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The current state of the theory and experimentation in the field of interaction of relativistic
electrons, positrons, and quanta of different energies with crystals in which the effect of
channeling of particles plays an important role is reviewed. For relatively low energies, main
attention is paid to effects of broadening of the spectral lines of emission in transitions between the
levels of the transverse energy of the charged particles in the averaged field of the rows or planes of
the crystal. The problem is studied on the basis of a theory that takes account of the deviation of
the true potential of the crystal from the averaged potential of the rows or planes. In the region of
medium energies ( 10 GeV) the main topic of the review is the stability of channeling, which
reduces to the existence of integrals of motion in the averaged potentials. This problem is
discussed in connection with the efficiency of conversion of the energy of the charged particles
into energy of directional emission. In the region of high energies ( 10 GeV), the review
analyzes the various approaches in the theory of emission and formation of electron-positron
pairs by photons in the field of the rows and planes of the crystal. A special place in the review is
taken by a discussion of the possibility of channeling of quanta and neutrons in superlattices.
Similarities and substantial differences are shown between this effect and the effect of channeling
of charged particles of relatively low energies in crystals.

INTRODUCTION

Interest in the problem of channeling of electrons and
positrons in crystals was given a boost in the mid-seventies in
connection with the effect of electromagnetic radiation by
particles during channeling, although even earlier a number
of interesting results had been obtained in this field (see, e.g.,
Sec. 5 in Ref. 2). The number of publications on this theme
in the scientific literature has hereafter steadily grown. This
has been facilitated both by the practical interest attached to
the use of the generated radiation and by the multifaceted
character of the problem from the theoretical standpoint.
We can provisionally distinguish three energy regions of
channeled particles in which the character of their interac-
tion with the crystal lattice and the character of the radiation
substantially differ. In the region of low energies ( < 100
MeV), quantum effects of the interaction of the particles
with the crystal lattice are essential. In the region of higher
energies ~ 1 GeV the character of the motion of the particles
gradually becomes classical. Finally, at high energies ^ 10
GeV, quantum effects in the radiation prove to be substan-
tial.

In the low-energy region, at the initial stage of develop-
ment of the theory, the mere possibility of observing radia-
tive transitions between the levels of the transverse motion
was discussed, and methods were developed mainly of calcu-
lating these levels in ideal crystals. In the region of medium
and high energies of the emission from channeled particles,
estimates were made primarily from the standpoint of apply-
ing it as a source of y-quanta. However, at the early stage of
the studies due attention was not paid to the effect of the
stability of channeling on the intensity of emission. A certain
stage in the development of theory and experiment in this
field was reflected in the reviews4'5'76 and monographs.6'82

However, subsequently a considerable number of experi-
ments was performed for varied crystals, including imper-
fect ones, at different particle energies. This has led to appre-
ciable progress in the understanding the subtler mechanisms
of interaction of particles with a crystal.

It turned out that the emission spectra of low-energy
particles are sensitive to characteristics of the crystal such as
the amplitude of thermal vibrations and the form factor of
the atoms, the density of defects, the isotopic composition,
and other very important properties of the crystals. These
experiments have stimulated further development of the
quantum theory of channeling that takes account of the devi-
ation of the true lattice potential from the potential averaged
over the crystal rows or planes, which is used, following
Lindhard, as the first approximation of channeling theory.
The energy of the particles employed in recent channeling
experiments has been extended into the region of superhigh
energies s; 150 GeV. At these energies a process was discov-
ered of formation of channeled and superbarrier electron-
positron pairs by a photon entering near row directions of
the crystal. For these conditions, in which quantum effects
in emission become dominant, the pertinent theory of emis-
sion and photon-pair formation in the field of the crystal
rows and planes has been developed. Recently also a theory
of the stability of channeled particles of medium and high
energies has been intensively developed. This has permitted
a more correct estimate of the possibility of emission in chan-
neling as a source of gamma quanta for nuclear physics and
elementary-particle physics. Finally, the problem of chan-
neling of neutral particles, such as x-ray photons and ther-
mal neutrons, has been studied quite recently.

A large number of interesting physical results obtained
recently make it pertinent to review the problems discussed
above. Indeed, we should note that some of the cited prob-
lems have been discussed quite recently in the review litera-
ture by other authors.140"142 Reference 140 briefly reviews
the current experimental literature on the spectroscopy of
the states of channeled particles of low energy, but without
the due theoretical analysis of the experimental results. Ref-
erence 142 discussed mainly the constant-field approxima-
tion in the theoretical analysis of possible polarization ef-
fects in emission and pair formation at high particle energies.
A more complete treatment of the problem of emission and
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pair formation has been conducted141 within the framework
of a quasiclassical operator method developed by the au-
thors.

However, problems such as the theory of stability of
channeling, the theory of broadening of spectral lines of
emission by low-energy particles, as well as channeling of
neutral particles, remained outside the scope of these re-
views. On the other hand, the rather detailed theoretical
analysis of the problem of emission and pair formation at
high energies conducted in Ref. 141 was based entirely on
the operator quasiclassical approach, and took no account of
the existing alternative approaches.

In this regard this review is devoted mainly to the prob-
lems that were not presented, or were insufficiently present-
ed in Refs. 140-142. In particular, in Sec. 1 of our review we
present a theory of broadening of spectral lines of the emis-
sion from channeled particles that enables an analysis of the
experimental results with account taken of the influence of
the thermal lattice vibrations, the correlation of the thermal
vibrations, the atomic form factors, and of crystal defects on
the emission spectra. Section 2 discusses the theory of the
stability of channeled particles of medium and high energies
and analyzes the prospects of the emission from channeled
particles as a source of y-quanta. Section 3 presents the re-
sults of an alternative approach to the problem of emission
and pair formation at high energies, based on the quantum
theory of transitions between states of the transverse motion.
The final Sec. 4 is devoted to a new phenomenon, the chan-
neling of neutral particles. (The system of units with
^ = m = c = l i s used).

1. X-RAY SPECTROSCOPY OF THE QUANTUM STATES OF
CHANNELED ELECTRONS IN CRYSTALS

1.1. Specifics of the channeling of electrons (££ 100 MeV)

As is known, the channeling of particles is the motion in
the potentials of the atoms of rows or planes of a crystal
averaged over the longitudinal coordinates (channels).'~6

The difference between channeling of negative ( e ~ ) and
positive (e + ) charged particles consists in the fact that the
atoms of a row (or plane) lie in the middle of the channel for
e ~ particles, rather than on its edges. Therefore the ordinary
mechanism responsible for the suppression of scattering and
stability of channeling of e + particles, which is associated
with the inattainability of the small distances to the vibrating
nuclei of the crystal, does not operate for e ~ particles in the
bottom of the well. Moreover, as the e ~ particles approach a
state of equilibrium, the perturbation does not decline as it
does for e +, but increases.

Nevertheless, even the first calculations of the experi-
ments on the passage7 and emission of electrons with ener-
gies £"550 MeV8'9 in light crystals revealed explicitly
marked signs of channeling: transverse energy levels in the
well of the averaged potential. The physical mechanism of
the stability of quantum channeling of electrons was eluci-
dated in Refs. 10 and 11 (see also Ref. 6). It consists in the
following. When there is a small number N~ 1 of levels in the
channel, the transverse de Broglie wavelength A. & of an elec-
tron proves to be substantially larger than the amplitude u
of the thermal vibrations of the atoms of the crystal. Thus it
is impossible to localize the electron near a row or plane
where it "senses" only an isolated atom. The blurring of the

channeled electron leads to suppression of scattering by a
factor of (u/A i, )2 as compared with the scattering by an
isolated atom, despite the fact that the electron intersects the
row or plane. Naturally, with increasing number of levels in
the channel, i.e., with decreasing A D, the stated mechanism
of stability disappears. This occurs with increasing energy of
the electron or with increasing change of the nuclei of the
crystal. For example, in crystals of gold and tungsten the
instability of channeling can increase to the absolute
amount.10-13

The development of experimental studies14'35 of the
discrete emission spectra associated with spontaneous radia-
tive transitions between levels in a channel,36 after the first
studies,8'9 has followed both the path of extending the ener-
gy range, orientation, and types of crystals, and of increasing
the accuracy of determining the positions and widths of the
observed x-ray emission lines. The problem of the theory
consists in elucidating the influence of the characteristics of
the crystal on the position, shape, and intensity of the emis-
sion lines.

1.2. Perturbation theory in channeling

The spectroscopic problem is attractive also because its
solution can be based, not on modeling concepts, but on rig-
orous perturbation theory10'11 in the deviation of the true
operator for the interaction of the channeled particles with
phonons and with the electronic subsystem of the crystal
from the operator having conserved transverse energy in the
channel. It is also important that the physical quantities that
can be naturally calculated in the various orders of this per-
turbation theory are directly associated with those observ-
able experimentally. Thus, in the zero-order approximation
one can determine the transverse energy levels (strictly
speaking, bands, since the channels are arranged periodical-
ly) and the corresponding wave functions37'38 as the eigen-
values and eigenfunctions of the operator having the trans-
verse energy conserved39 (for more details see Ref. 6). In the
following approximations one can determine the shifts and
widths of the levels due to inelastic scattering of the
channeled particles by the thermal vibrations of the
lattice10-'2'40^2 and by the electrons23'4M2 of the crystal.
Further, one can study the shape of the emission lines, as
well as the probability of transitions between the levels
(bands).lan'42 By using the latter one can study the kinetics
of population of the levels, i.e., the intensities of the individ-
ual emission lines.

A method convenient in practice of solving the problem
for the eigenfunctions and eigenvalues in the zero-order ap-
proximation is that of expanding these functions and poten-
tials of the channels in a series in the reciprocal-lattice vec-
tors.8 Here, instead of a second-order differential equation,
we must solve a system of m algebraic equations. The num-
ber of these must be large enough that the energy band struc-
ture goes over into a continuous spectrum with a quadratic
dependence of the transverse energy on the quasimomen-
tum. Figure 1 shows the averaged potential of some planes of
the silicon crystal, the energy levels in the channels, and the
square of the wave functions of an electron of 4-MeV energy
as calculated by this method.17 Figure 2 shows the band
structure of the entire spectrum of transverse energies hav-
ing different quasimomenta in the bands as a function of the
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FIG. I. The potential U' (x) =yU(x), where y is the
Lorentz factor, the energy levels of transverse motion
in a coordinate system where the longitudinal velocity
of the electron is zero, and the density of the distribu-
tion | ̂ n ( x ) 12 of electrons of energy 4 MeV in (111)
(a) and (110) channels (b) of silicon as a function of
the distance from the plane.17

-1,5 -1,0 -0,5 0 0,5 1,0 7,5 0 -1,5, -f,0 -0,5 0 0,5 1,0 1,50

angle of entry of the electron into the crystal. It turns out in
practice that 30 terms of the expansion suffice to attain the
accuracy needed for spectroscopic purposes in the planar
case, even at relatively high energies, 50 MeV.l2-22'24'43-46'50

In the row case the needed number of terms is large, ~900,
which creates considerable computational difficulties.

To simplify the calculations, one can use the method of
completely orthogonalized plane waves (the formalism of
the pseudopotential; see, e.g., Ref. 52), which consists in the
following as applied to the given problem.53 The deeplying
subbarrier states, whose band broadening is small, are calcu-
lated in the strong-coupling approximation. Here one can
restrict the treatment to a single well of the transverse mo-
tion upon replacing the Bloch boundary conditions with
conditions that the wave functions and their derivatives
should vanish at infinity. The near-barrier and superbarrier
states are calculated by using additionally introduced plane

600 •

-200\
0 0,02 0,04 0 0,02 0,04 0,02

FIG. 2. Band structure of the spectrum of energies of transverse motion
(in a system of longitudinal rest of an electron of 4- MeV energy) with
different quasimomenta in the bands" as a. function of the angle of entry
of the electron into the crystal with respect to the ( 100) ,( 1 10), and (111)
planes of silicon.

waves orthogonal to those found in the strong-coupling ap-
proximation. To avoid overfilling the basis of the number of
supplementarily introduced Bloch functions (otherwise the
finding of the widths is hindered or the accuracy is im-
paired), one subtracts a number of waves equal to the num-
ber of strong-coupled states. The details of applying the
pseudopotential formalism in problems of row channeling,
which enable one to decrease the rank of the matrices of the
secular equation by more than an order of magnitude, can be
found in Refs. 13,41, and 53. Figures 3 and 4 show, e.g., the
potential of a channel thus calculated, the square of the radi-
al wave functions of the bound states in the channel, and the
energy band structure of electrons of energies of 3.5 MeV, 4
MeV, and 5 MeV in different row channels of silicon.

FIG. 3. Unit cell and first Brillouin zone (a), the potential (b), and den-
sity of the radial distribution (in the direction of L) of electrons of 5-MeV
energy on the <100) row of silicon in different bound states."
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FIG. 4. Energy band structure in row channeling of electrons of 3.5-MeV
energy in the < 100) channel (a) and of 4 MeVin the < 111} channel (b) of
silicon.'3

The cellular method has been used in a number of stud-
ies143'144 to calculate the band structure of the energy levels
of the transverse energy of particles in planar channeling. In
this approach the problem is reduced to solving the Schro-
dinger equation with the relativjstic mass inside one cell of
the periodic potential of the planes having the boundary con-
ditions

that relate the wave functions and their derivatives at the
boundaries of the one-dimensional cell. On the basis of this
method, algorithms were developed143 that enable one to
find the spectrum of transverse energies £„ (x) as a function
of the transverse quasimomentum x of the particles, as well
as the wave functions and matrix elements of the radiative
transitions between the bands.

We should note that the listed approaches to the prob-
lem of the band structure of transverse energies are in es-
sence one-dimensional or two-dimensional (in the row case)
analogs of the known approximations used in the theory of
the electronic structure of solids.

1 .3. Dependence of the position of the emission lines on the
characteristics of the crystal

As was pointed out in Refs. 17 and 54, the position of
the emission lines is highly sensitive to the details of the dis-
tribution of the electron density in the crystal. Thus, in Ref.

17 the energy levels in the channels were calculated for dif-
ferent models of the electron-density distribution in the iso-
lated atom. The approximations of Moliere55 and of Doyle
and Turner56 for the atomic potential were used. The calcu-
lations showed (Table I) that the Doyle and Turner approx-
imation yields values closest to the experimental positions of
the emission lines, but it also does not lead to complete agree-
ment with experiment. Consequently the authors of Ref. 17
concluded that the atomic form factors are satisfactorily ap-
proximated in Ref. 56 only for relatively small transferred
momenta q 5 2 A ~ ' , and obtained an improved approxima-
tion for q 5 6 A ~1. The improved approximation of the form
factors led to 2% agreement in the positions of the lines with
experiment for the (100) and (110) planes and the (100)
row of the diamond crystal for various electron energies
(Fig. 5 and Table II). The authors of Ref. 48 were able to
improve the accuracy of the calculations to 1%. At the same
time, for the case of the doubled (110} rows and (111)
planes of the diamondlike lattice, the asymmetric distribu-
tion of electron density around an atom of the crystal owing
to the covalent bonds of the atoms becomes essential. The
position of the levels proves to be sensitive to this effect.
Actually the studies that have been performed in these cases
have shown very significant deviations of the experimental
data frdm the theory that uses the form factors of the isolated
atom (Fig. 6). Attention was turned in Ref. 2 5 to the need to
take account of the deviation of the electron distribution in
the crystal from a spherically symmetric distribution. A
treatment taking account of this difference while using the
experimental data on x-ray diffraction by the (111) plane
brought the theoretical and experimental values of the posi-
tions of the lines closer. However, appreciable discrepancies
(5%) yet remained, which exceed the error of experiment
and theory (see Fig. 6). Thus the x-ray diffraction data did
not allow reaching full agreement of theory and experiment.
More accurate data on the asymmetry of the electron distri-
bution might be obtained upon more accurate measurement
of the intensity of the high-order reflections (third-order,
etc.) in x-ray diffraction. However, this study has not yet
been carried out. At the same time, the spectroscopy of the x-
ray emission in channeling is already at the attained level of
accuracy in a position to fix the disagreement of experiment
and the existing views on the details of the electron distribu-
tion in the crystal (see Fig. 6). As a result of such compari-
sons the authors of Ref. 33 started with the agreement of the
theoretical and experimental data on the position of the
emission lines, and concluded that one must introduce cor-

TABLE I. Position of the emission lines <a,f in planar channeling ((110) direction) of electrons
in silicon.17

E, MeV

56

28

Transition i-f

1—0
2—1
3—2
4—3

1—0
2—1

Experiment:
<u|7", keV

128
94
68
52

40
25

Theory: tu™x, keV

Moliere
approximation

139
101

75
58

45
28

Doyle-Turner
approximation

134
96
69
53

43
27
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TABLE II. Position of the emission lines <u<f in channeling of electrons in diamond.'

Indices of
plane (or
row)

(110)

<100>

E,UeV

54,5

16,9

Transition i-f

1—0
2—1
3—2
4—3
4—1

Experiment:
61,, ,

161,0+0,5
103,8±0,4
78,0+0,3
60,3+.!, 5

240,2+_1,5

101,5+1,0
58,3+0,5
35,0+0,5

Theory:
<y,7al', keV

163,7
105,7
79,6
59,7

245,0

100,0
57,9
33,9

rections to the potential of the (111) plane that take account
of the deviation of the electron distribution from spherically
symmetric.

The temperature of the crystal, and hence also the am-
plitude of the thermal vibrations of the atoms, as was first
noted in Ref. 12, also exert an appreciable influence on the
position of the emission lines in channeling, especially those
involving radiative transitions to the deepest levels. Figure 7
shows the influence of the temperature of the crystal on the
form of the potential of the channel, the position of the levels
in the channel, and the observed emission spectra of elec-
trons of 54.4-MeV energy.35 With the given distribution of
the electron density in the crystal, the position of the hardest
emission lines, which involve transitions to the deep levels,
prove to be highly sensitive to the amplitude of the thermal

vibrations, and hence to the Debye temperature. Thus, the
authors of Refs. 34 and 35, while studying the emission spec-
tra of electrons in crystals of Cd, Si, Ge, and GaAs (Table
III), concluded that the Debye temperature in silicon, ob-
tained from experiments on channeling, proves to be appre-
ciably lower than the generally accepted value (540 K), in
contrast to the situation for diamond and gallium arsenide.
Figure 8 shows the measured and the calculated positions of
the emission lines for plane and row channeling for two dif-
ferent Debye temperatures <9D ,

34'35 We see that 0D = 493 K
best describes the experimental situation. However, we
should note that, strictly speaking, an entire class exists of
distribution functions of the electron density of the crystal
and intervals of the corresponding Debye temperatures for
which one can attain in principle an agreement of the theo-

<100>

FIG. 5. Spectra of the emission intensity of (111) planar
(left) and (100) row (right) channels in diamond for
different electron energies (in MeV): 16.9 (a), 30.5 (b),
and 54.5 (c).33 Solid lines-calculated values of the
centers of emission lines (see Table II).

50 100 150 200 250 ° 50 100 150 20O
a, keV <y, keV

1025 Sov. Phys. Usp. 33 (12), December 1990 V. A. Bazylev and N. K. Zhevago 1025



0

-10

-20

-30
lf,e\/

, keV

-0,5 0,5 „ V.

FIG. 6. Potential of the (111) channel of diamond and energy levels of
transverse motion in the channel for 30.5-MeV electrons. Dashed line-
potential obtained from the Doyle-Turner approximation of the potential
of an isolated atom; thin solid line-potential obtained from experiments
on x-ray diffraction; thick solid line-potential obtained from the condi-
tion of coincidence of the experimental and theoretical values of the posi-
tions of the emission lines33 (^-distance from the plane).

retical and experimental data. Therefore, to obtain an accu-
rate value of 00, one must fix the electron-density distribu-
tion as accurately as possible. Such a study has been
performed in Refs. 47 and 48. To approximate the electron-
density distribution found in Ref. 17, they obtained
6D =514K(forr=110K),and0D=504K(forr=298
K). For a more exact approximation,48 the values obtained
were 0D = 503 K (for T= 110 K), and 0D = 494 K (for
r=298K).

The results of precision measurements of the positions
of the emission lines in channeling of electrons in crystals of
LiF, LiH, and LiD proved to be interesting.

Thus, the authors of Refs. 29 and 31 concluded that the
amplitude of the thermal vibrations of the fluorine atoms in
the LiF crystal is decreased by a factor of almost two, while
the amplitude of the thermal vibrations in the LiH crystal is
larger than in LiD, in contradiction to the previously known
result.57 Actually this conclusion follows directly from com-

-10

-20

-J 1 L.
0,5 X,A

relative units
800

BOO -
b

400

zoo
V

so 100 150
v, keV

FIG. 7. a-Potential of the (110) planar channel of silicon and positions of
the transverse energy levels in the channel for 54.5-MeV electrons for two
different temperatures: 80 K (solid lines), and 293 K (dashed lines), b-
Emission spectra of 54.5-MeV electrons in the (110) channel of silicon at
80 K (solid dots) and 293 K (light circles).35

-200 200 t,C

FIG. 8. Measured (symbols )24'34'35 and calculated (curves)34'35 positions
of emission lines in the 3p-» Is and 2p— Is transitions of electrons of 3.5-
MeV energy in the (111) row channel and of the 1—0 transition in the
(100) planar channel of silicon at an energy of 54.5 MeV of electrons as
functions of the temperature of the crystal. The solid lines correspond to a
Debye temperature of 495 K, the dashed lines to 543 K.

paring the emission spectra (Fig. 9), since, with identical
lattices, the increase in the amplitude of thermal vibrations is
accompanied by a shift in the emission line toward lower
frequencies (which is the more appreciable for harder emis-
sion lines), while their intensity declines.

Studies of the influence of crystal imperfections on the
position of emission lines in channeling have certain pros-
pects owing to two circumstances: one can study the rela-
tively deep layers of a crystal (~ 1 ̂ m); the discrete struc-
ture of the emission spectrum is manifested even with a large
amount of damage and dislocations;31 the position, shape,
and intensity of the emission lines are highly sensitive to the
existing crystal imperfections. Figure 10 shows the results of
an experiment31 to measure the emission spectrum of elec-
trons in channeling in a perfect crystal (dots) and in an im-
perfect crystal with a given density of dislocations (circles).
As the experiment implies, a fully regular influence exists on
the emission spectra: a shift into the soft region, broadening,
and intensity decrease of the emission lines-laws that beg for
theoretical description. The now evolving theory of the in-
fluence of crystal imperfections on the emission spectra ex-
plains these laws" and makes it possible to extract informa-
tion on certain characteristics of the crystal imperfections
(e.g., dislocations in type-B diamond).

f(ta), relative units

2000

1000

,'t A
A A\ Al «

40 80
y, keV

FIG. 9. Emission spectra of electrons of energy 54.5 MeV in the (100)
planar channel of LiH and LiD crystals.
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TABLE III. Position of emission lines associated with the 1 -
the given Debye temperature 0D.34

• 0 transition in different crystals for

Crystal

Cd
Si
Ge
GaAs

54,4
54,4
16,9
16,9

# D , K

2000
543
290
260

cCo> keV: plane (110)

Theory

163,7
128,5
26,9
26,6

Experiment

161+0,5
122,2+1,0
27,6+0,5
26,6+0,4

As is known, an overwhelming fraction of natural dia-
mond single crystals have a high (up to 10%) concentration
of a nitrogen impurity whose presence in the lattice leads to
the formation of disks. Dislocations of this type, as studied
by x-ray diffraction and electron microscopy, lie chaotically
and have dimensions from 40 to 1000 A. Two models are
known of the incorporation of disks into the diamond lat-
tice.44'51 According to one of them, the dislocation consti-
tutes a double disk made of nitrogen atoms; according to the
other-a single disk of carbon atoms. However, the existing
experimental methods do not yield exhaustive information
on these dislocations. At the same time, the first, albeit insuf-
ficient (for details see Sec. 1.4), data from measurements of
the positions of emission lines in imperfect crystals31 lead to
some quite definite conclusions. Thus, it was shown51 that
the concept of dislocations as consisting of a single disk of
carbon atoms is closer to the real situation in experiment; the
diameter of the disks is ^200 A, while the density of disks is
s3x 1010 cm'2. The distance between the disks was as-
sumed to be known (As;500 A31). The conclusions on the
structure of the dislocations were made from the condition
of coincidence of the theoretical and experimental values of
the positions of emission lines for two electron energies in
planar channeling. For the case of rows (there are no experi-
mental data), which can yield additional information (see
Sec. 1.4), the calculations are given in Table IV.

It is of definite interest to study the influence of point
isomorphous defects (substitution) on the position and
width of emission lines in channeling. The corresponding
theory has been developed in Ref. 44. Table V shows the
results of such calculations for Si without dopants
(9<0.1%), with a 1% and 5% boron doping (p-type sili-
con), and with 1% and 5% arsenic doping (n-type silicon).
As the Table implies, point isomorphous defects shift the

emission lines by an amount sufficient for experimental de-
tection at a defect concentration

1.4. Influence of the characteristics of the crystal on the
width and intensity of the emission lines in channeling

The width T; of a level is composed of the band width
r^1 and the widths due to inelastic scattering by the
phonons, rl"\ and electrons, T'6', of the crystal. For planar
channeling there also exists a specific inhomogeneous broad-
ening, r^00 involving the Doppler effect in the scattering of
the particles in the plane of channeling,1' since different par-
ticles emit photons of different frequencies in a given direc-
tion. Naturally, for spectroscopic studies of the homoge-
neous broadening of the shape of an emission line that
depends on the details of the electron-density distribution
(p(0( r(b)) and of the thermal vibrations (F(n>), the stated
inhomogeneous broadening is a "blurring" effect.

In Ref. 46 all of the processes cited above of line broad-
ening of emission lines of channeled electrons in diamond
were calculated. Table VI gives the results of the calcula-
tions together with the experimental values.21 As the Table
implies, a considerable contribution to the width of the emis-
sion lines comes from the Doppler broadening due to scatter-
ing of the particles in the plane of the channel (up to 50% of
the total width and often considerably exceeding the broad-
ening due to thermal vibrations).

The band broadening, as implied by Table VI, is sub-
stantial for the high-lying levels; in a number of cases, e.g., in
the (100) plane, it can become decisive. The calculations
performed in Ref. 46 show also that the calculated and ex-
perimental data agree only upon taking account of the quan-
tum effect pointed out above of scattering suppression10'11

due to the periodic arrangement of the atoms.

relative units

2 -

0 ~~ SO 100 150 200
a cy, keV

FIG. 10. Measured emission spectra of electrons of energy
54.5 MeV (a) and 30.5 MeV (b) in the (100) planar chan-
nel of diamond of different degrees of perfection.3'

20 40 60 80 100
, w, keV
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TABLE IV. Position e,, shift A^, width F, in a perfect crystal, and dislocation width Ff of levels
in the (100) row channel for electrons of different energies E for two models of dislocations.44'51

E, MeV

5

16,9

30,5

Level

Is
2p

Is
2p
2s
3s
3p

Is
2p
2s
3s
3p

£ i ( r , ) , eV

-41,4(0,41)
-17,0(0,25)

—57,8(0,47)
—34,6(0,38)
-24,0(0,24)
—19,5(0,23)
-16,3(0,27)

—64,9(0,45)
—44,4(0,47)
—32,1(0,28)
—28,6(0,32)
—23,7(0,25)

Af : ( r f ) , eV

Model 1

—1,23(0,24)
—0,47(0,06)

—1,63(0,36)
—1,10(0,16)
—0,69(0,10)
—0,60(0,069)
—0,41(0,066)

—1,78(0,41)
—1,37(0,27)
—0,96(0,16)
—0,93(0,14)
—0,67(0.10)

Model 2

—1,30(0,24)
—0,56(0,064)

—1,70(0,37)
—1,17(0,19)
—0,77(0,11)
—0,68(0,074)
—0,50(0,068)

—1,84(0,42)
—1,44(0,27}
—1,05(0,17)
—1,01(0,14)
—0,77(0,11)

TABLE V. Position of emission lines of channeled electrons in silicon doped with boron (p) and
arsenic (n)44 (q is the concentration of the dopant).

Miller
indices

<100>
(HO)

£, MeV

3,5
54

Transition

2p^ls
1^0

col°' keV,
9<0.1%

3,25
125,2

<u<!" keV,
1%

3,27
125,7

al,<" keV,
5%

3,36
127,7

colt"> keV,
1%

3,21
124,2

col,"' keV,
5%

3,06
120,4

TABLE VI. Measured21 and calculated46 line widths F of the emission in planar channeling of
electrons of energy 54 MeV in diamond.

Miller
indices

(110)

(100)

Transition i-f

1-^0
2^1
3->2
4-^3

1-»0
2->t

p(n) + r<e,

keV

4,3
3,8
3,4
3,0

3,1
2,2

r"» keV

.
—
0,4
4,6

0,9
12,5

r<g> key '

5,1
3,3
2,5
1,8

4,1
3,7

r.^o, keV

9,4
7,1
6,3
9,4

8,1
18,4

F«p keV

12,1
8,7
7,6
8,8

8,0
24,0

T ABLE VII. Partial widths F of levels in <100) and <111) row channels of silicon for electrons
of energies 3.5 and 4 MeV.'3

States

Is
2p
2s
3d

Si, £=3.5 MeV; (100)

rW, eV

300
79
30
10

rCO, eV

25
19
16

6

r<bl , ev

<1<1
320
350

Si, £=3.5 MeV; <111>

rW, eV

478
170
70
20

T(e\ eV

35
31
30
8

F(b),eV

<1
<1<1
235
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r/2?2, eV

FIG. 11. Broadening of levels in a row channel of Si of electrons of ener-
gies 50 MeV (a) and 15 MeV (b).13

Row channeling offers certain prospects from the
standpoint of obtaining information on the crystal by using
the widths of the emission lines. The advantage over the
planar case consists in absence of a Doppler broadening that
blurs the effect, while the band broadening is substantially
smaller than in the planar case. Consequently, scattering by
phonons predominates for the deep levels, and that by elec-
trons for the outer levels. Table VII and Fig. 11 show illus-
trative data.13

The influence of crystal imperfections on the widths of
the emission lines has been treated in Refs. 44 and 51 within
the framework of the above-mentioned perturbation theory
in the deviation of the interaction operator of a channeled
electron with the real crystal from the operator with con-
served transverse energy in an ideal crystal. The results of
these studies imply that the absolute values of the dislocation
widths amount to 20-50% of the values of the widths in a
perfect crystal for the real dislocations of natural diamond,
while various models of the dislocations give rise to a small
difference in the values of the dislocation widths (see Table
VI). We note that, by using the experimental values of the
widths and positions of the emission lines in several row ori-
entations and values of the electron energy, one can obtain
data on the density, dimensions, and structure of the disloca-
tions without fixing their parameters.

As regards point isomorphous defects, the widths of the
levels in Si are very sensitive to doping with atoms having a
large atomic number. This can be seen from Table VIII for Si
doped with boron and arsenic. This situation can prove es-

FIG. 12. Dependence of the width of the 2p->ls emission line on the
correlation coefficient of the thermal displacements of the silicon atoms
for electrons in the (100) channel with energies of 3.5 MeV (curves /), 7.5
MeV (curves //), and 11.5 MeV (curves ///) for different crystal tem-
peratures: 100K (7),300K (2), 500 K (3).

sential in obtaining information on semiconductor materials
of high conductivity.

As is known, no methods exist for direct measurement
of the correlation coefficients of the thermal displacements
of the atoms of a crystal lattice. In particular, one of the
methods currently most popular, EXAFS, allows one to
measure the difference in magnitudes of the mean squares of
the relative displacements of the atoms at different tempera-
tures, and with an accuracy of ~ 10%.59'60 At the same time,
as was shown in Ref. 41 (see also Ref. 12), one can obtain
more accurate, and in a number of cases even direct, infor-
mation on the magnitudes of the correlation coefficients by
studying the widths of hard emission lines in row channel-
ing. Figure 12 shows, e.g., the calculated dependence of the
widths with different energies in a row channel of silicon on
the magnitude of the correlation coefficient a at different
temperatures The contribution from inelastic scattering by
electrons to the width of the emission lines amounts in this
case to 2%. As we see from the graph, we have
F =; T0 (1+ a). For the known values of a (see Refs. 61-63)
the correction to the width from correlations in the thermal
displacements reaches 20-30%. Table IX shows the mea-
sured24 widths of the emission lines in the 2p -»Is transitions
of electrons of energy 3.5 MeV in Si ((111) direction) at
temperatures of 110, 300, and 500 K and the values calculat-
ed in Ref. 41 of the widths without taking account of correla-
tions, and with taking account of them in the Debye model
with a from Ref. 63. As the Table implies, taking account of
correlations according to the Debye model yields an in-
creased value of the width. One can determine the correla-
tion coefficients between the different neighbors from the
condition that the theoretical widths should agree with the
experimental values.41 We should bear in mind that, in si-
tuations in which the correlations between different pairs of

TABLE VIII. Width of the lowest transverse-energy level of channeled electrons in pure
(q<Q.\%) silicon and silicon doped with boron (p) and arsenic (n) (^-energy of the electrons,
^-concentration of dopants.

Miller
indices

<100>
(110)

E, MeV

3,5
54

r,ev
9<0.1%

1,79
0,311

r, ev
1%

1,77
0,300

T, eV
5%

1,88
0,289

r,ev
1%

1,89
0,325

T,eV
5%

2,29
0,382
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TABLE IX. Width of the ( 2 p — I s ) emission line in (111) row channel of silicon calculated41

without taking account of correlations (T , ) , with account taken of correlations by the Debye
model (F2) , and by the model of Ref. 63 (T3) at different temperatures (rexp-experimental
value of the line width.24

T, K

110
300
500

reM,,eV

530
650
670

r,,ev

400
465
485

r2,ev

640
790
800

T3, eV

480
610
625

atoms in the row are substantial, one cannot directly deter-
mine the corresponding correlation coefficient by compar-
ing theory and experiment. In such cases one must base the
treatment on some concrete model of the correlations.

The intensity of the emission lines depends on the popu-
lations C, of the quantum states in the channel. In turn, the
populations depend on the thickness of the crystal, the angle
of emergence, and the rate of dechanneling (the probabilities
of transition between states and the widths of the levels). For
example, by varying the angle of entry, one can enhance, or
vice versa, suppress individual emission lines. To illustrate
this situation, Fig. 13 shows the dependences of the emission
spectra in the (111) row channel of silicon on the angle of
entry with respect to the row. The capabilities of x-ray spec-
troscopy will appreciably increase if we learn, when compar-
ing theory with experiment, to work with several more pa-
rameters: the absolute intensities of the different emission
lines. To do this in the theory we must solve the balance
equation, and in setting up the experiment we must have well

FIG. 13. Measured emission spectra (broken lines)" of 4-MeV electrons
in the (111) row channel of silicon 0.5-ftm thick for two different entry
angles: 6 = 0°-upper diagram, 6 = 0.06°-lower diagram; dashed curve-
spectrum in a disoriented crystal with account taken of absorption of
photons; solid curves-theoretical interpretation of the contribution of in-
dividual transitions.

calibrated detectors with high resolution. This problem has
already been solved in Refs. 21, 23, and 46. The degree of
agreement of theory and experiment, which was not bad for
the initial stage of studies, is a stimulus for further spectro-
scopic studies.

The ratio Aif/r (Aif is the spacing between the levels)
decreases10'11 with increasing energy of the electron (Fig.
12). Crossing of the levels implies, on the one hand, that the
possibility of applying x-ray spectroscopy vanishes (see also
Fig. 5). On the other hand, it implies that the widths of the
levels cease to be an adequate characteristic of the process.
However, since the number of levels here proves to be even
larger, the classical description holds.

2. SCATTERING, DECHANNELING, AND ENERGY LOSSES OF
ELECTRONS IN CRYSTALS AT HIGH ENERGIES

2.1. Scattering of electrons in oriented crystals

If the number of discrete levels in the well of the aver-
aged potential U(rl) of depth U0 and width a is large
enough (a(EU0)

l/2^l, see Ref. 6), then the condition of
classical motion of an electron having a total energy E is
satisfied. We shall characterize the scattering by the mean
square of the angle of deflection (02) of the particle from its
initial direction. In studying the scattering of an electron in a
crystal, it is convenient to distinguish three different mecha-
nisms: coherent scattering by the averaged potential of the
rows and planes; scattering accompanied by exchange
between the electron and the crystal (as a whole) of a mo-
mentum that is a multiple of the reciprocal-lattice momen-
tum; and finally, incoherent scattering by the thermal vibra-
tions of the atoms of the crystal lattice. The cited
mechanisms contribute additively to the mean square of the
angle of deflection (0 %) of the electron from the initial di-
rection.

In scattering by the averaged potential U(ri), a chan-
neled electron is deflected over the path length zxd/0L by
an angle of the order of the Lindhard angle dLzz(2U0/E)l/2

(in the row case the angle of deflection is several times
smaller than dL owing to the funnel-shaped form of the po-
tential of a row channel). Here d is the distance between the
atoms. With increasing angle of entry 00 with respect to the
row or plane, the angle of deflection decreases. Thus, for the
case of a plane we have (62

A) = (A(7/.Z?00)
2, where

AC/ = U( r° )-£/(/•/), Here r° and r/ are the coordinates of
the point of entry (and emergence), which are random
quantities, as we can easily convince ourselves upon using
the condition of in variance of the transverse velocity in pass-
ing through the boundary of the crystal. In the row case a
rotation of the velocity vector of the crystal about the row by
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the angle q> also occurs under the action of the averaged
potential, where we have (62

A) = 0% (cp2). In thin crystals
(z<</ 2/a90), when the particle can be scattered only by one
chain, the phenomenon of rainbow scattering can occur,64'65

which is analogous to the phenomenon of rainbow scattering
of waves and particles by water drops, atoms, and atomic
nuclei. The effect involves the coherent addition of scatter-
ing amplitudes at the same angle for different angular mo-
menta of the particle with respect to the crystal row. At rela-
tively great thicknesses z > d 2/a60, multiple scattering by
the chains will occur, for which the deviation from the initial
direction will accumulate owing to the mean-square angle
(<p2) of scattering by the different chains of the crystal.66'67

This angle can be calculated analytically by using the Born
theory of scattering by a two-dimensional Lindhard poten-
tial.4 Consequently, the following formula was obtained in
Refs. 4 and 66 for the mean-square angle of deviation:

(2.1)

Here Z is the nuclear charge of the atoms of the crystal, d is
the distance between the atoms in a chain, a is the Thomas-
Fermi screening radius, and e is the charge of an electron.
This angle, just like the "single"-scattering angle by a plane
or chain, at small entry angles 00 < 1 can substantially ex-
ceed the multiple-scattering angle in an amorphous materi-
al. The factor by which it exceeds, which is equal in order of
magnitude to a/d&0, coincides with the coherence factor,
which increases the scattering and emission cross section in
the crystal as calculated per isolated atom.4 At great enough
thicknesses of the crystal z Z d 201 /ad4, for which the azi-
muthal angle (cp 2) approaches unity in order of magnitude,
the mean-square angle of deviation (9 \) approaches satura-
tion (characteristic annular distributions are formed (see,
e.g., Ref. 68), as observed in experiments with well collimat-
ed beams of protons and ir-mesons69).

Practically always, one need not take account of the
coherent scattering involving the periodic discreteness of the
row or plane, in line with the low probability of transfer of
such a large longitudinal momentum as the reciprocal-
lattice momentum. The mechanism being discussed is im-
portant only in the regime of transition from planar channel-
ing to row channeling (then the transferred momentum ap-
proaches zero), since precisely this mechanism makes
necessary the replacement of the zero-order approximation
(replacement of the planar continuous potential by the sum
of the row potentials).6

For sufficiently large thicknesses z$>d/0L (for 0
«9L ) and z$>d203

0/a01 (for 00 > 0L), for which the co-
herent scattering reaches saturation, we must take account
of the incoherent scattering involving the thermal vibrations
of the atoms of the crystal.70'145

Since at high electron energies the incoherent scattering
is from a single isolated atom (see below), the deviation of
the mean-square angle of scattering by the thermal vibra-
tions of the atoms in the crystal from the analogous quantity
in an amorphous target (or a disoriented crystal) involves
only the effect of redistribution of the electron flux over the
cross section of the channel.

When 00>0L, one can derive an analytic formula for
the redistribution of the electron flux, and hence, for the

ratio of the mean square of the angle of scattering (<92)T by
the thermal vibrations of the atoms in the planar channel to
the mean square of the scattering angle in an amorphous
target <02)a by starting with a concrete model of the aver-
aged potential of the planar channel. For example, for the
model of an "inverted parabola," the stated ratio is:70

(2.2)
36?

As is implied by (2.2), the scattering of superbarrier parti-
cles in the crystal by the thermal vibrations of the atoms is
barely weaker than the scattering in a disoriented crystal.
The effect becomes more appreciable as the entry angle 00

approaches the critical channeling angle 9L, which involves
the "hovering" of the electrons lying immediately near the
barrier in the region of reduced nuclear density. The maxi-
mal deviation from (#2)a is of the order of 10%.

When 00 <0L, the effect of flux redistribution has no
rigorous analytic expression, even for concrete models of the
potential of the channel; however, for qualitative description
of the effect one can use the approximate formula:70

< 6 > > T= 1 | aU° (i L
<62>a £max (z) I &X

(2.3)

Here U0 is the total depth of the well for the planar channel,
a is a parameter of the order of unity, £max (z)
= E(02)a(z)/2, Es^21 MeV, L is the radiation length,

and

(2.4)

As Eq. (2.3) implies, if all the particles lie in the channel
(emax (z) < f o) , then the scattering by the thermal vibrations
at small entry angles of the electron into the crystal
(9Q 4: #L) is several times more intense than the scattering in
a disoriented crystal. This is quite natural, since the chan-
neled electrons on the average move in a region of elevated
nuclear density in the crystal. For large thicknesses the
quantity (#2}T approaches the analogous quantity (62)a in
an equivalent amorphous target from the low side, owing to
the contribution of the superbarrier particles, while differing
from <<9 2 > a byno more than 10-20%70 (see also Eq. (2.2)).

We note that direct measurement of the angle of multi-
ple scattering by the thermal vibrations (9 2}Y2 in channel-
ing is possible only in a thick enough crystal, since the angles
of multiple scattering by the averaged potentials of the
planes and rows prove to be substantially smaller than
(62}\/2 owing to the saturation effect. However, as was
shown in Refs. 70 and 145, these angles in a thin crystal can
be measured indirectly by using the intensity of the hard
component of the incoherent emission spectrum. The stated
component of the spectrum arises from the bremsstrahlung
of the electron by the vibrating nuclei of the crystal, while
the intensity of this emission in the absence of collimation of
the photon beam is proportional to {# 2)T.

Thus the overall pattern of the evolution of the scatter-
ing with the thickness of the crystal must take account of all
the examined mechanisms. For example, in the case of row
orientation, even with zero entry angle of the electrons with
respect to the axis of the crystal, an accurate calculation
must take into account at first the scattering by the contin-
uous potential in the channel, and then the multiple scatter-
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FIG. 14. a-Mean square of the angle of scattering of 10-GeV
electrons in silicon at an entry angle of the electrons of 00 =

 30

/irad with respect to the ( I I I ) row as a function of the thickness
of the crystal. The dotted curve corresponds to an amorphous
target. b-Orientational dependence of the scattering angle of 10-
GeV electrons in a silicon crystal ((111) row) 40-/zm thick.
Solid dots-experiment,68 open circles with solid envelope-cal-
culation by the computer-simulation method,58 dashed line-
calculation for an amorphous target.

ing by the chains of the superbarrier electrons that have aris-
en as a result of incoherent scattering by the thermal
vibrations. Here the incoherent scattering starts out first as
the mechanism of "feeding" of the superbarrier states, and
only then (in thick crystals) as the fundamental mechanism
of angular broadening of the beam.

Figure 14a shows the total mean square of the scatter-
ing angle of electrons of energy 10 GeV in a silicon crystal
calculated by computer simulation58 for an entry angle of
the electrons 6?0 = 30 microradians with respect to the (111)
row (0L = 140 microradians) as a function of the thickness
of the crystal. As the diagram implies, the mean square of the
scattering angle in an amorphous target (dotted line) is sub-
stantially smaller than the analogous quantity in a crystal.
Figure 14b shows the theoretical and experimental orienta-
tional dependence of the scattering angle of
10-GeV electrons at different entry angles with respect to
(111) into a silicon crystal 40-/zm thick.68 The diagram
shows rather good agreement of theory and experiment.

We should note that an increase in the scattering angles
in crystals in row orientation as compared with an amor-
phous medium has been observed at energies £51 GeV as
early as in the 70s at Khar'kov.86 Later more detailed studies
of this problem were performed there.87

2.2. Dechanneling. Limits of applicability of the adiabatic
approximation

In contrast to the coherent scattering by the averaged
potential of the rows and planes of the crystal, the incoherent
scattering by the thermal vibrations of the atoms, which was
discussed in Sec. 2.1, does not conserve the energy e of
transverse motion. Here, for negatively charged particles in
the bottom of the well of the averaged potential, the physical
mechanisms for suppression of scattering that are responsi-

ble for justifying the distinction between the superbarrier
and channeled fractions and the stability of channeling dis-
appear. Moreover, it turned out that the mean square of the
angle of scattering of channeled electrons by the thermal
lattice vibrations appreciably exceeds the mean square of the
angle of scattering of the superbarrier electrons (see Eq.
(2.3) for a thickness ze of the order of the period of oscilla-
tions in the channel d/0^ and (2.2)). Consequently, for
electrons with energy J?^ 100 MeV, one must study the pos-
sible existence of regions of absolute instability of channel-
ing. The most rigorous and consistent solution of this prob-
lem must be based on analyzing the kinetic coefficients
obtained within the framework of perturbation theory from
the deviation of the true interaction operator of the chan-
neled electron with the phonons and electrons of the crystal
from the averaged operator.71 These coefficients Dk have
the form:6'71

(k =1,2). (2.5)

Here the W^ are the probabilities of transition between dif-
ferent states in the channel, while lim^ „ denotes going over
to classical wave packets consisting of a rather large number
of close-lying quantum states. The coefficients Dl and D2

respectively denote the mean increment 8e and the mean-
square fluctuation ( Se2)1/2 of the transverse energy £ in the
period of motion of the particle in the channel. The coeffi-
cients obtained thus, for which we can find expressions in
Refs. 6 and 71, contain as limiting cases both the case of the
unattainability of small distances to the nuclei (dechannel-
ing by the fluctuations of the continuous potential), and the
converse case of close collisions, in which scattering by an
isolated atom occurs. At the same time they describe the
intermediate region, as is specifically characteristic of row
channeling of electrons.

FIG. 15. a-Dependence of the mean increment Se
(dashed lines) and the mean-square fluctuation
( Se2 )1/2 (solid lines) of the transverse energy on e
for different values of the angular momentum of the
electrons with respect to the (111) row of silicon. 1
corresponds to zero angular momentum, 2 to an angu-
lar momentum equal to half the maximum possible
(for the given e), 3 to the maximum possible angular
momentum. L = 5M, U0 = 100 eV is the depth of the
well. Energy of the electrons is 1 GeV. b-Region of
bound motion in the space of the transverse energy e
and the angular momentum / for the case of row chan-
neling of electrons of 1-GeV energy about the (HI)
row of silicon. The open circles show the parameters
(e, /) for several electrons an the entrance to the crys-
tal; the crosses demonstrate the variation ("drift" and
"spread") of the initial parameters during one revolu-
tion about the row.
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Figure 15a, which shows the values of Se and ( 8e2)1/2

calculated in Ref. 71 for the {111) axis channel in Si at an
electron energy of 1 GeV, illustrates the fact that the fluctu-
ation of the transverse energy

IT = St {f}»» (2.7)

is larger than (or of the order of) unity when E S 1 GeV. For
the sake of graphic description, Fig. 15b shows arbitrarily
the evolution of the "probability cloud" in the space of the
energy e and the angular momentum / (the region associat-
ed with the row of motion is bounded by the heavy lines). We
see that, in the time of one revolution around the row, any
point inside the region can spread by an amount comparable
with the distance to the boundaries of the region. The fact
that the adiabaticity parameter Se/e can become compara-
ble with or greater than unity throughout the depth of the
well implies not only the failure of the transverse energy e as
an integral of motion, but also the impossibility in the strict
sense of distinguishing between channeled and superbarrier
particles. For states of high angular momentum (/>#) in a
row channel, which initially are practically not scattered by
the nuclei owing to their remoteness from them, this occurs
via inelastic scattering by the electrons of the crystal. In a
time of the order of the time of revolution around the row, an
electron of energy E 5 1 GeV either immediately goes over
into the superbarrier region, since the binding energy of the
high-angular-momentum states is small owing to the centri-
fugal term, or it goes into highly extended orbits with a rath-
er small (for strong scattering by the nuclei of the row) mini-
mal distance to the nuclei.71 For the
low-angular-momentum states of row channeling, and also
states of planar channeling, the stated absolute instability
stems from the following simple arguments. Let us estimate
the ratio of the mean-square angle of scattering by the ther-
mal vibrations in (2.3), built-up in the time of flight z ~ d /O
alongside the plane, to the angle 6 = [2(e — UQ )/E ]1/2, at
which the electron intersects the plane (or row), while as-
suming that the transverse energy is conserved, at least for a
period of vibration:

(2.6)
8 E1'* (e —

This ratio also determines the ratio of the mean-square fluc-
tuation of the transverse energy ( Se2)1/2 to £ over the peri-
od of the oscillations, while its square determines the ratio of
the increment Se to £.75 By using (2.6) one can easily find
that the stated ratio is close to unity when £< 1 GeV, even for
light crystals (of the type of diamond or silicon, L;s 10 cm,
Es ?z2l MeV, rf~ 1 A). More rigorous treatment confirms
this result for the planar75 and row71 cases. The ratio (2.6)
depends weakly on the energy (~E ~ I/4). Therefore the
assumption of the existence of a transverse energy is justified
only at high enough energies. An experimental confirmation
of the effect of absolute instability of channeling of electrons
of energy 50 MeV in a row channel has been obtained in Ref.
49.

Since an electron energy region exists where the trans-
verse energy is not an adiabatic invariant of the motion, we
must also change the approach to solving the kinetic prob-
lem. As is well known, the general Boltzmann kinetic equa-
tion

allows simplification in two limiting cases.79 In the case,
known as the adiabatic approximation, of a sufficiently
small collision integral St {/}, one can go from the general
Boltzmann equation in the space of the transverse momenta
and coordinates of the particles to an equation of smaller
dimensionality in the space of the integrals of motion. Natu-
rally, here the variation of the integrals of motion owing to
collisions in a period must be relatively small (<5/</0). As
applied to the problem of channeling of protons, such an
approach in kinetics was first used by Martynenko72 (for
more information see Refs. 73 and 74). In the other limiting
case in which <57>/0 (the collision integral is large), the so-
called hydrodynamic approximation is known. As applied to
channeling problems, this limit is not attained in practice,
since here 8e/e~ 1, and then one must either solve the gen-
eral Boltzmann kinetic equation or use the methods of com-
puter simulation, as presented, e.g., in Ref. 58.

The stated situation is especially important in finding
the spectral intensity of the emission from electrons. As is
known, the emission spectrum of electrons of energies
E<E(

c
l) (see Table IX) is formed in a time much greater

than the time of collision with one plane or row of the chan-
nel. Here the spectral distribution of the emission substan-
tially depends on whether these collisions are correlated in
time or not. The absence of transverse energy as an adiabatic
invariant of motion can lead to transformation of the period-
ic trajectories into aperiodic ones, and thus, to a substantial
change in the spectral distribution of the emission from the
electrons. Strictly speaking, when 8e/e~ 1, the trajectories
of the electrons are not determined by the averaged poten-
tial, while the spectral distribution of the emission is ex-
pressed in terms of the Fourier transform of the correlation
function (see Ref. 6).

Akhiezer and Shul'ga76 predicted the irregularity of the
motion for an appreciable fraction of the electrons in a row
channel, even in the absence of random collisions with the
nuclei and electrons. The irregularity (stochasticity) of the
motion in the case that they studied of electrons near the
barrier, which lie in a region with negative curvature of the
potential energy, is a consequence of the existence of one
integral of motion in a system with two degrees of free-
dom.77'78 This situation also substantially affects the spec-
tral composition of the emission from the electrons.

At sufficiently large electron energies, one must take
account of the reaction of the radiation on their motion in
the channels of the crystal.80"82 This effect is taken into ac-
count not only by the fact that the total energy E of the
electron becomes a function of the thickness of the crystal,
but also by the extra term in the kinetic coefficients Dk,
which implies taking account of the influence of the losses of
transverse energy on the motion in the channel:

2 dz
(2.8)

Here D |rad) is the local value of the losses of transverse ener-
gy described by Eq. (3.4) (see below), whose form is the
same in the classical and quantum cases. The total losses
with account taken of possible emission of hard photons
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(a}~E) is described by the expression (see also Sec. 3):

(2.9)

wherej = £/£<2) (Table X).
The fundamental contribution to the kinetic coeffi-

cients D, in (2.5) comes from the region rL ~ u. Therefore, to
estimate the electron energies E(rad) at which the variation
of the transverse energy due to emission becomes compara-
ble with the corresponding quantity due to scattering, we
can start with the condition of approximate equality of the
local values of Dt (x) when x~ M.Asa result it turns out that
E(rad) does not differ in order of magnitude from E(

C
2} (see

Table X) for different crystals and directions. When
E> E(rad), the stability of the motion of the electrons in the
channel increases owing to the decrease in £. We note that
E~E<rad) is practically the energy region in which the pa-
rameter x becomes of the order of unity, i.e., the region of
substantial quantum recoil. Since, when £>£<rad), the
losses of longitudinal energy prove to be more substantial
than the losses of transverse energy, the angular divergence
of the beam increases.80

2.3. Angular density of the energy losses of electrons in
emission with account taken of scattering in crystals of
limiting thickness

The angular density of the emitted energy (the bril-
liance) is the most essential characteristic of ^-sources for
purposes of high-energy physics. Therefore it is important to
evaluate correctly the prospects of creating sources of high
brilliance based on emission arising in the passage of ultra-
relativistic electrons through oriented single crystals.

To attain the maximum energy fluxes, one should use
crystals of the limiting thickness. The limiting thickness, as
denned by the absorption of quanta in the crystal, reaches
0.1-0.2 radiation lengths.83 An exact calculation of the
characteristics of the emission in such thick crystals is diffi-
cult, owing to the need for solving the cumbersome kinetic
problem of (2.7). The known simplification of the problem
by going over to the kinetics of quasiparticles in transverse-
energy space would merit attention as an estimate were it not
for the remaining complexity and immensity of the solution.
At the same time, in analyzing the experimental data, evalu-
ating the prospects, and seeking possible pathways for opti-
mizing the y-source, numerical calculations lose to analytic

calculations. Therefore, in presenting the problem of the
brilliance of emission in oriented crystals, we shall follow
Ref. 84, where a solvable analytic model was formulated,
which enables one to estimate the intensity of emission of
electrons in crystals of limiting thickness with satisfactory
accuracy.

The fundamental idea that simplifies the treatment is
based on the following two results:70'71

1) the mixing of states in the well of the averaged poten-
tial is so fast that it makes no sense to classify them into sub-
and superbarrier fractions, while the distribution of the flux
of electrons over the cross section of the "channel" in a thick
crystal is close to uniform;

2) the average, over the flux, of the square of the angle
of multiple scattering of the electrons in an oriented crystal
of great thickness differs only in corrections from the analo-
gous quantity in an amorphous target. Actually, these two
results imply that the general Fokker-Planck equation in the
space of transverse momenta and coordinates (see (2.7)) in
a thick enough crystal can be solved by the method of succes-
sive approximations in the deviation of the distribution of
electron fluxes in the "channel" from a uniform distribution.
Here one uses in the zero-order iteration the values from
(2.6) for the angle of multiple scattering and the corre-
sponding zero-order distribution function over the trans-
verse momenta and coordinates. Rigorous calculations of
this type have not yet been performed. However, within the
framework of this idea one can apply a model in which the
processes of multiple scattering occur in the same way as in
an amorphous substance, but rectilinear motion is strongly
distorted by the action of the averaged potential. This model
enables one to write and solve an approximate system of
equations for the average, over the beam, of the angular ener-
gy density of emission dE /dfl of the electrons in the oriented
row of a crystal of limiting thickness:84

dE'
dfl

^a-ln !+;
0,3£J

(2.10)

Here E0 is the initial energy of the electron, a is a coefficient
of the order of unity, dil is the differential of the solid angle,
and JJA and EB are two characteristics of the energy that
correspond to the choice of the crystal and orientation,

£ A =. 3Sn (2.11)

TABLE X. Values of the threshold energies £<" = l/£/0, the critical energies
E f } = l /(Vf/)m a x, and the critical entry angles 0C = {/„ of superbarrier particles for different
crystals, rows, and planes and two temperature values: T— 293 K (upper values), 7"= 100 K
(lower values).

293 K
100 K

£<l), GeV
•

£{?>, GeV

6- -10s

(110) Si

12,3
11,6

1199
1018

4,16
4,42

<110> Si

2,4
1,9

144
95

21,1
26,8

(110) Ge

8,0
7,1

702
545

6,4
7,16

<110> Ga

1,4
1,0

86
47

37,7
53,2

(110) W

2,25
2,1

156
129

22,7
24,3

<1I1> W

0,28
0,22

12,6
7,5

180
232
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TABLE XI. Values of the parameters EA and r for some of the most frequently used crystals and
orientations.84

Crystal

£A,GeV

r

Cd<110>

0,36
0,25

C d ( l l O )

2,5
0,5

Si <110>

1,1

0,9

Si (110)

12
1,9

Ge <no>

1,5
2,3

Ge (100)

22
5,5

<111>W

0,48
3,4

(ioo) w

18
11

S0 is the cross section of the "channel," U0 is the depth of the
well of the averaged potential, m is the mass of the electron, e
is its charge, while E's = 14 MeV.

For an amorphous substance or a disoriented target one
can use (2.10), where EA, EB -»oo, while U0 = 0. Conse-
quently the following formula holds for the ratio of the angu-
lar densities of the emission energy in an oriented and a dis-
oriented crystal:

1 +

5,44
In

f i +
(2.12)

Formulas just as simple hold for a planar (90 = 0) orienta-
tion of the crystal.84 The values of EA and r = EA/EB for

•certain rows and planes of the most common crystals are
contained in Table XI.

Experimental studies of the angular density of radiation
in crystals of limiting thickness were conducted with the
Tomsk synchrotron85 at an electron energy of 900 MeV and
with different row orientations of diamond, silicon, and
tungsten. Table XII gives the experimental values of the ra-
tio/ of the angular density of emission in an oriented crystal
(Q0 =0) to the analogous quantity in an amorphous target,
as taken from Ref. 85, and the theoretical values of this quan-
ta,, r "-jiculated by Eq. (2.12). As the amorphous level,
data were taken that were obtained for aluminum, and are
presented (along with data for crystals) in Fig. 2 of the cited
study.85 As Table XII implies, the discrepancy of theory and
experiment does not exceed the overall error of measure-
ment.

Figure 16 shows (dashed curves) the variation of the
quantity/ for different values of the parameter r = EA /EB.
An important feature of this variation is the existence of a
maximum at a certain energy Eopt of the electrons. The mag-
nitude of the ratio/* at the maximum and the corresponding
initial energy E opt of the electrons are shown in Fig. 17 by the

dashed lines. The analogous results for a plane84 are shown
in Figs. 16 and 17 by solid lines. With increasing energy
E > Eopt, the ratio of the angular densities of radiation in a
crystal and an amorphous target declines. The reason is that
at these energies the total losses in the crystal become satu-
rated. Hence they are about the same as in an amorphous
target of limiting thickness (&E~E0), while the effective
solid angles of emission in the crystal (k£l$ ~U/E) be-
come larger than the effective emission angles in an amor-
phous substance (ktl^'~El/Eg). We note that at large
energies EQ>E^\ owing to quantum recoil (see Sec. 3), the
ratio of the angular densities declines even more rapidly,
since the rate of total losses slackens off (see Eq. (2.12)).

Upon using the data of Table XII, we can easily con-
vince ourselves, by using Fig. 17, that the maximum excess
of/* over the amorphous level is small and can reach values
from 2 to 4, depending on the type of crystal. Since/* de-
clines with increasing r (Fig. 16), to create sources of maxi-
mum brilliance one should use crystals with small atomic
number Z, for which the parameter r is minimal (see also
Refs. 85-87).

3. THE INFLUENCE OF CHANNELING ON EMISSION AND
ELECTRON-POSITRON PAIR FORMATION AT SUPERHIGH
ENERGIES

3.1. The constant-field approximation

Channeled electrons and positrons, even of rather high
energies (up to ~ 10 GeV) in crystals that are not too heavy,
mainly emit photons whose energy a> is substantially smaller
than the energy of the emitting particles.4"6 The laws of con-
servation of energy and longitudinal momentum in emission
in a field of planes or rows of a crystal lead88 to a threshold
energy of a channeled particle £<" = l/U0 (U0 is the depth
of the potential well, fi= m = c = 1) below which the emis-
sion of a photon of energy a>~E /2 is impossible, even if the
particle undergoes transition from the highest levels of
transverse energy to the bottom of the potential well. At high
energies one can employ a classical treatment of the motion

TABLE XII. Experimental85 and theoretical84 values of the ratio of the angular density of
emission energy of oriented crystals of limiting thickness to the corresponding quantity in an
amorphous target.

Crystal

/«,P

/,1-eor

Cd <100>

2,5±0,2
2,4

Si <U1>

1,7+0,2
1,5

w <ui>

1,3±0,1
1,3
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10 20 30

FIG. 16. Ratio/ of the angular energy density of emission in an oriented
crystal to the corresponding quantity in an amorphous target as a function
of the ratio of the energy £0 of the electrons to the energy £A (see Table
XI). The solid curves correspond to planar orientation, and the dotted
curves to row orientation. The numbers on the curves show the values of
the parameter r = £A /EB.

of the channeled particle. The energy E (
c

l } corresponds to
the condition of equality of the angle of deflection of the
channeled particle by the field of planes or rows of the crys-
tal, Odzz(2U0/E)l/2, to the effective emission angle
0e(r x \/E. At energies close to the threshold, the probability
of emission of hard photons for which the parameter
u = o)/(E — (o) is larger than unity is relatively small. How-
ever, this probability increases rapidly with increasing ratio
E/E™.

At superhigh energies £> E (
c
 l' the angle of deflection of

the particle by the field of the planes considerably exceeds
the effective emission angle. This means that the radiation is
formed in the relatively short coherence time T^ ~ u/E,
which is small in comparison with the interval between
successive collisions of the particle with the rows or planes of
the crystal. In this case the analysis of the emission process is
substantially simplified, since we can consider the field act-
ing on the particle to be constant in space within the limits of
the short intervals of time of formation of the emission.

Hence the emission spectrum must be analogous to the spec-
trum of magnetic bremsstrahlung in a constant field.89"94

Within the framework of the constant-field approximation,
the spectrum of the emission from a small region of the tra-
jectory is completely determined by the acceleration of the
particle, which depends in this case on the transverse coordi-
nates (see, e.g., Ref. 95). The observed emission spectrum is
obtained further by averaging over the time of motion along
the trajectory, and also be averaging over all possible trajec-
tories of the particles.89'90 According to the classical theo-
ry,6'89'90 the maximum of the spectrum lies at the frequencies
6)~o)c = (3/2)E2\VU\, where E is the energy of the parti-
cle, and VZ7 is the gradient of the potential energy of the
particle in the field of the rows or planes of the crystal. Hence
we can find96 the energy E™ = l/\VU\, at which the emis-
sion spectrum reaches the essentially quantum region a>~E,
and the classical treatment of the emission process loses
force. In a reference frame moving together with the particle
along the rows or planes, the field of the crystal looks like
crossed electric W and magnetic Sf fields with the intensity
&' = %F = E |VU \/e, which is larger by a factor of y = E
than the electric field intensity in the laboratory system (see,
e.g., Ref. 5). Thus the critical energy E 1

C
2> has also the mean-

ing that, when E = E™, the field in the moving system be-
comes equal to the Schwinger field <9f3 = mV/efi
= 4.41-1010 T (gf0 = 1.32X 1018 V/m).

The maximum value of the gradient of the potential
(i.e., the electric field) |VCf |max is reached at distances from
the plane or row of the order of the radius of thermal vibra-
tions of the atoms. Even if we take as the estimate of E (

c
2' the

maximum value of the electric field, the values of E £2) prove
to be 30-50 times higher than the threshold energy £ <n.96

For the row case E(2} amounts to several tens, and for the
planar case to several hundreds of GeV (see Table X). For
particles that do not approach closely enough the rows or
planes in channeling, the effective values of E <2 ) can be even
higher, since the field intensity declines rapidly at distances
from the row or plane greater than the radius of thermal
vibrations. At superhigh energies E~E(2\ we must take ac-
count of the recoil in the process of emitting a photon, as well
as of the effects involving the existence of spins of the parti-
cles. The spectral distribution of the emission intensity with
account taken of quantum effects in the constant-field ap-
proximation looks as follows (see, e.g., Ref. 97):

du n "\

FIG. 17. Dependence on the parameter r of the maximum value /max

(curves 1) and of the ratio of the initial energy Ef^ of the electrons
corresponding to/m,x to the energy £A (2). The solid curves are drawn for
the case of planes, and the dotted curves for rows.

,\

(3.1)

Here we have introduced the following notation:
u = co/(E — ca),x = E | VU \ is the ratio of the energy of the
particles to the critical energy E(

C
2\ the Kv are Macdonald

functions, and the angle brackets denote the averaging men-
tioned above. The second term in the brackets, which is pro-
portional to u2, is the result of the interaction of the spin of
the electron with the photon being emitted. The classical
results4'89'90'94 are obtained from (3.1) in the limit of rela-
tively low frequencies ( w < l ) . Just as in the classical lim-
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it, ' the averaging over time and the impact parameters for
superbarrier particles in the row case can be reduced to a
single integration over the permissible interval of distances
to the crystallographic row (see also Ref. 6, p. 224).

According to (3.1), for low values of the parameter
jf^ 1, the frequency co at which the maximum ofdW/da> is
reached increases in proportion to the square of the energy of
the particle E2, while the value of d W /Aco at the maximum
does not depend on E. Here the total energy losses of the
particle in emission are proportional to E2.90-96 At super-
high energies (x ^ 1), the pattern substantially changes. In
particular, at sufficiently high parameters ̂ > 1, the frequen-
cy of the maximum is proportional to only the first power of
the energy, instead of to E2. At the same time, the value of
dW/dct) at the maximum when x*> 1 declines as£ ~ '^.Con-
sequently the total energy losses in emission are now equal to
E2/3 (see Sec. 3.2). Graphs of the spectrum of (3.1) for fixed
values of^, as well as graphs of the total energy losses, are
given, e.g., in Ref. 97.

In analyzing the emission spectra of particles, chan-
neled or superbarrier, but close in their transverse energy to
the height of the potential barrier, one must also perform an
averaging over the possible trajectories of the particles in the
initial state, i.e., over the values of the parameter^ corre-
sponding to these trajectories.

The region of highest intensity of the electric field of the
planes or rows of the crystal corresponds to distances ap-
proximately equal to the amplitude of the thermal vibrations
of the atoms. Although the dimensions of this region are
small in comparison with the area per plane or row of the
crystal, its contribution to the emission spectrum proves to
be very substantial. As the ratio of the temperature of the
crystal to the Debye temperature varies, the averaged poten-
tial, and particularly its gradient, vary most strongly pre-
cisely in the region of the radius of the thermal vibrations
from the plane or row (see Table X). This leads to a relative-
ly strong temperature dependence of the total energy
losses" and of the emission spectra (3.1) of particles of su-
perhigh energy.

The result of averaging the spectrum of (3.1) over all
possible trajectories of electrons of energy E = 150 GeV in-

cident at the angle 00 = 10 5 with respect to the (110) row
of a germanium crystal at the temperature 100 K is shown by
the solid curve in Fig. 18. This same diagram shows the re-
sults of the corresponding experiments98 performed at
CERN. Fig. 18a corresponds to electrons of energy E— 150
GeV, and Fig. 18b to positrons of the same energy; the solid
dots correspond to zero angle of entry of the particles, the
triangles to the angle 00 = 2.5 X 10~5, and the open circles
to the angle 00 = 9.6X 10 5.

First of all we note that, as the entry angle increases
from zero to #L = 6.0 X 10 ~5, the spectral energy density
per unit path length for positrons increases, while conversely
it falls for electrons. This is due to the differing behavior of
the fraction of the particles that move most of the time in a
region of relatively high field intensity. In the case of elec-
trons the fraction of the particles with a transverse energy
near the bottom of the potential well decreases rapidly with
increasing entry angle from zero to 0L. In the case of posi-
trons the fraction of particles with transverse energy near the
potential peak increases, conversely, as the angle increases
from zero up to 0L = (2U0/E)1/2, where U0 is the height of
the peak. Thus the observed orientational dependence of the
emission spectra within the limits indicated in Fig. 18 of the
entry angles 0 < 00 < 1.500L is due to the redistribution of
the emitting particles over the distances to the closest row.
As theoretical analysis100 shows, at the target thickness of
185 //m used in the experiment, a particle moving in the
region of maximum gradient of the potential could emit with
appreciable probability several photons with some energy
averaged over the spectrum. Since a detector with total ab-
sorption of the emitted energy was used to measure the pho-
tons, it is more correct to assume that the experimental
points correspond to the emission spectrum weighted with
the probability of emitting in the given target of differing
numbers of photons. This implies a possible reason for the
observed maximum in the spectrum at &>~0.85 E, which is
absent on the theoretical curve. Actually, if we take account
of the multiplicity of emission of photons by an electron
throughout the thickness of the target (as well as the back-
ground from incoherent bremsstrahlung due to the thermal
vibrations of the lattice), as was done, e.g., in Ref. 146, then

'-3

<v°°°y ° SA
> A °°°

A o

A A A

A"} O

V t*I ,N I *A (_

0,5

AA

••. A°
A

...̂

o A

OS,
I o

1,0

1037

d "^/ *-

Sov. Phys. Usp. 33 (12), December 1990

FIG. 18, Frequency dependence of the emission energy per unit path
length in germanium at a temperature of 100 K as a function of the ratio of
the photon energy a to the initial energy of the particle E = 150 GeV. a-
Case of electrons. b-Case of positrons. /-Zero entry angle 60 with respect
to the (110) row, 2-d0 = 2.5 X 10 5,3-60 = 9x 10 -'. Solid curve-result
of calculation for entry angle 80 = 10 ~ 5 without allowance for the multi-
plicity of the photons; dashed curve-calculation with this allowance.146
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the results of calculation (dotted curve in Fig. 18a) become
far closer to experiment (dots). Thus the appearance of the
stated maximum is a consequence of the superposition in the
detector of several softer photons. The superposition effect
becomes more substantial with decreasing entry angle 0,147

with increasing target thickness, and with increasing effi-
ciency of the photon detector.

3.2. Radiative energy losses

At superhigh energies, the influence of emission on the
process of channeling of particles in crystals increases. This
problem was treated rather long ago theoretically,80"82 but
there the treatment was restricted to the case of relatively
low energies at which the energy losses are due to emission of
relatively soft photons (co-^E). The parameter that deter-
mines the influence of emission is the variation of the trans-
verse energy d£/df per unit time owing to emission. In the
classical approach one can calculate the work done by the
radiative frictional forces and obtain the relation between
the losses of transverse energy and the losses of total energy
of channeled particles per unit time in the form6'80

At
(3.2)

Here VL is the transverse component of the velocity of the
particle with respect to the row or plane.

Here the losses of total energy are associated with the
potential gradient by the relationship

At
(3.3)

At superhigh energies £>£•<", the second term in the par-
entheses in (3.2) dominates, and hence we have

it 2 At (3.4)

Equation (3.4) remains in force also in the case in
which the energy of the emitted photons co is not necessarily
small in comparison with the initial energy of the particle,
while the emission process is substantially of quantum
type.106 At the same time, the classical expression (3.3) for
the losses of total energy is not valid when the energy of the
emitted photons is comparable with the energy of the parti-
cle. Actually, when E~E(

C
2) >£""'• the angle ui at which

the particle moves with respect to the row or plane of the
crystal considerably exceeds the effective angle of emission
E ~~ l with respect to the direction of the instantaneous veloc-
ity. Therefore, in the emission process the transverse veloc-
ity VL (the angle of motion of the particle) practically does
not change. The change in the potential energy of the parti-
cle in the emission process can also be neglected owing to the
relative smallness of the coherent length of the emission.
Consequently, in the emission of a photon of energy co, the
transverse energy of the particle changes by the amount:

Ev* £ _ u, . w .

Here we have taken account of the fact that the kinetic ener-
gy of transverse motion is proportional to the relativistic
mass of the particle. Since co = AE, we arrive at Eq. (3.4),
apart from the dependence on the magnitude of ca/E.

The losses of the total energy dE/dt in the general case

are determined by the local value of the field intensity and
the magnitude of the parameter % (see (3.1)), while the
losses of transverse energy are determined also by the magni-
tude of the transverse velocity of the particle. In particular,
at high enough energies E^E^\ when^> 1, we obtain in-
stead of the classical expression (3.3) for the energy losses E
per unit time the following (see, e.g., Ref. 97):

~ « — 0,82eV/s.

The emission process leads on the average to a decrease in
the transverse energy, in contrast to the incoherent scatter-
ing of particles by the electrons and atoms of the lattice (see
Sec. 2). The presented results imply that, in the emission of a
hard enough photon (u £ 1), the particle can lose the greater
part of its transverse energy. As was noted above, one must
take account of this effect in the kinetic equations that de-
scribe the dynamics of motion of light channeled particles,
such as electrons and positrons, at superhigh energies.

We note that 17% losses of the total energy of the elec-
trons in a germanium target 185-^m thick were observed in
the experiment of Ref. 98. Since the radiation length of ger-
manium is 2.3 cm, the energy losses per unit length in this
case exceeded the losses in an amorphous medium by a fac-
tor of about 20.

3.3. Formation of electron-positron pairs at relatively small
entry angles of photons

The process of pair formation by a photon in a crystal is
closely connected with the process of emission of a photon by
a charged particle, owing to the cross-symmetry of the am-
plitudes of reaction. If in the amplitude of emission by an
electron we perform the substitution co -^ — co, interpret an
electron in the initial state with energy E as giving rise to a
positron with energy — E, and also take account of the
change in density of the number of final states for the two
processes being studied, then we can easily derive from the
expression for the emission probability a corresponding
expression for the probability of pair formation by a photon.
Here the parameter u = co/(E — co) (see 3.1) in the case of
pair formation goes over into —u, where u =co(co — E) ~'.
The parameter u is always greater than unity; therefore the
process of pair formation is associated with the emission pro-
cess of sufficiently hard photons, for which correspondingly
we have u > 1.

Since, as was noted above, a threshold energy exists for
a channeled electron for emitting hard photons ( M > 1), a
threshold energy also exists of a photon coc = 2/ U0, entering
parallel to a row or plane below which pair formation in the
averaged potential of the planes or rows of depth U0 is im-
possible. The existence of a threshold coc, as in the case of
emission of hard photons, is a consequence of the laws of
conservation of energy and longitudinal momentum of the
particles. As was shown in Refs. 94 and 96, one can find the
quantity <yc also from the condition of equality of the angle
of separation of the pair ~ \/co to the critical angle of chan-
neling for the particles being created 0L = (2t/0/Z?)1/2

(where E~co/2).
Within the constant-field approximation (CFA) for

photon energies co that substantially exceed the threshold
energy a>c, the probability of pair creation per unit time dif-
ferentiated with respect to the energy E of the created posi-
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tion is obtained by cross-transformation from (3.1) and has
the form

do)(p)

7s*s-
2U/3X

(3.5)

The brackets in this case denote averaging over all transverse
coordinates of the point of pair formation. The total proba-
bility of formation of an electron-positron pair in a germani-
um crystal 1.4-mm thick at the temperature 100 K, when the
photons entered parallel to the (110} row, was measured at
CERN101 as a function of the photon energy. The results are
represented by dots in Fig. 19. The solid curve represents the
results of calculation by (3.5), to which is added a compo-
nent of the probability involving pair formation due to ther-
mal fluctuations of the averaged potential of the row. It was
assumed that this component of the probability practically
does not differ from the corresponding probability for the
case of an amorphous medium and corresponds to a plateau
at the level of unity on the ordinate row. The calculations
agree within the limits of experimental error with the mea-
surements performed at zero entry angle for all photon ener-
gies > 22 GeV, which prove to be rather far from the thresh-
old o>c K 1.9 GeV.

Since the crystal does not influence the motion of the
photons up to the instant of pair formation, the distribution
over the transverse coordinates of the points of pair forma-
tion does not depend on the entry angle of the photon with
respect to the row or plane, and the averaging in (3.5) can-
not lead to an orientational dependence of the probability of
pair formation, in contrast to the case of emission in (3.1).
On the other hand, the experiments of Ref. 101 revealed an
orientational dependence of the probability of pair forma-
tion over a rather broad variation of entry angles of the pho-
tons as compared with the Lindhard angle (several millira-
dians). This indicates the limitation of the theory, which is
based on the constant-field approximation, in particular, at
relatively large (00 > &L) entry angles of the particles. On
the other hand, the experiments on emission and pair forma-
tion in crystals performed as early as the 60s at relatively
large entry angles agreed well with the theory of coherent
bremsstrahlung and pair formation based on the Born ap-
proximation.102 There is a close connection between these
two mechanisms of emission and pair formation, which we
shall discuss below.

3.4. Limits of applicability of the constant-field
approximation and coherent effects

As we have already mentioned, the constant-field ap-
proximation (CFA) of (3.1) and (3.5) is applicable if the
maximum angle of deflection of the charged particles by the
field of the planes or rows considerably exceeds the effective
angle of emission (~ \/E) or the angle of separation of the
pair (~ \/co). When the particles enter at an angle 90 5 f?L,
where 6L = (2U0/E)l/2 is the Lindhard channeling angle,
the angles of deflection of charged particles #d while moving
in the crystal are of the order of the quantity 0L. Therefore,
at such entry angles the condition of applicability of the
CFA is satisfied at energies sufficiently large in comparison
with E^l} = 1/C/o- However, with increase in the entry an-
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FIG. 19. Total probability of formation of an electron-positron pair by a
photon incident along the (110) row of germanium at a temperature of
100 K as a function of the energy of the photon. The corresponding proba-
bility for an amorphous target w^]_ H does not depend on the energy and is
taken to be unity.

gle, the angles of deflection of the particles by the field de-
crease, and the CFA ultimately loses force, even at super-
high energies E%> E (

c".
Let the entry angle 90 substantially exceed the Lind-

hard angle 0L. Then the angle of deflection 0d of the parti-
cles by the field is determined by the equation (see, e.g., Ref.
96) (9d s; U0/E60, while the condition of applicability of the
CFA imposes the following restriction on the entry angles:
#0 < UQ. Interestingly, the angle 0C = U0 at which the CFA
loses force does not depend on the energy of the particles.
However, since it is assumed that $c > 6L, we are dealing
with relatively high energies £>£^n. The values of the en-
try angle 9C = U0 at which the CFA breaks down are given in
Table X.

In the opposite limit 60 > 0C the deflection angles of the
particle by the field are small in comparison with the effec-
tive emission angles l/E. Hence the emission is of dipole
character (see, e.g., Ref. 95). In this case the formation
length of the emission (coherent length) /coh~w/£" be-
comes comparable in order of magnitude with the distance
through which the particles pass between two successive
collisions with rows or planes. As a result, the processes of
emission and pair formation generally occur coherently at a
large enough number of rows or planes, in contrast to the
case in which the CFA holds. Thus, in the limit of relatively
large entry angles 60 > 0C, the probabilities of the processes
being discussed in the averaged potential of the rows or
planes coincide with the corresponding probabilities calcu-
lated within the framework of the standard theory of coher-
ent bremsstrahlung and pair formation,102> 103 which is based
on the Born approximation for the interaction of the parti-
cles with the atoms of the crystal. According to the standard
theory, the derivative of the probability of pair formation
with respect to the positron energy per unit time by a photon
entering at a relatively large angle #0 >max{0L, 0C} to the
crystallographic row can be represented in the form (see,
e.g., Ref. 4)

(3.6)
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Here v is a unit vector in the direction of entry of the photon,
the g are reciprocal-lattice vectors orthogonal to the crystal-
lographic row, fln = u/2Egv.

(3.7)

is the Fourier transform of the averaged potential U (p) of
the row. The integration in (3.7) is performed over the area
S of the unit cell in the plane orthogonal to the row. The
Fourier transform (3.7) in the case of a monatomic crystal
involves the three-dimensional Fourier transform of the
atomic potential tp (k) by the relationship U(g)
= V~ 'exp( — g*u\ )<p(gx,gy,Q), where Fis the volume of
the unit cell of the crystal, and ur is the amplitude of the
thermal vibrations.

If at entry angles 60 >max{0L, dc} the azimuthal di-
rection q> of entry of the particles with respect to the chosen
crystallographic row is far from the directions of the planes
having rather low Miller indices, then a large number of two-
dimensional vectors g contribute to the probability of the
process, and we can replace the summation in (3.6) with
integration over (2ir) ~2Sd2g. Thus the interference from
different rows proves to be inessential. The interference from
different rows is inessential apart from a dependence on <p in
the case in which the entry angle 90 is close to the Lindhard
angle 6L. Here, as was noted in Sec. 2.a, the trajectories of
the particles undergo a strong bending in the plane orthogo-
nal to the rows. Consequently the collisions with the differ-
ent rows are uncorrelated in time, even if the initial direction
of entry coincides with the direction of one of the low-index
planes. However, at energies E%>E(

c
n, the angle <?c exceeds

#L. Hence, as the entry angle 00 is decreased, the standard
theory of emission based on the Born approximation (3.6)

, GeV
t-120—150
—90-120
°-60-ffa
'-40-60
0-22-40

3 47
mrad

FIG. 20. Probability of pair formation by a photon in a germanium crys-
tal, divided by the corresponding probability for an amorphous target, as a
function of the entry angle 00 of photons with respect to the (110) row for
different intervals of photon energies. The dashed curves show the results
of calculations according to the theory of coherent pair formation based
on the Born approximation with account taken of the incoherent back-
ground; the solid curves correspond to calculations based on the more
rigorous theory taking account of the influence of the bending of the tra-
jectories of the charged particles by the averaged potential of the row on
the probability of pair formation. The upper curves correspond to the
open triangles, and the lower curves to the solid triangles. The arrow on
the angle axis shows the theoretical value of dc at which the Born approxi-
mation should break down.

breaks down earlier (at #0 ~QC ) than the effects of channel-
ing become substantial.

Figure 20 shows the results of measuring101 the proba-
bility of pair formation in a germanium crystal 1 .4-mm thick
at a temperature of 100 K as a function of the entry angle of
the photons with respect to the (1 10} row. The azimuthal
direction of entry was chosen such that the beam of photons
made an angle of 0.1 radians with the (001) plane. The ex-
perimental results correspond to the different intervals of
energies of the incident photons indicated in the diagram.
The dotted curves show the corresponding calculations by
the theory of coherent pair formation of (3.6) with the addi-
tion of an incoherent background involving the thermal vi-
brations of the atoms. As we see from the presented results,
the theory of coherent pair formation agrees rather well with
the measurements when the entry angle exceeds about
5 X 10 " 4 radians. However, at smaller angles one observes
an appreciable deviation from the predictions of the stan-
dard coherent theory. If now we turn to Table X, we easily
see that #c = 5.3x 10 ~4 is precisely the angle, according to
the presented ideas, that separates the region of applicability
of the CFA and the coherent theory. We note for comparison
that the Lindhard angle 0L = 2Ul

0
/2-a) ~ 1/2 in the case being

discussed amounts to 8.5xlO"5 at <w = 150 GeV and
2.2 X 10 ~4 at co = 22 Gev, which is severalfold smaller than
the angle 6C .

Thus the influence of channeling, or more exactly, the
influence of bending of the trajectories, has the result that, at
zero angles of entry of the photon, the total probability of
pair formation does not approach zero, as is predicted by the
standard theory based on the Born approximation, but
reaches a value that can considerably exceed the incoherent
background. As we see from Fig. 19, this value agrees well
with calculations based on the CFA.

Strictly speaking, for superhigh energies £>E'n the
coherent theory is applicable only for entry angles 0Q > 0C ,
and the CFA for angles #0 <#c. As regards the neighbor-
hood of entry angles #0 close in order of magnitude to 0C ,
here we need a theory devoid of restrictions on the ratio of
the angle of deflection of the particle by the field to the
effective emission angle. Such a theory has been developed in
a number of studies for the planar88-106'108 and

96,10M04,105,K>9row

3.5. The theory of emission and pair formation for 60 ~ 6L

There are several approaches for solving the problem of
emission and electron-positron pair formation in the case in
which the constant-field approximation or the standard the-
ory of coherent electromagnetic processes in crystals based
on the Born approximation is inapplicable.

The first approach is based on formulas derived by an
operator quasiclassical method for the probabilities of the
processes being studied in rather arbitrary external
fields.97' 135'136 Here, the quantum character of the motion of
the high-energy particles in the external field is neglected
from the outset, but the quantum character of the emission
of a photon is taken into account. As a result one can express
the probability of emitting a relatively hard ( u ~ 1 ) photon
and the probability of pair formation in the form of function-
als that depend on the classical trajectory of the charged
particles. In the case in which the particles move in the crys-
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tal near principal directions, the external field is considered
to be the field of the atoms of the crystal averaged along the
rows or planes.

This approach leads most rapidly to the required re-
sults. However, owing to the assumptions adopted at the
outset, it requires additional justification and estimates of
the accuracy of the obtained expressions (see, e.g., Refs. 137
and 138).

In another approach one uses as the starting point the
results of the quantum theory of emission and pair formation
in the averaged potential of the rows or planes.6'82'88 Under
conditions of channeling or superbarrier motion, one can to
a certain degree separate the longitudinal and transverse mo-
tion of the particles; in the starting formulas the probabilities
of the processes being discussed are expressed in terms of the
matrix elements of the radiative transitions between the
states of the transverse motion. At high enough energies the
number of states of the transverse motion is large, while the
transverse wave functions can be taken in quasiclassical
form. As a result, as was shown in Ref. 106, under certain
extra conditions the probabilities actually can be expressed
in the form of functionals of the classical trajectory of the
transverse motion. In this approach the conditions of appli-
cability of the expressions that are obtained become more
concrete. In particular, under the condition that the square
of the entry angle 6 £ substantially exceeds the square of the
Lindhard angle 92

L = 2U0/E, and under the condition that
we can neglect the interference from neighboring rows, the
spectral-angular density of the probability of pair formation
by a photon per unit path in the crystal can be represented in
the form

dEdo

0

, Jp= jed(p)e-'«<P>dz/,

(3.8)

(3.9)

S (P) = ~~ J (I 8d (P) - np p + £-•) Ay.

Here the angle 8d of deflection of an electron (or positron)
of energy E on the trajectory by the field of a row is deter-
mined by the equations

B60

U(p)is the potential of the row, p is the distance to the row,
np = {9 cos£>, 0 sirup}; 6 and tp are the polar and azimuthal
angles of exit of the charged particle, do^d dd &q>, the^z
plane is formed by the crystallographic row and the direc-
tion of entry of the photon of energy a>. For relatively large
entry angles #0>£/0, the dipole approximation is valid.
Within its framework we have

oo

j 6d (p) exp [ . (9» + E'-} j, djr,

This corresponds to the results of the theory based on the
Born approximation. In the opposite limit 0^^9Q^U0, in
calculating the integrals Jp and Jz one can apply the station-
ary-phase method, which leads to the results of the CFA of
(3.5).

In the planar case, in contrast to the row case, the peri-
odicity of the collisions with planes is always essential for
superbarrier particles, and the corresponding result for the
differential probability of pair formation has the form

x6[|(8«+£-«+<e3»-0)II]; 0.10)

Here we have a - 8 cos <p, /? = 6 sin <p, £„ = 2Trn60/dt

S> = a>(u — \), d is the interplanar spacing, S is the Dirac
function, and we have

t

-aj
0

l J

(3.11)

The angle of deflection 6A and its mean-square (d I ) over the
period are expressed in terms of the interplanar potential U
(x) in the form

Here the averaging on the right-hand side is performed over
the transverse coordinate x within the limits of the inter-
planar interval d.

Concrete calculations using (3.8) and (3.10) have been
performed106 for model potentials U (p) of an axis and
U(x) of planes of rather simple form. Thus, for the model of
a row potential U(p) = U0a/p, where U0 and a are con-
stants that depend on the type of crystal and Miller indices,
the quantities JI and 3p are expressed in analytic form,
which substantially simplifies the subsequent numerical cal-
culations.

For the planar potential U(x) — — U0(2x/d)2, where
\x\ <d /2, the quantities entering into (3.10) can be repre-
sented in the form
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-/<*>= J cos/(r,) dt|, /„*> = - -jjj- J (1 - 3Tf) cos/(n) dr,,

4£

(3.12)

£ < 2 > = d /U0, and E is the energy
of the positron that is formed.

The total probability of pair formation per unit path as a
function of the entry angle of the photon 00 with respect to
the planes in the case of arbitrary p can be obtained only by
numerical integration of (3.10) with respect to the azi-
muthal angle <p and the positron energy E. For relatively
small entry angles, when p> 1, the total probability is ex-
pressed in analytic form

d

in

1+6,--f-

(3.13)

where £„ = d /(Trn<oQ0), and 77 is Heaviside's step function.
In the opposite limit/? < 1, the corresponding result also has
the rather simple form

(3.14)

FIG. 21. Probability of creation of an electron-positron pair by a photon
of energy <a = 3 TeV per unit path length in a germanium crystal as a
function of the entry angle with respect to the (110) plane. Curve /-Born
approximation of (3.13), ^-constant-field approximation of (3.14), 3-
theory taking account of the non-dipole character of the process at high
energies. U0 = 39 eV, d = 2.0 A.

The orientational dependence (Fig. 21) in the planar
case as calculated by using (3.11) and (3.12) is fully analo-
gous to that which was calculated in Ref. 101 for an isolated
row on the basis of the quasiclassical approach and the mod-
el of the row potential t/(p) °° l/p (Ref. 105) (solid curves
in Fig. 20). In the row case, as was mentioned above, the
effects of non-dipole character of the emission and the asso-
ciated deviations from the standard theory set in earlier,
even at energies of several tens of GeV. It has been proposed
to perform in the future100 experiments in the region of even
higher energies E~ 1 TeV, at which the discussed effects can
be manifested also in the planar case.

4. POSSIBILITIES FOR CHANNELING OF NEUTRAL
PARTICLES

4.1. Requirements on the periodic structures

The advances in employing channeling phenomena of
charged particles in crystals to control beams of particles
have stimulated the search for possibilities for channeling
neutral particles, in particular, photons of the x-ray and y
range, as well as thermal and resonance neutrons.110"118 In
the case of photons whose energy considerably exceeds the
binding energy of the K electrons of the atoms of the materi-
al, the real component of the dielectric susceptibility ^f'(w)
has the form

X»= p-,
(O2

(4.1)

Here<yp = (4w«e2/w)1/2istheplasmafrequencyoftheelec-
trons of the material, n is their number density, and m is the
mass of an electron. Since for most materials we have
wp ~ 10 eV, the susceptibility in the x-ray range is small and
negative. This means that, at the phase boundary of two ma-
terials, x-ray photons can be totally reflected from the mate-
rial having the higher value of \x'\, while the angle of inci-
dence of the photons with respect to the boundary must not
exceed 6C = |A^'|1/2, where Aj' is the jump in the dielectric
susceptibility.

Neutrons interact mainly with the nuclei of materials.
The real component of the nuclear susceptibility ^'(^) is
associated with the amplitude a of coherent scattering of
neutrons by the nucleus averaged over the isotopes, and with
the number density of the nuclei of the substance N by the
relationship

X' (X)=~^T- <4-2>
Here A = 0.287.E ~1/2 is the neutron wavelength in A, and E
is its kinetic energy in eV. If the energy of the neutron is far
from the energy of resonance in scattering, then the scatter-
ing amplitude a~3-10~1 3-10~~1 2 cm is positive for most
substances, although there are exceptions, e.g., Ti, Mn, and
Li, for which a < 0. Thus the critical angle for total reflection
0C = | A/)1/2 for thermal neutrons (£-10 "2 eV) proves to
be approximately as small (~ 10~3) as for photons in the
x-ray range (6>~ 10 keV). We should note that the phenom-
enon of small-angle reflection of x-ray photons and thermal
neutrons has been employed for a long time in the elements
of x-ray optics,125 and also for transport119'123 and rota-
tion124'126 of beams of particles with cylindrical tubes.

In principle in ordinary crystals a modulation exists of
the electron and nuclear density with a period of the order of
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the lattice constant. At first glance a phenomenon should
exist of total reflection of x-ray photons and neutrons inci-
dent at sufficiently small angles to the crystallographic
planes or axes. However, there is a substantial difference in
the characters of the interaction of charged and neutral par-
ticles with a crystal. As was shown in Refs. 110-117, it leads
to the impossibility of channeling of neutral particles in ordi-
nary crystals.

The requirements on the parameters of the structure
necessary for the existence of a channeling effect can be ob-
tained from the following simple considerations.'14>11S Let a
particle be incident at the critical angle Oc to the planes of the
crystal. The characteristic parameter that determines the de-
gree of localization of the particle in the direction orthogonal
to the planes is the quantity A^=A /6C, where A is the de
Broglie wavelength of the particle. For x-ray photons with
energy 10 we obtain: 0C = cop/a>, where a>p is a certain aver-
age over the volume of the value of the plasma frequency of
the electrons of the crystal. Hence we have /1A s; 2ir/o)p. We
note that, for the energy region of photons in which Eq.
(4.1) holds for the dielectric constant, the magnitude of Xi

does not depend on the energy of the photon and amounts to
from 155 A for gold to 377 A for aluminum. This exceeds by
two orders of magnitude the maximum interplanar spacings
in crystals. Thus an x-ray photon in a crystal cannot be local-
ized within a single channel. An analogous pattern exists
also in the case of neutrons, whose transverse wavelength
Ax = (4-irN \ a ] ) I / 2 also amounts to a quantity of the order of
100 A. However, the necessary conditions for channeling of
neutral particles exist in structures formed by layerwise
sputtering or deposition of different materials,110"114 in bulk
superlattices made of vacuum (or gas) cavities in metals,
and other composites.115"117

4.2. Channeling in superlattices

The technology of preparation of layered structures
with periods up to several tens of Angstrom units by succes-
sive deposition of two different materials on a substrate has
currently reached a very high level. Thus one obtains layers
of rather large area (~ 10 cm2) with a thickness error at the
level of a monatomic layer. Periodic structures having a
number of layers of several tens are used, in particular, at
present for diffraction of soft x-rays with wavelengths ~ 10
A,128 as well as diffraction of cold neutrons (Ex 10~4-10
eV).129 One can also obtain by an analogous method layered
structures with a greater period ~ 103 A suitable for observ-
ing the effect of channeling of photons and neutrons. How-
ever, we should note that for channeling purposes one need
not at all maintain periodicity of the layers, in contrast to
diffraction problems, where strict periodicity is an indispen-
sable condition for coherence of scattering from many tens
of planes. On the other hand, channeling requires a far
greater number of layers, since the particles must enter
through the end surface, whose area must be comparable
with the cross section of the particle beam.

Let the electromagnetic wave enter at a sufficiently
small angle #< 1 to the planes of the layered medium. The
dependence of the electric field E of the wave of frequency a>
on the longitudinal coordinate z is determined in this case by
the coefficient exp(/£zz) with a constant value of the longi-
tudinal component of the wave vector k2, while the depen-

dence on the transverse coordinate x is determined by the
equation127

(4.3)

In deriving (4.3) it was assumed that the wave is polarized
perpendicular to the plane of incidence. However, at small
angles of incidence 6 the polarization proves to be inessen-
tial, and the same equation holds for the case of parallel
polarization of the incident radiation.125 The dependence of
the dielectric susceptibility j(a>, x) on the coordinate x is
determined by the profile of the deposited layers. In the sim-
plest case it can be given in the form of a rectangular comb
function.110 The quantity k\ = «2c~2-A:2 in Eq. (4.2)
has the meaning of the mean square of the transverse mo-
mentum of the photon for the different states of the field in
the medium.

The amplitudes of the field in the different states are
determined by the coefficients of the expansion of the plane
wave corresponding to the particles entering the layered me-
dium in the eigenfunctions of Eq. (4.3). Localized states can
be effectively excited at entry angles smaller than the critical
angle #c = | A^|I/2, where A^ is the jump in dielectric sus-
ceptibility at the boundary of the layers. The passage of par-
ticles through a layered structure in such states must be ac-
companied by a decrease in their absorption in comparison
with the mean absorption that occurs at relatively large en-
try angles 0> #c. In the exit of the beam of neutral particles
from the medium, just as in the case of electrons of MeV
energies,5 one should also observe a characteristic angular
dependence with maxima corresponding to the allowed val-
ue of the transverse momentum kx in the medium.

An interesting phenomenon exists in the physics of ra-
diation damage, in which vacuum or gas cavities appear in
crystals under the action of an intense flux of ions, neutrons,
or electrons. Under certain conditions such cavities can
form ordered structures, or superlattices. As a rule the sym-
metry of the superlattices coincides with the symmetry of the
crystal, and here the cavities have a spherical form, practi-
cally identical radii, which varies from lattice to lattice (20-
100 A), while the period of the superlattices amounts respec-
tively to 200-1500 A. Superlattices of cavities have been ob-
tained in a set of metals and their alloys, preferentially with
the bcc or fee structures,130 upon neutron or ion irradiation
at high target temperatures. In crystals of CaF2 and SrF2

under the action of electrons in a transmission microscope
with the target at room temperature,131 formation of lattices
made of spheres of Ca or Sr was observed. Under normal
conditions the superlattices of cavities become highly stable
structures.

Since the period of modulation of the electron and nu-
clear density in such structures considerably exceeds the
corresponding period of the crystals, particles with relative-
ly long ( > 10 A) wavelengths of the order of the superlattice
constant can be diffracted in them, just as in the correspond-
ing layered structures.116'117'131 As regards particles with
shorter wavelengths, as the wavelength and the entry angle
decrease, diffraction is replaced by the effect of channel-
ing. Actually the Bragg angle is determined by the
equation sin 6B = ffc/2a>, where H~ 2ir/d is the modulus of
the reciprocal-lattice vector (d is the interplanar spacing,

1043 Sov. Phys. Usp. 33 (12), December 1990 V. A. Bazylev and N. K. Zhevago 1043



and c is the velocity of light). Within the framework of the
two-wave theory of dynamical diffraction,132 the angular
width of the radiation being diffracted is determined by the
equation ^.0^^{i/sin2dB, where XH 's tne corresponding
Fourier transform of the susceptibility. With increasing fre-
quency the Bragg angle declines, while the angular width A#
increases. For small 0B •< 1, the ratio A0/0B has the form

Since in the x-ray frequency region we have X'H ~(o2
p/a

2, we
arrive at the conclusion116'117 that, for lattices with inter-
planar spacing d^,dc = /ip, the width of the diffraction an-
gle becomes comparable with the angle itself, which here is
close in order of magnitude to the angle of "total Fresnel
reflection" 0C ^cap/o}. This means that the effective reflec-
tion of the photons occurs actually at a single lattice plane.
That is, we arrive in this case at the possibility of channeling.

Under channeling conditions, in the expansion of the
field of the incident wave in plane waves in the crystal, the
main contribution comes from a relatively large number of
reciprocal-lattice vectors orthogonal to a certain family of
crystallographic rows (row channeling) or planes (planar
channeling). This allows one in treating channeling in su-
perlattices to restrict the treatment to the complex dielectric
susceptibility % = X' + *X" blurred along the rows or over
the planes of the lattice, which in the case of charged parti-
cles corresponds to averaging the potential of the atoms of
the lattice.

The number of localized states, which in the planar case
is determined by (5.3), is small in the existing superlattices
of cavities having constants i<1500 A. In this sense the
channeling of neutral particles in them is analogous to the
channeling of electrons of energies j£ 5 10 MeV in crystals.
In order to observe individual states of neutral particles in
superlattices, the absorption must be low enough:116

n"x /X' ^ 1 ( n is tne number of states ) . This condition can be
satisfied for photons of energies ~ 100 keV and for thermal
neutrons. With increasing superlattice constant, L>/lp, the
number of states increases, and ultimately one can assume
that photons and neutrons are propagated along definite tra-
jectories. In the planar case the trajectories of the particles
are determined by the equation

2 (x) = j (60
a + x' (», *) - X' K *0))-

I/2d*- (4.4)

Here z is the longitudinal coordinate; 00 and x0 are respec-
tively the angle and the point of entry of the particle with
respect to the plane, x' (&> •*) is the susceptibility averaged
over the plane. In the case of a plane of spherical cavities, for
which x(a>,x) ~ x2, the trajectories of the channeled parti-
cles amount to a sinusoid having the period
T= (2ir<0/a}p ) (S /-rr) 1/2. The critical entry angle for chan-
neling is determined by the depth of modulation of the sus-
ceptibility and has the form 0C = (<ap/&>) (trr^/S) l/2, where
r0 is the radius of the cavities, and S is the area per cavity on
the plane.

In addition to lattices made of vacuum or gas cavities,
there are also other three- or two-dimensional structures
(colloidal crystals)107 with a suitable transition of modula-
tion of the electron density, where it is also possible to ob-
serve channeling of photons and neutrons. In particular, cer-

tain forms of opal (SiO2 -nH2O) consist of densely packed
spheres of SiO2 of diameter 103 A, which form a rather per-
fect superlattice.133'134

To test the possibilities of channeling of x-ray photons
an experiment was performed139 in which the photons en-
tered at a small angle to the plane formed by the rows of
cylindrical microchannels in a glass matrix. The periodic
structure amounted to a two-dimensional close-packed lat-
tice of these cylinders with a period d^ 13 ftm and radius of
cylinders r = 5 /jm.

The dielectric susceptibility averaged over the plane de-
pends on the distance x to the center of the plane channel
according to the relationship

1~(^)T'}> (4>5)
Co (a)) is the dielectric susceptibility of the continuous

medium (glass). The trajectories of the photons entering at
the angle 60 to the planes of the lattice are determined by Eq.
(4.4). When 60^(x'(o),Q) — x' (<*V))1/2, most of the parti-
cles are captured into a channeling regime. The experiment
was performed with a photon beam of energy tuo = 22 keV
and an angular divergence at the entrance of A®0 ^0.2°. A
feature of photons of not too high energy is a substantial
influence of absorption. This has the result that the most
penetrating component of the photons moves near the center
of the plane channel. In this region of distances, the variation
of;c(«, x) is close to a parabola. Hence the period of oscilla-
tions of the trajectory practically does not depend on the
amplitude, and hence on the entry point x0. The indepen-
dence of the period on the amplitude leads to an effect of
oscillation of the angular divergence of the beam of chan-
neled particles upon changing their depth of penetration into
the target. This effect was observed earlier in the planar
channeling of protons.2

Figure 22 shows the results139 of measurements of the
angular divergence of a beam of photons as a function of the
target thickness z, confirming the oscillating character of the
angular divergence. Thus one can consider that the effect of
channeling of photons in superlattices has been detected ex-
perimentally. However, more favorable conditions for ob-
serving it exist in superlattices with a smaller period (~ 1
/urn) and for harder quanta ( ~ 100 keV).

1,2

o,&

0,+

2 •( 6 z,mm

FIG. 22. Relative intensity of the radiation of the Ka line of silver scat-
tered at zero angle in a periodic structure as a function of the target thick-
ness z. The initial angular divergence of the beam is 0.2°, and the receiving
angle of the detector is 0.03°.
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CLOSING REMARKS

The process of channeling of electrons and positrons in
crystals and the accompanying electromagnetic radiation
has been studied at present over a broad range of energies of
the channeled particles from ~ 1 MeV to ~ 100 GeV. On the
whole, the theory that has been developed agrees well with
the results of experiments. The effect of emission by particles
of relatively low energies has already found application in
solid-state physics as a new method of spectroscopy. The
further prospects of this method of studying solids involve
the development of a theory of the broadening of the spectral
lines toward improving the accuracy of predictions of the
positions and line widths of the emission with account taken
of various subtle effects of interaction of the particles with
the crystal lattice. As experiments have shown, the emission
by particles of medium and high energies has a relatively
high intensity, while the emission by positrons of energies
1-10 GeV in planar channeling has also a rather high mono-
chromaticity (owing to the almost harmonic oscillations in
the channel and the dipole character of the emission), and it
can be tuned in frequency. Such a radiation source is of inter-
est in studies of photonuclear processes. As regards the emis-
sion from channeled and superbarrier particles of superhigh
( S 100 GeV) energies, it is the most effective means of ob-
taining hard y-quanta with energies comparable with the
energy of the particles, since the probability of emission in
this case is an order of magnitude higher than for brems-
strahlung in an amorphous material. From the standpoint of
theory this process also arouses great interest, since under
certain conditions is serves as an example of electromagnetic
processes in a strong constant field. Finally we note that,
owing to the lack of space, such an interesting phenomenon
as the channeling of relativistic particles in bent crystals,
which also has been intensively studied recently and can find
widespread application in high-energy physics, has re-
mained outside the scope of this review.

The authors thank H. F. Shul'ga, who made a number
of useful comments on the manuscript of the article.
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