
Physics-Uspekhi 3 7 ( 1 0 ) 1 0 0 5 - 1 0 4 0 ( 1 9 9 4 ) © 1 9 9 4 J o i n t l y U s p e k h i F i z i c h e s k i k h N a u k a n d T u r p i o n L t d 

P A C S n u m b e r s : 4 1 . 6 0 . B q 

The stimulated Cherenkov effect 

V M Arutyunyan, S G Oganesyan 

Contents 

1. Introduction 1005 
2. The stimulated Cherenkov effect 1006 

2.1 M o t i o n o f a n e l e c t r o n in t h e p r e s e n c e o f a p l a n e w a v e in a d i e l ec t r i c m e d i u m ; 2.2 T h e s t i m u l a t e d 

C h e r e n k o v effect in a f in i te l a se r b e a m ; 2.3 M o d u l a t i o n o f a n e l e c t r o n b e a m ( t h e c l a s s i ca l t h e o r y ) ; 

2 .4 M o d u l a t i o n o f a n e l e c t r o n b e a m ( t h e q u a n t u m t h e o r y ) ; 2 .5 M o d u l a t i o n o f a p o l a r i s e d e l e c t r o n b e a m ; 

2 .6 M a g n e t i s a t i o n o f a n e l e c t r o n b e a m b y l a se r r a d i a t i o n ; 2 .7 A c c o u n t i n g for s p r e a d s in f r e q u e n c i e s , 

e n e r g i e s , a n d a n g l e s ; 2 .8 T h e c l a s s i ca l a n d q u a n t u m t h e o r i e s o f t h e C h e r e n k o v k l y s t r o n ; 2 .9 T h e o r y o f t h e 

C h e r e n k o v k l y s t r o n in a c o n s t a n t m a g n e t i c field; 2 .10 T h e c l a s s i ca l t h e o r y o f t h e C h e r e n k o v l a se r ; 

2 .11 T h e q u a n t u m t h e o r y o f t h e C h e r e n k o v l a se r ; 2 .12 R u l e s o f s e l e c t i o n in t h e C h e r e n k o v l a se r ; 

2 .13 R o t a t i o n o f t h e p o l a r i s a t i o n p l a n e ; 2 .14 T h e o r y o f t h e C h e r e n k o v l a se r in a c o n s t a n t m a g n e t i c field; 

2 .15 S t i m u l a t e d c y c l o t r o n r a d i a t i o n n e a r t h e C h e r e n k o v c o n e ; 2 .16 E x p e r i m e n t a l o b s e r v a t i o n o f t h e s t i m u l a t e d 

C h e r e n k o v effect . 

3. The stimulated surface Cherenkov effect 1029 
3.1 M o t i o n o f a n e l e c t r o n in t h e p r e s e n c e o f a s u r f a c e w a v e ; 3.2 M o d u l a t i o n o f t h e d e n s i t y a n d c u r r e n t o f a n 

e l e c t r o n b e a m ; 3.3 A c c o u n t i n g for s p r e a d s o f e l e c t r o n s in e n e r g i e s a n d a n g l e s ; 3.4 T h e o r y o f t h e C h e r e n k o v l a se r 

(a p l a n e w a v e g u i d e ) ; 3.5 T h e o r y o f t h e C h e r e n k o v l a se r in a c o n s t a n t m a g n e t i c field; 3.6 T h e o r y o f t h e C h e r e n k o v l a se r 

(a t u b u l a r h o l l o w w a v e g u i d e ) ; 3.7 T h e o r y o f t h e C h e r e n k o v k l y s t r o n in a c o n s t a n t m a g n e t i c field; 3.8 O n t h e 

e x p e r i m e n t a l o b s e r v a t i o n o f t h e s t i m u l a t e d s u r f a c e C h e r e n k o v effect 

4. Conclusions 1039 
References 1039 

Abstract. The interact ion between free electrons and a 
laser field in an u n b o u n d e d dielectric med ium and above 
the surface of a dielectric waveguide is discussed in detail. 
Bo th classical and q u a n t u m approaches are applied. The 
feasibilities of modu la t i on and polar isa t ion of an electron 
beam by laser rad ia t ion are also discussed. Theor ies of the 
Cherenkov laser and Cherenkov klyst ron are developed. 

1. Introduction 
The advent of a powerful source of e lectromagnet ic 
rad ia t ion — the laser — marked the beginning of active 
research of e lectromagnet ic effects in high-intensi ty fields. 
The first works a long this line were conducted as early as 
1933 by Kap i t sa and D i r ac [Proc. Cambridge Philos. Soc. 
29 297 (1933)]. They considered the scat tering of an 
electromagnet ic wave by an electron in the presence of 
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ano ther wave (the s t imulated C o m p t o n effect). Then the 
theories of s t imulated b rak ing , magne tob rak ing , Cheren­
kov, and other effects were developed in paral lel with the 
cited p rob lem. W e have systematically studied the 
st imulated Cherenkov , t ransient , diffraction, and C o m p ­
ton effects. In this review we present the results on the 
st imulated Cherenkov and Cherenkov surface effects (in 
the first case electrons t ravel in an u n b o u n d e d dielectric 
med ium, in the second they travel over the surface of a 
dielectric). F o r brevi ty we refer to either effect as the 
st imulated Cherenkov effect (SCE). 

N o t e tha t a long with the scientific aspect of the issue — 
h o w powerful fields affect the course of e lec t rodynamic 
effects — the p rob lems in quest ion are of extreme pract ical 
impor tance : design of new sources of electromagnet ic 
rad ia t ion (free-electron lasers) and laser-driven charged-
part icle accelerators . 

The idea tha t the s t imulated C o m p t o n effect could be 
used for developing the C o m p t o n laser was suggested by 
Pantel l and co-au thors [IEEE J. Quantum Electron. 4 (11) 
905 (1968)] and M a d e y ( / . Appl Phys. 42 (3) 1906 (1971)). 
They p roposed an undu la to r laser. Since then this last 
scheme has been worked out in detail and at present it is 
implemented experimentally. The main bulk of publ ica t ions 
on this laser is systematically surveyed in reviews [ 1 - 6 ] , the 
collected vo lume [7], and m o n o g r a p h [8]. However , the 
undu la to r laser is no t efficient in the optical and shorter 
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wavelength range . Therefore, there was a need to s tudy 
other e lectromagnet ic effects. W e have been developing the 
theory of h o w to amplify an electromagnet ic rad ia t ion on 
the basis of the Cherenkov , t ransient , diffraction, and 
C o m p t o n effects. In this review we present the analysis 
of var ious opera t iona l modes of the Che renkov laser. 

The energy of an electron is changed by its interact ion 
with intensive electromagnet ic rad ia t ion . At present there is 
a variety of suggestions of h o w to accelerate electrons on 
the basis of the C o m p t o n (including the undu la to r case), 
Cherenkov , diffraction, and other effects. The present state 
of the art of laser-driven accelerators is well reflected in the 
collected vo lume [9] and the review [10]. W e have confined 
our s tudy to the mechanisms of emission and absorp t ion of 
a p h o t o n on the basis of the listed effects. These results are 
of key impor tance for an unde r s t and ing of all effects in the 
field of laser rad ia t ion . 

One of the ways of increasing the efficiency of inter­
action of an electron b e a m with rad ia t ion lies in a 
pre l iminary modu la t ion of its density. The research of 
modu la t i on of an electron beam at opt ical frequencies 
was initiated by Schwarz and H o r a [Appl. Phys. Lett. 15 
349 (1969)]. M o d u l a t e d electron b e a m s are the basis for 
developing a free-electron laser of the klystron type. In this 
review we present an analysis of the characterist ics of the 
Cherenkov klyst ron. 

The polar isa t ion states of an electron beam and laser 
rad ia t ion are changed by their interact ion. The laser 
rad ia t ion will magnet ise a nonpolar i sed electron beam or 
modu la t e its magnet i sa t ion if it is polar ised before the 
interact ion. As an elliptically polar ised wave p ropaga te s in 
an electron beam, the p lane of polar isa t ion ro ta tes and the 
ellipse is deformed. 

The systematic analysis of the cited effects revealed the 
following under ly ing general rules: 

1. The possibili ty for modu la t ion of electron beams , 
amplification of e lectromagnet ic waves, and magnet i sa t ion 
of a part icle beam occurs only if p h o t o n s are emitted and 
absorbed by electrons with different energies or if the 
p h o t o n s have different project ions of wave vectors. In 
wha t follows, for brevity, we refer to these processes as 
asymmetr ic . If there is no asymmetry , then it mus t be 
created. 

2. Quant i ta t ively, the listed effects depend on the 
increment in the energy of an electron after the interact ion 
with radia t ion , in the linear approx ima t ion with respect to 
the field. 

N o t e tha t the references fall into two par t s : the first pa r t 
consists of works which deal directly with the p rob lems in 
quest ion [ 1 - 7 3 ] , and the second pa r t consists of works on 
the st imulated Cherenkov [ 7 4 - 9 1 ] and Cherenkov surface 
[ 9 2 - 9 7 ] effects. 

2. The stimulated Cherenkov effect 
The spon taneous emission of a charged part icle in a 
dielectric — the Cherenkov rad ia t ion (C) — has been t h o r ­
oughly studied theoretical ly and experimental ly [ 1 1 - 1 5 ] . It 
occurs only if the velocity of the charged part icle is greater 
t han the velocity of the electromagnet ic wave in the med ium 
(v > c/n). 

If the same part icle travels in a dielectric med ium in the 
presence of an external e lectromagnet ic wave, then the 
rad ia t ion becomes st imulated. In this case the dynamics of 

the process acquires an essential feature which is absent in 
the spon taneous effect: the part icle m a y not only decelerate, 
rad ia t ing its energy to the wave (the st imulated Cherenkov 
rad ia t ion) , bu t it m a y also accelerate, absorb ing energy 
from the external field (the st imulated Che renkov a b s o r p ­
t ion) . As a rule these processes cannot be separated 
completely for part icle beams . Clearly, the compet i t ion 
between absorp t ion and emission will significantly restrict 
the transfer of energy from the part icle beam to the 
electromagnet ic wave. 

In analysis of the SCE we use two models : (a) electrons 
interact with rad ia t ion which can be described by a p lane 
m o n o c h r o m a t i c wave; and (b) an electron beam interacts 
with a m o n o c h r o m a t i c spatially b o u n d e d wave. In Sec­
t ions 2.1 and 2.2, the dynamics of electrons is studied for 
b o t h cases. A simple analysis of the classical equat ions of 
mo t ion shows tha t an electron can decelerate or accelerate 
depending on initial condi t ions . F o r an electron b e a m this 
effect results in modu la t i on of its density and current at the 
frequency of the electromagnet ic wave (see Section 2.3). In 
Sections 2.4 and 2.5 the q u a n t u m theory of the SCE is 
presented [ 1 6 - 1 9 ] . This app roach makes it possible to 
consider absorp t ion and emission separately. 

Analysis shows tha t the asymmet ry of these processes 
lies at the hear t of the modu la t ion effect (see Section 1). The 
asymmetry is responsible for magnet i sa t ion of the electron 
beam [18]. N o t e tha t these effects are studied with account 
being taken of angular and energy spreads of the electron 
beam and also of angular and frequency spreads of the 
p h o t o n beam (see Section 2.7). In Sections 2 . 8 - 2 . 1 2 , 2.14 
we develop the theory of h o w to amplify an electromagnet ic 
wave on the basis of the SCE — the Cherenkov klystron 
[16, 20] and the Che renkov laser [ 2 1 - 2 4 ] . Clearly, ampl i ­
fication is possible only if emission domina tes over 
absorp t ion . A n interest ing possibili ty for to ta l suppression 
of absorp t ion is considered in Section 2.12 [23]. In Sections 
2.9, and 2.14 the SCE is considered in a cons tant magnet ic 
field [20, 24]. In this scheme the negative effect of the 
angular spread of an electron beam can be neutral ised and 
the range of opera t ion of the laser can be extended 
significantly at the cyclotron resonance (see Sec­
t ion 2.15) [25]. 

In section 2.13 the opt ical polar i sa t ion effects are 
considered in a system of the Che renkov laser type, related 
to an i so t ropy and polar isa t ion of the electron beam [22]. At 
the end of Section 2 we discuss condi t ions under which the 
effects in quest ion can be observed experimentally. 

2.1 M o t i o n of an electron in the presence of a plane wave 
in a dielectric medium 
If an electron travels in an u n b o u n d e d dielectric medium, 
spon taneous Cherenkov emission occurs when the velocity 
of the part icle v, the wave vector k, and the frequency co of 
the emitted electromagnet ic wave are related by the 
equat ion 

co-k-v = 0 . (1) 

Let an electromagnet ic wave with the vector po ten t ia l 

A = AQ cos(cot — k'r) (2) 

p r o p a g a t e in the same medium, i.e. it is the same wave as 
tha t induced by the SC effect. (In the analysis which 
follows we suppose tha t the magnet ic permeabi l i ty is 

0 = i.) 
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W e shall de termine the changes in m o m e n t u m and 
energy of a part icle using the classical equa t ions of mot ion , 

dp 
dt 

= eE + - v x H, 
c dt 

= ev-E , (3) 

in the linear approx imat ion with respect to the field. 
Remember ing that E = — c~ldA/dt, H = curl A and sub­
stituting the unper tu rbed trajectory of the part icle in the 
form 

r = r 0 + v0t , (4) 

into the r igh t -hand sides of Eqn (3), we obta in 

p=p0+Ap', S = S0 + AS'. (5) 

Here , 

e ek(v0-A0) Ap' 
c c(co 

eco(v0-A0) 

cos[(co — k'V0)t — k'r0] 

cos[(co — k'Vo)t — A>r0] , 

(6) 

(7) c(co — k'V0) 

v 0 = PQC2/SQ is the initial velocity of the part icle, and n is 
the refractive index. The field is assumed to be switched on 
adiabat ical ly slowly at t = — oo. The ampl i tudes of the 
quant i t ies AS' and Ap'>k/\k\ conta in the Cherenkov pole 
co—k'VQ which coincides with the spon taneous emission 
condi t ion (1). 

At first we suppose tha t the quant i ty co — A>v0 > 0 (or 
v0cos6<c/n) and the inner p roduc t A 0 * v 0 > 0. The 
strength of the electric field of the wave [Eqn (2)] is 
E = E0 sin(atf — A>r). Hence , the electrons lag behind the 
wave and are decelerated and accelerated in tu rn within the 
intervals of t ime 

K(2N + 1) +k-r0 ^ 2nN +k-r0 

co — k'V0 co — k'V0 

2K(N + 1) +k-r0 K(2N + 1) +k-r0 

co — k • v0 co — k • v0 

(here E = coA0/c, N = 0, ± 1 , ± 2 . . . are a rb i t ra ry integers). If 
the quan t i ty co — A>v0 < 0 (or v 0 c o s # > c/n), then the 
electron over takes the wave and is accelerated and 
decelerated in tu rn within the intervals of t ime 

| 7 i ( 2 J V + l ) - A : * r o 
\co-k-v0\ 

\2n(N+\)-k-r0 

\co-k-v0\ 

> t > 

> t > 

\2izN -k-r0\ 
\co-k-v0\ 

\n(2N + \)-k-r0 

\co-k-v0\ 

Accord ing to the above inequalit ies the intervals of t ime 
within which these processes occur coincide and are equal to 
Tf = n/\co — k'V0\. F o r this t ime the electron travels the 
distance L f = T I V 0 / | C O — A>v0|. In these te rms the ampl i tude 
of the energy increment (7) is AS = (\/n)\e\E0'Lf. Clearly, 
the max imal increment (or decrement) in the energy of 
part icles is equal to the work done by the constant electric 
field with the s trength E0 a long the p a t h L f . 

Thus , the quant i t ies Tf and L f give intervals of t ime and 
pa r t s of the trajectory, a long which processes of s t imulated 
emission of energy from an electron to the wave or 
s t imulated absorp t ion of energy of the wave by the electron 
proceed. They coincide with the intervals of t ime and the 
forming zones, which were in t roduced to describe spon ta ­
neous emission of part icles [ 2 6 - 2 9 ] . 

Let velocities of electrons be such tha t the quant i ty 
co—k'VQ t ends to zero. Then the pa rame te r s Tf and L f 

increase indefinitely. This result is concurrent with the 
analysis of the spon taneous SC effect: emission of un i ­
formly moving part icle occurs a long its whole trajectory in 
an u n b o u n d e d t r ansparen t med ium. If the quant i ty 
co— A>v0 = 0, then the energy and m o m e n t u m of the 
part icle are divergent. The divergence is caused by the 
infinitely long action of the electromagnet ic field of the 
wave [Eqn (2)] on the electron. W e shall consider the case of 
co —k'V0 = 0 in m o r e detail . W e suppose tha t the field is 
switched on for a t ime ~ 2 T in accordance with the law 

A0(t)=-A'0(l+—y (8) 

Subst i tut ing E q n s (2), (4), (8) into Eqn (3) and tak ing into 
account Eqn (1) we obta in 

1 
-eE0-v0 f + Tln 2 

cosh t 
sin (A; •**()) . (9) 

H e r e E0 = COAQ/C is the ampl i tude of the strength of the 
electromagnet ic field of the wave [Eqn (2)]. If the t ime of 
the e l e c t r o n - w a v e interact ion > T , then 

AS' = -eE0-v0tsin(k-r0) . (10) 

Clearly, the sign of the expression depends on the phase 
4>=k'r0. If AS' < 0, the part icle is decelerated and 
transfers its energy to the field [Eqn (2)]. If AS' > 0, the 
part icle is accelerated at the expense of the energy of the 
electromagnet ic wave. 

Express ions (6), (7), and (10) are t rue provided tha t the 
synchronism condi t ion co — k*v0 = const is satisfied for the 
electron and the wave. Actual ly the equali ty is violated even 
by a small change in velocity. Therefore, the correct 
expression for the energy and m o m e n t u m of a part icle 
in the presence of a p lane wave can be obta ined only by 
solving E q n s (3) exactly [30]. However , formulae (6) and (7) 
are of pract ical impor tance . This is because of the fact tha t 
ac tual b e a m s have certain spreads in energies and angles 
and the Cherenkov divergence can be eliminated by 
averaging over these spreads. 

2.2 The stimulated Cherenkov effect in a finite laser 
beam 
The st imulated Che renkov effect in a laser b e a m of a finite 
diameter was studied theoretical ly and experimental ly in 
Refs [ 3 1 - 3 8 ] . W e consider the relatively simple case of an 
electromagnet ic wave p ropaga t i ng a long the z axis and 
which has a finite width in the x direction only: 

Ax,y=^AxJq')q'zs(^n2-\q'\2^ 

x exp( i^ r * r — icot) dq' + c.c. , (11) 

A r t\ 1 * ( q'xd2\ 
x ^ q ' = 2 j n a x ' y d Q X V y 4~J ' 

AX = ~ fa , Cly = A QY , 

Az{r,t) « 0 . 

He re co = 2ncjX is the frequency of laser rad ia t ion , X is its 
wavelength in vacuum, and q is the wave vector of the 
Four ie r componen t of the field. 

(12) 
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The Four ie r t ransform of the vector po ten t ia l [Eqn (12)] 
is chosen so tha t , in the p lane z = 0, the ampl i tude of the 
field is a t t enua ted on increase in |x| as the Gauss ian 
dis t r ibut ion of a width 2d. F o r simplicity the diffraction 
divergence of the b e a m is assumed to be small [Xjd <̂  1) so 
tha t z-projections of the field can be neglected. 

W e wan t to determine the change in the energy and 
m o m e n t u m of an electron travell ing in the xz p lane and 
intersecting the field [Eqn (11)] at an angle 0, which is much 
greater t han the angular divergence of the laser beam. It 
follows from E q n s (3), in the linear approx ima t ion with 
respect to field, tha t 

AS' = A(fcos</> . 

Here the ampl i tude of the energy change is 

AS = £x AE , 

AE = 2 T I m c 2 j exp ^ - , 

(13) 

(14) 

the phase is </> = q*r0, and the dimensionless pa ramete r is 
6c = eA0x/mc2. 

The wave vector is found from the system of equa t ions 

co — q-v0 = 0 , 

CO 

(15) 

(16) 

and its project ions are 

co r 
Qx = — \V0x 

vi L 
v0z v W o ) 2 - i ] 

= ^ [voz + vox \lWo)2 ~ 1 ] , (17) 

where /?0 = v 0 / c . 
The system of equa t ions (15), (16) has ano ther pair of 

solut ions, different from E q n s (17) in the signs in front of 
the radical signs. Since the ampl i tude of the energy change 
AS d rops on increase in qx, their cont r ibut ion m a y be 
neglected. The quan t i ty AS is very impor t an t in the theory 
of interact ion between free electrons and laser rad ia t ion . As 
will be shown later, the characterist ics of all processes in 
which the electron is involved depend on AS. 

If the velocity of a part icle is such tha t 

[ v t o - v 0 z \ / ( « / ? o ) 2 - l ] = 0 (18) 

then its interact ion with the field occurs under the op t imal 
condi t ions . In this case, 

AE = 2TZy/Tzmc2 (19) 

and the ampl i tude of the change in energy of the part icle 
AS peaks . 

W e wan t to express AS in te rms of the width of the 
angular dis t r ibut ion of the strength of the field [Eqn (11)]. 
Let the angle between the vector q and the axis z be 9. If 
M l , then 

co . 
n — sm( 

c 
• 2 n a 

By subst i tut ing the last expression into E q n (12), we obta in 
the intensity of the luminous flux represented by the 
Gauss ian dis t r ibut ion in angles such tha t 

_ d / 

Jo' 
1 exp 

4 ( l n 2 ) 0 2 

the quant i ty = X\f2\n2/nnd characterises the angular 
width of the dis t r ibut ion. W e subst i tute the expression 
djk = 2\/\n2/nnd^ into 

AE = 
Wn In 2 

(20) 

and compare formulae (13), (14), (20), and (7). Clearly, if a 
p h o t o n beam has an angular spread, the Cherenkov pole 
co/(co —k'V0) is replaced by the angular width 3^ according 
to the r emark at the end of Section 2 .1 . 

F o r m u l a (13) is t rue provided tha t 

< S (21) 

The condi t ion (21) imposes a const ra int on the pa rame te r s 
of the laser beam. N o t e tha t the z-projection of the vector 
po ten t ia l can be neglected in E q n s (3) when the inequali ty 

v0z 
(22) 

holds . It ho lds au tomat ica l ly when qx = 0 [see E q n (18)]. 
If the electron beam crosses the field [Eqn (1)] then, 

depending on the phase </>, its energy spectrum conta ins 
either accelerated {AS' > 0) or decelerated (AS' < 0) 
part icles [Eqn (13)]. This results in a wider energy spectrum 
of electrons, which was observed in experiments [ 2 7 - 3 0 ] . 

2.3 Modulat ion of an electron beam (the classical theory) 
The st imulated Cherenkov effect causes the modu la t ion of 
energy [Eqn (13)] and, consequently, of the velocity of the 
part icle beam. In accordance with the theory of the 
klystron, electrons can over take those electrons which 
have left the region of interact ion at earlier instances of 
t ime [35]. As a result the electron b e a m becomes i n h o m o -
geneous and its density and current b reak into oscillation 
at the frequency of the external field and the ha rmonics of 
the frequency. W e shall neglect q u a n t u m effects in 
considering the features of the modu la t ed density and 
current of an electron beam, with the aid of the kinetic 
equat ion 

9 / 8/" ^ 8/" ^ 
(23) 

where F = eE + e/c(v x H) is the Loren tz force. 
Let an electron beam cross the electromagnet ic wave 

[Eqn (11)] p ropaga t i ng a long the axis z at an angle 6. If the 
electric and magnet ic fields are of low strength, then the 
electron dis t r ibut ion function can be determined by the 
pe r tu rba t ion theory, in the region x 5> d, as 

/ = / o + / i • 

H e r e / 0 is the initial dis t r ibut ion function 

(24) 

fx A0xdexp q2

xd2 

exp(i#*r — icot) + c.c. , (25) 
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and the project ions of the vector q are specified by the 
expressions (17) [in calculat ions we t ake into account 
inequali ty (22)]. 

By subst i tut ing the function (24) into the expressions 

P = Po J / ( / 0 dp > J = ePo | vf(p) dP 

for the density and current of the electron beam, we have 

P = Po + Pi, J =Jo + J i , (26) 

where p 0 and j 0 = ep0 J vf0 dp are the initial density and 
current of the electron beam, 

V^e A , f ( i d 2 

P\ = — 2 ~ - P<Aox<* e x P ( ^ ~ 

x 1 Q x | r + ^ z ' e x p ~ i c o t > > d p + c ' c ' ' ^ 

2 c 
PoA0xd j v e x p ^ _ _ 

F o r simplicity we suppose tha t all part icles of the beam 
have the same m o m e n t u m , f0 = b(px — p0x) 8 (p z — p0z) $(py), 
before the interact ion. In tegra t ion of E q n s (27) and (28) by 
pa r t s yields 

P = Po 1 + x 
AS co(n2 - 1) 

v0x 

sin(g z z — cot) 

Jx J Ox 

j y = 0 , 

Jz =J0z 

+ — c o s ( ^ z z — cot) 

AS coin2 - 1) . , 
1 + x — sm(^ z z - cot) 

& 0 v0x 

AS coin - 1 ) . , 
1 + x — s m ( ^ z - cot) 

& 0 v0x 

(29) 

+ ^ - ^ r c o s f e z - G ) 0 
^0 Poz 

(30) 

Here we have taken into account condi t ion (18); the wave 
vector qz = co/v0z and the quan t i ty AS are specified by the 
expressions (14) and (19). 

Clearly, the density and current of the electron beam 
break into oscillation at the laser rad ia t ion frequency co, 
and also the depth of modu la t ion increases in direct 
p ropo r t i on to the drift dis tance x ( the second te rms in 
brackets) . This result is well k n o w n from the theory of the 
klyst ron. As for the thi rd terms, they are responsible for 
rea r rang ing the density of part icles when they move in the 
field [Eqn (11)]; the rea r rangement remains in the drift 
region. However , the depth of modu la t i on as a result of this 
mechanism is no t large. 

In Section (2.7) the role of the angular , frequency, and 
energy spreads of the light beam and part icle beam will be 
examined. W e shall also give the condi t ions under which 
formulae (29) and (30) are applicable. These condi t ions are 

found by the pe r tu rba t ion theory. Since px <̂  p 0 and j \ <^j0, 
we have 

AS co{n - 1) 

vox 
< 1 • (31) 

2.4 Modulat ion of an electron beam (the quantum theory) 
Let us n o w study the modu la t i on effect for an electron 
beam on the basis of a m o r e general, q u a n t u m mechanica l 
app roach . F r o m the q u a n t u m s tandpoin t a change in the 
energy of a part icle is caused by emission or absorp t ion 
(v = \AS\/hco) of p h o t o n s . Clearly, in the region x 5> d the 
wave function of a part icle beam is a superposi t ion of 
states describing different mu l t i pho ton processes. The 
result is modu la t ion of the density and current of the 
electron beam. Since the ampl i tudes of emission and 
absorp t ion m a k e opposi te cont r ibut ions , the depth of 
modu la t i on of the part icle b e a m depends on the difference 
between them. 

W e shall de termine the depth of modu la t ion of a 
relativistic electron beam as a result of the SCE in the 
simplest case — at the first h a r m o n i c of the field [Eqn (11)], 
neglecting the spin effects. Let the electron b e a m be 
described by the p lane wave 

(32) 

before the interact ion. H e r e p 0 is the density of electrons, S 
and p are their energy and m o m e n t u m . 

W e shall determine the wave function of the electron 
beam after the interact ion with the use of the K l e i n - G o r d o n 
equat ion 

dt2 

2\2 cz(p--Ay + (mcz) (33) 

I ts solut ion can be presented in the form 

*A = *Ao + <A+ + <A- • 
Here X/JQ is the initial wave function of the electron beam 
[Eqn (32)], the te rms and describe emission and 
absorp t ion of a p h o t o n . By subst i tut ing them into Eqn (33) 
we have 

( 2\2 
-{mc ) 

= -2ecp: 

H2^ + H2c2 

or dx2 

2 

+ R2c2 

'x JA±q'zs(j2 ri­ te 

Qz2 

f\2 

x exp [±i(q'-r - cot)] dqx dqz \l/0 , (34) 

where A + =Ax(q), A_ =A*(q) [see E q n (12)]. W e suppose 
tha t electrons t ravel in the xz p lane before the interact ion. 

The solution to E q n (34) is sought in the form 

.S±Hco .pz±hq'z \ , 
- i — - — t + l F z „ Hz z 1 dqrz .(35) <A± = J<P±(*>?z)exp 

Then the par t ia l differential equa t ion (34) can be reduced 
to the second order o rd inary differential equa t ion 

dx2 

2 r. e Px 
2 < p ± + l £ < p ± = - 2 - £ § . 

c n 
: J A ± ^ ( ^ n2 - \q'\2) exp ^J^Sk x ) ^ (36) 
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where, 

y±= — [(S ± Hco)1 - (pz ± Hq'z )c2 - (mc1)1] . 
He 

I ts solut ion has the form 

9 ± c n

2 \ J 2 £ y ± ) 
da 

x A ± q ' z d ( ^ n 2 - \ q ' \ 2 ) exp 

&q'xsm[y±{x - a)] 

Px ± ^* 
a • (37) 

In the region x P d the upper limits in the integral of 
Eqn (37) can be replaced by + o o . In tegra t ing with respect 
to a yields 

i„2ep* fPo 1 

^ = m^n2W«T± 

5 \ - T n l q / l 2 ] § ( P x ± H _ y ± ] e M i y ± x ) d q l x 

- J A ± ^ ( ^ « 2 - | ^ | 2 ) 5 ^ M + y ± ) e x p ( - i 7 ± x ) d « I } . 

(38) 

The second te rms in Eqn (38) are responsible for one -
p h o t o n reflection of electrons from the laser beam. If the x-
project ion of the m o m e n t u m of an electron is px H/d, 
then the probabi l i ty of such processes is exponential ly low 
and they can be neglected. The project ions of the wave 
vectors of p h o t o n s q± involved in absorp t ion and emission 
are found from the laws of conservat ion of energy and 
m o m e n t u m , and from the dispersion equat ion 

£ ± Hco = S± , p ± Hq± = p± , 

CO2

 2 

cz to 
± | 2 : 0 (39) 

Given the initial energy and m o m e n t u m of the electron 
we have 

l ± s ( l - » ' ) 

+ > . , ( „ ¥ - [ l ± g ( 1 - „ f ) " ! } . <40, 

The second pair of solut ions, which are different from 
E q n s (40) in tha t they have different signs in front of the 
radical signs, can be neglected as in the case of Eqn (17). If 
n2fi2- 1 Hco(n - \)/2S, then the roo t s in E q n s (40) can 
be expanded into the Taylor series, 

q =q±Aq (41) 

The project ions of the vector q are specified by expressions 
(17), and we can write 

Hco n — 1 Hco n — 1 
-qx -(42) 

1 

By neglecting the te rm in the conservat ion law 
[Eqn (39)] we find the expression for the m o m e n t a of 
electrons which have emitted or absorbed a p h o t o n 

p+ = p + Hq, p = p -Tiq . 

The q u a n t u m correct ions [Eqn (42)] in t roduce an asym­
met ry in these formulae and play a leading par t in the 
effect of q u a n t u m modu la t i on of an electron beam. The 
m o m e n t a can then be wri t ten as 

p+ = (p + Hq+) — H Aq, p~ = (p — Hq~) — HAq . 

Taking into account E q n s (38) and (40) we arrive at the 
final expression for the wave function of the electron beam 
in the region x > d, 

1 + - exp (-\cot + iq^ -r) 
2 nco 

•Qxp(icot — iq «r) 
1 

2 Hco 

?± = 2ny/nmc £x ^-exp 
A 

(43) 

The density of the electron beam is 

p = iH\j/* ^-xjj + c.c. 
0 £ 

' 1 AS+ g + Hco , . , x 

1 + 2 ^ T ^ ^ e x p ( - ^ + 1^ *r ) 

1 A£_ S -Hco 
2 Hco 

Qxp(icot — iq «r) + c. c. , (44) 

in the linear approx ima t ion with respect to field. If an 
electron interacts with the wave under the op t imal 
condi t ions: 

Aqz = 0 , Aqx 

1 Hco2(n2 - 1) 
(45) 

then 

P = Po 1 + 2 - — s i n ( A ^ x ) s in(^ z z — cot) 
Hco 

+ —— cos(Aqxx) cos(qzz — cot) (46) 

Here the quan t i ty AS' is specified by the expressions (14) 
and (19): the te rms of order of Hco/S are omit ted. 

W e will n o w analyse the expression in bracke ts in 
E q n (46). The second term is p ropo r t i ona l to the difference 
of ampl i tudes of emission and absorp t ion of a p h o t o n , and 
describes the q u a n t u m modu la t ion of the electron beam. 
Interest ingly enough, this difference depends b o t h on the 
asymmetr ic pa r t of the loss Aqx and on the distance to the 
poin t of observat ion a long the x axis. In the region 
Aqxx <̂  1 the modu la t i on is classical in na tu re and the 
expression for the density of electrons [Eqn (46)] coincides 
with E q n (29). Since the second term is p r o p o r t i o n a l to x in 
this limit, the associated modu la t i on can be called the 
klyst ron modu la t ion . In the region Aqxx ~ 1 the difference 
between the ampl i tudes of emission and absorp t ion peaks , 
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and the classical modu la t i on goes into a q u a n t u m one with 
depth 2AS/Hco. Subsequent ly the factor s i n ( A ^ x ) causes 
the spatial modu la t ion of the density of the electron beam 
with the per iod L = 2n/Aqx a long the x axis, whereas the 
depth of modu la t i on remains constant . 

The ampl i tude of modu la t ion of the density of electrons, 
owing to the thi rd term, is classical in na tu re and is well 
be low the ampl i tude in the previous case: 

< Hco 
(47) 

As is no ted in Section 2.3, it is associated with the 
rea r rangement of the density of electrons in the presence of 
the laser rad ia t ion , and the rea r rangement remains in the 
drift region x > d. The q u a n t u m correla t ions cause an 
addi t iona l spatial modu la t ion of the density of electrons 
with the per iod L = 2n/Aqx a long the x axis. The m o d u l a ­
t ion of the electron current occurs similarly, and is given by 

J =Jo + J i , 

where j 0 = ep0v is its initial value and 

(48) 

In order to extract the pure spin cont r ibu t ion we assume 
tha t the electromagnet ic wave is polar ised a long the y axis 
such tha t 

= \Ay{q')q'z, Sl°^n2-\q f\2 

x exp[i(^'«r — cot)] dqf + c.c. , (53) 

1 . . ( qU2 

2^/n 
A0ydQxp 

and the electron beam moves in the xz p lane . 
If we solve the Di rac equat ion in the linear a p p r o x i m a ­

t ion with respect to the field, the wave function of the 
electron beam takes the form, 

in the region x d. He re 

,H H 

(54) 

(55) 

Ji = ePo 2 v - — s i n ( A g r x ) s in(g 7 z — cot) 
Hco y x J K z J 

qc AS t k v , / 
H — cos (A^ r x ) cos(# 7 z — cot) 

co S 
(49) 

The gap between the regions of the classical and q u a n t u m 
modu la t i ons can be determined from the condi t ion 
Aqxxx = 1: 

A S Px 

n Hco n2 — 1 

The expressions (46) and (49) are t rue for 

Hco 
< 1 • 

(50) 

(51) 

N o t e in conclusion tha t the exper imental and theoret ical 
research of the q u a n t u m modu la t i on was initiated in 
Refs [40, 41]. A comprehensive review of the results is 
given in Ref. [42]. 

2.5 Modulat ion of a polarised electron beam 
The expressions for the depths of modu la t ion of the current 
and density of an electron beam [Eqns (46), (48), and (49)] 
are generally applicable. 

Us ing these formulae, we will evaluate the cont r ibut ion 
of the magnet ic m o m e n t of an electron in the modu la t i on of 
the electron beam. Since the quan t i ty AS ~ \iH in the case 
of a spin interact ion (here \i = eH/2mc is the magnet ic 
m o m e n t of the electron and H is the magnet ic field 
s trength) , the ampl i tudes of t e rms responsible for the 
klys t ron modu la t i on are classical in na tu re . Interest ingly 
enough, the Planck constant H enters only into the 
asymmetr ic pa r t of the loss and has no effect over distances 
X rsj xx. 

W e shall find the expressions for the density and current 
of a polar ised electron beam from the D i r ac equat ion 

is the wave function of the initial electron beam and the 
te rms 

<A± = - i en 
2Hcpx 

e x p [ i ( ^ . r Tcot)](p± + mc)A±(q±)il/0 (56) 

describe absorp t ion and emission of a p h o t o n . The 
quant i t ies q± are specified by the expressions (40) and 
(45); the ope ra to r s 

p± = (Pfl±hq±y, A ± = A £ v Al = [0,0,Ay{q),0], 

At = (Al)*, p» = {SIc,p), tff = (w/cq^ 

are the four m o m e n t a of electrons and p h o t o n s involved in 
absorp t ion ( + ) and emission (—). 

W e determine the density, p = and the current , 
j = ec\jj+a\jj, of the electron beam under the assumpt ion 
tha t the polar isa t ion mat r ix has the form 

p = l(p + mc)(l-y5a) (57) 

before the interact ion [Eqn (43)]. The four-dimensional 
vector is related to the electron polar isa t ion vector £ by 
the equa t ions 

a0 

_P± 
mc 

(C-p)p 
+ mc2)m 

Tak ing E q n s ( 5 4 ) - ( 5 7 ) into account we have 

AE „ mc2 

P = Po 

Jx — J Ox 

j y = 0 , 

Jz =J0z 

1 + • s i n ( A ^ x ) sin <f> 

AE y mc2 a0 — B7a7 . , . x . . 
1 + ~F tiW— s m ( A ^ * ) s i n </> 

6 6 PxPz 

AE y mc ax . s . . 
1 + Qy D Q s m ( A ^ x ) sin q> 

(58) 

(59) 

(60) 

cd'(q A) + mc2^ (52) H e r e p 0 and j 0 = ep0v are the initial density and current of 
the electron beam; the quant i ty AS is specified by E q n (19); 
£y = eA0y/mc2; fix = vx^z/c; and the phase <f> = qzz — cot. 
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In calculat ions we do no t consider the te rms of order of 
(AE/S)^y%co/S which are associated with the induced 
magnet i sa t ion of the electron b e a m by the laser rad ia t ion 
(see Section 2.6). The cited approx ima t ion is t rue when 

M >Hi (61) 

N o t e also tha t the const ra ints on the angular and energy 
spreads of the electron beam are specified by inequal ­
ities (82). It is clear from E q n s (59) and (60) tha t the 
modu la t i on of a polar ised electron beam is specified by the 
asymmetr ic par t of the loss Aqx. 

Since an ac tual laser beam always has an angular 
spread, it acquires an addi t ion to its state, with polar isa t ion 
a long the x axis, u p o n t ravers ing the polariser . In order to 
assess the possibility of extract ing the spin cont r ibu t ion we 
shall give the expressions for the density and current of an 
electron beam in the general case of an elliptically polar ised 
electromagnet ic wave [see Eqn (11)]. As done earlier, we will 
de termine the wave function and then the density and 
current of the electron beam, given by 

P = Po 
AE AE 

1+2 —£x sm(Aqxx) sin </> + — ^ cos(Aqxx) 
hco & 

. AE mc 1 . , . x 

x cos </> + — — yj-sm(Aqxx) 

x (ax£y sin </> + ay^x cos </>) 

AE 
Jx =Jox 1 + 2 — ^ s i n ( A ^ x ) sin </> 

AE y mc1 a0 — B7a7 . , . x . . 

6 6 PxPz J 

AE mc2 a0 - f$zaz 

Jy = ep0c — ^x — Q Q

z sm(A^x)cos</> 

(62) 

Jz =J0z 

PxPz 

AE 
1 + 2 — £x sm(Aqxx) sin cf> 

(63) 

1 AE r 1 . . , AE mc 
+ — i;x j c o s ( A ^ x ) cos * + — — — 

x sm(Aqxx)(ax^y sin </> + ay^x cos </>) 

In calculat ions we assume tha t inequali ty (61) holds . N o t e 
tha t the expressions (62) and (63) go into formulae (59) 
and (60) for £x = 0 and tha t they coincide with E q n s (46) 
and (48) for a " = 0. 

F o r in terpre ta t ion of the above results it is convenient to 
m a k e use of nonrelat ivist ic q u a n t u m mechanics . In this 
limit the Hami l ton i ans of the orbi ta l (Hi = —eA'p/mc) and 
spin (H2 = —fi'H, where ji = ehajlmc and a is the Paul i 
mat r ix) in teract ions enter independent ly . T h u s each con­
t r ibut ion can be examined separately. W e solve the Paul i 
equat ion [44] in the linear approx ima t ion with respect to the 
field and subst i tute the wave function xjj into the definitions 
of the current and density of electrons, 

p = + c.c. , 

j = ^—ij/+p i// + c.c. + c c u r l / 
2m 

(64) 

(65) 

Here I = (e%/2mc)\jj+(T\lj is the magnet i sa t ion of the 
part icle beam. Since the polar isa t ion mat r ix takes the 
form p = (1 +£<T)/2 in the nonrelat ivist ic limit, we ob ta in 
the same expressions as (62), (63), for v/c <̂  1. 

The calculat ions show tha t the second and thi rd te rms in 
E q n (62) are associated with the orbi ta l mot ion , and the 
fourth term with the spin mot ion . Analysis of the projec­
t ions of the current [Eqn (63)] is m o r e complicated. It 
follows from E q n (64) tha t the current modu la t i on is caused 
b o t h by the modu la t i on of the density of the part icle beam 
(the te rms of the type il/+pi//) and by the magnet i sa t ion 
modu la t i on (the te rms of the type of cu r l / ) . The first effect 
is associated with the oscillating te rms in the x- and z-
project ions of the current . It is shown in Section 2.6 tha t the 
magnet i sa t ion b reaks into oscillation due to : (a) the induced 
magnet i sa t ion of the electron beam; (b) the magnet i sa t ion 
modu la t i on associated with the modu la t ion of the density 
of electrons; and (c) the oscillation of magnet ic m o m e n t s of 
electrons abou t the magnet ic field of the laser rad ia t ion . 
The cont r ibu t ion of the first effect is negligible [see 
E q n (61)], therefore it is no t considered. The effects (b) 
and (c) are responsible for the emergence of the v-projection 
of the current . N o t e tha t bo th effects also m a k e a 
cont r ibut ion to the x-project ion of the current . However , 
the te rms which describe them are cancelled, with a pa r t of 
the te rms responsible, as is no ted above, for the density 
modu la t ion . 

Clearly, the spin effects are large when the quant i t ies 
^XJAE/S> ~ 1. However , the pe r tu rba t ion theory is no t 
applicable for the orbi ta l mo t ion in this case 
(£xyAE/Hco 1). To avoid complicat ing the p rob lem 
with the analysis of mu l t i pho ton processes, we assume 
tha t the field is polar ised a long the y axis and tha t electrons 
t ravel in the xz p lane [see E q n s (59), (60)]. If the condi t ions 
are opt imal , i.e., the part icle beam is fully polar ised a long 
the x axis, then it follows from E q n s (62), (63), tha t the 
rat io of the x- and v-project ions of the field obeys the 
inequali ty 

£x Hco mc ax 

(66) 

2.6 Magnet isat ion of an electron beam by laser radiation 
The density, current , and state of polar isa t ion of an 
electron beam are changed as a result of the interact ion 
between the beam and the laser rad ia t ion in a dielectric 
med ium. Clearly, the last effect is associated with the 
magnet ic field of the electromagnet ic wave. It is well 
k n o w n tha t a cons tant magnet ic field causes the magnet ic 
m o m e n t of a part icle to precess. If, in addi t ion, the electron 
experiences an inelastic collision with the su r round ing 
medium, its magnet ic m o m e n t is gradual ly oriented a long 
the magnet ic field so tha t the poten t ia l energy U = —fi'H is 
m in imum. 

The pa t t e rn is complicated when the electron interacts 
with the magnet ic field of the laser rad ia t ion . Since the 
direction and magn i tude of the magnet ic field oscillate with a 
frequency co, the magnet ic m o m e n t of a part icle-at-rest 
oscillates (not precesses) abou t the magnet ic field at the 
frequency co. 

If an electron beam crosses the wave under the 
synchronism condi t ion (1), the magnet ic m o m e n t of each 
part icle tu rns t h rough the angle Acp which depends on the 
phase of the field [Eqn (11)] and on the dura t ion of 
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interact ion T = d/vx. Clearly, the magnet i sa t ion of the 
electron beam oscillates at the frequency co at a fixed 
poin t (x d, y, z) after the interact ion. If an electron is 
involved in nonelast ic processes of emission and absorp t ion 
of a p h o t o n , a magnet i sa t ion of the electron beam along the 
magnet ic field of the laser rad ia t ion results. 

The magnet i sa t ion of the electron beam is determined 
by use of the Di rac equat ion (52). In the linear app rox ima­
t ion with respect to the field, the wave function of the 
electron beam takes the form of E q n s ( 6 4 ) - ( 6 5 ) where the 
vector A(q) is specified by E q n (12). In the same a p p r o x ­
imat ion the magnet i sa t ion of the electron b e a m is 

mc 
(67) 

where 

n(o o 
: 2 V 0 a 

and 

is the spin opera to r and the initial magnet i sa t ion of the 
electron beam, 7 0 is the linear correlat ion with respect to 
the field. 

If the polar isa t ion mat r ix of the part icle beam has the 
form of E q n (57) before the interact ion, then the projec­
t ions of the vector IX are 

( AE 
i< ^ ( 1 — fi2) sm(Aqxx) sin <f> 

\Vzpx 

Ilr = PoP-S 

AE mc2 az-Pz(p-a) 
~g~~g JJZ 

cos(Aqxx) cos</> 

AE mc 
+2hco~^^xCLx s i n ( A < ^ x ) s i n ^ 

f AE 

\yzPx 
£x(\ — /32) sm(Aqxx) cos</> 

+ -
AE 

cos (Ag x x ) sin </> 

^ AE mc y . , . x . .1 

P o / ^ j ^ ^ sin(A^x)sin</> 

(68) 

+ • 
AE mc1 1 

co^>(Aqxx)(ax^x cos </> — ay^y sin </>) 

AE mc 
+ 2 — £xaz s i n ( A ^ x ) sin </> 

by vir tue of E q n s ( 5 3 ) - ( 5 6 ) . He re fi = ehjlmc is the 
magnet ic m o m e n t of the electron, the vector 7 0 is related 
to the initial polar isa t ion of the electron beam f by the 
equat ion 

h = PoP- f +- p(C-p) 

' + mc )n 
(69) 

By compar ing E q n s (69) and (58) we have 

/ , 2 

Po [P- a 

The vectors q, Aq, and the quan t i ty AE are specified by the 
expressions (45) and (19); the dimensionless pa rame te r s £ X J 

a re ^ = eA0xj/mc2. 
W e will n o w analyse the above formulae. At first we 

suppose tha t the electron beam is no t polar ised before the 
interact ion: |f | = 0. Analysis of the first te rm in Eqn (68) 
shows tha t the asymmetr ic pa r t of the loss Aqx causes the 
induced or ienta t ion of magnet ic m o m e n t s of electrons a long 
the magnet ic field of the wave [Eqn (11)], as well as a long the 
magnet ic field H = [v, dA/dt]/c2, which appears when we 
pass to the frame of reference moving together with the initial 
electron. 

If the initial polar i sa t ion of electrons is no t zero, |f | ^ 0, 
then, after the interact ion with the laser rad ia t ion , the 
magnet i sa t ion at a fixed poin t of observat ion oscillates at 
the frequency co, first, due to oscillation of the magnet ic 
m o m e n t abou t the magnet ic field of the wave [the second 
te rms in E q n (68)] and, second, due to the modu la t i on of 
the density of the electron beam [the third term in E q n (68)]. 
The expressions (68) are t rue when the angular and energy 
spreads of the electron beam obey inequalit ies (82). The 
spin current ( j s p = c c u r l 7 ) and the magnet ic field 
(H = AKI) which occur in the electron beam can readily 
be determined by means of the formulae for magnet i sa t ion . 
N o t e tha t the te rms responsible for the spin current arise 
automat ica l ly when expressions (60) and (63) are deter­
mined. However , they are omit ted since their cont r ibut ion is 
small under the condi t ion (6). Several effects associated 
with the spin current will be considered in Sections 2 . 1 1 -
2.13. 

2.7 Accounting for spreads in frequencies, energies, and 
angles 
W e shall n o w examine the influence of the angular , energy, 
and frequency spreads of electron and p h o t o n b e a m s on 
the effects we considered in Sections 2 . 3 - 2 . 6 . Let the 
central axis of an electron beam (the z axis) lie in the xz 
plane at an angle 9 to the z axis, and let its m o m e n t u m 
dis t r ibut ion be Gauss ian : 

A p ) 
'4 In 2 3 / 2 1 

A2

±Au 

x exp - 4 In 2 (Pzt l ^ - 4 1 n 2 ^ +p2: (70) 

(the axes y and y' of b o t h coord ina te systems coincide). The 
widths of the energy and angular spreads of such an 
electron beam are A = v0A\\ and 3 = A^/pq, respectively. If 
the dura t ion of the electromagnet ic wave is T , its spread in 
frequencies is specified by means of the formula 

§(C0) = TT-F^ e x P 
O , 0 ) V 

(71) 

Since the p h o t o n wave vector dis t r ibut ion is specified by 
the expression (12), the widths of spreads of p h o t o n s in 
angles and frequencies are 3§ = X\/2\n2fund (see Sec­
t ion 2.2) and ACQ = A / 8 In 2 / T , respectively. To simplify 
the analysis we will average the expressions for the density 
of the part icle beam [Eqns (29), (46)] over the spread 
[Eqn (70)]. Let the average m o m e n t u m p0 satisfy the 
synchronism condi t ion co — qz>v0 = 0. Tak ing into account 
the fact tha t \pz> — p 0 | , \px>\, \py\ <^Po, we can expand the 

file:///yzPx
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project ions [Eqn (17)] of the wave vector q into the Taylor 
series such tha t 

2\2 

ix Fx - a \ & 
cPo v0p0sm6 \ S 0 

CO 

(Pz' ~Po) 

V 0 COS0 
(72) 

[it is assumed tha t qx(0, 0, p0) = 0]. 
By subst i tut ing the expressions (72) into (27), (43), and 

averaging over m o m e n t a we have 

PKJI = Po 
AS CO , 2 -i \ • / x 

x — (n — 1) s in(# z z — cot) 

AS . 
+ — cos(qzz - cot) (73) 

Po Hco 
sm(Aqxx) s in(g z z — cot) 

+ —— cos(Aqxx) cos(qzz — cot) ]} (74) 

Here the quanti t ies AS, Aqx, qz are specified by means of 
formulae (14), (19), (45), where the quanti t ies v, /?, ^ are 
changed for v 0 , / ? 0 , (f0. The factor R is given by 

« - ^ £ ( £ ) ' " A * , « ' ( - * ? 5 j D - ( 7 5 > 

where 

4 + ^ i f z 2 $ s i n 2 0 . o 
1/2 

is the effective width of the electron beam, and 

.4 -.1/2 
Dl + dl2n2p2X sin2 9 

(76) 

(77) 

is the combined effective width of the electron and p h o t o n 
beams . 

If the width of the angular spread of the p h o t o n beam is 
small, 

. f 1 ^ i . 1 1 (mc V A\\ 1 

^ m i n i v ! ^ ' v f i ^ U J
 ( 7 8 ) 

then Dpe&De and ~ exp(— x2/d2). Since the drift 
dis tance is x d, the modu la t ion effect is exponential ly 
low in this case. If 

. ( I A ± 1 1 fmc2\2An] 

^ m l n i v W V f ^ i i n l U J ^ ) ' ( ? 9 ) 

the factor 7? is 

R = exp 
7t 2 Al+AJn^i^ejSjmc1) 

"A2 4 In 2 pip2 sin2 6(S0/mc2)4 
. (80) 

Clearly, the modu la t i on effect is no t small when the 
index of the exponent (80) is less t han or of the order of 

uni ty. W e can n o w determine the const ra ints on the energy 
and angular spreads of the electron beam: 

, 2Vln 2 A ( S{ 

<5< 
2 V l n 2 A 1 

(81) 
71 x n 

The larger the drift distance x, the progressively greater will 
be the requi rements on the qual i ty of the electron beam. 
Since the q u a n t u m modu la t ion occurs over distances 
x ~ l/AqX9 we obta in very severe const ra in ts on the 
spreads for the effect to be observed: 

A ^ r n W - l ) ^ ' * ^ 

( 5 < 2 V l n 2 
n — 1 Hco 

nfi0 sin 9 S0 

(82) 

Let the interact ion between the electron beam and light 
occur in a gaseous a tmosphere (n = 1 + An, where An <̂  1). 
In this case SQ mc2, 9 w mc2/SQ, and the angular spread 
of the electron beam has a dominan t role in the cut t ing 
factor [Eqn (80)]. The factor R can suitably be rewri t ten for 
the further analysis as 

T = xn S 
R = Qxp(-co2T2), 

Win 2 c 
(83) 

After the interact ion, electrons reach the poin t of 
observat ion x at different instances because of the angular 
spread of the electrons. The t ime T is p ropo r t i ona l to the 
max ima l difference between these t imes. The factor R is no t 
small if 

T ^ T0 , (84) 

where T0 = 2 T C C / C O 0 is the average per iod of oscillation of 
the electromagnet ic wave. Since the dura t ion of the wave is 

T < | T . (85) 

By averaging the expressions (73) and (74) over the 
spread [Eqn (71)] under the condi t ion (85), we obta in the 
expression 

R = exp -co0T 
• n0z/c)2 

(86) 

[for simplicity we do no t t ake into account the dispersion 
of the gaseous a tmosphere n(co) = n0]. Clearly, under 
condi t ion (84) the cut t ing factor coincides with the 
envelope of the electromagnet ic wave 
R = exp [-(t-n0z/c)2/z2]. If the wave dura t ion is greater 
t han the t ime for which the modu la t ion effect is observed 
( T > At) and if condi t ion (81) is satisfied, then R = 1 and 
the depth of modu la t i on is m a x i m u m . 

2.8 The classical and quantum theories of the Cherenkov 
klystron 
W e shall consider the possibili ty of t ransmi t t ing the kinetic 
energy of an electron b e a m to a wave on the basis of the 
SCE. The change in the energy of a single part icle after the 
interact ion with the field [Eqn (11)] is determined in the 
linear approx ima t ion with respect to the field in Sec­
t ion 2.2. He re we extend this result to the electron beam. 
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Firs t we consider the case of a spatially h o m o g e n e o u s 
part icle beam before the interact ion. It follows tha t the 
same number of electrons falls within each phase of the 
field. Since the sign of expression (13) depends on the 
phase </>, half the part icles of the electron beam are 
accelerated (AS > 0), and the other half are decelerated 
(AS < 0). This presents significant p rob lems as regards 
accelerating the electrons so as to amplify the electro­
magnet ic wave. In the first case only a small fraction of 
electrons which fall within a p roper phase of the wave is 
maximal ly accelerated. In the second case the effect is 
absent since the number of decelerated electrons is equal to 
the number of accelerated electrons. 

The last result can be i l lustrated vividly by determining 
the energy loss (W) for the electron beam, 

W Jj . t fdv. (87) 

In tegra t ion is per formed over the whole space where the 
interact ion between the field and electrons occurs. If we 
subst i tute the expression for the h o m o g e n e o u s electron 
beam j = ep0v and t ake into account the fact tha t the 
electric field strength is E = —c~ldA/dt [see E q n (11)], then 
we obta in W = 0. The calculat ion shows tha t the electron 
beam mus t be inhomogeneous , p = p(r , t), for an exchange 
of energies between the wave and electrons to occur. 

If the per iod of its spatial inhomogenei ty is of the order 
of the emission wavelength A, then the ba lance between the 
electrons falling within the decelerating and accelerating 
phases is violated. In order to amplify the electromagnet ic 
wave the initial condi t ions are to be chosen so tha t the 
number of decelerated electrons is greater t han the number 
of accelerated electrons. The scheme of such an amplifier is 
well k n o w n in radiophysics and bears the n a m e klystron 
[39]. It was considered for the first t ime in the optical range 
of frequencies by A N Skrinskii and N A Vinokurov for 
the undu la to r version of the amplifier [45]. A n interesting 
me thod for increasing the efficiency of the klys t ron was 
p roposed in Ref. [46]. 

W e shall n o w consider the feasibility of the Cherenkov 
klyst ron. It is shown in Sections 2.3 and 2.4 tha t the current 
and density of an electron beam are modu la t ed by the SCE. 
Since the oscillating te rms of the currents [Eqns (30) and 
(48)] are p ropo r t i ona l to the outer field, the exchange of 
energies between electrons and the field [Eqn (11)] occurs in 
the second approx ima t ion with respect to the wave only. 
Since the modu la t i on effect can be b o t h classical (x ^xx) 
and q u a n t u m (x ^x\) in na tu re , we shall find the gain in 
b o t h cases. 

To determine the gain of the classical Che renkov 
klyst ron we use the closed consistent system of the 
M a x w e l l - V i a so v equat ions , 

6f 
Ft + V' s r = ° 

or op 

dp, 

47i . ri dE i m c u r l / / = — I'H — , cur l /? = — - . 
c c at c at 

(88) 

(89) 

(90) 

(it is assumed tha t the magnet ic permeabi l i ty of the 
med ium is fi = 1). 

In wha t follows we also use the system of equa t ions 
which results from combining E q n (88) with the wave 
equat ion 

n2 d2A 4n 
:2 dt2 c J ' 

(91) 

where A is the vector po ten t ia l of the electromagnet ic wave. 
As a rule the ampl i tude of the field A 0 [Eqn (2)] depends 
weakly on the r coord ina te in the amplifying med ium. In 
this case the left-hand side of E q n (91) can be accelerated 
and wri t ten as 

V 2 A -
n2 6 2 A 
c2 dt2 

—i exp [i(cot —k>rj\(k' V)A 0 + c. c. 

On solving E q n (91) we can find the gain for the ampl i tude 
of the electromagnet ic wave TA. In wha t follows we shall 
always determine the gain for the intensity of the 
electromagnet ic wave T, which is related to rA by r = 2TA. 

In the analysis of different versions of the free electron 
laser we restrict ourselves to the linear approx ima t ions of 
the amplified wave and the gain (the latter implies tha t we 
neglect the dependence of the ampl i tude on distance and 
t ime). The general r emarks hav ing been made , we can 
re turn to calculat ions of the Cherenkov klyst ron. 

Let us s tudy the scheme in Fig. 1 for Z / 0 = 0. A n 
electron beam crosses an electromagnet ic wave p ropaga t ing 
a long the z axis at an angle 6 and then moves in the drift 
region x > d. In this region the current of the electron beam 
is specified by the expression (26). At the distance x = x 0 

the same beam of light is again directed at the electron 
beam by means of two mi r ro r s Rx and R2 and is amplified 
or absorbed . 

Figure 1. 

The vector po ten t ia l of the amplified wave has the form 

Ax = | A (kx) exp(iA>r — icot — ikxx0 + icf>) dkx + c.c. , 

Az ~ 0 , (92) 

A(kx) = - T ^ A i * J e x P 

CO 

4 V ^ 

n2 - k2

x I , ky = 0 

kid2 
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where the phase 0 is a function of the distance R\R2 

between the mir rors , and the ampl i tude Alx varies slowly 
with the z coordina te . As in the case of E q n (11) the 
Four ie r t ransform is chosen so tha t the beam of light has 
the Gauss ian envelope of width d in the p lane z = 0. (The 
diffraction divergence of the light beam is assumed to be 
small and its width is assumed to be close to a cons tant ) . 

The simplest way to find the gain for a spatially 
inhomogeneous wave is to use the energy relat ions. By 
mult iplying E q n (90) by H and E and summing them up we 
have 

i£(«W + l " l 2 ) = - ; - £ - ^ d i v ( £ x / 7 ) 
8tc dt An 

(93) 

If we integrate b o t h sides of this inequali ty over the 
space between two paral lel p lanes at a distance dz from 
each other and neglect the rapidly oscillating terms, we have 

dP=P(z2)-P(z1) 
nb/2 f+ 

dz dy\ 
i-b/2 J -

where, 

dx(ExH)-n 

dx j-E , (94) 

(95) 

is the flux of the energy of the electromagnet ic wave, the vec­
tor n is directed a long the z axis. Since there is no feedback 
between the amplified wave [Eqn (92)] and the electron 
beam [Eqn (26)], on passing th rough the interval [0, z] the 
t ime averaged flux of the electromagnet ic wave takes the 
form 

p = p0(\+-\rz) , (96) 

where P0 is the energy flux t h rough the plain z = 0 and 

I rb/2 p+OO 

~^ -b/2 
dx j-E (97) 

If Tz <̂  1, then the wave is amplified linearly: 
P = P0(l + TZ), where the amplification factor is specified 
by E q n (97). On subst i tut ing the expression for the current 
[Eqn (28)] and for the energy flux 

V 2 S 
P{) = c ( — J Anrribd (98) 

into E q n (97), we have 

dPr 

A \CO 

dP7 

exp iqxx0 

q2

xd2 

dp + c.c. 
(99) 

Since the ampl i tude A l x of the field [Eqn (92)] varies slowly 
with the coord ina te z, the flux P is specified by means of 
formula (98) with AXx in place of A0x. The project ion of the 
wave vector q is specified by Eqn (17). 

The analysis of the previous section shows tha t the 
integral in E q n (99) is no t small when inequali ty (79) holds . 
On subst i tut ing the dis t r ibut ion function (70) and the 
expansion (72) into Eqn (99), and integrat ing with respect 
to the variables Pxi, Py, Pz> with regard to E q n (79) we get 

^ 2 pr~ d mc 
r = 8tc V2tzp0r0x0 — — 

x(n — 1) sin </> exp 
\ 4 1 n 2 V V 

/ ^ y 2 / M w v ^ n (10o) 

H e r e r 0 = e /mc is the classical electron radius . 
Clearly, the gain is no t small if the phase </> = n/2, and 

x 0 < min ^ ipo cos 9 

a sin 9 (101) 

The angular spread of the electron b e a m gives rise to the 
pr incipal const ra int on the drift dis tance x 0 for relativistic 
part icles > mc2). In Section 2.9 we will discuss h o w the 
effect of the angular spread can be neutral ised by a 
constant magnet ic field. If x 0 = Av / 2Tn~2P 0 /7 i / l ± f t , then the 
gain is m a x i m u m : 

r = 4 5 ^ 4 ? ^ — • 0 0 2 ) 
W e shall n o w determine the gain of the q u a n t u m 

klystron. If we subst i tute the expressions for the current 
[Eqn (48)] into E q n (97) and average over the spread 
[Eqn (70)] with regard to E q n (79), then 

mc2 

r = 8tzV2tz p0ropod —— sin 9 
nco 

1 
x - s i n ( A ^ x 0 ) sin <f> exp 

n X 4 1 n 2 \XJ 

• ± P + ( ^ f f i 2 - l - ] \ . ( 1 0 3 ) 

H e r e Aqx = Hco(n2 — l)/(2S>

0v0 sin 9). Since the q u a n t u m 
modu la t i on of the part icle beam occurs over distances 
x 0 ~ l/Aqx, very severe const ra in ts on the qual i ty of the 
electron beam [Eqn (82)] result. 

N o t e also tha t the pe r tu rba t ion theory we use to 
determine the currents [Eqns (26), (48)] is t rue for field 
inequalit ies (31), (51) specified. In the classical limit 
(h -> 0), formula (103) goes into E q n (100). 

2.9 Theory of the Cherenkov klystron in a constant 
magnetic field 
The negative role of the angular spread of an electron beam 
in the Cherenkov klystron can be neutral ised by a constant 
magnet ic field, which is applied in the direction of mo t ion 
of the electrons (see Fig. 1). The gain for the electro­
magnet ic wave is determined using the system of equa t ions 
(88), (90). In the case considered, the Loren tz force is 

F = eE + -[v(H + H0)] , (104) 

where the strength of the constant magnet ic field 
Z/ 0 (0 , 0, —H0) is opposi te to the z axis. 

In determining the electron dis t r ibut ion function, we 
take into account the constant magnet ic field exactly and 
the modu la t i ng wave [Eqn (11)] in the first approx imat ion . 
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In a cons tant magnet ic field the solution to E q n (88) takes 
the form 

fl = M P Q X ' , POy, POz') • O 0 5 ) 

Here the function f0 is specified by the expression (70). The 
equa t ions 

Pox' — Px' cos Qt — py sin Qt , 

POy — Py C 0 S &t + Px' s m &t •> (1^6) 

POz' = Pz 

are the characterist ics of Eqn (88); Q = Q0mc2/S>; 
Q0 = \e\H0/mc is the L a r m o r frequency; and 

^=[(mc2)2+c2(p2

x,+p2

y+p2

z,)^2 

= [ ( m c 2 ) 2 + C

2 | p | 2 ] 1 / 2 . 

In the first approx imat ion with respect to the field 
[Eqn (11)] we have 

f=fi+f2, 

where 

xd(^n2-\qf\2^Jd(co-qzlvz,) 

xEq> exp (^q*r — iotf — i ^ , ^ sin ̂  dq + c.c. (107) 

is the Four ie r t ransform of the electric field 
Eqi =icoAx(q')/c [see Eqn (12)]; 9 is the angle between 
the axes z and z; t an cp = py/px; Jo (a) is the Bessel function 
of zero order . In E q n (107) only te rms responsible for the 
st imulated Cherenkov effect are taken into account : 

co — qzivzi = 0 (108) 
Clearly, the difference between E q n s (108) and E q n (15), 
which we used to derive (102), is tha t the former involves 
only one project ion of the velocity vz>. The calculat ions 
show tha t this fact is crucial in neutral is ing the angular 
spread of electrons in a constant magnet ic field. 

Let us determine x — t h e project ion of the current of the 
electron b e a m in the region x > d. Remember ing tha t 
vx = vxr c o s # + vzr sin 9 and re ta ining only the te rms oscil­
lat ing at the frequency co, we have 

9/o j fv±Vx j x = -ne po sin 9 I K c o t I 

V_L 

d P z : J \ Q 

xEq exp [ iq*r — icot — iqx> — sin cp J dp + c.c. , (109) 

where 

<IT! = — > Vx' = — V n P-> ~ 1 , vz> vz> v 

= yjp\ +Py • 
P±c (110) 

By subst i tut ing these expressions into E q n (97) we find the 
gain of the Cherenkov klystron, 

-2iny/n p0e2xod 
sin 9 

c t g 0 ) g - 7 o Q 

x / 0 exp iqxx 

x exp 
2 r2 

qxd 

Wx> -Q sm cp 

dp + c.c. o n ) 

where qx = qx> cos 9 + qz> sin 9, and the phase 0 is a 
function of the distance R\R2 between the mir rors (see 
Fig. 1). 

If the average m o m e n t u m p0 of the electron beam is 
chosen such tha t qx(po) = 0, then the wave vector is 

co ' mc 
' p0v0 sin 9 \ (fo 

("-
2 \ 2 

(Pzf ~Po)+-
coc 

?QV0 sm ( 
- A -

By subst i tut ing this expansion into Eqn (111) and 
integrat ing with respect to the variables pz>, p±, cp we get 

d 1 
r = %n2V2np()r0x0-—I 

npo 
/ 2 \ 3 

x ( ^ j s i n < / , / ° 

fcoA^ni 
8 In 2 y Q0mc 

x exp 
2 _ 2 r 

ln~2 {-(JU. 
1 (coAxji sin 9 

8 In 2 y Q0mc 

2 \ 2 1 A\\ (mc 

(112) 

H ere Io(a) is the modified Bessel function; VQ = PQC 
^ = [(mc2)2+c2plf2. 

N o t e also tha t the term p ropo r t i ona l to (pz> —pof is 
omit ted in the Taylor series expansion of qx since its 
cont r ibut ion is negligible. 

Expression (112) is valid for 

xo < A 
2 In 2 ( p0 

nPo 
sm ( (113) 

Clearly, this const ra int on x 0 , associated with the angular 
spread of the electron beam 3 = A±/p0, is considerably 
weaker t han tha t defined by E q n (101). If the strength of 
the constant magnet ic field is 

1 coA±nsm9 AS 

Ho> - 7 — ^ r , , 114 

V8 In 2 \e\ 
the phase is </> = n/2, and the distance is 

71 A11 \mc J 

then the gain is m a x i m u m , 

r = 4 5 P o . o 4 ^ - U i n 0 . (115) 
A A\\ S0 np0 

By subst i tut ing the expression for x 0 into Eqn (113) we find 
the range of energies in which the constant magnet ic field 
neutral ises the angular spread of the part icle beam: 

mc2 < $0 < mc2 
</2W2 

(116) 
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N o t e in conclusion tha t in Ref. [47] the gain of the 
Cherenkov klystron is examined in the case of a cons tant 
magnet ic field which is perpendicular to the velocity of 
part icles in the drift region. 

2.10 The classical theory of the Cherenkov laser 
W e shall discuss the interact ion between an electron beam 
and a p lane m o n o c h r o m a t i c wave, 

Ax = \ A0 exp[i(atf — fe)] + c.c. , 

On solving E q n (81) in the linear approx ima t ion with 
respect to the field we obta in the electron dis t r ibut ion 
function in the form 

/ = / o + / i - (119) 

H e r e / 0 is the initial electron dis t r ibut ion function, 

co - kvz op 
(120) 

(117) the force, 

p ropaga t i ng in a dielectric med ium with the index of 
refraction n. The current of the electron beam can be 
expanded into a series of the pe r tu rba t ion theory in te rms 
of the field 

J =Jo + J i exp[i(co; - fe)] + j 2 exp[2i(co; - fe)] + ... . (118) 

The first te rm j 0 = ep0v cor responds to the zero a p p r o x ­
imat ion and, as is no ted in Section 2.8, does no t cont r ibu te 
to the exchange of energies between the electron beam and 
the wave (W = 0). The current j \ exp [i(cot — fe)] is linear 
with respect to the field. Clearly, the integral in E q n (87) is 
no t zero in this approx imat ion . T h u s the energy of 
electrons can be t ransmi t ted to the wave, i.e., the 
Cherenkov laser is feasible. The te rms of the second and 
higher orders in E q n (118) are responsible for ha rmonics 
and are no t considered here. 

The amplification of an electromagnet ic wave in the 
Cherenkov laser has the following impor t an t dist inctions 
from tha t in the Che renkov klyst ron. 

1. In the klys t ron the difference between the phases (</>) 
of the current and the amplified wave is a function of the 
distance R1R2 between the mir rors . Thus it m a y be chosen 
so tha t the number of electrons falling within the deceler­
at ing phase is greater t h a n the number of accelerated 
electrons (W < 0). In the Che renkov laser the difference 
between the phases </> of the current j \ exp[i(atf — fe)] and 
the amplified wave [Eqn (117)] is a function of the 
coefficient j \ which is p r o p o r t i o n a l to the derivative of 
the electron dis t r ibut ion function [Eqn (120)]. Clearly, if the 
dis t r ibut ion functions have extrema, then the sign of the 
derivative and , consequently, the difference between the 
phases </> can be chosen so tha t the electron beam t ransmi ts 
its energy to the wave (W < 0). 

2. A n impor t an t dist inction between the Cherenkov 
laser and the Che renkov klystron lies in the na tu re of 
amplification. In the klys t ron scheme the velocities of the 
electrons are modu la t ed near the x = 0 plane, whereas the 
electromagnet ic wave is amplified near the x = x0 p lane (see 
Fig. 1); there is no feedback between the current and the 
wave. Hence the intensity of the wave grows linearly 
(Tz <̂  1) or quadrat ica l ly (Tz > 1) with z [see Eqn (96)]. 
In the Cherenkov laser, the field and the current are 
specified at the same point . Therefore the electromagnet ic 
wave is amplified exponential ly [see Eqn (124)]. 

W e shall determine the gain of the Cherenkov laser 
using the closed consistent system of equa t ions (88), (90). 
W e suppose tha t the width of the beam (d) of the amplified 
rad ia t ion is large [Xjd <̂  3, A/S) and the b e a m is approx i ­
mated by the p lane wave [Eqn (117)]. W e suppose also tha t 
the ampl i tude of the wave A 0 varies slowly with the z 
coordina te . 

, - 1 . £ o ( l - — ) + - ( v - E ) 
1 CO J CO 

exp[i(atf — fe)] 

[EQ = — i (co/c)A 0 is the ampl i tude of the electric field 
strength]. The field [Eqn (117)] is assumed to be tu rned on 
adiabat ical ly slowly at t = —00. 

By subst i tut ing E q n (120) into E q n (89) and integrat ing 
by pa r t s we arrive at the expression for the x-project ion of 
the current : 

1 2 

jx = ~~e p0cA0Qxp[i{cot -kz)] 

j/ofr) dp + (n2 - 1 VxPxfoip) 
{Jo — ncpjf 

dp + c.c. (121) 

The first te rm in b racke ts yields the index of refraction of 
the electron beam, and the second term is responsible for 
amplification or absorp t ion of the electromagnet ic wave. 

By subst i tut ing the current [Eqn (121)] into E q n (93) 
and integrat ing over the space between the z = Z\ and z = Z2 
planes , we have 

dP = -dz 
•b/2 

dy 

Here , 

P --
1 HCO 

871 ~c 

-b/2 

abAo 

•a/2 

-a/2 
dxjxEx . (122) 

(123) 

is the flux of the energy of the wave th rough the area 
S = ab, and dP = Pfa) — P(zi) is the var ia t ion of the flux 
over the interval dz = z 2

 — Z\. 
The solution to Eqn (122) has the form 

P = P0QJ (124) 

where P0 is the flux of the energy of the wave th rough the 
z = 0 plane, 

-2p0r0A - - Im inc vxpx 

{Jo — ncpz) 
•f(p)dp. (125) 

If the dis t r ibut ion function has a m a x i m u m at p = p0, 

(126) 

then 

r 

Here the factor 

./ = - I m 

n2 -X 2 
2p0r0A — - — mc v0xp0xJ 

n 

_ d _ i 

dx x 
fo(p)dp ; (127) 

x=S — ncpz\ r0 = e /mc is the classical rad ius of an 
electron; a is the wavelength of the amplified rad ia t ion . The 
no ta t ion for the gain [Eqn (126)] is convenient for var ious 
models of the electron dis t r ibut ion function. To establish 
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the dependence of the amplification factor for the 
Cherenkov laser on the energy spread of electrons, 
fo(p)dp mus t be replaced by g($)d$. The change of 
fo(p)dp for g(0, cp)d9dy makes it possible to examine the 
role of the angular spread of electrons. 

W e consider the general case of Gauss ian spreads of an 
electron beam in energies and angles, 

we have 

f{p)dP = g{s, e)dsde^, (128) 

? o ) \ r 

In this case it is convenient to determine the quant i ty 

- Im 
r+oo 

J —oo 
d0 

' 2 n ( d 1 
(129) 

in the system of coord ina tes associated with the beam of 
part icles. 

W e direct the z axis a long the central axis of the part icle 
beam and pass the x'z p lane t h rough the z axis and the 
vector A (Fig. 2). The angle 0 O is the angle between the wave 
vector k and the z axis, 0 is the angle between the z axis 
and the velocity vector v, and 9' is the angle between the 
wave vector k and the velocity vector v. Since the in tegrand 
d a m p s rapidly for $ ^ S'Q and 0 ^ 0 , the limits of in tegra­
t ion for these variables are chosen to be [—oo, + oo] and 
[0, +00] , respectively. 

Figure 2 . 

W e can n o w write the new variables as 

u = $ — ncp cos 9f, v = 9, v = cp , (130) 

on the interval [Eqn (129)]. Then 

J = - I m - ! - [ dw [ du [ dvg(u, v, v) | ^ ( - ^ - -
2TC J - 0 0 JO JO VU \du u 

(131) 

In tegra t ing this expression by pa r t s and using the rule, 

— ^ 1 = md(x)+P-, (132) 
x — irj l^+o x 

J = 
2(4 In 2 ) 2 

TlA 

x exp —4 In 2 
I2 S2 

(133) 

where $ is found from the equat ion 

^ - ^ c o s ^ = 0 . (134) 

In formula (133) the cont r ibut ion from electrons of all 
possible directions of the velocity v is t aken into account . 
The greatest cont r ibut ion is m a d e by part icles mov ing a long 
the axis z . W e find from E q n (134) tha t the energy Sm is 

mc2 

[ l - « - 2 ( c o s 0 o ) - 2 ] 1 / 2 

It mus t be close enough to for the gain to be 
exponential ly low. 

F o r velocities which m a k e the angle 0' with the z axis the 
energy is specified by the expression 

mc2 

' • p - ^ M ) T - ( ' 
Since only part icles with energies close to Sm m a k e nonzero 
cont r ibut ions , the denomina to r in E q n (136) can be 
expanded into the Taylor series 

1 - 0 t a n 0 o s i n ( ? f — ^ 1 . (137) 
\mc J 

Here we take into account the relat ion between the angle 6' 
and the angles 9 and cp (see Fig . 2): 

c o s 0 r = c o s # c o s 0 o ( l + tan 9tan 90 sin cp) 

w c o s 0 o ( l + 0 t a n 0 o s i n ( p ) . (138) 

(Analysis shows tha t it suffices to consider the linear 
approx ima t ion in the expansion in te rms of a small angle 
e.) 

The expansion [Eqn (137)] is t rue for b e a m s with 
angular spreads 

3 < ( — cot 0 O • (139) 
\PoJ 

By subst i tut ing the expansion [Eqn (137)] into formula 
(133) and factoring the slowly varying functions of angle 
outs ide the integral sign, we have 

J = 2^(4\n2f2(^)4 

y J \mc) D3 

x exp -41n2 
D2 

where the effective width is 

Kmc 

D = A2 + d2Sl[—) t a n 2 0 O s in 2 cp 

(140) 

(141) 

Since the dependence of the in tegrand on the angle cp is 
complicated, it is integrated approximate ly with respect to 
this variable. In wha t follows we assume tha t s in 2 cp t akes 
the largest value — equal to unity. 

N o t e tha t the same result can be obta ined exactly if the 
initial electron dis t r ibut ion function is chosen in the form of 
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E q n (70). The gain [Eqn (126)] peaks for the energy Sm, 
where Sm = — D/y/% In 2, and is given by 

r _ i * i o i " 2 ~ 1 ^ o m v o f a / m c ) 4 s i n 2 

r - 1 6 I n 2 ^ - p 0 r 0 A — - ^ + ^ W m c ) W 0 o > 

(142) 

where e = 2 . 7 1 8 . . . is the base of the na tu r a l logar i thm. 
The frequency cor responding to the energy Sm is found 
from Eqn (134) for 0' = 0 O . 

If the angular spread of an electron beam is 

. ^ A fmc\ . n . 

\Poy 

then the gain depends solely on the energy spread, 

1 / W 
r = 8 . 4 p 0 r 0 ^ - s in 2 0 O . 

(143) 

(144) 

N o t e tha t in this case r depends strongly on the average 
energy of the part icles ( r oc (S^/mc1)3 if A / S Q = const) . 

F o r o rd inary relativistic b e a m s the inverse inequali ty 

. ^ A (mc\ . n . 
7 T | c o t 0 ( ) l (145) 

holds . In this case the gain depends solely on the angular 
spread of the electron beam and is given by 

1 1 
B.4p 0 r 0 A 

2 2 
mc n (146) 

Clearly, the dependence of the gain on the energy of a 
part icle is total ly different when the angular spread is t aken 
into account : the gain s tar ts to decrease on increase in the 
average energy of the electron beam as mc2/S>

0. 
It is shown in Section 2.14 tha t the negative role of the 

angular spread can be neutral ised by a cons tant magnet ic 
field. N o t e also tha t the compu ta t i ona l technique we have 
developed in this section, for the analysis of the opera t ion of 
the Cherenkov laser, can be applied for gains for which the 
inequali ty 

Av r < k —, (147) 
V 

holds . He re Av/v is the relative spread of the electron beam 
in velocities in the direction in which the wave p ropaga tes . 

The exponent ia l g rowth of the ampl i tude of the p lane 
t ransverse wave [Eqn (117)] and, consequently, correct ions 
to the initial d is t r ibut ion function (120) mean tha t the 
electron beam and the decelerat ing med ium are an uns tab le 
system, and the instabili ty is of the Che renkov na tu re . The 
issues of absorp t ion and growth of pe r tu rba t ions as a result 
of the st imulated Che renkov effect are well k n o w n and 
studied in the theory of p lasmas : L a n d a u damping and 
beam instabili ty [48, 49]. 

In contras t to the cited schemes, the longi tudinal wave is 
decelerated in a p lasma. Therefore, a p lasma can be used as 
an active med ium only if there are converters of the 
t ransverse wave into a longi tudinal wave, and vice versa, 
at the entry and at the exit from the p lasma. The mechanism 
of amplification and the compu ta t i ona l technique for the 
increment of instabili ty are alike in b o t h cases. 

N o t e tha t according to the te rminology adop ted in 
p lasma physics there are two types of instability, 

namely, the hyd rodynamic and the kinetic instabi l ­
ity [49]. In the first type, the t empera tu re of the p lasma 
and the energy spread of the electron beam can be 
neglected, i.e., the increment of instabili ty is a function 
of the density of part icles and their velocity. In the second 
type b o t h spreads are essential and, therefore, the increment 
of instabili ty is defined by dis t r ibut ion functions b o t h for 
the part icle beam and for the p lasma. 

In our work we assume tha t inequali ty (147) holds , i.e. 
the kinetic Cherenkov instabili ty of the system is studied. In 
Ref. [50] bo th kinetic and hyd rodynamic instabilities were 
considered (see also Section 2.14). 

2.11 The quantum theory of the Cherenkov laser 
If the angular spread of an electron beam is 3 —> 0, then by 
subst i tut ing f(p) dp = g(S) dS into Eqn (127) and in tegrat ­
ing by par t s , we have tha t the sign of the gain of the 
Cherenkov laser depends on the derivative of the electron 
energy dis t r ibut ion function. The physical mean ing of this 
fact can be m a d e clear by the analysis of the SCE with the 
aid of the laws of conservat ion of energy and m o m e n t u m : 

zp Hco = g2 , pT+Hk = p2 (148) 

Given the angle 0 O between the wave vector k and the 
m o m e n t u m of a part icle /?, the system of equa t ions (148) 
governs the energy and m o m e n t u m of electrons involved in 
emission and absorp t ion of a p h o t o n , 

&-=&x+A&, £+ = £ x - A £ . (149) 

Here the energy Sx is found from E q n (134) for 0 = 0 O and 

Hco , 2 

= T ( » i ) ( — 
\mc 

(150) 

Since different electrons are involved in emission and 
absorp t ion , the rad ia t ion can be amplified if the n u m b e r of 
emit t ing electrons N{£~) is greater t h a n the n u m b e r of 
absorb ing electrons N{£+). Tak ing into account tha t 
AN = N(S~) - N(£+) oc g(£~) - g{S+), and expanding 
the dis t r ibut ion function into the Taylor series in te rms 
of the small pa ramete r AS, we establish tha t the 
overpopula- t ion is AN oc 2 (dg/ d$x)A$ > 0 on the left-
h a n d wing of the electron energy dis t r ibut ion function. 
F r o m the classical s tandpoin t (see Section 2.10) it follows 
tha t for dg/ dSx > 0 the number of part icles in the 
decelerat ing phase is larger t han the number of accelerated 
part icles. 

W e shall n o w examine the role of the spin and 
polar isa t ion effects in the Cherenkov laser. W e shall 
de termine the gain for the elliptically polar ised m o n o c h r o ­
mat ic e lectromagnet ic wave, 

Ax = Ax cos(fe — cot), Ay = — A2 sin(fe — cot) , (151) 

using the closed consistent system of the Di rac and Maxwel l 
equat ions , 

in — = 
dt 

ca [p — - A ) + mc2p 

j = ec\j/+a\l/ 

4n . 
= J • 

(152) 

(153) 

(154) 
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If the wave ampl i tudes A 1 2 vary slightly with the z 
coordina te , then the solution to the Di rac equat ion in the 
linear approx imat ion with respect to the field is 

Here \//0 is the initial wave function of the part icle 
beam (55); the te rms 

, _ ec(p± + mc)A± exp [±i(kz - cot)] 
^ ± ~ mcoS[\ - nfiz =F {Hco/2£)(n2 - 1)] ^ ° 

(156) 

describe the processes of emit t ing and absorb ing a p h o t o n ; 
the four-vectors p1^ = p*1 ± Hk1*, k^(co/c, 0, 0, K); the oper ­
a tors p = p^y1*, A± =A^yfi; the vectors A± = \AX ± jiA2. 

The polar isa t ion mat r ix of the density is assumed to be 
of the form E q n (57) before the interact ion. Then the 
project ions of the current of an energy h o m o g e n e o u s 
electron beam are: 

Jx 
e2p0c 

( l - n f c ) 2 hfj(n2-l)2 

) / g - ( l - n / y 2 ] A i 

+ i ( l -n2) + PxPy + 
Hco mc 

(a3 - na0) 

: exp[i(£z — cot)] + c.c. (157) 

e2p()c 

(a3 — na0) 
Hco mc 

- n2)p>2 - (I - npz)2 

x exp [i(fe — cot)] + c.c. (158) 

W e shall compare the x-project ion of the current 
[Eqn (157)] with the classical expression [Eqn (121)]. Firs t 
of all, no te tha t the energies of particles involved in 
emission and absorp t ion are split in q u a n t u m calcula­
t ions. Accord ing to the pole of the expression (157), 

Hco 
^-nPz = T ^ ( n 2 - \ ) (159) 

Here — cor responds to emission of a p h o t o n and + to 
absorp t ion . The solut ions to these equa t ions are specified 
by the expressions (149) and (150). 

W e shall compare the coefficient of Ax [Eqn (157)] and 
the n u m e r a t o r in the second term of E q n (121). Clearly, the 
q u a n t u m calculat ion in t roduces an addi t iona l te rm p r o p o r ­
t ional to (\—nj3z)2. Analysis of the expression for the 
current in the nonrelat ivist ic limit [Eqn (64)] shows tha t the 
term is associated with the induced magnet i sa t ion of the 
electron beam (a similar effect was considered in Sec­
t ions 2.5, 2.6). 

W e shall n o w consider the coefficient of A2. The term 
p r o p o r t i o n a l to fixf} is absent in expression (121) because it 
is assumed tha t Ay = 0. The term p r o p o r t i o n a l to a3 — na0 

is associated with the initial polar isa t ion of the electron 
beam (a similar effect was considered in Section 2.5). 

Clearly, the polar ised electron beam is an anisot ropic 
med ium, having h y d r o t r o p y [44], with the coefficient 

(155) S3 

2 / 2 \ 2 
1 Icop\ Hco (mc x 

CO 

(n2 - l)(a3 -na0) 

{\-n$z)2-{Hco/2£)2{n2-\)2 ' 

(160) 

If we subst i tute E q n s (157) and (158) into E q n (153), 
and t ake into account the fact tha t the ampl i tudes of the 
field [Eqn (151)] vary weakly with the z coordina te , we 
arrive at the system of t runca ted differential equa t ions for 

dAj_ 
~dz~ 
d A 2 

~dT 

• = aAi + bA2 

• = qAx + dA2 

(161) 

(162) 

Here the coefficients are 

a = iR[(l-n2)Pl-(l-nPz)2} , 

b = -R[(l-n2)pJy-iv] , 

d = \R[{\-n2)p],-{\-nPz)2] , 

q = R[(l-n2)pJy + iv], 

co„ 

2 2 
(Op mc 

Incoc S 
4ne2p0 

( 1 - « J 8 J 2 
Hco 

(n2 - I ) 2 

and 

Hcomc 2 
v = W ^ ^ ( a 3 -na0)(n - 1) . (163) 

Firs t we consider the amplification of an e lec t romag­
netic wave, which is linearly polar ised a long the x axis, 
neglecting spin effects. The electron beam is assumed to 
move in the xz p lane and have a Gauss ian energy spread 

4 1 n 2 \ 1 / 2 1 
exp -4 In 2 o ) 2 

(164) 

By present ing the factor R [Eqn (163)] as a difference 
between the ampl i tudes of emission and absorp t ion of a 
p h o t o n , 

R 

Hco 
(n2 - 1) 

n htO , 2 _ 

1 -nPz 

Hco 
(n2 - \ ) + \n 

1 
. (165) 

and averaging the r igh t -hand side of E q n (161) over 
energies by means of the rule [Eqn (163)], we obta in the 
gain for the intensity of the electromagnet ic wave, 

r = 2np0r0X sin 90 

2 / \ 2 
mv 0 / po 
nHco \mc 

(166) 
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Clearly, the gain depends on the extent to which the 
processes of emit t ing and absorb ing a p h o t o n are split. If 
the quant i ty 

f \ 2 
2 

2 \mc 
(167) 

then, expanding the function into the Taylor series, we 
come back to formula (144). If the quan t i ty AS A, then 
for relativistic part icles the initial condi t ions can be chosen 
[1 - nf$z - (Hco/2S)(n2 - 1) = 0] such tha t the cont r ibut ion 
of absorp t ion is exponential ly low. In this case the gain is 
purely q u a n t u m in na tu re : 

r = 5 - 9 ^ ^ U J T s i n e° (168) 

However , for large energies the angular spread of the 
part icle beam [Eqn (145)] comes into play. The feasibility 
of this limiting case is up against the complicated p rob lem 
of generat ing part icle b e a m s with a negligible angular 
spread [Eqn (143)]. If we average the poles of Eqn (165) 
over the energy and angular spreads [Eqn (128)], then we 
re turn to formula (142) as H —> 0. 

W e shall analyze the cont r ibut ion of spin to the 
amplification of the electromagnet ic wave. In order to 
extract the pu re spin interact ion between an electron and 
the wave, we suppose tha t the electron moves in paral lel 
with the z axis (fix = f$y = 0). Amplif icat ion of an electro­
magnet ic wave by a polar ised electron beam is analyzed in 
the next section. Here we consider amplification of an 
electromagnet ic wave by a nonpolar i sed electron beam 
(|f | = 0) due to its induced magnet i sa t ion . If the electron 
beam has the Gauss ian spread in energies [Eqn (116)], then 
it follows from E q n s (161) and (162) tha t 

[the cont r ibut ion of the angular spread is no t essential for 
90 = 0; see Eqn (141)] The gain of the spin Cherenkov laser 
is no t large since Hco/S0 <̂  1. 

2.12 Rules of selection in the Cherenkov laser 
It is possible to suppress completely p h o t o n absorp t ion by 
amplifying circularly polar ised electromagnet ic rad ia t ion 
by a polar ised electron beam (|f | ^ 0). W e shall show, 
using the law of conservat ion of m o m e n t of m o m e n t u m for 
the photon-e lec t ron system, tha t suppression is possible 
when all p h o t o n s are polar ised in a clockwise manne r and 
move a long the z axis. The m o m e n t of m o m e n t u m of such 
p h o t o n s is H. Let the electron beam have the same direction 
as the wave vector of p h o t o n s . Elec t rons emit and absorb 
p h o t o n s according to the laws of conservat ion of energy 
and m o m e n t u m [Eqn (148)], as well as by the law of 
conservat ion of m o m e n t of m o m e n t u m , 

S ] 7 ± I = S ? (170) 

Here the z-projection of the m o m e n t of m o m e n t u m of a 
p h o t o n Iz r uns the values ft, 0, — H; the z-projection of the 
m o m e n t of m o m e n t u m of an electron Sz t akes the values 
H/2 and -H/2. 

If Iz = H, Siz =H/2 ( pho tons are clockwise polarised, 
electrons are polar ised a long the z axis), then electrons can 
emit p h o t o n s by flipping the spin: S2z = —H/2. If electrons 
are polar ised in the direction opposi te to the z axis 
(Siz = —H/2), then the conservat ion law [Eqn (170)] per ­

mits absorp t ion of p h o t o n s only. T h u s an electron beam 
polarised in the direction of mo t ion is a total ly over-
popu la ted med ium for a r igh t -hand circularly polar ised 
light beam which p ropaga te s in the same direction. 

In this case the gain for an electromagnet ic wave can be 
determined as follows. Let 

Ax =A0 cos(cot — fe) , 

Ay = A0 sin(atf — kz) , (171) 

be the vector po ten t ia l of the wave. On solving the D i r ac 
equat ion (152) in the linear approx ima t ion with respect to 
field, we have 

where X/JQ is specified by Eqn (55), 

ec(p± + mc)A± exp[=pi(otf — fe)] 

co - kv =F (Hco2/2S)(n2 - 1) ± iiy]. 

(172) 

•<Ao> 0 7 3 ) 
iy-0 

A± = \AQ ±J\AQ. The other symbols are the same as in 
E q n (156). 

If the polar isa t ion mat r ix of the density of electrons has 
the form of Eqn (57) before the interact ion, then the x-
project ion of the current is 

e2Poc A r-/ r M Jx = —^rA0exv[i(cot-kz)] 

( G > - * V ) ( 1 + C z ) 

+ 

co - kv + (Hco2/2S)(n2 - 1) - iiy 

(co-kv)(\-Q 

co-kv - (Hco2/2S)(n2 -I)-in. 
(174) 

The v-projection of current has a similar form. 
The first te rm in curly bracke ts in E q n (174) describes 

the emission of a p h o t o n , the second describes the 
absorp t ion of a p h o t o n . If £z = 1, i.e., the part icle beam 
is fully polar ised a long the z axis, then the absorp t ion 
ampl i tude is zero and the gain is m a x i m u m . 

If £z = 0, then the only cause of amplification is the 
induced magnet i sa t ion (see Section 2.6) and the amplifica­
t ion is a function of the difference of ampl i tudes of emission 
and absorp t ion of a p h o t o n [see E q n (168)]. By averaging 
the current [Eqn (174)] over the spread [Eqn (164)] for 
Cz = 1 a n d subst i tut ing the result into the t runca ted 
equat ion (153), we have 

r= 18 .5p 0 r 0 / l cA) 

2 \ 2 

(175) 

H ere AQ = H/mc is the C o m p t o n wavelength of an electron. 
C o m p a r i s o n of gains for the intensity of an electro­

magnet ic wave [Eqns (169) and (175)] shows tha t the 
efficiency of the Cherenkov laser is greater by a factor 
of A /Hco when absorp t ion is suppressed. However , the 
absolute value of r [Eqn (175)] is no t large in compar i son 
with Eqn (142) since the spin interact ion between an 
electron and the wave (Hi = —fi'H) is significantly weaker 
t han the orbi ta l interact ion (H2 = —ecA'fl0). 

N o t e also tha t , in the spin laser, electrons and the 
amplified wave travel in the same direction with almost the 
same speed. Therefore they interact over a p ro longed per iod 
of t ime so tha t the effect can be observed. 
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N o t e in conclusion tha t the classical and q u a n t u m 
theories of spon taneous emission of the magnet ic m o m e n t 
( including forward direction) were considered in detail in 
Refs [ 5 2 - 5 4 ] . Accord ing to the results of Refs [ 5 2 - 5 3 ] , on 
threshold [1 - (nv/c) = 0 or S~ = S u where Sx is the 
energy of an initial electron moving with the speed of 
the wave given by Eqn (149)] b o t h spon taneous and 
st imulated Che renkov effects are absent in the forward 
direction. The spon taneous effect is absent in the forward 
direction since the equat ion 

1 ~ n - = - ^ r [n - 1) 
c le i 

yields the zero frequency of the emitted p h o t o n . 
In the case of the st imulated effect, the factor 1 — (nv/c) 

nullifies b o t h te rms in the current [Eqn (174)]. If the 
velocity of an electron is greater t han the velocity of a 
p h o t o n 

Hco . 2 ,x 

or S~ = Si + AS [see Eqn (149)], then the spon taneous and 
st imulated effects are possible and are of the order of the 
loss [22, 54]. It is wor thwhi le to evaluate the velocity of an 
electron which has emitted a p h o t o n . Since v 2 = c2p2/S2, 
we have 

Hco 
(n2 ~ 1) 

i.e., the velocity of the electron is less t han the velocity of 
the p h o t o n . T h u s the electron lags behind the emitted 
f ield | . 

2.13 Rotat ion of the polarisation plane 
The polar isa t ion characterist ics of an electromagnet ic wave 
travell ing within an electron beam can be examined with 
the aid of the system of equa t ions (161), (162). Since a 
polar ised electron beam is an anisot ropic med ium, 
deformat ion and ro ta t ion of the ellipse of the electro­
magnet ic wave [Eqn (151)] result. W e shall dwell on the last 
effect since it is useful in the analysis of the s t ructure and 
polar isa t ion of an electron beam. 

To simplify the p rob lem it is convenient to separate 
polar isa t ion effects from amplification effects. It suffices to 
assume tha t the inequali ty 

fl-S0\>A (176) 

ho lds for the average energy of the electron beam. Here Sx 

is found from E q n (134), A is the width of the energy 
spread of the electron beam. In this case the r igh t -hand 
sides of E q n s (161), (162) m a y be averaged over the spread 
of the electron beam [Eqn (128)] by simply replacing all the 
pa rame te r s of the beam with the average quant i t ies : S —> S, 
etc. In wha t follows we assume tha t ~$x = 0, /?v = /?s in#, 
fiz = /?cos#, and the sign of the average is omit ted. 

The solut ion for the ampl i tude A l is sought in the form 

Ax(z) = / e x p ( I X I Z ) + / e x p ( I X 2 z ) (177) 

The field [Eqn (151)] is assumed to be elliptically polar ised 
at the poin t z = 0: 

Al(z = 0)=A0x, A2(z = 0)=A0y . (178) 

The pr incipal axes of the ellipse are directed a long x and y. 
At an a rb i t ra ry poin t z we have 

Ax-

A 2 : 

H e r e 

a2 

where 

: ax c o s ^ z — cot) + a2 cos(k2z — cot) , 

: a3 s i n ^ z — cot) + aA sin(k2z — cot) . 

= ^ { v A o v - [ " 2 + ( l - " & ) 2 ] A 0 , } , 

= ^ { -vA 0 > . + K + (1 - npz)2]A0x } , 

= { v A t e + K + (1 - « & ) 2 ] A 0 y } , 

= ^ { v A t o + [ « 2 + (1 " " & ) 2 ] A o y } , 

(179) 

(180) 

«i,2 = - ( i - « / y 2 + ^ ( i - « 2 ) # 

H 1 + 
Hcomc 

(a3 — na0) •rn 
An = ft] — n2 , kX2 = k + Rni2 = k + X\ 2 • 

The quant i t ies R and v are specified by the expressions 
(163). Let the system of coordina tes / , z) be ro ta ted 
t h rough the angle, 

cp = ^ a r c t a n ^ - y ^ 1 + 4 # 2 — 1^ sin(Afe) 

( 1 + 4 * 2 ) -
1 / r 

8* X 
( /-X \ . 2 A f e ] - 1 \ 

(181) 

abou t the system ( x , v , z ) . Then the vector po ten t ia l 
[Eqn (179)] describes an ellipse whose pr incipal axes are 
directed a long x and y . The quant i ty A& = kx — k2, and 
r = A0x/A0y is the axial rat io of the ellipse at the poin t 
z = 0; the pa ramete r x — Hcomc2(a3 — na0)/(2S2($2). 

If \x\ ^ 1 [or 0 > (Hcomc2\a3 — na^)1/2/2cp\ then r o t a ­
t ion of the ellipse is due mainly to the fact tha t the electron 
beam moves at an angle 9 to the direction in which the wave 
p ropaga tes : 

2 1 
<Pe = 2 A R C T A N J Y " 

2r 

•r2 sm 
co 

1 2 2 n mc 

P2 s in 2 9 

1 
(182) 

n S (\-n$z)2K 

If \l\ ^ 1 [or 0 ^ (Hcomc2\a3 — na0\)1^2/2cp], then the angle 
of ro ta t ion is a function of the polar isa t ion of the electron 
beam 

71 Z 
8 n A 

(183) 

f T h e a u t h o r s a r e g r a t e f u l t o D M S e d r a k y a n a n d V O P a p a n y a n for 
v a l u a b l e c o m m e n t s o n t h e i s sues . 

He re the factor g 3 is specified by expression (160). 
W e shall consider const ra ints on the angular and energy 

spreads of the electron beam in more detail. W h e n 
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averaging the factor R [Eqn (163)] the angular and energy 
spreads can be neglected if 

q2 

\-nP + —>Qd , 

n 92 A fmc2\2 n 

Let 6^0. F o r definiteness we assume tha t 
q2 

\-nP + — = 36d . 

(184) 

(185) 

Then the average energy of the electron beam is limited by 
the inequali ty 

1 A 1 
6 > m c p y s e s ' 

W e assume also tha t 

1 - nj8 = 3 
/ 2 \ 2 

A (mc \ n 

(186) 

(187) 

for 0 = 0. 
Us ing the relat ions (185) and (187), we can conveniently 

t ransform formulae (182) and (183) for numer ica l evalu­
at ion: 

q2 
<pe = 0Ap0r0AzF 

mc2 1 r 1 — n2 

S2 1 - r 2 n 9 

cpg = CzPorokzP ^ ^ 2 — 

(188) 

(189) 

H e r e ac is the C o m p t o n wavelength of an electron, £z is the 
ra te of polar isa t ion of the electron beam a long the z axis, 
and r 0 is the classical rad ius of an electron. 

Here the function f0 is specified by the expression (190), the 
vector p0 has the project ions 

Pox = P x cos Qt — P y sin Qt , 

POy — Py C 0 S Qt + Px C 0 S Qt •> (193) 

POz = Pz , 

Q = \e\H0

 C- , 

S = [(mc2)2 + c2\p0\2]l/2 = [(mc2)2 + c2 

The second term is 

f =

 1 fF ( 8 / q j 8 / q ^ c v 
J 1 C O - k Z V 0 Z \ M V9PQx 9P0y/ 

'9/o , • 9/o 

2il/2 

^ 1 9/?ox + 1 9p0 } ; 1 6 

• ) * " v + f - k } 

x exp I atf — ^ z z — kxx — kx sin((2^ — cp') (194) 

where 

Fr, = - ^ L ( - s i n 0 + / i j8 o ± 

^ V 0 _ L 7 rV x Q 
(195) 

v 0 ± = 
c2Po± ( 2 , 2 \l/2 

P0± = {P0± +P0y) ' 

A 0_L t an _PVy_ 

POx 

2.14 Theory of the Cherenkov laser in a constant 
magnetic field 
The analysis of opera t ion of the Cherenkov laser in 
Section 2.10 shows tha t the efficiency of the laser is limited 
by the angular spread of the electron beam [Eqn (146)]. 
The negative role of the angular spread can be neutral ised 
by applying a constant magnet ic field a long the part icle 
beam. W e assume tha t an electron beam p ropaga te s a long 
the axis and has the Gauss ian spread in m o m e n t a : 

H p ) = 
'4 In 2 3/2 1 

x exp • 4 1 n 2 (Pz ~Po) •41n2 P
2x+Py (190) 

and the s trength of the constant magnet ic field is 
Hz = —H0. Let the amplified wave be linearly polar ised 
in the xz p lane and let it p r o p a g a t e at the angle 6 to the z 
axis. 

Axt = i A0 exp(iatf — ikz) + c.c. (191) 

The vector po ten t ia l given by Eqn (191) is wri t ten in the 
system of coordina tes x\ y, z associated with the wave. 

W e shall de termine the gain for the electromagnet ic 
wave using the system of E q n s (88) and (91). If we solve the 
kinetic equat ion for the cons tant magnet ic field exactly and 
for the amplified wave [Eqn (91)] in the first approx imat ion , 
then 

f(p) = M p 0 ) + M p ) • (192) 

N o t e tha t fx is in fact a function of all ha rmonics of the 
frequency Q, given by 

Qr 
t^co - kzv0z + rQ ' 

In E q n (194) we retained only the zero ha rmon ic (r = 0) 
which is responsible for the SCE. The te rms with r ^ 0 
describe the cyclotron rad ia t ion of electrons in a dielectric 
med ium. The gain of the cyclotron laser for r =—I is 
examined in the next section. 

By subst i tut ing E q n (192) into E q n (89), changing the 
va r i ab le sp to p0, and singling out the te rms p ropo r t i ona l to 
exp[i((wf — fe')], we obta in the expression for the x-
project ion of the current which is responsible for the 
amplification of the electromagnet ic wave [Eqn (191)]: 

Jx' ne2p0 s in 2 (0EX>) exp \(cot — fe') 

p+OO PCX 
dPOz 

J-oo JO 
A V0z 9 / 0 2(j V±\ n Q n 
dPo±Po± -—; ^ — A) [kx -zr • (196) 

co — kzv0z cp0z \ Q ; 

W e integrate with respect to the var iable p0z in 
accordance with the rule given by E q n (132). By subst i tu t ­
ing the resul tant expression into Eqn (91) and tak ing into 
account the fact tha t the dis t r ibut ion function [Eqn (190)] is 
m a x i m u m for p0x = p0y = 0 and p0z = p0, we obta in the gain 
of the Cherenkov laser in a cons tant magnet ic field, 
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256 V S ( L N 2 ) 5 / 2 p 0 r 0 A s in 2 9 cos 9 

Po 

x exp 

Pome f 2 

- 4 1 n 2 ^ - 4 1 n 2 ( P f e ~ / o ) 2 

mQn POL 

(197) 

H e r e Q0 = \e\H0/mc, and the quant i ty p0z is found from the 
equat ion 

co — kzv0z = 0 (198) 

To simplify the subsequent analysis we extract the 
explicit dependence of p0z on p0±. Let the solution to 
E q n (198) have the form p0j_ = 0 for p0z = b. If poj_ ^ 0, 
then the quant i ty p0z can be presented in the form 

Poz = b + qiPo± + qiPo± • (199) 

If we subst i tute the last expression into Eqn (198), then 
qx = 0, and q2 = (b/mc)2/2b. The expansion of E q n (199) 
is t rue for q2A2

± ^ b. Since b0 w p0 the average m o m e n ­
t u m — or the average energy $0 = [(mc2)2 + c2pl]1^2— of 
the electron beam is limited by the inequalit ies 

, „ mc 
0<po<\A — . (200) 

where S = A_i/p0 is the angular spread of the electron 
beam. The explicit dependence of the in tegrand on p 0 ± can 
be extracted by subst i tut ing Eqn (199) into E q n (197). 
However , the integrat ion cannot be performed exactly. 

W e consider the two limiting cases: 
(1) the magnet ic field H0 is a rb i t ra ry bu t the m o m e n t u m of 
electrons is limited by the inequalit ies 

q2A\ <\b-p0\ 

or 

0 < P o < 1.4 
mc / 'A\ 1 / 2 

(201) 

[the latter is a m o r e severe const ra int t han E q n (200)]; 
(2) the magnet ic field is large [see E q n (206)] and the 
m o m e n t u m of electrons belongs to the interval [Eqn (200)]. 

In the first case it follows from the inequali ty (201) tha t 
Poz ~ Po~b— p0. Tak ing into account this last fact and 
integrat ing E q n (197) with respect to the var iable p0±, we 
have 

r = - 3 2 V ^ ( l n 2 ) 3 / 2 p 0 r 0 A s i n 2 9 cos 9 (?f) — I0(R) 
\A\\J m c 

b ~Po 
x — e x P - 4 1 n 2 ( ^ f o ) - * 

Here , 

R 
Aicon1 s in z 9 

Un2(mc)2Ql 

(202) 

(203) 

is the a rgument of the modified Bessel function of zero 
order . 

Clearly, in the region defined by E q n (201) the gain 
[Eqn (202)] grows p ropor t iona l ly to the average m o m e n t u m 
(or to the average energy = POC2/VQ) of the electron 
beam. The gain is m a x i m u m if the de tuning is 

-Po : 

(8 In 2) 1 / 2 
(204) 

and the pa ramete r R <̂  1: 

r = 8Ap0r0A.p0 s in 2 9 cos of^r) 
\A\\J mcz 

(205) 

Tak ing into account the definition of R [Eqn (203)], we 
establish tha t the constant magnet ic field is limited by the 
inequali ty: 

H0 > 0 . 4 - 4 consin9 . 
\e\ 

(206) 

W e shall n o w examine the gain given by Eqn (197) in a 
wider range of average m o m e n t a [Eqn (200)] [case (2)]. W e 
suppose tha t the magnet ic field strength satisfies the 
condi t ion (206). Since Po±< A±, we have in this case 
tha t Jo(kxPo±/rnQo) « 1 I N the in tegrand of E q n (197). 
In tegra t ing with respect to the var iable p0±, we get 

r = 32v/7c(m 2)2p0r0A s in 2 9 cos 9 

Po_ 
mc 

p0mc - 4 In 2 (b-Pof 

1 fVn\n2 An 

a I -exp 1 - 0 =)]-} 
Here the quant i ty a = 2y/]n2q2/A\\9 the pa ramete r 

f = V h T 2 ( l + 2 ^ ± ^ ^ 
2a V A\\ A\\ 

q2AA 

(207) 

, (208) 

and the function &(x) is the probabi l i ty integral [55]. 
W e suppose tha t the longi tudinal and t ransverse spreads 

of the electron beam are of the same order: A\\ ~ A±, and 
the de tuning is b — p0 ~ A\\. In this case the a rgument of the 
probabi l i ty integral [Eqn (208)] is a function of the p a r a m ­
eter 

2 A 1 

If q2A± <̂  1, then the quant i ty d/2a > 1. Tak ing into 
account the asymptot ic expansion of the function &(x) for 
x 5> 1, given by 

1 A 1 
&(x) = 1 

^s/^ix 2x: 
exp(— x ) (209) 

and the inequali ty R <̂  1, we have tha t the expression (207) 
coincides with E q n (202) in this limit and with E q n (205) 
under the condi t ion (205). 

W e use this fact to sharpen the upper b o u n d for the 
m o m e n t u m p0. W e suppose tha t the de tuning b — p0 is 
specified by Eqn (204) for all values of p0. The expansion 
(209) is t rue for l / 2 x 2 <̂  1. F o r definiteness we set 
l / 2 x 2 = 0 . 1 . Then, by use of Eqn (208), we find tha t the 
gain of the Cherenkov laser has the form of E q n (205) in the 
region 

0 < po ^ 0.9mc 4 l V . (210) 

The a rgument of the probabi l i ty integral, x = d/2a, first 
decreases to zero (q2A± ~ 1) and then to —1 (q2A± > 1) on 
further increase in the m o m e n t u m , p0. The gain is inversely 
p r o p o r t i o n a l to the average energy of the electron beam 
within the region: f oc m c 2 / ^ 0 . 

N o t e also tha t in this range of m o m e n t a the expression 
in curly bracke ts in E q n (207) first decreases to zero and 
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then becomes negative. This effect is due to the fact tha t the 
m o m e n t u m p0z = b-\-q2A2

± [see Eqn (199)] becomes larger 
t han p0 and the electron beam absorbs the energy of the 
electromagnet ic wave on the r igh t -hand wing of the 
dis t r ibut ion function (199) on increase in p0. Thus the 
region where the gain grows linearly on increase in the 
average m o m e n t u m of the electron beam is limited by the 
inequali ty (210). 

W e shall show in conclusion tha t linear, no t cubic [see 
E q n (144)], dependence of the gain [Eqn (205)] on the 
average energy of electrons can be interpreted simply by 
using the law of conservat ion of energy and m o m e n t u m (see 
Section 2.15). On solving the system of equa t ions (212) for 
r = /, we find tha t the z-projections of m o m e n t a of electrons 
involved in emission and absorp t ion of a p h o t o n differ in 
Ap, where 

A P = ^ . (211) 
2v 0 

Clearly, in this case the asymmetr ic pa r t of the m o m e n ­
t u m and, consequently, of the gain does no t contain the 
factor (p0/mc)(n2 — 1) characterist ic of the Cherenkov 
effect [see E q n (150)]. 

N o t e tha t the theory of the Cherenkov laser was also 
developed by Walsh [50]. Our invest igations show tha t one 
of the pr incipal pa rame te r s on which the opera t ion of the 
Cherenkov laser depends is the angular spread of the 
electron beam, 3. The pr incipal dist inction between W a l ­
sh's work and our work is tha t he does no t consider the 
angular spread of the part icle beam. To justify his model , 
Walsh supposes tha t an infinitely large magnet ic field is 
applied a long the electron beam. Clearly, the magnet ic field 
does no t el iminate the angular spread of an electron beam. 
Let us consider a spatially homogeneous electron beam be 
described at the poin t (x, y, z) by the dis t r ibut ion function 
(190). If a cons tant magnet ic field is applied a long the beam 
(the z axis), then electrons start to ro ta te in the xy p lane . If 
the electron beam is homogeneous , then the number of 
electrons which have a m o m e n t u m p± and start from the 
poin t is exactly equal to the n u m b e r of electrons which have 
the same m o m e n t u m and come to the same point . Therefore 
the angular spread of electrons is the same. (Here we have 
no t accounted for effects such as the m a g n e t o b r a k i n g 
rad ia t ion and scat tering of electrons by molecules of the 
medium) . This conclusion is verified by exact calculat ions 
with the use of E q n s (192), (193). Therefore the energy and 
the angular spreads are to be t aken into account if one 
wan t s to describe opera t ion of the Cherenkov laser in the 
region [Eqn (147)]. 

2.15 Stimulated cyclotron radiation near the Cherenkov 
cone 
The analysis of Sections 2.9 and 2.14 shows tha t a cons tant 
magnet ic field has a significant effect on the SCE. W e shall 
n o w study the influence of a dielectric med ium on the 
s t imulated cyclotron rad ia t ion of electrons. The st imulated 
rad ia t ion of electrons moving in a cons tant magnet ic field 
in vacuum (the cyclotron resonance laser) has been well 
studied theoretical ly and experimental ly [ 5 6 - 5 8 ] . 

W e will see here h o w the feasible region of such 
genera tors can be extended to the regions of the infrared 
and visible spectrum of e lectromagnet ic waves. The central 
difficulty of this p rob lem, i.e., h o w to create high-intensi ty 
magnet ic fields and high-precision high-energy electron 

beams , can be bypassed by considering the cyclotron 
rad ia t ion in a dielectric med ium near the Cherenkov 
cone [Eqn (1)]. 

W e shall examine the opera t iona l characterist ics of the 
cyclotron resonance laser us ing the laws of conservat ion of 
energy and m o m e n t u m together with the dispersion equa ­
t ion: 

2 

£r±hco = £l, pz

b±Hkz=p, %-n

2=\k\2. (212) 
c 

Here the energy Sr = [(mc2)2 + c2p2

z + 
2mc2HQ0(r+\/2)]1/2, r = 0, 1, 2, . . . are a rb i t ra ry n u m ­
bers , n is the index of refraction of the gaseous a tmosphere , 
QQ = \e\H0/mc is the L a r m o r frequency, H0 is the s trength 
of the cons tant magnet ic field which is applied in the 
direction opposi te to the z axis. Emission or absorp t ion of 
a p h o t o n is accompanied by electron t ransi t ion from the 
level r to the level /. 

If r = /, then E q n s (212) describe the SCE (see 
Sections 2.9, 2.14). Other t rans i t ions (r ^ /) describe the 
s t imulated cyclotron rad ia t ion on all ha rmon ics of the 
L a r m o r frequency. W e dwell on the first ha rmon ic : 
r — / = ± 1 . Let the p h o t o n beam be directed a long the z 
axis (kx = 0). Once the q u a n t u m n u m b e r s r and / are 
determined and the frequencies Q0 and co are fixed, the 
system of equa t ions (212) specifies the z-projections of the 
m o m e n t a of electrons which are involved in emission (—) 
and absorp t ion (+ ) , 

Pt = Po ± AP • 

The quan t i ty p0 is found from the equat ion 

Qn mc2 

co • 1 — nfir Sr 

and the asymmetr ic pa r t of the m o m e n t u m from 

Ap = 
Rk rt - 1 
T n ( n - j 8 r ) 

(213) 

(214) 

(215) 

Here $r = p0c/$r. If n > 1 then Ap > 0, and amplification, 
as is the case with E q n (150), occurs on the left-hand wing 
of the Gauss ian spread of the electron beam in the z-
project ions of m o m e n t u m . 

N o t e tha t in the adop ted geometry (the wave vector of 
p h o t o n s and the constant magnet ic field are directed a long 
the z axis): 
(a) the asymmetr ic pa r t of the m o m e n t u m and, conse­
quently, the gain of the cyclotron laser (r ~ Apdf0/dp0) are 
nonzero in a dielectric med ium (n ^ 1) only; 
(b) the Che renkov factor (\—nfir) in E q n (214) can be 
m a d e arbi t rar i ly small; t hus amplification can be obta ined 
in the region of the opt ical frequencies even for weak 
magnet ic fields (clearly, n < 1 for x-ray frequencies and the 
cited considerat ion is no longer t rue) . 

W e shall find the gain for the electromagnet ic wave 
described by 

Ax = Ai sin(cot — fe), Ay = A2 cos(cot — fe) , (216) 

by using system of equa t ions (88), (91). The constant 
magnet ic field is assumed to be applied a long the z axis. 
The electron p ropaga t i on function is found from E q n (88) 
by t ak ing account of the cons tant magnet ic field exactly 
and the amplified wave in the first approx imat ion : 

A p ) = M p 0 ) + / I • (217) 
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He re the characterist ics p0 are specified by the expres­
sions (193) and the linear addi t ion with respect to the field 
[Eqn (216)] by 

fx = -e{Gx exp i[(co + Q)t - fe] 

+Bx exp i[(co - Q)t - fe]} + c.c. (218) 

where 

Gx 
G2E+ 

- + 
Q + co(\ -nfi0z) [Q + co(\-nPz)]2 

B2QE+ 

= i 

Q + co(\-np0z) 

G\E_ 
+ -

B%QE_ 

Q - co(\ - np0z) [Q - ©(1 - npz)f 

B2QE_ 
Q - co(\ -np0z) ' 

9/o 
9^0); 

52 = 2 ^ - ^ ^ - - ^ 

£ ± = \ ~c ( _ A 1 ± A 2 ) ' ^ = ( A k ± ^ 

^ = [ ( m C

2 ) 2 + C 2 / 7 2 ] 1 / 2 

(219) 

The te rms p r o p o r t i o n a l to Bx describe the amplification 
at the n o r m a l frequency (1 — nfi0z>0), and the te rms 
p r o p o r t i o n a l to Gx the amplification at the a b n o r m a l 
frequency ( 1 — n / ? 0 z < 0 ) . In wha t follows we consider 
only the first case and assume tha t the amplified wave is 
circularly polar ised (Ax =A2 = A 0 ) : 

= 0, (220) 

Re ta in ing only the t ime-dependent t e rms [such as 
exp(iatf)] in expression (89) for the current , we have 

, co 
Jx = ~APoe ~Ao e x P - fe) 

POO r+oo i>2n 
' &Po± &Poz d(P 

Jo J -oo Jo 

9/c 9/0 , 1 V J U | , n ~/U 

9/>o_l A l l dq>J 9/?oz. 

vq_lPo_l(1 - ^ o z ) 
£2 — co(l — nfi0z) + i?7 

9 / 0 

+ C . C . (221) 

Expression (221) is wri t ten in the cylindrical coord ina te 
system (/?o_i_> Poz> CP)- If the ampl i tude , A 0 , varies slowly 
with the z coordina te , then the gain of the cyclotron laser 
can be found: 

f 271 2 f ° ° f + ° ° [ 2 % 

F = R Q \ ~ n ~ e P o J 0

 d / ? 0 ± J d / ? 0 z J 0

 d ( ? > 

, A l l A l l Q - ^ 0 z ) 
' £2 — co(l — ft/?0z) + i?7 

9/o 9 / 0 

9p0-L PO-L 9(j9 

9 / 0 

9poz. 
(222) 

»/->o 

W e choose the initial electron dis t r ibut ion function, with 
regard for the cylindrical symmetry of the p rob lem, in the 
form: 

f, 9) = 
4 1 n 2 1 

7i A3 

x exp <j —4 In 2 - 4 1 n 2 (223) 
A2 S2 J 

where 9 is the angle between the velocity of the electron and 
the z axis. W e are n o w going from the electron dis tr ibut ion 
function in the m o m e n t u m space fo(p) to the energy and 
angle distr ibution functions given by Eqn (223). F r o m rule 
(132) we have tha t 

r = -\6^(\n2)3/2p0r0A 
n 2 - \ Po s in 2 0 O 

n (P0-ncos90)2 

mc 6Q 0 i — 0 o 
x —— exp 

D2 D 
- 4 1 n 2 -*o) 2l 

D2 
(224) 

where r 0 = e2/mc2 is the classical rad ius of an electron, 

D = 

cpo 
Po 

(mc ) 2 x 2 i l / 2 

A2 + 82&1 n2 
64

0 s in 2 90 1 1 / 2 

(p0-ncos90) _ 
(225) 

is the effective width , the energy &x i s found from the 
equat ion 

co • 
Q0mc /$x 

1 — nPx cos 9Q ' 
(226) 

Pxc and Sx = [(mc2)2 + cp\\ 2 2 i1 /2 

W h e n integrat ing we use the inequali ty 

|j80 - n cos 0O1 dnfil sin 0 O . (227) 

If the frequencies co and Q0 = \e\H0/mc are chosen such 
tha t £x=<$o- (£>/V8 In 2), then the gain [Eqn (224)] is 
m a x i m u m : 

r = 4.2p0r0A 
n 2 - \ Po s in 2 e0 

n (P0-ncos90)2 

A2 , c 2 ^ 2 2 / ? 0 s m 2 # 0 
/I + d 0 O

 n 2 
(p0-ncos90) 

(228) 

If 

/̂ o s i n ^0 
\fi0 — ncos90\ S{ 

then the amplification depends solely on the angular spread 
of the electron b e a m and is independent of the angle 0 O : 

r = 4.2p0r0A 
n2 — 1 mc2 1 

$o S2 
(229) 

Clearly, the amplification factors for the cyclotron laser 
and the Cherenkov laser are practical ly the same. 

N o t e in conclusion tha t the related issues of the 
cyclotron laser were considered in Ref. [59]. 

2.16 Experimental observation of the stimulated 
Cherenkov effect 
In this section we will de termine when the above effects can 
be observed experimentally. Clearly, it is wor thwhi le to use a 
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gaseous a tmosphere for the spatial SCE. T h u s the neg­
ative role of mult iple scatterings of electrons by a t o m s can 
be reduced. Since the index of refraction of a gaseous 
a tmosphere is close to uni ty (n = 1 + An, where An ~ 10" 4 ) , 
it follows from the condi t ion 1 — nfi cos 9 = 0 tha t the energy 
$ and angle 6 of the part icle are limited by the inequalit ies 

2 \ 2 

r < 2An, < 2An (230) 

If An = 0.5 x 1 0 " 4 , then 9 < 1 0 " 2 r ad and £ > 50 MeV. 
Consequent ly , the SCE is only possible for relativistic 

electron b e a m s in the usua l gaseous a tmospheres . If a 
resonance gas is used, then An can be increased up to a 
value of order of 1 0 " 2 . T h u s the energy of the part icles is 
diminished from 3 . 5 - 1 . 1 M e V and the angle 9 is increased 
from 0 . 1 - 0 . 4 rad . In this case, however , the resonance 
condi t ion imposes a severe constra int on the frequency of 
the electromagnet ic rad ia t ion: co w co0, where co0 is the 
frequency of the resonance t ransi t ion of an a tom or 
molecule. 

W e shall determine when dynamic effects can be 
observed. F o r est imates the following relat ions m a y be 
useful: 

<*! = 0.85 x l O - ^ V ^ , £2 = 0.61 x \<T9ky/F2 ,(231) 

where Pi and P2 represent the wave power (measured in 
wat t s per square centimetre) , X is its wavelength (in 
micrometres) , £ = \e\A0/mc2 is a dimensionless p a r a ­
meter , and the indices 1 and 2 cor respond to linear and 
circular polar isa t ion of rad ia t ion . 

If the laser rad ia t ing power is P = 4.5 x 1 0 1 0 W c m - 2 , 
X = 1.06 u r n , and the width of the b e a m is 2d = 2 m m , the 
ampl i tude AS [Eqn (14)] is equal to 10 6 eV. Since the energy 
of a p h o t o n is Hco = 1.2 eV, an electron can emit or absorb 
up to 10 6 p h o t o n s due to the SCE. Clearly, mult iple 
repeti t ion of this process is necessary to achieve a sig­
nificant acceleration. 

W e shall n o w evaluate the fields which are required for 
q u a n t u m modu la t ion of the current and density of the 
electron b e a m [Eqns (46), (48)]. The depth of modu la t i on 
runs to 1 0 % for the laser rad ia t ing power 
P = 1.6 x 1 0 " 4 W c m " 2 , X = 1.06 u r n , d = 1 m m . If the 
refractive index of the gaseous a tmosphere is n = 1.021, 
the energy of the part icles is $ = 2.5 MeV, and the angle is 
9 = 2.77 x 1 0 " 2 , the gap xx = l/Aqx between the regions of 
q u a n t u m and classical modu la t i on is equal to 45.4 cm. 

Let us n o w assume tha t the mechanism of emission and 
absorp t ion of p h o t o n s is based on the interact ion between 
the magnet ic m o m e n t of electrons and the rad ia t ion (see 
Section 2.5). W e suppose tha t the part icle beam with the 
above pa rame te r s is fully polar ised a long the x axis 
(Cj = 1). In this case the laser rad ia t ing power must be 
p = 4.9 x 10 7 W cm for the depth of modu la t i on to run 
to 10 % [see E q n s (59), (60)]. W e shall assess the possibility 
of magnet i sa t ion of a part icle beam on the basis of the SCE. 
If an electron beam is no t polar ised before the interact ion 
(|f I = 0), then after the interact ion the magnet i sa t ion level 
rjx = m a x (7 l j c / p 0 / i ) a long t h e x axis [see E q n (68)] is 31.6 % 
for P = 1.2 x 1 0 1 0 W c m " 2 , X = 1.06 u r n , n = 1.021. The 
depth of magnet i sa t ion modu la t i on of a polar ised electron 
beam associated with the modu la t i on of its density, given by 
E q n (68), runs to 10 % for P = 1.6 x 1 0 " 4 W c m " 2 . 

In all cited cases the angular and energy spreads of an 
electron b e a m must satisfy the condi t ions (82). F o r the 

above pa rame te r s A/S « 0.7 x 1 0 " 6 , S « 1.02 x 1 0 " 6 , and 
the const ra ints on the angular and energy spreads can be 
m a d e weak by means of a cons tant magnet ic field and the 
use of a resonance med ium with n = 1 . 1 - 1 . 0 1 , respec­
tively. N o t e tha t such severe const ra ints on the qual i ty of an 
electron beam are the main obstacle to the exper imental 
observat ion of q u a n t u m effects. 

W e are coming to the analysis of several schemes of h o w 
to amplify the electromagnet ic rad ia t ion on the basis of the 
SCE. A l though the gain of the q u a n t u m klyst ron is large 
[see E q n (103)], un ique part icle beams , as is no ted above, 
are required for its implementa t ion . Let us compare the 
gain for the Cherenkov klyst ron [Eqn (102)], r = T k l , with 
tha t for the Cherenkov klystron in a cons tant magnet ic field 
[Eqn (115)], T = J ^ . Their ra t io is 

1 ki 
Ad 

n sm 1_A± (232) 

If the angle 9 and the energy of particles is related to the 
refractive index n = 1 + An by the equat ion 9 = mc2/$$ = 
y/An, and the longi tudinal and transverse spreads are of the 
same order An w A ± , then the rat io 

i l l 
Ad 2mcz 

> 1 

for relativistic part icles. 
Let us compare the gains for the Che renkov laser 

[Eqn (146)], T = r h and for the Cherenkov laser in a 
cons tant magnet ic field (215): r = r f . Their rat io is 

rj_ 
A mc 

o \ 2 n s i n 2 ' 
n1 - 1 

(233) 

If 6 = V2An, A ± ~ A \ \ , mc2/S < 9, then 

nH / e> \ 2 

A 
'A 

mc2 
> 1 

in the range of m o m e n t a the condi t ion (210) specifies. 
Clearly, a magnet ic field enables the efficiency of 
amplification to be increased greatly b o t h for the klystron 
and for the laser. 

Let us compare the gains of the Che renkov laser, given 
by E q n (205), and of the Cherenkov klystron [Eqn (115)]: 

1 kl 
= 0.2 ̂  Po ( $y 

d Au 
P0 sin 9 (234) 

If, for example, djX = Po/A\\, 9 = mc2/S>

0, then the rat io is 

1 ki 
= 0.2- . 2 • 

Clearly, in this case r f < if SQ < 5mc2; and r f > 
if $ 0 > 5mc2. Let the average energy of an electron beam 
be ^ = 12.6 M e V ; A^/po = 1 0 " 3 ; p 0 = 2 x 1 0 1 0 c m " 3 ; 
n = 1.0016; 9 = 3.97 x 1 0 " 2 rad ; and the s trength of the 
constant magnet ic field H = 100 k G . Then the gain 
[Eqn (205)] is / f = 0.2 cm 1 over the wavelength 
X = 1 u m . 

In conclusion we will examine opt ical polar isa t ion 
effects in a system of the Che renkov laser type (see 
Section 2.13). If an electron beam moves at an angle to 
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the direction of a p ropaga t ing wave and it is polarised, then 
a ro ta t ion of the polar isa t ion ellipse of the test signal 
[Eqn (181)] results. Tak ing account of E q n (188), we find 
tha t the cont r ibut ion of magnet i sa t ion of the electron beam 
in the effect is negligible. If the density of part icles is 
Po = 1 0 1 0 c m - 3 , their average energy is $ = 6.65 M e V ; 
S = A/$>=10~3; the wavelength of the test signal is 
X = 0.67 urn; the angle is 9 = 6.9 x 10~ 2 rad ; the coeffi­
cient is r = 1.6. This implies tha t cpe = \Ax 1 0 - 5 r ad for 
the region of interact ion L = 1 cm. 

Let a part icle beam and a wave p r o p a g a t e in the same 
direction. In this case, ro ta t ion is due to the spins of 
electrons [Eqn (189)]. If the particles are fully polar ised 
a long the z axis(C z = 1), £ = 4.98 MeV, p 0 = 1 0 1 2 c m " 3 , 
L = 10 m, then the angle is ^ = 1.1 x 10~ 7 rad . The 
refractive index (n) of the gaseous a tmosphere is assumed 
to be equal to 1.005 in b o t h cases. 

3. The stimulated surface Cherenkov effect 
(SCCE) 
In the Che renkov laser and Cherenkov klystron, the 
electron beam p ropaga t e s in a dielectric med ium at an 
angle to the amplified rad ia t ion . Clearly, this presents 
p rob lems in the t r anspor t a t ion of the electron beam and 
restricts the region of its interact ion with the wave. The 
region of interact ion between electrons and the wave can be 
chosen arbi t rar i ly if the amplified wave p ropaga te s in a 
waveguide and the electron beam moves over its surface. 

As is k n o w n from Ref. [14], electrons moving over a 
dielectric med ium can spontaneous ly emit e lectromagnet ic 
rad ia t ion if the electron velocity, the frequency, and the 
wave vector of the wave are related by the equat ion , 

co — k7v = 0 . (235) 

Here the z axis is directed a long the surface of the medium, 
v is the velocity of an electron a long the same axis, and kz is 
the z-projection of the wave vector of the wave. Equa t ion 
(235) coincides with the condi t ion for the spon taneous 
emission of an electromagnet ic wave in an u n b o u n d e d 
dielectric medium, given by E q n (1). N o t e tha t in b o t h 
cases the spon taneous emission intensities are quant i t ies of 
the same order provided tha t the distance from the electron 
to the surface of the dielectric med ium is not large. 

The si tuat ion is total ly different in the case of the SCE. 
In the first case (an u n b o u n d e d med ium) the asymmetr ic 
pa r t of the loss is always nonzero [see E q n s (42), (150)] and, 
thus , the electromagnet ic wave can be amplified (see 
Sections 2.8, 2.10); in the second case it is often impossible 
to separate the emission and the rad ia t ion of p h o t o n s . W e 
shall show this us ing the law of conservat ion of energy of 
m o m e n t u m . 

Let an electromagnet ic wave p r o p a g a t e in a p lane 
waveguide placed in a dielectric (gaseous) med ium. The 
expressions for the project ions of the electric field within the 
waveguide and outs ide it, and the dispersion equat ion are 
all given in Section 3.1 [see E q n s (247) - (250) ] . N o t e tha t 
unl ike in an u n b o u n d e d medium, the x-project ion of the 
wave vector over the surface of the dielectric is a purely 
imaginary quant i ty : kx = iqx. 

To establish the condi t ions for emission and absorp t ion 
of a p h o t o n we use the K l e i n - G o r d o n equa t ions (33). The 
pr incipal p rob lem is h o w to choose the initial wave function 
of the electron. F r o m the classical s tandpoin t the electron 

moves only over the surface of the dielectric. To obta in a 
q u a n t u m mechanica l descript ion adequa te to the classical 
descript ion we suppose tha t the wave function of the 
electron has the form of the de Broglie wave over the 
surface of the waveguide and is zero inside the waveguide: 

x < a . 

(The field of the crystal is approx ima ted by an infinitely high 
poten t ia l barr ier . ) This choice is in good agreement with 
exper imental results according to which slow electrons 
pene t ra te a crystal thickness of several a tomic layers 
[Maradul in A in Defekty i KolebateVnyi Spektr Kristallov 
(Defec ts and Vibra t iona l Spectrum of Crystals) (Moscow: 
N a u k a , 1968), p . 359]. 

W e assume tha t the field, described by E q n (247), is 
adiabat ical ly slow, and turned on and off at z = =F°°- The 
z-projection of the vector po ten t ia l is presented as 

A7 = 
2co 

E\z exp [i(kzz — cot) — qxx] + c.c. 

In the linear approx imat ion with respect to the field the 
wave function of an electron takes the form 

*A = *Ao + <A- + <A+ , 
where \j/0 is the initial wave function of the electron, and 
the te rms describe emission and absorp t ion of a p h o t o n . 

W e shall seek the function xj/^. in the form 

i//T = cpT(z) exp : (S =F ftco) — qxx 

By subst i tut ing this expression into Eqn (33) and in tegra t ­
ing the second-order equat ion as it is done in Section 2.4, 
we find the wave functions after the interact ion: 

2neEzpzc 
co 

.S^Uco .pz=pHkz x exp ( - l — - — t-qxx+ I z 

xd[(<$T =F Ucof + (Hqxc)2 - (mc2)2 - (pz =F nkz)2c2] . 

Taking into account the relat ion (248) we establish tha t an 
electron can emit or absorb a p h o t o n when its initial energy 
(S —> ST) and m o m e n t u m (pz —> pf) satisfy the condi ­
t ions, 

(ST =F Tico)2 + (Tiqxc)2 — (pf =p tikz)2c2 = (mc2)2 , 

^ 2 , 2 2 
— ,t] = k- - qx 

cz 

(236) 

Since the electron moves in the region x > a, and the 
field [Eqn (247)] does no t have a de terminate value of the x -
project ion of the wave vector, there is no poin t in suggesting 
a de te rmina te value of the x-project ion b o t h for the initial 
and for the final state of the electron in the case of the 
SCCE in contras t to the SCE. 

Fo rma l ly we assume tha t the m o m e n t u m of the part icle 
can t ake imaginary values. In this case condi t ions (236) can 
be found with the aid of the system of equa t ions 
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P2x • 
CO 2 r 2 r 
— n ] = kx +k 
cL 

P2z 

2 (237) 

Here kx=iqx, kx=(kx)*, where + cor responds to 
absorp t ion of a p h o t o n and — to emission of a p h o t o n . 
A l though only the corol lary [Eqn (236)] to this system of 
equa t ions is physically meaningful [in calculat ions 
f2 = ( m c

2 ) 2

+ (c\p2\)2, (p^xf = ~\p^x\z are to be taken 
into account] , it is convenient for analysis since it is 
ana logous to the o rd inary system of equa t ions (148). 

Accord ing to E q n (236), in vacuum (n\ = 1) the same 
electron is involved in b o t h processes. I ts velocity can be 
found from E q n (235). Since the absolute values of the 
ampl i tudes of b o t h processes also coincide, the depth of the 
klyst ron modu la t ion (see Section 2.8), the overpopula t ion 
of the electron b e a m (see Section 2.11), and the gains for 
the Cherenkov laser and Che renkov klyst ron are zero. This 
peculiar degenerat ion can be removed in three ways: (1) by 
placing the waveguide in a gaseous a tmosphere ; (2) by 
applying a constant magnet ic field a long the waveguide; 
and (3) by considering amplification by part icles whose 
velocities lie outs ide the Cherenkov cone. 
(1) If the waveguide is placed in a gaseous a tmosphe re 
(rii ^ 1), then it follows from system of equa t ions (236) 
tha t the energies of particles involved in emission and 
absorp t ion of a p h o t o n are different: 

ST = £ ± AS . (238) 

Here the quant i ty $ is found from E q n (235), and the 
asymmetr ic par t of the energy is 

\ 2 1 2 

- Tico(nx 1) (239) 

(2) Let a constant magnet ic field be applied a long the 
surface of a waveguide placed in vacuum. The energies and 
m o m e n t a of electrons involved in emission and absorp t ion 
are found from the equa t ions 

, . 2 

H e r e Sr, where 

(mc2)2 + c2pj + 2mc2HG0 ( r + 

: k\ + k2 . (240) 

f / 2 

is the energy of an electron in the constant magnet ic field; 
r= 1, 2 , . . . ; Q0 = \e\H0/mc is the L a r m o r frequency; kz is 
the z-projection of the wave vector of the field described by 
E q n (247). 

If r = /, and the frequency co and the wave vector kz of 
the p h o t o n are given, then the system of equa t ions (240) 
specifies the z-projections of the m o m e n t a of part icles 
involved in emission (—) and absorp t ion ( + ) of the p h o t o n : 

pf = p ± Ap . (241) 

The quan t i ty p is found from Eqn (235) and 

A p = ^ . (242) 
2v 

Clearly, the degenerat ion is removed because the law of 
conservat ion of m o m e n t u m is violated a long the x axis (the 
direction perpendicular to the magnet ic field). 
(3) Let an electron, with an energy $ and m o m e n t u m 
/?(0, 0, p) before the interact ion, interact with the field 

[Eqn (247)] within a finite por t ion of the waveguide, 
L ^ z ^ 0. The calculat ion of the ampl i tudes of the 
probabi l i t ies of emission and absorp t ion of a p h o t o n 
shows tha t , in this case, the law of conservat ion of 
m o m e n t u m along the z axis, 

pz =F Hkz = pz (243) 
can be violated. Therefore emission and absorp t ion of a 
p h o t o n [combined with the dispersion equat ion (248)] are 
governed by the equa t ions 

2 

£ =F Tico = ST , = P x , C^r = k2

x+k2

z . (244) 

Since the waveguide is placed in vacuum, nx = \. 
The z-projection of the m o m e n t u m of the electron after 

the interact ion can be determined as follows. Tak ing into 
account 

1 
Y-c2(p^)2-(mc2) . 2x211 /2 

and using E q n (244), we have 

pv 
(245) 

The compar i son between this inequali ty and E q n (243) 
shows tha t in the field [Eqn (247)] an electron whose velocity 
lies outs ide the Che renkov cone absorbs and emits p h o t o n s 
which have the z-projections of the wave vectors Q f given 
by 

— =F AQ ^ kz . Qt = kz + 

Here the term 

AQ = k, 
%{a> — kzv) 

pv 
(246) 

Clearly it in t roduces an asymmetry in emission and 
absorp t ion . Since in this case the synchronism condi t ion 
(235) is no t satisfied, it is not , strictly speaking, the 
Cherenkov effect. 

A somewhat different app roach to the analysis of 
s t imulated processes in fields with singularities at certain 
po in t s [in our case this cor responds to tu rn ing on and off 
the field at the poin ts z = (0 ,L) ] was considered by 
V M A r u t y u n y a n and S G Oganesyan [Zh. Eksp. Teor. 
Fiz. 72 466 (1977)]. 

All three possibilities for removing the degeneracy are 
used in Sections 3.2 and 3.3 to obta in a modu la t ed electron 
beam. In Section 3.3 the role of the angular and energy 
spreads of an electron beam is examined. In Sections 3 . 4 -
3.7 we show tha t the SSCE can be used to develop the 
Cherenkov laser and the Cherenkov klyst ron [ 6 0 - 6 4 ] . In 
Section 3.1 the dynamics of a part icle in the field of a 
surface wave is studied. 

Since the q u a n t u m effects are tho rough ly studied in 
Section 2 in the case of the SCE, the analysis of this section 
is based on the classical equa t ions only. 

3.1 M o t i o n of an electron in the presence of a surface 
wave 
Let a m o n o c h r o m a t i c electromagnet ic wave p r o p a g a t e in a 
dielectric waveguide of thickness 2a and of infinite length 
and width (Fig. 3). The waveguide is symmetr ic abou t the 
yz p lane . The strength of the electric field of an 
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e lectromagnet ic T M wave over the waveguide (x > a) is 
given by 

Ez = E\z exp i(kxx + kzz — cot), Ex 

kzE7 

, (247) 

where kx, ky = 0, and kz are the project ions of the wave 
vector k [65]. Assuming to ta l in ternal reflection, we find 
tha t kx is a pu re imaginary quant i ty , kx = iqx, where 

2 7 2 ^ 2 

lx = k z - ^ - n\ 
(248) 

Figure 3 . 

(It is assumed tha t the waveguide is placed in a gaseous 
a tmosphere of refractive index n { ) . In the waveguide, 

Ez = E2z sin(kf

xx) exp i(k'zz — cot) , 

k! 

E x = i - l E2z cos(k'xx) exp i(k'zz - cot) , (249) 
kx 

and the dispersion equat ion takes the form 

^r% = {k'x)2 + {k'z)2 , (250) 

where n2 is the refractive index of the waveguide. 
Since the fields are con t inuous on the b o u n d a r y , the z-

project ions of the wave vectors of the fields [Eqns (247), 
(249)] are related by the equa t ions 

kz = k'z, tan k'xa • 
n \ k x 

(251) 

The ampl i tudes of the fields, given by E q n s (247), (249), 
are related by the equat ion , 

EXz = E 2 z sin(kxa) Gxv(qxa) (252) 

The solut ions to E q n (251) give the set of na tu ra l modes of 
the waveguide. 

Let an electron move in paral lel with the surface of the 
waveguide before the interact ion: 

x = x 0 , v = 0 , z = z0 + v 0 t . (253) 

W e shall find the changes in its m o m e n t u m and energy in 
two cases: (1) the field is tu rned on adiabat ical ly slowly, 
and (2) the electron interacts with the wave within a finite 
por t ion of the waveguide (L ^ z ^ 0). 

In the first case, by subst i tut ing the expressions for 
electric [see E q n (247)] and magnet ic [H = c(k x E)/co] 
fields into Eqn (3) we have 

p=p0+Ap, < 

Here 

eEXz(co — kzc) 
AP: 

cqx(co-kzv0) 

Apy=0, 

= SQ + L 

e x p ( — q x x 0 ) cos[kzzo + (kzv0 — co)t] , 

APz 

co — k z v 0 

exv(-qxx0) s in[£ z z 0 + (kzv0 - co)t] 

cE^ 
_ v o - — r r r e x P ( - ^ - ^ o ) s in [^ z z 0 + (kzv0 - co)t] co — k z v 0 

(254) 

where the velocity v 0 = p 0 c 2 N o t e tha t the expressions 
(254) differ from E q n s (6), (7) in the cut t ing factor, 
e x p ( — q x x 0 ) , only. Therefore all explanat ions to E q n (5) 
remain valid here. 

Let the part icle and the wave move synchronously , 

co - k z v 0 = 0 , (255) 

and the field is tu rned on for a t ime 2 T by the law 

1 , / t a n t u 

By integrat ing E q n (3) with respect to t ime, we find tha t 
the increment of energy increases p ropor t iona l ly to the 
dura t ion of interact ion between the electron and wave for 
t > T : 

AS' = eE[zv0t e x p ( — q x x 0 ) cos(& z z 0 ) . (256) 

W e assume n o w tha t the electron interacts with the wave 
within a finite por t ion of the waveguide L ^ z ^ 0. 
Equa t ion (3) integrates to 

l sm oc , x / co 
•• eElzL Qxp{—qxx0) cos I a z 0 

a V v o . 

(257) 

where the de tuning is a = (co — kzv0)L/2v0. Depend ing on 
the phase </> = a — coz 0 /v 0 , the part icle is either accelerated 
(AS > 0) or decelerated (AS < 0). If the electron beam 
crosses the interval [0, L] , then the interact ion results in 
modu la t i on of its energy. 

Since the ampl i tudes of the fields EXz and E2z are related 
by E q n (252), the interact ion between electrons and the 
wave is efficient when the a iming pa ramete r is 

x0 — a < — . (258) 
<lx 

Taking account of E q n s (248), (255) we find tha t 

. M ) A 2 v o V / 2 

X ° - a < 2 ^ { l - n i 7 J ' 

in a gaseous a tmosphere (nx ^ 1 ) , and 
AVQ SQ 

x0 — a < --j ' 

in vacuum (n\ = 1). N o t e also tha t formulae (254), (256), 
(257) are t rue when 

\M <p0, < (259) 

3.2 Modulat ion of the density and current of an electron 
beam 
M o d u l a t i o n of the energy of an electron beam due to the 
SSCE [Eqn (256)] results in the modu la t i on of its velocity. 
However , it is not sufficient, as is no ted at the beginning of 
Section 3, to obta in the klys t ron modu la t i on for the 
current and density of the electron beam. N o t e yet 
ano ther fact which h a m p e r s the analysis of the modu la t ion 
effect on the basis of the SSCE. Ac tua l electron beams 
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always have angular spreads. Clearly, if electrons move at 
an angle to the surface of the waveguide, they either leave 
the region of interact ion with the field [Eqn (247)] or 
pene t ra te the waveguide and are rapidly scattered there. 
The number of such electrons can be diminished by 
applying a cons tant magnet ic field a long the central axis of 
the part icle beam (see Section 3.3). 

W e will begin the analysis of the modu la t ion effect with 
a simple model . W e suppose tha t all part icles of the beam 
move a long the surface of the waveguide and have the same 
m o m e n t u m p0(0, 0, p0). W e determine the density and 
current of the electron beam after its interact ion with 
the field given by E q n (217), within the interval 
L ^ z ^ 0, us ing the kinetic equat ion (23). On solving it 
in the linear approx ima t ion with respect to the field, we find 
tha t the function 

/ = / o + / i , 
in the region z> L. H e r e / 0 = S(pz — p0) t)(px) o*(py) is the 
initial electron dis t r ibut ion function, 

6/q sin a' 
= -RCJlF, dp afvz 

x exp 

the force is 

Fi = e 

and the de tuning is 

, co — k-v ^ 

co — krvr 

kxx + -

)+!<"B'> 

z - cot (260) 

k7E, 

2v7 

By determining the density and current of the electron 
beam and re ta ining only the te rms of the klys t ron type we 
have 

--jy=0, 

Jz = J0 
mc zL co — kzVQ 

aft 

sin a , x . / co 
x exp(—q x x) sm \cot z + a 

P = P<r Jo 

(261) 

(262) 

(263) 

Here j 0 = ep0v0 is the initial electron current , 
£z = eEXz/mcco, /30 = v 0 / c , and the de tuning 

co — kzVQ 

2v 0 

(264) 

The no ta t ion in E q n s (261 ) - (263 ) for the current and 
density of electrons is convenient for different l imiting 
cases. If the waveguide is placed in vacuum (n\ = 1), and 
the synchronism condi t ion (255) is satisfied, then the 
second term in E q n (262) vanishes and we get 

J =Jo , P = Po , 

according to the analysis at the beginning of Section 3. 
If the waveguide is placed in a gaseous a tmosphere 

(pi > 1) and the synchronism condi t ion (255) is satisfied, 
then 

--Jo 1 - 4 T C 2 £ 
2 j : mc zL (JL 

<$oPo X' 

x exp(—q x x) sin ( cot z 

P = Po' 
Jz 

Jo 
(265) 

If the waveguide is placed in vacuum (nx = \) and the 
velocities of electrons lie outs ide the Cherenkov cone, then 
a ^ 0 and 

--Jo 1 - 4 7 c £ z — ^ - ^ s i n a 
PoPo * 

x exp(—q x x) sin ( cot z + a 

P = Po ~ • 
Jo 

(266) 

Clearly, in the last two cases the current and density of 
the electron b e a m oscillate at the frequency co, and the 
depth of modu la t ion increases in direct p ropor t iona l i ty to 
the drift dis tance z ( the klystron modu la t ion ) . 

F o r m u l a e (265), (266) are applicable when 

4 T T 2 £ Z 

mc zL 

<*oPo A2 

. e mc z . 
4TTCz — s ~ -r sin a < 1 

PoPo * 
(267) 

3.3 Accounting for spreads of electrons in energies and 
angles 
Let us consider the modu la t ion of an electron beam which 
has the Gauss ian spread in m o m e n t a before the interact ion 

- 4 In 2 (Pz ~Po) - 4 1 n 2 P2x +Py , . ( 4 1 n 2 ) 3 / 2 

AP) = a 2 A 3/2 e X P 

(268) 

The wid ths of the energy and angular spreads of this beam 
are specified by the expressions A = v0A\\, 3 = A_i/p0. Let 
electrons interact with the field [Eqn (247)] within the 
interval L ^ z ^ 0. W e shall determine their density and 
current in the region z > L when a cons tant magnet ic field 
Hz = —H0 is applied a long the z axis. Since our concern is 
only with electrons which move over the surface of the 
waveguide, the kinetic equat ion mus t be added by the 
inequali ty 

x > a (269) 

On solving Eqn (88) for the constant magnet ic field 
exactly and for the field [Eqn (247)] in the first app rox ima­
t ion, we have 

/ = / o + / i - (270) 

H e r e / 0 is the initial electron dis t r ibut ion function (268), 

fx = " R e 
L sin a 8/q 

e E \ z ^— h 
vz oc opz 

Q 

V I . CO 
x exp I — qx —- sm cp — qxx + l — z — icot — la 

Q v7 

,(271) 

Q = \e\H0c/£, the velocity v± = c2{p2

x + p2)l/2/£, the 
de tuning 
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co — kzvz 

' 2 ^ 
the angle cp is found from the equat ion , tancp = py/px. N o t e 
tha t in E q n (271) only the term responsible for the SCE is 
t aken into account . 

W e will n o w analyse inequali ty (269). W h e n solving 
E q n (88) in a cons tant magnet ic field, we need to use the 
characterist ics (106), in which the pr imes mus t be omit ted. 
Simultaneously the expressions 

, v0± • ( r u 1\ . 1 POy 
x = x 0 + — - sm{Qt — cp ) , t an cp = —- , 

Q POx 

must be subst i tuted in inequali ty (269). Since this inequali ty 
must hold at any m o m e n t of t ime, x 0 > a + VQJ_/Q. 
Retu rn ing to the variables k,v, and considering 
Qt — cp = —cp, we establish const ra ints on the angle cp: 

cpx>cp>cpx 

Here 

71 

: 2 ' : arcsin 
a + Vj_/Q — x 

vJQ 

(273) 

(274) 

for a < x < a + 2v±/Q; and cpx = —TZ/2 for x ^ a + 2v±/Q. 

Inequali t ies have a simple physical meaning . Since v_|_ is 
the project ion of the velocity of a part icle on to the xy p lane, 
Vj_/Q = ri is its L a r m o r radius . If we let a part icle go 
th rough a po in t x in the region a < x < a + 2rh its 
t rajectory does no t intersect the plain x = a if the angle 
between the m o m e n t u m p± and the x axis lies in the interval 
defined by E q n (273) (Fig. 4). If a ^ a + 2rh then the angle 
cp can be chosen arbitrari ly. T h u s inequalit ies (273) t ake up 
part icles from the assemblage of part icles going t h rough the 
poin t x such tha t their trajectories pass over the surface of 
the waveguide. 

On convert ing to the cylindrical coordina tes in m o m e n ­
t u m space (px, py, pz —> cp, /?_|_, pz), we find the expression 
for the z -project ion of the current of the electron beam, 

Jz =Joz +Jlz (275) 

where j 0 z is the z -projec t ion of the current of the electron 
beam before the interact ion, 

Jlz R e e2p0LE l z Qxp(—qxx — icot) 

rn-cp± / V ± \ f + °° f 

x J dcp exp \-qx — sm cp j J dpz ^ 
dpz p±dp± 

Jo 

T ( v ± \ sin a 9f0 .(<*> 

X I ^ Q ) ^ r o p : e x p i w z 

for a < x < a + 2v±/Q, and 

(276) 

Figure 4 . 

(272) jiz = —Re 2ne p^LE 1 z e x p ( — q x x — icot) 

P+OO PCX, 

\ Apz\ 
J oc JO 

P±dp± 

x 7 ° ^ a)— 6 ^ e x p i f e z - a 
(277) 

for x ^ a + 2v±/Q. 
W e assume tha t the average m o m e n t u m of the electron 

beam satisfies the synchronism condi t ion co — kzv0 = 0. To 
simplify further calculat ions, we also assume tha t the 
s trength of the constant magnet ic field is 

mcco c 

H0>—-S (278) 

In this case the relative cont r ibu t ion of the term defined 
in E q n (276) to the strength of the current 

dx 
.//2 

-1/2 
dy Jz > 

is of the order of 3mcco/\e\H0 <̂  1 and can be neglected. 
Tak ing into account p± ^ A±, \pz — p0\ ^ A\\, the 

quant i ty l/vz can be expanded into the Taylor series abou t 
the poin t l / v 0 as 

1 1 1 mc 
2\2 

(Pz -Po) 

2\2 ( x2 2 

+ 
f mc (Pz -Po) + P± 

0 2p0$0 

(279) 

By subst i tut ing this expansion into Eqn (277) and applying 
definition (268) we have 

2 / m c \ 3 zL 

x exp - 1 — I -QYx 

H e r e £z = eElz/mcco, and 

2 2 V l n 2 
Zi = A 

cos [ cot z 
v o 

Po 

(280) 

(281) 

In calculat ions it is assumed tha t the distance z is given 
by 

2 1 n 2 / p o V 1 
z < — \ t J it0> 

(282) 

and the average m o m e n t u m of the electron beam is 

Po<\Amc^-
A± \Po 

(283) 

N o t e tha t under condi t ions (278) and (282) the current 
[Eqn (280)] is independent of the angular spread of the 
electron beam. The energy spread defines the drift region 
for electrons, z < Z i , where z\ is specified by expres­
sion (281). 

The pe r tu rba t ion theory used to determine the expres­
sion (280) is t rue for 

I I <J0z • (284) 
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3.4 Theory of the Cherenkov laser (a plane waveguide) 
W e shall consider the feasibility of amplification of an 
electromagnet ic wave on the basis of the SSCE in the 
simplest case, i.e. when the waveguide is placed in a 
gaseous a tmosphere and an electron beam moves in 
paral lel with the waveguide and has a spread in energies 
only. The analysis at the beginning of Section 3 shows tha t 
electrons involved in emission and absorp t ion have 
different energies [see E q n (258)]. Since AS > 0, the 
number of electrons involved in emission 
[N(S~) ~ g(S + AS)] is greater t han the number of 
electrons involved in absorp t ion [N(S+) ~ g(S — AS)] on 
the left-hand wing of the Gauss ian electron energy 
dis t r ibut ion; the gain T > 0. 

W e determine the gain of the Cherenkov laser using the 
system of equa t ions (88), (93). The electron dis t r ibut ion 
function is determined from the kinetic equat ion (88) in the 
linear approx ima t ion with respect to the field [Eqn (247)], 
as: 

/ = / o + / i , (285) 

where f0 is the electron dis t r ibut ion function before the 
interact ion, 

iF 9/o 1 

dp k'V — co + irj 
(286) 

I Y - 0 

where F = eE + (e/c)[v x H] is the Loren tz force. 
The gain r can be found from Eqn (93) under the 

assumpt ion tha t electrons move on either side of the 
waveguide (see Fig. 3): 

r 
Here , 

-2Re 

P = 
An 

dx 
•Z/2 

-1/2 

dy {E* xH)-n 

(287) 

4n S2C 1 

-1/2 

.2Qxp(-3qxa) 

kx Qx 

a(s2

2q2

x + 82

xk2) + ^ 2 
qx + kx 

(288) 

is the energy flux of the wave [Eqns (247), (249)] a long the 
x axis; / is an a rb i t ra ry width a long the y axis; eX2 = N \ , 2 A R E 

the dielectric cons tan ts of the gaseous a tmosphere and 
waveguide. 

By subst i tut ing E q n s (89), (286), (288) into E q n (287) 
and assuming tha t the energy spread of the electron b e a m is 
Gauss ian in na tu re [Eqn (154)], we obta in 

2.7 p o ^ o i 2 \mc 

l)(s2p2

0-l)(l-8^1)8,-8, x(fii 

x 11 + 2na 18X + 82 
[fil + 8 2 ( 1 - 8 1 $ ) ] 

,2s 1/2 

^ / ? 0 8 1 8 2 r -
(289) 

where fi0 = v 0 / c = PQC/SQ, and r 0 is the classical rad ius of 
an electron. Clearly, in vacuum (si = 1), r = 0 according 
to the laws of conservat ion of energy and m o m e n t u m . 

Let us n o w analyse the case when electrons interact with 
the wave in vacuum (si = 1) within a b o u n d e d por t ion of 
the waveguide L (Fig. 5). The solution to the kinetic 
equat ion (88) for this scheme has the form given by 

X 
Figure 5 . 

E q n (285)], where 

,9/o r 1 9/o [ 1 
dp \k-v + 

exp[i(co - k-v)z/vz] 
co — k-v 

(290) 

The amplification, for which the first te rm in bracke ts is 
responsible, has been analysed above. The second term in 
the dis t r ibut ion function (290) is responsible for tu rn ing on 
the interact ion at the poin t z = 0. The function br ings 
abou t modu la t i on of the density of electrons, the velocities 
of which do no t coincide with the wave velocity, 

co - kzvz ^ 0 (291) 

The analysis at the beginning of Section 3 shows tha t 
this condi t ion is satisfied for those part icles of the beam for 
which the law of conservat ion of m o m e n t u m is no t satisfied 
a long the z axis. W e shall find condi t ions under which the 
electron beam amplifies the field [Eqns (247), (249)] and 
determine the gain in the case when the waveguide is a pa r t 
of a circular resona tor (see Fig. 5). W e assume zero losses, 
and first integrate E q n (93) over the space between the 
planes at a dis tance L from each other: 

dt 

Here , 

W 

W -2Re 
eL POO PI/2 

dz dx 

Jo ia 1-1/2 

dyj-E* . (292) 

1 

871 

POO pl/2 
d z j d x j ^ dy \8\E\2 + \H\2\ , (293) 

is the energy of the electromagnet ic field. 
By integrat ing Eqn (292) with respect to t ime, we find 

the gain for the e lectromagnet ic wave: 

-2Re 
1 

cW 

PL POO PI/2 
dz dx 

Jo ia 3-1/2 

dyj-E* (294) 

Tak ing account of E q n s (247), (248), (89), (290), and (293) 
we find tha t the gain 

2 \ 3 

= -2%p0 r 0 L 

^ o t e - i ) 

da 

I a S0 

s in 2 a 

or 

(295) 

where a = (co — ̂ z v 0 ) L / 2 v 0 . In calculat ions it is assumed 
tha t the electron beam is monoenerge t ic : g(S) = h(S — S0). 
This approx imat ion is valid for 

\2 

< 
A 

2nL 
(296) 
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The max imal value of the factor 

d s in 2 a 

da 

is v = 0.8 for a = - 1 . 7 5 . 
N o t e tha t this waveguide version of the Cherenkov laser 

was considered for the first t ime in Ref. [66]. The au tho r s 
supposed tha t the electron b e a m could move in one direction 
only (see Section 2.14) and considered the z-projection of 
the electric field only. These supposi t ions result in an increase 
of the gain, given by E q n (295), by the factor 

3.5 Theory of the Cherenkov laser in a constant magnetic 
field 
Let an electromagnet ic wave p r o p a g a t e in the p lane 
waveguide [Eqns (247), (249)]. Let us direct an electron 
beam with the Gauss ian spread in m o m e n t a a long the 
surface. The constant magnet ic field Hz = —H0 is applied 
in the direction opposi te to the z axis. The gain of the 
Cherenkov laser is determined with the use of system of 
equa t ions (88), (93). 

On solving the kinetic equat ion (88) for the constant 
magnet ic field exactly, and for the field, given by Eqn (247), in 
the first approx imat ion , and considering the inequal ­
ity x > a, we have 

/ = / o + / i • 

H e r e / 0 is specified by the expression (268), and 

(297) 

FX -ieElzI0 q 
Q J dpz co — kzvz 

x exp I ikzz — icot — qxx 
Q 

sm cp (298) 

where 

cpx>cp>cpx 

a rc s ina + v±/Q — x 

(299) 

vJQ 

for a < x < a + 2v±/Q and cpx = —TZ/2 for x ^ a + 2v±/Q. 
The analysis of Section 3.3 shows tha t only electrons 
moving over the surface of the waveguide are taken into 
account in this case. 

By subst i tut ing Eqn (298) into Eqn (89), we find the 
z-projection of the current of the electron beam: 

hz — ~le2Po^iz exp( i£ z z — icot — qxx) 

Q J dpz co — kzvz 

x exp ( - q x ^ sin cp 

for a < x < a + 2v±/Q, and 

(300) 

hz — —line PoE\z exp( i£ z z — icot — q x

x ) 

d P z P±dp±I0(qx 

Q J dpz co — kzvz 

, (301) 

for x ^ a + 2v±/Q. 
Let electrons move on either side of the waveguide. 

Then the gain is found from E q n (93): 

f//2 

-1/2 

tl/2 

+ 1 dx dy j2zE 
ia+2v±/Q J —1/2 

| na+2v±/Q rl/2 

r = - 2 R e - dx \ dy jlzE* 

P ia J-l/2 

Ja+2vJQ J -

(302) 

H e r e the quant i t ies jiz, J2Z, and the flux P are specified by 
E q n s (300), (301), and (288). In tegra t ion with respect to the 
variables x , y , pz yields 

-32TI In 2 
'4 In 2 

71 

3/2 

p0r0A 
$0mc (p0 

2 A3 

k,2o2 

^ kzco[a(s2q2

x + k?) + e(k? + q2

x)/qx] 

>a+2v^/Q 
dx exp(—2q 'xx) 

J<P1 
dy exp -Qx -Q s m <P 

P±dp±(j>z -PO)IO[QX^ 

x e x p - 4 1 n 2 4 - 4 1 n 2 ( ^ ~ / o ) 2 

^ A2 A2 

+ In the calculat ion o f / l 9 only te rms responsible for the 
st imulated Cherenkov effect are reta ined; Io(R) is the 
modified Bessel function; the angle cp is specified by the x exp 
relat ion t an cp = py/px, p± = (p2 + Py)1^2', and v_|_ = p^c2/$. 

The inequali ty x > a imposes const ra ints on the angle cp: 

— Qxp(-2qxa) \ p±dp±(pz-p0)I2

0(q^ V ± 

Qx J( Jo 

. 4 l n 2 A _ 4 l n 2 ( P z - P 0 ) 2 _ 

A\ A\ H X Q 
(303) A2 A2 

1_L ^ | | 

The m o m e n t u m p z is determined from the equat ion 

co - kzvz = 0 . (304) 

If we assume tha t p z = b for p x = p y = 0, then p z can 
explicitly be expressed as a function of the project ion of the 
m o m e n t u m onto the xy p lane , 

P- = h + Q2P± (305) 

Here the quant i ty q2 = (\/2b)(b/mc) . The expansion (305) 
is valid provided tha t q2A2

± <^ b or, t ak ing into account 
b ^ Po, S = A±/p0, tha t 

Po < 1-4 (306) 

The explicit dependence of the in tegrand in E q n (303) 
on the variable p ± can be extracted by subst i tut ing 
E q n (305) into E q n (303). However , the integrals in 
E q n (303) cannot be taken in general form. To simplify 
the calculat ions we assume tha t the pa rame te r qxv±/Q <̂  1. 
Since the max ima l value of the velocity is 
v± = c2p±/$<c2A±/$Q), the constra int on the constant 
magnet ic field follows the inequali ty 

come 
H0 > (307) 
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where 3 = A±/p0 is the angular spread of the electron 
beam. In this case the rat io of the first te rm in curly 
bracke ts in Eqn (303) to the second term is of the order of 
qxvj_/Q <̂  1, and it can be neglected. 

The analysis of Section 2.14 shows tha t the second 
integral in Eqn (303) is m a x i m u m for q2A2± <^ \b — p0\. 
Since q2 = (\/2b)(b/mc)2 and \b — p0\ ~ A\\, the average 
m o m e n t u m of the electron beam is 

^ A mc (A\\ 1/2 

(308) 

If the de tuning is b — p0 = — A\\/(S\n2)1/2 (see Sec­
t ion 2.14) and inequalit ies (307), (308) hold, then the 
final expression for the gain of the Cherenkov laser in a 
cons tant magnet ic field is 

r = 8.4 p0r0A 
Po v2 mc (nfi0)2 - 1 

A\\J Po ti(n2 

1 + 
2TC 

(np0)2 *Po 
\+n2 

1) 
. 2 \ 2 

)]}" 
(309) 

3.6 Theory of the Cherenkov laser (a tubular hollow 
waveguide) 
W e consider the amplification of an electromagnet ic wave 
p ropaga t i ng in a hol low tubula r waveguide (Fig. 6). The 
axis of the tubula r waveguide, of inner and outer radi i d 
and b, is the z axis. The project ions of the electric and 
magnet ic field s t rengths of the T M 0 m o d e onto the z axis, 

Ez = exp(i£| |Z — icot) 

( AI0(k±r), 

x < 

r<d\ 

BJ0(kf

±r) + CN0(k'±r), d ^ r ^ b 

[DK0(k±r), 

H = 0 , 

r> b 

> + c . c , 

(310) 

define the other componen t s of the wave, 

Er = i — -̂ exp(i£| |Z — icot) 
k± 

( -AI^k±r), r<d\ 

-jriBJiik'^-CN^r)}, d ^ r ^ b 
k i 

> + c.c. 

DKx(k±r)9 

Ee = 0, 

He = i -j— exp(i£| |Z - icot) 

r> b , 
(311) 

f - A / ^ r ) , r<d\ 

n2 - ± [BJX (kf

±r) + CNX (kf

±r)], d ^ r ^ b 
k^ 

DKl(k±r), 

H = 0 . 

> + c.c. 

r>b , 

Figure 6. 

F o r m u l a e (310), (311) are wri t ten in the cylindrical 
coordina tes r, 0 , z ; the cons tan ts A, B, C, D are given 
below; Jm, Nm, Im, Km, where m = 0, 1, are c o m m o n and 
modified Bessel functions. The project ions of the wave 
vector on to the z axis and onto the xy p lane inside and 
outs ide the waveguide are related by the equa t ions 

•ki 
1/2 

ki 
1/2 

By the sewing condi t ion for the componen t s of the 
electromagnet ic field [Eqns (310), (311)] on the boundar i e s 
r = d and r = /?, we obta in the existence condi t ions for the 
modes , 

A) (w2)h ("i)lh (ui) - n ( u i Iu2V\ [u2) 
N0(u2)Ix (wi)//0(wi) - n2ux/u2Nl (u2) 

_ J0(u3)KI(u4)/K0(u4) + n (u4/u3)Ji(u3) (312) 
N0(u3)K1(u4)/K0(u4) + n2(u4/u3)N1(u3) ' 

and expressions for the dimensionless quant i t ies B/A, C/A, 
and D/A: 

B B C 
A~CA' 

B 
C 

C 
A 

D 
A 

n[ux/u2)N1 (u2) - N0(u2)Ix (u^/Ip(ux) 

JQ{U2)I\{UI)/IQ(UI) -n2(uxlu2)Jx(u2) 

70(wi) 
N0(u2) + (B/C)J0(u2) ' 

_(B/A)J0(u3) + (C/A)N0(u3) 
K0(u4) 

(313) 

The pa rame te r s ut (where / = 1 ,2 ,3 ,4) have the form 

Ui = k±d, u2 = k'±d, u3 = k'±b, u4 = k±b . (314) 

Let a h o m o g e n e o u s electron beam with the Gauss ian 
spread in m o m e n t a [Eqn (268)] enter the hol low of the 
waveguide and interact with the field [Eqns (310), (311)] 
and the constant magnet ic field of s trength Hz = —H0. W e 
determine the gain of the Che renkov laser us ing the system 
of equa t ions (88), (93). On solving the kinetic equat ion in 
the region r < d, we find the electron dis t r ibut ion function 

/ = / o + / i l • 

The first te rm f0 is specified by the expression (268), the 
linear componen t with respect to the field [Eqns (310), 
(311)] is 

fx 
eA 

n > - £ | | v z ) 

icot) + c.c. , 

0)h(k±r) 

(315) 
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where Q = Q0mc2/$>, Q0 = \e\H0/mc is the L a r m o r fre­
quency, and the angles 9 and cp are related by the equa t ions 
t a n 0 = v / x , tancp=py/px. 

In calculat ions the magnet ic field is assumed to be 
sufficiently large, i.e. 

H0 max< 
(cA± ck±A 
\\e\d 

(316) 

and only te rms which contain the Che renkov pole are 
taken into account . Given the coordina tes of the poin t of 
observat ion r(r , 0, z) , the inequali ty r < d implies tha t the 
const ra in ts on the angle cp are 

- n - v + 9<cp<v + 9, d- 2v±/Q <r<d, 

0<cp<2%, 0 <r<d-2v±/Q . (317) 

In this case, 

: arcsm 
d2 - 2dv±/Q - ? 

2rv±/Q 
(318) 

The const ra in ts (317) take up electrons which go th rough 
the poin t r and do not pene t ra te the walls of the waveguide. 

The gain of the Che renkov laser is found from E q n (93): 
f+OO f+OO 

E . (319) 
1 P+OO P+OO 

r d x \ dyj. 
' J—oo J—oo 

Here P is the flux of the energy of the electromagnet ic wave, 
described by E q n s (310), (311), t h rough the xy p lane as 
specified by the expressions (325), (322), (323). In 
E q n (325) the n u m e r a t o r and denumera to r are t ime 
averaged. 

Tak ing E q n s (88), (315), and (317) into account , we get 
the gain, 

r = 8.4p 0R0L — (Ef]{\-y)G, (320) 

where p 0 is the density of the initial electron b e a m ; r 0 is the 
classical rad ius of an electron; # 0 = Poc2/v0 is the average 
energy of the electron beam; and /?0 = v 0 / c . The pa rame te r s 
y and G are specified by the expressions 

/O (« i ) cA i 

/ 2 ( M l ) - / ? ( " i ) \e\H0d' 

G = [/§(«!) - /? («!) ] j / ? ( M l ) - 7§(M l) + ^ / 0 ( « 1 

(321) 

) M « i ) 

Kl{u4) - Ki(u4) + — K0(u4) Kx (u4) 
u4 

% \u\^f{u3) - u\\jj(u2) 
ui L + 

where the quant i ty 

(322) 

+ ^ ( 2 7 ^ - ^ 2 / 0 - ^ 0 / 2 ) 

F o r m u l a (320) is valid under the condi t ions 

iPo MM 
p 0 <^ 1.4 mc y < l . 

(323) 

(324) 

The factor G is related to the flux of the field energy, given 
by E q n s (310), (311), by the equat ion 

^2 d cokz 

4k] G 
[ / 0

2 ( M I ) - / I 2 ( M I ) ] • (325) 

W e shall consider the amplification of an electro­
magnet ic wave by an electron beam of m o d e r a t e energy 
($Q ^ mc2). If the pa rame te r s of the waveguide are chosen 
so tha t d > A, the expressions (312) and ( 3 2 0 ) - ( 3 2 3 ) can be 
simplified. Consider ing tha t ut > 1 and using the asymptot ic 
representa t ion for the Bessel function [55], we obta in 

k'_\_(b — d) nk^ 
t an 

-{ 2 + 271 
(b — d)mc 

Ap0 

- + -
n2f$t-l 

mc 
0 . 

y = 1.1 
coA± 

Q0p0 

(326) 

(327) 

(328) 

N o t e tha t only the first (principal) t e rms are taken into 
account in the asymptot ic representa t ions of the Bessel and 
N e u m a n n functions when we est imate the energy flux in the 
waveguide (d> r > b). W e also cite the expression for G in 
the case where the second te rms are retained: 

» 2 / ? o - l f 
2$(« 2 - 1 ) 1 

1 + 7 1 
(b — d)mc 1 

lp0 

1 + 
/ 2\ 2-I N - 1 

- i t ) } } • 
(329) 

The quan t i ty y is associated with the first correct ion in the 
pa ramete r comcA^j\e\H^p^ (it is omit ted when determining 
the gain in the p lane waveguide) . Clearly, in line with the 
analysis at the beginning of Section 3, the gain diminishes 
on decrease in the magnet ic field H0. 

The feasibility of amplification of electromagnet ic 
rad ia t ion in p lane and tubula r waveguides was also 
considered by Walsh et al. in Refs [ 6 1 - 6 4 ] in case of a 
one-dimensional electron beam (3 = 0) tha t moves in 
paral lel with the waveguide (we examined this mode l at 
the end of Section 2.14). In calculat ions of the amplification 
the au tho r s assumed tha t the electron b e a m is m o n o e n e r -
getic (A = 0) and they studied only the case when a large 
gain is achieved. Clearly, in the limit A = 0 the mechanism of 
amplification is different from the one described in this 
paper . The role of the magnet ic field is also different. 
Walsh et al. consider it as the leading field (see [Ref. 50], 
page 303), whereas we in t roduce it to create an asymmet ry 
in emission and absorp t ion of p h o t o n s by electrons, i.e. to 
create the mechanism of amplification. 

Large gains and the related issues of nonl inear effects 
(sa tura t ion, generat ion of ha rmonics , etc.) are no t con­
sidered in this review. 

N o t e tha t , strictly speaking, the magnet ic field s trength 
does no t enter the original equa t ions given by Walsh et al. 
as a pa ramete r : they simply pos tu la te tha t one-d imens ion­
ality of an electron beam is equivalent to a very s t rong 
magnet ic field. Therefore, the results obta ined on the basis 
of this mode l can be considered as quali tat ive. 

In Refs [71 - 7 3 ] the exper imental research of the SSCE 
was init iated. 

file:////e/d
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3.7 Theory of the Cherenkov klystron in a constant 
magnetic field 
The scheme in which the amplified wave moves in a 
waveguide and electrons move over its surface can be used 
for developing the Che renkov klystron. Let electrons move 
in a cons tant magnet ic field Hz = —H0 and interact with 
the field [Eqn (247)] within two por t ions of the p lane 
waveguide: (0, L ) is the modu la t ing interval and 
( z o > £ o + £ i ) is the amplifying interval; the drift dis tance 
z 0 Lx. To determine the gain of the klystron we use 
system of equa t ions (88), (93). 

On solving E q n (88) for the cons tant magnet ic field 
exactly and for the field [Eqn (247)] in the first a pp rox ima­
t ion, we obta in the electron dis t r ibut ion function in the 
region z > L, given by E q n s (270), (271). By subst i tut ing 
E q n (271) into E q n (89), we find the z-projection of the 
current , given by Eqns (276), (277). 

W e shall find the gain of the Cherenkov klystron from 
E q n (93) in the case where part icles move on either side of 
the waveguide. After the interact ion with electrons within 
the interval [0, L{\ the rad ia t ion flux is given by 

P = P 0 ( i + i r L l ) 2 , 

where 

r = --
•oo p//2 

R e dx dy dz 
a -1/2 J 

(330) 

H e r e P0 is the flux of the energy of the electromagnet ic 
wave [Eqn (288)]. 

To simplify further calculat ions we assume tha t the 
magnet ic field strength is large enough [see Eqn (278)]. In 
this case the current [Eqn (276)] can be neglected. W e also 
assume tha t the relat ion, 

• kzv0 = 0 : (331) 

is obeyed for the average m o m e n t u m of the electron beam. 
By subst i tut ing E q n s (277), (279) into E q n (330) and 
integrat ing with respect to the variables x, y, z, p\_, pz we 
have 

r = 4np0r0L I — ] - z 0 exp 
\PoJ c 

\5 / 2\ 2n2 n 

mc \ co ( ZQ \ n po — 1 

x sin(0 + 7CK 1 + -
t n 

H e r e the distance 

2TC amc 2 ( m c 

1 + n - (332) 

(333) 

and the phase difference </> between the current [Eqn (277)] 
and the amplified wave [Eqns (247), (249)] depends on the 
drift dis tance z 0 - W h e n determining Eqn (332) we assumed 
tha t the average m o m e n t u m of the part icle beam is 

Po < 1 Amc —— \ — . 
A± V Po 

(334) 

If zo = Z I / A / 2 , and the phase </> = 3 T I / 2 , then the gain is 
m a x i m u m 

r=\1.9p0r0L Po \ 3 2 r>2 1 
mc\ n p 0 — 1 

1 + 

A\\ \Po 

2TT amc 
n2p2

0 Xp{ 

1 + 

j 8 0 ( « 2 - l ) 

(335) 

3.8 O n the experimental observation of the stimulated 
surface Cherenkov effect 
W e shall determine when the SSCE can be observed. Since 
the refractive index of a waveguide n reaches the value of 
1 .5 -2 , the synchronism condi t ion (255) can be satisfied for 
high-precision low-energy electrons. If ^ mc2, then the 
interact ion between electrons and the wave is efficient for 
the a iming pa ramete r x 0 — a of the order of the wavelength 
A [see E q n (258)]. 

Let us consider the amplification of an electromagnet ic 
rad ia t ion in a p lane waveguide (see Sections 3.5, 3.7). The 
compar i son of the gains for the Cherenkov laser r f 
[Eqn (309)] and Che renkov klyst ron [Eqn (335)] shows 
tha t 

= 0.5 
Xpo_ 
L A\\ 

Po_ 
mc 

1 
(336) 

Let A\\/p0 = A / L . Then 

Clearly, in this case r f <̂  when j30 <̂  1 and r f > 
when p0 \Anmc. If the current of the electron beam is 
1 kA c m - 2 and its average energy is SQ = 1 MeV, then it 
follows from Eqn (309) tha t the op t imal region of 
amplification for spreads S = A/S>

0 = 1 0 _ 1 is the milli­
met re range of wavelengths . If the thickness of the 
waveguide is 2a = 1 m m , its refractive index n = 1.5, the 
s trength of the constant magnet ic field H > 22 k G , then 
the gain given by E q n (309) is T = 0.1 c m - 1 over the 
wavelength X = 5 um. 

If the qual i ty of the electron beam is one order of 
magn i tude bet ter (b = A/S = 1 0 " 2 ) , the gain r = 0.1 c m - 1 

can be achieved over the wavelength A = 5 um. In this case 
the strength of the constant magnet ic field is H0 ^> 220 k G . 
(The rat io a/A and the refractive index n are assumed to be 
the same in either case.) 

W e shall n o w consider amplification of an e lec t romag­
netic wave in a tubula r hol low waveguide m a d e from 
quar tz . W e assume tha t the wavelength of the amplified 
rad ia t ion is X = 4 m m . The dielectric cons tant of qua r t z is 
8 = 3.8 in the mill imetre region of wavelength. The inner 
and outer radi i of the waveguide are chosen to be equal to 5 
and 10 m m . Let the average energy of the electron b e a m be 

= 150 keV; its density is p 0 = x 1 ° 9 c m - 3 ; and its 
angular and energy spreads are 3 = 10~ 2 and 
A/S = 0.5 x 10~ 2 . If the strength of the constant m a g ­
netic field is H0 = 4 k G , then the gain [Eqn (320)] is 
r = 0.1 c m " 1 . 

The exponent ia l growth of the rad ia t ing power for the 
Cherenkov laser is ob ta ined in the linear approx imat ion 
with respect to the field. Clearly, this result is t rue in the 
region in which nonl inear effects are negligible. In this 
review we have no t considered these issues. In this regard 
we no te only tha t the limits of the region where the linear 
theory is applicable can be est imated by considering a cubic 
addi t ion, with respect to the field, to the current of the 
electron beam and requir ing tha t it is small in compar i son 
with the linear par t . F o r electron b e a m s of mode ra t e 
energies (S ~ mc2) this condi t ion implies tha t the inequal ­
ity { < (A/S)2 (where { = \e\E0/mcco is a dimensionless 
pa ramete r ) . Hence , for the above pa rame te r s of the tubula r 
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waveguide the nonl inear effects become significant for a 
power of abou t 1 k W . 

4. Conclusions 
In this review the interact ion between electrons and a 
m o n o c h r o m a t i c e lectromagnet ic wave is studied in detail in 
an u n b o u n d e d dielectric med ium and over the surface of a 
dielectric waveguide. The dynamics of part icles and also 
the feasibilities of modu la t i on and polar isa t ion of an 
electron beam by a laser rad ia t ion are examined. The 
feasibility of the Cherenkov laser and Cherenkov klystron 
are considered. The studies are performed in the linear 
approx ima t ion with respect to the field on the basis of 
classical and q u a n t u m approaches . The latter is especially 
fruitful for analysis of mechanisms under ly ing the cited 
effects, as well as in the search of possible ways to affect 
their course. It is established tha t a cons tant magnet ic field 
provides extensive means for affecting the SCE. 

The theory of the SCE is far from being complete . W e 
list be low the issues which are par t ly clear by n o w or are 
under development . On the theoret ical side, there is the 
analysis of the q u a n t u m modu la t ion effect when individual 
part icles are described by a wave packet [9]. Together with 
A M A k o p y a n we conducted the theoret ical work on 
amplification of e lectromagnet ic m o m e n t u m in the Cher ­
enkov waveguide laser. The nonl inear theory of the SCE is 
in its complet ion stage. N o t e tha t several results in this field 
were obta ined in Ref. [84]. 

There are a number of ou t s t and ing issues as regards the 
exper imental real isat ion of the SCE. There is the negative 
role of mult iple scattering of an electron beam in a medium. 
This difficulty can be bypassed for the SSCE. In this case, 
however , ano ther p rob lem arises — deposi t ion of electrons 
on the surface of the waveguide. The electrostatic charge 
pe r tu rbs the trajectories of part icles and thereby upsets the 
n o r m a l opera t ion of the laser, while the b r e a k d o w n destroys 
the walls of the waveguide. In this connec-t ion we, together 
with R A A k o p o v and E M Lasarev, have developed the 
Cherenkov waveguide laser with conduct ing surfaces. The 
op t imal shape of the waveguide is yet to be found. The SCE 
can find a very impor t an t appl icat ion in the acceleration of 
part icles. 

Final ly, no te in conclusion of the review tha t the 
exper imental and theoret ical research of the SCE is 
fundamenta l in na tu re because the st imulated t ransient , 
diffraction, and C o m p t o n effects are reduced to it in the 
end. 
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