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The review sets forth the main results of theoretical and experimental studies of the radiation
emitted by relativistic charged particles in undulators. The physical basis of the action of
undulators is described. The main properties of undulator radiation and their relation to the
trajectory of the particles in the undulator are discussed. Quantitative relations are given for the
spectral, angular, and polarization characteristics of the radiation by an individual particle. The
influence of the electron-beam parameters on the properties of the radiation are considered. The
relation between the size of the diaphragm and the spectral characteristics of the radiation
selected by it is analyzed. Some fundamental aspects and the results of recent experiments on
generation of coherent undulator radiation are presented, including radiation from free electron
lasers. Various types and features of undulators are described, and also characteristics of existing
sources of undulator radiation in synchrotrons and storage rings. Several methods of
experimental investigation and results obtained therein are discussed.

1. INTRODUCTION

As the result of the extensive possibilities of practical
applications, recently methods of obtaining electromagnetic
radiation from relativistic electron and positron beams are
being developed intensively. The radiation emitted by high-
energy electrons in external magnetic fields has a number of
attractive properties: high intensity, sharp directivity, polar-
ization, and accurately calculable spectral characteristics.
Therefore steadily increasing scientific and technical uses
are being found for synchrotron radiation (SR) which ac-
companies the motion of electrons and positrons in the bend-
ing magnets of synchrotrons and storage rings. '~8 However,
with all their desirable properties, synchrotron radiation
sources cannot completely satisfy all requirements which
arise on the characteristics of the radiation: intensity, spec-
tral range, monochromaticity, and the possibility of adjust-
ment of the form of polarization during use. Radiation
which satisfies all these requirements to a significant degree
can be obtained by passage of relativistic charged particles
through an undulator. In an undulator electromagnetic ra-
diation is emitted as a result of the oscillatory motion of the
fast charged particles. A motion of this type is realized, for
example, in a spatially periodic static magnetic field (a mag-
netic undulator), in crystals (natural undulators), in the
field of an electromagnetic wave, and in a number of other
structures. The first indication of the very promising possi-
bilities of use of artificial periodic structures for generation
of microwaves by fast particles was given many years ago in
an article by V. L. Ginzburg.9

In the studies which followed in the fifties many at-
tempts were made to create efficient sources of microwaves
employing magnetic undulators and linear electron accel-
erators.10"13 However, these ideas did not receive further de-
velopment in their time in view of the difficulties of produc-
ing electron bunches with the required parameters. In
addition, the lack of sources of high-energy electrons limited
the possibilities of generation of more energetic photons.

At the beginning of the seventies as the result of the
coming into operation of electron accelerators of intermedi-
ate energy (E~ 1 GeV) the possibility appeared of a sub-
stantial increase in the energy of undulator radiation (UR).

For example, in the external electron beam of the Erevan
synchrotron undulator radiation was obtained in the x-ray
wavelength region.14 References 2, 15, and 16 pointed out
the possibility of a significant increase of the intensity of UR
as the result of use of circulating beams of ultrarelativistic
electrons in synchrotrons and storage rings. This circum-
stance resulted in a new wave of interest in UR sources. In
this period, mainly by the efforts of Soviet scientists, a com-
prehensive theoretical analysis of the properties of undula-
tor radiation was carried out, which made it possible to de-
termine the physical characteristics of UR sources which
distinguish it from and provide advantages over SR. The
principal results of these studies are quite completely de-
scribed in several reviews.17"21

The first experimental studies of the properties of undu-
lator radiation from the orbit of a cyclic accelerator, carried
out in 1977-1979 in the synchrotrons Fakhra at the Lebedev
Institute in Moscow22"26 and Sirius at the Tomsk Polytech-
nic Institute27"29 and subsequent work in storage rings30"38

confirmed the main consequences of the theory and demon-
strated the possibility of creating intense tunable sources of
monochromatic radiation with a high degree of polarization.
At the same time there has been a continuation of the inten-
sive development and creation of new sources of undulator
radiation in the very large electron storage rings which are in
operation and being planned. There has been serious discus-

(sion of the need of creating a specialized storage ring with an
extensive set of undulators, each of which individually is
optimally planned for specific experimental problems.

An important direction of the studies, which has devel-
oped simultaneously with work on production of spontane-
ous undulator radiation in the energetic region of the spec-
trum, is the development and production of sources of
coherent undulator radiation-free electron lasers (FEL).
This direction has received specially intensive development
after the first successful experiments on generation of in-
duced undulator radiation in the infrared region.39'40 In de-
vices of this type a significant part of the energy of a well
shaped electron beam can be converted directly into coher-
ent radiation, which permits increase of the spectral density
of UR in a given range by another several orders of magni-
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tude in comparison with spontaneous radiation. In consider-
ation of the fact that the contemporary state of the free elec-
tron laser problem has been described in rather great detail
in numerous reviews,41'51 in the present article in discussion
of PEL we shall limit ourselves to consideration of some
fundamental aspects and the results of recent experiments.

On the other hand, sources of spontaneous UR, which
are now being used under real experimental conditions, have
not been given sufficient coverage in the literature.

2. PRINCIPLES OF OPERATION OF AN UNDULATOR.
QUALITATIVE DISCUSSION

2.1. Dynamics of particles in a magnetic undulator.
Among various types of undulators, the most widespread are
those with a magnetic field of alternating sign.10 A schematic
drawing of such an undulator and the trajectories of parti-
cles moving in it is given in Fig. 1.

An undulator consists of two periodic systems, each of
which contains a large number of magnetic poles of alternat-
ing polarity. The strength of the transverse magnetic field of
the undulator varies along its z axis according to a law close
to sinusoidal with a period A0. A relativistic particle entering
the undulator at a small angle a to its axis experiences the
action of the undulator magnetic field, which leads to curva-
ture of the initial trajectory of the particle.

If the initial conditions for entry of the particle into the
undulator are appropriately chosen, in each oscillation the
particle will cross the undulator axis each time at the same
angle am. The value of this angle will be an important pa-
rameter in the subsequent discussion. Thus, the particle will
move relative to the undulator axis in an almost sinusoidal
trajectory with a period A0. Since the force exerted on the
particle by a static magnetic field is always directed normal
to its velocity and the loss of energy to radiation is negligible,
the absolute value of the particle velocity, like its energy, is
preserved in motion in the undulator being discussed. For
constancy of the magnitude of the velocity v of the particle
the lengthening of its path due to transverse oscillations with
respect to the undulator axis leads to some decrease of its
velocity averaged along the undulator axis U y = c/Jy in com-
parison with its absolute value v = c/3.

Therefore in an undulator a particle moves along a
curved trajectory with a velocity which varies in sign and
magnitude, and consequently emits electromagnetic radi-
ation. The magnitude and orientation of the electric vector
of the field of this radiation are determined by the magnitude

FIG. ' Diagram showing the principle of a magnetic undulator.
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and direction of the acceleration. For a periodic change of
acceleration the electric field of the undulator radiation also
will be a function periodic in time. We note at once that in the
general case this function is not necessarily harmonic.

The trajectory of motion of a particle in an undulator
will be a periodic unclosed curve. Motion along such a curve
can be considered to be a bounded oscillatory motion with
respect to a uniformly moving center and a translation of the
center itself. The translational motion of this center can be
easily excluded from the discussion by going over to a coor-
dinate system moving uniformly along the undulator axis
with the average particle velocity v\\. In such a system, which
in what follows we shall call the co-moving system, a particle
will now execute a periodic motion along a closed trajectory.
The specific form of this trajectory is determined by a num-
ber of factors, in particular by the geometry of the magnetic
field and its magnitude. The radiation which arises here is
undulator radiation, and we will now proceed to discuss this
radiation.

2.2. Undulator radiation as radiation <jfa rapidly mov-
ing oscillator. An observer located in the co-moving system,
as a consequence of the relativistic contraction will see the
undulator magnets and the gaps between them shortened by
7n times, where y\\ = (1 — /? 2 ) ~ l / 2 is the Lorentz factor, as
a consequence of which the frequency of the oscillations of
the particle, which in the laboratory system is fl = 2irf}\\ c/
A0, will be increased by the same factor and will be equal to

(2.1)

Note that the field of the magnets in the co-moving sys-
tem is equivalent to the field of a plane electromagnetic wave
with frequency co*. Therefore in this system of coordinates
we are dealing with the radiation of a stationary oscillator
with an eigenfrequency co*. For an amplitude a of the har-
monic oscillations of such an oscillator much smaller than
the wavelength A * = 2-irc/co* the radiation will have a dipole
nature with a clearly expressed fundamental frequency co*
and highly suppressed harmonics of higher multipolari-
ties.52 The simplest example of such a radiator is a short
linear antenna-a one-dimensional dipole. A widely known
example of the radiation of a two-dimensional dipole is the
radiation of a nonrelativistic electron in motion in a circle in
a uniform magnetic field-cyclotron radiation. "~54 The fre-
quency of this radiation is equal to the frequency of rotation
of the electron.

If we take into account that the average velocity of the
motion of the particle considered along a trajectory with a
characteristic oscillation amplitude ~a and a frequency co*
isvzz aa)*/2iT, we can rewrite the criterion of dipole nature of
the radiation in equivalent form as a limit on the velocity
v*/c4,1; that is, the radiation will be dipole if the particle
moves with a nonrelativistic velocity.

The limited time of radiation (i.e., the time of passage
through the undulator) determines the natural width of the
spectral line corresponding to the fundamental frequency
co*. In the co-moving coordinate system the dipole moment p
of a particle oscillating in an undulator is oriented normally
to the velocity of this system, and the radiation is axially
symmetric with respect to p and does not occur in the direc-
tion of this vector. In the transition to the laboratory coordi-
nate system the direction of propagation of the radiation and
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its frequency change substantially. Specifically, as a conse-
quence of the aberration of light the radiation propagating in
the co-moving system into the forward hemisphere is trans-
formed into a narrow ray lying within a cone with opening
angle ~ \/Y\\ • For an ultrarelativistic particle, i.e., a particle
whose energy % is much greater than the rest energy,

Y — •

this leads to a high directivity of the radiation. As a conse-
quence of the Doppler effect the frequency of the radiation
becomes

03(6) = . i—p. , cos e 1 — p., cos 9
(2.2)

where 6 is the angle formed by the direction of observation
with the undulator axis z. Therefore on conversion to the
laboratory system instead of one frequency of radiation a>*
we obtain a spectrum of frequencies, and to each observation
angle d there corresponds its own frequency.

If the amplitude of the oscillations of the particle is
small (the criterion of smallness will be specified more accu-
rately later), its average velocity (3\\c will practically coin-
cide with the total velocity f)c (/?y = /?) and consequently
7n = Y. In addition, if we take into account that for an ul-
trarelativistic particle, 1 — /3^ 1, we can write

(2.3)

we arrive at the conclusion that for a relativistic energy, with
increase of the energy there is a rapid increase of the frequen-
cy of radiation from the particle.

2.3. Condition of dipole nature of undulator radiation.
We shall consider the motion of a particle in an undulator
along a sinusoidal trajectory with period A0 and amplitude a.
The angle of intersection of this trajectory with the undula-
tor axis is

2na

"•-IT-
In what follows we shall discuss only systems with an-

gles am < 1, since they present the greatest practical interest.
As consequence of the oscillations, the pathlength of the par-
ticle in one element of the undulator structure increases by
an amount

1 / 2na \ 2 1 2 1

This quantity is important, since it determines the slowing
down of the velocity of longitudinal motion of the particles,

(2.4)

and the corresponding decrease of the longitudinal Lorentz
factor Y\\ to a value

Yn = (l — I
-1/2

(2.5)

Equation (2.5) has great significance as a result of the
fact that this equation, and not Eq. (2.4), determines the
conditions under which it is possible to neglect the change of
the average velocity Qf longitudinal motion of a particle55

omT<l. (2.6)

As will be shown below, the condition (2.6) is simultaneous-

ly the condition of dipole nature of the radiation in the co-
mo ving coordinate system. However, it is important to note
that a change of the velocity of longitudinal motion leads to a
further very important effect-the appearance of oscillations
of the particle along the undulator axis (trembling). In fact,
at the peaks of the sinusoidal trajectory the particle velocity
is directed along the undulator axis z and exceeds /? y c (2.4),
while at the intersections of the trajectories with the undula-
tor axis the projection of the velocity on the z axis /?zc
= pc[\ — (\/2)a2

m ] is less than the average longitudinal
velocity. As has been shown in Refs. 17 and 55-57, the con-
tribution of these oscillations to formation of the radiation
spectrum turns out to be extremely significant in spite of
their small amplitude

6Zm^~F"T="§"'

It is of interest to analyze these oscillatory motions in
the co-moving system. Lorentz transformations show that in
the absence of trembling the motion in this system would be
uniform. Radiation in such motions has been discussed in
Refs. 58-60. On the other hand, the existence of trembling
has the result that the motion becomes two-dimensional.
The complete trajectory has the characteristic form of a fig-
ure eight (Fig. 2) oriented along the x' axis. The maximum
deviation from the z' axis is x'm = a, and the displacement
along this axis due to trembling is z'm = am Y\\ a. As can be
seen, these quantities are comparable if am Y~ 1- For am < 1
the figure eight degenerates into a straight-line segment—
the dipole approximation.

The expression for the velocity of motion of the particle
in the co-moving system with inclusion of trembling takes
the form61

4(1-26*) -]
(2.7)

where

QT|I

4 [1 +(1/2) a

0,8

0.4

0

-0,4

-0,8
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FIG. 2. Trajectory of particle in the co-moving system S'.
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The velocity of the particle in its motion along the figure
eight varies: the longitudinal velocity is greatest at the tips of
the figure eight (\x'\ = a):

and the total velocity is greatest on crossing the origin of the
coordinates (*' = 0):

"m-— m r 4 + 3a^,Y2 '

The energy of the particle in the laboratory coordinate sys-
tem W = (%" + V^P'Z)Y\\ (Pz 's the component of the mo-
mentum) in the absence of trembling (p'z = 0) is propor-
tional to the energy 'S' in the co-moving coordinate system.
In view of conservation of the energy 'S the variation offf',
which is substantial in the nondipole case, unavoidably leads
to the appearance of^.

2.4. Interference phenomena in an undulator. The time
T of passage of a particle through an undulator (and conse-
quently the time of emission by it of electromagnetic radi-
ation) isL//31| c, where L = A"A0 is the length of an undulator
consisting of AT elements of periodicity. The duration of the
pulse of radiation in the direction 6 (Fig. 3) is determined by
the difference between the velocity of light and the projec-
tion of the velocity of the particle on the direction of observa-
tion. In a time T the radiation emitted at the beginning of the
undulator will traverse a distance

7 T L

~ r== ~PT~ '

The projection of the final point of the undulator on the
direction of propagation of the radiation is removed from the
beginning of the undulator by a distance L cos 9. Thus, the
length of the train of undulator radiation is

&l---l — LcosQ = -£-(l — p"cos8).
HI

A" complete oscillations fit into a length A/, and consequently
the length of the wave which is dominant in the radiation
(the length of one oscillation) is

The greatest contribution to the intensity of all waves emit-
ted in a given direction will be given by those waves Am

which in the entire length of the undulator are in identical
phase with respect to the particle moving in it. Then the
amplitudes of these waves in their motion through the undu-
lator will continuously rise. For wavelengths /i different
from Am, the wave will acquire a phase advance A<p relative
to the particle, and this phase advance will accumulate fas-
ter, the larger is A/I =A — Am. The radiation from those
points of the undulator for which this advance is A<p = IT will
mutually cancel.

FIG. 3. Formation of a pulse of radiation in an undulator.
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Let us find the condition of synchronism of a wave of
frequency a> propagating at an angle 9 to the undulator axis
and a particle executing in the undulator periodic oscilla-
tions with respect to its axis with frequency H. For this pur-
pose it is necessary that the increment in some time interval
A? of the phases of the electron oscillations and of the oscilla-
tions of the waves be equal. During this time the phase of the
electron oscillations changes by HA/, and the electron itself
is displaced along the undulator axis by Az = 0\\ cAt. With
this displacement the phase of the electromagnetic wave
changes by a value «Af — (co/c) cos <?Az. Equating the
phase changes obtained, we find the condition of synchro-
nism of the wave and the particle: fl = co( 1 — &\\ cos 6).
The detuning of the wave frequency A<w at which the phase
advance in the entire length of the undulator will amount to
a value IT, with allowance for the fact that A/ = KA0/P \\ c,
will be

Hence, using Eq. (2.2), we obtain
Am

to
1

2K

This relation also characterizes in order of magnitude the
width of the spectral line of the undulator radiation observed
at a given angle 6.

3. PARTICLE TRAJECTORIES IN UNDULATORS

The nature of the oscillatory motion of a particle is giv-
en by the form of the undulator magnetic field and, in the
general case, can turn out to be extremely complex. How-
ever, in most cases of practical interest the motion of the
particle can reduce to the two simplest forms: sinusoidal and
motion along a helical trajectory.

3.1. Motion of charged particles in a planar undulator.
In a planar magnetic undulator there is formed a transverse
magnetic field whose intensity vector is perpendicular to the
median plane of the undulator (see Fig. 1) and varies along
the z axis according to a harmonic law

H= — j#msin-|^-z (0<z<i), (3.1)

where j is a unit vector along the>> axis, perpendicular to the
undulator z axis (in what follows we shall everywhere take
the undulator axis as the z axis of the coordinate system),
and #m is the amplitude of the magnetic field. The trajectory
of an electron in such an undulator will lie in the x,z plane
and for the condition am ̂  1, where am = eHmA,0/2Trmc2y,
is given by the expression10'17'55'56'62

r (t) = ixm sin Qt -f k [cpV — (6z)m sin 2Qt], (3.2)

where xm = cam/fl and fl = 1ir&\\ c/A0 are the amplitude
and frequency of the transverse oscillations, respectively,
(&)m = fbc^/Sjffc is the amplitude of the longitudinal os-
cillations, which occur with a doubled frequency 2il (trem-
bling ), and

is the average velocity along the undulator axis. The equa-
tion of motion (3.2) is valid for initial conditions at t = 0 at
the entrance to the undulator selected specially:
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At •=.«mC.

It follows from it that in the relativistic case (f)\\ ~ I ) the
frequency of oscillations depends only weakly on the particle
energy, while the amplitude of the oscillations depends on
the field amplitude Hm and the period /10 and decreases rap-
idly with increase of the energy. For other initial conditions
a slow transverse drift of the particles will occur. In a suffi-
ciently long undulator in view of the inhomogeneity of the
magnetic field the drift will go over into slow oscillations of
the particles about the undulator axis.

As was pointed out previously (Chap. 2), an important
characteristic of an undulator is the dimensionless quantity

Zmnc" (3.3)

which determines the form of the spectrum of undulator ra-
diation. Using Eq. (3.3), we can represent the condition of
dipole nature of the radiation (2.6) in the form

(3.4)

For electrons and positrons this formula becomes HmJi0

•410700 Oe-cm. For particles heavier than an electron the
quantity on the right increases in proportion to the mass of
these particles. For example, for protons we obtain the fol-
lowing condition: //m/l0< 19.6-106 Oe-cm, which is practi-
cally always satisfied.

It is interesting to note that the relations
n. 2jt o . 2ji t *
fit = -£-&,<**-37*0

provide the possibility of representing the field at each point
of the particle trajectory as a linear function of its transverse
displacement x:

r \ 63xm) •

This same dependence of the field on the transverse displace-
ment is characteristic also of systems with a quadrupole elec-
tric or magnetic field of the form

H=jg£ (3.5)

(g is the field gradient), which can be used as an undula-
tor.64'65 A field of the form (3.5) is produced in the quadru-
pole lenses which are used for formation and control of
charged-particle beams.67 The trajectory of a particle mov-
ing in the lens is determined by the same formula (3.2).
However, in this case the main parameters of the trajectory
are determined by the initial conditions. For example, the
oscillation amplitude xm and the angle am are determined by
the coordinate and the angle of entry of the particle into such
an undulator. The frequency of harmonic oscillations

is not only determined by the field gradient, but also depends
on the particle energy.64'67 With increase of the particle ener-
gy the oscillation frequency decreases as y 1/2> and the oscil-
lation period in turn increases as y}/2. Therefore the condi-
tion of dipole radiation (2.6) should be rewritten as a limit
on the oscillation amplitude64

If the lens aperture remains constant an increase of the parti-
cle energy can lead to destruction of the dipole nature of the
radiation. For such an undulator of fixed length the number
of its periods drops with increase of the energy as y ~1/2.

For macroscopic quadrupole lenses the gradients achie-
vable in practice turn out to be extremely small, which leads
to large oscillation periods (of the order of a meter). Crys-
tals are another matter—they can be regarded as special nat-
ural undulators.63 In the channels formed by the crystal
planes there is a transverse electric field,68 which varies ac-
cording to a law E~igx, and the gradients are extremely
large. The trajectory of a charged particle in such channels is
described by Eq. (3.2). The periods of their oscillations may
amount to thousands or tens of thousands of angstroms
(10 5-10"4 cm). Therefore the radiation from channeled
particles has recently been attracting the close attention of
physicists as a possible source of energetic quasimonochro-
matic radiation.69"74

3.2. Motion of charged particles in a helical undulator.
As has been shown in several papers,17'75'76 the magnetic
field near the axis of a helical undulator varies according to a
law

where Hm is the magnetic field strength, which remains con-
stant over the entire length of the undulator.

With displacement along the undulator axis the end of
the magnetic field vector laid out from this axis describes a
helical line which is right-handed or left-handed depending
on the sign ( — ) or (-t- ) in front of the second term in Eq.
(3.8). In such a field for the initial conditions

the particle moves along a helix determined by the expres-
sion

r (t) = iR cos Qt ± jR sin (3.9)

where R = amc/£l is the radius of the helix and am

= eHmA0/2irmc2y is the angle of winding of the helix. Mo-
tion along the z axis occurs with a constant velocity

and here again the condition am <£ 1 is assumed to be satis-
fied. Note that as a result of the difference in the geometry of
the magnetic field the expression for the longitudinal veloc-
ity of a particle in a helical undulator differs by a factor of
two in front of a2

m from the corresponding expression for a
planar undulator. In the co-moving coordinate system the
motion of the particles in a helical undulator is represented
as motion in a circle of radius R, whose plane is oriented
normal to the undulator axis. Trajectories of this type are
followed by particles emitted into a uniform magnetic field
at a small angle to the direction of the magnetic line offeree.
However, here also, as in a quadrupole field, the undulator
period increases with increase of the energy, whereas in a
helical undulator it is given by the winding step of the helix.
A motion close in nature to the motion along a helix occurs
also in axial channeling of particles in crystals.70"74

We note that according to Refs. 17, 61, and 77-79 a
motion of relativistic charged particles according to laws of
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motion close to (3.2) and (3.9) occurs also in the field of an
intense electromagnetic wave with linear or circular polar-
ization, which can be discussed as one type of undulator.
However, with the intensities 7b achievable at the present
time, the field strength of such an undulator, which is given
by E( V/cm) ~ 20 Ih W/crrr)' /2, is quite inferior to that of a
magnetic undulator.

In addition to the harmonic (ideal15'64) undulators dis-
cussed above, anharmonic undulators also exist in nature.17

For example, the transverse motion of charged particles in
crystals is characterized in a number of cases by strong an-
harmonicity.17 An example is the motion of electrons rela-
tive to a crystallographic plane (or axis) whose potential can
be described by means of an inverted parabola, in contrast to
positrons, for which the potential is represented by an ordi-
nary parabola.80 As is well known from the theory of accel-
erators,67'8' in each individual parabolic portion of the po-
tential, the transverse motion of positrons can be described
bv trigonometric functions, and that of electrons by hyper-
bolic functions.69'82

4. QUANTITATIVE CHARACTERISTICS OF UNDULATOR
RADIATION

4.1. General properties of undulator radiation. The dis-
cussion of undulator radiation in most cases of practical in-
terest is carried out in the framework of classical electrody-
namics. The electric field E and the magnetic- field H of a
charge at time / at a point of observation given by a radius
vector R(0 = Rn (n is a unit vector) measured from the
charge are determined by the motion of the charge at a pre-
vious moment of time t' from the Lienard-Wiechert poten-
tials52'54

H=^[nE]. (4.2)

Here the square brackets indicate a vector product, all
quantities on the right-hand side are taken at the moment of
time t'(t' + R ( t " ) c ~ * = t), and p = d!3/dt'. The electro-
magnetic radiation is determined by the second term in Eq.
(4.1), which depends on the acceleration.

According to Eq. (4.1) the radiation of an ultrarelati-
vistic particle is concentrated mainly along the instanta-
neous direction of its velocity in a region of angles —1/7,
sincejust for these directions the quantity (1 — n - p ) 3 i n t h e
denominator of (4.1) takes its minimum value — (1 — /?)3.
For vectors n lying in the plane of motion P • p and forming
with the velocity an angle ijj = arccos /7~y~' , the radiation
field vanishes.

On the axis of a planar undulator (see Eq. (3 .2) ) the
radiation term in (4.1) gives

p ,^, Sue (gmv) V3

The "Coulomb" term along the x axis also gives a variable
field shifted in phase relative to the radiative term by a half-
period of the oscillations, ExC<}u] ~8e(amj')j'*/R2. These
quantities are close in order only within the undulator, when
R~An. The constant longitudinal field is Ez_Cau] ~4ey2/R 2

and for y%>\, R S/l(l, it is much less than the two terms dis-
cussed. In what follows we shall be interested in the radi-
ation far from the undulator and therefore we shall not con-

sider the first term in (4.1).
Far from the undulator in the wave zone, where R^-L,

the variation of R and n in (4.1) can be neglected in motion
of a particle in an undulator. The spectral and angular distri-
bution of the radiation energy at frequency ca in the direction
determined by the vector n, in the wave zone where the
waves in small regions of space can be considered plane, are
given by the expression52'54

Au= [nI(n-p)P]](l-np)-*exp ico t — - dt,

(4.3)

where Atf is the energy radiated by a particle into an element
of solid angle do in the frequency interval d<u, R0 is the radius
vector drawn from the beginning of the undulator to the
point of observation, R (/) = R0 — r ( t ) , and r ( t ) is the radi-
us vector of the particle measured from the beginning of the
undulator (see Chap. 3). The radiation spectrum of the par-
ticle is formed in accordance with Eq. (4.3) on the entire
trajectory of the particle.

We note that from (4.3) it is possible to eliminate accel-
eration if one makes use of the equality

[n[(n-{t)pn _ d [n[np]]
(l-n(5)2 At l-nj5

and carries out integration by parts.
In the general case the spectral and angular distribution

of the energy of the radiation in an undulator with a large
number of elements of periodicity K^> 1 can be represented
in the form of the sum of the radiations of the individual
harmonics17'57

A=t

|ah((o, 6, q>) I 2 sin2 (nKak)
Q- al (4.4)

where the vector a^ is given by
2n/a

lr S

a(*) = [n[(n-p)p]](l-np)-zexp [ - ^(nxx + n,y + nt6z)

ak (a), 0) = Q-' [« (1 - «zp,,) - AQ],

nx = sin d • cos q>, ny = sin 9 • sin tp, n2 = cos 6, 6 is the polar
angle formed by n with the undulator axis z, and <p is the
aximuthal angle formed by the projection of n on the x,y
plane with the x axis. The vector ak (a>,6,cp) determines the
dependence of the radiation characteristics on the shape and
transverse dimensions of the particle trajectory in one period
of its oscillations. The expression \ak (cn,9,<p)\2 in compari-
son with the factor sin2(7rKa,. )/oj. changes significantly
more smoothly. Therefore the spectral and angular behavior
of the radiation are determined mainly by the expression
sin2 ( irKcrk ) /<rk , whose dependence on ak is shown in Fig. 4.
Its main maximum lies at ak = 0. It determines the frequen-
cy of the radiation of the k-ih harmonic propagated at an
angle 6> to the undulator axis [seeEq. (2.2)] .

For ultrarelativistic motion,
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(4.9)

-4 ~y -z -7

FIG. 4. Spectral and angular distribution of radiation energy in an ideal
undulator.

we can rewrite the radiation frequency cok in the form

i. (4.5)

The frequency of radiation of a given harmonic reaches a
maximum at zero angle:

wftm= i + (py2)
 ; (4-6)

Here pi/2 is the average value of the square of the reduced
transverse momentum of the particle. For a planar undula-
tor it is given by [see Eq. (3.3) ]

2 ~2~ \2nmc* I '

and for a helical undulator [see Eq. (3.9) ] it is given by

We note that in channeling of particles in a crystal the pa-
rameter

increases with increase of the particle energy; here
Un?zgd 2/2 is the interplanar potential and d is the channel
width [seeEq. (3.5)].

The height of the principal maximum in Fig. 4 increases
in proportion to K2 with increase of the number of periodic-
ity elements of the undulator. Just for this reason in a num-
ber of studies83'84 undulator radiation is still called coherent
or interference synchrotron radiation. Here one is consider-
ing the well known analogy with coherent bremsstrahlung in
crystals, where periodic motion of charged particles also
takes place.85

The first minimum ak< = \/K determines the width
k.ak of the spectral lines of the radiation observed at a given
angle 0,

Ao)ft = ̂ -, (4.7)

which falls off inversely proportional to K. According to
(4.5), the radiation with a fixed frequency a>, if a>$;a>km, is
concentrated on the surface of a cone with opening angle

(4.8)

The width of the angular distribution Af?A also is found from
the condition ak = I/A", with a) = const:

where

is the interval of angles in which is concentrated the radi-
ation of frequency cokm propagated along the undulator
axis. '8 We note that for low frequencies co/o)km < 1, accord-
ing to (4.8), the opening angle of the cone of radiation
6k = (2k£l/6))]/2 does not depend on the energy of the par-
ticle.

The height of the auxiliary maxima falls off rapidly; for
example, the height of the first auxiliary maximum is about
0.05 of the height of the principal maximum.

Figure 4 recalls the distribution of the intensity of radi-
ation diffracted in a slit or opening. One can define the effec-
tive diffraction size of the radiator in an undulator as
(6 = 0)

(4.11)

For K^> 1 it substantially exceeds the amplitude of oscilla-
tions of the particles in the undulator xm.

The total radiation energy in the line, determined by the
area of the curve in Fig. 4, is proportional to K.

The spectral distribution of the radiation can be ob-
tained by integration of (4.3) or (4.6) over angle, and the
angular distribution can be obtained by integration of the
same expressions over the frequency of radiation or by inte-
gration over time of the expression ~ E2, where E ( t) is taken
from (4.1).

4.2. Dipole undulator radiation. In the ultrarelativistic
case in the dipole approximation [seeEq. (2.7)] in (4.3) the
velocity of the charge can be considered constant and direct-
ed everywhere along the axis of the undulator. Then A(J re-
duces to the form

(4.12)

where

»•'d*

is the Fourier component of the particle acceleration and

In the co-moving coordinate system (/3< 1) the quanti-
ty Aw is simplified still more:

. , * r *0 II (A. 1 ^>Aw« = [n* [n*po)»]]; (t-is)

Here A,u, is the Fourier component of the acceleration nor-
mal to n*, and a>* = fly; see Eq. (2.1).

The radiation spectrum for a long undulator (AT> 1)
can be obtained directly from (4.4), where

lnl(n-p)p\H ^ pk = JL { peiM«dJ!,

Integrating over angles and introducing the new variable
I" = co/2(ly2, we have
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(4.14)

here £( x ) is the integer part of the number x. For a very long
undulator (K-> oo ) we can use the limiting transition

As a result we obtain instead of (4. 14)

/ 1 _ 2 . + 2 . (4.15)
2 ' 2 '

T^e spectrum of radiation of the &-th harmonic is cut off at a
frequency <ytm = 2&fiy2.

The higher harmonics of the radiation which arise in
the dipole approximation as a consequence of the anharmon-
icity of the motion have, for an identical directivity of the
vectors (3A , angular distributions which are identical with
the fundamental frequency, and their spectral distributions
differ only in the frequency scale.

The spectral distribution of the radiation for a finite
undulator with harmonic motion (planar or helical) is
shown in Fig. 5. We have also shown in this figure spectra for
an undulator of infinite length. The areas under the curves
have been normalized to unity. In undulators of finite length
the radiation extends to higher frequencies in comparison
with cam , and the maximum of the spectrum shifts to fre-
quencies smaller than com . For sufficiently long undulators
K ^ 10 the shape of the integrated spectrum does not differ
too greatly from the spectrum of an infinite undulator. "

4.3. Radiation in a planar undulator. The radiation in a
planar undulator is symmetric with respect to the plane of
motion determined by the vector PXP=:H (the horizontal
plane xz; see Chap. 3 ) . The periodic variation of the vector H
equalizes in importance the two normals to the plane of mo-
tion. Therefore the radiation is symmetric also with respect
to the vertical plane y,z passing through the undulator axis.

In a planar undulator the radiation of the particle is
completely linearly polarized, and the orientation of the
electric-field vector in some chosen direction of observation
is given by the vector ak in (4.4) and consequently will de-
pend on this direction.

FIG. 5. Spectral distribution of radiation energy in an ideal undulator in
the dipole approximation.

In the dipole approximation only one harmonic is stud-
ied, since only a, is different from zero,

2tf2 cos2 cp \ . &2 sin2 cp '
a,= ' ] ; (4.16)

here?? = 0y. Along the undulator axis (withi? = 0) there is
emitted only radiation whose electric-field vector is parallel
to the plane of oscillations of the particles in the undulator.
The maximum of the intensity of this component of the radi-
ation for an arbitrary angle i? is reached in the vertical plane
(<p = ir/2, 37T/2). The intensity of radiation with electric
vector perpendicular to the plane of the oscillations has four
maxima at

(2ft + 1)
=«P=

For values

& = 0, 1, 2, 3).

it vanishes.
The spectral and angular distribution of the radiation,

summed over polarizations, is obtained after substituting
(4.16) into (4.4),

d2g 8eVxV
2

dco do -212-

+ ft2)2 L1
[((O/Ol)-!]'-

where
(4.17)

In this distribution a second azimuthal harmonic appears
explicitly, and in the x,z plane the energy of the radiation
drops to zero at i?= 1. Similar symmetry properties are
characteristic for the distribution of the instantaneous inten-
sity of any magnetic bremsstrahlung radiation.5" At large
angles (i?> 1) the itensity falls off as d 4.

The spectral distribution of the radiation is described by
the first term (k= 1) in (4.15).

With increase of the field in the undulator, higher har-
monics also become appreciable in addition to the funda-
mental harmonic of the radiation. The angular and spectral
distributions of even and odd harmonics differ substantial-
ly 17.21,56,57.86.87 For exampig; ajong tne uncjulator axis only

odd harmonics (k = 2p + 1) are emitted, and their spectral
and angular distribution at the maximum17'57 of the line
(<a = < u 2 1 , n , i ? = 0) is

_d2»2p.i
dtodo 2P-H (Pi),

( 4 1 8 )

where Jp is the Bessel function of order p and

x =

The dependence on the reduced transverse momentum pi

(pL from 0 to 5) of the spectral and angular distribution of
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FIG. 6. Spectral and angular density of radiation in harmonics as a func-
tion ofp, for 6 = 0, 1p + 1 = 1 (curve 1), 3 (curve 2), 5 (curve 3), 7
(curve 4), 9 (curve 5), and 11 (curve 6).

the energy of the radiation at zero angle, plotted for the first
few harmonics in accordance with Eq. (4.18), is shown in
Fig. 6.87 The energy of the radiation at the maximum of the
line in the first harmonic first rises as the square of the mag-
netic field strength, after which the rate of rise slows down
and it reaches a maximum

at Pi =1.2 (the regime of optimal fields in the undula-
tor17-57'87 ), after which it begins to drop gradually.

— 1.45 the energies of the first and third harmon-
ics are equal. On further increase of pL the maximum of the
radiation shifts to higher harmonics. At the same time, in
accordance with Eq. (4.18), there is a rise of the frequency at
which the maximum energy of the radiation occurs.

The widths of the angular distributions of undulator
radiation for pi S 1 are commensurate in the two transverse
directions and are of the order y~ '. 17f57 In the plane of the
oscillations of the particles, with increase of the angle i?, the
radiation of each harmonic passes through a series of maxi-
ma and minima whose number increases with increase of the
number of the harmonic.

The number of maxima observed on variation of the
azimuthal angle <p is always even; for the higher harmonics it
is higher than for the fundamental harmonic and increases
with increase of the harmonic number. We note that the
electric field vector e of the radiation in the x,z plane for all
harmonics lies in this plane. For the vertical plane this vector
is parallel to the x,z plane for odd harmonics and normal to it
for even harmonics.

For/?! = 1 for small angles (i?<^ 1 ) the principal energy
of the radiation is in the first harmonic. However, already at
i? ̂  1/2 the energy of the radiation in the second and higher
harmonics is comparable and even exceeds the radiation en-
ergy in the first harmonic. The angular distribution in the
vertical plane ( cp — 77/2 ) is characterized by a simpler law of
variation — one maximum for the odd harmonics and two
maxima for the even harmonics. An increase of the field in
the undulator is accompanied by broadening of the angular
distribution of the radiation in the plane of oscillations,
which is due mainly to the increase of the radiation in the
higher harmonics.

Let us consider now the change of the spectral distribu-
tion with increase of the field in the undulator, assuming that
A> 1.17'57-87 For an optimum value of the field in the undula-
tor (pL~l; Fig. 7a) the width of the "line" of the first har-
monic at half-height is about 25% of the total width, the
energy of the radiation in the second harmonic reaches
~30%, and in the third harmonic about 15% of the radi-
ation energy at the maximum of the first harmonic.

On a further increase of the magnetic field the fraction
of the radiation associated with higher harmonics rises. In
Fig. 7b we have shown the spectral distribution of radiation
for Pi = 2.0. In contrast to the distribution at zero angle,
here the maximum in the spectrum occurs in the first har-
monic.

In the limiting case of strong fields (pL^>\) in the undu-
lator21'86'89 (or of high energies in the radiation of channeled
particles in a crystal) the radiation at the point of observa-
tion in the xz plane conies only from those portions of the
trajectory on extension of which the particle velocity vector
rotates by an angle of the order y~' with respect to the direc-
tion of observation; see Eq. (4.1). On a screen placed at a

FIG. 7. Spectral distribution of radiation in a planar undulator for
p: = 1.0 (a) and /?, = 2.0 (b). Curve 1-combined radiation, curve 2-
radiation in even harmonics, curve 3-radiation in odd harmonics.
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distance R from the undulator, the radiation spot of size
Ry~l shifts horizontally, illuminating a narrow band of
length Ram .

Carrying out in (4.18) the limiting transition, we find
for the radiation energy along the undulator axis
(a> = fi>(2/,+ , ) i n ,# = 0) (Ref. 88):

, (4.19)

where

and K2/3 is the Macdonald function. For (2p + 1 )rj0 — 0.5,
this energy takes on a maximum value equal to
0.45 A" 2e2y2c ~ ' which does not depend on the undulator field
strength. The maximum in the spectrum occurs at harmonic
km and frequency <um ,

"-m a" Pi' com — ~<r j (4.20)

The number km does not depend on the electron energy, and
the corresponding frequency «m coincides with the critical
frequency of radiation in a uniform magnetic field Hm. We
note that the maximum value of the spectral and angular
energy distribution of radiation along the undulator axis for
strong fields is 15% higher than at the optimum field, since
with increase of the field the main increase is in the fraction
of energy radiated at large angles with respect to the undula-
tor axis. The integrated radiation spectrum in a strong field
is close in shape to the synchrotron-radiation spectrum.

Frequencies co ~ fly2 characteristic of the optimal fields
in the undulator correspond in the case of strong fields to
harmonics with numbers kopt ~p\ such that kopt rjn < 1. Us-
ing the approximate expression for the Macdonald function,
we obtain for the radiation at frequency <a2p+ , ~£ly2, and
tf = 0(Ref. 88)

d2£ _2-6V3r2 (2/3)
dado

p-2/3. (4.21)

Thus, with increase of the field while the undulator period
remains constant the radiated energy in the line in the fre-
quency region discussed falls off as Hm ~2/1. Therefore un-
dulators with high fields can be advantageously used for op-
eration at frequencies significantly greater than fi^2.

4.4. Radiation in a helical undulator. In a helical undu-
lator in accordance with the form of the particle trajectory
(3.9) the angular distribution of the radiation is axially sym-
metric. As in a planar undulator, in the direction of its axis
there is no radiation of even harmonics, and of the odd har-
monics only the first is present, which is completely circular-
ly polarized. The spectral and angular distribution of the
radiation in the dipole approximation differs from the
expression (4. 17) only in the fact that in it we have in place
of cos2 q> a factor 1/2. In regard to the spectral distribution,
it has the same form as in the case of a planar undulator. In
the general case the spectral and angular energy distribution
of the radiation can be written in the form

17'18-21'90-93

where

is the total energy of the radiation and Jk and J 'k are the
Bessel function and its derivative; as before

t = ̂ r- 0-ey.

The radiation spectrum from the /c-th harmonic in mo-
tion of an electron along a right-handed helical line we shall
represent in the form of the sum of radiation with right-
handed ( + ) and left-handed ( — ) circular polarization

(4.23)

here

.

The conditions of generation become optimal when the
spectral and angular distribution or the angular distribution
of the energy of radiation of the first harmonic reaches a
maximum. According to (4.22) and (4.23) the spectral and
angular distribution of the radiation energy has a maximum
at Pi = V2, and the angular distribution has a maximum at
Pi = I.57-91-93 For Pi = 1, as in a planar undulator, there is a
sharply expressed peak in the spectrum, which corresponds
to the radiation of the fundamental. On the other hand the
spectral distributions of the higher harmonics are distin-
guished by a greater smoothness. The degree of circular po-
larization at the maximum of the spectrum reaches about
80%. Within the peak it passes through zero and for low-
frequency photons has the opposite sign. For the optimal
field a large part of the radiated energy is concentrated near
the undulator axis in the range of angles Ai? = 1/2, where
mainly the first harmonic is radiated. For the radiation in-
cluded inside a cone with t?<l/2, a high degree of circular
polarization p~95% is characteristic. In the remaining di-
rections the radiation is elliptically polarized with a ratio of
the semiaxes of the polarization ellipseI7JS

(4.24)

It follows from this formula that near the surface of a cone
with opening angle

1/2

Fk (0) = /if (lot) + (4.22)

the radiation in a helical undulator becomes linearly polar-
ized. The plane of its polarization is tangent to the surface of
the cone. This is rather obvious, since in the co-moving sys-
tem with observation at corresponding angles a circle ap-
pears to be a straight line.

In contrast to the planar case, with increase of the field
in a helical undulator the radiation departs from its axis. At
higher fields the ray of undulator radiation describes a coni-
cal surface with an angle at the vertex of the cone am. On a
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TABLE I.

E,GeV

to, keV

0,1

1,58-10-3

1

0,158

10

15,8

50

395,6

100

1,58-103

400

25,32-103

103

158-103

5-103

3,96-106

screen the undulator spot will move uniformly around a cir-
cle of radius Ram, where R is the distance from the undula-
tor to the screen.

4.5. Basic energy relations. Here we shall dwell only on
relations which permit quantitative evaluation of the char-
acteristic values of the principal parameters of undulator
radiation sources constructed on the basis of a planar undu-
lator. Similar relations for a helical undulator can be ob-
tained by simple replacement ofHm by V2Hm (see also Refs.
94 and 95).

The maximum energy of photons of the /c-th harmonic
is

0,949A:(£(GeV)8
(4.25)

where A = 0.0934#m (kOe) A0 (cm).
The energy of the photons at the maximum of the spec-

trum of the principal harmonic for an undulator with a char-
acteristic period A0 = 4 cm and an optimal field //m = 2.65
kOe (pL = 1) are given in the following table.

Undulator radiation has its own characteristic scale in-
variance. For example, the total energy of radiation in a giv-
en region of the spectrum will depend only on the reduced
frequency £ = costly2. A consequence of this fact is that the
form of the spectral distribution (in £) of the number of
emitted photons is independent of the energy of the elec-
trons. For the number of photons with energy

l + (pi/2) '

emitted at zero angle on traversal of the undulator by a single
electron, we have [see Eq. (4.10) ]

l + (PJ/2)
ZP+i (4.26)dado 4nc 2p+l

where a = e2/-fic is the fine-structure constant.
The radiation per unit time of an electron beam with a

current of 1 A in a frequency interval of width 1 % from
1)m into an angle of 1 (mrad)2 isCO (2p

= 3,52. (pj

/ photons
Isec-mrad2-l% / ' (4.27)

its form for the first few harmonics is shown in Fig. 7. The
total radiation power summed over all harmonics in an un-
dulator is

W( watts)

= 0.127(£(GeV))2<(#(kOe))2>Z,(crn)/(A),(4.28)

where (H2) is the average of the square of the field in the
period of the undulator. For a planar undulator
(H2) = (l/2)#^,andforahelicalundulator (H2) =H2

m.
4.6. Quantum corrections to undulator radiation. The

region of applicability of classical electrodynamics is limited
by the condition of smallness of the energy of the radiated
photon in comparison with the electron energy fuo/% < 1,
where ft is Planck's constant.

For moderately relativistic transverse motion (px $ 1)
the energy of a photon radiated in an undulator is fico ~ fifly2

and the quantum effects of the radiation are conveniently
characterized by the parameter17'78

idn&a'Y <} ™ce ., /A TOA
X = — g ~ = ^~~x~^' (4-29)

where/ice = h /me = 2.426-10 ~ w cm is the electron Comp-
ton wavelength.

For ultrarelativistic transverse motion (pL > 1) the
quantum effects in the undulator appear in the same way as
in motion in a uniform magnetic field. Here the condition of
applicability of the classical theory is

//m7<#c, (4.30)

where Hc = m2c3/eH = 4.4-1013 Oe.
The influence of quantum effects at low fields is traced

especially easily for the case of an undulator with a plain
electro-magnetic wave. In such an undulator the wave with
frequency cab and a relativistic electron move opposite to
each other. The energy of the photon emitted at an angle 9
with respect to the direction of motion of the electron is

2jBb .
W ~l — pcos8+(o>b/S)(l— cos6) ' (4.31)

here and below in this section we shall set fi = c = 1. The
maximum energy a>m is observed for photons scattered in the
direction of motion of the electron (Compton backscatter-
ing):

l + X (4.32)

where it has been taken into account that for a relativistic
particle in the field of a wave fi = 2<yb For^-^ 1 this expres-
sion goes over into the classical formula

wm = 4a>bY
2. (4.33)

As the electromagnetic wave we can use photons pre-
viously emitted by a beam in an undulator and then reflected
from a mirror. A source of photons can be also colliding
electron or positron beams. This leads to emission of ener-
getic photons: 6>b ~2£ly2, co^^&fly4.

The quantum nature of the transverse motion of the
electrons appears when they are propagated in the quadru-
pole fields of electromagnetic lenses or crystals if the phase
space of the transverse motion is insufficiently large,

5. RADIATION FROM A BEAM OF PARTICLES IN AN
UNDULATOR

5. /. Influence of electron-beam parameters and dia-
phragming of undulator radiation on its properties. Previous-
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ly we have discussed the properties of the radiation of a sin-
gle particle moving along the undulator axis. We shall now
discuss the properties of UR emitted by a beam of particles.

We shall place in correspondence with each particle a
point in six-dimensional phase space, the location of which is
given by the transverse coordinates x,y, the angles (x',y')
formed with the undulator axis, the longitudinal coordinate
z with respect to the center of the beam, and the deviation of
its energy from the average. As a rule, this distribution can
be described by a Gaussian law with the following disper-
sions: crj, crj, oj., Oy, a2,, a\,. The emittance in a given plane
of motion is denned as the product of the standard deviations
of the displacements and angles of the particles with respect
to the beam axis (£xy = iraxycrx.y,). Here it is assumed that
the center of the beam is always on the undulator axis.

The experimentally observed characteristics of undula-
tor radiation (differential or integral) are determined not
only by the beam parameters but also by the acceptance of
the experimental apparatus: by the shape of the entrance
aperture and its dimensions rx and ry. The angular interval
of the radiation in the direction of observation selected by
the entrance aperture of the experimental apparatus is

(5.1)

In a number of cases the beam parameters are more
conveniently described by the width of the effective angular
distribution at halfheight96:

A9e = 2 V 2 In 2 ae «; 2,36 ae, (5.2)

(5.3)

where / is the distance from the center of the undulator to the
point of observation.

a) The influence of the beam parameters on the spectral
and angular characteristics of the undulator radiation be-
comes appreciable if A#e (Ai?e = <?5A0e ) approaches in or-
der of magnitude Ai?A (At^ =yt±9k (4.9)). In observation
of radiation along the undulator axis this condition takes the
form Ai?_ S At^o [see Eq. (4.10)]. As follows from (4.9)
and (4.8), the sensitivity of the properties of the radiation to
the beam parameters becomes greatest for X. = A km

[2+( /7? /2 ) ] ,when t f m = y#m = 1.
We note that the width Ai? at half-height of the angular

distribution of the radiation in the selected plane (x,z ory,z)
will depend mainly on the angular spread of the particles in
this same plane, and for At?MV > Ai9A it will be proportional

Broadening of the angular distribution of undulator ra-
diation will occur also with increase of the energy spread Ay.
For #m ~ 1 it is proportional to Ay/y ( Ai? ~ { [ 2 + ( p l / 2 ] /

For t?OT S: At^o an increase of the spread Ai?e of the
particles in the beam will lead also to a shift of the maximum
of the spectral and angular intensity of the radiation toward
smaller angles. This shift Ai?m in the selected plane will de-
pend on the angular spread of the particles in the plane per-
pendicular to it and for i?m > acx-_y, its magnitude is propor-

tional to (T^y /-&m • In the general case Ai?m will depend also
on the angular distribution of the vector a^ (d,q>) in (4.4).

b) The width of the spectral line of undulator radiation,
with inclusion of the energy and angular spread of the parti-
cles in the beam and also of the angular acceptance of the
diaphragm, can be estimated from the expression

_
kK

ft2 -12 /

3 r ]+ ( - (5.4)

The intensity of radiation propagated at zero angle at
wavelength Akm, with opening of the angle selected by the
diaphragm A7?d up to

-[
increases without substantial broadening of the line. Opti-
mal conditions for monochromatization of undulator radi-
ation by means of a diaphragm can be written in the form96

1). (5.5)

We note that in the optical region of the spectrum the
separation of monochromatic radiation can be accomplished
also by means of a mirror. The requirements on the angular
size of the mirror are given by the same conditions (5.5). It
follows from this that in a number of experiments which do
not require very high monochromatization of the beam of
radiation it is possible to use undulator radiation without a
monochromator.'5'64

It is important to mention that the energy spread of the
particles leads to a symmetric broadening, while the angular
spread leads to deformation of the spectral distribution
curve of the radiation. The distibution becomes asymmetric
with a flatter falloff on the long-wavelength side.96'97

For finite sizes of the beam cross section a broadening of
the spectral line of undulator radiation can be produced also
by inhomogeneity of the undulator magnetic field in the gap
between poles. This inhomogeneity can be described by the
following formula:

where

dy

For symmetric magnetic fields (pL ( — y) = p, (y)) in the
expression for pL the linear term disappears (p.^ = 0), and in
the case, for example, of a planar undulator29'96'98 the broad-
ening of the line amounts to

AX

1 +(Pi o/2)
(5.6)

where ( \ /H m )d 2Hm /dy2 is of order l//L2
0.

Existence of an angular spread of the electrons leads
also to appearance in the direction of the axis of a planar
undulator of radiation in even harmonics.

c) One of the important characteristics of a source of
electromagnetic radiation is its brightness in a given portion
of the spectrum, i.e., the intensity per unit area of the radiat-
ing surface of the source per unit solid angle. The area S of
the radiating surface of a beam of particles in an undulator
will depend on its transverse dimensions, the angular spread,
the length of the undulator, and the angle of observation:
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5 = 3

where

(5.7)

1/2

are the visible horizontal and vertical dimensions of the
beam. In the direction 6 = 0 it takes on a minimum value for
a,,, = (2Ex,y/nL^'\

The spectral energy of radiation per unit solid angle in
the direction 0 = 0 decreases with increase of the angular
spread of the beam in inverse proportion to the square of the
broadening of the angular distribution of the radiation:

. _ ,
-

Then, according to Eq. (5.7), the spectral brightness of
a source of undulator radiation in this direction is deter-
mined by the expression 18>85

B(k, 6 = 0)=-

(5.8)

where

dXdo dX0do

is the spectral and angular intensity of the radiation along
the undulator axis of a beam with current J and with zero
emittance.

d) In a planar undulator the angular spread leads to a
decrease of the linear polarization of the radiation. For radi-
ation propagating near the undulator axis (A ~~Akm

[I + (p\/2) ] , the ratio of the polarization components will
depend on both the horizontal and vertical angular
spreads96:

-^-~V«, (5.9)

With deviation from the undulator axis by an angle i?m

~ 1 U~Akm [2 + (pi/2) ] ) , the polarization of the radi-
ation at an azimuth cp = Tr/2 is determined mainly by the
angular spread in the plane of oscillations of the particles

g I I ' ex* ea> <y I -?• l*J)

When the optimal conditions (5.5) for monochromatization
exist, the radiation preserves a high degree of linear polariza-
tion, of the order of 0.99 or higher.

In motion of a particle in a helical undulator the angular
spread of the particles in the beam leads to a decrease of the
degree of circular polarization. For example, along the un-
dulator axis (0 = O)96

g- (5.11)

where g+ and g_ are the components corresponding to
right-handed and left-handed polarization.

A more detailed analysis of the radiation properties of
real beams in an undulator can be found in Refs. 96 and 99.

5.2. Conditions of generation of coherent undulator radi-
ation. A beam of charged particles moving in an undulator is

a set of oscillators whose oscillation phases in the general
case depend on the relative location of the particles in the
beam and on the angle of their entry into the undulator.
Under certain conditions the phases of the electromagnetic
waves emitted by individual particles in an undulator can be
matched and grouped about some specific phase, i.e., the
particles of the beam will radiate coherently in a given direc-
tion.

We shall consider the basic properties of generators of
coherent undulator radiation, among which are sources of
spontaneous coherent and induced undulator radiation.

5.2.7. Spontaneous coherent undulator radiation. To ob-
tain spontaneous coherent radiation a beam must be
grouped in bunches with small longitudinal and transverse
dimensions100

z e <Afc m , xeffaye<^J,hmy (5.12)

and must have small angular and energy spreads

A8,<A8M, ^-<-j^. (5.13)

The intensity of the radiation of such a beam is proportional
to the square of the number of particles in it. A beam of
charged particles consisting of a series of bunches and which
satisfies these conditions will emit coherent undulator radi-
ation which in addition to high intensity will have a higher
directivity and monochromaticity in comparison with the
radiation of a single bunch.

The technique used at the present time for formation of
short electron bunches with length ~0.1 mm (Ref. 101)
provides the possibility of producing generators of submilli-
meter waves with output power about 105 W. By using the
effect of grouping of a particle beam during its passage
through matter,102 it is possible to achieve the generation of
coherent undulator radiation also in the region of shorter
wavelengths.

For not too great deviations from the conditions (5.12)
and (5.13) the total energy of the radiation will remain sub-
stantially above the energy of incoherent radiation. In this
case one speaks of partially coherent undulator radiation,
the properties of which have been considered in detail in
Refs. 100 and 103.

We mention that in coherent radiation the energy loss
of the particles may become so large that it becomes neces-
sary to take into account the influence of the loss both on the
dynamics of the particles and on the properties of the radi-
ation itself.

5.2.2. Spatial coherence of undulator radiation. The ra-
diation of a beam of charged particles in an undulator, like
the radiation of other quasimonochromatic light sources,
has the property of spatial coherence. The degree of spatial
coherence of undulator radiation, which characterizes the
relation of the phases of the electromagnetic oscillations at
various points of observation, depends on the size and shape
of the charged-particle beam and also on the angular and
energy spreads of the particles in the beam.104 It takes on its
maximum value when the conditions (5.12) and (5.13) are
satisfied. One must keep in mind that for any given direction
the region of spatial coherence of the radiation is restricted
to an interval of angles &0k given by (4.9).

For small angular and energy spreads (5.13) the degree
of spatial coherence of undulator radiation will depend only
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on the transverse size of the particle beam. For a uniform
distribution of the particles in a beam cross section having
the shape of a circle of radius re, the electromagnetic waves
emitted along the undulator axis will be coherent in the in-
terval of angles104

ABcoh<—• (5.14)
re

It is important to mention that sources of undulator
radiation permit one to obtain a high degree, of spatial coher-
ence of the radiation without preliminary monochromatiza-
tion of the radiation and may find application in the hologra-
phy of microscopic objects.

5.3. Induced processes in an undulator. Let us consider
the interaction of an electron beam with a plane electromag-
netic wave of wavelength A. propagating along the undulator
axis, neglecting effects due to space charge of the beam,—the
"Compton regime." Interaction of the beam of electrons
with the wave can lead to exchange of energy between them.
The transverse component of the particle velocity interacts
with the electric field of the wave. The intensity of the inter-
action depends on their relative orientation, i.e., on the ratio
of the phases of oscillations of the particle and the wave.

For definiteness we shall consider the motion of a parti-
cle in a helical undulator and we shall assume the electro-
magnetic wave to be circularly polarized with an electric
field vector rotating in the same direction as the beam parti-
cles. In Sec. 2.4 we derived the condition of synchronism of
the wave and the particle. If the frequency of the wave is
given, this condition determines the energy

(
I

(5.15)

of a synchronous particle. Particles with a different energy
y = ys -f- Ay in the absence of a wave will be displaced with
respect to a synchronous particle with a velocity

-"AY. (5.16)

Here particles with higher energy will lead the synchronous
particle, and those with lower energy will lag it. The pres-
ence of an external wave leads to a change of this picture. In
Fig. 8 we have shown a projection of the particle trajectories
on the plane perpendicular to the axis of a helical undulator,
and also the orientation of the electric-field vector of the
wave at some moment of time.42'56 For particles with the
synchronous energy with the passage of time this picture will
rotate as a whole around the undulator axis. In the trajectory
there are distinguished particles: 2 and 4, the transverse ve-
locity of which is directed normal to the electric field vector
of the wave Eb. The energy of such particles is conserved.
The velocity vector of particle 3 is directed along the electric

FIG. 8. Motion of particles with various phases in the fields of a plane
circularly polarized wave and of a helical undulator.

FIG. 9. Phase motions of particles in free electron lasers.

field vector, and that of particle 1 is opposite to it. Therefore
in accordance with the formula52 d&/dt = e(Ebv) particle
3 will be accelerated and its energy will increase, while parti-
cle 1 will slow down and lose energy to electromagnetic radi-
ation. Therefore as the result of interaction with the wave in
a homogeneous initially monoenergetic beam uniformly dis-
tributed along the undulator axis there will appear an energy
spread which in turn leads to a relative displacement of the
particles in the longitudinal direction.

The relative motion of the particles and the change of
their energy can be conveniently represented in phase plane
Ay, <p (Fig. 9).42'45'81.'05 As abscissa we plot the phase of the
particles cp = 2-irhz/fi \\A (Az is the displacement with re-
spect to a synchronous particle), and the phase of the equi-
librium particle 2 is taken as zero. As ordinate we plot the
deviation Ay of the energy from the equilibrium value ys.
Particles I and 3 will execute phase oscillations about the
equilibrium phase of particle 2: We have here the mechanism
of phase stability, which is well known in accelerator theory,
and a certain fraction of the particles are captured by the
wave. However, not nearly all particles will be captured by
the wave. For example, particle 5, which initially had the
same phase as particle 4 but a somewhat larger (or smaller)
energy y5 will be accelerated (or slowed down) by the wave
and will be displaced in phase. Going over to the region of
retarding phases, this particle will slow down to the initial
energy ys. Subsequently the nature of the motion is pre-
served and the phase of such particles will increase up to the
moment of departure from the undulator. The curves drawn
through the point 4 divide the phase plane into two regions:
In the inner region we have particle motion bounded in
phase, and in the external region it is unbounded. The curve
which separates these two regions is called the separatrix.
The size of the separatrix obviously will depend on the am-
plitude of the external wave. A monoenergetic beam of parti-
cles with the equilibrium energy on the average does not
exchange energy with the wave: as many particles are slowed
down as are accelerated

Transfer of energy to the wave can be accomplished if
we select a beam-particle energy above the equilibrium ener-
gy by some amount Ay. Through a half-period of the phase
oscillations the energy of the beam particles will decrease by
about 2Ay and will become below the equilibrium value. The
energy lost by the beam will be expended on amplification of
the external wave.

In order to accomplish the generation of induced radi-
ation, one places the mirrors of an optical resonator on the
undulator axis. In the resonator there is storage and amplifi-
cation of spontaneous undulator radiation. Its high directiv-
ity with comparatively small size of the resonator mirrors
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permits retention of the main part of the energy of spontane-
ous radiation of a given wavelength. In selection of the geom-
etry of the optical resonator the diffraction size of the radia-
tor in the undulator (4.11) is taken into account. It is
obvious that here, in contrast to free space, a discrete set of
electromagnetic waves (modes) will be excited. The dis-
tance between the mirrors is chosen so as to synchronize the
electron bunches with the optical pulses of radiation from
the neighboring bunches of the beam. The monochromati-
city of the radiation is determined by the extent of the elec-
tron bunches.

Devices working on this principle are usually called free
electron lasers (PEL), in contrast to ordinary lasers in
which bound atomic electrons are used. The active medium
in a free electron laser is the electron beam, and the spatially
periodic field of the undulator is the pumping field.106 The
advantage of such a generator consists of the possibility of
smooth tuning of the wavelength of the generated radiation
by changing the amplitude of the undulator magnetic field or
the electron energy.

The gain of the free electron laser is defined as the ratio
of the increment A/of the intensity of the radiation field in
the undulator length to the intensity / at the input to the
undulator: G = A///. As has been shown in Refs. 105, 107,
and 108, in the weak signal regime (A/<</) the gain for an
unmodulated electron beam is proportional to the steepness
of the spectral line of spontaneous undulator radiation for
the identical state of polarization of the amplified and spon-
taneous radiation. This property indicates the direct connec-
tion of the parameters of a free electron laser with the spec-
tral and angular characteristics of the spontaneous
radiation, which is characteristic of induced radiation.109

For radiation propagated at an angle 9 to the direction
of motion of a monoenergetic beam, the gain at a fixed wave-
length A, can be written in the form

/A

(5.17)

where

/is the beam current, /A = mc^/e is the Alfven current, Sis
the beam cross section, which does not exceed the cross sec-
tion of the wave, and the function fk (A,&,(p) describes the
angular distribution of the intensity of spontaneous undula-
tor radiation at wavelength A. The last factor in (5.17) deter-
mines the well known dependence of the gain on the energy
of the electron beam and the wavelength of the radiation.

According to (5.17) the gain is an odd function of ak

which vanishes at crk = 0 (A = Ak) and takes on positive
values for ak < 0 (the long-wavelength part of the spectral
line of undulator radiation A>Ak). The gain reaches its
maximum value at a wavelength

i ""-m f c 1 o \

undulator parameters and on the particle-beam parameters.
In particular, the existence of an angular spread of the parti-
cles in the beam leads to a slower falloff of the intensity of
radiation in the long-wavelength region of the spectrum and
consequently to a shift of the maximum of the gain toward
the long-wavelength region and to an appreciable decrease
of this maximum.110 Therefore to preserve a high level of
gain it is necessary that this shift lie within the spectral line of
the spontaneous radiation.

The interaction of the electron beam with the wave in a
free electron laser is accompanied by its modulation in ener-
gy in the longitudinal direction, which when there is a suffi-
ciently long drift space beyond the undulator goes over to a
longitudinal modulation of the beam density with the period
of the wave A. In free space the maximum modulation of the
density occurs in traversal of a drift region of length
L0 ~Ay3

s/4^Y. Passage of a beam of electrons modulated in
this way through a subsequent undulator permits substantial
increase of the gain of the external wave.11U12 Sometimes it
may turn out to be useful to use as the grouping element an
undulator with parameters which change smoothly along its
length115 or to make use of grouping in a long undulator
under the action of the undulator's own radiation.75'114'115

A significant increase of the gain can be achieved in an
optical klystron (OK), proposed at the Institute of Nuclear
Physics, Siberian Division, USSR Academy of Sciences,116

which successfully combines the modulator and generator
functions. In this device the spatial grouping of the beam is
accomplished in a magnet placed between two undulators,
with a high field of alternating polarity. This magnetic struc-
ture, which is similar to a single period of an undulator with
pi > 1, provides the required modulation of the beam in a
length substantially smaller than L D.

The electromagnetic waves emitted by an electron in
the first and second undulators of an optical klystron inter-
fere, as a result of which a series of narrow spectral lines are
observed in the direction of their common axis. The widths
of these lines, which are determined by the relation of the
phases of the interfering waves, are inversely proportional to
the number of periods Kok of electromagnetic oscillations
which fit into the length of the wave pulse of light emitted in
the optical klystron. Installation in the drift space of length d
of a dispersing magnet with a field pid = eftm d /2Trmc2 > 1
permits substantial increase of the number Kok:

With decrease of the wavelength it drops as A3/2, which lim-
its the possibility of creating short-wavelength generators.

The gain of a free electron laser depends both on the

(5.19)

The envelope of the spectral lines of the radiation in an
optical klystron follows the shape of the spectral line of the
radiation of a single undulator.

The dependence of the gain of a free electron laser on
the energy spread can be reduced by using undulators with a
transverse gradient of the magnetic field."7 The distribu-
tions of the magnetic field strength and particle energy over
the cross section of the beam are chosen so that particles with
different energies emit radiation of the same wavelength; see
Eq. (2.4).

In the weak-wave regime (A/<^7) the gain (5.17) does
not depend on the intensity /. With increase of / the gain
decreases (the saturation regime). For a wave intensity such
that in the undulator length approximately half of the period
of small phase oscillations occurs, the gain becomes mini-

214 Sov. Phys. Usp. 32 (3), March 1989 Alferovefa/. 214



mal. Here the efficiency of energy transfer (ET) of the beam
to the wave becomes maximal. For undulators with constant
parameters it is limited to a value A 7/7 S I/A". Actually, for
G > 0 the energy of the beam particles decreases on passing
through the undulator as the result of interaction with the
electromagnetic wave. Accordingly the spectrum of sponta-
neous radiation of such particles in an undulator gradually
shifts to the long-wave-length region. This shift decreases
the detuning A/I = A — Ak with respect to the level of maxi-
mum gain (5.17), and when A/I changes sign the amplifica-
tion of the wave is replaced by attenuation (absorption).

The energy transfer of a free electron laser can be raised
substantially by using an undulator with parameters pLO and
A0 which vary along the undulator axis"7 in such a way that
with decrease of the particle energy the condition of syn-
chronism of the particle and the wave (5.15) is preserved
(see Sec. 2).

To increase the efficiency of a free electron laser it is
desirable to provide recovery of the processed electron
beam118 or to use multiple traversals of the beam through the
undulator (for example, in electron storage rings119'120).

6. SOURCES OF UNDULATOR RADIATION IN
SYNCHROTRONS AND STORAGE RINGS

6.1. Characteristics of operating synchrotron and storage
rings. In contemporary electron synchrotrons and electron-
positron storage rings, electron and positron beams with en-
ergies from tens of MeV up to tens of GeV circulate. These
beams have high density, low emittance, and low energy
spread, which makes them extremely suitable for production
of undulator radiation.

The transverse size of the beam in an electron storage
ring is determined mainly by synchrotron radiation.81 The
horizontal dimension of the beam is found from the condi-
tion of equilibrium between radiation damping (compres-
sion) of the beam and its pumping by quantum fluctuations
of the synchrotron radiation. A typical value of the vertical
emittance is about 10% of the horizontal emittance (£y/£x

= 0.1) ,94 The size of the beam and the angular spread of the
particles in storage rings depend linearly on the energy of the
particles.

The beam size axy and its angular divergence ax._y. at a
given point of the orbit (at constant emittance) are deter-
mined by the magnetic structure of the storage ring, which in
turn is characterized by the envelope of the betatron oscilla-
tions (the/? function). In accordance with the requirements
of an experiment, the/3 function at a given point of the orbit
can be adjusted.94 For placement of an undulator it is desir-
able to organize a portion of the orbit with a large value of
the/? function17and consequently with a small angular di-
vergence of the beam. Another important characteristics of
the magnetic structure is the dispersion function rj, which
determines the displacement of the particles when their mo-
mentum deviates from the equilibrium value. At the point of
installation of an undulator it is desirable that this function
take on its minimum value.121

6.2. Choice of parameters of the undulator radiation
source. We mention at once that since the intensity of sponta-
neous undulator radiation is proportional to the beam cur-
rent, it is quite obvious that the use of undulators in synchro-
trons and storage rings is very promising since in these
devices the electrons are used many times. In comparison

with synchrotrons, storage rings have higher average values
of the circulating current of particles and better beam quali-
ty.

Existing storage rings with energy E of the order of
1-10 GeV permit coverage of a broad region of the spectrum
from visible radiation up to hard x rays. For generation of
undulator radiation in the infrared region of the spectrum it
is preferable to use undulators in low-energy continuous ac-
celerators (£50.1 GeV) with high beam quality. Advance
to the more energetic region of the spectrum (up to photon
energies of the order of tens of MeV) is possible in electron
storage rings with energy E = 10-50 GeV (Ref. 122) or in
secondary electron beams obtained in very large proton ac-
celerators.93

To obtain the greatest spectral density of radiation in
the first harmonic it is desirable to choose fields in the undu-
lator near the optimal value (p1~l).

If it is necessary to generate, in addition to the first
harmonic, the first several harmonics of undulator radiation
one should select a field amplitude corresponding to the
transition region pL ^, 1. This condition will be optimal also
for generation of coherent undulator radiation. 100For gener-
ation of radiation of higher energy and greater power than
ordinary synchrotron radiation one should use undulators
with high fields or wigglers (see Sec. 4). In practically all
cases precise tuning of the frequency of radiation can be ac-
complished by changing the amplitude of the magnetic field
in the undulator.

Increase of the energy and intensity of undulator radi-
ation for a given length of undulator can be accomplished by
decreasing its period. For undulators with high fields
(/>!>!) the period is determined from considerations of ob-
taining the required value of magnetic field.

The width of the spectral line of undulator radiation
and its intensity are given by the number of elements of peri-
odicity of the undulator. With increase of the number of
periods the width of the line will decrease, and the intensity
will increase. However, increase of A" above a certain value is
not desirable since with further increase of A the influence of
the particle beam parameters on the width of the spectral
line and its intensity increases.

Optimal conditions for monochromatization of undula-
tor radiation by diaphragming (5.5) are destroyed with in-
crease of the particle energy as a consequence of the increase
of directivity of the radiation (A(9~7-1) and increase of the
angular spread of the beam (cre ~y). In storage rings in the
portions of she orbit with low angular spread the required
conditions for monochromatization are satisfied, as a rule,
up to electron energies E'S. 1 GeV. In regard to synchro-
trons, here the angular spread of the particles is greater than
in storage rings, and therefore monochromatization condi-
tions close to optimal can be achieved only at E^ 100 MeV,
i.e., in the optical wavelength region (/l0~3-4 cm).

Since the emittance e of a beam in an accelerator at a
given energy is usually constant, in principle by appropriate
adjustment of the magnetic system of the accelerator it is
possible to select the optimal value of the angular spread, at
which the spectral brightness [see Eq. (5.8) ] will be great-
est.18 For an axially symmetric beam of particles under the
condition

2)^^ (6 = 0)
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FIG. 10. Geometry of one period of an undulator. (a)-the electromagnet
ic undulator; the arrows show the direction of current in the winding
(b)-permanent-magnet undulator; the arrows show the direction of th
magnetic induction vector.

this spread is

(6.1)

and the maximum brightness is given by the expression18'95
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Further increase of the spectral brightness requires decrease
of the emittance of the particle beam.

6.3. The magnetic system of an undulator. An undulator
is the main element of any source of undulator radiation. At
the present time in UR sources two types of magnetic undu-
lators are used: planar and helical. At the same time the
search is continuing for methods of further improvement of
the design of undulators and new types of apparatus are be-
ing developed which will permit substantial extension of
their operational possibilities.

We shall consider the main features of the magnetic
systems of various undulators and shall determine the rela-
tions for their parameters.

6.3.1. Planar undulator. The magnetic field of a planar
undulator is created either by current-carrying coils (Fig.
lOa) or by a system of permanent magnets (Fig. lOb).

In electromagnetic undulators the required magnetic
field is excited by a system of parallel conductors oriented
perpendicular to the undulator axis z and connected so that
the direction of the current in neighboring wires is opposite.
To increase the amplitude of the excited magnetic field, the
conductors are placed in slots in magnetic yokes (see Fig.
lOa).

The distribution of the transverse component of the
magnetic field along the z axis in such an undulator depends
in a rather complicated way on the geometry of the magnetic
system, namely on the period of the structure A0> the gap h,

J 'A

1,0

0,5

and the conductor width A.123'124 Numerical analysis shows
that the amplitude of the magnetic field near the axis of the
undulator rises rapidly with increase of the ratio of its period
to the height of the magnetic gap and reaches a maximum
value at /10/A~5.'23'124 The form of this dependence for
h = 1 cm is shown in Fig. 11, where //m //is the ratio of the
field strength at the undulator axis to the value of the current
in the windings. This dependence was calculated in the ap-
proximation of infinite magnetic permeability (fj. -* oo ) and
infinitely thin wires (b ->0). For a finite width of the conduc-
tors b the rise of the field strength with increase of A0 /h
occurs more smoothly. For a finite value of /u the amplitude
of the field falls off slowly with increase of A0/h after reach-
ing its maximum.

For an undulator employing permanent magnets125 the
amplitude of the magnetic field can be represented in a com-
paratively simple analytic form126

-**Ao, (6.3)

FIG. 11. Magnetic field amplitude as a function of undulator period with
h = 1 cm.

where Hc is the coercive force, a is the height of the magnetic
block, and M is the number of blocks in one period. The
arrangement of magnetic blocks in a period of an undulator
for M = 4 is shown in Fig. lOb. The nature of variation of the
field amplitude with increase of A0/h is approximately the
same as in an electromagnetic undulator.

It should be mentioned that in both versions for values
A0/h > 4 the law of variation of the field along the undulator
axis differs appreciably from sinusoidal.123'127 Here the na-
ture of the variation also will depend strongly on the number
of magnetic blocks M and, in an electromagnetic undulator,
on the conductor width b.

The inhomogeneity of the magnetic field in the gap of a
planar undulator is determined mainly by the length of its
period A0. If the width of the undulator is d0 > A0, then ac-
cording to Ref. 127 we have

^--^-Hr)1- («>
from which it follows that the field inhomogeneity and con-
sequently also the broadening of the spectral line of undula-
tor radiation (5.6) fall off with increase of the undulator
period.

Taking into account the form of the curve in Fig. 11, for
obtaining a maximum value ofpi ~HmA0 for a fixed period
the ratio A0/h must be chosen equal to 2-3. Here the shape of
the distribution of the magnetic field is close to sinusoidal.

In the literature there is also discussion of periodic do-
main structures, which occupy a position intermediate
between the macroscopic system discussed above and the
atomic fields of crystals.128 For example, in cobalt, where
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A. 5 10 2 cm, the field reaches values Hym~~3 kOe (pL

~3-l(r3) .
6.3.2. Helical undulator. The design of a helical undula-

tor has been discussed in Ref. 57. Such an undulator is a
system consisting of two identical coaxial solenoids dislaced
relative to each other by half of the winding pitch A0/2.

At one end the solenoid coils are connected in series,
and the power supply is connected to the other end, which
creates currents in the solenoids of opposite direction. With
this commutation of the coils on the undulator axis a trans-
verse helical magnetic field (3.8) is created, in which the
direction of rotation of the vector coincides with the direc-
tion of the winding of the solenoids.

The amplitude of the magnetic field near the axis of
such an undulator can be represented in the form91

(a, Xl)l (6.5)

where

+-
a = X i = -

^ is the angle of winding of the helix, tg $ = A0/ir
(R, + R2), Rt and R2 are respectively the inner and outer
radii of the cylindrical coil (R2 — Rt = d, the thickness), b
is the width of the conductor making up the coil, and K0 and
Kt are Macdonald functions. We note that the expression
(6.5) recalls expression (6.3) for the planar undulator.

The coefficient sin Xo/Xo characterizes the influence of
the conductor width b on the magnetic field strength. Since b
does not exceed /10 sin ifr/2, this coefficient can change with-
in the limits 2/7r<sin j0/j()<l. The function/(a,^,) ex-
presses the dependence of the magnetic field amplitude on
the conductor thickness d.

The amplitude of the field near the axis of a helical un-
dulator reaches its maximum value at A0/R, —2-ir. Here, as
in a planar undulator, the lower value of the period is limited
by the inner radius of the undulator. On departure from the
undulator axis by a distance A/? no greater than 0. l/l0 the
expression (6.5) describes the magnetic field in the undula-
tor with high accuracy (better than I %).76 For A/? > 0. U0

the magnetic field strength increases rapidly with radius,
and higher harmonics become appreciable in its distribution
along the z axis. Here in motion along the undulator axis the
tip of the vector will trace out not a circle, but an ellipse.

Therefore, for transverse beam dimensions appreciably
greater than 0. l/l(), the radiation in the direction of the undu-
lator axis will not be completely circularly polarized even in
the case of a parallel beam. In addition, the inhomogeneity of
the field over the cross section will lead to a broadening of
the spectral line of undulator radiation (5.6), and in its spec-
trum, in addition to the fundamental, higher harmonics of
the radiation will appear.

Permanent magnets can also be used in construction of
a helical undulator.

6.3.3. A universal helical undulator. At the P. N. Lebe-
dev Physics Institute a version of helical undulator91'12l> has
been proposed and constructed which is called by the au-
thors universal, in which the form of polarization of the elec-

tromagnetic radiation can be easily adjusted. This undulator
consists of two concentrically placed simple helical undula-
tors, one placed inside the other. The winding step is the
same in the two undulators, and the direction of the winding
is opposite. The power supplies of the two are independent.

Turning on only the outer winding or only the inner
winding gives the direction of rotation of the magnetic field
vector and correspondingly the polarization of the radiation
(right-handed or left-handed).

The series connection of the two coils creates a magnet-
ic field of the form (3.1) with//m = 2HR, whose vector will
lie in a given plane. In this case the particles will move in a
single plane according to a law (3.2) and consequently will
emit linearly polarized radiation. A change of the direction
of the current in one of the windings to the opposite leads to
rotation of the field vector and correspondingly of the plane
of polarization of the radiation by 90°.

Everything which has been said about the universal he-
lical undulator applies to its radiation in the first harmonic.
In Ref. 130 a modification of the design of the universal
helical undulator was proposed which permits circularly po-
larized radiation to be obtained also in the higher harmonics.

6.3.4. Edge fields of an undulator. To exclude the influ-
ence of the undulator on the shape of the equilibrium orbit of
the cyclic accelerator and to avoid distortion of the spectrum
of undulator radiation it is necessary that the distribution of
the magnetic field be antisymmetric with respect to the cen-
ter of the undulator. Failure to observe this condition may be
due to the presence of edge eifects. If it is necessary the edge
fields can be controlled either by correcting coils131 or by
changing the gap between the poles of the end blocks,35 or
finally by rotation of special edge magnetic blocks.126

It must be taken into account that the magnitude and
shape of the edge field influence also the spectral characteris-
tics of the radiation.

6.3.5. Undulators for free electron lasers. The gain of a
free electron laser is proportional to the cube of the number
of elements of periodicity of the undulator (5.17). The effec-
tive number of periodicity elements can be efficiently in-
creased by using magnetic systems of the optical-klystron
type. A modification of the optical klystron is being dis-
cussed in which the period of the second undulator is an
integral number of times smaller than the period of the first
undulator.132 Such a system permits generation of coherent
undulator radiation even in the higher harmonics.

In order to increase the efficiency of transfer of the ener-
gy of the particle beam to the electromagnetic wave, undula-
tors are being constructed with parameters A,,(z) and//m(z)
which vary monotonically along the undulator axis.l13'134 In
such "variable" undulators a gradual change of the gap h (z)
between magnet poles is carried out along the beam path.
The depth of modulation of the magnetic field 8h = A//ni /
Hm in this case is determined by the magnitude of the change
of the gap A//(z); see for example Eq. (6.3). Such systems
permit increase of the efficiency of generation by several
times. However, it must be kept in mind that with increase of
the modulation depth Sh there is a rise in the width of the
spontaneous-radiation line and accordingly the starting cur-
rent of the free electron laser increases. To decrease the start-
ing current one uses a so-called multicomponent undulator
consisting of several undulators with constant and variable
parameters.135
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T3 TABLE II. Parameters of undulator radiation sources in synchrotrons and storage rings.

Sources of electrons

Name, city, country

SOR-RING, Tokyo36

AGO, Orsay, France14

Ref. 35

VEPP-2M, Novosibirsk,
USSR37

Ref. 149
"

Fakhra, Moscow,
'USSR22"26

Sirius, Tomsk, USSR2""

ADONE, Frascati, Italy13

VEPP-3, Novosibirsk,
USSR30

DORIS-H, Hamburg,
West Germany38

SSRL, Stanford, USA31-32

Photon factory, Japan37

VEPP-4, Novosibirsk,
USSR163

Type

Storage ring

»

»

»

»

Synchrotron

»

Storage ring

»

»

»

»

»

Em,
GeV

0,38

0,56

0,56

0,67

1,2

1,5

1,5

2,2

3,7

4,0

2,5

8,5

J, A

0,1

0,1

0,1

0,03

0,03

0,06

0,12

0,06

0,09

0,15

0,02

Undulators

Xo.cm

4

4

7,8

2,4

2,4

4

14

11,6

9

13,2

6,1

6

22

K

19

23

17

10

8

20

5

20

10

16

30

60

5

Hm, kOe

1,34

5,1

3,1

1,3

4,7

1,9

1,5

3,2

35

6

2,4

3,2

16

P±

0,5

1,9

2,3

0,4

1,5

0,7

2,0

3,5

30

7,4

1,4

1,8

32,9

Type

Planar, permanent magnets

Planar, superconducting
electromagnet

Planar, permanent magnets

Helical electromagnet

Superconducting helical mag-
net
Planar, electromagnet

Planar, electromagnet

» »

Planar, superconducting
electromagnet
Planar, permanent magnets

Planar, permanent magnets

» »

Planar, electromagnet

Radiation

W2vJ, A

350

166

323

69

69

36

81

67

24

12

5

12,5

4

W A

405

765

1177

74

146

45

243

477

10824

341

10

32

2147

AXAlm

0,047

0,039

0,053

0,089

0,111

0,045

0,178

0,045

0,089

0,056

0,030

0,015

0,178



6.4. Combination of an undulator with a cyclic accelera-
tor. For installation of an undulator in the orbit it is neces-
sary to have sufficiently long straight sections in the accel-
erator magnet.

The minimum height of the magnet gap of an undulator
is given by the transverse size of the working region of the
accelerator. The undulator gap can be reduced only in the
case in which a previously well shaped particle beam is used
for injection. If the electron beam is inadequately well
shaped (which always occurs on injection of a low energy
beam), the undulator can be placed beyond the working re-
gion and the beam of accelerated electrons at a given mo-
ment of time can be deflected by a special magnetic system
from the equilibrium orbit and passed through the undula-
tor. Here the minimum height of the gap is determined by
the transverse size ay of the accelerated beam. In storage
rings the height of the undulator gap must be matched to the
specified lifetime of the beam.

6.4.1. An undulator for the Fakhra synchrotron. The
Fakhra synchrotron has become the first cyclic accelerator
from whose orbit undulator radiation has been obtained. It
has a comparatively large working region (Ax-Ay = 15x6
cm2). The angular spread and transverse dimensions of the
accelerated electron beam in the energy range 100-700 MeV
are ax S 3 mm, ay 5 2 mm, ax 5 0.45 mrad, and av 5 0.35
mrad, respectively. The repetition frequency of the magnetic
field cycles is/= 50 Hz.

For these dimensions of the working region of the accel-
erator the placement in its equilibrium orbit of a planar
(symmetric) undulator with a small period (/i0<6 cm)
would sharply reduce the intensity of the accelerated beam
as a result of the diaphragming action of the undulator.
Therefore an asymmetric undulator was used, which con-
sists only of one half which was placed at the limit of the
working region somewhat above the median plane. The ac-
celerated electrons were brought up to i t toa distance y ~ 1.5
cm by the radial component of the magnetic field, which is
produced by the undulator itself. The magnitude of this dis-
placement was controlled by means of a small change of the
gradient of the guiding field of the synchrotron. Such an
undulator is equivalent in its properties to a symmetric un-
dulator with h = 2_y.123

The undulator is made in the form of a ferromagnetic
comb with current-carrying wires placed in its slots and ori-
ented perpendicular to the electron-beam axis. The undula-
tor period A,, was chosen as 4 cm. A similar symmetric undu-
lator with period about 3 mm has been developed in Ref. 36
with application to free electron lasers.

The power supply for the undulator winding is pulsed.
The maximum amplitude of the current is J = 8 kA, the
duration of the flat top of the pulse is 2 msec, and the repeti-
tion frequency is 50 Hz. The current J = 8 kA and the dis-
tance to the undulator plane ~ 1 cm correspond to a value
pL =0.7.

6.4.2. Sources of undulator radiation in synchrotrons
and storage rings. In Table II below we have given the main
parameters of operating accelerators (or storage rings) and
undulators, and also the characteristics of the undulator ra-
diation obtained with them.

As follows from the table, the existing sources of UR (in
the regime of low and optimal fields in the undulator, pi 5 1)
cover a broad spectral range of frequencies from optical to

soft x-rays. The undulators with high fields given in the table
are intended for use in the shorter-wavelength region. The
total radiation power of such sources (pL > 1) at the present
time has been raised to several kilowatts.30 However, in a
number of cases as the result of the necessity of using mono-
chromators, only part of this power is utilized. In recent
papers 31-37,137 it is shown that by using an undulator with
fields close to optimal it is possible to create a radiation
source in which practically all of the useful power is concen-
trated in a specified interval of the spectrum.

We note that of the thirteen undulators listed in the
table, eleven are planar, and among them designs with per-
manent magnets are dominant. Helical undulators are less
common. However, as a result of the possibility of obtaining
with them circularly polarized radiation it is to be expected
that the number of such devices will rise in the near future.

The undulators listed in Table II in the storage rings
AGO (France) and ADONE (Italy) are used in a program
of creating shortwavelength free electron lasers. "•'M For the
same purposes the optical klystron139 was developed in No-
vosibirsk. It should be mentioned that the reliability of oper-
ation of such generators will depend on the quality of the
mirrors, including their stability to the action of the energet-
ic part of the spectrum of spontaneous undulator radiation
and synchrotron radiation, which limits the operation of free
electron lasers to the region of relatively low electron ener-
gies and fields in the undulator close to the optimal p, ~ 1.138

7. EXPERIMENTALSTUDIESOFTHE PROPERTIES OF
UNDULATOR RADIATION

Study of the properties of undulator radiation and mea-
surements utilizing it differ substantially from measure-
ments carried out with ordinary light sources. The limited
accessibility to the experimental apparatus requires careful
and reliable preliminary adjustment of the optical elements
of the measuring systems with respect to the radiation beam.
The regime of operation of the accelerator or storage ring
(particle energy, beam emittance, and so forth) is estab-
lished taking into account the specified spectral range, the
intensities required, and the time characteristics of the radi-
ation. The time structure of a pulse of undulator radiation is
determined by the mode of operation of the undulator and by
the number of bunches in the orbit.

In setting up an experiment it is necessary to take into
account that in the direction of the undulator axis in addi-
tion to undulator radiation there is propagated also the radi-
ation of electrons from the edge fields of the bending mag-
nets of the synchrotron or storage ring, which forms a
background 22a4^144

7.1. Spectral and angular characteristics. In the optical
region of the spectrum the spectral and angular characteris-
tics of the radiation have been recorded in the focal plane of
an objective placed in the UR beam. This arrangement of the
experiment permitted exclusion of the influence of the elec-
tron beam size on the results of the measurements.

A convenient representation of the spectral and angular
distributions of undulator radiation are given by colored
photographs. In them the image of the undulator radiation
appears as a series of concentric colored arcs which together
recall a rainbow, in which with increase of the radius of arc
the wavelength of the radiation increases.

Experiments carried out using the Fakhra synchrotron
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FIG. 12. (a)-Photographs of the first harmonic
of undulator radiation at wavelength/lf = 3850
A for various electron energies £ in MeV =116
(1), 137 (2), and 194 (3).2"6 (b)-Spatial dis-
tribution of undulator radiation for E= 158
MeV, Af = 3850 A; scale: 1 mm corresponds to
an angular interval 0.5 mrad.24

with a fixed wavelength (the wavelength Af = 3850 A was
separated by an ultraviolet optical filter with a relative trans-
mission band A/I /Af = 4.4%) show that the form of the an-
gular distributions changes substantially with the electron
energy.22'24'26 Here, as in other experiments in the Fakhra
synchrotron, the value of the undulator field parameter is
Pi — 0.1, which corresponds to dipole radiation. Monochro-
maticity of the radiating electrons was achieved by an appro-
priately timed turning off of the high-frequency voltage in
the accelerating resonator of the synchrotron. For an elec-
tron energy close to the threshold Elbr = 116 MeV
(/lmin =/l f ) a symmetric spot appears, which is shown in
photograph 1 of Fig. 12a. With increase of the energy, at first
the size of this spot increases while the shape is preserved.
On further increase of the energy the central part of the spot
disappears, and in the photographs (Fig. 12a) ring-shaped
regions appear whose radius increases and whose width de-
creases; the radiation is being concentrated near the surface
of the cone (4.8), the opening angle of which increases with
energy. The general nature of the spatial distribution of the
radiation (in the cross section) is shown in Fig. 12bfor£" =
158 MeV. Here the solid lines show levels of identical inten-
sity. This figure proves that the radiation of the first harmon-
ic is concentrated in two regions which have in their cross
section the shape of a kidney bean and are symmetrically
oriented with respect to the horizontal plane; this agrees
with the conclusion mentioned above (see Sec. 4) regarding
the azimuthal dependence of the angular distribution of un-
dulator radiation emitted in a planar undulator. Under the

conditions of the experiment the plane of oscillations of the
particles in the undulator was oriented horizontally, and ac-
cordingly the maximum of the undulator radiation intensity
lies in the vertical plane.

The dependence on the wavelength of the form of the
angular distribution of the radiation in a distinguished plane
was investigated in Ref. 25 by means of a spectrograph, and
in Ref. 38 by means of a monochromator. The entrance slit
of the spectral device was oriented perpendicular to the
plane of oscillations of the particles in the undulator.

For the case of nondipole radiation (pL =3.5) the an-
gular distributions of the first harmonic of the undulator
radiation for various wavelengths (5200 A<A<6400 A)
were obtained in the storage ring ADONE (E = 625 MeV,
A0 = 11.6 cm). The radiation beam was scanned in the plane
of electron oscillations (<p = Q,ir) by a monochromator
placed at a distance 24 m from the center of the undulator
(Fig. 13).33 The figure shows that at 9 = 0 the maximum of
the radiation occurs at a wavelength A = 5200 A, which is
about seven times greater than the wavelength of dipole radi-
ation (A lm = A.Q/2Y2). It can also be seen that, as in the di-
pole case, with increase of the wavelength two maxima ap-
pear in the distribution of the undulator radiation, the
distance between which gradually increases.

The influence of the electron-beam parameters on the
spectral and angular characteristics of undulator radiation
has been investigated in detail in the Fakhra synchro-
tron.96'97 The results obtained in these experiments are
shown in Fig. 14. The points refer to the angular distribution
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FIG. 13. Spectral and angular distribution of the first harmonic of undula-
tor radiation (<p = 0, IT) ." E = 625 MeV. 1 cm corresponds to about 0.42
mrad.

of the intensity of radiation of the first harmonic in the verti-
cal half-plane (<p = ir/2) obtained by means of an ultravio-
let optical filter (Af = l.37/lm) at an electron energy
E— 13 5.6 MeV. The location of the maximum of the distri-
bution determines the opening angle of the cone of undulator
radiation with an error no greater than 5%. In the same
figure we have shown the angular distribution calculated for
similar conditions for a parallel beam (the narrow dashed
curve). As can be seen, the observed distribution is about
three times broader than the calculated one, which is due
mainly to the angular spread of the particles in the beam.

Calculations were made with various values of the an-
gular spread of the electron beam. Since the distribution of
particles in the Fakhra synchrotron is close to axially sym-
metric, it can be described by a single parameter cre

(5.2).96'97 The best agreement with the experimental data
was obtained with a dispersion value a^ = 0.194 mrad)2

(acy = 2A/K, the crosses on the curve in Fig. 14). The an-
gular dispersion found in this way agrees rather well with the
data of optical measurements on synchrotron radiation.145
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FIG. 14. Angular distribution of undulator radiation (<p = ir/2) for
E = 136.6 MeV, Af = 3850 A . 1-Experiment, dashed curve-calculation
for a parallel beam, 2-calculation for a beam with an axially symmetric
angular distribution (ere = 0.44 mrad).96g7

The curves in Fig. 14 have been normalized to unity at the
maximum. It follows from this that undulators with a large
number of periodicity elements (KZ.2Q) can be used for
measurements of the angular spread of the charged-particle
beams in cyclic accelerators and storage rings.97'146

Also in this experiment a displacement of the maximum
of the angular distribution of undulator radiation in the di-
rection of smaller angles 9 by an amount A0m7~0.02 was
observed with respect to the angle Om (4.8), which is in good
agreement with the estimates given in Sec. 5. The angular
resolution was about 10 ~ ~ 7 sr.

It should be mentioned that the comparatively small
period of the undulator (/10 = 4 cm) permitted all measure-
ments to be made with low background interference from
synchrotron radiation. We point out, for example, that at an
electron energy E= 100-160 MeV the intensity of undula-
tor radiation in the ultraviolet region of the spectrum ex-
ceeds the intensity of synchrotron radiation by more than an
order of magnitude. With further increase of the electron
energy (E> 160 MeV) the time-averaged energy of synchro-
tron radiation at wavelength Af becomes comparable with
the energy in the pulse of undulator radiation (of duration
r~0.1 msec) and then two side peaks, easily visible in the
photograph (Fig. 12a), appear, which correspond to synch-
rotron radiation from the near and far quadrants of the ac-
celerator. All of this clearly demonstrates the difference
between undulator radiation and synchrotron radiation.

The features noted above of the angular distribution of
undulator radiation have been observed also in other exper-
iemnts. For example, in the Sirius synchrotron28 in addition
to measurements of the angular distributions of the first har-
monic (for Af = 5000 A, pL =0.52, K = 5) for various ener-
gy values (Y\ = 398.6 and 72 = V27,) the distribution of un-
dulator radiation was observed for the first time in the higher
harmonics.

In the storage rings SOR-RING3637 and VEPP-2M137

measurements have been made of the spectral and angular
distribution of the intensity of undulator radiation in the
soft-x-ray region and in the vacuum ultraviolet region.

References 36 and 37 have investigated the dependence
of the wavelength A lm corresponding to the maximum in the
spectrum of the first harmonic on the angle of observation,
the undulator field parameter, and the electron energy. Each
of the dependences obtained of A, m on i?2, />J, and 7 ~2 has a
linear nature, which is in good agreement with Eq. (4.5).
The influence of the emittance of the electron beam in these
experiments appeared in a small shift (~ 2%) of A lm toward
the long-wavelength region.

7.2. Polarization properties. The peculiar polarization
characteristics of the radiation of electrons in a planar undu-
lator have been investigated in the optical wavelength re-
gion.

Photographs of the distribution of the parallel and per-
pendicular components of the polarization of the first har-
monic of undulator radiation obtained by means of Polaroid
film in the Pakhra synchrotron23 (i?m = 1), are shown in
Fig. 15. The parallel component of the undulator radiation
(Fig. 15a) has two maxima located near the vertical plane (a
dipole distribution), while in the angular distribution of the
perpendicular component of the undulator radiation (Fig.
15b) four symmetric maxima are distinguished (a quadru-
pole distribution).
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FIG. 15. Angular distribution of polarization of the first harmonic of
undulator radiation: E= 163 MeV, A = 3850 A.23 (a)-|| component,
(b)-l component.

It can be seen that the observed pattern of the angular
distribution in the first harmonic of undulator radiation is
identical to the theoretically expected instantaneous angular
distribution of undulator radiation.

The angular distribution of the polarization compo-
nents of the harmonics of undulator radiation with pL =1.1
has been observed in the Sirius synchrotron.29 It was shown
that the distribution of the polarization components of the
first harmonic (E = 473 MeV, Af = 5000 A , i? = 1.74) has
the same properties as in the dipole case (pL 41). At lower
electron energies (E = 162-215 MeV) radiation of the sec-
ond harmonic appears. In the angular distribution of its par-
allel component two maxima are observed, while in the dis-
tribution of the perpendicular component there are six. The
existence of an even number of maxima in the azimuthal
distribution of the two components of the radiation is char-
acteristic also for higher harmonics (see Sec. 4). We note
that these angular distributions of the radiation recall the
configuration of the transverse modes of gas-discharge lasers
(see for example Ref. 147).

In Ref. 148 spectra were measured of the polarization
components of the first harmonic of undulator radiation
(pL = 1.05). It was shown that the spectrum of the parallel
component is close in shape to the total spectrum of the radi-
ation. The spectrum of the perpendicular component is a
smooth curve with a small maximum lying at

The ratio of the maxima of the spectra of these components is
about 5.7.

An experimental study of the polarization characteris-
tics of the radiation from electrons in a helical undulator has
been carried out in the VEPP-2M storage ring in the soft x-
ray region,149 The results of the measurements indicate a
high degree of circular polarization of the undulator radi-
ation.

7.3. Spectral distribution. Undulator radiation has the
characteristic feature that its spectral properties depend on
the angle of observation. The spectrum of radiation propa-
gated along the undulator axis where the intensity of the
radiation is greatest has been studied in Refs. 25, 26, 28-37,
and 137. A circular diaphragm placed on the extension of the
undulator axis was used.

In Refs. 25 and 26, in which studies were carried out at
an electron energy E = 143.3 MeV, the angular size of the
diaphragm was optimal (5.5) and amounted to A6?d =0.8
mrad (Ai?d = K ~l/2 = 0.22). The experimental results ob-
tained are given in Fig. 16, where they are shown by circles.

FIG. 16. Spectral distribution of the first harmonic of undulator radiation
for E = 143.3 MeV, At?d = 0.225. Curve 1-experiment, curve 2-calcula-
tion for a parallel beam, curve 3-calculation for a beam with cre = 0.44
mrad.

The results of a theoretical calculation carried out for a
parallel electron beam are shown in this same figure by the
dashed curve. To the right of the maximum the experimental
points deviate from this curve in the direction of longer
wavelengths. In the calculations corrections were made for
the angular spread of the electron beam (cre = 0.44 mrad).
When these corrections are taken into account, the dashed
curve is converted into the solid curve, which is in good
agreement with the experimental data. The half-width of the
measured spectrum is about 8%, while for the parallel beam
it would be 5%. The maximum of the spectral distribution
occurs at a wavelength /I = 2610 A. For an infinitely small
diaphragm (Atfd 4,K ~1/2) this maximum should occur at a
wavelength Am = 2534 A. The shift of the maximum is due
to the finite size of the diaphragm used. In the experiments
described an ISP-28 spectrograph was used. The location of
the maximum of the spectrum was measured with an accura-
cy of about 1%. Measurements made for a fixed electron
energy by means of ordinary spectral instruments permitted
the shape of the spectral distribution of the radiation to be
determined with high accuracy.

References 28 and 29 used a method of measurement of
the spectral distribution based on the universal dependence
of the spectrum on the quantity u = 2y2A /A0. A wide range
of variation of u for a fixed wavelength A{ = 5000 A was
achieved by changing the electron energy. However, it
should be mentioned that such measurements require intro-
duction of corrections taking into account the dependence
on the electron energy of the angular spread of the beam and
of the fraction of the radiation transmitted by the diaphragm
(5.4), and this is not always easy to carry out.

In these experiments it was found that, in accordance
with the theory,17'57 the greatest amplitude of the spectrum is
observed for/>x = 1.1-1.3 (the optimal field of the undula-
tor). Here it was observed also that the spectral line is broad-
ened in the long-wavelength direction as the result of the
influence of the angular spread of the particles in the beam.
The angular size of the diaphragm was A.i?d <^K ~1/2.

In electron storage rings measurements of the spectral
distribution of undulator radiation in the optical wavelength
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range have been made in Refs. 30-33 and 35 at comparative-
ly low electron energies. As a consequence of the small angu-
lar divergence of the electron beam the line widths measured
in these experiments turned out to be close to the values
expected theoretically for parallel beams.

On increase of the electron energy the radiation spec-
trum shifts toward the vacuum ultraviolet region. As a con-
sequence of the increase in directivity of the radiation and
the increase of the angular spread of the beam, in measure-
ments of the profile of the spectral line of the first harmonic
some deviation is observed from a calculation carried out in
the single-particle approximation.36"38

Measurements of the absolute spectral intensity of un-
dulator radiation in the soft-x-ray region and in the vacuum
ultraviolet region by means of ionization chambers filled
with an inert gas have been made at the VEPP-2M storage
ring137 and at the Photon Factory in Japan.36'37 In Ref. 36
with an undulator field/^ = 0.47 and 7 = 743.6 (A0 = 4 cm,
K= 19) the flux of photons with wavelength A = 400 A
turned out to be N^ =6.6-10" photons/sec-mA-mrad2

• 1%. Approximately the same photon flux was obtained in
Ref. 137 at a wavelength A = 133 A with Pi = 0.24 and
7 = 998 (A0 = 2.4 cm, K = 10). A significantly higher spec-
tral density of radiation NA 5 1014 photons/sec-mA-mrad2

•1% was obtained in Ref. 37 at a wavelength A~28 A
(•fua—450 eV) in an undulator with A0 = 6 cm, K = 60,
Pi zz 1 with 7 = 4900. We note that this value would be about
two orders of magnitude higher if the beam had negligible
emittance.

Thus, the radiation intensity obtained in an undulator is
one to two orders of magnitude higher than the correspond-
ing intensity of synchrotron radiation obtained in similar
installations (see for example Ref. 5).

In the ideal case (in the absence of angular spread in the
beam) in the direction of the electron beam in a planar undu-
lator the observer is dealing only with odd harmonics. When
there is some angular spread in the beam, even harmonics
can also be radiated along the undulator axis, and this was
observed in the studies mentioned above29'36'137 (the second
harmonic).

The spectral distribution of the total (integrated over
all angles) intensity of undulator radiation was investigated
in Refs. 27 and 148 for fields close to optimal. The observed
distribution is extremely close in shape to the calculated
curves shown in Fig. 7a. The difference reduces mainly to
the smoothed shape of the peaks, which is due to the finite
length of the undulator, which in the experiments being dis-
cussed had only five periodicity elements. The shape of the
integrated spectrum of undulator radiation in the x-ray re-

gion (fey = 1-7 keV) with pL = 0.3-1.35 and E= 3 GeV
and in the vacuum ultraviolet region (feo = 20-200 eV)
with^ = 6.41 and E= 3.7 GeV was measured in Ref. 32,
where a quasi-line nature of the radiation spectrum was also
observed.

Summing up, it is interesting to note that the shape of
the integrated radiation spectrum observed in experiments
in undulators has much in common with the radiation spec-
tra of ultrarelativistic positrons occurring during channeling
in crystals.70'71'150'151 The amplitude of the first harmonic of
the radiation at some (optimal) particle energy reaches a
maximum value.151 This also is to be expected since in both
cases we are dealing with the periodic motion of fast charged
particles.57

7.4. Spatial coherence of undulator radiation. The
waves at the output of an undulator have the property of
spatial coherence. This phenomenon was pointed out for the
first time in Ref. 104.

A subsequent experimental confirmation was made in
the VEPP-2M storage ring.137 In that work at wavelength
A = 130 A at electron energy E = 0.51 GeV with transverse
beam dimensions ~ 0.06 X 0.02 cm the authors observed in-
terference of undulator radiation passing through two aper-
tures of diameter ~6/nm in a silicon membrane of thickness
about 2 urn. The membrane was placed a distance 520 cm
from the undulator. These experiments determined the an-
8le #coh which limits the region of spatial coherence of undu-
lator radiation, and which turned out to be in good agree-
ment with the value determined by Eq. (5.14).

7.5. Coherent undulator radiation. At the present time
in a number of laboratories work is being carried out on
construction of generators of coherent undulator radiation
in the optical region (free electron lasers). The results of
these studies are partially reflected in the preceding para-
graphs of the present section.

In Ref. 139 the properties of spontaneous radiation in
an optical klystron were studied. Here each of the two undu-
lators of the optical klystron had three periods of length 10
cm each, and the amplitude of the magnetic field of each of
the undulators was Hm ~3 kOe (pL = 2.8). The dispersive
section had a length d — 34 cm, and the magnetic field in it
was#d~5.7kOe (pLd = 19.5).

Using this optical klystron spontaneous radiation lying
in the visible region was obtained. A portion of the spectrum
measured at electron energy E = 350 MeV is shown in Fig.
17a. The spectrum consists of narrow spectral lines with a
relative width of each line A/I /A. ~ 1/170, which is in satis-
factory agreement with estimates of the effective number of
periods of such an optical klystron (5.20) KOK — 150.

SOOO SSOO 5600 f.,A
a

SOOO

FIG. 17. Portion of spectrum of spontaneous ra-
diation of electrons in an optical klystron, (a)-

" (b)-£ = 240 MeV.1"

SOOO b,A
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In order to improve the characteristics of the radiation,
in the same laboratory a new optical klystron was construct-
ed152 (sic) with an effective number of periodicity elements
A'QK -290.

The measured gain was 1.5%. In ordinary undulators
in storage rings the gain33'35 is of the order of several units
times 10 ̂ 4,

Generation of coherent undulator radiation has been
obtained by means of an optical klystron in the AGO storage
ring.138 The optical klystron was constructed by replacing
the three central periods by a three-pole dispersive section in
an undulator consisting of 17 elements of periodicity (see
Table II). The number ATd [seeEq. (5.20)] was determined
from measurements of the spectrum of spontaneous undula-
tor radiation. At an electron energy E — 240 MeV and
Pi = 2.1 it turned out to be 65 (see Fig. 17b), while the theo-
ry predicts a value KA = 68.35 The width of the spectrum
envelope corresponds to K = 8.1. With decrease of the elec-
tron energy and a corresponding decrease of the undulator
field required for preservation of the wavelength (A = 6328
A) the value of KA increases [seeEq. (5.20) ] andatE = 150
MeV it is KA = 84.

In the generation mode a resonator was used which had
a length of 5.6 m and consisted of two spherical mirrors with
radii of curvature 3 m and reflection coefficient in the wave-
length range 6200-6800 A equal to 99.965%. Maximum
generation was obtained at a wavelength A. ~6500 A (the
portion of maximum steepness of the spontaneous radiation
spectrum; see Sec. 5).138 For an electron energy E= 166
MeV, pL = 1.1-1.2, and a beam current /= 50 mA, the
average power of the extracted coherent radiation was about
75 //W, which corresponds to about 60 mW in a pulse of
duration of the order of 1 nsec. The pulsed power stored in
the resonator was ~2 kW. It is interesting to note that the
average power of the coherent radiation is 2.4-10 ~ 5 of the
total power of synchrotron radiation of an electron beam of
the same energy and current.

In addition to constructing optical generators of coher-
ent undulator radiation in storage rings, active searches are
being carried out for methods of increasing the efficiency of
free electron lasers employing linear electron accelera-
tors.49'133"135 Recently at Stanford in the superconducting
linear accelerator (electron energy E = 66 MeV, beam cur-
rent/ = 0.5-2.5 A, energy spread &y/y~ 0.03%, emittance
~ 0.15?7 mm-mrad) generation of coherent undulator radi-
ation was obtained at a wavelength /I = 1.57 /^m.135 This
work utilized a multicomponent undulator consisting of two
ordinary undulators (K= 5 1/2 + 15) located at the ends of
the generator and a main variable (tapered) undulator
(wiggler) (K= 90) placed after the dispersion section in
front of the last undulator (see Sec. 6). The undulator is
made up of SmCo5 permanent magnets and has a period
/10 = 3.6 cm and a total number of periodicity elements
K = 131. The maximim value of the field is Hm = 2.9 kOe
(Pi 30.98). The decrease of the magnetic field Hm of the
variable undulator is achieved by gradual increase of its gap.
In the experiments described the maximum value of <5h at the
undulator exit was 0.02.

The shape of the spontaneous-radiation spectral line
was investigated. For <5h = 0.01 the line width at half-height
was A/I //I ~ 3%, which is more than three times the value of
I/A". The line has an asymmetric shape recalling the curves

shown in Fig. 16 (see also Ref. 152).
The lasing mode utilized an optical resonator of length

12.68 m consisting of spherical mirrors with radii of curva-
ture 7.5 m and reflection coefficient at wavelength A = 1.6
Hm equal to 99.84%. For <5h ~ 0.01-0.02 the lasing efficiency
was increased substantially in this experiment, from
17 = 0.4% at 6h = 0 up to 77 = 1.1-1.2%. In addition to the
first harmonic, in these experiments lasing was also observed
at the second harmonic (0.8 fj,m) and the third harmonic
(0.52yum). A gain of about 7% per pass was obtained in a
regime far from saturation.

Lasing in the far infrared region of the spectrum
(A = 400/zm) was obtained in a free electron laser with re-
establishment (recuperation) of the energy ( %, 90%) of the
electron beam.153 The source of electrons was a Van de
Graaff electrostatic accelerator of energy 3 MeV. An undu-
lator employing permanent magnets with a period /10 = 3.6
cm and a total length L = 715 cm was used. The field on the
undulator axis was Hm = 460 Oe. A peak radiation power of
10 kW in a pulse of duration SOyusec was achieved.

7.6. Undulator radiation from protons and antiprotons.
Recently in connection with the construction of proton ac-
celerators of superhigh energy (hundreds of GeV) it has
been found that for determination of the important geomet-
rical parameters of the beams it is possible to use the synch-
rotron radiation of protons. It is obvious that the use of
synchrotron radiation is not very efficient here, since even at
such high energies it lies in the far infrared region where
detection of the radiation is extremely difficult.

However, by using an undulator it is possible to obtain
proton radiation lying in a shorter-wavelength region which
is more easily measured.154'155 This was first accomplished in
the proton and antiproton beams of the CERN collider.156

The planar magnetic undulator used for this purpose had the
following parameters: maximum magnetic field H^~3.6
kOe, period A0 =8.8 cm, number of periods K = 5. The field
parameter of this undulator for protons was pL ~ 1.6 • 10 ~3.

The rather high intensity of undulator radiation of the
proton beams (Np = 5-1011) and of the antiproton beams
TVp = 5 • 109) with energy 270 GeV made it possible to mea-
sure the profile of the particle beams with a spatial resolution
~ 0.1-0.2 nm for characteristic beam dimensions 2-3 mm.
In the work discussed, concurrent measurements were made
of the spectral and angular characteristics of the proton radi-
ation in the wavelength range A = 5000-6000 A. As expect-
ed, the results turned out to be in good agreement with the
results of theoretical calculations.

8. CONCLUSIONS

At the present time sources of undulator radiation are
finding practical application in investigations in the vacuum
ultraviolet and more energetic regions of the spectrum
where there is perceived to be a lack of intense tunable
sources of electromagnetic radiation. Already there are in-
teresting results of use of such sources in studies of x-ray
fluorescence elemental analysis, nuclear spectroscopy, me-
dical diagnostics, and vacuum ultraviolet spectrosco-
py.'57-158

There is no doubt that in the near future the use of such
sources will become more extensive. For example, in all
plans for specialized sources of synchrotron radiation which
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are being carried out or developed at the present time, the
undulator is becoming an important element. The existence
in the very large proton synchrotrons of intense beams of
monoenergetic electrons of high energy (tens and hundreds
of GeV) and the construction in the not too distant future of
colliding electron-positron beams with energy up to 100
GeV will permit the generation, by slowing down such
beams in an undulator, of intense fluxes of polarized quasi-
monochromatic photons of high energy (of the order of sev-
eral MeV and above; see Table H).93'122-159

 Such photons

present independent interest for production of polarized
electrons and positrons in linear colliding electron-positron
beams (VLEPP)'59'160 and for studies in she fields of pho-
tonuclear physics and high-energy physics.

By use of the radiation of a helical undulator installed in
an electron-positron collider it is is possible to obtain fluxes
of monochromatic circularly polarized photons which arise
in Compton scattering of the undulator radiation of one of
the beams by the other colliding beam.161 The energies of
such photons will be close to the energy of the colliding parti-
cles. On the basis of their angular distribution it is possible to
deduce the polarization of the electron-positron beams.162

In conclusion the authors consider it a pleasant duty to
express their gratitude to K. A. Belovintsev, E. G. Bessonov,
B. M. Bolotovskii, and V. L. Ginzburg, who examined the
manuscript and made valuable remarks.
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