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The set of the complete Schwarzschild solutions for a static spherically symmetric homogeneous
ideal liquid of finite volume is examined. Using the example of the phenomenon of the red shift of
frequency in a gravitational field it is shown that the use of different types of solutions leads,
contrary to the assertion of authors of a relativistic theory of gravitation, to unambiguous
predictions of gravitational effects by the general theory of relativity.

1. The general theory of relativity has been criticized
over the past few years in several papers by A. A. Logunov
and his colleagues.1'6 In particular, they have raised the
question of an alleged ambiguity in predictions for gravita-
tional effects in the structure of the general theory.3"6 Al-
though recent papers by Zel'dovich and Grishchuk7'8 and
Ginzburg9'10 have already outlined why this criticism is
groundless, it is still worthwhile to take another, more-de-
tailed look at this question.

One goal of the present paper is to show that the predic-
tions of the general theory are unambiguous in the specific
example of the gravitational frequency shift, through the use
of two types of complete solutions of the Schwarzschild
problem. A second goal is to demonstrate that the assertions
of the authors of the relativistic theory of gravitation are
groundless.

2. We assume that the source of the gravitational field is
a static ideal liquid which fills the space inside a sphere of
physical radius /0. For simplicity we assume that the liquid is
homogeneous, i.e., that the self-mass density is a constant
(/i = const). The energy-momentum tensor for this medi-
um, without any macroscopic motion (//' = 0), is written in
the form n

where P is the pressure of the medium, and 5a
e = Sa/3 is the

Kronecker4-delta.2)

We place the center of the source at the origin of coordi-
nates, and we seek a set of complete solutions in the general
orthogonal form

(2)ds2 = evdt* — eMr2 — if (d62 + sin2 9 d<p2),

where v, A, and 77 are functions of the radial coordinate r
alone which have the limits v -> 0, /I -> 0, and 77 -> /• as r -> oo.

After the metric tensor from the quadratic form in (2)
and the energy-momentum tensor in (1) are substituted into
Einstein's equations

the latter are satisfied either identically or by virtue of the
three independent equations

W__!)l_2jl\ + _L
i ia i I if'

(4b)

(4c)

where the prime means differentiation with respect to r.
If the boundary of the source is assumed to be free, the

pressure is zero at this surface, and the mass density of the
liquid is generally discontinuous. Using the joining condi-
tions at the boundary of the source for the components of the
metric ga/3, we can write a set of complete solutions for all
space:

(5a)

and

(5b)

(6a)

(6b)

where

A?
= 2aM,

Mis the gravitational mass of the source, and 77,, is the value
of the function 77 at the boundary of the source. The expres-
sion for the pressure becomes

(7)
[1-

2 - a [ i - (ti»M2)]1/a

The pressure inside the liquid is negative here, but this point
is of no importance for our model problem.

We adopt the differential condition dr = drj, which
fixes the type of solution. The metric of this solution is writ-
ten in the form

ds«= 1 — = - <U*
r I 1 - (o/r)

— /-2dQ2, (8a)

where

(4a)
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and

where r0 is the value of the coordinate at the source bound-
ary. From the set of solutions in (5)-(6) we can select a
solution of a different type if we set3' dr*/r* = eA/2dij/rj.
The metric then becomes

(oc/4r*) J
_«_)« (dr-

*

(9a)

and

& — T*

if + r**

(9b)

where c is an arbitrary constant, and rj is the value of the
coordinate at the source boundary. At the surface of the
source we have the relation

2cA

On the other hand, we have

#

From the relation

2cA4r0
8A43

(10)

( ID

(12)

we can then find the constant c. The coordinates of solution
(8) are related to those of solution (9) inside the source'' by

2oA (13a)= r r =r

and outside the source by

4r* (13b)

3. Expressions (8)-(9) are different solutions of Ein-
stein equations (3) for a spherically symmetric source (an
ideal homogeneous liquid). The difference between these so-
lutions lies in the specification of different differential condi-
tions which determine 17 ( r ) . In the general theory of relativi-
ty, however, these solutions are completely equivalent! In
the usual terminology, these solutions are one and the same,
but written in two different coordinate systems. It is for this
reason that the solutions lead to the same value in a predic-
tion of a gravitational effect in the general theory of relativi-
ty. We can demonstrate this point in a very simple example:
the gravitational frequency shift of our source in an external
field.

Let us assume that an observer and a transmitter of
electromagnetic radiation of frequency at are on a common
straight line which passes through the spherical center of our

liquid. We assume that the transmitter is on the sphere of
this source at the coordinate r0 (rj), while the observer is at
a distance / from the source, at the coordinate r(r*). The
relative gravitational frequency shift for solutions (8), (9) is
then written in the following respective forms:

A*<o

to

where

fc.fr4)

i/a

(14a)

(14b)

- (ct/4/-*)

+ (o/4/*)

If we wish to use these expressions in the theoretical
prediction of a gravitational shift, we need to know the co-
ordinates (r0r$ and r, r*} at the positions of the measure-
ment apparatus. From the physically measurable quantities
/0 and / we can find the values of these coordinates if we work
from the integral relations

-J;
2cA •dr*

and

(15)

(16)

The coordinates r0 and rj at the source boundary have dif-
ferent numerical values, in contrast with the suggestion in
Refs. 3-6. We write the relationship between these coordi-
nates as follows:

(17)

This relation expresses the obvious requirement that the sur-
face area of the boundary sphere must be the same in the two
forms of the solution. In other words, the physical distance
from the center to the boundary sphere must be identical in
these solutions. The coordinates r and r*, which fix the posi-
tion of the observer, are related in a corresponding way. Tak-
ing these circumstances into account, we then find the equa-
tions

£00 W = g'm (0- = g'm ('•*). (18)

from which it follows that the relative gravitational shifts at
given spatial measurement points found from the different
solutions will nevertheless have a common definite value:

Aco = AV (19)

4. We thus reach the conclusion that a mathematically
rigorous analysis of the Schwarzschild problem leads, in
contradiction of the assertions of the authors of the relativis-
tic theory of gravitation, to the equivalence of solutions (8)
and (9) in terms of their predictions of the gravitational
frequency shift. This assertion can also be made for other
gravitational effects. The common coordinate principle in
the general theory of relativity expresses not only the trivial
point that it is possible to write the mathematical relations in
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covariant form, as can be done even in physics without gravi-
ty, but also the point that the solutions of Einstein's equa-
tions are themselves equivalent in each specific physical situ-
ation.

The choice of the arithmetization of the space here is
common for these solutions; nevertheless, the coordinates of
different solutions at any spatial point (except the center of
the source) will give different values. These values will differ
to exactly the extent required to eliminate any ambiguity in
the predictions of the general theory! Only at the center of
the source will the values of these coordinates be the same:
r = r* = 0.

I wish to thank V. S. Troitskii and S. A. Zhevakin for
useful comments which arose in the course of a discussion of
this paper.
1 'We are assuming everywhere that the velocity of light is c0 = 1.
2 'To satisfy the condition that our source be static, we choose the param-

eters \i, P, and /„ here from the range of values for ordinary celestial
bodies of the solar system, e.g., the earth.

"In Ref. 3, the choice of coefficients jV( r) =0,c(r) = r*2[l + (a/4r*)]4

corresponds to a solution of this type if we consider only the external
solution.
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