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The authors derive a solution for the density matrix of an electron moving in a spatially periodic
field. The solution corresponds to a mixed state of the system.

Consider the motion of a one-dimensional electron in a
periodic field described by the Hamiltonian

where U and k are arbitrary real constants.
The corresponding equation for the density matrix can
be written as follows:'

L p(x, &, 0 = @ -—H"p (5, ¥, D) )

where H ' is the same operator acting on x". It is easy to verify
by direct substitution that equation (1) has an exact, steady-
state solution:

p(x, x')=Cexp [——5—(;’1—)2 cos [—:— (x—x’)]

—al/ sin [—;— =+ x’)]} ; (2)

where C is a normalization constant and « is an arbitrary
constant.
Let the one-dimensional motion occur in a segment

x€[0,L ]. We impose the periodic boundary conditions
p(x+L, x')=p(x, x'), p(x, xX'+L)=p(x, x'). (3)

Substituting (2) into (3) one finds that the boundary
conditions are satisfied only if

k=4%v, v=123,... (4)
The normalization constant C is determined by the condi-
tion

L

S‘ p(x, x)dx=1

L]

whence

C =exp [% (ﬁ%)z] [f exp (— al sin kx) dx]—l

—~ m 2 \2
=Cen[ 2]
where

L ~1
é:[&exp(——aUsinkx)dle . (5)

For p(x, x') we find, ultimately,

p(x, x') =Cexp [—— 5— (ﬁik)z {cos [% (x— x’)] — 1}

—alUsin [% (e x’)H . (6)
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Let us now derive the Wigner function corresponding to so-
lution (6). We proceed from the general formula®

f(p,x)=3°‘p(x+—t2—, x—é)exp(—%);%h. N

0
Substituting (6) into (7) we obtain
f(p, ¥) = C exp (— aU sin kx)
<op| =2 ()] 2 G615
(8)

where I, (2) is the modified Bessel function of order n; §(z)
is the delta function; n = 0, 4 1, 4- 2,... . One can verify by
direct substitution that the normalization condition is satis-
fied:?

§ Hp, x)dp dx=1.

From expression (8) we can solve for the mean value of
the electron momentum

{py=0.
Analogously, we find using (8) that

N
\2m,/ 2’

The classical limit of f(p, x) can be easily obtained by
taking the #i— 0 limit of (8):

‘ — (-2 )" exp(—22 _aUsi kx) 9
I, x)_C(Qﬂm) exp( o sin . ¢))]
Note that if parameter & ~ ' is interpreted as a temperature T
(in energy units), then solution (9) transforms into the clas-
sical Gibbs distribution for a particle in a field U sin kx:

___c _H{p2
PP 2) = oy exP( T ) )

Recall that the C of this formula is given by equation (5).
We are deeply grateful to L. P. Pitaevskii for a discus-
sion of this paper.
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