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This review examines the nonlinear optical properties of highly excited and ionized gaseous media
and low-temperature plasmas. The authors concentrate particularly on the role of excited atomic
and ionized states, as well as continuum states. The authors cite and discuss experimental results
of coherent anti-Stokes Raman scattering and optical harmonic generation in media consisting of
excited atoms and ions. Nonlinear optical experiments involving the continuum states in intense
optical fields are examined. In this connection the authors also discuss above-threshold ionization
and the multiphoton stripping of atoms.

1. INTRODUCTION

Atoms are the traditional objects of study in nonlinear
optics. Resonant nonlinear optical processes involving
atoms have been widely investigated for the purposes of har-
monic generation and other frequency conversion tech-
niques, ' as well as spectroscopic research, such as the mea-
surement of oscillator strengths2 and other atomic
constants, etc. As a rule unexcited atoms were used in these
investigations.

Currently, investigations of nonlinear optical proper-
ties of excited ions and atoms have attracted much interest.
This interest has been motivated by the requirements of plas-
ma spectroscopy on one hand and on the other hand by ad-
vances in the generation and application of extremely in-
tense optical fields (high-power pico- and femtosecond
pulses.)3"6 Atoms placed in such intense fields undergo exci-
tation and multiple ionization, and this markedly alters their
original optical properties. Optical processes involving ex-
cited atomic states possess a number of interesting and prac-
tically important properties which will be discussed in this
review. We will call these processes quasiresonant, since it
turns out that even when no well-defined resonances exist

between the radiation frequencies and the electronic transi-
tion frequencies, the efficiency of the processes is quite high
and the polarization properties of scattered radiation turns
out to be anomalous.

By varying the excitation level, the experimenter can
"tune" the optical properties of the medium and shape them
to the experimental requirements. This approach has proved
particularly successful in solving practical problems.

In this review we shall examine the characteristic prop-
erties of coherent nonlinear scattering processes in highly
excited gases, i.e., atomic and ionized gases. Obviously these
coherent nonlinear scattering processes are closely related to
their spontaneous analogs7 and hence we cannot fail to touch
upon spontaneous (noncoherent) light scattering processes
in excited atomic and ionic gases as well.

Since this review shall address various light scattering
processes, it is helpful to classify these processes and illus-
trate them with schematic transition diagrams, as shown in
Fig. 1 (seeRef. 7). In spontaneous Raman scattering (SRS)
the pump quanta are frequency-shifted towards the Raman-
active transition frequency (see Fig. 1, a, b) and the emission
quanta are noncoherent. Raleigh scattering (RS) corre-
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FIG. 1. Spectroscopic transition diagrams of various scattering pro-
cesses discussed in this review. a-Stokes spontaneous Raman scatter-
ing ( SRS); b- antiStokes SRS; c-coherent antiStokes Raman spectros-
copy (CARS); d, e-degenerate active hyper-Raman spectroscopy
(AHRS); f-nondegenerate AHRS. Circles indicate populated states.
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spends to the case where states 1 and 2 coincide. In Fig. 1, c
we illustrate the coherent analog of spontaneous Raman
scattering, known by the acronym CARS (coherent anti-
Stokes Raman scattering). This process involves two pump
frequencies <u, and a>2. The scattered anti-Stokes radiation is
coherent and quite intense compared to SRS radiation. Also
in Fig. 1 we provide schematic diagrams of hyper-Raman
scattering (HRS) in its four-photon (see Fig. 1, d, e) and
six-photon variants (Fig. 1, f). (In Russian scientific litera-
ture the nomenclature of coherent anti-Stokes scattering
comprises both CARS and four-photon HRS.) We shall ex-
amine the physical meaning of this terminology later in the
review.

The contents of this review are organized as follows.
Section 2 introduces the concept of quasiresonance in

the interaction of optical radiation with gases using the sim-
plest models available: ensembles of noninteracting classical
or quantum nonlinear oscillators.

In section 3 we examine Raleigh and spontaneous Ra-
man scattering in atomic media. Simple estimates indicate
that the crosssections of these processes increase significant-
ly when the initial state is excited. We also discuss experi-
mental results.

Section 4 is devoted to the nonlinear optical susceptibi-
lities of excited atoms and ions. We discuss estimates of the
cubic susceptibility of excited atomic hydrogen gas. We ex-
amine the transition from nonresonant to quasiresonant re-
gime of interaction of light with a medium as the medium is
excited, together with the related enhancement of nonlinear
optical susceptibilities. We also discuss experimental results
on coherent four-photon scattering in excited atomic and
ionized media, i.e., active Raman and hyper-Raman scatter-
ing spectroscopy, and third harmonic generation.

Section 5 is devoted to quasiresonant coherent nonlin-
ear optical processes in low-temperature, fairly dilute colli-
sional gas plasma. In contrast to experiments in laser-assist-
ed thermonuclear fusion, the experiments discussed here are
not dominated by collective plasma nonlinearities. We also
present simple models and experimental results.

Finally, in section 6 we analyze the features of harmonic
generation in extremely intense light fields. We examine and
classify experimental results obtained using subpicosecond
laser pulses. We also propose several simple models to ex-
plain the experimental data. In these models the optically
active electron is assumed to interact more strongly with the
optical field than with the ion. Phase matching in strong
fields is also discussed.

2. QUASIRESONANT LIGHT SCATTERING: SIMPLE MODELS

2.1. Excitation-induced intrinsic frequency lowering

Before proceeding with the discussion of nonlinear op-
tical properties of real highly excited atoms and ions, let us
consider two simple models of excited gaseous media to il-
lustrate some general features of real nonlinear systems,
both quantum and classical. These general features arise
from a property common to many real physical systems pos-
sessing internal degrees of freedom: the tendency to become
"soft" under excitation, that is to exhibit a lower intrinsic
resonant frequency as the dissociation threshold is ap-
proached. As one excites an initially high-frequency system,
it eventually becomes quasiresonant with the low-frequency

external excitation, leading to enhanced linear and nonlinear
optical susceptibilities of media composed of such systems.

2.2. Classical one-dimensional model

Classical models have been employed in nonlinear op-
tics from the outset11'12 to establish the general properties of
nonlinear interaction between light and the medium. The
earliest studies, however, examined only the simplest qua-
dratic and cubic nonlinearities that are a priori relevant only
at low excitation levels. As the excitation level increases,
more complicated nonlinearities that can eventually lead to
dissociation of the medium come into play.9'10

Consider two classical particles bound by a nonlinear
force. In order to ensure harmonic oscillation at low ampli-
tudes we require that the restoring force be "elastic", i.e.,
proportional to -x ( where x is the coordinate measured from
the equilibrium position). Let the external field have the
form EQ sin (tat) (the spatial phase is immaterial in this ex-
ample). When the response of the system, taking into ac-
count its initial excitation becomes sufficiently large this can
result in dissociation of the real system. This requires that as
\x\ -> oo the restoring force tend to zero. An adequate model
for systems bound by Coulomb-type forces is provided by a
one-dimensional oscillator with a restoring force of the
form:

— —
sv l +(*/«)" '

where a is a constant. When n = 3 and x^>a, F(x) asymp-
totically reduces to the Coulomb interaction between two
charges; « = 4 and x^>a corresponds to the interaction be-
tween a charge and a dipole, etc.

In the n = 4 case the corresponding potential is

Clearly the parameter a reflects the half-width of the
potential well. The equation of motion for such a system
placed in an external field of amplitude E has the form:

l + (*/a)4 m

where each accent corresponds to a time derivative; m is the
reduced mass; e is the charge; co0 is the frequency of intrinsic
low-amplitude oscillations; co is the external field frequency.

First consider the case of weak stimulated oscillations
superposed on an initial background of sufficiently strong
intrinsic oscillations of the system x0(t). This initial excita-
tion (with the subsequent averaging over the initial phase) is
analogous to the population of discrete energy levels in a
quantum system. Let us also assume that the system is quite
"hard" and the external field is low-frequency (a character-
istic situation, for example, for Nd:YAG laser light scatter-
ing by hydrogen atoms). In other words, we take the follow-
ing conditions to hold:

~~ ^ '

where XE (t) is the forced solution of equation (1); x0 and x E

are the oscillation amplitudes.
In the first approximation, we can use a Taylor expan-

sion of equation (1) to obtain
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where, as mentioned earlier, x0(t) is the periodic "free" so-
lution with a sufficiently large amplitude determined by ini-
tial conditions, and we have also introduced a constant dis-
placement 1 >x0 to make a series expansion possible for any
moment in time. In the following discussion we shall omit
this displacement from the formulae, but it is always im-
plied. By averaging this expression over a time T (<y0~ '
< r< CD ~ ' ) we immediately find that ( 3 ) becomes an equa-
tion for a linear harmonic oscillator with an intrinsic fre-
quency co' that is considerably lower than the low-amplitude
oscillation frequency co0:

xE=— C + sin (at), (4)

Evidently the complex solution of equation (4) can be writ-
ten as

•

E co'1— <o2 + if '

Here we have introduced a phenomenological oscillator
decay constant •y. Higher-order approximations can be ob-
tained by a similar procedure. Thus we find that a highly
excited nonlinear system can become quasiresonantly sus-
ceptible to an external low-frequency excitation at
CD^CD' 4,o>0. This happens, for example, in systems near a
phase transition that become unstable with respect to small
perturbations. An optical example of this is the Rydberg
atom.

In the quasiresonant regime, a medium composed of
such classical nonlinear noninteracting oscillators exhibits
enhanced linear and nonlinear light scattering (the phase
matching conditions will be discussed in section 6).

2.3. Simple quantum picture

Consider a gaseous medium consisting of quantum par-
ticles with discrete energy levels labeled by the principal
quantum number n. Suppose that for one reason or another
(heating, electron collisions, etc.) some of the excited states
are populated. As a result (see Fig. 2) linear and nonlinear

optical processes will "start" from both the ground and the
excited states. As a consequence of the rapid crowding of
excited levels as one approaches the ionization threshold,
characteristic for atoms and ions, transitions even between
low-lying adjacent excited states have frequencies in the visi-
ble and near infrared ranges. These transitions accordingly
become quasiresonant with the frequencies of the most com-
mon laser light sources. Moreover, as the principal quantum
number n increases, the oscillator strength of transitions be-
tween adjacent levels (An = 1) increases as n4 (until inter-
actions between different particles become important, see
section 3). Taken together, these factors lead to the quasire-
sonant enhancement of optical atomic characteristics such
as polarizability (which increases as n6), permittivity of the
atomic medium as a whole, nonlinear susceptibilities, and so
forth (see section 4 for details, also Refs. 13-15). The au-
thors of Refs. 13, 14 have suggested that these effects can
lead to self-focusing of the radiation.

3. RALEIGH AND SPONTANEOUS RAMAN SCATTERING IN
EXCITED ATOMS

3.1. Permittivity of excited atomic and ionized media

Before evaluating the Rayleigh and spontaneous Ra-
man scattering cross sections in excited atomic media, let us
consider the behavior of the simplest optical parameter of a
given medium-the permittivity e(a)). If the quantum system
has discrete energy levels, the permittivity can be written as

(5)

where N is the particle number density;/,, and Dni are the
oscillator strength and the matrix element of the dipole tran-
sition respectively. The summation runs over all discrete
states with the principal quantum number n. For our pur-
poses, the occupation/?,, of the excited states can be assumed
to obey the Boltzmann distribution

-EnlkT

(6)
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FIG. 2. Enhancement of cubic susceptibility^"1 due to excita-
tion of an atomic gas (see Ref. 15) as an example of excitation-
induced susceptibility enhancement. a-Transition diagram il-
lustrating the quasiresonance between transitions in the medium
and the external optical field. If is the energy of the state. b-Tem-
perature dependence of the intensity / of the initially nonreson-
ant CARS signal in a model atomic hydrogen gas (calculated in
Ref. 15). 70 is the scattering intensity at T = 300 K. Circles indi-
cate populated states.
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where kTis the temperature of the medium; En is the energy
of the state; gn are the statistical weight factors, which equal
unity for free atoms. In the case of 6><«12, as the gas is
heated it appears that e(co) should increase from unity to
some peak value and then decay to less than unity. In fact
this only happens when the frequency detuning between the
radiation and one of the transitions does not exceed several
hundred inverse centimeters. Otherwise the increase in e(«)
due to the population of discrete levels is compensated by the
negative free electron (plasma) component. In order to ac-
count for this additional component, another term of
— 4ire2Ne /mco2 should be added to the right-hand side of
equation (5), where Ne is the free electron concentration
(see Ref. 14). As the heating increases, the gas becomes par-
tially ionized and the magnitude of the plasma contribution
grows rapidly. Therefore, given a large detuning, £(«) be-
gins to decrease immediately upon heating. In order to con-
firm this prediction we can carry out a simple calculation for
the case of atomic hydrogen gas. We calculate the permittivi-
ty e(w) taking into account the thermal population of dis-
crete levels and the contribution of free electrons, while the
fraction of ionized atoms is estimated from Saha's equation:

where Nx are the concentrations of atoms and electrons re-
spectively (these factors obey the sum rule A^ + Ne = Not

in our estimates N0 = 2.7- 1019 cm^3). The sum rule makes
it possible to solve for 7Ve in equation ( 7 ) . We also let /be the
ionization potential of the hydrogen atom and Z be the parti-
tion function for the atom:

Z=22n'£ne-£n/M '. (8)
n

The weight factors gn depend on the free electron con-
centration, falling between zero and one as a function of Ne.
This dependence arises from the fact that microfields in the
plasma "dissolve" the higher-lying discrete states and only
the 3-4 lowest states of the hydrogen atom "survive" when
Ne becomes of the order of 1018 cm"3 The calculation of gn ,
is discussed in Ref. 16; in our estimates we have approximat-
ed the intensity distribution of the microfields by the Holtz-
mark function (see Ref. 17 for this and other definitions of
the microfields ) . It suffices for our purposes to consider only
the 1 5 lowest states of the H atom, since consideration of
higher-lying states makes no appreciable difference to the
results. The same technique for estimating thegn factors was
employed in calculating nonlinear susceptibilities.

Since equations (7) and (8) are mutually dependent,

they are solved numerically by successive approximations. If
in the first approximation gn are all taken equal to unity, the
solution usually requires 3-5 iterations. After calculating Ne

andg,, self-consistently we can employ equation (5) to com-
pute £(a>). The calculated temperature dependence of £(co),
including the plasma contribution, is shown in Fig. 3. Clear-
ly this dependence varies with pump frequency: at
m = 15000 cm"1 the quantity (e — 1) can increase signifi-
cantly, while at co = 17000 cm"' we find a monotonic decay.
Thus we can conclude that the frequency spectrum contains
quasiresonant bands several hundred or more cm"' wide.
The temperature limits of these bands depend on the detun-
ing of the radiation frequency from the transitions in the
medium. The quasiresonance occurs when the pump fre-
quency falls into one of these bands and the medium is heat-
ed.

Not only does the linear atomic polarizability increase
with excitation level, but so do the Rayleigh and spontane-
ous Raman scattering cross sections. Yet despite the large
magnitudes of these cross sections (which can exceed 10 ~2 1

cmVsr, see below) the scattering signal is not easy to observe
experimentally because of high levels of various masking sig-
nals due to recombination or bremsstrahlung that are invar-
iably present in excited gases. This causes significant experi-
mental difficulties.

In the following subsection we will discuss the calcula-
tion of RS and SRS, as well as the results of the relatively few
experiments in this field.

3.2. Calculation of resonant Rayleigh and spontaneous
Raman scattering cross-sections

The calculation of these cross-sections is relatively sim-
ple by virtue of the experimentally measured oscillator
strengths of transitions between excited states. This ap-
proach was originally proposed and implemented by Pen-
ney.18 First consider Rayleigh scattering. Let the scattering
process start in a state with the quantum numbers T, J (the
excited state will be labeled by T',/'). If / = 0 and the scat-
tering particles are isotropic, the cross-section can be direct-
ly expressed in terms of the refraction index n, (e(ft>) = n2).

'— 1 'i —
c*

cos2 i|r,

In the above expression ty is the angle between the unit vec-
tors Et and e2, where e, defines the polarization orientation
of the incident radiation and e2 is the direction onto which
the scattered radiation is projected. If/ ^ 0, the cross section
formula is more cumbersome:
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FIG. 3. Temperature dependence of the hydrogen gas per-
mittivity £ at various frequencies (model calculation):
a-<o= 14,000 cm~'; b-<u = 15,000 cm"'; c-&> = 17,000
cm"'. At a = 17,000 cm"' the quasiresonance does not oc-
cur at any temperature. Brackets on the horizontal axis de-
fine the temperature limits of the quasi-resonance between
the incident radiation and the n — l^n = 3 transition.
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where
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M
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e"
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rv,

J« 1 / X
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— M + I O M — 1 j I— M +1 0 M

here the quantities in round brackets are the 3J symbols.
Consequently, when the scattering "starts" from a state with
/ 7^0, the scattered light is depolarized. Recently this fact
was experimentally verified in excited barium ions.19

In spontaneous Raman scattering, the scattering cross-
sections for processes involving many intermediate states
were first calculated in terms of oscillator strengths by
Vriens.20 The result was as follows

T"J"
(T"J" | D | T'J'Y <7V | D | TV)

r / / ' \r\i r i j
I \—M'g MJ\— M 0 M.

L aVy.Tv-'0

/ ]' 1 J'\l J' I J
\—M' 0 M' )\— M' q M

+ <"

here the Raman transition is the 77-. T'J' transition; b = z
and q = 0 for polarized scattering, and b = x and q = 1 for
depolarized scattering. The quantities in the angle brackets
are the reduced dipole moment matrix elements, which can
be expressed in terms of the oscillator strengths / for the
appropriate transitions:

3ft? (TV)
m

2/W ,T"J" IT V TV

wrv.7v«>rv,rv'

1/2
(9)

where | can be + 1 or — 1 depending on the type of transi-
tion. Information on the oscillator strengths is tabulated in
reference handbooks of Ref. 21, 22, but the signs of the ma-
trix elements, i.e., the sign of £, cannot be obtained from
these tables. They can be determined by direct calculation
(which need only be sufficiently accurate to determine the
sign of the matrix element, rather than the actual value). A
detailed discussion of this problem is available in Refs. 23,
128. The correct assignment of the sign can be verified by
comparing the experimentally measured depolarization co-
efficient/? = crzx/ff zz with the calculated value. This verifi-
cation was carried out for some atoms by Vriens,20 who also
calculated the SRS cross sections for various excitation
wavelengths using the above formula. For example, for
Stokes scattering (starting from the ground state 2P1/2) at
A = 6943 A in indium atoms In azz = 0.68 • 10 ~27 cmVsr
and p = 0.68; at the same A in thallium be found Tl azz

= 5.5-10 ~29 cmVsr and/? = 0.76. Somewhat different val-
ues were obtained for the antiStokes scattering (starting
from the excited state 2PV2): at the same wavelength In
cr22 = 1.6-10-27cm2/srand/? = 0.78;T1<7ZZ = 15.9-1Q-29

cmVsr and/? = 0.83. Note that the scattering cross sections
and depolarization coefficients are significantly higher when
the scattering starts from an excited state. This enhancement
is not so much due to the a/2 factor as to the diminution of the
resonant terms in the denominators of the cross-section for-
mula. This tendency was convincingly confirmed by Vriens
and Adriaansz,24 who calculated the Rayleigh and sponta-
neous Raman scattering cross sections starting from higher-
lying states of neon, argon, and xenon atoms. The results for
linearly polarized radiation at A, = 6943 A are summarized
in Table I.

Clearly, starting from higher-lying states strongly en-
hances both the RS and SRS cross sections compared to
starting from the ground state. This is largely due to the
diminution of the frequency-dependent denominators in the
cross section formula because of the crowding of excited lev-
els (see also Fig. 2). The cross section enhancement is so
strong that the population of even a small number of excited
states markedly increases the scattered signal intensity.
Nonetheless, because of the above-discussed reasons, in elec-
tric discharge conditions the SRS process starting from ex-
cited levels has only been observed in one experiment,24

TABLE I.

Atom

Ne

Ar

Initial state

2D« f O I
(ground state)

Is* [1]
Is, [11
3o6 F0|

(ground state)
Is5 [2]
1% [2]

Final State

2p6 [0]

1% [1]
Is. [1]
3p" [0]

is, [2]
1*3 [0]

"zz'cmVsr

1.03-10-28

2.76-10-M

8.09-10-23

1.81-10-*8

1.73-Nr24

4,42-lQ-24

p

0

0.381
—

0

0,975
—

Scattering
process

Rayleigh

»
Raman

Rayleigh

>
Raman
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where a special effort was made to reduce background sig-
nals.

Let us briefly touch on the estimated contribution of the
continuum (bound state-continuum transitions) to the
cross section. It turns out that both for unexcited free
atoms25 and excited atoms26 the continuum contributes no
more than 10%. In the case of atoms in a plasma one should
either apply the theory developed for two-photon transitions
in a screened Coulomb potential (see Ref. 27 and references
therein) or employ empirical photorecombination data.

3.3. Spontaneous Raman scattering involving fine-structure
atomic states

The most promising transitions for observing Raman
scattering in atoms are those between the fine structure of
the ground state created by the spin-orbit interaction. The
total angular momentum of adjacent states differs by unity
and all states belonging to the same spin-orbit multiple! have
the same parity. Transitions with A/ = 11 are magnetic di-
pole transitions (with possible quadrupole contributions),
while transitions with A/ = 2 are pure quadrupole. Ab-
sorption and emission transitions between such states are
forbidden in the dipole approximation and hence Raman
scattering is the appropriate spectroscopic technique.

In metallic atoms that have low-lying electronic states,
even scattering processes that start from the ground state are
quasiresonant. The SRS cross section in this case usually
falls in the 10 ~ 27-10 ~2 2 cm2/sr range, much larger than the
corresponding quantity in molecules (usually of the order of
10"31 cmVsr). In atoms that have no low-lying electronic
states, transitions that have a large oscillator strength and
involve the ground state have rather low cross sections: for
instance, the 2P3 transition in fluorine atoms has a
cross section of the order of 2-10 31 cm2/sr.28

Today, experiments on spontaneous Raman scattering
in atoms no longer appear esoteric. Nonetheless, not many
such experiments (of the order often) have been performed
to date.28"36 A concise review is available in Ref. 37. Most of
these experiments employed atomic media prepared by ther-
mal heating. In nonequilibrium and plasma media no experi-
ments have been attempted because of the weakness of scat-
tered signal compared to the background (with the
exception of the one above-discussed experiment).24

4. NONLINEAR OPTICAL SUSCEPTIBILITIES OF EXCITED
ATOMS AND IONS

4.1. A new phase in studies of optical nonlinearities in excited
media

There are a number of reasons for the current interest in
the nonlinear optical properties of excited atomic and ion-
ized media. As we have mentioned in the introduction, such
research is essential for a true understanding of interactions
between superintense optical fields and gaseous media; for
the development of new methods in plasma spectroscopy;
and for the measurement of nonlinear susceptibilities of
atoms and ions, which represent new and independent com-
binations of atomic and ionic parameters. First we will con-
sider the lowest order nonlinear susceptibilities which corre-
spond to four-photon processes, since in isotropic gaseous
media quadratic nonlinearities cancel to zero (second har-
monic generation mechanisms are discussed in Ref. 83).
These processes include coherent antiStokes Raman scatter-

ing ( CARS ) 7 and third harmonic generation ( THG ) . Four-
photon processes were extensively studied in unexcited
atomic media for the purposes of optical frequency conver-
sion (for a review see, for example, Ref. 1). We shall focus
our attention on the properties of such processes involving
excited atoms and ions.

The first indications of nonlinear susceptibility en-
hancement due to the population of excited discrete states in
gaseous media were reported in Refs. 13, 14.

As will become clear later, nonlinear susceptibility en-
hancement increases with the order of the nonlinear process
(in powers of the exciting field). This makes it possible to
investigate scattering processes that are difficult to observe
in unexcited gaseous media.

4.2. Quasiresonant enhancement of nonlinear
susceptibilities

A general expression for the cubic susceptibility tensor
%(3) of an atomic gas was derived by Yuratich and Hanna:38

, co2,

x(nJ|D|«!/,) <«!/!|D|«2/2> <n/21D\n3J3} (n,J3\D\nJ)

IJ kJs)fJ 1 /.)

(10)

DK (nJ, niJlt «,/„ n3J3;

where n and /are quantum numbers; £0 and £, are the unit
polarization vectors of the scattered signal and the pump;
(nJ \D \nJ ) are the reduced dipole moment matrix elements
expressed in terms of oscillator strengths of the appropriate
transitions [see formula (9) ] ; St is the operator of all possi-
ble interchanges of frequency subscripts. The frequency de-
nominators Da ( there are 48 of them in the most general
case) contain all the possible resonances-they are enumerat-
ed explicitly in Ref. 39. The above formula takes into ac-
count all processes that start from excited states whose pop-
ulation p$nj can be estimated from the Boltzmann formula
[see formula (6)].

At sufficiently high temperatures some of the atoms are
ionized. The fraction of ionized atoms can be computed from
the Saha formula (see section 3). Expression (10) does not
include the contribution of continuum states; their impor-
tance to accurate calculations for free atomic media was
demonstrated by Manakov and co-workers.40 At sufficiently
high pressures or at temperatures reaching tens of thousands
of degrees, the higher-lying discrete states and the adjacent
continuum states are washed out (see subsection 3.1) and
the approach developed in Ref. 40 becomes invalid. In this
situation the contribution of free electron plasma to the scat-
tering must be calculated by a different technique (see be-
low, section 5 ) . Nonetheless, formula ( 10 ) is valid for quali-
tative estimates, since even a small density of excited discrete
states can play a significant role in the quasiresonant regime.
In the particular case of the hydrogen atom the reduced di-
pole moment matrix elements are known41 and their sign
does not pose a problem23 since the radial integrals are posi-
tive for all nondegenerate transitions.

Returning to Fig. 2, we can analyze expression ( 10) to
verify that the efficiency of both resonant and "non-reso-
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nant" (i.e., not in precise resonance with some atomic tran-
sition) processes is greatly enhanced as excited states are
populated. As it happens, frequencies in the visible and near
infrared ranges become quasiresonant with electronic tran-
sitions in excited gaseous media. By virtue of the rapid di-
minution of the frequency denominators Dm the cubic sus-
ceptibility can gain several orders of magnitude as the gas is
excited, i.e., far outweigh the linear susceptibility enhance-
ment [E((L>) — l]/4w (see subsection 3.1). The frequency
limits of quasiresonant bands widen correspondingly. The
increasing oscillator strengths for transitions between adja-
cent states that accompany the growth of principal quantum
number n can also contribute to the susceptibility enhance-
ment, although here we should also take into account the
broadening of excited states by plasma microfields (see sub-
section 3.1).

We have applied expression (10) to estimate the cubic
susceptibility ̂ < 3 > of CARS processes in a model gas consist-
ing of hydrogen atoms excited by an equilibrium heat-
ing.15'42 If the CARS process starts from the ground state of
the H atom, it remains nonresonant for all pump frequencies
in the visible range. However, the population of even a small
number of excited states renders the process quasiresonant.
The susceptibility can increase over its nonresonant value by
several orders of magnitude without exhibiting any well-de-
fined frequency dependence that is characteristic of resonant
processes. We emphasize again that in real, dense, partially
ionized gaseous media the highly excited atomic states and
the adjacent continuum states are markedly different from
their counterparts in free atoms:'6 the Rydberg states are
washed out by plasma microfields and the oscillator strength
increases with principal quantum number only up to a point,
decaying rapidly thereafter. A proper treatment of such sys-
tems requires either a semi-empirical approach or a rigorous
statistical theory of nonlinear optical processes in a plasma
that takes into account the microstructure of the plasma par-
ticles.

The results of our calculations of the cubic susceptibil-
ity ^(3)(«0; toi, ^i' — &2) °f a model atomic hydrogen
gas15""42 are shown in Fig. 3. When the gas is heated to
T~ 104 K the quantity \%(3> 2, proportional to the scattered
signal intensity, increases by an order of magnitude; at
T~ (3-5) • 104 K the intensity enhancement would reach 5-
6 orders of magnitude, but at such high temperatures the free
electron contribution can no longer be neglected. Nonethe-
less, the trend is clear: the initially nonresonant CARS pro-
cess becomes quasiresonant as the medium is excited, with
the attendant strong enhancement of signal intensity. This
conclusion is indirectly corroborated by CARS experiments
in low-temperature laser plasmas (see below, section 5). We
should also mention in this connection that as the nonlinear-
ity order in powers of the exciting field increases, so does the
number of frequency denominators. Hence the relative scat-
tering enhancement increases as well. This holds out the
hope of observing in excited media scattering processes that
are too weak in unexcited gases.

4.3. Polarization anomalies in CARS processes starting from
excited states

Not only do four-photon light scattering processes ex-
hibit enhanced efficiencies in excited atoms and ions, but the
scattered signal also has anomalous polarization properties.

Polarization analysis is frequently employed in CARS spec-
troscopy,7'43 providing another diagnostic "degree of free-
dom". In excited media CARS processes characteristically
exhibit quasiresonance-induced "polarization anomalies" in
the scattered signal.

Let us address this point in more detail by examining a
CARS process based on Raman scattering (Fig. 4). In the
case of a partially degenerate process (&>a = 2<y , — co2), the
vector PCARS which fixes the E vector orientation of the scat-
tered signal can be expressed as43

PKAPC = 2xime (e^) + Xmie2 (e&),

where e, are the unit vectors corresponding to the E, vectors
of the linearly polarized pump beams; x\\ 22 an^Xn2i are the
linearly independent components of the %m tensor. The
components of the PCARS vector projected onto the unit vec-
tors e, and e2 (in experiments these are usually separated by
an angle cpzzlQ°) are, respectively,

As long as we are far from single-photon resonances,
the following relations are valid for the Raman-based CARS
process:

Xll22 Y

X1221 ~ T1

( ID

where y\ and Y2 are *ne antisymmetric and anisotropic in-
variants of the Raman scattering tensor.44 Taken separately,
the tensor invariants-^,, (isotropic), 7, , and y2-P

ro<iuce re-
spectively isotropic, antisymmetric, and anisotropic compo-
nents of the PCARS vector (see Fig. 4, c):

Pa n t l~e,cos<p— e2,
Pams~ei cos<p + 3e2.

FIG. 4. Polarization of the CARS signal from a Raman resonance, e , and
e2 are the polarization unit vectors of the linearly polarized pump beams,
PCARS 's 'ne polarization vector of the scattered signal, a-ordinary "non-
resonant" polarization (cold gas); b-anomalous polarization in the qua-
siresonant regime; c-contributions of different scattering tensor invar-
iants to PCARS ; d-contributions of various excited states that interfere to
produce the anomalous polarization of PCARS signal.
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Far from single-photon resonances the antisymmetric
invariant yl is small.44 The Raman-based PCARS vector be-
comes a linear combination of isotropic and anisotropic
components and therefore lies between e, and e2. If the pro-
cess approaches a single-photon resonance invariant 7, in-
creases and the^, 122 can become negative-the PCARS vector
can then fall outside the sector delimited by e, and e2. We
shall term this polarization state anomalous because it never
occurs in classical CARS spectroscopy of unexcited molecu-
lar media. Here we note that the above analysis of the polar-
ization state is not rigorously valid, since in the vicinity of
single-photon resonances relations (11) may no longer ap-
ply.7 Nonetheless this type of analysis is instructive in point-
ing out the reason behind polarization anomalies: the quasir-
esonance between the pump frequencies and transitions in
the medium. The above-discussed model computation for
the atomic hydrogen gas (Fig. 5) leads to the same conclu-
sion as our qualitative argument. As the gas is heated the
PCARS vector rotates into the anomalous position.

Polarization anomalies can also result from the inter-
ference between the contributions of various excited states to
X(3). For example, if two states produce PCARS vectors that
point in the "normal" direction (between e, and e2) but
have opposite signs, the total polarization can become anom-
alous (see Fig. 4, d). We note that this mechanism is based
on nothing else but the discreteness of the energy spectrum
of the scattering particle.

4.4. Active Raman spectroscopy of fine-structure atomic
states

In this subsection we will discuss experimental results
of CARS spectroscopy based on Raman scattering involving
atomic fine-structure states. A reasonably complete bibliog-
raphy of this field is available in several review arti-
cles.37'48'47 We shall briefly examine the appropriate experi-
mental techniques and the main results obtained in this new
branch of CARS spectroscopy.

It is well known that CARS is the coherent analog of
spontaneous Raman scattering (SRS).7 The cubic suscepti-
bility for this process can be simply expressed in terms of
SRS cross section (away from single-photon resonances):

750 -
PP.

y<3 ) . Ncl

OtKP.

where N is the density of scattering particles; F is the half-
width of the Raman resonance. In quasiresonant conditions
both <TSRS and^(3) increase simultaneously. Since CARS is a

b

FIG. 5. Calculated and experimental orientations of the PCARS vector in
excited gas. a-calculated temperature dependence of the rotation angle >P
of the PCARS vector: curve / corresponds to pump frequencies (ajl-rtc and
(<)2/2irc of 16,000 and 15,000 cm~' respectively, curve 2 corresponds tow,
/2irc= I7,000cirr'and<i>2/27rc= l6,OOOcm~'.b-orientationofthePpl

vector of the quasiresonant antiStokes signal in optical breakdown plasma
(experimental data from Ref. 45). The experimental data are shown as
points on a polar diagram. PNR corresponds to scattering in "cold" gas;
*„ = 43°.

coherent process the scattered signal is quite intense and has
all the properties of laser radiation. Consequently, the
CARS process is experimentally more accessible than SRS,
at least in reasonably dense media.

Consider the typical experimental setup for four-pho-
ton spectroscopy of excited gases (Fig. 6). It consists of a
pulsed CARS spectrometer based on Nd:YAG crystals op-
erated in the ^-switched regime: the optical pulse duration is
approximately 15 ns, the repetition rate is 10-15 Hz. After
its generation, radiation at A = 1.06//m is amplified in two
independent channels using Nd:YAG crystals and then fre-
quency-doubled using CDA crystals. The second harmonic
<y, from one of the channels is used to pump a frequency-
tunable («2) dye laser. As a result the radiation energy
reaches 50 ml at frequency «, (A = 0.53 //m) and 2 mJ at
frequency co2 • Dichroic mirrors are employed to make the
beams perfectly collinear, while telescopes T equalize the
beam diameters and divergences. Finally, the two beams are
focused into a cell containing the gas. Both narrow-band and
wide-band CARS variants can be used.7 After filtering with
optical filters and optical scanning with a polychromator,
the optical signal at frequency <aa is detected by an optical
multichannel analyzer (OMA) connected to a personal
computer.

Atomization and excitation of gaseous media is accom-
plished by several methods. Volatile metallic vapors are pro-
duced by thermal heating in a quartz cell. Also, arc and
spark discharge excitation is utilized via optical breakdown

FIG. 6. Experimental arrangement for four-photon spectroscopy of
atoms and ions. Nd:YAG is the source of radiation at A = 1.06/im based
on neodimium-doped yittrium-aluminum garnet crystals; A -amplifiers
based on Nd:YAG crystals; CDA-frequency doublers based on CDA
crystals; DL-organic dye laser; T-telescopes for adjusting beam diame-
ters and divergences; M-metallic target; PC-personal computer;
OMA-optical multichannel analyzer; MDR-6-polychromator. Inset on
the left illustrates nonlinear optical probing of the optical breakdown re-
gion; T is the time delay between the excitation and probe pulses.
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or selective optical population. The optical breakdown can
be engineered by an additional nanosecond pulsed
(Nd:YAG) system synchronized with the CARS spectrom-
eter (see Fig. 6). Breakdown is achieved either by focusing
the radiation directly into the gas or onto the surface of a
metallic target. By this technique one can prepare densities
of excited atoms of nonvolatile metals reaching 1019 cm~3.
The delay between the CARS probe pulse and the excitation
pulse of electric or optical breakdown can be varied in a wide
range: between 50 ns and 100/zs.

Only a few active CARS spectroscopy experiments
have been performed on atoms to date,48'53 probably be-
cause this type of spectroscopy has traditionally been con-
cerned with other media and also because of purely technical
difficulties. Yet these experiments are obviously promising:
in addition to studying the Raman-active transitions in
strongly luminescent atomic media (which is not possible
with SRS) and the kinetics of the corresponding states (in-
cluding metastable ones), one can populate excited states
corresponding to magnetic dipole and quadrupole transi-
tions; and also measure the cubic susceptibility components,
compare them with calculated results, and extract informa-
tion on the signs of the reduced matrix elements (to take one
example). Active Raman spectroscopy can be employed in
the diagnostics of lasers based on the fine structure of the
electronic ground state of halogen atoms, like the iodine la-
ser.

The first experimental study of CARS in atoms appar-
ently was carried out by Teets and Bechtel in 1981.48 They
studied CARS in oxygen atoms produced in the flame of an
oxygen-hydrogen burner at approximately 3000 K. A dia-
gram of the lower-lying O atom states (spin-orbit triplet) is
shown in Fig. 7. The transitions between adjacent states
(| A/1 = 1) that have the same parity are either magnetic
dipole or quadrupole (when | A/1 =2 they are pure quadru-
pole). When the frequency difference a>l — a>2 coincides
with transition frequencies 3P0-

3P2 or 3P0-
3P, (which are

227 and 158 cm~' respectively), the CARS spectrum exhib-

•227

•68,7

• 0, CM'

/CARS . rel. un.

758 159 160

FIG. 7. Coherent antiStokes scattering in oxygen atoms.4" a-Transition
diagram of CARS processes involving the fine structure states of the oxy-
gen atom. The 'P, state is populated thermally, b-experimental CARS
spectrum. Spin-orbit Raman resonance (marked with an arrow) appears
on a background of rotational transitions in vibrationally excited oxygen
molecules.

its resonances (see Fig. 7, b). When the frequency difference
a, — a)2 coincides with ft,2, for example, (see Fig. 7, a) the
resulting excitation of the magnetic dipole moment is much
more effective than single-photon excitation with an in-
frared source. The radiative deactivation of magnetic dipole
oscillations is slow (on the time scale of a second) and this
transition can radiate strongly only in the presence of a third
photon (in this case of frequency col) which mixes in dipole
moment transitions involving higher-lying electronic states.

The authors of Refs. 49, 50 studied CARS in the fine
structure of halogen atoms: chlorine, prepared by dissociat-
ing molecular chlorine in a microwave discharge,49 and bro-
mine, prepared by photodissociation of HBr molecules.50

An analysis of the spectroscopic aspects of CARS in
atoms has been carried out by our group.53'55 We investigat-
ed the following transitions: 7F2-

7F3,
 7F3-

7F4,
 7F4-

7F5,
 7F5

-7F6 in the 4/66s2 configuration of samarium atomic vapor;
2F°./2-

2F°./2 in the 4f'3(2F°)6s2 configuration of thulium
atoms; 2P°/2-

2P°,/2 of the 6s2('s)6p of thallium atoms. In
heavy elements the excited states that are connected to the
ground state by large dipole moment transitions lie quite low
and are consequently quasiresonant with radiation in the
visible even when the atoms are "cold". Consequently
CARS processes that start from low-lying excited fine-struc-
ture states (J = 2, 3, 4, 5) exhibit high and approximately
equal susceptibilities. The intensity of the scattered signal is
accordingly large even at vapor pressures of the order of
10~2 Torr; the detection threshold on available equipment
probably does not exceed 10~4 Torr.

The evolution of CARS processes at high pump intensi-
ties was studied in Refs. 56, 57. The authors investigated the
spectral profile of the antiStokes signal as a function of inten-
sity /, (at frequency < u , ) in atomic samarium vapor. The
Raman resonance at the 7F4-

7F5 transition (the 7F4 state
was populated thermally, see Fig. 8) produces a single spec-
tral line at 853 cm"' at intensities /, ,/2 < 108 W/cm2 (Fig.
9). When /, is increased to 2 • 109 W/cm2 the line splits into
four components. This splitting occurs only at fairly elevat-
ed temperatures (7">700°C). Evidently, the higher-lying
states of samarium are populated by the optically induced
collision mechanism.58'59 First, the 7H° state is populated by
the quasiresonant radiation of frequency a>,, then radiative
collision processes with buffer gas atoms at T~ 1000 °C ef-
fectively populate higher-lying states like 7G°,7G°, and 9F,.
As a result "hot" lines at 846 cm^' (line /) and 844 cm~'
(line 2) appear in the CARS spectrum. Increasing the tem-
perature of the medium or the pump intensity produces
more of these lines, which eventually merge into a smooth
and fairly strong background. The CARS process is effective
regardless of the values of &>, and a>2.

Bunkin and co-workers60 demonstrated the feasibility
of employing CARS spectroscopy on the intense optical
breakdown flame in air near the surface of a tin target. These
experiments yielded a fairly strong CARS signal starting
from the excited fine-structure states. The authors were able
to measure the polarization properties of the scattered signal
and demonstrate a significant antisymmetric component in
the Raman scattering tensor.

Fabelinskii and co-workers61 studied CARS in silicon
atoms prepared by photodissociation of CS2 molecules.

We conclude this subsection by noting once more that
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FIG. 8. Transition diagram of CARS in atomic samarium vapor near the
single-photon resonance. Wavy arrows indicate collisional energy trans-
fer, circles mark the populated states. Energies are translated into cm~'
units.

(i, cm

atomic fine-structure CARS can be employed to study the
kinetics of metastable lasing states based on atomic transi-
tions in iodine lasers, for example, or lasers based on flu-
orine, chlorine, or bromine atoms.

4.5. Active hyper-Raman spectroscopy in excited atoms and
ions

As we mentioned earlier, the four-photon CARS pro-
cess with a single-photon resonance at either the pump or the
scattered signal frequency can be labeled active hyper-Ra-
man scattering spectroscopy (AHRS) (see Fig. 1). By em-
ploying the experimental apparatus described in the preced-
ing subsection and detecting the scattered signal at the
frequency &»a = 2<a,-<y2, a resonance of this type occurs
when either co2 or wa coincides with the frequency of an al-
lowed dipole transition in the excited atom or ion. This spec-
troscopic transition scheme is particularly effective precisely

in highly excited media, where CARS is ineffective (since
the Raman states lie close in energy and have nearly equal
populations at high temperatures).

One of the first experiments of this type was described
inRef.62 (Fig. 10).Excited atoms ofiron were produced by
optical breakdown at the surface of an iron target. The time
delay between the breakdown and probe pulses was set at
approximately 5 /us, giving the plasma time to cool and par-
tially recombine. In this case the resonance signal is emitted
at the antiStokes frequency. Since the resonance involves a
dipole-active transition, spontaneous emission was observed
at exactly the same frequency as the AHRS signal (see Fig.
10). In the experimental conditions of Ref. 62 the coherent
scattered signal was more intense than spontaneous lumines-
cence by 1-2 orders of magnitude. Since the coherent signal
is much less intense than the pump beam, a resonance at the
signal frequency is preferable to a resonance at the pump

, rel. un.

T=850"C
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750°C

700°C

7 T

4

A
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FIG. 9. CARS spectral lineshape near 853 cm"1 (7F4-
7F5

transition) as a function of temperature (a) and pump inten-
sity (b). Arrows mark the lines defined in the transition dia-
gram in Fig. 8. The simultaneous effect of heating and intense
pump fields establishes a quasiresonant interaction regime.
The upper curves in (a) are for 7, = 2-10" W/cm2, /, = 10*
W/cm2.
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FIG. 10. Active hyper-Raman spectroscopy of excited Fe atoms in the
optical breakdown flame.62 a—Spontaneous luminescence lines of Fe
atoms, b—Recorded AHRS spectrum. The insert in b shows the transi-
tion diagram, with dashed lines corresponding to spontaneous lumines-
cence. / is the intensity of the optical signal.

frequency because the former does not saturate the transi-
tion and distort the spectroscopic data. In the experiment62

the measured width of the AHRS resonance was less than 1
cm~', limited by the resolution of the signal acquisition sys-
tem.

We should clarify why this type of four-photon reso-
nance can be properly described as active hyper-Raman
spectroscopy. This terminology and approach were intro-
duced and developed by a number of authors.63'67 They
demonstrated that in this particular scheme the cubic sus-
ceptibility components important in AHRS can be simply
expressed as:

Xnii — 24ft S312 - <oa- IT \

24ft. Q12-o>0-iT \V3

where /?, are the components of the vector part of the HRS
tensor, fi,2 is the frequency of the resonant transition and
du is the dipole moment of this transition. Consequently,
the ratio of the components of the x tensor, like the ratio of
the/? invariants, can be determined experimentally from po-
larization experiments.7. In particular

_Po.= l_+(2tg9/tg(p)
Pa K5[l —(tge/ tg«p)J '

where <p is the angle between the unit vectors of the pump
field E and 6 is the angle between the polarization vector of
the scattered signal and the unit vector e,.

We note here that this type of spectroscopy can measure
only the vector invariants of the HRS tensor. Complete ac-
tive HRS is possible by employing a six-photon resonance

(see Fig. 1). The transition under study must conform to the
| A/1 = 3 selection rule to avoid the cascading four-photon
process. This spectroscopic scheme can be used to prepare
and probe atomic octupole moments. These experiments
have not been carried out to date.

Our group has reported AHRS experiments on ions ex-
cited in a low-temperature plasma.45'68"72 The excitation
was provided either by an arc45'68 or by optical breakdown
near metal surfaces. In Refs. 70-72 we measured AHRS
spectra of transitions between high-lying states of atomic
ions: singly ionized nitrogen, singly and doubly ionized alu-
minum, and singly ionized indium (Fig. 11). We also inves-
tigated the kinetics of the scattered signal.

We found that a resonance at the pump frequency
usually results in a fairly broad scattering resonance, of the
order of several cm"1, whereas a resonance at the signal
frequency produces a narrow scattering spectrum. We also
found a quantitative difference between the intensity kinet-
ics of spontaneous luminescence and coherent scattering
from the same transition. The former decays rather quickly,
reflecting the depopulation of the higher-lying resonant
state, while the latter is proportional to the square of the
population difference between the two resonating states-the
coherent signal first increases and then decays slowly, as the
lower resonant state (which can be metastable) is depopu-
lated. In both cases the kinetic behavior was adequately re-
produced by a simple model in which the excited states are
populated by optically induced collisions. Finally, since the
AHRS signal remains quite strong after the spontaneous lu-
minescence has decayed markedly, AHRS can be utilized for
spectroscopy of metastable states in a low-temperature plas-
ma with both spatial and temporal resolution.

4.6. New methods of generating optical harmonics in excited
atomic and ionized media

The idea of utilizing excited ions for resonant optical
frequency conversion was first proposed by Lebedev and co-
workers.73"75 They demonstrated experimentally the feasi-
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FIG. 11. Active hyper-Raman spectroscopy of atomic ions in laser plasma
flames (see Refs. 70-72). The intensity kinetics of resonant AHr S signals
is plotted for several resonances: NII( /) andAHII (2) ions, together with
the spontaneous luminescence of Nil ions (3). Transition diagrams corre-
sponding to these resonances are also shown.
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FIG. 12. Efficiency enhancement of third harmonic generation of A = 1.06
/urn radiation (frequency »0) in thallium vapor due to two-photon Raman
excitation (TRE) ofthe6PV2 state.77 Frequency a, is tunable. a-Schema-
tic transition diagram of the process. b-Intensity of third harmonic vs. TRE
frequency detuning. In curve 2 the product of intensities 7|/2 is three orders
of magnitude higher than in curve /.

bility of efficient third harmonic generation in magnesium
atoms. The ionized medium was shown to possess new reso-
nant frequencies better suited as light sources in the visible
range.

Ganeev and co-workers76 investigated the generation of
the third harmonic of a Nd:YAG laser in a jet of excited
gallium ions. Since the ion concentration was fairly low (up
to 1018 cm~3), the third harmonic signal proved rather weak
(the conversion efficiency was 10~7). Still, the authors esti-
mated the cubic susceptibility of excited ions to be six orders
of magnitude higher than of unexcited ones, concluding that
the conversion efficiencies could become practical at higher
ion concentrations.

Another two experiments69'77 were dedicated to con-
firming specifically that the establishment of a quasireson-
ance can significantly enhance the efficiency of third har-
monic generation. These experiments investigated thallium
vapor at pressures of 0.1 Torr. The 6P3/2 state was selective-
ly populated by two-photon Raman excitation (TRE)78 that
is particularly effective in atomic media79'80 (see Fig. 12).
The wavelengths employed were 1.06/zm (o>0) and 0.5 8 ̂ m
(<a,, the intended conversion frequency). As the population
of the 6P3/2 state grew, the third harmonic generation effi-
ciency increased by 3 orders of magnitude. Significantly, cal-
culations presented in Ref. 66 indicate that this increase in
efficiency is due precisely to the ^<3) susceptibility enhance-
ment and not to excitation-induced improvement in phase
matching.

We should also point to other experiments81'82 in which
the resonance at the third harmonic frequency was observed
with high resolution made possible by suppressing of the
three-photon luminescence signal.

We conclude this subsection by restating that the qua-
siresonance achieved by exciting the gaseous medium allows
four-photon processes to proceed at high efficiency, render-
ing them suitable for spectroscopic purposes as well as fre-
quency conversion in the visible.

5. COHERENT NONLINEAR SCATTERING AND LASER
FREQUENCY UP-CONVERSION IN LOW-TEMPERATURE
PLASMA

5.2. New formulation of the problem

In this section we will examine CARS processes and
harmonic generation in low-temperature plasmas produced

by optical breakdown. The experiments we will discuss have
a number of features that distinguish them from the nonlin-
ear optical experiments typically performed in laser-assisted
fusion research.83'86 They are usually carried out at moder-
ate laser pulse energies, not exceeding 200 mJ (usually
50-100 mJ). The plasma is created either by optical break-
down in gases or by breakdown near metal surfaces. Differ-
ent lasers are employed for breakdown and for nonlinear
optical probing, with a controlled time delay between the
two laser pulses. Experimentally the time delay is set be-
tween 100 and 1000 ns, such that the plasma density does not
exceed 1017-1019 cm~3 and the signal frequencies are much
higher than the frequency of Langmuir (longitudinal) oscil-
lations. Consequently the plasma is almost completely trans-
parent in the visible and/or near IR ranges. In these condi-
tions nonlinear optical processes take place in a collinear,
coherent regime and, as it turns out, with surprisingly high
efficiencies.

5.1. Early experiments

The first experiments in this area were performed in our
laboratory in 1981 and published in 1981-1982.87-89 Wedis-
covered that as atmospheric air sustained optical breakdown
due to focused pump pulses, the intensity of the nonresonant
CARS signal increased by 1-2 orders of magnitude over the
value measured in the absence of optical breakdown. This
effect was confirmed in Ref. 90. Subsequently we carried out
experiments on third harmonic generation with nano- and
picosecond Nd:YAG laser pulses91'93 (see also Refs. 95,
96). A simplified transition diagram of these experiments in
illustrated in Fig. 13. The Nd: YAG laser was operated in the
^-switched regime (nanosecond pulses) with 100-200 mJ
energy per pulse. The beam was focused onto the surface of a
metal target by a cylindrical lens, creating a plasma either in
vacuum or in air. In other experiments the metal target was
removed and we induced breakdown in a gas by focusing
with a spherical lens laser pulses propagating in the opposite
direction from the probe pulse. After a time delay r, in the
100 ns-1 yus range, nano- or picosecond pulses of another
NdiYAG laser were focused onto the plasma flame. The en-
ergy of the probe pulses did not exceed 100 mJ. Coherent
third harmonic radiation propagated collinearly with the
pump beam and was detected by a multichannel analyzer
after passing through a polychromator. This experimental
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FIG. 13. Experimental arrangement for observing harmonic generation in
optical breakdown plasmas.9l~93 Nd:YAG laser radiation is focused onto
the surface of a metal target with a cylindrical lens. After a variable time
delay r the pump beam is focused on the plasma. The harmonics propa-
gate collinearly with the pump beam.

arrangement differs markedly from earlier experiments by
other groups.95'97 lii those experiments the authors investi-
gated optical harmonic generation by detecting the frequen-
cy multiplication in plasmas created by the laser pulses
themselves (with pulse energies reaching tens of J).

Our experiments established that whether we are study-
ing the CARS signal or third harmonic generation, the in-
tensity of nonresonant four-photon processes in a neutral
gas increases by 1-3 and, depending on experimental condi-
tions, even 4 orders of magnitude after laser-induced break-
down. The results on third harmonic generation in low-tem-
perature plasmas are summarized in Table II.

The coherent scattering signal varies strongly with r,
peaking at some optimal value of the delay. We found that
this optimal delay increased together with the volume occu-
pied by the plasma. Moreover, we also detected coherent
second harmonic generation, although it was significantly
(by 3-5 orders of magnitude) weaker than the third har-
monic signal. This can be seen as evidence that the gradient
harmonic generation mechanism (due to inhomogeneities)
is not the dominant one.83

The best results on THG efficiency enhancement were
obtained recently:93 picosecond pulses (40 ps, 40 mJ) were
utilized to bring the conversion efficiency up to 3%. The

third harmonic radiation was narrow-band, spatially coher-
ent, and usable in other nonlinear optical experiments. This
leads us to the practical applications of this type of optical
frequency conversion. The advantages are several: the mech-
anism is nonresonant and hence can be used for frequency
conversion of radiation tunable over a wide range; nonlinear
media are universal and easily available; the technique al-
lows for energy scaling (see below for a discussion of satura-
tion effects). This technique can also be employed for fre-

/quency conversion in spectral ranges (UV, VUV) where
nonlinear crystals are nonexistent or ineffective, for conver-
sion of ultrashort laser pulses, etc.

5.3. Model of a classical collisional plasma

Several mechanisms can be invoked to explain the effec-
tive frequency conversion described above. First, as we have
mentioned already, there is the enhancement of nonlinear
susceptibilities as the excited atomic and ionic levels are pop-
ulated. Second, there is the dissipative nonlinearity mecha-
nism in collisional plasmas, developed in Refs. 98-100. This
mechanism is based on the dependence of the electron-ion
collision frequency v/e on electron temperature (which in a
strong electromagnetic field differs from the temperature of
the gas). This mechanism is important in dense, low-tem-
perature plasmas for pulses in the nanosecond range or long-
er, when many collisions can occur during a single pulse.

Let us illustrate this process using a simple model.98

Equations for electron velocity Fand the temperature of the
electronic plasma subsystem Tc can be written as follows:

(12)

= VE sin ( - 6v (Te) (Te - T0

where E0 is the amplitude of the external electromagnetic
field (spatial dispersion is neglected); v( T f ) is the tempera-
ture-dependent frequency of electron-ion collisions (in a ful-
ly ionized gas): v(Tc) = v0(T0/Te)

3/2, T0 being the tem-
perature of the gas in energy units; 8 = me/m,.

This model was employed by Sharma100 to calculate the
THG intensity in laser radiation. In steady state the calculat-
ed conversion efficiency was rather low (10~5). It was also
concluded that if Te is very different from T0 (nonequilibri-
um case), conversion efficiencies of several percent are pos-
sible, but no calculations were presented in support. In
steady state the derived formula for the third harmonic in-
tensity was as follows:

TABLE II.

Ref., year

[91], 1986
[91], ,1986
[69], 1988
[93], 1988
[93], 1988

Plasma
preparation

S*>
M'*'
C
S
M

Pulse energy,
mJ

100
100
200
40
40

Pulse duration,
ps

30000
30000

700
40
40

Conversion
efficiency,
"'THG/^'IO.

10-io
10-"
io-5

10-"
10-*

S — Self-breakdown of atmospheric air induced by the pump of the THG process.
M — Breakdown of atmospheric gas at the surface of a metal target caused by an

independent laser source.
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where

Consequently, THG efficiency saturates as the pump
intensity increases . The same mechanism was investigated
by others via the kinetic equation.101'102

Finally, we should mention nonlinear plasma mecha-
nisms resulting from the Lorentz force103'104 and collective
plasma resonances. The former is the fundamental source of
optical plasma nonlinearities. Even a noninteracting free
electron feels a Lorentz force FL ~ (e/c)vXH in the mag-
netic field of the laser beam. In the dipole approximation the
electron velocity v is proportional to the electric field:
v = (e/m) E. As a result, the Lorentz force induces a nonlin-
ear velocity component v<2) quadratic in the amplitude of the
optical field |E| ~ |H|:v(2)~E2. However, in nonrelativistic
optical fields with v/c -^ 1 we have

FL|<|Fdlp =e\E\

and the Lorentz nonlinearity of the free electron turns out to
be relatively small.

Finally, the above mechanism eventually produces non-
linear collective plasma excitations that can make nonreson-
ant contributions to both linear and nonlinear plasma re-
sponse (we will not discuss hydrodynamic mechanisms
here). In a nonmagnetic plasma the dominant collective ex-
citations are Langmuir (longitudinal) plasma oscillations at
frequency fip = (4irNce

2/m)1'2. If a biharmonic optical
field containing frequencies w, and a>2 is incident on a plas-
ma, Langmuir oscillations can be resonantly excited by the
beating of the optical field components if the resonance con-
dition ftp = <y, — a>2 is fulfilled. Correspondingly, just as in
ordinary CARS, we find a resonant enhancement of the cu-
bic susceptibilities for processes like four-wave mixing: a>a

= a>i + (<*>[ —0)2) = 2a)l —d)2. The maximum value at-
tained by this resonant cubic susceptibility was calculated by
Bloembergen and Shen back in 1966:103

where r0 = ei/mc1 is the classical electron radius and T is the
energy relaxation constant of plasma oscillations. If the reso-
nance condition were fulfilled exactly, the susceptibility
could reach 10" 17 in COS units at 7Ve~1019 cm"3, ftp

T = 102. However, because of plasma inhomogeneities an ex-
act resonance cannot simultaneously occur over any reason-
able interaction volume, and the observed values of ^<3)

should be lower by several orders of magnitude. Conse-
quently, the average "collective" plasma nonlinearity is
small and cannot give rise to observed high efficiencies of
four-photon processes. Moreover, the THG transition
schemes of our experiments preclude a resonance between
[pump frequencies in the visible and near IR and the plasma
oscillation frequencies.

Finally, we note that a characteristic feature of the col-
lective oscillation mechanism is the polarization of the
CARS signal in the same direction as the pump beam of
frequency &>, .'°3 We observed this polarization state in only

a single experiment on atomic media: CARS in resonantly
photoionized sodium vapor. Since the Na + ions have no
quasiresonances in the visible, the plasma contribution is not
masked by the signal from bound electrons.

We believe the generation of optical harmonics in the
field of intense, ultra-short light pulses can be adequately
described by the scattering of optical electrons from ions in
the presence of an external field (see below, section 6).

5.4. Inadequacy of simple models

Various experiments95'97 have provided evidence of the
dominant role played by excited discrete states. Indeed, the
CARS polarization anomaly (see Fig. 4 and section 4) can
only be explained by invoking discrete states. Both the dissi-
pative nonlinearity and electron scattering from structure-
less ions are essentially nonresonant mechanisms, so the
PCARS vector must lie between the e [ and e2 unit vectors (see
the monograph of Ref. 7 and Ref. 110 for details). As for the
Langmuir electron nonlinearity, we have already pointed
out that this mechanism constrains PCARS to be collinear
with e, (see, also, Ref. 103). These properties can be utilized
to distinguish the nonlinearity mechanisms experimentally.
In a given experimental situation, the limits of applicability
of the mechanisms discussed in section 5.3 are difficult to
establish-no such analysis has been attempted to date.

It appears that quantitative modeling of four-photon
scattering processes in the laser breakdown flame requires a
proper statistical theory that takes into account the struc-
ture of the particles comprising the flame.

The analysis is complicated by self-interacting radi-
ation effects, such as self-focusing in a plasma. Recently,
several papers addressed this effect in coherent nonlinear
optical processes at fairly low gas densities and moderate
incident intensities (see Refs. 14, 105-109 and references
therein). For example, Sodha and co-workers105 have shown
that self-focusing in a plasma can occur at pump intensities
as low as 108 W/cm2. The beam contraction due to self-fo-
cusing obviously increases the pump intensity and leads to
enhancement of THG efficiency by up to three orders of
magnitude.105

6. COHERENT NONRESONANT NONLINEAR SCATTERING
PROCESSES AND FREQUENCY UP-CONVERSION IN SUPER-
INTENSE OPTICAL FIELDS

6.1. Super-intense optical fields: an introduction

In this section we will discuss the features of nonlinear
optical processes that occur in optical fields that are compar-
able to or even stronger than atomic electric fields. Such
processes have attracted and maintained scientific interest
because of experiments on the interaction of intense, fo-
cused, sub-picosecond laser pulses with gases.3'6 They in-
clude above-threshold ionization of atoms,[ 1! multiphoton
stripping of atoms (MSA),"2 etc. We will concentrate on
related, coherent processes that lead to multiple optical har-
monic generation (MHG), which are currently the subject
of much experimental and theoretical research (see pub-
lished conference proceedings.113

In order to discuss the many experiments in this
field,3'94'116"120 consider the typical experimental apparatus
and results of Ref. 114. The beam of a KrF laser (350 fs pulse
duration, 20 mJ energy, A = 248 nm) is focused on a jet of
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FIG. 14. Experimental arrangement used to generate multiple harmonics
with focused femtosecond optical pulses. Radiation of a KrF excimer
laser is focused with a lens L onto a pulsed jet of inert gas released into
vacuum. DG-spherical diffraction grating; MCP-microchannel plate
phosphor detector; OMA-optical multichannel analyzer.

noble gas atoms. The intensity at the focal point reaches
1015-10'6 W/cm2 leading to multiple ionization of the
atoms.8'115 Consequently, harmonic generation occurs in a
gas plasma. The optical pulse duration exceeds the Lang-
muir oscillation period by approximately a factor of ten.
There are grounds to suppose that harmonic generation oc-
curs via the "half-bremsstrahlung" interaction121 of the op-
tical electron with the "parent" ion. The harmonics are de-
tected with a vacuum monochromator and an optical
multichannel analyzer. A total of 17 harmonics were ob-
served McPerson and coworkersr 14 (see Fig. 15, a). An anal-
ogous setup allowed Ferray and coworkers120 to observe up
to 3 3 harmonics of a picosecond Nd:YAG laser (Fig. 15,b).
The focused beam intensity in that experiment reached
3 • 1013 W/cm2. A characteristic feature of such experiments
is the relatively slow decrease of the intensity of higher har-
monics with the harmonic number-the harmonic intensities
fall on a "plateau" of sorts (see Fig. 15). In Ref. 114 this
plateau was explained by quasiresonant emission from tran-
sitions between states in the inner electron shells. In these
experiments, as in experiments described in section 5, the
harmonics were coherent and collinear with the pump beam.

We should note that according to terminology adopted
at the Rochester conference,113 a super-intense optical field
is one in which the field intensity exceeds the electrostatic
field at the first Bohr orbit of the hydrogen atom. In other
words, the interaction between the optical electron and the
super-intense field is stronger than between the electron and
the ion. Since the field intensity at the first Bohr orbit is

F — *£.--• 1.7 • 107 COS units; ~ 5,1 • 109 V/cm ]

(o0 is the Bohr radius), the corresponding "atomic" unit of
optical intensity 7a is

/a = ^ El ~ 0.35 • 1017 W/cm2

When E>Ea, 7>/a, the discrete atomic structure is
suppressed. Linear and nonlinear response of the medium is
then determined by continuum electronic transitions.

We should also mention, however, that in certain condi-
tions (for instance, in ionized gaseous media) the "super-
intensity" threshold for excited electrons can lie much low-
er: in some cases Nd:YAG laser fields of only 3 • 1013 W/cm2

can be considered superintense (see Refs. 120, 121). The
threshold can fall even lower (down to 1010 W/cm2) when
CO2 lasers are employed on excited gaseous media.

In practice, super-intense optical fields interact with
nonlinear dissociating atomic systems. Below we propose
three very simple and instructive models, which make it pos-
sible to understand the fundamental features of harmonic
excitation in these conditions.

In analyzing MHG processes in super-intense optical
fields we would like to determine the following:

-what is the dependence of harmonic intensities on the
pump intensity;

-does this dependence saturate and, if so, when;
-what is the maximum intensity of a given harmonic

that can be generated in the super-intense field limit;
-does MHG exhibit an analog of the "peak switching"

observed in above-threshold ionization (see the review by
Delone and Fedorov );111

-what are the phase matching conditions in intense
fields?

In order to determine these general properties we re-
quire simple models that permit at least a qualitative or, per-
haps, a semi-quantitative analysis. Several such models have
already been proposed.9'10'122 124 Below we will consider
three of these: a classical one-dimensional oscillator with a
realistic (albeit nonstandard) potential; a classical fully ion-
ized collisional plasma; and a quantum model of a hydrogen-
like atom with a screened Coulomb potential.

6.2. Classical one-dimensional model

We will make use of the model already described in
section 2, but now we shall treat it in the extremal field limit.
As before, let XE = eE0/m6)2 and x0 (t) be the free solution of
equation (1) in section 2. In the superintense field limit XE

ocffi
I 70
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8 ">"'
>
ro W"
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J0~
W'

5 7 9 11 13 75 17
Harmonic number

a

3 7 11 15 19
Harmonic number

S

23

FIG. 15. Slow decay of optical harmonic intensities as a function of
harmonic number in super-intense optical fields ("plateau" forma-
tion ). Experimental results are shown for: a-KrF laser harmonics;'l4

b-Nd:YAG laser harmonics.120
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>a, x0 (that is, E^>mco2a/e). In this case we can find the
forced solution by perturbation theory, except that now the
interaction of the electron with the field will be assumed
much stronger than with the ion. In the first approximation
we ignore x0 and obtain

XE = — sin (coft;
mo)2

In the next approximation we find the following equation

xg" = ~ *** 4 sin erf (13)

where A is the (dimensionless) optical field intensity:
A = eE0/mco2a. Equation (13) is correct whenever ̂ > 1. It
contains all the odd harmonics of the external field. In order
to derive their amplitudes we can decompose (13) into a
Fourier series:

w = _eo_ + ̂  an cos (ami) ]bnsin((onO. O4)

Clearly, only the coefficients bn are different from zero:
9It

A sin (orf) sin (mo/) dt M ^ l

The intensity of the nth harmonic is lnia = a], + b], = b2
n. In

Fig. 16 we have plotted the harmonic spectrum for several
values of the dimensionless field amplitude A. As A increases
more harmonics appear. The MHG spectrum exhibits a
"maximum switching" that is analogous to the "peak
switching" in above-threshold ionization: as^4 increases, the
center of mass of the harmonic spectrum shifts towards
higher harmonic number. Since the coefficients an in the
Fourier series (14) are zero, all the harmonics are in phase
with the external field and with each other. Consequently,
we can conclude that we are dealing with a nonresonant pro-

L_
13 7 5 9

T

4=7 A=W

llllrt t
1 5 9 13 19 25 7 5 9 13 19 25 31 n

FIG. 16. Harmonic spectrum of the collisional term jcj.2> [see equation
(13) of this review] as a function of relative perturbation amplitude .4. /„
is the relative harmonic intensity; n is the harmonic number. The spectra
exhibit numerous odd harmonics, as well as the "peak switching" effect.

10 20

FIG. 17. Saturation of n = 5, 9, 13 harmonics as a function of relative
amplitude^ (see subsection 6.2). The initial slopes of the curves are near-
ly identical.

cess, just as in the case of a structureless atomic continuum.
The emission field can be evaluated simply by substituting
the second derivative of equation (13) as a source term into
the wave equation.

The saturation of several harmonics is illustrated in Fig.
17. The intensity of any harmonic first increases with the
external field amplitude and then begins to decay. As the
harmonic number increases, so does the field intensity at
which the saturation sets in. This model also indicates that
the total energy absorbed by the oscillator increases steadily
with the pump field amplitude. The saturation mechanism is
simple to understand: as the external field increases, the in-
teraction of the electron with the ion is switched "on" and
"off " more and more rapidly, becoming a series of ever-
quickening pulses. Consequently, a more intense field gener-
ates higher harmonics more effectively.

The initial slopes shown in Fig. 17 are unusual for tradi-
tional perturbation theory calculations. They are practically
identical regardless of harmonic number. Numerical com-
putations show that these slopes are actually determined by
the parameter n of our model, i.e., by the interaction poten-
tial (see section 2), rather than by the number of generated
harmonic. This fact can be used to reconstruct the actual
potential seen by the scattered optical electron. Possibly this
fact also explains the unexpected slopes of the intensity
peaks in the above-threshold ionization spectra measured
using a CO2 laser in the tunnel ionization regime.'25

The higher-order approximations of perturbation theo-
ry only add some broadening without qualitatively altering
the harmonic spectrum.

The above results have one more interesting conse-
quence. Since all the optical harmonics are in phase, their
direct summation narrows considerably the system response
to external fields. In Fig. 18 we illustrate this phenomenon.
Clearly the system response due to the electron-ion interac-
tion becomes shorter in duration as more harmonics are
present in the stimulated oscillation spectrum. For example,
if we take a CO2 laser beam sufficiently intense to generate
some 100 harmonics (dimensionless amplitude A of the or-
der of 20-30), we obtain pulses as narrow as 10 ~ 16 s (attose-
cond range). Note that these pulses (videopulses) can no
longer be considered optical waves since they contain no
oscillations. The effect is similar to shock wave formation in
nonlinear acoustics, where the medium dispersion is small
and many harmonics can be generated. In fact, short-period
(30 fs) oscillations have already been observed experimen-
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FIG. 18. Narrowing of the nonlinear response O"' term of equa-
tion (13)] as a function of dimensionless field amplitude A. Note
the "shock wave" formation that occurs when the external pertur-
bation oscillates at the CO2 laser frequency. A = 0.1 (a), 1 ( b ) , 3

v
tally126 in the interference of two well-separated Ar laser
emission lines (488 and 514.5 nm). Also, De Beer and co-
workers127 observed beating in the attosecond range. Within
the framework of our simple model these experiments corre-
spond to the presence of only the first two harmonics of com-
parable intensity in the interference spectrum.

Obviously, a more realistic analysis of the experimental
situation requires extending the above classical model to
three dimensions and averaging the results over the ensem-
ble of initial conditions. Variants of the numerical Monte-
Carlo method130"133 can be employed for this purpose.

6.3. Collisional plasma in a super-intense field

As we discussed above, sufficiently long optical pulses
propagating through a dense, low-temperature plasma can
be described by a simple collisional model [system of equa-
tions (12) ]. Let us now place this model in a super-intense
optical field. As in the preceding discussion of the one-di-
mensional classical model, we will apply perturbation theo-
ry by taking the interaction of plasma particles with the field
to be stronger than the interaction between plasma particles.
In this case the solution of (12) will have the form

where
v(re)

and so forth. In the first approximation, with V = V0, we
have

3 mc»
(16)

This means that the average electron temperature is con-
stant and Te oscillates with frequency 2<u and amplitude

(17)

and v(Tc) oscillates at the same frequency for the same rea-
son.

In the second approximation we have

a) cos ((of)

[T,-(

(18)

i.e., as in the preceding model, all odd harmonics of the
pump are present and in phase. Scattered harmonic emission
is proportional to the square of the nonlinear current ampli-
tude, i.e., to the square of the velocity amplitude. We can
rewrite the above expression as

[1— M cos (2w/)J3/1 '
(19)

where

y<<0 _ _

here we have introduced the intensity of the "plasma field":
Ep = (6mca2T0/e

2)1'2. In this case we find that the dimen-
sionless amplitude A is proportional to the ratio between the
oscillation energy of the electron Wq and the gas tempera-
ture T0: A = (2/3) W^/T0.

We emphasize that the above expressions are only valid
if A > 1, that is if the external field is much stronger than the
plasma field Ep (the latter increases as the medium is heat-
ed).

The generation of odd harmonics of an intense external
field incident on a plasma was first studied by Silin,102 who
considered a more complex model.

6.4. Quantum model: hydrogen-like atom

In this model we will examine MHG processes in super-
intense optical fields by considering the scattering of the op-
tical electron of a hydrogen-like atom by its parent ion and
assuming that the electron interaction with the laser field is
much stronger than with the ion. Consequently the electron-
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ion interaction can be treated as a perturbation.92'93'134 This
technique is quite different from the standard quantum me-
chanical perturbation theory calculation of nonlinear sus-
ceptibilities38 and is much closer to the derivation of the
cross-sections for multiphoton bremsstrahlung proces-
ses135'136-the difference being that we will concentrate on
the coherent response of the medium. The estimates cited
below should not be viewed as a complete theory, but rather
as a first step in this direction.

The Schrddinger equation for an electron in an ionic
potential that is also placed in an intense laser field E (t) = E
sin cot can be written as follows:

(20)

where

H0 = —
2m

: — E cos (em

is the Hamiltonian of a free electron in an electromagnetic
field; V = — e2/r for a Coulomb potential and
V= — (e2/r)exp[ — fir] if Debye screening is taken into
account. In both cases Fis assumed to be a small perturba-
tion.

The wavefunction of a free electron with wavevector k
in a field E(?) = E sin cot can be written as follows:137

«= 1 1 1 (kr 1 + -— sin (at)
I [ 2m mco"

_ _J_/e£_\a r_sinJ2oj/)_
4m/i \ CD / [ 2co

(21)

We assume that the original, unperturbed wavefunction is
described by a wavepacket

that satisfies the normalization condition (TV is the normali-
zation constant):

where 1 = a Ms the characteristic linear extent of electron
localization determined by the parameters of the laser used
to prepare this state. The average dipole moment of the sys-
tem is <d> = <*° + ** |<?r|*° + yk >, where ** is the cor-
rection due to the interaction with the ion. If the medium is
an excited gas and the optical field is intense, the dimensions
of the radiating system can be comparable to the emission
wavelength and instead of the dipole moment one must aver-
age the quantity er exp[/kr]. The cirteria for the validity of
the dipole approximation and for the "super-intensity" of
the field are generally incompatible: both are satisfied for the
Nd:YAG laser only in a narrow intensity range near 1013

W/cm2 (see Ref. 137, p. 88). In order to simplify the calcu-
lations we will consider precisely these intensities.

The first order of perturbation theory yields the follow-
ing correction ^ k:

where

-M-
eqE

ftmoo2

c7 = |q|, q = k —k, a>k'k = — (k 2 — ka). (22)

In this expression A (q) is the scattering amplitude from
the spherically symmetric potential V: for the screened Cou-
lomb potential A(q) = — 4ire2/(q +/?2); /„ is the Bessel
function. The average correction to the dipole moment is
found by averaging over the perturbed wavefunction:

Now we can easily obtain the expression for the projec-
tion of the system dipole moment onto the field vector E. The
projected moment oscillates at frequency na>. We can aver-
age it over the initial state k:

(23)

where

D=

G(q,E,n) =

,._ «tf

(4<x2 + q'
— J xdx

«fta> + « • 0

A*-**.

If n is even, the components of the dipole moment pro-
jected onto E go to zero. The function g(k) is the initial
wavevector distribution. In some cases the function G(q, E,
n) can be simplified. This was done in Refs. 93, 134.

In the integral in formula (23) the effects of the exter-
nal field E and the electron-ion interaction are separated: the
function G depends only on the field, whereas A (q) depends
only on the interaction potential V. This formula shows ex-
plicitly that MHG processes are related to electron scatter-
ing by ions.

If the magnitude of the dipole moment is available, one
can compute the emission intensity at a given frequency. For
example, at the third harmonic frequency, /3

~N2[d(3a))]2I2, where the factor / reflects the phase
matching accuracy (see Refs. 128, 129). The problem of
phase matching in plasmas and intense optical fields requires
a separate discussion.

Let us also mention a theoretical study by Fedorov138

which predicts the generation of multiple harmonics of a
weak field in the presence of a second, strong field.

6.5. Phase matching in intense fields

Optical media have high dispersion because of reson-
ances. If the resonances due to bound electrons are irrelevant
(which happens in super-intense optical fields) and the den-
sity (of the plasma, in this case) is low, we should expect low
dispersion. As a result, the linear susceptibility of the medi-
um differs markedly from the low-field value. The optical
electrons practically do not "see" the ions; the linear suscep-
tibility of the initially neutral gaseous medium becomes
comparable to that of a plasma. Therefore the appropriate
dielectric constant is

where fi is the plasma frequency.
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At gas pressures of the order of 1 Torr, plasma frequen-
cy flp lies around 50 cm ~' (we are assuming complete single
ionization). At the frequencies of the Nd:YAG laser the
quantity e(o)) is smaller than, but very close to unity:
\e — 1|~ 10~5. At the harmonic frequencies this deviation
of e from unity is even smaller. Still, when harmonics are
generated in tightly focused beams, the deviation is large
enough to reduce the generation efficiency significantly (up
to several orders of magnitude). At the same time, it turns
out we should take into account the existence of ions with
populated discrete levels, because this improves the phase
matching. The ionic contribution £d to the permittivity can
be greater than unity (see subsection 3.1 and Fig. 3) and
hence compensate the deviation of ep from unity.

Let us carry out some estimates for the case of third
harmonic generation. The THG intensity is proportional to
the square of the following expression:128'129

(• exp [(1/2) ifcAft (£-£')!
(24)

Here we have assumed that the medium extends from
— g to g and

£w = (co/c) n (<o) = (<o/c) (ep (<o) + ed (<o))'/»

(subscripts p and d correspond to the contributions of the
plasma and the discrete states respectively). It is worth em-
phasizing that formula (24) applies to the case of super-
intense fields as well, when an alternative perturbation theo-
ry is used. For example, in the classical one-dimensional
model (see subsection 6.2) the spatial phase can be taken
into account by the simple substitution (at-xat — kx. After
expanding expression (13) in a Fourier series it turns out
that, just as in standard perturbation theory, the nth har-
monic has a spatial phase of nkx due to the source of the
perturbation. The same is true for other models described
here.

If we consider the plasma contribution only, a pump
with wavelength A= 1.06 pm and intensity 70 = 3-1013

W/cm2 (corresponding to a focused single pulse of 30 ps
duration and 30 ml energy, which satisfies the "super-inten-
sity" criterion-see section 4) is focused on a plasma of 1018

cm ~3 density, formula (24) yields/2 of the order of 10~2. If
the ionic contribution to e is also taken into account, in cer-
tain conditions I2 can increase to become of order unity.

Estimates of third harmonic intensity from formula
(23) were performed in Ref. 93 for conditions similar to the
above scenario. The calculated energy conversion efficiency
was 0.5% with only the plasma contribution to e taken into
account. If the dispersion is compensated by the (quasire-
sonant) ionic term, the efficiency can be expected to increase
by an order of magnitude, in agreement with experimental
results.93 This clarifies the optimizing effect of the time delay
between plasma preparation and probing: the appropriate
delay sets up a quasiresonance with the discrete ionic states.

In this connection we should also mention the study by
Wildenauer,94 who investigated experimentally the genera-
tion of the 11th harmonic of the iodine laser in xenon, where
the dispersion is positive. Apparently, in these experimental
conditions, the beam pulling of the focused pump led to opti-
cal breakdown and the radiation interacted mainly with an

excited gas (plasma) confined to a small volume. Interest-
ingly, in the experiment the harmonic intensity changed
quadratically with the gas pressure up to 0.1 atm (i.e., the
phase matching did not deteriorate even at 'these high pres-
sures).

It is becoming evident that multiple harmonic genera-
tion in a low-temperature plasma using techniques described
in sections 5 and 6 can provide a practical means for obtain-
ing vacuum ultraviolet and, perhaps, soft X-ray radiation.
Such radiation can also be frequency-tunable.

7. CONCLUSION

Currently, research into the nonlinear optical interac-
tion of excited gaseous media with laser beams is attracting
much interest because of advances in the development and
application of powerful subpicosecond laser systems.
Further progress in this field will require the combined ef-
forts of specialists in such diverse fields as quantum electron-
ics, atomic physics, low-temperature plasma physics, quan-
tum scattering theory, and possibly nuclear physics.

Some theoretical estimates139 and preliminary experi-
ments140 indicate that atomic nuclei can begin to interact
with optical beams at intensities of 1020 W/cm2 and higher.
Several authors141'142 have shown that Raman scattering in
the visible can include transitions between states of a com-
pound nucleus.l43 It has been estimated,144 that the RS cross
sections of such transitions will be lower than the corre-
sponding cross sections in molecules by only 3-5 orders of
magnitude. Other light-scattering mechanisms will saturate
with increasing intensity and excited nuclei will eventually
begin to contribute.

Ever more intense optical fields will activate another
source of optical nonlinearity neglected in this review: rela-
tivistic effects in the motion of optical electrons (particular-
ly the energy dependence of the electron mass). The corre-
sponding "relativistic" intensity of the optical field can be
estimated by equating the oscillation energy of an electron in
an electromagnetic field with the electron rest mass:

/«,=

At frequencies CD in the visible, 7re] ~ 1019 W/cm2.
Quantum electrodynamic effects will enter into nonlin-

ear optical processes when the optical field reaches such in-
tensities that the work of an optical electron at the electron
Compton wavelength catches up with the electron rest mass.
Optical breakdown of vacuum would then become possible.
Granted, the corresponding optical field intensity would be
colossal: 7qed ~ 1030 W/cm2.145'146

Progress in this direction depends on the development
of amplifiers for femtosecond laser pulses. The 7~1019

W/cm2 barrier has recently been surmounted.113 Today one
can expect the maximum attainable intensity to increase by a
factor of ten every 2-3 years.

Certainly, the interaction effects due to super-intense
optical fields 7 > 7qed, 7rel will be difficult to separate from
the background of the quasiresonant scattering effects de-
scribed in this review. Indeed, highly excited gaseous media
always contain plasma electrons and ions with populated
discrete states, and an optical pulse has both spatial extent
and temporal duration. Nonetheless, experimentalists are
sure to find extremely interesting phenomena to study.
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