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Abstract. The so-called s tandard q u a n t u m limits (SQL) of 
measurement er rors of coordina te , m o m e n t u m , ampl i tude 
of oscillations, energy, force, etc are due to back act ion of the 
meter on the system under test, whenever the meter responds 
to the coord ina te of the system. These SQL are no t 
fundamenta l and can be su rmoun ted by var ious me thods . 
In par t icular , in a coord ina te measurement the SQL can be 
overcome by means of an appropr i a t e correlat ion of conju­
gate meter variables. Condi t ions of q u a n t u m nonpe r tu rb ing 
(nondemol i t ion) and quas i -nonper tu rb ing measurements of 
the energy of e lectromagnet ic waves are discussed. Possible 
m e t h o d s of these measurements are reviewed. Condi t ions for 
overcoming the SQL of wave energy measurement by the 
optical Ke r r effect are analysed. The q u a n t u m limit of error 
of this measurement is discussed. The effects of dissipation, 
dispersion, and generat ion of combina t ion waves are 
considered. Resul ts of experiments repor ted in the l i terature 
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are discussed. The dependence of the q u a n t u m limit of 
detection of an external act ion u p o n a system on the initial 
state of the system is considered. The relat ion between the 
measurement error of an observable A and a pe r tu rba t ion of 
an observable B, when [A, B ] is an opera tor , is examined. 

1. Introduction 
1.1 Standard quantum limits ( S Q L ) of measurement 
errors 
The q u a n t u m limits of the errors in the measurement of 
physical quant i t ies have st imulated the interest of theore t i ­
cians since the days when the latter had effectively no contact 
with experimenters [1, 2]. Resolu t ion of this p rob lem had a 
phi losophical ra ther t han a pract ical mot iva t ion . If it is 
suddenly realised tha t no physical quan t i ty can in principle 
be measured exactly, wha t is the mean ing of its exact value in 
theory? If the error of the measurement of energy is inversely 
p r o p o r t i o n a l to the dura t ion of the measurement , as is 
implied by the H e i s e n b e r g - B o h r relat ionship then the law 
of conservat ion of energy cannot be tested accurately in a 
finite t ime, and there m a y be g rounds for doub t ing its 
fundamenta l na tu re . The development of lasers and of 
optical systems of informat ion transfer provided a st imulus 
for the further development of the q u a n t u m theory of 
measurements and of the theories of es t imat ion and testing 
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hypotheses [ 3 - 6 ] . A specially s t rong impetus for the 
development of new principles and m e t h o d s of q u a n t u m 
measurements was provided by the search for m e t h o d s of 
detecting gravi ta t ional waves from extraterrestr ial sources. 
This is because according to the mos t optimist ic predic t ions 
by astrophysicists the relative change in size of bodies on the 
Ea r th induced by gravi ta t ional waves cannot be greater t han 
10 — 1 9 — 1 0 — 2 1 . Solid-state gravi ta t ional an tennae of metr ic 
size were calculated for a wave frequency of a few kilohertz. 
F o r a frequency co = 10 4 s _ 1 and a mass m = 10 3 kg the 
uncer ta in ty in the ampl i tude of the na tu ra l oscillations of the 
an tenna in the coherent state is AA = (H/2mco)l/2 « 
2.3 x 1 0 - 1 9 cm, i.e. of the same order as (or greater t han ) 
the expected signal. 

A n analysis of the sensitivity limits of gravi ta t ion 
detectors by the t rad i t iona l m e t h o d s of observat ion carried 
out by Braginskii in 1967 identified the limiting sensi­
tivity towards the force action on a ha rmonic oscillator [ 7 - 9 ] : 

FQT ^ (2%mcoj/2 , (1) 

where Fo and x are the ampl i tude and the dura t ion of the 
action of the force on an oscillator of frequency co and mass 
m. This limit arises because in a con t inuous measurement of 
the coord ina te the ampl i tude of a h a r m o n i c oscillator cannot 
be measured m o r e accurately t han its uncer ta in ty in the 
coherent state. 

Similar studies aimed at a free b o d y showed tha t the 
uncer ta in ty of its coordinate at t ime t after its measurement 
satisfies the inequali ty 

Ax( (2) 

which also applies to the limit of sensitivity to the m o m e n t u m 
of the force 

Vim 
T 

1/2 

(3) 

Express ions ( l ) - ( 3 ) have become k n o w n as the s t andard 
q u a n t u m limits (SQL) of the measurement errors of these 
physical quant i t ies . The same n a m e is given to an expression 
similar to (2) which defines the error limit of the 
de terminat ion of the ins tan taneous value of the coord ina te 
of a free part icle by the me thod of con t inuous measurement 
of the coord ina te over a t ime T [10 - 1 2 ] . 

The group of SQL includes also the error limits of 
evaluat ions of the ampl i tude and energy of a h a r m o n i c 
oscillator, equal to 

AA > —i 
ImcoJ 

1/2 
AW ^ {n)l/2 Hco , (4) 

1.2 General scheme of indirect measurements 
Measu remen t s are classified as indirect or direct according to 
the na tu re of the effect of the a p p a r a t u s on the evolut ion of 
the system. Indirect measurements are those after which the 
law of the evolut ion of the system is preserved. U n d e r these 
condi t ions the system interacts with the first stage of the 
a p p a r a t u s for a finite t ime. In format ion on the quant i ty being 
observed (the 'observable ' ) remains in this stage, which is 
called the q u a n t u m readou t system (QRS) or q u a n t u m 
t ransducer , in the form of a change in its state. The value of 
the observable being studied is determined indirectly t h rough 
a measurement on the Q R S . The indirect measurements are 
of interest because they are used in all the exper iments which 
rely on the so-called test bodies . 

Measu r ing a p p a r a t u s consists of a n u m b e r of inter­
connected stages. The q u a n t u m theory of measurements 
states tha t the first stages can be q u a n t u m , bu t the last mus t 
be classical. There is no generally accepted definition of the 
term classical. The ma themat ica l condi t ions of classicality 
were formulated most precisely by St ra tonovich [13]. The 
pr incipal classicality condi t ions were formulated as follows 
[14]: a stage of the a p p a r a t u s can be t reated as classical if the 
quan tum-mechan ica l uncer ta int ies in the subsequent stages 
do no t significantly affect the overall error of the measu re ­
ment . The first stages (QRS) , which behave as q u a n t u m -
mechanica l links, interact reversibly with the system under 
study. The interact ion of the Q R S with the classical pa r t of 
the a p p a r a t u s is irreversible. This destroys the correlat ion 
between the states of the system and the Q R S . In a classical 
stage, ' dequan t i sa t ion ' of the signal takes place: microscopic 
changes in the Q R S create macroscopic changes in the 
classical stage of the appa ra tu s . W e shall call the classical 
pa r t of the a p p a r a t u s the moni to r . A schematic i l lustrat ion of 
the indirect measurement is shown in Fig . 1, where A is the 
measured observable of the system and Q(A) is the 
observable of the Q R S , which varies, as a result of 
in teract ions with the system, as a function of A. 
Example. A circuit for measur ing the charge q on the 
capaci tor of an LC circuit with the aid of an electron beam 
(Fig. 2). He re the LC circuit is the system under study, 
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reaction 
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2 ( A ) 
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reaction 
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System 
under study 

Figure 1. 

Classical part | 
of the appara tus . 

Apparatus 

where (n) 5> 1 is the average number of energy quan ta . 
N o n e of the SQL [except (2)] is fundamenta l : they are a 

consequence of the fact tha t the measurement p rocedure 
which had been used to define them is no t opt imal . The aim of 
this review is to identify the source of the SQL, to suggest 
ways of el iminating them, and to comment on the results of 
a t t empts to overcome some of the SQL experimentally. W e 
shall begin by considering the fundamenta l p ropos i t ions of 
the q u a n t u m theory of measurements . 

Figure 2. 
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the electron beam is the Q R S , and the screen is the moni to r . 
The m o m e n t u m of the electrons after their flight between the 
plates depends on the charge on the plates . By measur ing 
the coord ina te of the scintillation of the electrons on the 
screen we obta in an est imate of the charge q. 

The Q R S interacts with the system and with the mon i to r 
successively in t ime. It is impor t an t to stress tha t at least one 
of the stages of the measur ing circuit interacts with the o thers 
t h rough an impulse. 

(The dispersion of the observable B in the p(A 7 ) state can be 
smaller t han in the initial state if B is correlated with A in 
the initial state.) It is usual ly assumed tha t the uncer ta in ty 
of the pe r tu rba t ion of the observable B is related to the error 
in the measurement of the observable A t h rough an 
expression identical to tha t cor responding to the rat io of the 
uncerta int ies . But this is no t so [10]. The relat ionship 
between the measurement error and the pe r tu rba t ion is 
discussed in the next section of this review. 

1.3 Evolution of the state of the system during the 
measurement 
The t r ea tments by physicists of the change in state of a system 
b rough t abou t by the measurement differ as marked ly as 
their views on the fundamenta ls of the quan tum-mechan ica l 
laws. On the g rounds tha t only wha t can be tested 
experimental ly is physically significant, and tha t the 
presence of a living observer is no t essential to a 
measurement , the stages in the change of state can be 
envisaged as shown in Fig. 3. 
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Figure 3. 

Here t\ is the t ime of the irreversible interact ion of Q R S with 
the moni to r . At this instant the correlat ion between the Q R S 
state and the state of the system is destroyed, and the system 
becomes a mixture of states ps(Aj) where Aj are p robab le 
values of the assessment of the quan t i ty being measured [15]. 
This means tha t dur ing measurements in an ensemble of 
identical systems we shall have (after t ime t\) an ensemble of 
systems each of which is in one of the ps(Aj) states. The 
instant ti is the t ime of separat ion of the mixture . Once the 
results of the measurements of Aj are available the mixture 
can be separated into subensembles with a definite value of 
Aj. The system is then t ransformed from the initial po s to the 
ps(Aj) state, i.e. a reduct ion of the state takes place. In the case 
of a precise measurement , the p s (Aj) state of the system is the 
eigen state of the observable A (at the instant of 
measurement ) . In the case of measurements in a un ique 
system the same statistical characterist ics manifest 
themselves as a result of the long repeti t ion of the 
measurement with the system revert ing each t ime to its 
initial state. 

The separat ion of the system according to the results of 
the measurement requires some classical act ions, which can 
be performed either by the experimenter or automat ical ly . 

In the mixed state the uncer ta in ty of the measured 
observable A is no t smaller t h a n it would have been for the 
free evolut ion of the system, because of the f luctuating back 
react ion of the a p p a r a t u s on the system. The difference 
between the dispersions of some observable B in the mixed 
state and in the unpe r tu rbed state can be used as a measure of 
the pe r tu rba t ion in t roduced by the a p p a r a t u s into tha t 
observable: 

2. SQL of the error in the measurement of a 
coordinate and methods of overcoming them 
2.1 A i m of the measurement and initial state of the 
apparatus 
The aim of the measurement could be the value of the observ­
able A referred to : (1) the unpe r tu rbed state of the system, or 
(2) a state which is pe r tu rbed by the measurement process . In 
each case we m a y be interested in the value of the observable 
at the instant of switching on the a p p a r a t u s (t = 0), or at 
some t ime dur ing the interact ion with the appa ra tus , or after 
the measurement . The aim of the measurement could also be 
to p repa re a new state of the system. In each case an 
a p p a r a t u s in a specially chosen initial state mus t be 
assembled in order to minimise the error of the 
measurement . W e shall i l lustrate these propos i t ions by 
considering the simplest example. 

Example. The measurement of the coord ina te of a free 
body . To measure the coord ina te we only require tha t the 
Q R S interacts with the b o d y according to the Hami l t on i an 
Hi = (Xi(t)xY for a certain t ime x. [Ht = cti(t)f(x)Y is also 
possible.] He re x is an opera tor for the coord ina te of the 
body , Y is an opera tor for the Q R S , CLt{t) is a l inking function. 
W e assume tha t a/(f) = ao for 0 ^ f < x and a, = 0 outs ide 
this t ime interval. The Q R S can be represented by a free 
part icle with a mass M. In the simplest case the full 
Hami l t on i an is expressed [16] as 

where P and Y are, respectively, the m o m e n t u m and the 
coord ina te opera to r of the Q R S . The theory allows for 
the existence of this Hami l ton ian , bu t a real object 
described by such a Hami l ton i an should contain , in 
addi t ion to the two bodies , something capable of generat ing 
negative rigidity between the bodies to compensa te for the 
posit ive rigidity which arises dur ing the elastic interact ion of 
the bodies . 

Us ing Heisenberg ' s p ic ture we can wri te 

(a) 

(c) 

dx 
~dt 

dY 
~dt 

P_ 
m 

P 
M 9 

(b) 
dp 
dt 

(d) — = -ct0x . (6) 

If the mass M is large enough, the opera tor Y can be 
assumed to be cons tant (7o) dur ing a finite interact ion t ime x. 
Then it follows from (6) tha t dur ing the per iod 0 < t < x 

(AB)ln = (AB)] (AB)2

0 . (5) 
(a) x(t) = x0(t) 

2m 
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(b) p(t) = p0-a0Y0t where P 0 is no t correlated with YQ. In this case (7a) leads to 

(c) P(T) = P 0 - a 0 x(t) dt 

= Po - a 0 f o ( V 2 ) T • 

P0 - a 0 i ( T / 2 ) T -

a o 2 F 0 T 3 

6m 

7 a o 2 F o T 3 

24m 
(7) 

T h e relat ion (7c) can be rewrit ten as 

(a) x0(r/2) = 

(b) i ( r / 2 ) = 

where 

(a) f 0 ( T / 2 ) = f (0) + 

OCQT 6m 

P0-P(r) 7 a 0 F 0 T 2 

aoT 24m 

p ( 0 ) t 
2m 

(8) 

(9) 

is the opera to r of the coord ina te in the unpe r tu rbed state at 
t ime t = T / 2 , and 

p ( 0 ) r a0Y2r2 

(b) f ( T / 2 ) = f ( 0 ) +^ 
2m 8m 

in a state pe r tu rbed by the interact ion with Q R S . 
By measur ing P(T) we can evaluate XO(T/2) and x ( T / 2 ) . If 

Po is no t correlated with 7o the dispersion of the est imate of 
the coord ina te XQ(T/2) is given by 

( A i 0 ) 
a 0 T 

+ 

[ ( A P ) 2 + ( A P 0 ) : 

(10) 

where (AP) is the dispersion of the error in the measurement 
of the m o m e n t u m P ( T ) , and (APo) 2 are the dispersions of the 
coord ina te and of the m o m e n t u m of the Q R S in the initial 
state. Since (AP0)2(AY0)2 ^ H2/4 by minimising the r ight-
h a n d side of E q n (10) we obta in 

Ax o ^ 
3m J 

1/2 

(11) 

This is one of the s t andard q u a n t u m limits of error in the 
measurement of the coord ina te of a free body . The reason for 
the appearance of the SQL (11) is the at the directly measured 
m o m e n t u m P ( T ) includes a componen t depending on the Yo 
coordina te . There are several ways of su rmoun t ing this SQL. 
A h a r o n o v and Safko [16] suggested el iminating the effect of 
Yo on P ( T ) by a spring of stiffness — a g T 2 / 6 m , connected to 
the Q R S for the dura t ion of the measurement . There are even 
m o r e elegant ways of overcoming this limit. F o r example, 
x o ( T / 2 ) can be est imated by measur ing directly the 
P ( T ) + a Q T 3 7 o / 6 m combina t ion ra ther t han P ( T ) . This 
observable can be formed, for example, by using a field of 
the divergent-lens type. Ano the r way of overcoming the 
SQL (11) is to p repa re the Q R S in an initial state such tha t 
the m o m e n t u m is appropr ia te ly correlated with the 
coordina te . Let 

P (0 ) 
« o T 2 y 0 

6m 
(12) 

( A f 0 ) 2 = 
0 \2 (APy + (ApO) 

( a 0 t ) 2 

(13) 

if aoT —> oo. A similar state of affairs exists in the 
de terminat ion o f x ( r / 2 ) if 

P ( Q ) = p Q + 7 " o ^ o . 
24m 

2.2 Uncertainty of the coordinate after the measurement 
The correlat ion of the coord ina te and of the m o m e n t u m of 
the Q R S allows the effect of the back react ion of the 
a p p a r a t u s on the system to be eliminated from the 
de terminat ion of the coord ina te at a given instant . 
However , this back react ion of the a p p a r a t u s is no t 
excluded from the coord ina te itself. It follows from 
E q n (7a) tha t the mean square (m.s.) pe r tu rba t ion of the 
coord ina te at t ime T / 2 is 

A j c ( T / 2 ) = 
a o T 2 A 7 0 

8m 
(14) 

The pe r tu rba t ion of the m o m e n t u m dur ing the measurement 
is 

Ap(T) = a 0 T A 7 0 • (15) 

The pe r tu rba t ion of the m o m e n t u m creates a pe r tu rba t ion of 
the coord ina te also after the interact ion (t > T ) , and for t > T 
this pe r tu rba t ion is 

Ax (t) = aoT^AFo 
(16) 

N o t al lowing for the initial uncer ta in ty of the m o m e n t u m 
p(0) we find from (13) and (16) tha t the to ta l dispersion of the 
coord ina te at t ime t > x is 

[ A x ( f ) ] 2 = ( A i 0 ) 2 + [ M f ) ] 2 

> 2 A P ^ 
fit 

(17) 

Therefore the result of a repeated measurement of the 
coord ina te of a free b o d y at t ime t after the first 
measurement cannot be predicted to bet ter t han within a 
m.s. error of (ht/m)m [9]. This quant i ty is called the SQL of 
the uncer ta in ty of the coord ina te of the b o d y at t ime t after its 
measurement . It has been the object of wide-ranging 
discussions a m o n g physicists in connect ion with the 
p rob lem of detect ing gravity waves because it leads to 
E q n (3) as the limit of sensitivity to the force [ 1 7 - 2 1 ] . 

It should be stressed tha t in the derivat ion of expression 
(17) it was assumed tha t informat ion on the value of the 
coord ina te in the t ime t is given only by measurements of the 
coord ina te in the t ime interval 0 — T . The theory does no t 
preclude p repa ra t ion of the b o d y in a state tha t at t ime t the 
uncer ta in ty of its coord ina te is as small as desired. However , 
such p repa ra t ion cannot be accomplished with the aid of the 
a p p a r a t u s used to measure the coord ina te wi thout first 
establishing the required correlat ion between the coord ina te 
and the m o m e n t u m of the b o d y after the measurement . 
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Accord ing to the expression 

[x(ti), x(t2)\ = (18) 

the uncer ta int ies of the coord ina te of a free b o d y at t imes 
t\ = 0 and t2= t are related to each other by the expression 

Tit 
Ax(0)Ax(t) ^ 

2m 

Therefore the following inequali ty is possible: 
1/2 

if 

Ax(t) < (-

-<«> > ( £ f 

(20a) 

(20b) 

However , (20b) is not a sufficient condi t ion. In general (for 
(x) = (p) = 0) we have 

[Ax(t)]2 = [A*(0)] 2 + \Ap(0)-}2+{xp+px)- . (21) 
L m J m 

If the last t e rm in the r igh t -hand side of (21) is zero, we shall 
have Ax(t) ^ (Ht/m)1^2. W e shall assume tha t 
p(0) = p° — /? i (0) , where ft is a number and p° is no t 
correlated with x (0). In this case we obta in 

mJ [A* (Or = [Mo)]2( + 

fa 

The min imum value of Ax(t) is reached for Ax(0)Ap° 
and AJC (0) = (Titl4m)\ 1 - ( j f e . 

(22) 

mi 

2.3 Errors in the continuous measurement of the 
coordinate 
In the measurement process discussed above only one 
part icle was used as the Q R S . Such measurements have no 
pract ical significance. In real measurements fluxes of 
part icles or quasi-part icles are used (electrons, p h o t o n s , 
etc.). In this case the force responsible for the back react ion 
of the a p p a r a t u s on the system used to measure the 
coord ina te can be expressed as the sum 

(23) 

where Fj(t — tj) is the back react ion force of one of the 
particles. The force Fj(t — tj) acts dur ing the t ime interval 
— y < t — tj < 0, where y is the dura t ion of the interact ion of 
this part icle with the system. (The theory of con t inuous 
q u a n t u m measurements has been discussed in Refs 
[10, 12, 2 2 - 2 4 ] amongs t others .) 

The result of the approx ima te measurement of the 
observable A(t) can be expressed as the result of the exact 
measurement of the sum A(t) + Aa(t), where Aa(t) is an 
opera tor of the appa ra tu s . In the example discussed here it is 
represented by the opera tor P o ( 0 / a o T -

The error of the measurement of the coord ina te can be 
calculated by using the equivalent circuit shown in Fig. 4. In 
the case of s ta t ionary measurements the spectral densities of 
the r a n d o m function Fba(t) and xa(t) satisfy the condi t ion 

Ideal 
monitor 
x(t) + xa{t) 

x(t) 
s 

Ideal 
monitor 
x(t) + xa{t) 

x(t) 
s 

Ideal 
monitor 
x(t) + xa{t) 

Ideal 
monitor 
x(t) + xa{t) 

(19) Figure 4. 

SF(co)Sx(co)-\SFx(co)\ 

-> (fi2/4) + Hco\Im SFx (co)\ , (24) 

where SFx(co) is the spectral density of the cross correlat ion 
function for Fba(t) and xa(t), and lmSFx(co) is its imaginary 
pa r t [10, 25]. The formula SFSX ^h2/4 was obta ined by 
Giffard in 1976. 

Since the ou tpu t signal of the a p p a r a t u s is classical, the 
physical quant i ty inferred from the results of a con t inuous 
measurement of the coord ina te can be calculated by the roles 
of the classical theory of est imate opt imisa t ion . The q u a n t u m 
limit of the est imat ion error (in the case of linear systems) is 
determined in this case with the use of expression (24). This 
p rob lem has been considered in detail [10]. In s t an t aneous 
values of the coord ina te can be est imated m o r e accurately 
t han SQL, bu t the mean square pe r tu rba t ion (the error of the 
est imat ion of the average coord ina te of the free part icle 
dur ing the observat ion t ime T ) satisfies the condi t ion 

AxT ^ [ p A ) 1 / 2 T / ^ ] 
1/2 TIT 

2m 

1/2 
(25) 

xiSFx = 0,SF(co) = SF,Sx(co) = Sx. 
The error in the est imate of the average m o m e n t u m (in 

t ime T ) of the free part icle under the same condi t ions is no t 
less than 

ApT ^ 
(SFSX) 

1/2 Ttm\ 
~2T) 

1/2 
(26) 

The ampl i tude A and the real (X{) and the imaginary (X2) 
par t s of the complex ampl i tude of a h a r m o n i c oscillator can 
be calculated in this way with errors no t smaller t han 

(SFSX) 
1/2 

mcoo 

1/2 

2mcoo 

1/2 

(27) 

and an est imate of the energy is provided by Eqn (4). 
E q n (24) applies also in the case of an ideal appa ra tus , i.e. 

an a p p a r a t u s no t affected by the na tu re of the mo t ion in the 
system as an average. A n ideal a p p a r a t u s does no t cont r ibu te 
dissipation, stiffness, or inertia to the mot ion . In radio 
technology a vol tmeter with an infinite input impedance 
and an ammeter with zero resistance are good examples of 
an ideal appa ra tu s . In an a p p a r a t u s with a finite input 
conduc tance Y\\ the spectral densities of the f luctuat ions 
are mutua l ly related by the expression 

SF(co)Sx(co)-\SFx\2^(H2/4)+H 

coSYRqY] 

(28) 
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Expressions al lowing for all four Y pa rame te r s of a real 
a p p a r a t u s have been obta ined [10, 25]. 

SQL of errors of measurements in dis tr ibuted systems 
have been discussed in Ref. [26]. 

The SQL (4), (26), (27) can be overcome by using 
nonpe r tu rb ing or quas i -nonper tu rb ing measurements . 

3. Quantum nonpertubing (nondemolition) 
measurements (QNDM) 
The term q u a n t u m nonpe r tu rb ing measurement refers to a 
measurement of the observable N in which the back react ion 
of the a p p a r a t u s on the system under s tudy does not affect the 
results of the first and of subsequent measurements of this 
observable . Such measurements are also called 
measurements free from f luctuat ional back react ion of the 
a p p a r a t u s (back action evading measurements ) . A st imulus 
t owards work of this type was provided by Braginskii and 
Voron t sov [9]. The basic aspects of the theory and pract ice of 
Q N D M m e t h o d s have been fully described, e.g. in Refs 
[10, 11, 12, 14, 23, 2 4 , 2 7 - 2 8 ] . 

A n observable which can, in principle, be measured 
wi thout pe r tu rba t ion is called a nonpe r tu rb ing (or Q N D ) 
observable . Only an observable N which satisfies (in the 
Heisenberg picture) the following commuta t i on condi t ion 
dur ing the free evolut ion of the system can be a Q N D 
observable: 

[N(tj), N(t,)] 0 (29) 

In par t icular , all the integrals of mo t ion satisfy this 
condi t ion. In a free part icle the m o m e n t u m and the energy 
are the Q N D observables. In a h a r m o n i c oscillator the 
observables include the energy and the real (X\) and the 
imaginary (X2) pa r t s of the complex ampl i tude 

( a ) X i = x (t)coscoot — 

(b)X2 = x (t) sin coot-\-

mcoo 
-sin co0t 

Wi 
mcoo 

COSCQot 

(30) 

(31) 

Q N D observables are no t necessarily integrals of mo t ion 
[10, 11]. 

3.1 Evolution of the Q N D observable in the 
measurement process 
There are two types of Q N D observables . Some observables 
can be free from fluctuat ional back react ion even dur ing the 
interact ion of the system with the Q R S . Others are 
unpred ic tab ly per tu rbed dur ing the interact ion with the 
appa ra tus , bu t revert to their unpe r tu rbed value as soon as 
the link to the a p p a r a t u s is cut off. In the latter case some 
observable Ni(t), which is equal to the observable N(t) for 
the free evolut ion of the system, is re tained dur ing the 
measurement . N o n c a n o n i c a l observables such as velocity, 
kinetic energy, and other functions of the generalised velocity 
must vary r a n d o m l y dur ing their measurement [10, 16]. 
Were it no t so, it would be possible to p repa re a state of the 
system in which the rat io of the uncer ta int ies was altered. 
Indeed, a pe r tu rba t ion of the coord ina te mus t occur dur ing 
measurements of the m o m e n t u m . A r a n d o m pe r tu rba t ion of 
the coord ina te can be p roduced by mot ion with an 
indeterminate velocity over a definite t ime or by mot ion 
with a velocity k n o w n a posteriori, dur ing indeterminate 

t ime. But if the velocity could be cont inuously moni to red , 
its value at any instant would be known . 

Example. Consider measurement associated with the 
following Hami l ton ian : 

" = & + ^ f + Q - ( 3 2 ) 

In this case we have 

dp 

dt 0, (33) 

i.e. the generalised m o m e n t u m p is conserved in this 
interact ion of the free b o d y with the appa ra tu s . However , 
the velocity 

dx p 
dt m 

+ <*iY(t) (34) 

is pe r tu rbed dur ing the same t ime. Nevertheless it reverts to 
its initial value as soon as the interact ion is discont inued 
(a,-= 0). 

However , the same mot ion of the system and of the Q R S 
can be described by the Hami l ton ian 

P0 ~vd(Xi ai2X2 %iXP\ P\ H = — - x 7 — + 
2m dt + 2M M + 2 M 

(35) 

m(cLiY + (XiY ) , i.e. 

- (mx — moiiY ) = 0 . (36) 

(This only requires add ing to the appropr i a t e Lagrang ian the 
to ta l derivative of the function OLtmxY.) In this case we have 

d i _ /5o dpo 

dt m dt 

d 

dt' 

N o w the generalised m o m e n t u m po is equal to the kinetic 
m o m e n t u m , and therefore it is no t conserved dur ing the 
interact ion. But the same combina t ion as in the previous case 
(mx — mttjY ) is conserved. 

3.2 Conditions for the realisation of a Q N D M 
The general condi t ion for a measurement of the Q N D type 
can be formulated as follows. F o r a Q N D measurement of 
the Q N D observable N it is necessary and sufficient tha t 
after the interact ion with the system the Q R S carries 
informat ion on the values of N bu t not on the values of the 
observables which do no t c o m m u t e with N. 

This condi t ion is satisfied, in par t icular , for the following 
interact ion: 

H = Hs + a,NY + Ha ; (37) 

where Hs and Ha are the Hami l ton i ans of the system and the 
appa ra tus , respectively. 

M a n y workers t reat this as a necessary condi t ion. 
However , strictly speaking, it is sufficient bu t no t necessary. 
F o r example, in order to measure X2 we can use the 
interact ion cor responding to Ht = CLtx(t)Y if the dura t ion 
of the interact ion is equal to one half of the per iod of the 
oscill-ator [10, 29]. In this case the to ta l change in the 
m o m e n t u m of the Q R S is 

fiz/co fiz/co j£ 2 
nn/co nil/ 

x(t)dt = 
Jo Jo 

(X\ cos cot + X2 sin cot)dt = 
CO 

(38) 

i.e. as a result of the interact ion the Q R S acquires 
informat ion only on X2. 
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3.3 Nonperturbing measurement of the energy of a 
harmonic oscillator 
Let us consider the LC circuit in Fig. 5 as a mode l of the 
system under study. A mechanica l oscillator (M, k) a t tached 
to the mobi le pa r t s of the inductor and capaci tor plays the 
role of the Q R S . The systems can be constructed so as to 
ensure tha t 

1 1 ( l + a / 7 ) 
L ( 7 ) C ( 7 ) C 0 

(39) 

where L 0 and Co are the unpe r tu rbed values of the circuit 
pa ramete r s . This circuit is represented by the Hami l ton ian 

" = ( C + 0 l W ) + * 
= (^ + ± ) / k t f 0 ( l + a , T ) + / / a , (40) 

where h is an opera tor for the n u m b e r of quan ta , and 
coo = ( l / L o C o ) 1 / 2 . In this case we have 

dh 
dt 

= 0 

L ( F ) < C(Y) 

M 

Figure 5. 

i.e. the number of q u a n t a is conserved even dur ing the mot ion 
of the Q R S . However , the frequency depends on the opera tor 
of the coord ina te of the Q R S , i.e. it is no t a number bu t an 
opera tor : 

co = c o 0 ( l + a ; F ) . (41) 

Therefore the n u m b e r of q u a n t a n, bu t no t the energy of the 
oscillator, stays cons tant dur ing interact ion with the Q R S . 

W e also have 

ff.]+ffo[^,«,-y] (42) 

where H0, equal to (h + ^)H(Oo, is an opera tor for the energy 
of the unpe r tu rbed oscillator. By measur ing py we can 
evaluate Ho and n. After the measurement the mobi le pa r t s 
of the circuit can be fixed in the state Lo, Co. U n d e r these 
condi t ions the frequency reverts to its initial value coo, and 
thus the initial value of the energy of the circuit is restored. 
A n analysis of this system [30] showed tha t the possibili ty of 
measur ing the energy of a conservative lumped circuit with a 
mean-squa re pe r tu rba t ion of the error AHo < Ttlx (where T is 
the dura t ion of the measurement ) is no t inconsistent with the 
fundamenta l p ropos i t ions of q u a n t u m mechanics . 

The uncer ta in ty of the frequency co dur ing the measu re ­
ment t ime increases the uncer ta in ty of the phase by the 
a m o u n t 

Acp co(t)dt ^ \Ah (43) 

The following relat ion also applies: 

. ~ ah n 

~HQ ^ 2 T ' 
(44) 

where AH = AfiHcoo is the mean- squa re pe r tu rba t ion of the 
measurement error of the energy, Ho = ((n) + ^)Hcoo, and 
AH is the uncer ta in ty of the pe r tu rba t ion of the energy dur ing 
the measurement . 

Expression (44) can be re-writ ten 

2 T ACQ 
(45) 

where Aco = Acpjx is the uncer ta in ty in the pe r tu rba t ion of 
the frequency averaged over t ime T . Therefore the necessary 
condi t ion for the measurement of the energy of the oscillator 
with an error of AH < Vilx is an initial state of the Q R S such 
tha t the relative uncer ta in ty of the frequency of the oscillator 
is greater than 0.5. 

D u r i n g the Q N D measurement of the energy of the 
nonconservat ive oscillator a change in the relaxat ion t ime 
takes place. This makes it impossible to measure the energy to 
within an error smaller t han H/TQ, where Tq is the re laxat ion 
t ime of the free oscillator [10, 31]. 

A general theory of con t inuous Q N D measurement of the 
number of p h o t o n s has bee p roposed by M e n s k y [23] and 
Veda et al. [32]. The p rob lem of the change in the evolut ion 
of the system by a con t inuous measurement of its energy 
( 'Zeno ' s q u a n t u m effect') has also been discussed 
[10, 12, 22a, 23]. The mos t recent t hough t s on the e n e r g y -
t ime rela t ionships have been pu t forward by M e n s k y [23, 34] 
and by Busch [33]. 

3.4 Nonperturbing measurement of the energy of 
electromagnetic waves 
The energy of an electromagnet ic wave in vo lume V of a 
nondispers ing med ium is 

H 
' 1 

871 

871 

(sE2+fiH2)dV 

+ pH' dV , (46) 

where p = ( / i / e ) 1 / 2 and V is the vo lume of the wave. It follows 
from (46) tha t for a nonpe r tu rb ing measurement of the 
energy we require an interact ion of the Q R S with the 
electromagnet ic field such tha t the s imul taneous changes in 
the dielectric (e) and the magnet ic permit t ivi ty (/i) leave p 
unchanged . In this case the velocity of the wave [v = \/(sfi)l/ 

2 ] and its frequency (co = 2nv/X) m a y vary dur ing the 
measurement , bu t the number of quan t a (n) and the 
wavelength (X) stay constant . A suitable me thod of realising 
this measurement scheme has no t so far been p roposed . 
However , in some suggested measurement m e t h o d s the 
error limits can be much lower t han the SQL, though the 
condi t ions for nonpe r tu rb ing energy measurement are not 
strictly fulfilled. These m e t h o d s are usual ly called 
nonper tu rb ing , t hough it would be m o r e correct to call 
them quas i -nonper tu rb ing . 

Before proceeding any further we should stress the 
impor tance of the results obta ined in an analysis of the 
q u a n t u m limits of error in the measurement of the energy of 
an electromagnet ic wave. The uncer ta in ty of the change in 
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the frequency of the wave in a nonpe r tu rb ing measurement 
(due to r a n d o m changes in velocity) is 

2%Av 2nco coo 
(47) 

i.e. Aco/coo < \. Therefore the error in the measurement of 
the energy of the electromagnet ic wave cannot be less t h a n 
nix [io]. 

W e can arrive at the same conclusion by a different pa th . 
The measurement of m o m e n t u m should be accompanied by a 
pe r tu rba t ion of the coord ina te such tha t Ax ^ %/2Ap. Since 
in our Ax = coAv < xco/2, and the energy of the waves is 
H = pco, we have 

AH > (48) 

This result is incompat ib le with tha t obta ined in the analysis 
of the measurement with a lumped circuit. The difference in 
the results is due to the difference in the links between 
m o m e n t u m and energy in these circuits. 

4. Quasi-nonperturbing measurements of the 
energy of e.m. waves 
4.1 Principles of quasi-nonperturbing measurements 
The infringement of the condi t ions for a nonpe r tu rb ing 
measurement causes the a p p a r a t u s to accept informat ion 
no t only from the observable of interest (N\) bu t also from 
the observable N2 which does no t c o m m u t e with N\. This 
p roduces a fundamenta l l imitat ion of the errors in the 
est imat ion of b o t h these observables. The limit of the error 
in the est imate of N\ depends on the precision of the est imate 
of N2 from the response of the Q R S . If their c o m m u t a t o r 
[N\,N2]= \2%y, these mean-squa re pe r tu rba t ions of the 
est imates are related to each other by the expression [10, 14] 

1/2 AAf2 > 
1/2 

(49) 

where = AN\/AN2. Changes in can be p roduced , for 
example, by exploit ing the frequency selectivity of the Q R S . 

Example. If we st ipulate tha t in the circuit of Fig. 5 the 
inductance is independent of Y [10, 12, 35], then instead of 
the Hami l t on i an (42) we obta in 

- 2 < J 2 ( l + a ; 7 ) -
H = k > + : 2 C n 

(50) 

for which 

dn 
dt 

± 0 , 

and the force acting on the Q R S ( t h e b o d y M on a spr ing/ : ) is 
Fb = (Xiq2/2Co. This force will have no t only a cons tant 
componen t (as in the circuit of Fig . 5) bu t also a var iable 
componen t which conta ins informat ion on the phase of the 
electrical oscillations. By observing the mot ion of the Q R S 
we can obta in informat ion on b o t h the energy and the phase 
of the oscillations s imultaneously. However , informat ion on 
the energy can be obta ined from the constant componen t of 
the displacement of the b o d y M , bu t informat ion on the 
phase can be obta ined only from the high-frequency 
componen t of frequency 2co. If the frequency of the 
characterist ic oscillations of the b o d y M is Q <̂  2co the 
ampl i tude of its high-frequency oscillations will be (Q/2co)2 

t imes smaller t han the cons tant componen t of the 

displacement . The quan t i ty also undergoes similar 
changes. The error limit in the measurement of the number 
of quan t a is [10, 14] 

Q 
An = (n) 1 / 2 . 

2co 
(51) 

In order to m a k e clear which of the p roposed schemes are 
quas i -nonper tu rb ing ( though their p ropose r s call them 
nonper tu rb ing) we shall list some specific proper t ies of the 
circuits for nonpe r tu rb ing energy measurements . In the 
scheme of Fig. 5 the displacement of the b o d y M under the 
influence of the field form the electric circuit varies the 
characterist ic frequency of the circuit bu t leaves its 
characterist ic resistance pc = {L/C)112 unchanged . U n d e r 
these condi t ions the quan t i ty co is independent of the phase 
of the electrical oscillations, i.e. the oscillations in the circuit 
remain linear. The characterist ic mo t ion of the Q R S also has 
no effect on p c . 

4.2 Quasi-nonperturbing measurement of the energy of 
waves by using the Kerr nonlinearity 
F r o m the electromechanical scheme for the quas i -
nonpe r tu rb ing measurement of the energy of a circuit we 
can easily pass to a wholly electrical scheme. The mechanica l 
oscillator in the scheme plays the pa r t of a link in which 
informat ion on the phase of the electrical oscillations is 
suppressed by the inertia. But the same filtration can be 
achieved by using a low-frequency oscil latory circuit whose 
nonl inear capaci tance (which depends on the square of the 
strength of the electric field) is s imultaneously included in the 
high-frequency circuit [36a]. By measur ing the characterist ic 
frequency of the low-frequency circuit we can in principle 
evaluate the energy of the high-frequency oscillations with an 
error smaller t han SQL. 

The concept of using a quadra t i c dependence of the 
dielectric permit t ivi ty (cubic nonl inear polarisabil i ty) on the 
field strength has been p roposed as a basis for a number of 
quas i -nonper tu rb ing measurement schemes for the energy of 
e lectromagnet ic waves. A n optical waveguide with cubic 
polarisabi l i ty has been placed in the capaci tor gap of a 
U H F resona tor [36b]. Wi th some simplifications the 
dielectric permit t ivi ty of the waveguide can be expressed as 

e(x,y,z,t) = fii[l +(*E2(x,y,z,t)] 

The capaci tance of a condenser filled with the optical 
waveguide will depend on the energy of the field for a given 
spatial d is t r ibut ion of the field. By measur ing the capaci tance 
we can determine the energy of the electromagnet ic wave. In 
this case the electric field used to measure the capaci tance of 
the condenser plays the role of the Q R S . 

The use of specific proper t ies of the interact ion of waves 
in a med ium with cubic nonl inear i ty has been suggested 
[37, 38]. W e k n o w tha t when two h a r m o n i c waves are 
p ropaga t i ng in such a medium, one of which we shall call the 
signal wave (SW) 

Es(x,t) = A s e x p ^i(cost — &sx)J + compl . conj. 

and the other the p r o b e wave (PW) 

Ev(x,t) = A p e x p ^i(covt — &px)J + compl . conj. 
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their wavenumber s are 

£ s = fcs0[l + ( a / 4 ) ( | A s | 2 + 2 | A p | 2 ) ] , 

* P = * p o [ l + ( a / 4 ) ( | A p | 2 + 2 | A s | 2 ) ] . (52) 

The phase shift of the P W depends on the square of the 
ampl i tude of the SW. Therefore by measur ing the phase of 
the P W after the interact ion of the waves we can calculate 
| A S | 2 and the energy of the SW. 

In the condenser circuit the capaci tance is independent of 
the phase of the SW, i.e. the informat ion on the phase 
(posit ion) of the wave is no t t ransferred to the Q R S . In the 
second circuit informat ion on the phase of the signal wave 
can be carried by combina t ion waves. 

The first condi t ion for Q N D M — c o n s t a n c y of the 
measured quant i ty as a result of its interact ion with the 
a p p a r a t u s — can be assumed to be fulfilled in these systems 
only to the extent tha t the format ion of ha rmon ics and 
combina t ion waves can be ignored. This assumpt ion can be 
justified by considering the effect of the dispersion of the 
med ium, bu t in strict calculat ions it should no t be forgotten 
tha t dispersion is always accompanied by dissipation. 

The second condi t ion for Q N D M is tha t the change in 
state of the Q R S should be determined by a measurab le 
quant i ty whose value is conserved. In our system the effect of 
the signal on the Q R S is determined by the pa ramete r | A S | 2 , 
which is independent of the ampl i tude of the P W according to 
the solut ions (52). However , it should be noted tha t the 
solut ions (52) are valid under the condi t ion tha t the field 
s t rengths (rather t h a n the energy fluxes) are given at the 
b o u n d a r y (x = 0). However , if the wave passes from one 
med ium into another , with a different wave resistance 
p = ( / i /e ) 1 / 2 , the ampl i tude of the wave is changed even in 
the absence of reflection. In b o t h the schemes examined s is 
affected by the Q R S , whereas fi remains unchanged . 
Therefore p also changes, and so does the ampl i tude of the 
SW field. Because of the uncer ta in ty in the ampl i tude of the 
p r o b e fields the change in p (and therefore also the change in 
Es) becomes indeterminate . Hence , even if the quant i ty | £ s | 2 

is accurately measured dur ing interact ion of the waves, its 
value before and after the interact ion can be evaluated only 
approximate ly . It has been shown [39] tha t the mean- squa re 
pe r tu rba t ion of the error in the est imate of the energy of the 
wave in this case cannot be less t han 

< « > v / 2 

AW > 
COsT 

Hco. (53) 

where % is the dura t ion of the interact ion of the SW with the 
p r o b e field. 

The error of the measurement in real circuits will be 
affected by dissipation, by the transfer of energy to the 
ha rmonics and beat frequency waves, and by self-action 
effects in the p r o b e wave. 

The effect of dissipation in a nonl inear med ium on the 
error of the measurement of the energy of a wave has been 
analysed [40, 41]. It was shown tha t for a low absorp t ion 
coefficient (qa) the n u m b e r of q u a n t a in the SW can be 
calculated with an error of 

Ans ^ ((n)qd) 1/2 (54) 

The lowest absorp t ion we can find in m o d e r n qua r t z fibres is 
0.2 dB k m - 1 , i.e. qa = 1 0 ~ 2 for a length of 1 k m . 

To m y knowledge, no analysis of the effect of ha rmon ics 
and combina t ion waves has been publ ished so far. 
Combina t i on waves p robab ly play the most impor t an t role 
if their frequencies are close to cos and cop, i.e. waves with 
frequencies CO3 = 2cos — cop and CO4 = 2cop — cos, since they 
are closer to synchronism with the SW and the P W . It can be 
shown that , if the dispersion is such tha t the ampl i tudes of 
the combina t ion waves are always much smaller t han the 
ampl i tudes of the fundamenta l waves, the spatial per iod of 
the bea ts in the ampl i tudes of the combina t ion waves will be 
equal to 2n/6j3cocos(cos — cop)2 and the max ima of the 
ampl i tudes of the waves with frequencies CO3 and a>4 will be 

| a 3 l = 
« q ) 3 | A s | 2 | A p | 2 

24j8 a ) u 0 to s ( to s - c o p ) 2 ' 

= aco4\As\2\Ap\2 

24Pmv0cop(cop -cos) 2 ' (55) 

These expressions were obta ined for condi t ions such tha t the 
linear dispersion has the same dependence on frequency as in 
the K o r t e w e g - d e Vries equat ion , i.e. k(co) = co/v + Pa>co3. 
If this formula is applied to qua r t z we can use the value 
Pa, = 1 0 ~ 4 1 s 3 m _ 1 at wavelengths close to 1 um. In the 
optical region qua r t z has = 5 x 1 0 ~ 1 5 c.g.s. uni t s 
(0.6 x 1 0 ~ 3 3 SI units) . Accordingly a = x^/so ~ 
1 0 - 2 2 m 2 V ~ 2 , i.e. | A 3 . 4 | 2 <| | A s | 2 / ( ^ s ) 1 / 2 will apply at energy 
fluxes of the SW (P s ) and of the P W (Pp) for which 

(10 4 W u m - 2 ) 2\2 

1/2 (56) 

if (cos — cop)/cos « 5 x 1 0 ~ 3 , as has been repor ted [42]. 

4.3 Effect of the self-action of the probe wave on the 
error of the measurement of the signal wave 
The phase shift of the P W after interact ion with the SW for a 
length / is 

5</> •Dppnp +Dspns, (57) 

where Dpp = akpolp%copl2xpS is the self-action coefficient of 
the P W , Dsp = (xkpolphcoS/TsS is the interact ion coefficient 
of the P W with the SW, np,s = | A p ? s | 2 T p , s S / 2 p / i c o p , s is the 
number of p h o t o n s in a length t p ? s , and S is the effective cross-
sectional area of the waves. 

If the number of quan t a in the SW is est imated by 
measurements on the phase q>pi, the dispersion of the results is 

( A « s ) 2 = D - p 2 [ ( A ^ ) 2 + ( A D P p « p ) 2 ] , (58) 

where (A</>p/)2 is the dispersion of the error in the 
measurement of the phase shift </>p/. 

If the P W at the inlet is in a coherent state, then 

( A „ ~ s ) 2 ^ - 2 ( M + D 2

p < « p > 

= D 

> DZfD, 

_2 /JtCOp 

sp ^ P P (59) 
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Here Wp is the power of the test wave. The smallest error will 
be obta ined for the o p t i m u m value of the power of the T W : 

vS 
W p,opt acovlp 

(60) 

If the signal wave and the p r o b e wave are pulsed, and their 
ra tes of p ropaga t ion are different, the t ime of their 
interact ion T S P can be shorter than their p ropaga t ion t ime in 
the nonl inear med ium (the self-action t ime) T p p . In this case 
E q n (59) should be replaced by 

T S P 4aco P P / I60 S 

4Wr 
+ ~2S 

4 a p / I C O 2 T P T P 

(61) 

E q n s (59) and (61) are valid in the regions within which 
they are not inconsistent with the expressions (53) and (54). 
F o r wha t power of the SW can we expect to find 
Ans ^ ((n^qi)1/2, where q\ > q&l F r o m (59) we obta in 

vS 
lacojpqi 

:2.5 X 10 J 

Iqi 
-W (62) 

U n d e r these condi t ions the o p t i m u m power of the p r o b e 
wave should be 

^ p , o p t 

Therefore 
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5 x 10 1 2 y W (63) 

(64) 

In single-mode optical fibres S « 25 u m 2 . Therefore for an 
interact ion length / « 10 3 m we find q\ « 0.1 if Ws ^ 0.6 W 
and W p « 0.1 W. 

The limits (59) and (61), due to the self-action of the P W , 
are no t fundamenta l . In principle the self-action effect can be 
completely suppressed. This is done simply by in t roducing, 
before or after the interact ion of the waves, a correlat ion 
between an initial phase of P W </>po and | A P | 2 such tha t 
4>po = 4>o—Dppnp (4>o is a cons tant ) . This can be done , for 
example, by passing the P W th rough another med ium having 
a nonl ineari ty , with a sign opposi te to tha t of the med ium in 
which the interact ion takes place. This p rocedure was used, in 
par t icular to compensa te the self-modulation of the rad ia t ing 
phase of a N d / Y A G laser. The compensa t ion was applied in a 
cell conta in ing caesium vapour . The el imination of the self-
action of the P W th rough the dispersion of the nonl inear i ty 
of the med ium has been suggested [43, 44]. The self-action is 
due to the pa r t of the nonl inear polar isa t ion whose frequency 
arises as a result of the following combina t ion : cop — cop + cop. 
The effect of the SW on the P W is caused by the combina t ion 
of frequencies cop — cos + cos. In order to suppress the effect of 
the self-action of the P W we must use a med ium in which 
X{3)(coP - cop + cop) < X ( 3 ) ( w p - <^s + fi)s). However , it 
should not be forgotten tha t the dispersion of the 
nonl inear i ty is associated with dissipation, and in an ideally 
t r ansparen t med ium the nonl inear i ty coefficients are 
independent of frequency. 

The influence of the self-action of the P W on the error 
of the measurement of the energy of the SW can be sub­
stantially lowered by an appropr i a t e choice of the opera t ing 
regime of the phase detector . The shift in the phase of the P W 
relative to the reference wave (provided by a local oscillator) 
is usual ly measured with a h o m o d y n e detector . The ou tpu t 
current of this detector has a componen t p r o p o r t i o n a l to 
A p A L o C O S ( < / > L O — </>p/), where A L O and </>Lo are the ampl i tude 
and the phase of the reference wave. If the reference wave in 
the coherent state is s t rong enough, the uncer ta int ies of its 
ampl i tude and phase can be ignored. U n d e r these condi t ions 
the current var ia t ion associated with the change in the 
quant i t ies A p , </>po, and A s is equal , to a first approx imat ion , 
to 

& P ~ rjeAL0{SAp [cos (</>L0 - </>p/) 

+ A p ^ - s m (</>L0 - < M ] 

8</>d/ - ^ 
+ A p M " 6A S i n ^ L 0 ~ ^ / ' ( 6 5 ) 

where rje is the q u a n t u m efficiency of the detector and Ap, </>p/ 

are the average values of the ampl i tude and phase of the P W . 
F o r measurements of the phase shift the regime which 

gives cos (</>LO — </>p/) = 0 is t hough t to be the best. However , 
in this case 8zp is affected by the phase shift caused by the self-
act ion. Obviously, the effect of f luctuat ions in the ampl i tude 
of the P W on the current 8zp can be eliminated (in the linear 
approx ima t ion) by choosing a regime of the detector in which 

cos (</>L0 - 0pZ) + A p ^ s i n (</>L0 - </>p/) = 0 (66) 

In pract ice this me thod of excluding the self-action effect of 
the P W is meaningful only for A p 8</> p / /8A p ^ 1, since in the 
opposi te case the dependence of 8zp on 8A S would be much 
weaker . 

5. Results of experiments on the QNDM of the 
energy of optical waves 
5.1 Measurement of the energy of travelling waves 
The first a t t empt to measure the energy of optical travell ing 
waves by the interact ion of the waves in a qua r t z fibre was 
repor ted [37] in 1986. The aim of the experiment was to 
demons t ra t e the link between the phase of the P W and the 
q u a n t u m fluctuat ions of the ampl i tude of the SW. A block 
d iagram of the a p p a r a t u s is shown in Fig. 6. The rad ia t ion of 
a frequency-stabilised k ryp ton- ion laser work ing on two 
independent t rans i t ions at 647 and 675 n m limited by 
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Figure 6. 



Standard quantum limits of measurement errors and methods of overcoming them 91 

q u a n t u m noise was in t roduced into an opt ical fibre. After 
interact ing in a single-mode fibre 114 m long the waves had 
an addi t iona l phase modu la t i on associated with self-action 
and interact ion. The phase modu la t ion of the wave Ex carried 
informat ion on the modu la t ion of the ampl i tude of the wave 
Ey. After separat ing the waves with a pr ism the SW was led to 
the pho tode tec to r D X . The current f luctuat ions of this 
detector for a sufficiently high power of the SW are 
p ropo r t i ona l to the ampl i tude f luctuat ions of the SW and 
independent of its phase . The P W is directed to a confocal 
resona tor adjusted so tha t the phase of the reflected wave at 
the carrier frequency (the average frequency of the P W ) 
changes by 6 = —n/3. U n d e r these condi t ions a phase shift 
is generated between the carrier and the side componen t s 
which is sufficient to t ransform a phase modu la t i on of the 
wave into ampl i tude modu la t i on of the pho tode tec to r 
current . 

The variable componen t of the current iy, delayed for a 
t ime Td in a coaxial cable, was added to the variable 
componen t of the current ix, and the sum was examined in 
a spectrum analyser. Corre la t ion of the currents was revealed 
as a per iodic dependence of the current spectral density on 
the frequency. 

In the 5 4 - 5 8 M H z range the spectrum varied with a 
per iod of 2 M H z . The q u a n t u m fluctuat ions of the ampl i tude 
of the SW accounted for 37% of the mean- squa re 
pe r tu rba t ion of the to ta l current (ix) f luctuat ions. The 
remain ing noise was associated with the ampl i tude 
f luctuat ions of the P W and with its phase f luctuations, 
arising dur ing the generat ion of the wave in the laser and as 
a result of the self-action effect in the nonl inear med ium. 
Some of the noise was caused by the nonideal i ty of the 
p h o t o d i o d e D X (which had a q u a n t u m efficiency of 0.4). 
This noise level cor responds to SS/(SS + Sx) = (0.37) 2 , where 
Ss, Sx are the componen t s of the spectral f luctuation density 
of the current iX9 generated by the signal noise (Ss) and by 
other noises (Sx). Therefore the signal-to-noise rat io is 
Ss/Sx « 0.2. Accordingly the mean square pe r tu rba t ion of 
the error in the measurement of the energy of the SW in the 
same circuit is 5{n^)l^2h,co^ i.e. it is 5 t imes greater t han the 
cor responding SQL. 

Let us compare this value of the error with the value 
predicted by E q n (59). The power of the P W (60 m W ) is 
much less t han the o p t i m u m value. Therefore the self-action 
of the P W is irrelevant, and we can write 

i.e. 

( A g , ) 2 ^ v2S2 

(/i8) 4a2p2l2copcosWpWs 

^ 3 x 10 ~22(^j • (67) 

F o r a single-mode qua r t z fibre in this range of wavelengths 
we can tentat ively assume tha t S/a « 25 x 1 0 1 0 (SI units) . In 
this case we obta in from (67) (Afis)2 /(ns) « 20, which agrees 
with exper imental results. 

The results of an experiment on the interact ion of waves 
in an optical wave guide 500 m long have been repor ted [44]. 
F o r a SW power of 12.6 m W the phase shift of the P W was 
1.38 x 1 0 ~ 2 . Accord ing to E q n (62) the error of the 

measurement for this SW power level and length of fibre 
cannot be less than the SQL. 

In order to overcome the SQL of the energy for a given 
length and nonl inear i ty of the optical fibre we mus t increase 
the power of b o t h the SW and the P W . Sakai et al. [42] tried 
to solve the p rob lem by this me thod . They measured the 
energy of a single optical soliton and observed the shift in 
ano ther soliton interact ing with the first. This was done by 
admi t t ing into an opt ical fibre with a negative dispersion of 
the group velocity three solitons, p roduced with the aid of a 
special opt ical scheme from a single laser pulse. The first 
(reference) and the third (probe) had identical wavelengths of 
the carrier (1455 nm) . In the middle (signal) soliton the 
wavelength was slightly greater (1460.7 nm) . The velocity of 
the signal soliton was slightly less t han the velocity of the 
p r o b e soliton, p roduc ing an over taking dur ing which the 
velocities of the soli tons were altered by their nonl inear 
interact ion. As a result, the distance between the reference 
and the p r o b e soliton changes in p ropo r t i on to the energy of 
the signal soliton. The reference and the p r o b e soliton are 
then passed th rough a M a c h - Z e n d e r interferometer to a 
pho tode tec to r . The ou tpu t pho tocu r ren t depends on the 
phase shift of the p r o b e soliton relative to the reference. The 
to ta l phase shift of the p r o b e soliton, result ing from the 
interact ion with the signal soliton, was 1.22 rad for a signal 
energy of 15 pJ (1.1 x 10 8 pho tons ) and dura t ion of 2.6 ps. 
Like Levenson et al. [37] these workers limited their s tudy to a 
demons t ra t ion of the correlat ion between the ou tpu t signal 
of the interferometer and the q u a n t u m fluctuat ions of the 
energy of the signal soliton. They used the me thod already 
fully described [37]. G r o u p s of three soli tons were generated 
at a frequency of 100 M H z . The signal soli tons from the fibre 
were led to a pho tode tec to r , whose current was added to the 
current from an interferometer ( retarded by a delay line). The 
to ta l current was amplified and fed to a spectrum analyser. 
The required correlat ion was observed as a per iodic 
frequency dependence of the intensity of the spectrum. 
Accord ing to the au tho r s approximate ly 60% of the m e a n -
square pe r tu rba t ion of the phase noises at the ou tpu t of the 
phase detector consisted of noises associated with the shot 
noise of the signal soliton. This cor responds to a s ignal- to-
noise rat io of ~ 1/1.8, i.e. (Ans)2/(ns) « 1.8. 

If there had been no noises associated with imperfections 
in the elements of the system (losses in the fibre, 0.1 dB; in the 
connectors , 0.2 dB; in the diffraction grat ings, 0.6 dB; in 
the pho tod iodes , 1.7 dB) the est imated energy of the soli tons 
could have been close to the SQL, bu t no t less than it. Thus , it 
follows from the pa rame te r s of the scheme [/ = 400 m, 
dispersion of the group velocity 12 p s k m - 1 , dura t ion of 
signal 2.6 ps , dura t ion of p r o b e soliton 3.6 ps , energy of 
p r o b e soliton 6 pJ (4.4 x 10 7 pho tons ) , difference in 
wavelengths between the signal and the p r o b e soliton 
5.7 n m] tha t the dura t ion of the interact ion of the soli tons 
(over taking t ime) due to dispersion is approximate ly 
T s p « 2.5 x 1 0 ~ 7 s, whereas the dura t ion of the self-action 
is T p p « 2 x 1 0 - 6 s. F r o m Eqn (61) we obta in 
(Ans)2 > 1.6 x 10 8 « (ns). (The effective cross-sectional 
area was assumed to be 25 u m 2 . ) Unfor tuna te ly , even this 
elegant experiment failed to overcome the SQL of error for 
the energy. 

5.2 Methods of increasing the effective nonlinearity 
In order to overcome the SQL of the measurement error of 
the energy of a wave at reasonable signal power levels we 
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need to establish an interact ion between the SW and the 
a p p a r a t u s such tha t the effective nonl inear i ty is much greater 
t han in quar tz , bu t the losses remain equally small. In 
pract ice it is found tha t in t r ansparen t media the greater the 
nonl ineari ty , the greater is the dissipation, t hough in 
principle this relat ionship is not inescapable. The search for 
m o r e effective m e t h o d s of measurement is proceeding a long 
var ious pa ths . The exploi tat ion of wave interact ions in 
exciton semiconductors (CdS, GaAs) , avoiding losses in the 
mater ia ls by the self-induced t ransparency effect, has been 
suggested [45]. Other directions include the use of the 
interact ion between s t reams of part icles and a s tanding or a 
travell ing wave in a region of nonun i fo rm spatial dis t r ibut ion 
of the wave. F o r example, it is hoped to m a k e use of the 
diffraction of a s t ream of electrons travell ing a long a 
dielectric waveguide in the nonun i fo rm field of a wave 
[46, 47]. Because of the radia l nonuni formi ty of the field of 
the wave the electron experiences, in addi t ion to the var iable 
componen t , a cons tant componen t of the force (the Miller 
force [48]), p ropo r t i ona l to the square of the ampl i tude of the 
electric field strength of the wave. The stronger this effect 
the smaller is the difference between the velocity of the 
electrons ve and the velocity of the wave v. Calcula t ions 
have shown tha t detection of the effect of an i.r. pulse with an 
energy of abou t one p h o t o n on an electron is theoretically 
possible under the following condi t ions: (a) the relative 
velocity difference between the electron and the wave 
should no t be greater t han 1 0 - 3 , (b) the interact ion length 
should no t be shorter t han 10 cm, (c) the dura t ion of the 
pulse should be approx imate ly 1 ps . 

A n effective me thod of s t rengthening the nonl inear 
interact ion at relatively low SW powers is to store the 
energy in mic roresona to rs with a high Q factor [49]. F o r 
example, Braginski i and IPchenko p repared spherical 
sapphire opt ical r esona tors having a Q of 1 0 8 - 1 0 9 for a 
diameter of 4 0 - 4 0 0 um. The effective vo lume of the field in 
these resona tors for modes of the 'whispering gallery' type is 
of the order of 1 0 - 9 c m 3 . The vo lume of the soliton in this 
experiment [42] was an order of magn i tude greater . 

5.3 Measurements by wave interaction in the resonator 
The possibili ty of measur ing the energy of a wave by using the 
nonl inear interact ion of waves in a resona tor has been 
examined [50, 51, 51a]. Theoret ical studies with relatively 
rigid l imitat ions showed tha t the quas i -nonper tu rb ing 
measurement of the energy of a wave by using a resona tor is 
possible in principle. However , an exper imental test of this 
conclusion by using a r ing resona tor showed tha t overcoming 
the SQL in a system of this type is not s t ra ightforward [51]. 
Very strict, a lmost unreal isable l imitat ions on the classical 
noises associated with the scattering of the SW and of the P W 
in the resona tor must be imposed. Nevertheless it is claimed 
[51] tha t the resona tor scheme gives bet ter results t han the 
travell ing-wave scheme. 

D i a n o v et al. [52] repor ted the results of an experiment on 
the interact ion of waves in a nonl inear resona tor (the external 
resona tor of a laser). The exper imental scheme is shown in 
Fig. 7. Rad i a t i on from the single-frequency semiconductor 
laser 1 (X = 1.28 um) passes t h rough the acous toopt ica l 
m o d u l a t o r 2 (working in the Bragg regime at 65 M H z ) and 
is split into two b e a m s cor responding to zeroth and first 
diffraction. The zero beam is then in t roduced into the single-
m o d e opt ical fibre waveguide 3, 5.7 k m long. The pr incipal 
feedback mechanism between the fibre and the laser was the 

Figure 7. 

Rayleigh scattering in the fibre. The zero beam was then 
combined with the first diffraction beam in the optical shunt 
4, in which one of the outlets was connected to the 
ge rman ium avalanche p h o t o d i o d e 5. The beat signal was 
amplified and fed to the radio-frequency spectrum analyser 6 . 
The SW was in t roduced into the interferometer by using the 
free outlet of the shunt , by means of a second semiconductor 
laser 7 (X = 1.5 um) as the source. The intensity of its 
emission was modu la t ed sinusoidally by the genera tor 8. 
The average power of the SW in the optical waveguide did 
no t exceed 100 uW. W h e n the modu la t i on frequency was a 
mult iple of the in te r -mode distance for the longi tudinal 
modes of the external resona tor , a large increase in the 
effectiveness of the interact ion between the P W and SW was 
observed. In this regime an incursion of 5 x 1 0 ~ 2 into the 
P W phase was obta ined for a SW power of 70 uW. U n d e r 
these condi t ions the P W passed nonl inear ly t h rough the 
med ium not less t han 50 t imes. 

This experiment p roduced a phase shift of the P W per uni t 
power of the SW not less t han three orders of magn i tude 
greater than in the other experiments described above. However, 
even this success does no t p rove tha t the SQL can be over­
come in this experiment. Wi th fibre losses of 0.3 dB k m - 1 the 
a t tenua t ion of the SW for a single passage a long the fibre was 
abou t 1.7 dB. F u r t h e r m o r e the increase in the effectiveness of 
the interact ion at certain modula t ion frequencies of the SW 
suggests tha t a substant ia l a m o u n t of energy p u m p i n g is 
tak ing place th rough the combinat ion waves. 

Accord ing to E q n (62) the SQL can be overcome at a SW 
power of 70 uW only if the effective interact ion length is no t 
less than 10 6 m. 

It ha s been shown [53] tha t no t only classical bu t also 
q u a n t u m noises can prevent the overcoming of the SQL in a 
resona tor . If the resona tor is opera ted in the s tanding-wave 
regime, a r a n d o m reflection of the SW associated with 
the r a n d o m change in frequency of the resona tor dur ing the 
measurement cannot be avoided. In order to su rmoun t 
the SQL we must use the travell ing-wave regime. Such a 
regime can be established in ideal r ing resona tors and 
spherical resona tors . On the other hand , in real r esona tors 
energy can be transferred between different modes as a result 
of var ious nonuniformit ies , including those associated with 
the spon taneous or induced excitation of acoust ic waves. 

5.4 Other methods of Q N D M of the energy of waves 
The search for possible schemes of Q N D M of the energy of 
e lectromagnet ic waves has included all the p h e n o m e n a 
k n o w n to p roduce low-frequency macroscopic effects in 
e lectromagnet ic waves. The optical rectification effect has 
been examines [54], bu t found to be una t t rac t ive as a 
measurement me thod because of the vanishingly small value 
of the t rans format ion coefficient. The possibili ty of Q N D M 
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of energy by generat ing the second h a r m o n i c in a resona tor 
with quadra t i c nonl inear i ty has been demons t ra ted [55, 56]. 
The use of two-pho ton t rans i t ions in a t o m s has been 
suggested [57]. The possible use for the Q N D M of the self-
induced t ransparency effect in two-level systems has been 
discussed [58]. It has been stated [59] tha t a field conta in ing a 
given number of p h o t o n s can be p roduced and cont inuously 
main ta ined by the interact ion (in a resona tor ) of a quas i -
resonant beam of R y d b e r g a t o m s followed by the measu re ­
ment of the phase shift of their wave function. Ho l l and 
et al. [60] have obta ined a p r o o f tha t if the frequency of 
the light is substant ial ly different from the frequency of the 
a tomic resonance , and if the resona tor in which the a t o m s are 
interact ing with the optical field has a high Q factor, the 
a tomic beam does not affect the number of p h o t o n s in 
the resona tor and the number of p h o t o n s can be established 
by mon i to r ing the deflections of the beam. A n analysis of a 
measurement scheme which uses coherent ly p repared th ree-
level a t o m s interact ing with the field of the resona tor has 
been repor ted [61, 62]. 

In the articles ment ioned above the p roposed m e t h o d s of 
measurement are claimed to be quan tum-nonpe r tu rb ing . 
Fo rma l ly this claim is justified by the fact tha t with the 
specified Hami l t on i an for the interact ion the measured 
observable is an integral of mo t ion even dur ing its inter­
action with the appa ra tu s . In reality, however , app rox ima te 
Hami l ton i ans are used, which fail to al low for var ious 
processes of relevance in the calculat ion of the q u a n t u m 
limits of error in the measurements . F o r example, in the 
analysis of the interact ion of waves in a Ker r med ium no 
al lowance is m a d e for the generat ion of ha rmonics and 
combina t ion waves, or for changes in the wave resistance 
of the med ium. The influence of these effects on the 
precision of the measurement has been discussed above. In 
the analysis of the interact ion of a b e a m of a t o m s with an 
electromagnet ic field in a resona tor the usua l interact ion 
(linearly p ropo r t i ona l to the electric field) is ignored, and so is 
the interact ion of the field with the t rans la t iona l mo t ion of 
the a t o m s in the regions of nonuni formi ty of the field. 

6. Quantum limit of the detection of action on a 
system 
It was poin ted out above tha t one of the strongest stimuli for 
the development of the theory and m e t h o d s of nonpe r tu rb ing 
q u a n t u m measurements was the hope of overcoming SQL of 
the error in the detect ion of the interact ion of a force with the 
system. In general the detection error depends on the initial 
state of the system and on which of the observables has been 
chosen as the object of the measurement . The relat ionship 
between the q u a n t u m error limit for the detection and the 
initial state of the system has been discussed [10, 63]. 

The process a iming to discover an interact ion can be 
represented as a sequence of three stages. Some state of the 
system is first created. The system then undergoes an 
evolut ion. In the third stage a measurement is carried out in 
order to establish whether an interest ing interact ion has 
t aken place in the system dur ing the evolut ion. In order to 
minimise the detect ion error the measurement should be of 
the o p t i m u m type, i.e. it should be an accura te measurement 
of an observable of the system which allows minimisat ion of 
the detection error . In general the o p t i m u m measurement 
proce-dure is not the same as the o p t i m u m procedure for 
p repar ing the initial state of the system. 

W e shall t ry to clarify the q u a n t u m limit of detection of an 
external act ion on the system by discussing pu re initial states. 
After the evolut ion (but before the measurement ) the system 
can be found in two p robab le states: 

i«F0(o> = £o(oino)>, 

i«p1(0) = t/i(oino)}, (68) 
where | ^ ( 0 ) ) is the vector of the initial state, and Uo(t), U\(t) 
are opera to r s of the evolut ion for the nonpe r tu rbed and the 
per tu rbed mot ion , respectively. The q u a n t u m limit of the 
average probabi l i ty of the error in dist inguishing between 
two pu re states is [3] 

Pwd = l - ( l - 4 £ 0 C i | y | 2 ) 1 / 2 , (69) 

where Co, Ci a r e the a priori probabi l i t ies of the states | ^ o ) , 
| and \y\ = | (W0\ Wi)\. In the present case 

|y| = |<!P(0)|J?(0|y(0)>|. (70) 

The opera to r R = UQU1 satisfies the equat ion 

dt 1 

where = UQ(H1 — HQ)U0, H\, H0 are the Hami l ton i ans 
of the per tu rbed and of the nonpe r tu rbed mot ions . The 
opera tor R(t) in the form R(t) = e 1 ^ gives 

\y\: Qi(Pd0((p) 

where <?>(cp) is the dis t r ibut ion function for the probabi l i t ies 
of the eigen values of the opera to r cp. Var ious <P(cp) functions 
can give \ y\ = 0. 

F o r an o p t i m u m initial state we have [10, 63] 

\y\ = 

cos 2 Acp, if Acp < %/2 , 

0, if Acp > n/2. 
(71) 

The state in which \y\ = 0 for a m in imum value of Acp is 
considered to be the op t imum. It is characterised by the 
following density dis t r ibut ion of the probabi l i t ies cp: 

W {cp) = \ [8(Ap - n/2) + 8(Ap + t c /2) ] (72) 

Let us consider the impor t an t special case in which the 
opera tor H ®(t) satisfied the condi t ion 

[[H°(ti),H%t2)}, G ] = 0 , (73) 

where Q is an a rb i t ra ry opera tor . This condi t ion is fulfilled 
when a classical force F(t) is act ing on a linear system. In this 
case we have 

<Kt)=^H°{t')dt'. (74) 

If the action of the classical force is observed over a per iod T 
we obta in 

H«(t)=F{t)x\t) 

and therefore 

q>(t) x°(t)dt , 

(75) 

(76) 
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where 

x°(t) = U+(t)x(0)U0(t) . (77) 

F o r m u l a (76) suggests a p a t h for ob ta in ing a m a x i m u m 
value of Acp when F(t) is k n o w n . Unfor tuna te ly , there is no 
k n o w n way of p repar ing the o p t i m u m state. 

Let us consider the initial states for which 

W(9) = « 9 e x p ( - g ) [ l + / ( ? ) ] , (78) 

where / (cp) is a po lynomia l of finite degree and a and a<p are 
pa ramete r s . This dis t r ibut ion occurs when a classical force 
acts on an oscillator in a coherent state [f(cp) = 0], in a 
squeezed state \f(cp) = 0], or in a state with a given energy 
[1 + f(cp), the Hermi t i an polynomial ] . 

The limit of the sensitivity of the detection cor responds to 
Acp < 1 and a < 1. In this case we obta in from (76) and (78) 

Irl2 - i - (Acp)2 (79) 

Therefore if £ 0 = Ci — \ w e ob ta in 

Pwdn\(l-Acp) . (80) 

W e shall t ake Pwd ~ 0.25 as the detection threshold . This 
value of Pwd is found when the signal is equal to the m e a n -
square pe r tu rba t ion of the f luctuat ions. 

Example. If the force is applied as a rectangular pulse of 
ampl i tude Fo and length T we find from (76) and (80) tha t 

Ti 
Fo? = , (81) 2Ax 

where 

Ax (82) 

(a) If the force is act ing on a free mass m, we obta in 

Ax = Ax ( T / 2 ) , (83) 

i.e. the detection threshold in this case is lower, the greater the 
uncer ta in ty of the coord ina te of the mass at the instant when 
the force is applied. (We should no te tha t we are discussing 
pu re initial states.) 

(b) This force is act ing on a h a r m o n i c oscillator of mass m 
and frequency coo. 

Let coqT <^ 1. Then, for a coherent initial state we can wri te 

F0T = 
(Timco^l1 

(84) 

This is the SQL of the detection of the action of a force on an 
oscillator. If the initial state has a given number of q u a n t a n, 
and n^> 1, we have 

F0T = I 2n 
(85) 

The expressions (84) and (85) were first obta ined by 
Braginski i by analysing specific m e t h o d s of detecting the 
action of a force. 

If the force is in the form of a s inusoidal t ra in of length T , 
frequency £2, ampl i tude F 0 , and Qx = Ikn (where k is an 
integer), we can detect from the response of the free b o d y 
(with an error probabi l i ty of 0.25) a force in which 

F 0 r = w , (86) 

where Ap is the uncer ta in ty in the m o m e n t u m of the b o d y 
dur ing the action of the force. F r o m the response of the 
h a r m o n i c oscillator at a>o = Q we can detect (with the same 
probabi l i ty of error) a force which obeys the condi t ion 

F0T 
h 

~AX~2 

(87) 

where AX2 is the uncer ta in ty of the imaginary par t of the 
complex ampl i tude . In a coherent state AX 2 ( C ) = (H/lmcoo)l/2. 
In the ft-state AX2(«) = (hn/lmcoo)112 > AX2(c)> This 
inequali ty can also be applied to the squeezed state. 

W e should stress the fact tha t the state of the system 
having the p roduc t AxAp = Till does not offer any 
advan tage over other pu re Gauss ian states. This is t rue 
under condi t ions of o p t i m u m measurements , i.e. when the 
observable being measured cor responds to the initial state 
and form of the force. This observable is defined by the 
expression 

(88) 

A n analysis shows tha t the p rocedure for p repa r ing 
k n o w n states is no t the same as the p rocedure which gives 
o p t i m u m measurements . The o p t i m u m observable could be a 
combina t ion of canonical variables which has no r ecom­
mended measurement me thod . The exper imental workers t ry 
to discover pa th s which allow the SQL of detect ion to be 
su rmoun ted by using the same p rocedure for the p repa ra t ion 
and for the measurement , even if this makes the detection 
threshold higher t han the q u a n t u m limit. The nonpe r tu rb ing 
and quas i -nonper tu rb ing measurements whose theory and 
m e t h o d s were discussed above offer this possibility. 

Q R S can interact with a test b o d y in such a manne r tha t it 
ob ta ins informat ion abou t the var ia t ion of the state of the 
test b o d y p roduced by action of the external force ra ther t h a n 
abou t the state itself [29]. Equa t i ons (76) and (80) are valid in 
this case also. 

V B Braginski i (1967) was the first to d r aw a t tent ion to the 
p rob lem of the quan tum-mechan ica l l imitat ions in the 
sensitivity of the gravity wave experiment . The p rob lem was 
further analysed by Yu I Voron t sov , F Ya Khali l i , 
K S Thorne , C M Caves, W G U n r u h , V V D a d o n o v , 
V I M a n ' k o , V N R u d e n k o , A V Gusev [ 6 4 - 6 6 ] , 
S P Vyatchanin [67], R Onofr io , F Bordon i , and others . 
N o n e of these SQL has so far been su rmoun ted 
experimentally. 

7. Relationship between the measurement error 
and the perturbation 
The interact ion of the system with the a p p a r a t u s used to 
measure the observable A p roduces a r a n d o m pe r tu rba t ion of 
all the observables which are not commuta t ive with A . H o w is 
the error of the measurement of A related to the pe r tu rba t ion 
of the observable B ? W e k n o w tha t the dispersions of any 
observables A and B of a system in any of its states are 
interrelated by the uncer ta in ty relat ion 

( A A ) W > | i ^ , (89) 
where r is the correlat ion coefficient between A and B in the 
given system state, and C = [A,B]/iH. 

The quant i t ies AA and AS are not related to the 
measurement error, and they can be obta ined 
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experimental ly by a statistical t r ea tment of the results of 
accurate measurements of the observables A and B for 
different elements of the ensemble in systems, in a given 
state, or for mult iple measurements in one system, re turn ing 
the system to its initial state after each measurement . In the 
scientific l i terature and in t ex tbooks we meet assert ions tha t 
the uncer ta in ty relat ion applies also to the dispersion of the 
measurements of the observable A [(AA)^ e a J and of the 
change in the dispersion of the observable B [(AB)pe r t] 
p roduced by the a p p a r a t u s dur ing the measurement . The 
evidence quoted to justify this belief is tha t the m o m e n t u m is 
pe r tu rbed by the measurements of the coord ina te according 
to the expression 

( A x ) L 9 ( A p ) p « . > j • 

A n analysis of this p rob lem [10] showed tha t the uncer ta in ty 
relat ion and the relat ion between the measurement error and 
the pe r tu rba t ion have the same form only when C is no t an 
opera tor and r = 0. W h e n [ [A(f i ) ,A(f 2 ) ] ,A(f 3 ) ] = 0 and 
[[5,A],A] = Owe have 

( M ) L a s ( A £ ) ^ (90) 

Here (AB)p e r t refers to the quant i ty (5), defined with respect 
to a mixed state of the system. F o r example, in the 
measurement of the energy of free part icles we have 

On the other hand , if 

[[B,A],A]^[[A,B],B] , (91) 

we have 

(AA)Las(A£)p e r t ^ (AA)lEN(AB)2

MENS. (92) 

In par t icular , 

(Ax)lKJAH)2

pen ± (AH)lKJAx)lrV (93) 

A general expression similar to (90) applicable to a rb i t ra ry 
observables has not yet been obta ined . 

In this review no a t t empt has been m a d e to examine the 
p rob lems of the nonpe r tu rb ing measurement of the m o m e n ­
t u m of a free b o d y and of the q u a d r a t u r e ampl i tude of the 
oscillator and of the wave in quad ra tu r e . W o r k in those areas 
has been reviewed elsewhere [10, 12, 23, 28, 34, 68, 69-71]. 

A p robab le resolut ion of the controversy [1, 2] on the 
limits of measurement of the strength of an electromagnet ic 
field has recently been p roposed [72]. 

8. Conclusions 
The s t andard q u a n t u m limits of measurement errors 
[1, 3, 4, 11] are no t fundamenta l : they are associated with 
certain measurement procedures . Var ious m e t h o d s of 
overcoming them are available. Observables which are 
integrals of mo t ion and other nonpe r tu rbab l e observables 
can be measured , in principle, with an error lower t han the 
cor responding SQL by using nonpe r tu rb ing and quas i -
nonpe r tu rb ing measurement techniques. A t t e m p t s to 
su rmoun t some of these SQL experimental ly have been 
unsuccessful so far because of var ious technical difficulties. 

However , scientists work ing on this p rob lem in m a n y 
labora tor ies t h r o u g h o u t the wor ld are still hopeful of 
overcoming some of SQL of the measurement errors 
discussed above. Should they be successful they will present 
exper imental physics with a range of new possibilities in 
fundamenta l research and new m e t h o d s of t ransferr ing and 
processing informat ion. 
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