theory 
[Eqn (4.1)] makes it possible to express the m o d u l u s of 
elasticity tensor Xafiyd in te rms of the coefficients of the 
expansion of the t h e r m o d y n a m i c poten t ia l A, L i , L 2 , d, and 
the ampl i tude of the ha rmon ics of the equil ibrium order 
pa ramete r ST° in Eqn (5.16). Al lowance for the pr incipal 
modes (j = ± 2 ) leads to the expression 

Kfiyp = 2 L l A ) ^2 \S ° ( T , 2 ) | 2 T 3TaTpTyTp . (5.21) 

The b roaden ing of the Bragg peaks was apparen t ly first 
observed experimental ly by M a r c u s [171]. 

The light scattering by f luctuat ions in BPII has been 
investigated [172] in a 27 .5% solution of 60CB in the CN 
cholesteric. A laser with a frequency of 5145 A was 
employed. In te rpre ta t ion of exper imental da ta led to the 
following dependence of the scattering intensity on the 
scattering vector qsc and the frequency co: 

' f e e , a) =A(qsc)s(co), (5.22) 

where in the frequency range 4 - 3 5 0 0 H z the quant i ty s(co) is 
the sum of two Lorentz ians plus a constant : 

(5.23) 

Therefore, according to Marcus [172], the fluctuations in BPII 
do not constitute a simple diffusion mode. As regards the behav­
iour of A(qsc\ Marcus ' s data [172] demonstrate the presence of a 
certain characteristic dimension of the order of 8 um (i.e. 
approximately 50 times greater than the lattice constant), in 
terms of which the fluctuations are correlated throughout the 
frequency range investigated. The scattering in BPII has also 
been investigated [173] both for light and for soft X-rays. It was 
shown that the structure constants defining the positions of the 
maxima in the dependence of the intensity / (qsc) on the scatter­
ing vector qsc are the same in the optical and X-ray experiments, 
although the causes of the scattering are different. According to 
Aliev et al. [173], the size of the uniformly ordered regions in 
BPII amounts to 8 - 1 0 lattice periods. A similarity of the qsc 

dependence of the scattering intensity in the blue phase of liquid 
crystals and in microporous glasses has also been observed. 

Very interesting results have been obtained in a study [174] of 
the influence of smectic fluctuations on the structure of 
supercooled BPI with the aid of the scattering of X-rays and 
visible light. It was shown, in particular, that, as the temperature 
is induced, the Bragg scattering pattern reveals the appearance, 
apart from the main peak, of an additional peak associated with 
processes involving a rearrangement of the lattice. Fur thermore , 
a new BPS phase was observed between BPI and the cholesteric 
phase. It exhibits two types of order: chiral long-range BP order 
and smectic short-range order. The BPS phase is regarded as a 
candidate for an analogue of the smectic A* liquid crystal (a 
liquid crystal analogue of the Abrikosov lattice in 
superconductors observed by Goodby et al. [175]). 

Thus the zero harmonic in terms of the z + z' parameter of 
the correlation function for the director fluctuations 
(§na(q±,z)§np(q±,zf)) in the case where q± <^po has now 
been calculated. The correlator for one of the modes (the 
so-called umbrel la m o d e 6n\\z) has a singularity of the type 
~ 0? 2 ) | | + const 

A detailed analysis of the scattering intensity t ak ing into 
account the real correlat ion function for the f luctuat ions of 
the relative permit t ivi ty in cholesterics has not been carried 
out . This is apparen t ly due to the fact tha t , firstly, there is no 
analyt ical expression for Green ' s function and, secondly, 
only the zero h a r m o n i c of the correlat ion function in te rms 
of the a rgument z + z has been calculated, a l though higher 
ha rmonics m a y also cont r ibu te to the scattering. There are no 
fundamenta l difficulties in a logical analysis because there 
exists an effective numer ica l a lgor i thm for the evaluat ion of 
G r e e n ' s function [135] and the me thod employed [138] to 
determine the zero h a r m o n i c makes it possible to find also 
ha rmon ics of higher orders . 

Studies on cholesterics with a very large pi tch of the helix 
(twisted nemat ic liquid crystals) are promis ing. In the 
calculat ion of Green ' s function for the electromagnet ic 
field, it is possible to employ in this instance the ' ad iaba t ic ' 
approx ima t ion [9, 10, 176] and the p rob lem consists solely in 
the evaluat ion of the correlat ion function for the f luctuat ions 
in the limit q± 5> p 0 . 

W e m a y no te tha t the presence of the director f luctuat ions 
in an ordered cholesteric should lead to the smearing of the 
Bragg reflections due to diffuse scattering. Measu remen t s of 
this effect would m a k e it possible to determine the elastic 
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cons tan ts of cholesterics and also to obta in informat ion 
abou t the dynamics of the f luctuations. It would be of 
interest to elucidate the role of the scat tering by f luctuat ions 
in the experimental ly observed deviat ion of the t ransmiss ion 
coefficient from uni ty for a wave p ropaga ted a long the axis 
of the helix and not diffracted by the s t ructure of the 
cholesteric. 

Add i t iona l studies are apparen t ly still required for the 
blue phases . In par t icular , m o r e detailed invest igations of the 
dynamics of the BPI and BPII f luctuations are necessary. F or 
a final conclusion concerning the na tu re of the fog and the 
new BPS phases , m o r e detailed measurements of the X-ray 
s t ructure factors are required. 

6. Smectic liquid crystals (SLC) 
6.1 Fluctuations of the director in an ordered smectic A 
F r o m the opt ical po in t of view, the equil ibrium smectic A 
liquid crystal is an anisot ropic med ium with the relative 
permit t ivi ty tensor defined by E q n (3.31). F r o m the 
microscopic poin t of view, smectics are layered systems with 
a one-dimensional ly per iodic s t ructure a long a specified z 
axis. The s t ructure per iod 2%/qo is of the order of magn i tude 
of the intermolecular distance. In a smectic A, the long 
molecular axes in the state of equil ibrium are directed a long 
the n o r m a l to the layers, i.e. the director vector w01 |z. 

If one is interested in light scattering, only the 
f luctuat ions of the relative permit t ivi ty tensor 8 ? need be 
investigated. This tensor has six f luctuation modes of the 
symmetr ical f luctuations. First ly, the scalar m o d e [Sp(8"8) 
fluctuations], the al lowance for which in a smectic is essential, 
in contras t to a nemat ic , because the equil ibrium periodic 
s t ructure (1.2) is described in a smectic precisely by a scalar 
degree of freedom — the density. Secondly, as in nematics , 
there are or ienta t ion degrees of freedom here: one 
longi tudinal mode , two biaxial t ransverse modes (director 
f luctuations), and two biaxial t ransverse modes . However , 
the scattering by scalar, longi tudinal , and biaxial f luctuat ions 
in the ordered phase of the smectic liquid crystal should be 
comparatively s m a l l — o f the order of magnitude of the 
scattering in the usual organic liquids. For biaxial and 
longitudinal fluctuations, this claim appears evident (the 
scattering by longitudinal fluctuations in the A —> I transition 
and by biaxial fluctuations in the A —> C transition may be an 
exception). Fo r a scalar mode, this follows from the fact that the 
period of the equilibrium structure is much smaller than the 
wavelength X and the long-wave fluctuations of the smooth 
complex amplitude [Eqn (1.14)] of the density wave are hardly 
manifested in light scattering with a transmitted momen- tum 
qsc ^ 2k0 (see also Lyuksyutov [143]). Therefore in the case of 
smectics A the treatment is usually restricted to the con­
sideration of only the scattering by the director fluctuations bn. 

W e spoke above abou t spon taneous f luctuations. In a 
smectic A, which is a degenerate system, there is also a 
possibili ty of nonclassical f luctuat ions due to the principle 
of conservat ion of the modu lus , of the type considered in 
Sections 3.1 and 3.2 for nemat ics and in Section 5.3 for 
cholesterics. The nonclassical cont r ibut ion to the scalar 
m o d e is most specific for smectics [143]. 

F o r smectics A, the fluctuations of the director can arise 
due to two physically different causes. Firstly, these are purely 
spontaneous thermal fluctuations of the long molecular axes. 
In contrast to nematics, the appearance of these fluctuations 
requires a fairly large amoun t of energy, because they are 

associated with deviations of the local director from the 
no rma l to the layer (the so-called tilt mode) . Secondly, the 
director fluctuations can arise owing to a change in the 
direction of the no rma l to the layer in local displacements of 
the layers u(r) (the dilation mode) . W e may note that the latter 
mechanism constitutes in a certain sense allowance for the 
'principle of the conservation of the modulus ' : for sufficiently 
smooth and slow displacements w(r), the director has sufficient 
t ime to become arranged along the new local direction of the 
no rma l to the layer. The only component of the displacement 
vector u(r) the fluctuations of which in smectics A are not small 
is the component wz, henceforth designated by u [9]. 

F r o m this point of view, the elastic energy of the distortion of 
the smectic A contains contributions of three types. Firstly, this 
is the F rank elastic energy <PN = 0 in Eqn (3.1), which takes 
into account the deviations of the field of the director n(r) from 
the homogeneous state with n° = const. The second 
contribution is the elastic energy <Ps in the layered structure 
proper of the smectic and, thirdly, it is the energy <PSN associated 
with the deviations of the director from the normal to the layers. 

The following mode l is mos t often used for the sum of the 
second and third cont r ibu t ions [20]: 

* s + * S N = ^ | d r ( « # | 2 + i * # | 4 + £ | | | V | | . / f 

+ £j.l(V + i * 0 - * # f (6.1) 

Here the pa rame te r \jj has been defined in Eqn (1.14). 
A special form of the formulat ion of the interact ion of xjj and 
bn in the fourth te rm of E q n (6.1) takes into account the 
cons tancy of the energy in the s imul taneous uniform ro ta t ion 
of the layers and of the field of the directors and also the 
energy equivalence of the uni form ro ta t ions of the layers or 
the director relative to the equil ibrium configurat ion. 

It is also possible to t ake into account an addi t iona l 
cont r ibut ion to 0s associated with the higher-order gradients 
ofx//: 

0' dr [dx | V i i A | 2 + ^ i V f i A l 2 + </" |V ± V | | iA| 2 ] • (6.2) 

In E q n s (6.1) and (6.2), a = af(T — T^A), T N A is the 
t empera tu re of the N —> A t ransi t ion, and a , b, Ly, Lj_, d 1 ? 

d\ and d" are cons tants which are assumed to be posit ive 
with the exception of d";d\d' > (d")2. 

In the Gauss ian approx ima t ion in te rms of small 
deviat ions from equil ibrium rj(r) — \i//(r)\ = IJ/q and w(r), we 
have from Eqn (6.1), (6.2) and (1.14) 

0S + <f>SN + &'s = ^ j d r [ A n 2 + L | | ( V | | ^ ) 2 +L±(V±ri)2 

•2 , \ 2 + £(V||w)z + D(W±u + hri)1 + ^ s ( V l w ) 

+ K's{V\u)2+K'lV\uV\u\ (6.3) 

where 

A=-2a, B=L\\ql\l/l, D=L±q2

0\//l, 

Ks=diqUl Kf

s=dfqU2, Kfi = d"qU2; (6.4) 

here \j/0 = (| iA( r ) l) is the equil ibrium value of the order 
param-e te r , which in the mean field approx imat ion has the 
form ifrl = —a'(T — T^A)/b. In E q n (6.4), we neglected the 
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four th-order te rm in V as a function of rj. It follows from 
E q n (6.3) tha t in the given mode l rj(r) does no t interact with 
the dis-placement fluctuations u(r) and the director 
fluctuations 8w(r). 

In the limit D —> o o , we can assume the identi ty 

8n(r) = -W±u(r) (6.5) 

in Eqn (6.3). This approx ima t ion cor responds to the 
si tuat ion usually considered where the local director is 
r igorously perpendicular to the layers and its f luctuat ions 
are determined solely by the f luctuat ions of the layered 
s t ructure [9, 11]. Accord ing to E q n s (3.1) and (6.3), in this 
case the to ta l cont r ibut ion to the elastic energy of the smectic 
A liquid crystal <PA = <PN + <PS + <PS N + <P'S, associated with 
the f luctuat ions of the displacements of the layers, has the 
following form with an accuracy to within surface terms: 

1 
<PA(u) dr [B{V\\uf +Kl(yluf +Kf(yju)2 

+2K"V\uV\u] , (6.6) 

where 

Kx=Kn+Ks, K' = K'S, K" = K33+K'i. (6.7) 

The te rm K22\ n*curlw|2 from E q n (3.1) does not then 
cont r ibu te to <PA. 

F o r finite values of Z), E q n (6.3) makes it possible to 
consider the deviat ions of the director from the n o r m a l to the 
layer. On subst i tut ing the director f luctuat ions bn in 
E q n s (3.1) and (6.3), as in the case of nemat ics in the form 
(3.3), we obta in the cont r ibut ion to the elastic energy & A by 
the modes with the given q: 

*V ng) = \ [ ( A + L\\% +L±qi)\rjq\2 

+ (B+Knqi+K33ql)\Snlq\2 

+ (D+K22qi+K33qj)\dn2q\2 

+ (Bq\ + Dq2

± + Ksq4

± + Kf

sq\ + K ^qjql)\uq\2 

+ \Dq_L(uqSriiq - Uqbniq)]. 

(6.8) 

Only the te rms in the first nonvan ish ing orders in q have been 
left here in the coefficients of t\iijq and r\q. Evidently, only the 
drii m o d e interacts with the displacement f luctuat ions u. 
F r o m the quadra t i c form (6.8), it is easy to find all the 
nonzero corre la tors for the fluctuation modes : 

( ^ ^ ( A + L n t f f + L ^ i ) - 1 , 

= /J(A> + ACIU)-1

> 

{u\=p(A3+JCs)-\ 

<«8nl>, = ifa±D [BDql + D / C s + (Bqj + Dq2

±)!Cm]_1 , 

(6.9) 

where 

D(Bq\ + /C s ) 

/3 = kBT, Al=Al(q) = V*" 2 ^ , A2=D, 

A3 =A3(q) =Bqj + q\(D~l + / C n ] ) ~ \ j= 1, 2 , 

ICS = Ks(q) = Ksq]_ +K'sql + KH

%q\q\ , 

ICfij = ICVj(q) = Kjjq]_ + K33q2, j = 1, 2 . (6.10) 

(cf Brocha rd ' s s tudy [144] where is was assumed tha t Ks = 0.) 
The typical values of the pa rame te r s of smectic A liquid 

crystals in the region r emote from the t ransi t ion poin t 
T = T N A are 5 - 2 x 1 0 7 g c m " 2 s _ 1 , Kn - 1 0 " 6 d y n [9, 10], 
and ^ 3 3 ~ 1 0 2 ^ n [145, 146]. F o r est imates, one m a y assume 
tha t D ~ B, K22 ~ K33, and Kf

s ~ K" ~ ^ 3 3 . In the usua l 
s i tuat ion in smectics A with the opt ical values of the wave 
vectors q ~ 10 5 c m - 1 , the cont r ibu t ions to the elastic energy 
associated with the changes in the inter layer distance (the 
coefficient B) and with the deviat ions of the director from the 
n o r m a l to the layer (the coefficient D) are much greater t h a n 
the energy associated with the deviat ion of the field of the 
directors from the h o m o g e n e o u s state n° ( the coefficients Kn, 
K22, and ^ 3 3 ) and with the dis tor t ion of the form of the layers 
(the coefficients Ks, Kf

s, and Kf$). This indicates the validity 
of the inequalit ies 

B,D>K^j(q)9 (6.11) 

Bq\+Dq\>Ks(q). (6.12) 

As a result, in te rms of the lowest orders in B and Z), we have 

{8n2)q = frB-'qiqf (8n2

2)q = j S D " 1 , 

{u\ = pB~lqf, {uM\\ = iPB~lq±qf . (6.13) 

F o r #|| —> 0, E q n s (6.13) (except the {^>n\)q equa t ion) cease to 
apply. In this case, it is necessary to t ake into account the 
correct ion te rms Ksq\ and Kxxq^ in E q n s (6.9) and (6.10). 
F o r #|| —> 0, we have 

(6ni)q=p(Bqlq-A

2+K1ql)-\ 

(u2)q=p(Bql+K1q4

L)-\ 

(ubn*l)q=P(Bqj+Klq4

L)-1 . (6.14) 

The first two equa t ions (6.14) are frequently used in a 
simplified descript ion of the displacement and director 
f luctuat ions in smectics A on the basis of expressions of the 
type (6.5) and (6.6) [9, 10]. The only difference between 
E q n (6.14) and the results in the l i terature [9, 144] consists 
in the fact tha t K\ is determined by E q n (6.7) and is no t fully 
identical with the F r a n k m o d u l u s Kn-

The previous discussion referred to an u n b o u n d e d 
smectic A. The f luctuat ion-induced displacements of the 
layers u in the case of a thin smectic film have been analysed 
in a s tudy [177], where a numer ica l a lgor i thm for the 
calculat ion of the correlat ion function was p roposed . A n 
analyt ical expression, obta ined by a me thod ana logous to 
tha t described in Section 3.4, has been publ ished [178]. The 
influence of the b o u n d a r y condi t ions , in par t icular of the 
surface tension, on the f luctuat ions and scattering was 
studied in the above investigation, the case of different 
b o u n d a r y condi t ions on the surfaces of the film being 
examined. 



F l u c t u a t i o n s a n d l i gh t s c a t t e r i n g in l i q u i d c r y s t a l s 175 

W e shall n o w discuss the region of the T = T N A phase 
t ransi t ion. A l though a considerable number of exper imental 
and theoret ical studies have been devoted to the N —> A 
phase t ransi t ion, its na tu re has still no t been ul t imately 
elucidated. Var ious theoret ical models for this t ransi t ion 
have been analysed in Lubensky ' s review [147]. The presence 
of two correlat ion radi i of the f luctuat ions of the ordered 
pa ramete r rj is characterist ic of smectic A liquid crystals: 

rc,| = ( L | | / A ) 1 / 2 , r c ± = ( L ± / A ) 1 / 2 . (6.15) 

Their behaviour as a function of t empera tu re in the vicinity 
of the t rans i t ion poin t T = T N A is described by the power 
laws 

r C | | ~ T - v i i , r C ± ~ T - V - , (6.16) 

where % = \T — r N A | / r N A . The behaviour of the coefficients 
B and D as a function of t empera tu re is also described by 
power laws: 

fl~T*\ D ~ T * \ (6.17) 

In addi t ion, singular cont r ibu t ions to the F r a n k m o d u l u s 
arise in the N - p h a s e as a result of the f luctuation correct ions 
arising from the smectic f luctuat ions rj: 

6 K 2 2 ~ T~P2 , 5^33 - T " P 3 . (6.18) 

The existing theoret ical models predict different values of 
the indices. In the mean field mode l [Eqn (6.1)], 
V|| = vj_ = 0.5, cp = cp' = 1.0, and p2= p3 = 0. The scaling 
relat ions yield 

cp = p2 = 2 v ± - V||, cpf = p3= V||, 2 - a = V|| + 2 v ± , 

(6.19) 

where a is the heat capacity index. If the N —> A t ransi t ion 
belongs to the same class of universali ty as the three-
dimensional inverse X Y mode l [148] or an isotropic type II 
conduc tor [20], then V|| = Vj_ = 0.67. In the case of 
anisot ropic scaling [149], V|| = 2v_|_. The numer ica l values of 
the indices V|| and v_|_ are no t then predicted. There is also a 
possibili ty of versions of the anisot ropic scaling mode l with 
the nonuniversa l relat ion vy > Vj_. 

Exper iments (see below) yield cp, cp > 0 and hence near 
the T = T N A t ransi t ion poin t we have B, D —> 0. In this case, 
inequali ty (6.11) becomes invalid. If inequali ty (6.12) 
cont inues to hold [as happens , for example, in the mean 
field theory, where according to E q n (6.4) the coefficients B, 
D, Ks, Kf

s, and K$ exhibit the same t empera tu re 
dependence] , we obta in 

Al(q) = BDq\{Bq\+Dql)-1 , (6.20) 

and the t empera tu re dependence of A\(q) is determined by 
the behaviour of the coefficients B and D. In par t icular , 

A\(q) =Bqjql2, if q\\ <| q±9 

= D, if > q±. (6.21) 

Otherwise the t empera tu re dependence of A i is determined 
by the entire set of coefficients B, D, Ks, Kf

s, and K$. 
The correlation function for the relative permittivity 

fluctuations, determined by the director fluctuations, can be 
found, as in the case of a nematic, from Eqn (3.21), in which it 
is sufficient to put £7 = eabrij. It follows from the previous 
discussion that , under condit ions remote from the T = T N A 

t ransit ion point , bo th modes of the director fluctuations, {bn\ ) q 

and {&NL)Q, are of the same order of magni tude, provided that 
#|| ~ q±- However, when q^ —> 0, the correlator {6NL) hardly 
changes, while the correlator {Sn\)q increases sharply. In the 
vicinity ofT = T N A for q\\ = 0 , bo th correlators increase in a 
critical manner . If q\\ —> 0 under these conditions, then the 
behaviour becomes of the Golds tone type: {Sn\) ~ q~2. 

6.2 Light scattering by director fluctuations in smectics A 
The intensity of light scat tering in smectics, which const i tute 
an optically anisot ropic med ium is determined by Eqn (3.36). 
Convolu t ion of the correlat ion function (3.21) with the 
polar isa t ion vectors is of the form 

e^efG^iVf = ^<8^>,G;(e ( 0 , * W , q), (6-22) 
7=1,2 

where 

G > ( 0 , e W , q ) = [(e^-ej)(e^-n°) + (e^-e^-n0)]2. 

(6.23) 

As al ready ment ioned in Section 6.1, under condi t ions 
r emote from the phase t rans i t ion poin t the m o d e (8ni)9 

increases sharply when q\\ —> 0: 

,x 2 \ kQTq2

± nkQT 

In this region, the m o d e (5^2% ~ kQT/D m a y be neglected. 
E q n (6.24) implies tha t dur ing light scattering in a smectic A 
an interest ing effect should be observed: virtually the entire 
scattered light is concent ra ted in the region of the k(s) direc­
t ions, for which q^ = 0 , where q = — k^l\ i.e. k^ = k^\ 
The latter condi t ion has the geometr ical implicat ion tha t 
k^ should be located on the surface of one of two coaxial 
circular cones with the axis n°(s = 1,2). This effect was first 
predicted theoretically by de Gennes [150]. It follows from 
the analysis of the angular factors Qj in Eqn (6.23) tha t only 
the depolar isa t ion cont r ibu t ions to scat tering of the 
(0) —> (e) or (e) —> (0) types are nonzero for q\\ = 0. 

The theoret ical predict ion reduces to the fact tha t , when 
observat ions are m a d e in a p lane perpendicular to n°, a 
relatively br ight n a r r o w ring of scattered light with the type 
of polar i sa t ion opposi te to tha t of the incident light should be 
observed. The dis t r ibut ion of intensity a long the r ing is of the 
form 

I§~sm2(<p)f§(<p), (6.25) 

where the az imutha l angle 0 ^ cp ^ 2 is reckoned from the 
p lane {n°,k^} a n d / | ^ ( c p ) is a smooth function which does 
no t become zero. F o r cp = 0° or 90°, the intensity is 
l^(cp) = 0 and we have the so-called sickle-shaped 
dis t r ibut ion [9, 150] of the intensity a long the ring. 

A n exper imental test of this effect has been carried out 
[151 -153] . In the first studies [151, 152], scattering by static 
inhomogenei t ies associated with the displacement of the 
layers caused by the imperfection of the or ient ing substrate , 
was observed. The angular dis t r ibut ion pa t t e rn of the 
scattering should then be the same as in scat tering by the 
the rmal f luctuations of the layer displacements , i.e. it should 
be described by E q n s (6.22) and (6.24). In par t icular , a s tudy 
was m a d e [152] of the scattering of a laser beam with 
X = 6328 A in a homeot ropica l ly oriented specimen of a 
BBAA (/>-butoxybenzylidene-A/^-anilinoacetophenone) smectic 
A liquid crystal at T = 89 °C. The thickness of the specimen 
varied from 50 to 500 um. The substrate was polished to 
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within XI10. The angle between the direction of the incident 
ray and the director was varied in the range 0 ° - 7 0 ° . The 
(0) —> (e) and (e) —> (0) types of scattering were observed. 
Fig. 27 presents a p h o t o g r a p h of the sickle-shaped scattering 
pa t te rn . In a subsequent s tudy [153], the sickle-shaped distri­
bu t ion of the intensity of scattering by the rmal f luctuations 
was observed by correlat ion spectroscopic me thods in 
A/-(/?-cyanobenzylidene)-/?-octyloxyaniline smectic A liquid 
crystals with a thickness d from 200 to 800 \\m and a 
substra te polished to within A/30 at T = 75 °C. 

a b 

Figure 27 . T h e s ick le -shaped d i s t r i bu t ion o f t h e sca t t e red l ight in a B B A A 
smect ic l iquid crys ta l : (a) (e) —> (0) sca t t e r ing ; (b) (0) —> (e) sca t t e r ing [152]. 

In light scat tering by a thin film of a smectic liquid crystal, 
the p rob lem arises of t ak ing into account the b o u n d a r y 
condi t ions not only in the calculat ion of f luctuat ions bu t 
also for the electromagnet ic field. Mul t ip le reflection and 
refraction of the incident and scattered rays at the boundar i e s 
m a y p rove significant in such a specimen. Green ' s function 
for the electromagnet ic field, t ak ing into account also 
reflections at the b o u n d a r y with an optically uniaxial 
med ium, has been obta ined in a s tudy [178] where the 
intensity of the light scattered by a smectic film in the case 
of n o r m a l incidence was also calculated. 

6.3 Scattering in the vicinity of the N - A phase transition 
At the present t ime, the major i ty of experiments on light 
scattering in smectic A liquid crystals are devoted to the 
investigation of the vicinity of the T = T N A phase t ransi t ion 
poin t in order to obta in informat ion abou t the indices cp and 
cp' in E q n s (6 .16) - (6 .18) . F o r this purpose , use is usual ly 
m a d e of the exper imental geometr ies permi t t ing the separate 
observat ion of scat tering by the hn\q and hn2q modes . These 
isolated geometr ies are determined by the condi t ion tha t one 
of the two geometr ical factors Qj in E q n (6.22) becomes zero. 
Comple te analysis of such geometries , similar to tha t 
specified by E q n s (3.39) for nemat ics has no t been carried 
out yet. W e m a y no te tha t , as in nemat ics , the (0) —> (0) type 
scattering intensity is zero. Special cases of the following 
geometr ies have been used: 

G l : (0) —> (e) scattering; the vectors k^s\ and n° 
belong to one p lane (in this geometry, Qx = 0). 

G2 : (0) —> (e) scattering; the project ions of the vectors 
and onto the uni t vector perpendicular to n° and 

located in the p lane {n°,k^} are equal (Q2 = 0). 
G 3 : (e) —> (0) scattering; the project ions of the vectors 
and onto the uni t vector perpendicular to n° and 

located in the p lane {n°,k^} are equal (Q2 = 0). 
The G l geometry was applied, for example by F r o m m 

[146], H u a n g and H o [154], and Lewis et al. [155], the G 2 
geometry was used by F r o m m [146] and Lewis et al. [155], 
and the G 3 geometry was also employed by Lewis et al. [155]. 
[The (e) —> (0) type geometr ies with Q\ = 0 and also the 
(e) —> (e) type geometr ies have no t been used in the 
experiments k n o w n to us.] F u r t h e r m o r e , a 'degeneracy 
geometry ' , in which q± = 0(q\\n°), has been used [145, 146]. 
In this case, the formal definition of the vectors ej and of the 
modes brij in Eqn (3.3) loses its significance, bu t it follows 
from E q n s (6.9) and (6.10) tha t , for q± —> 0, we have 

(?>n\)q = = kBT(D + K„q\)-1 . (6.26) 

W h e n E q n (6.26) is subst i tuted in E q n (3.21) tak ing into 
account the identi ty e\ae\p + e2o,e2p = 8ajg — n^n°p, the 
degeneracy is el iminated. In this geometry, the scattering 
intensity is determined by the pa rame te r s D and K 3 3 . 

Before discussing the results of experiments on light 
scattering in smectics A in the vicinity of T = T N A , we m a y 
no te tha t , according to Eqns (6.18) and (6.19), informat ion 
abou t the critical indices is conta ined also in the behaviour of 
the F r a n k modu l i K22 and K33 as a function of t empera tu re at 
T —> T N A on the side of the N - p h a s e . In n u m e r o u s 
investigations, the scat tering intensities have been measured 
in the vicinity of T = T N A in b o t h A - and N-phases . 
Therefore here we shall consider s imultaneously the 
scattering at T —> T N A in b o t h phases . W e m a y no te here 
the J a n i n g - B r o c h a r d cross-over formula [156], t ak ing into 
account the interact ion of the f luctuat ions of the smectic 
order pa ramete r \jj and the director w, which is frequently 
used in the in terpre ta t ion of experiments on the t empera tu re 
var ia t ion of the light scattered by the hn2 mode : 

+ [ ( 1 + X - 2 ) t a n " 1 X - X - 1] J"', (6.27) 

where X = [(rc||<?||)2 + (rc±q±)2]/2 and K22 and ^ 3 3 are the 
componen t s of the F r a n k modu l i which are regular with 
respect to t empera tu re . 

In the discussion of experiments on light scattering in 
smectics and nematics , the following terminology, associated 
with the names of the types of dis tor t ions cor responding to 
the F r a n k modu l i has been adop ted : Kn (splay), K22 (twist), 
and ^ 3 3 (bend). 6Vzi is a bend-splay m o d e and bn2 is a b e n d -
twist mode . In the case where q\\ = 0, the 6Vzi and bn2 modes 
are referred to respectively as the splay and twist modes and, 
when q± = 0, b o t h modes are bend modes according to 
E q n (6.26). 

The thickness of smectic specimens usually employed is of 
the order of 2 5 - 2 5 0 um. The following da ta provide an idea 
abou t the level of current exper iments on light scattering in 
smectics A. In interpret ing the exper imental results, account 
is t aken of the discrete na tu re of the Four ie r spectrum 
#U =nl/d (/ = =bl, ± 2 , . . . ) in a finite system [153, 157]. In 
order to check the influence of the size of the specimen, 
measurements have been frequently performed for two 
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Table 1. T h e i n d i c e s ^ 2 ( ^ 2 2 ) , ^3 (^33 ) , <p(B), a n d (p'(D) o b t a i n e d for s m e c t i c A l i q u i d c r y s t a l s w i t h d i f fe ren t w i d t h s o f t h e n e m a t i c p h a s e ( t h e t a b l e f r o m 
L e w i s et a l . [155] a n d t h e d a t a o f F r o m m [ 1 4 6 ] , a H u a n g a n d H o [ 1 5 4 ] , b V i t h a n a et a l . [ 1 5 7 ] , c a n d S o l o m o n a n d L i t s t e r [ 1 6 0 ] d h a v e b e e n u s e d ) . 

s l c p2 (p P3 <p' r N A / r N i 

C B B O A 0 . 4 7 + 0 . 0 7 0 . 3 3 + 0 . 0 5 0 . 6 5 + 0 . 0 5 0.50 + 0.02 0.94 

— — 0 . 7 4 + 0 . 0 4 — 

8 0 C B 0 . 3 5 + 0 . 0 5 0 . 3 3 + 0 . 0 4 0 . 6 7 + 0 . 0 5 0.50 + 0.05 0.96 

0 . 4 7 + 0 . 1 1 — 0 . 7 5 + 0 . 0 4 — 

— 0 . 2 6 + 0 . 0 8 0 . 6 6 + 0 . 0 4 — 

0 . 6 7 + 0 . 0 6 a — 0 . 7 1 + 0 . 0 4 a 0 . 5 2 + 0 . 0 4 a 

8 C B 0 . 3 4 + 0 . 1 3 0 . 2 6 + 0 . 0 6 0 . 7 2 + 0 . 0 5 — 0.977 

— — 0 . 6 2 + 0 . 0 3 — 

0.53 d 0 . 7 2 d 

9 C B 0 . 4 5 c 0 . 6 0 c 0 . 9 9 3 c 

40 .8 — 0 . 3 2 + 0 . 0 2 0 . 6 9 + 0 . 0 3 0.54 + 0.04 0.96 

— 0 . 4 4 + 0 . 0 4 — — 

8S5 0 . 3 7 + 0 . 0 6 0 . 4 4 + 0 . 0 2 0 . 6 8 + 0 . 0 3 — 0.94 

0 . 5 7 + 0 . 1 3 — 0 . 8 9 + 0 . 0 5 — 

— — 0 . 8 2 + 0 . 0 2 b — 

6 0 9 0 . 4 6 + 0 . 0 3 0 . 4 4 + 0 . 0 5 0 . 6 6 + 0 . 0 2 — 0.93 

0 . 4 8 + 0 . 0 3 — — — 

D H A O B 0 . 6 6 + 0 . 0 3 c — — — 0.885 

specimens with different thicknesses d: 25 and 50 um in the 
s tudy of H u a n g and H o [154], 125 and 250 um in the s tudy of 
Lewis et al. [155], and 58.4 and 216 um in the s tudy of 
Vi thana et al. [157]. The pur i ty of the specimens reaches 
99.99% and above [157]. The accuracy of the rmal 
stabil isation exceeds 1 0 _ 4 K [155, 157]. Account was t aken 
of the drift of the t ransi t ion t empera tu re T N A as a function of 
t ime which reached 1 0 _ 2 K h _ 1 (in the s tudy of von Kane l l 
and Litster [145], while in tha t of Vi thana et al. it was 
0.3 m K d a y - 1 for d = 58.4 um and 0.4 m K d a y - 1 for 
d = 216 um) and the correct ions were applied for it. 

The incident laser beam is centred on the symmetry poin t 
of the t empera tu re gradient of the cell in order to reduce to a 
m in imum the nonuni formi ty of the t empera tu re across the 
beam (the nonuni formi ty in the s tudy of Vi thana et al. [157] 
was 0.03 - 0.04 m K ) . The heat ing of the specimen by the laser 
beam is moni to red [155, 157]. Corre la t ion spectroscopy is the 
most frequently used exper imental technique. 

Despi te such high sophist icat ion of the experiments , an 
appreciable scatter of the indices obta ined for different 
smectic A liquid crystals is characterist ic of the N —> A 
phase t ransi t ion. A clear idea abou t this is provided by 
Table 1. It shows tha t the inequalit ies cp'> cp and p 3 > p 2 

hold for the experimental ly measured indices. The quant i t ies 
cp and cp' are very different from the values obta ined by 
analogy with superconductors : cp = cp' = 0.67. General ly 
speaking, the scaling relat ions (6.19) do not hold either. 

The nonuniversal i ty of the indices is most strikingly 
manifested in experiments on mixtures of two smectic liquid 
crystals with a var iable concent ra t ion . In par t icular , H u a n g 
and H o [154] found tha t p 3 varied from 0.82 ± 0.02 to 
1.00 ± 0.03 in the 7 8 5 ^ 8 8 5 ^ mixture for x varying from 1 
to 0.638) and from 0.8 ± 0.04 to 0.88 ± 0 . 0 1 in the 
S5 i_^80CB^ mixture (for x varying from 0.0473 to 0.0232), 
while F r o m m [146] found tha t the index p3 varied from 
0.71 ± 0 . 0 4 to 0.78 ± 0 . 0 4 and the index cp' varied from 

0.52 ± 0 . 0 4 to 0.56 ± 0 . 0 4 in the 6 0 C B J C 8 0 C B 1 _ J C mix ture 
foxy = x/{\ — x) varying from 0 to 0.4046. 

Fig. 28 illustrates the t empera tu re dependence of the 
scattering intensity for the q± = 0 geometry [i.e. according 
to E q n (6.26), the t empera tu re var ia t ion of the quant i ty 
(D + K33q\\)~l] [146]. U n d e r these condi t ions , above Tc we 
have the coefficient D = 0 and the scat tering intensity in 

7 / r e l . u n i t s 

Tc - 2 Tc Tc + 2 Tc+4 
7 7 °C 

Figure 2 8 . T e m p e r a t u r e d e p e n d e n c e o f t h e i n t e n s i t y I o f t h e s c a t t e r i n g b y 
t h e b e n d m o d e in t h e v i c i n i t y o f t h e N <-> A t r a n s i t i o n p o i n t for t h e 
6 0 C B x 8 0 C B i _ x m i x t u r e for d i f fe ren t v a l u e s o f y=x/(l—x): 
(l)y = 0 .2; (2)y = 0 . 3327 ; (3) y = 0 . 4 0 4 6 [146]. 
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Fig. 28 determines directly the t empera tu re var ia t ion of ^ 3 3 , 
i.e. the index p 3 . A similar s i tuat ion [145] occurs also for the 
pu re smectic liquid crystal 40.8. Evident ly the value of ^ 3 3 at 
T = Tc exceeds the values of this quant i ty characterist ic of 
the bulk of the N - p h a s e by approximate ly two orders of 
magni tude . The compara t ive roles of D and K33q2\ in the 
denomina to r of E q n (6.26) can be inferred from Fig. 28 — 
the role of the term K33q2\ in the A-phase becomes significant 
only in the region \T — Tc\ ^ 1 0 _ 2 K . Unfor tuna te ly , such 
direct measurement of the index p2 from the t empera tu re 
var ia t ion of the m o d e {§n\)q

 m the N - p h a s e at T —> T N A is 
m a d e difficult by the fact tha t the fluctuation correct ion bK22 

in E q n (6.18) is approximate ly 50 t imes smaller t han 8^33 
and it is difficult to isolate it against the b a c k g r o u n d of the 
regular cont r ibut ion to K22. This difficulty has been 
overcome [146] by vir tue of the fact tha t the mixture used in 
the above s tudy has the phase d iagram il lustrated in Fig. 29. 
The presence of the reent ran t N - p h a s e at low tempera tu res 
m a d e it possible to determine the regular componen t s of K22 

and ^ 3 3 with a sufficiently high accuracy by interpola t ion 
between the two N-phase s (Fig. 30). As a result, the index p2 

7 7 °C 
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I s o t r o p i c p h a s e 

n e m a t i c 

s m e c t i c A 

n e m a t i c 
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Figure 2 9 . P h a s e d i a g r a m for t h e 6 0 C B x 8 0 C B i _ x m i x t u r e a t v a r i a b l e 
t e m p e r a t u r e s T ;y —x/(\ — x) [146]. 
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Figure 3 0 . T e m p e r a t u r e v a r i a t i o n o f t h e i n t e n s i t y 7 o f t h e s c a t t e r e d l igh t 
for t h e t w i s t m o d e in t h e p r e s e n c e o f a r e e n t r a n t n e m a t i c p h a s e . D a s h e d 
l ine — i n t e r p o l a t i o n o f t h e i n t e n s i t y b e t w e e n t w o n e m a t i c p h a s e s ; 
y = 0.4243 [146]. 

varied from 0.67 ± 0.05 to 0.62 ± 0.06 as the concent ra t ion x 
varied from 0 to 0.4046, while the index cp varied from 
0.60 ± 0.05 to 0.55 ± 0.05 as x varied from 0.3327 to 0.4243. 

The m o d u l u s K\ does no t manifest a p ronounced 
t empera tu re var ia t ion in the N —> A transi t ion. The result 
obta ined by von Kane l l and Litster [145], who investigated a 
monolayer smectic (the major i ty of smectics are of the bilayer 
type, i.e. the per iod of their s t ructure is approximate ly equal 
to two molecular lengths) is an exception. 

The absence of the universal i ty of the exponents shows 
apparen t ly tha t only certain effective indices are actually 
measured . The view tha t these exponents describe the cross­
over behaviour between critical and tricritical behaviour is in 
our view fairly realistic [146, 155, 157]. In order to diminish 
the influence of the tricritical behaviour , it is necessary to 
carry out exper iments on specimens with a wide range of 
existence of the nemat ic phase . Such an experiment has been 
carried out [157] on a D H A O B (dihexylazoxybenzene) 
specimen for which T I A = (Tm — 7 " N A ) / r N A = 0.115, where 
T I N is the N —> I t ransi t ion t empera tu re . A n impor t an t 
feature is tha t measurements of the magnt ic an i so t ropy 
[158] did no t reveal in this liquid crystal any kind of 
anomal ies of the nemat ic order pa rame te r So in the N —> A 
transi t ion. The correlat ion t ime function of the number of 
p h o t o n s was measured . Fig. 31 presents a plot of the 
scattering intensity as a function of t empera tu re . 
In te rpre ta t ion of the exper imental da ta yielded 
p2 = 0.66 ± 0.03 over a range cor responding to four decades 
of the t empera tu re T = (T — 7 " N A ) / r N A , in agreement with 
the hel ium analogy. The values of p2 ob ta ined are greater 
t han those found for specimens with a nar rower nemat ic 
phase . This is i l lustrated in Fig. 32, where the index p2 is 
p lo t ted as a function of the width of the nemat ic zone. The 
a u t h o r s ' pr incipal conclusion [157] is as follows: all the 
previous exper imental studies were performed under 
condi t ions where the interact ion of the nemat ic (S) and 
smectic order pa rame te r s is significant. F o r this 
reason, the measurements in these invest igations yielded 
effective exponents associated with the t r i c r i t i ca l -c r i t i ca l 
cross-over. 

W e shall discuss briefly the pre t rans i t iona l effect 
associated with the presence of the smectic C phase . A b o v e 
the A - C t ransi t ion, in the region remote from the N - A - C 
tricritical point , the exper imental t empera tu re dependence of 
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lO" ' -

1 0 - 4 

1 0 " 

1 0 " 

1 0 " 
1 0 " 1 0 " 1 0 " 1 0 " 1 0 " 1 0 " 1 0 " 

Figure 3 1 . T e m p e r a t u r e v a r i e N r e c i p r o c a l o f t h e s c a t t e r i n g 
i n t e n s i t y in a s p e c i m e n o f t h e D H A O B s m e c t i c 2 1 6 urn t h i c k 
( r N A = 2 8 9 . 7 9 6 6 K ) o n t h e l o g a r i t h m i c sca le . T h e d a t a w e r e i n t e r p r e t e d 
in t e r m s o f t h e f o r m u l a 7 " 1 = At~Pl + B, w h e r e B is a c o n s t a n t 
c o m p o n e n t : (7) e x p e r i m e n t a l v a l u e s ; ( 2 ) r e s u l t o f t h e e x c l u s i o n o f B 
[157]. 
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Figure 3 2 . D e p e n d e n c e o f t h e i n d e x p2 o n t h e t h i c k n e s s o f t h e n e m a t i c z o n e 
ti_A — ( r N I — T N A ) / r N A for d i f f e ren t l i q u i d c r y s t a l s [157]. 
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Figure 3 4 . T e m p e r a t u r e v a r i a t i o n o f t h e i n t e n s i t y 7 o f s c a t t e r i n g b y t h e 
b e n d a n d s p l a y m o d e s in a 7S5 l i q u i d c r y s t a l a b o v e t h e N <-> C t r a n s i t i o n : 
( 7 ) s p l a y m o d e ; (2) b e n d m o d e [154]. 

the scattering intensity agrees with the predict ion of the mean 
field model : D ~ (T - TAC)y with y = 1.0 (Fig. 33) [159]. 
A b o v e the N - C transi t ion, the exper imental behaviour of 
7S C agrees [154] with the predic t ions of the C h e n - L u b e n s k y 
mode l [19] (Fig. 34). In par t icular , according to est imates the 
absolute value of SKn was ~ 2 % of 8^33 under these 
condi t ions . 

The mos t interest ing effects are observed at t h e N - A - C 
tricritical point . The scattering intensity in a series of nCB 
homologues has been investigated [160]. Wi th increase in n, 
the width of the N - p h a s e diminishes and the system 
approaches the tricritical point . By selecting app rop r i a t e 
mixtures of different homologues , it was possible to ob ta in 
effectively fractional values of n. Accord ing to the a u t h o r s ' 
est imate [160], the tricritical po in t cor responded to n = 9 .1. 
E q n (6.27) was used in interpret ing the exper imental da ta . 
A decrease in the indices p2 and P3 was observed — from 
p 3 = 0.72 and p 2 = 0.53 for n = 8 to p 3 = 0.50 and p 2 = 0.34 
for n = 9.07. The behaviour of scattering by bend , b e n d -
twist, and splay modes of f luctuations has been investigated 
for the 7 8 5 ^ 8 8 5 ^ and 7 8 5 ^ 8 0 0 6 ^ mixtures in which it was 
possible to app roach the concent ra t ion of N - A - C poin t 
(Fig. 35). It was found tha t , in the vicinity of this point , the 
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Figure 3 3 . T e m p e r a t u r e v a r i a t i o n o f t h e i n t e n s i t y 7 o f t h e s c a t t e r i n g b y t h e 
b e n d m o d e a n d o f i t s r e c i p r o c a l a b o v e t h e A —> C t r a n s i t i o n in a 8S5 l i q u i d 
c r y s t a l ; c o n t i n u o u s l ine — l i n e a r fit [154]. 
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Figure 3 5 . P h a s e d i a g r a m for t h e 7S5j_ x 8S5 x m i x t u r e [154]. 

integral intensity of the light scattering by the bend and b e n d -
twist modes has an a n o m a l o u s m i n i m u m as a function of 
t empera tu re . F o r the splay mode , the behaviour of the 
intensity is n o r m a l (Fig. 36) [154]. The kinetics of the 
f luctuat ions have been investigated [161] for the same 
mixtures by correlat ion spectroscopic me thods . N o 
anomal ies were observed in the kinetics of the splay mode . 
On the other hand , it was found for the bend m o d e tha t the 
t ime correlat ion function requires two relaxat ion t imes for its 
descript ion. The ampl i tude of the unusua l 'fast ' cont r ibut ion 
had an unusua l m i n i m u m 0.5 °C before the t rans i t ion poin t . 
The au tho r s [161] a t t r ibu te the presence of this 'fast ' 
cont r ibut ion to scat tering by smectic-like t i l t-fluctuation 
format ions . 

A smectic liquid crystal is of interest pr imari ly as a layered 
one-dimensional ly per iodic system with strongly developed 
f luctuat ions of the layer displacements and the L a n d a u -
Peierls instability. However , f luctuat ions of the director and 
no t those of the displacements are mos t s trongly manifested 
in light scattering. The former f luctuat ions can be of two 
types: those induced by the displacements of the layers and 
spon taneous f luctuat ions (deviat ions of the director from the 
n o r m a l to the layer). The induced director f luctuat ions are 
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Figure 3 6 . T e m p e r a t u r e v a r i a t i o n o f t h e l igh t s c a t t e r i n g i n t e n s i t y 7 in t h e 7 S 5 j _ x 8 S 5 x m i x t u r e a t d i f fe ren t c o n c e n t r a t i o n s x: (a) s p l a y m o d e ; (b ) b e n d 
m o d e ; (c) b e n d - t w i s t m o d e [154]. 

the most intense. The indicatr ix of the light scattering 
associated with these f luctuat ions has a strikingly 
p r o n o u n c e d sickle shape in the region remote from the 
poin t of t ransi t ion to the nemat ic phase . N e a r the A - N 
critical point , b o t h modes of director f luctuat ions become 
comparab le in magn i tude . 

M u c h interest has been shown in the behaviour of 
smectic A liquid crystals near the N - A t ransi t ion to the 
nemat ic liquid crystal. N u m e r o u s careful studies on the 
scattering of light and X-rays and studies involving the 
measurement of the heat capaci ty have been carried out in 
this field. As a result, the absence of universal i ty in the values 
of the critical exponents for different smectics A can be 
regarded as firmly established. 

W e shall list certain p rob lems which, in our view, need to 
be tackled in the case of smectic liquid crystals. In the first 
place this is a l lowance for the interact ion of the tensor 
nemat ic order pa ramete r S with the smectic density wave \j/ 
in the descript ion of f luctuat ions and also al lowance for the 
finiteness of the system and the L a n d a u - P e i e r Is instabili ty in 
the in terpre ta t ion of experiments in the vicinity of the A - N 
t ransi t ion poin t . In smectic A liquid crystals, it is easier t h a n 
in nemat ics to isolate experimental ly the scattering by biaxial 
and longi tudinal f luctuat ions against the b a c k g r o u n d of the 
weaker , t han in nematics , scattering by director f luctuations. 
The use of the light scat tering m e t h o d for thin layers of a 
smectic as a p rocedure for the investigation of surface 
p h e n o m e n a and, in par t icular , as a me thod for the 
de terminat ion of the surface tension of smectics appears 
promis ing. 

Successive calculat ion of the cont r ibu t ion of 
displacement f luctuat ions to density and biaxial and 
longi tudinal f luctuat ions on the basis of the principle of 
conservat ion of the m o d u l u s and the observat ion of this 
cont r ibut ion in light scat tering experiments are also of 
interest. 

7. Conclusions 
F r o m the s tandpoin t of the s tudy of light scattering in liquid 
crystals, the latter proved to be un ique objects. In order to 
obta in results for liquid crystals permi t t ing a quant i ta t ive 
compar i son with experiment , it was necessary to take into 
account a whole series of addi t iona l factors which have been 
almost always neglected in the scat tering theory. These are, in 
the first place, optical an i so t ropy (both uniaxial and biaxial) , 
opt ical activity, the presence of a regular per iodic s t ructure, 
and the influence of the finite na tu re of the specimen. On the 
other hand , f luctuat ions in liquid crystals are frequently 
anomalous ly large, resembling critical p h e n o m e n a in this 
respect bu t with the difference tha t the pa ramete r krc for 
liquid crystals can reach 10 4 and above, which is much greater 
t han the value experimental ly a t ta inable in the critical region. 

A l though the light scat tering me thod has proved useful in 
m a n y instances as an effective p rocedure for gaining 
informat ion abou t the system, it is still used insufficiently 
widely for liquid crystals. Appa ren t ly one of the significant 
reasons for this is the existence of n u m e r o u s complicat ing 
factors in the light scattering process. In the present review, 
we have endeavoured to show tha t these complexities can be 
overcome b o t h by the appropr i a t e modif icat ion of the theory 
and by using in certain cases non t rad i t iona l exper imental 
m e t h o d s (such as measurements of the scattering intensity 
under the condi t ions of circular polar i sa t ions or the 
de terminat ion of the extinction coefficient from the degree 
of coherence of the t ransmi t ted ray. 

The selection of the subject was associated pr imar i ly with 
the choice of those objects where, in the au tho r s view, the 
p rob lems of f luctuat ions and light scattering have been 
developed in greatest detail . The range of the a u t h o r s ' 
scientific interest na tura l ly played a by no means subsidiary 
role in such selection. 

In par t icular we were no t concerned with scat tering in 
smectics C [181], the scat tering in exotic smectics, and also in 
discotics [182]. The opt ical proper t ies of ferroelectric liquid 
crystals, the characterist ics of the scat tering in the vicinity of 
instabili ty thresholds of the type of the magnet ic or optical 
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Freeder icksz t rans i t ions [183], and the influence of all 
possible dis tor t ions of liquid crystals on light scattering 
were not discussed. N o r were lyotropic and polymeric liquid 
crystals considered, because the symmetry of the liquid 
crystal and no t the na tu re of its molecular s t ructure is 
impor t an t for our purposes . 

Physical p h e n o m e n a observed comparat ively recently, 
the s tudy of which is being actively prosecuted and in which 
f luctuat ions play an undoub ted ly impor t an t role — the 
format ion of the twis t -gra in-boundary (TGB) phases near 
the nemat ic - s m e c t i c A - s m e c t i c C tricritical poin t — also 
remained outs ide the limits of our discussion. A theoret ical 
analysis of the T G B phases has been carried out with the aid 
of the L a n d a u theory [184] and was based on the ana logy with 
the phase t rans i t ion to the Abr ikosov superconduct ing eddy 
lattice [185]. Such a phase has been observed experimentally, 
for example in the studies of G o o d b y et al. [175] and Ihn 
et al. [186]. The influence of the f luctuat ions of the order 
pa ramete r in T G B phases has apparen t ly no t been studied in 
detail . 

F r o m the s tandpoin t of the general physical p ic ture of 
liquid crystals, in which the difficulties associated with b o t h 
liquid phases , involving large f luctuat ions of var ious types, 
and with solid phases , involving complex opt ical proper t ies , 
are combined, liquid crystals const i tute very convenient 
objects for the development of bo th theoret ical models and 
new m e t h o d s in light scattering. A l though the first 
quant i ta t ive measurements of the scat tering intensity in 
liquid crystals were performed m o r e t han 50 years ago (see, 
for example, Chate la in [77]), serious studies on scattering 
have still no t been performed for a whole series of different 
types of liquid crystals and a wide field for further 
invest igations exists. 
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