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Equations for the phase functions are presented in a form convenient for analyzing the
solutions of both the Schrodinger equation and the problem of electromagnetic wave
propagation in inhomogeneous media. It is shown how the problem of electromagnetic
wave propagation in media with a real-valued dielectric constant (and, hence, the problem of
above- and below-barrier transmission) reduces to one of calculating the phase for the
potential scattering. One can then obtain not only such integrated characteristics as the
coefficients of transmission and reflection but also exact expressions for the solution
of the wave equation, in the form of quadratures containing the current ("instantaneous")
value of the phase. The problem simplifies substantially for a layer symmetric with
respect to the coordinate. It is shown that the method of phase functions gives an exact
description of two opposite limiting cases, viz., the short-wavelength limit and Fresnel
reflection, through a single simple analytical formula. A detailed discussion is given for
above- and below-barrier reflection near the edge of the barrier.

1. INTRODUCTION

Many problems in quantum mechanics and the theory
of electromagnetic wave propagation, including optics, re-
duce to solving a one-dimensional time-independent wave
equation.1'2 One of the most effective methods of qualita-
tive study, which is based on the Liouville-Green repre-
sentation (1838), was originally formulated in acoustics
and optics and was then put in its modern form in quan-
tum mechanics, where it is known as the quasiclassical (or
WKBJ) approximation (see, e.g., Ref. 3). A number of
exactly solvable problems in quantum mechanics, particu-
larly those involving the transmission of particles through
potential barriers, are intimately related to analogous exact
solutions of optical problems,1'2 although the physical in-
terpretation of the same resulting formulas is, of course,
different.4 A typical example is the so-called nonreflecting
Einstein layer. In optics a transmission coefficient of unity
is interpreted as an analog of brightening through the use
of a quarter-wave plate that is in phase for all wavelengths.
In quantum mechanical problems of particle transmission
above a potential well having one or several discrete levels,
the same effect is explained as being due to quasiresonant
scattering on a discrete level (to slowing of the motion of
the particle above the well), which leads to quenching of
the reflected wave.4 From a mathematical standpoint these
problems are simply identical: the reflection of a particle
above a barrier (well) corresponds to the optics of trans-
parent media, while below-barrier transmission corre-
sponds to the physics of a plasma with "cold" electrons.

Meanwhile, the efficient methods that have been devel-
oped over the years in quantum mechanics can find natural
application in optics as well. One such method is the vari-
able phase approach5"8 (which is called the "method of

phase functions" in the Russian literature), by which one
can most simply investigate the problem of potential scat-
tering, with quantitatively accurate results achievable by
extremely modest computational efforts.

Our goal in this article is to show how the problem of
electromagnetic wave propagation in media with a real-
valued dielectric constant (and, hence, the problem of
above- and below-barrier transmission) reduces to one of
calculating the phase for the potential scattering.9'10 Here
one can obtain not only such integrated characteristics as
the coefficients of transmission and reflection but also an
exact expression for the solution of the wave equation at all
values of the coordinate in the form of quadratures con-
taining the current ("instantaneous") value of the phase.
The problem simplifies substantially for a layer that is sym-
metric with respect to the coordinate: in this case the total
reflection (transmission) coefficient is expressed solely in
terms of the difference of the asymptotic values of the
phases, much as an element of the potential scattering ma-
trix is expressed in terms of the asymptotic value of the
phase. It is shown that the method of phase functions gives
an exact description of two opposite limiting cases, the
short-wavelength limit and Fresnel reflection, through a
single simple analytical formula. A number of problems of
importance for applications do not at present have exact
solutions. We will give an exact solution for one of these:
the problem of above- or below-barrier transmission near
the edge of a barrier.

The subsequent exposition involves the solution of the
second-order differential equation

(d2/dx2+P
2(x))y=0.

In quantum mechanical problems

(1)
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- U(x) )=k2-2V(x), (2)

where E and U are the kinetic and potential energies, m is
the reduced mass of the particle, and /z is Planck's con-
stant. In problems of electromagnetic wave propagation,
Eq. (1) describes a monotonic wave with linear polariza-
tion perpendicular to the x axis:

p2(x) = (a>/c)2e(x,u)) =k2E(x,co); (3)

where ы is the frequency, с is the speed of light in vacuum,
and £ is the dielectric function.

In both cases (2) and (3) the wave number is related
to the wavelength (in vacuum) as &=2тг/А. In cases when
it should be noted that we are discussing the radial Schro-
dinger equation, we will use the notation r for the indepen-
dent variable.

2. PHASE EQUATION IN THE THEORY OF POTENTIAL
SCATTERING

Let us give the derivations of the phase function
method5"8 that are required for our discussion; for simplic-
ity we restrict consideration to j-wave scattering. The so-
lution of the radial Schrodinger equation for fc2>0 is con-
structed in the form

A(r)
(4)

where y ( r ) is the solution that is regular at the origin and
the functions A ( r ) and 8(r) are the current values of the
amplitude and phase. For unique separation of the two
functions we impose the following condition on the deriv-
ative of solution (4):

y' (r) = kl/2A (r) cos (kr+8 ( r ) ) , (5)

which, together with Eq. (1), leads to separate equations
for the amplitude and phase:

A7A = ( V(r)/k)sin(2kr+28(r)),

8 ' ( r ) = - (2y(r)/k)sm2(kr+8(r)),

5(0) =0.

(6)

(7)

The amplitude equation (6) can be integrated in an ele-
mentary manner if the solution of the phase equation (7) is
known, and the boundary condition (at zero) for the am-
plitude can, in principle, be arbitrary. The scattering ma-
trix element and the partial amplitude are expressed
through the relation

Se o(*)=exp(2/fi(oo)),
(8)

/.=- 2ik

where <5( oo) =d(k;r-> oo) is the asymptotic value of the
solution of phase equation (7). In the derivation of equa-
tions (6) and (7) it was assumed that F(r) -»0 as r-» oo. If
the potential does not change sign the solution of phase
equation (7) is a monotonic function, decaying in a repul-
sive field and increasing in an attractive field.

A notable property of the phase 8(r) is its stepped
behavior for low-energy scattering of a particle above a
potential well in which there are bound states. If the part of
the well from the origin of coordinates (or from the left-
hand turning point) to the value r=r\ can accomodate a
bound state, then in the immediate vicinity of this point the
phase increases by tr while remaining continuous. The next
such increase occurs in the neighborhood of the next point
r=r2, corresponding to the second level in the well
V(r<r2), etc. In the limit k->0 the asymptotic value of the
phase is

5(*-.0,г-.оо)=1гЛГ, (9)

where N is the total number of levels in the well (the
Levinson theorem).7'8

The generalization of Eq. (7) for the case of orbital
quantum numbers l>0 (Ref. 6) does not alter the above-
listed properties of the solutions. Detailed studies with nu-
merous examples are found in the monographs by
Babikov7 and Calogero.8

3. PROPAGATION OF ELECTROMAGNETIC WAVES IN
INHOMOGENEOUS MEDIA

For this problem the boundary conditions are different
from the case of potential scattering, and the approach
must be modified accordingly. We assume that the dielec-
tric function e(x,co) is real-valued and write the solution of
equation (1) in the form

y(x)=p-l/2[a(x)exp(-iS(x))-b(x)exp(iS(x))],
(10)

where the classical action

S(x) -J>z)dz. (11)

Imposing on the derivative y' the condition

y'(x) = -ipU2[a(x)exp(-iS(x))

+b(x)exp(iS(x))], (12)

where we have used the notation

we obtain a linear system of first-order differential
equations11

(13а)

(13b)

e'/4e. (14)

For real values of x andp2(x)> 0 the symmetry prop-
erties of this system imply the flux conservation law

|aU)|2-|600|2 = const, (15)

where the constant is zero in the potential scattering prob-
lem: the amplitudes of the incident and reflected waves are
equal in modulus. In the wave propagation problem we
will use a normalization in terms of the transmitted wave
(from right to left), which corresponds to the following
initial conditions at the point — x0 ( — x0> — oo ):
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| f l(-*o)|=l, Ь(-хо)=0. (16)

In this case the constant on the right-hand side of relation
(15) is equal to unity. As the new independent variable we
introduce the reflection function

R(x)=b(x)/a(x)i

which satisfies the Riccati equation12

R'(x) = -q(x)e*p(-2iS(x))

+ q(x)exp(2iS(x))R2(x),

R(-x0)=0.

(17)

(18)

(19)

We now obtain a phase equation and express the solu-
tion of the problem in terms of the phase function. We note
that for the partial solutions of equation (18) it has the
form

Д(1)=ехр(2/000),

which leads to the phase equation

A natural initial condition is

(20)

(21)

(22)

where x{ is the lower limit in the integral for the eikonal
(11), i.e., one has S(x-t)=0. This is essential in the case
when there is a turning point />2(Xj)=0, and it simplifies
the analysis in all the remaining cases, for which the choice
of the point JCj can be arbitrary.

Phase equation (21) is distinguished from the standard
phase equation (7) both in its outward appearance and in
a number of important properties (rapid convergence of
the solutions, the absence of jumps in phase9'10). However,
the substitution

k tg(S(x)+e(x)) =p(x)tg(kx+8(x)) (23)

brings (21) to the form (7) and vice versa. Thus Eq. (21)
is one of the forms of the phase equations of potential
scattering theory. Its coefficients are the logarithmic deriv-
ative of the refractive index [p(x)=kn(x)=k(e(x))l/2]
and the eikonal.

The solution of the equation for the reflection function
(18) with boundary condition (19) can be written in the
form

Jl(jc)=z-l(*)+exp(2i0(je)), (24)

which, upon substitution into (18) gives a linear first-order
differential equation that can be solved in quadratures. Af-
ter some rather simple calculations we obtain

(sh/(jc)-//Qc))exp(/0(*)) b ( x )
"(ch/(jc)+i/(x))exp(-/i

where

/(*)= Г q(u
•J Xn

)cos(2S(u)+2e(u))du,

(25)

(26)

J(x)=exp(-/(*))

X Г exp(2f(u»q(u)sm(2S(u
J-XQ

+ 26(u))du. (27)

Here в is a solution of phase equation (21). The reflection
function (26) is written in a form in which the denomina-
tor is the incident (transmitted) wave and the numerator is
the reflected wave. For e ( x ) >0 we easily find from (25)
that

\a(x) 2-\b(x)\2=l

in accordance with the flux conservation law (15). Thus
the phase function в(х) yields a complete description of
the solution of wave equation (1) in the problem of elec-
tromagnetic wave propagation in plane-layered media.

A phase equation of the type (21) has been used in
mathematical papers13 on the study of the positions of the
zeros of the partial solutions of linear differential equations
(1) with p2(x) > 0. The equation for the current in a cir-
cuit consisting of series-connected resistor and supercon-
ductor with a tunneling contact14 is of the same type as
(21).

Exact analytical solutions of phase equations (21) and
(7) are easily obtained if the dielectric function (or the
potential energy) is a set of rectangular wells and barriers,
and also in the case £ ( x ) = Dx~2, where D is a constant. In
this case the functionsp2(x) =k2e(x) can be positive, neg-
ative, or complex.

Since the functions в(х) in (21) and 8(x) in (7) are
the phases of regular wave functions in the problem of
potential scattering, it follows from the definitions in Eqs.
(10)-(12) for a(x)\ = \b(x)\ and from Eqs. (4) and
(5) that

(28)

(29)8(x) =aictg(ky(x)/y'(x)) -toe.

Thus the phase в is the difference between the exact phase
of the wave function and the eikonal (i.e., the value of the
phase in the WKBJ approximation), while the phase 8
contains the entire difference from the plane wave. In cases
when the solutions of equation (1) can be expressed in
well-known special functions, formulas (28) and (29)
yield exact values of the phases, a circumstance which is
especially important in the neighborhood of singular points
in the complex plane. In the remaining cases Eqs. (7) and
(21) must be solved by numerical methods, as can be done
very simply nowadays.

Let us consider two limiting cases in the problem of
electromagnetic wave propagation. In the short-
wavelength limit, k > 1, it is natural to treat the dielectric
function as an analytical function in the complex plane
z=x + iy. It is well known2 that the coefficient of reflection
in this case is exponentially small, and the correct value of
the exponent follows directly from the Riccati equation
(18) already in the first approximation. The problem here
is the pre-exponential factor, which is easily determined
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only in the case of isolated singularities. For example, in
the presence of only one zero of order a in the z plane,

for z-z0 (30)

formula (26) with — x0= — as, x= + <x, taken jointly
with Eq. (28), leads to the following result:

oo) |=2sin

Xexp(-2Im f° p(z)dz), (31)
V Jo /

which agrees with the known result,7 which is a generali-
zation of the Pokrovskii-Khalatnikov formula. In the case
of more than two singularities of the function p(z) (if they
cannot be treated as isolated) there are at present no sys-
tematic rigorous analytical or numerical results. We will
consider the solution of this problem in Sec. 5.

In the long-wavelength limit &~'>rf0, where d0 is the
characteristic distance for changes in the refractive index,
we arrive at Fresnel reflection. Suppose that the dielectric
function has the following step-like behavior:

£(;c,A:)=e1=const for

e(x,k)=£2=const for

i.e.,

pdx^O,

and that inside the interval Ax the derivative of the func-
tion p(x) exists and can have an arbitrarily large amplitude
(in absolute value). In this case, phase equation (21) has
the form

0'(x) = (p72p)sin(2S(x-,)

and its exact solution is

(32)

(33)

If the eikonal and phase are measured from the point x{

(i.e., S(Xi) =0, 0(*j) =0), we obtain в(х{+Ах) =0. Then
the integral /in (27) is zero, and the reflection coefficient
(25) takes the form

p'(x)
2p(x) °*

4/2

— „1/2 W*

(34)

which agrees with the Fresnel formula for normal inci-
dence. It is important to note that in this derivation the
quantity в(х) can be real or complex.

Let us add one more step in the dielectric function:

—E for

Xf-Xj = l.

In passing through the point x{ the phase increment (33) is
not equal to zero, since 5(xf)^0. The transition J in for-
mula (25) is also nonzero for arbitrary values of e2 on the
segment /. Since all the results in the case of two (or more)
steps are expressed as before in elementary form, one can
verify directly that the coefficient of reflection goes to zero,
/?(Xf+Ax)=0, when the following two conditions hold:

1/2
2e\/2kl=ir(l+2N), N=0,1,2 .....£ 2 = ( £ l e 3 ) ,

The second condition is usually written in the form

/=(1+2ЛОА2/4,

where Л2=А/л2 is the wavelength in medium E2. Conse-
quently, we have an exact description of optical brighten-
ing through the use of a quarter-wave plate.

It is interesting to note that the results9'10 presented
here differ from the results obtained using a simple inter-
polation formula12 (see also Ref. 2) only in that the exact
value is obtained for the pre-exponential factor in formula
(31). This is an additional consequence of the fact that the
phase 9, which was neglected completely in Ref. 12, is
ordinarily small compared to the eikonal.

For a symmetric layer, when E( — x) =e(x), the natu-
ral origin for the eikonal and phase is the point д:; = 0. In
this case, for transmission through the entire layer, i.e.,
over the interval [— x0,x0] ( l*ol <°° )» integral (26) goes
to zero, and formula (25) becomes10

JJ(x0)
exp(2/0(*0)), (35)

where J(x0) is determined by integral (27) with an upper
limit of x0. This formula is useful for making analytical
estimates, since the exact solutions of phase equation (21)
are not subject to the Stokes phenomenon near singular
points of the eikonal, unlike the asymptotic series of the
WKBJ method, which are obtained far from any
singularities.15 However, for a symmetric layer the follow-
ing approach is a more interesting one.

4. SYMMETRIC LAYER

For a symmetric layer

e(-x,k)=e(x,k), e'(-x,k) = -e'(x,k)

we consider reflection on the interval [—XQ,X O ] (|jc0| <oo )
with the initial condition R( — x0) =0, and we measure the
eikonal and the phase from the origin. In this case the
eikonal (11) and phase (21) are odd functions:

S(-x) = - (36)

Together with (20), we introduce a second partial solution
of the Riccati equation (18):

(37)
Л(1)=ехр(2/0(л:)),
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and obtain two independent phase equations

0'U)=?(*)sin(2S4-20), 0(0) =0, (38a)

ф ' ( х ) = -д(х)$т(25+2ф), 0(0) =0, (38b)

where

q=p'/2p=e'/4£,

which have different solutions under the given initial con-
ditions.

The functions R(l) and Rm in (37) are the ratios of
the partial solutions of the following system of linear first-
order differential equations (13a) and (13b):

a\=m exp( — /0), b\=m exp(/0), (39a)

a2=n exp(— /0), b2= — n exp(/0). (39b)

In addition to the phase equations (38), system (13) also
gives the amplitude equations

m'=-mqcos(2S+2e), m(0) = l, (40a)

п'=пдсо$(23 + 2ф), и(0) = 1, (40b)

the solutions of which are even functions:

m(— x)=m(x), n(—x)=n(x). (41)

The reflection function has the form

b(x) bi(x) + Cb2(x)
П f .y. \ / A *J Л

•** \"™ / / \ / \ i x-r / \ * V /a(x) al(x)+Ca2(x)

where the constant С is determined from the initial condi-
tion

|в(-дс0)|=1, b(-x0)=0. (43)

For reflection from the entire symmetric layer, one
obtains9 by simple algebra

(44)

The corresponding transmission coefficient is given by

T(-x0)=a(-x0)/a(x0)

= cos(0(x0)— 0(*o))Xexp(/0(x0)

+ /0Ub)). (45)

For transparent media we have

(46)

There are two nontrivial conclusions of interest. First,
the results of the electromagnetic wave propagation prob-
lem are expressed solely in terms of the asymptotic values
of the phases, just as in potential scattering theory. Second,
the reflection coefficient is zero when the phase difference
satisfies

-0(*0)=1гЛГ, ЛГ=0,±1,±2,±3... . (47)

A study of phase equations (38) shows9'10 that their solu-
tions do not exceed ir/4 in absolute value in transparent

media, i.e., N=0 is the only possible value. The values
N=±\ can arise at optical analogs of a turning point
(e-»0) and at singularities of the type £-»<».

For analysis of the convergence of the procedure used
for numerical solution of phase equations (38a) and
(38b), the reflection coefficient was calculated9 according
to formula (44) in the case of a completely nonreflecting
layer for all values of A: at x0~* °°:

k2e(x,k) = 1-2

-1]/8, #=1,2,3....

(48a)

(48b)

This is what is called a symmetric Einstein layer.4 Its quan-
tum mechanical analog1'4 is the reflection of a particle
above a well (48a) containing discrete levels (48b). The
results of the calculations9 show that phase difference (47)
converges rapidly and monotonically to zero for values of
the dimensionless parameter X(J3>5. Thus only the whole
layer (x0— oo ) is nonreflecting. Any finite part of it on a
bounded interval ( — x0,x0) has a small but finite reflection.
This is not very important for applications: for 0.1 < /c< 1
and 10< XQ/З < 20 the coefficient of reflection from a layer
cut off at points ±ACO does not exceed 10~5.

Formulas (44) and (45) together with the phase equa-
tions (38) provide an extremely simple way of solving di-
rect problems of electromagnetic wave propagation and
above-barrier reflection in the symmetric case.

5. TRANSMISSION OF A PARTICLE THROUGH A
SYMMETRIC POTENTIAL BARRIER

From a mathematical standpoint this problem is equiv-
alent to the problem of electromagnetic wave propagation.
For modern applications16 the situation in which the ki-
netic energy of the particle is close to the height of the
barrier is of greatest interest. This gives rise to two closely
spaced zeros of the function p2(x) in (2)—turning points
on the real axis x in the case of below-barrier transmission
or two complex conjugate zeros for above-barrier transmis-
sion. These zeros of p ( x ) coalesce when the kinetic energy
is exactly equal to the potential energy. To calculate the
transmission coefficient in this case a parabolic layer (an
"inverted" linear oscillator)4 is used, which permits de-
scription of a situation with two closely spaced and coa-
lescing zeros. If the kinetic energy of the particle is speci-
fied, it is necessary to cut off the parabolic layer with
respect to height. That this leads to unsatisfactory results
has long been noted in optics (see Ref. 2), especially for a
thin layer (the results of the previous Section show that the
reflecting layer can also turn out to be extremely sensitive
to the procedure for cutting off the layer with respect to
width, and to obtain an accurate result it is necessary to
take a rather wide interval (— XQ,XO); this cannot be done
for a parabolic layer at a specified kinetic energy). To sum
up what we have said, we note that both the well-known
quasiclassical solution of Kemble4'15 and the comparison-
equation method with a parabolic layer2'4 give the follow-
ing values for the transmission and reflection coefficients

|7- | 2 = |J? | 2 =l/2, (49)
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if the kinetic energy of the particle is equal to the barrier
height. The known exact solution of the problem for a
symmetric barrier,1'4

P

2(x) = k2-2B(ch(/3x)]-2,

demonstrates that result (49) is applicable if

(50)

(51)

i.e., if the conditions of quasiclassical motion are satisfied.
This conclusion is based on the behavior of the func-

tion

S(x)= Г pdx

in the complex plane. Under the quasiclassical conditions
the analytical singularities of the action (eikonal), i.e.,
branch points at zeros and poles of the function/»2 (x), are
isolated and can be considered separately. Two coalescing
zeros (or poles) can still be treated by modifications of the
WKBJ method.15'17 This is just the case corresponding to
the parabolic layer approximation. When there are three
such singularities (two turning points and a pole in the
complex plane) the WKBJ method is applicable only in
the quasiclassical region. For larger numbers of closely
spaced singular points the quasiclassical approximation
does not apply, and there are no comparison equations
solvable in known special functions (the hypergeometric
equation of Gauss corresponds to three singular points3'4).

To study such problems we use the method of phase
equations, which we shall solve numerically. We note be-
forehand that the phase functions (38a) and (38b) used in
the symmetric case have imaginary-valued functions for
the action S(x) and phase 6(x) and ф(х); this is unim-
portant for the overall analysis but causes certain difficul-
ties in numerical calculations. Taking into account that the
turning points p2(x)=0 are generally not singular points
of the initial wave equation (1), we make the change of
phase variables (23):

k tg(S(x) +9(x)) =/>(je)tg(fce+6(je)), (52a)

(53a)

(53b)

=p(x)ctg(kx+y(x)), (52b)

i.e., we go over to the standard phases for potential scat-
tering (7). Substituting (52) into (38), we obtain

6'U) = - (2V(x)/k)sin2(kx+8(x)),

5(0) =0,

Y'(x) = - (2V(x)/k)cos2(kx+y(x)),

У(0)=0,

where

-2V(x)=p2(x)-k2, k2>0,

i.e., equations with real coefficients over the entire domain
of definition, including below-barrier transmission. Repeat-
ing steps (39)-(43) with allowance for (6) and (7), we
arrive at expressions for the coefficients of transmission
and reflection in the case of a symmetric barrier:

FIG. 1. Coefficient of transmission of the potential barrier given above
Eq. (56) as a function of the particle energy E (in units of the barrier
height V0) for various values of Ed1. The curve drawn with a fine line is
the result calculated by the Kemble formula (57).

T( -x0) =cos(6(x0) —

R(x0) = -/ si

Xexp(/6(*0) +iy(x0) ),
(54)

Xexp(/6(x0)

(55)

with

\R\2+\T\2=1.

We note that formulas (54) and (55) are equivalent to the
results (44) and (45), as follows, in particular, from an
analysis of formulas (28) and (29).

Let us discuss the results of a demonstrational calcu-
lation for the potential

= V0d
2/(x2+d2).

(56)

The coefficient of equation (1) is given by

p2(x)=k2-2V0d
2(x2 + d2rl

and has four singular points (for the WKBJ method):
poles xp= ±id and zeros fcx,= ± (2V0—k2)l/2d, which lie
on the real axis in the case of below-barrier transmission
and on the imaginary axis in the above-barrier region.
When the kinetic energy is equal to the barrier height the
zeros coalesce at the origin.

Phase equations (53), which do not have any singu-
larities, were solved by the Runge-Kutta method. The re-
sults of the calculation for the transmission coefficient for
an infinite interval (x0-> oo ) are shown in Fig. 1. It is seen
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that even at extremely large values of the parameter
ka(Vo/E)^>\ the Kemble formula for the below-barrier
region and up to the edge of the barrier,

/ C*'1+exp 2Im p(x)dx
\ ->-*i

(57)

which is the same result as for the parabolic layer
model,3'4'7 appreciably understates the exact value. This is
also true for the above-barrier case, where the Kemble
approximation and the solution of comparison equations
also have well-known forms2'3'4'17 which we will not give
here. At lower energies the model approximations describe
the exact results only in the two limiting cases | Т 2-»0
and |Г|2->1 and differ substantially from them every-
where else, including on approach to the edge of the bar-
rier, k2~2V0. We note that in this region the exact values
are always larger than the values calculated in the Kemble
approximation.

In barrier problems the absence of any sort of phase
jumps like those established by the Levinson theorem
greatly simplifies making direct numerical calculations.

6. CONCLUSION

The above treatment indicates that the method of
phase functions is promising for applications in regions
where it has not traditionally been employed. The proce-
dure for such applications is extremely simple: problems
involving the solutions of linear second-order differential
equations reduce to the problem of potential scattering, for
which the phase equation that is formulated is easily solved
by numerical methods. The forms of the phase equations
can be different, but they are all interrelated by identity
transformations that follow simply from the equation of
continuity of the logarithmic derivative of the solution of
the initial equation. The phase equations are a particular
case of Riccati equations to which the initial linear differ-
ential equation reduces. Nonlinear equations are generally
more informative in this case: they enable one to establish

the general form of the desired solution, which is extremely
stable against changes in the physical parameters. The ap-
proach described here can be used to analyze the propaga-
tion of electromagnetic waves in absorbing (or amplifying)
media and also barrier problems with a complex potential.
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