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A review is made of theoretical concepts from nonlinear dynamics of quasi-one-dimensional
magnetic materials and of experimental investigations of solitons by inelastic neutron scattering
and of studies of anomalies of thermodynamic quantities such as the specific heat, magnetization,
susceptibility, etc. The main investigated substances are the quasi-one-dimensional ferromagnet
CsNiF3 and the antiferromagnet tetramethylammonium manganese chloride (TMMC) which
share the same crystal structure. They can be regarded as quasi-one-dimensional magnetic
materials with easy-plane anisotropy. The spin dynamics of such a system subjected to an external
magnetic field applied in the easy plane can be reduced to the sine-Gordon equation. A detailed
analysis is given of the recent experiments on CsNiF3 and TMMC carried out using unpolarized
and polarized neutrons and demonstrating that in a certain range of temperatures and fields this
dynamics includes nonlinear excitations which can be described qualitatively as solitons of the
sine-Gordon equation. Another group of quasi-one-dimensional crystals with easy-axis
anisotropy is considered: it belongs to Ising-like magnetic materials. In the absence of an external
field these materials exhibit soliton-type nonlinear excitations in the form of antiphase domain
walls. The available experimental data confirm the concept of a soliton gas of excitations in quasi-
one-dimensional magnetic materials.
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INTRODUCTION

Over a decade ago Krumhansl and Schrieffer1 consid-
ered a one-dimensional model of an atomic chain with a two-
well potential (<f>* model) and showed that nonlinear local-
ized states (domain walls) predicted by this model can be
regarded as elementary excitations of the system present in
addition to linear small-amplitude excitations (phonons).
Domain walls represent localized entities (solitons) which
are in thermodynamic equilibrium with one another and

with phonons, so that at sufficiently low temperatures, when
the soliton density is low, the system can be described as a
gas of solitons and phonons. It was later demonstrated2 that
the concept of a gas of localized and nonlocalized quasiparti-
cles can be applied to various one-dimensional systems
which can be described by, for example, the sine-Gordon
(SG) or some other nonlinear equation. It has been found
that the interaction of solitons with linear excitations re-
duces simply to a phase shift as a result of scattering of these
excitations by a soliton.
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An experimental check of the concept of an ideal gas of
solitons in quasi-one-dimensional systems is easiest to carry
out using magnetic materials such as quasi-one-dimensional
ferromagnets and antiferromagnets, because if a crystal is
sufficiently anisotropic, we can readily ensure conditions
under which such a magnetic system behaves as if one-di-
mensional. In 1978 Mikeska3 showed that the dynamics of a
quasi-one-dimensional ferromagnet with easy-plane anisot-
ropy, subjected to an external field in this anisotropy plane,
reduces to the SG equation which has a soliton solution de-
scribing localized rotation by 2w of the magnetic moments
lying in the easy plane as they move along a chain. The dy-
namic structure of a soliton governing the inelastic neutron
scattering cross section was calculated and it was found that
the scattering by a soliton gives rise to a central (quasielas-
tic) peak with a Gaussian distribution of the transferred en-
ergies. In the same year Kjems and Steiner4 observed such a
peak in a well-known quasi-one-dimensional ferromagnet
CsNiF3 and this was regarded as the first experimental ob-
servation of a soliton in a quasi-one-dimensional magnetic
system. However, soon after Reiter5 put forward a series of
objections against the soliton interpretation of the observed
effect, because two-magnon scattering (accompanied by si-
multaneous emission and absorption of a magnon) should
also give rise to a central peak with a similar dependence of
its width on the transferred momentum.

These investigations provided the stimulus for intensive
experimental6"15 and theoretical15"24 studies of solitons in
CsNiF3. The use of polarized neutrons made it possible to
separate the contributions made to the dynamic structure
factor by longitudinal and transverse (relative to the applied
magnetic field) components of the spin and thus find the
structure of a soliton along two orthogonal directions.

The theoreticians then faced a number of problems, the
most important of which were initially the following two:
how to allow for interference of solitons and magnons and
how valid are the simplifications adopted for CsNiF3, which
reduce the spin dynamics of a Heisenberg spin chain to the
SG equation. Solution of the first problem17 was foreshad-
owed already in the first general treatment,2 whereas the
second problem was found to split into a number of separate
difficult problems such as allowance, in the case of a finite
anisotropy, for fluctuations which bring spins out of the easy
plane,25 the role of quantum effects for a chain with finite
values of the spin,192627 and the role of the discrete struc-
ture.21'28

Nevertheless, it has been shown theoretically29 and ex-
perimentally30 that the soliton contribution to thermo-dy-
namics results in a characteristic behavior of the tempera-
ture and field dependences of the specific heat, so that
investigation of anomalies of thermodynamic quantities has
become a complementary (to neutron spectroscopy) means
for the investigation of solitons in quasi-one-dimensional
magnetic materials.

The range of materials being investigated at present has
become much wider. Thus, it has been shown theoretically31

that the dynamics of a quasi-one-dimensional antiferromag-
net with easy-plane anisotropy can also be reduced to the SG
equation, but only with rotation of the spin by half the total
revolution (v soliton), and the anomalies associated with
this circumstance have been revealed in neutron scattering

experiments32'33 in the well-known quasi-one-dimensional
antiferromagnet TMMC. Various experimental methods
have been used to investigate many quasi-one-dimensional
magnetic materials and the experimental data obtained in
this way have shown that the dynamics of these materials
can be explained, in a certain range of temperatures and
fields, without invoking the concept of a soliton as a quasi-
particle. It should be added that nonlinear excitations have
been investigated both theoretically34 and experimentally35

also in other types of quasi-one-dimensional systems with
easy-axis anisotropy (Ising magnetic materials) in the ab-
sence of an applied field.

It should be noted that nonlinear objects in three-di-
mensional crystals with modulated magnetic structures (so-
liton gratings) have been investigated by neutron scatter-
ing,36"39 but these are structure elements with macroscopic
numbers of spins in each element and they cannot make an
intrinsic contribution to the dynamics and to inelastic neu-
tron scattering, respectively. Only in quasi-one-dimensional
systems does a soliton behave as a mobile quasiparticle and
may manifest itself in inelastic neutron scattering and in
thermodynamics of such systems.

The purpose of the present review is to provide a sys-
tematic account of the theory and use it to analyze the avail-
able numerous experimental data obtained in investigations
of nonlinear dynamics of quasi-one-dimensional magnetic
materials. The conclusions drawn from these investigations
are very illuminating and they largely determine the general
behavior of nonlinear excitations in quasi-one-dimensional
systems.

1. NONLINEAR DYNAMICS OF A QUASI-ONE-DIMENSIONAL
FERROMAGNET WITH EASY-PLANE ANISOTROPY IN A
MAGNETIC FIELD

1.1. Reduction of the dynamics to the sine-Gordon equation

We shall consider a one-dimensional chain of atoms
along the direction of a unit vector n = (0,0,1) and we shall
assume that it is subjected to a magnetic field H. The sim-
plest Hamiltonian which includes the exchange interaction
and single-ion anisotropy,

describes an easy-plane ferromagnet if J> 0 and A > 0.
In the classical limit (S> 1) the spin dynamics is de-

scribed by the general equation

k d S ! _ r c u l (1.2)

where the effective field

= /(S,.14-S1+1)-2.45fn+gu.0H (1.3)

itself depends on the vectors S;, so that the equation of mo-
tion for a spin becomes nonlinear. We shall write down this
equation in a polar coordinate system with the z axis directed
along the chain vector n:

S; = S (sin 6,-cos <p(, sin 6,-sin <p(,(.'cos Qt).] (1.4)

In the continuum limit (when the lattice parameter
a-»0) a system of difference equations reduces to a pair of
differential equations for the angles 6{z,t) and <p(z,t). We
shall now consider the case when the external field is applied
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in the anisotropy plane (along the x axis) and the following
conditions are satisfeid:

gli0H c 4 « / . (1.5)

Under these conditions the equations for 6 and q> become

ft-|-cos 6 = -gn,>ffsin;0.sincp+5a2/-|-(sin2e-|£),

IF ~~

In the case of a strong anisotropy the spins should lie
mainly in the anisotropy plane because the angle is 6~ir/2,
i.e., sin # ~ l . Combining the two equations of the system
(1.6) and replacing sin 0 with 1, we obtain an approximate
equation for the azimuthal angle cp{z,t) (Ref. 3):

(1.7)

where we have introduced constants c with the dimensions
of velocity and kQ with the dimensions of reciprocal length:

C 2 _ 2AJSW fe8 = g^H ^ (1.8)
Hz * ° SJa2

Therefore, the motion of the magnetic moment (spin)
vector in the anisotropy plane is governed by the familiar
nonlinear SG equation. Its particular solutions are of the
type^?(z,r) = #>(£), where £ = z — vt, and they can be readi-
ly obtained by integration of the left- and right-hand sides of
Eq. (1.7) with respect to q>. When the boundary conditions
are such that

d i p , - , * - n n < \ Q\
_ J - = 0 for cp = O, 2n \i-")

these equations become

q> (z, t) = 4 acrtg exp l±koy (z—vt—z0)], (1.10)

where y = [ 1 — (v2/c2) ]~in, and v and z0 are constants of
integration representing the velocity and the initial coordi-
nate, respectively.

Both solutions describe a localized change in the phase
of two physically equivalent values of q> = 0 and <p = 2-rr
(Fig. 1), which implies rotation of the spin vector 5 in the
plane by an angle 2w in an interval § of the order of \/koy
(Fig. 2). These localized solutions are called a soliton and an
antisoliton.

We shall calculate the energy Esol of formation of a spin
perturbation in a chain described by a soliton of Eq. (1.10).
Writing down the Hamiltonian of Eq. (1.1) in the contin-
uum limit and adopting approximations corresponding to
the conditions of Eq. (1.5), we obtain

( L I D
It should be noted that minimization of this energy func-
tional gives the SG equation for the phase and using these we
obtain the one-soliton solution

(1.12)

FIG. 1. Soliton and antisoliton deduced from the sine-Gordon (SG)
equation.

energy £s = BkoSfJa with a mass ms = ejc2 moving at a
velocity v and localized at a point z0. Then, in the nonrelativ-
istic limit (y^c), we obtain the soliton energy:

#sol = es7 = es + —S—+ • • • • (1-13)

The limiting velocity c represents the velocity of linear
fluctuations of the phase of the magnetic moment (mag-
nons) described by the linearized SG equation:

^~-^^dW=klv> ( U 4 )

which corresponds to the dispersion law of frequencies

(1.15)

It therefore follows that the dynamics of the magnetic
moment of a one-dimensional easy-plane magnetic material
in a magnetic field transverse to a chain can be described by
linear nonlocalized excitations (spin waves) and nonlinear
localized excitations (solitons). Apart from the simplest so-
lution of Eq. (1.10), the SG equation has many other nonlin-
ear solutions. In the class of localized solutions (in the soli-
ton sector) there are two types of solution: n-solitons and
breathers.40 The first of them can be regarded as a set of n
separate solitons, each with its own parameters Vj and zOj

representing the velocity and coordinate of the center which
satisfy the principle of asymptotic superposition. This prin-
ciple predicts that individual solitons recover their profile
after collisions, so that the only result of a collision is a
change in the phase. It is this circumstance that allows us to
treat the n-soliton solution (with a low density of solitons in
the system) as a superposition of independent quasiparti-
cles.12

The nature of the solution of Eq. (1.10) makes it possi-
ble to interpret a soliton as a "relativistic" particle of rest

FIG. 2. Soliton in a one-dimensional chain of spins with easy-plane anisot-
ropy.
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The second type of solution is represented by breathers
which represent localized states with certain internal de-
grees of freedom and can in a sense be regarded as bound
soliton (soliton + antisoliton states).

In contrast to the solitons of Eq. (1.10), breathers de-
pend on two parameters v and a> (Ref. 41):

<pB (z, t) - 4arctg

one of which is the velocity v and the other the precession
frequency co; we know that v<c and co<co0, where <y0

= cok _ 0 is the minimal frequency of the spin waves. The
breather energy EB is related to the soliton energy by

The rest energy of a breather varies from 2£sol to 0 as a is
varied and its width then changes from \/k0 to oo. There-
fore, these two nonlinear excitations (soliton and breather)
have very different properties: a soliton always remains a
localized excitation, whereas a breather is gradually con-
verted from a localized to a delocalized state in the limit
when a>-»&>„.

Linear nonlocalized solutions described by plane waves
should change on increase in the excitation amplitude, but in
the case of moderately low amplitudes this change can be
regarded as a perturbation due to the interaction with soli-
tons. Thus, in general the magnetic state of a ferromagnetic
chain of spins should be regarded as a set of spin waves,
solitons, and breathers which interact with one another.

We shall study the dynamics of such a system at low
temperatures (kT<E^), when the number of thermally ex-
cited solitons is small and in the zeroth order approximation
can be regarded as a gas of particles that do not interact with
one another or with spin waves.

1.2. Dynamic structure factors of a soliton

Mikeska3 was the first to show how nonlinear excita-
tions of a magnetic chain, described as solitons of the SG
equation, appear in the inelastic neutron scattering. The in-
elastic magnetic scattering cross section is governed by a
dynamic structure factor 5"^(q, a), which represents a
Fourier component of spatial-temporal variables of a corre-
lation function of the magnetic (spin) moment

G%$ (t) = (Sf (t) <S?< (0)) ; (1.16)

here (...) represents statistical averaging of the system using
the total Hamiltonian 3f.

We introduce structure factors S" (q, a) and Sl (q, a),
corresponding to correlations of longitudinal (relative to the
magnetic field) spin components {S*(t)S*. (0)) and trans-
verse components {S ,y(t)S ?• (0)). Assuming that the polar
angle is 6xir/2 in Eq. (1.4), we shall consider the quantities

X<cos (f (z, t) cos <p (0, 0)>, (1.17)

1 (*
S (q, to) = S2 ,n xft V dz'dt exp [i (qz — (dt)]

X<sincp(z, t) sin q> (0, 0)>, (1.18)
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carrying full information on the scattering by excitations of a
chain for which all the spins are retained in the anisotropy
plane.

We shall calculate initially these integrals when only
one soliton is excited thermally in a chain. It is then easy to
go over to a system of a finite low density of solitons in the
case when kT^E^. When one soliton is present in this sys-
tem, the average in (...), implies integration with respect to
z0 and p (p is the momentum conjugate to the coordinate
z0), i.e., with respect to the phase space of a soliton with a
statistical weight representing the Gibbs distribution func-
tion, i.e.,

, -WMW ( U 9 )

(1.20)

where B is a certain normalization constant and the index 1
shows that there is one soliton in a chain.

We shall first calculate Z,. The equation z0 = v
= d£sol/dp and the expression £sol =esy yield a relation-

ship between/? and v: dp = (\/c2)es ^dv. It is convenient to
go over from integration with respect to v to integration with
respect to a variable x defined by v/c = tanh x. It then fol-
lows from Eq. (1.20) that

where AT, (z) is a modified Hankel function. If we take the
asymptote for higher arguments Kx (z) -»(ir/2z) ll2e ~', we
obtain the low-temperature limit

z = J L T / J L 6 ( i£)1 /2
e-vr

We shall now find the relationship between Z, and the
average number of solitons N. We shall assume that the soli-
ton density is low and that solitons therefore do not interact
with one another, so that the following expression can be
written down for the partition function of a soliton gas:

~™̂  n!
n=0

where fj, is the chemical potential of solitons. Applying a
familiar thermodynamic identity, we obtain

(1.21)

We therefore find that TVaZ,. The coefficient of pro-
portionality, which is governed by the chemical potential,
can be deduced by calculating the total partition function of
an SG system. In the transfer matrix method this coefficient
can be calculated explicitly and then Eq. (1.21) can be re-
duced to the following expression for the soliton density1:

N 1/2 _ ee (1.22)

Equation (1.22) describes both solitons and antisolitons.
Sometimes ns represents the density of solitons alone and
then the corresponding expression is half that given by Eq.
(1.22).

The dynamic structure factors can be calculated by sub-
stituting the one-soliton solution of Eq. (1.10) into Eqs.
(1.17) and (1.18). Wethusobtain
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cosq)= l — 2sec\\2[koy(z—vt—zo)]. (1.23)

Substituting this expression in Eq. (1.17), it is convenient
first to integrate with respect to t and z, and then with respect
to z0 and/?, i.e., it is convenient to average over a statistical
ensemble. This gives the following response3:

5" (?, 03) = 5 2 ( l - 8 ^

8»8S» / 2ixes

c*q*kT
/I es

2c*q*kT
1 sh2 (ng/2ft0)'

(1.24)

We can obtain this expression by multiplying the contribu-
tion of one soliton by the total number of solitons in a system
and replacing the factor \/L that appears in calculation of
Eq. (1.17) with one soliton by a factor N/L^n%.

We can similarly calculate the transverse dynamic fac-
tor of Eq. (1.18) (Ref. 15):

2(itg/2fto)'

(1.25)

It should be noted that Eqs. (1.24) and (1.25) are ob-
tained using the nonrelativistic approximation of Eq. (1.13)
for the soliton energy, which gives rise to a Gaussian distri-
bution with respect to the frequency co. If we retain the com-
plete Lorentz-invariant expression for the soliton energy
Eml = e% y, we obtain a more complex frequency distribu-
tion. For example, in the case of the function Sl (q,co), we
have

„!
13

16,S2es

n2k0kT cq [1 - (

exp [ - -5s- (1 ^
e x p L kT V }V

-1/21(

and similarly for 5" (q,a>)if we replace cosh with sinh in the
denominator.6'42

We shall now turn to Eqs. (1.24) and (1.25) which
determine, at low temperatures, the frequency and angular
dependences of the scattering by solitons. We can see that
the longitudinal dynamic factor describes an elastic Bragg
peak and a quasielastic peak of Gaussian profile and of width

kT \ l / 2
(1.26)

which has a characteristic dependence on Tand q.
We can similarly calculate the dynamic structure factor

S*2 (<7,&>), which governs out-of-plane correlations. It fol-
lows from the second equation in the system (1.6), which
can be rewritten in the form S* (H/2A )<p, that these correla-
tions are of dynamic nature because the component of the
spin S* appears entirely due to a change in the phase cp with
time. Employing the explicit form of the solution of Eq.
(1.10), we obtain

• _ 2fc0yi;

which allows us to calculate the correlation function S"
oc {ipip ) and also the correlation functions Syz and Sxz.

The complete set of the correlation functions Sxx, Syy,

SF, S"z, and S® calculated in the nonrelativistic approxima-
tion can be written in the form

where

cosh (n?/2fc0)

cosh(n?/2fc0)

are the form factors of a soliton along the various directions.
Along the chain the form factor is dynamic and it vanishes
for co = 0. The correlation functions Sxz and Sxy (and those
symmetric to them) vanish because of summation over soli-
tons and antisolitons, which make contributions of opposite
signs.

1.3. Interference between solitons and magnons

Equations (1.24) and (1.25) were derived completely
ignoring linear magnons. Interference between solitons and
magnons gives rise to important corrections that alter con-
siderably the scattering intensity by both localized and non-
localized quasiparticles. We can allow for these corrections
at low temperatures (kT-4es) using the nature of the nonlo-
calized solution of the SG equation with a wave vector q and
a frequency coq in the presence of one soliton moving at a
velocity Vj and initially, at the moment t = 0, present at a
point z0j:

%(z, t) = exp [i (qz — at)] Aqj (z, t) exp(iOqj (z, t)), (1.28)

where the amplitude and phase considered in the nonrelativ-
istic limit (Vj <c) are given by the expressions17'43

2 2 , 2 I (1-29)

[ ? - (Vj(oq/c
2)]2 + k2

0 > ,

j th [&o (z — vjt — zoj)] ^ kotanh{k0zoj)<t>qj (z, t) = arctg • f arctg

(1.30)

We can see that perturbation of the magnon solution
exp[/(#z — cot) ] reduces to the lowering of magnon ampli-
tude near a soliton center and an asymptotic shift of the
phase (for a soliton at rest):

, = 2 arctg—-. (1.31)

This shift represents a change in the density of states in a
continous spectrum2

dA<Do

v^> 2n ' In dq ~ 2jf

When the soliton density ns is finite, the quantity \/L should
be replaced with ns and, instead of Eq. (1.32), we now have

(1.33)

At low temperatures, in the first order with respect to
ns, it is sufficient to allow only for those configurations in
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which the distance between solitons is much greater than the
soliton width, so that the one-soliton solution given by Eq.
(1.28) can be generalized to the case of JVsolitons as follows:

N
% (z, t) -•= exp [i (qz-(oqt)] J] Aqj (z, t) exp (i%, (z, t)).

(1.34)

Interference between solitons and magnons can be in-
vestigated by representing the field <p as a linear superposi-
tion of N one-soliton solutions of the SG equation and delo-
calized magnon solutions with arbitrary amplitudes:

cp (z, t) = 2 <P8
j
ol (z- v,t-z0)) + Re 2 r\q% (z, t). ( 1 - 3 5 )

; = 1 q

We can readily describe the contribution made to the longi-
tudinal correlation function of Eq. (1.17) by a series in pow-
ers of r\q. Calculations accurate to r\\ allow us to write down
5" (q,co) in the form of three contributions17:

S" (q, CO) = Sfiragg (?- ">) + 5»ol (?- w ) + S™ (? ' W ) ' ( 1 - 3 6 >

where

^Bragg (q, CO)

- ^ + T-lf wv )
(1.37)

(1.38)

here, S^\ represents the second term in Eq. (1.24).
The magnon contribution S^C^.w) is a complex ex-

pression and we shall give only Sll
m(q) representing an inte-

gral with respect to the energy co. In the limit of large wave
vectors irq>2k0 we find that the expression for 5li, (9), be-
comes very simple:

ml ,.. 8 n, «• c x ( g ) i ( j 3 9 )

whereS i, (9) is the integral contribution to the magnon part
of the transverse correlation function Sx iq,co).

Equations (1.37)—(1.39) were obtained by averaging
the magnon amplitudes {\y]k\

2) using the Gibbs distribution
with the energy of the magnon subsystem

$ (1.40)

which appears as a result of linearization of the functional of
Eq. ( l . l l ) . Such averaging reduces to a calculation of an
elementary Gaussian continuum integral and gives the fol-
lowing answer:

([ % | 2 )= oar p + l,*' ( 1.41)

Moreover, in calculation of the sums over the wave vectors
of magnons we integrate the continuous spectrum

2 . . - = J d A p ( * ) . . .
h

with a density of states of Eq. (1.33) perturbed by solitons.
We shall now consider the results described by Eqs.

(l.36)-(l.39). The expressions for the intensities of the

Bragg and quasielastic soliton peaks include corrections
proportional to kTa& a measure of the density of magnons in
the classical limit. In the case of a Bragg peak the presence of
solitons and magnons reduces its intensity on increase in the
density of these quasiparticles, but there is a term ~kTns

describing interference of solitons with magnons, which
slows down attenuation of the elastic coherent peak.

This magnon scattering results in considerable suppres-
sion of the quasielastic peak, so that at a temperature
kT=2JSP(.koa) it formally vanishes, but at such high tem-
peratures we should include in the series of Eq. (1.38) and
also in Eq. (1.37) the higher powers of temperature because
of the anharmonic corrections, so that the expressions repre-
sented by Eqs. (l.36)-( 1.39) should be regarded as the first
terms of the series

n=0
cnT"e-e>/hT. (1.42)

Another manifestation of the soliton-magnon interfer-
ence is the appearance of a magnon contribution in the longi-
tudinal correlation function of intensity proportional to the
magnon density. We shall not give the spectral dependence
of this contribution to S1" (q,co) but simply note that in addi-
tion to the central distribution near &> = 0, which is de-
scribed by the soliton contribution of Eq. (1.38), there are
also side distributions around co = ± coq, the intensity of
which is described by Eq. (1.39).

The transverse correlation function has two contribu-
tions:

Sx(q, co) - S i i (q,a (?. <o). (1.43)

The soliton contribution is renormalized exactly as S" (q,co),
namely

(1.44)

where S °^ is the expression used in the zeroth order approxi-
mation of Eq. (1.25).

The magnon contribution to the transverse correlation
function is the dominant one; in the frequency distribution
Si, i.q,co) there are peaks at co = ±coq and the integral in-
tensity is given by the expression

) Kte>. d.45)
The reduction in the intensity of the magnon contribution to
the transverse correlation function is due to the appearance
of the magnon contribution in the longitudinal correlation
function. A measure of smallness of both effects is ~ns.

It is shown in Ref. 17 that interference between mag-
nons and solitons broadens the magnon peaks by an amount

These expressions provide a complete description of the
soliton-magnon interference in the lowest order with respect
to the soliton density. In the case of the intensities of the
various contributions to the correlation function they are
described by corrections ~ « s T or T. The terms ~ T2 can
appear only because of the anharmonicity of the magnon
system. These effects will be obtained by representing the
functional of Eq. (1.11) in the form JT = <#"„ + JTa n h,
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where dfQ corresponds to linear magnons and ^ a n h con-
tains terms ~<p 4 because of the expansion of cos <p in Eq.
(1.11).

The usual calculations yield17

(g, a)

g- < o ) =

y 8

j 8

/2) — 0))

,> + wft+(g/2) + u) J , (1.47)

where nk is the Bose distribution function, which should be
taken in the classical approximation nk = kT/fuok. We can
see that there are two types of two-magnon processes. One is
accompanied by simultaneous emission and absorption of a
spin wave and gives rise to a distribution about an energy
co = 0, whereas the other two represent simultaneous cre-
ation or annihilation of two spin waves. They begin from
threshold energies co = ± 2coq/2 . The integrated intensities
of these two contributions can be calculated directly from
Eq. (1.47):

(1.48)

The spectral distribution S\m (q,co) is shown in Fig. 3. We
can see that the frequency dependence of the central peak is
very weak right up to coxcq, where the distribution termi-
nates quite abruptly. The width of this peak depends linearly
on the wave vector, but is independent of temperature (in
this classical limit). The width of the distribution of the soli-
ton contribution [Eq. (1.25) ] also depends linearly on q, but
there is a strong temperature dependence. Separation of the
soliton and two-magnon contributions to the quasielastic
central peak represents clearly an important problem in the
interpretation of neutron experiments.

A similar allowance for the anharmonicity in the prob-
lem of the transverse correlation function yields the follow-
ing contribution for the magnon part:

• { • -

(1.49)

We again see that a correction term ~ T appears. The inte-
grated intensity of this contribution at q = 0,

\ 1 — •
kT •)+O(T*),

is in agreement with the sum rule given in Ref. 44.
We can readily derive a quantum analog of Eq. (1.46)

(Ref. 5). The quantum expression leads to a temperature
dependence of the width of the central peak: this width in-
creases strongly on increase in Tand rapidly reaches satura-
tion.

We shall conclude with a discussion of the importance
of breathers in this description of the statistical behavior of a
system obeying the SG equation. Breathers are localized ex-
citations of width greater than k 0"' and with a rest energy
varying from zero to 2es. Since their spectrum is distributed
continuously and begins from zero, their contribution to
thermodynamic quantities should be described by a power
law and it should be similar to the magnon contribution (for
kT^dik0). At low temperatures (kT<es), which will be
the only temperatures that we shall consider, the contribu-
tion made by solitons is nonanalytic in respect of tempera-
ture and is ~exp( — £s/kT), whereas in the case of mag-
nons and breathers it should be analytic (described by a
power law). This means that it can be deduced from pertur-
bation theory if we include the anharmonic corrections to
the energy functional of Eq. (1.11). This is precisely the
point demonstrated above where we have obtained correc-
tions of the order of T and T2. After such calculations how-
ever, there is no need for any special search of the contribu-
tion of the breathers to thermodynamics: their contribution
has been allowed for implicitly already in a power series of
the type described by Eq. (1.42).17

The dynamic structure factors of breathers and the fea-
sibility of picking out the corresponding contribution to the
inelastic neutron scattering is discussed in Refs. 78-80.

This theory will be used in later sections to consider the
results of an experimental investigation of solitons by the
inelastic neutron scattering method.

FIG. 3. Two-magnon (2m) contribution to the longitudinal correlation
function 5" (q, co) (Ref. 17). The scale on the ordinate is arbitrary. The
assumed parameters are q = v/\0a and akn = 0.185.

2. INVESTIGATION OF SOLITONS IN A QUASI-ONE-
DIMENSIONAL FERROMAGNET CsNIF, BY NEUTRON
SCATTERING METHODS

2.1. General expressions for the scattering cross section

The double differential cross section for magnetic scat-
tering accompanied by the transfer of a momentum Q and an
energy co is described by the following familiar expression45

d<adQ
a|3

(2.1)

where Sa" (Q,ca) is the dynamic structure factor represent-
ing a Fourier component of the spin correlation function of
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Eq. (1.16) and ea is the projection of the unit scattering
vector e = Q/Q.

The angular factor in Eq. (2.1) is such that the cross
section contains only the correlation functions of the spin
vector components perpendicular to the scattering vector

e = (1,0,0): S»»+Szz, e = (0,1,0):

= (0, 0, 1): (2.2)

Therefore, in experiments carried out using unpolarized
neutrons we can just determine a sum of two structure fac-
tors. In order to understand what information on solitons
can be deduced from such measurements, we shall write
down the main expressions of a theoretical analysis describ-
ing the contributions made to the dynamic structure factor
by solitons and by two-magnon (2m) processes. It follows
from Eqs. (1.24) and (1.25) that the intensity (integrated
with respect to the transferred energy) of the scattering by
solitons

q, w)do) ocnj
cos

(2.4)

is governed by the square of the structure factor of a soliton
in the appropriate direction relative to the magnetic field.
The quantity q represents the component of the scattering
vector Q along the direction of a chain. The integrated con-
tribution to S™ (q,a>) is small compared with /Jjol and 7^,
because S*2 (q,a>) contains an additional small factor pro-
portional to a2. The contribution to the scattering by 2m
processes is contained only in the longitudinal correlation
function and the integrated intensity of these processes de-
duced from Eq. (1.48) is

It is clear from the above discussion that in order to separate
the contribution made by solitons, we have to determine first
the S1 (q,a)) structure factor, because 2m processes make no

contribution to this factor. The quantity 5" (q,co) contains
the contributions of both solitons and 2m processes.

2.2. Experiments with unpolarized neutrons

An ideal object for an experimental investigation based
on the nonlinear dynamics described above is CsNiF3. A
crystal of this compound consists of chains of Ni ions sur-
rounded by F octahedra which are directed along the hexag-
onal axis and are separated from one another by the large Cs
ions.46 The distance between the Ni chains is 6.3 A and that
between the Ni atoms along the chain is only 2.6 A. In view
of such a strong anisotropy the difference between the ex-
change interactions along the chain and between the chains
is enormous (~103). At TN =2.61 K a crystal becomes
antiferromagnetically ordered because of a weak negative
interaction between the chains, whereas along the chains the
positive exchange interaction imposes a parallel orientation
of the spins. At temperatures T> TN the long-range order
between the chains is destroyed and a crystal can be regarded
as a set of independent one-dimensional Ni chains with the
ferromagnetic interaction.

The Hamiltonian of a single chain is assumed to have
the form of Eq. (1.1) with the following parameters:

4- = 5K. ,9=1 . *=2.4. (2.6)

which are deduced from an interpretation of the linear dy-
namics of magnons on the basis of a classical treatment of the
system (although the magnitude of the spin does not satisfy
the condi t iona l ) . 4 7 If T< (,4//)fc)1/2~10K, the spins are
oriented mainly in a plane, so that in the temperature range
3KS!T517Ka chain can be regarded as an easy-plane qua-
si-one-dimensional ferromagnet.

The first investigations of CsNiF3 demonstrated the ex-
istence of a quasielastic central peak4 and subsequent stud-
ies6"14 have made it possible to compare the experimental
results with the theory and to provide a convincing interpre-
tation in terms of the scattering by solitons. We shall now
discuss some of the main results on neutron scattering.''
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FIG. 4. Neutron spectra of CsNiF, obtained for differ-
ent orientations of the scattering vector Q = (0.275; 0;
0) inafield#=3kOe:a) QiH;b) Q || H In Fig. 4a
the results represent counting for a period of 12 min,
whereas in Fig. 4b they represent counting for a period
of 11 min (Ref. 11).
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Figures 4 and 5 show the results of an inelastic neutron
scattering study of CsNiF3 at different temperatures or for
different wave vectors. It is clear from Fig. 4a that the quan-
tity S" + S*z has a central peak which increases with tem-
perature. Two side peaks observed at T = 3.2 K representing
the scattering by spin waves. Figure 4b shows the behavior of
S 1 + S". We can clearly see side peaks but there is no cen-
tral peak, which is in agreement with Eq. (2.4) according to
which we should have S ,ol = 0 at q = 0. For finite values of q
there should be a central peak in this scattering geometry
and the intensity of this peak passes through a maximum, as
observed in Fig. 5. The integrated intensity of the central
peak is plotted as a function of the wave vector in Fig. 6. The
continuous and dashed curves were calculated using Eq.
(2.4) and the experimental value of the intensity for
q = 0.045 and at T= 12 K. Therefore, this behavior of the
central peak of S1 (q,co) was in good agreement with the
theory of solitons based on the SG equation approximation.

Interpretation of the central peak of 511 (q,a) requires
an analysis of the contribution of solitons and 2m processes.
A strong temperature dependence of the width of the peak
indicates a considerable contribution of solitons, because 2m
processes are characterized by a peak with a temperature-
independent width. The results of different measurements of
the integrated intensities of neutrons scattered by CsNiF3,
calibrated always against the intensity of the scattering by
spin waves (under the same conditions) are collected in Fig.
7. Using the measured values of 7^, (q) the authors of Refs.
9 and 11 found that the contribution to the central peak
made by S11 {q,a) at q = 0 and T = 12 K is 1/3 and 2/3 for
solitons and 2m processes, respectivity. The dotted curve in
this figure is theoretical and is calculated from the expres-
sions for 7|jol (q) and I2m (<?) on the assumption that the in-
tensities at q = 0 are in the same ratio of 1/3 to 2/3.

We can thus see that a convincing proof of observation
of solitons in CsNiF3 is available.

A detailed investigation of the soliton contribution is
reported in Ref. 9. The temperature and q dependences of the
width of the central peak Sto show that it should be the result
of a superposition of two processes: scattering by solitons
and two-magnon (2m) scattering.

Wave vector

FIG. 6. Intensity of the central component in the case when QB H plotted
as a function of9( Ref. l l ) forQ= (0.6; 0; - ? ) a n d # = lOkOe. T= 12
K( l ) and9K (2).

2.3. Experiments with polarized neutrons

A theoretical analysis of the scattering by solitons is
based entirely on the SG equation approximation which ig-
nores fluctuations of the components of the spins perpendic-
ular to the easy plane. However, a numerical modeling dem-
onstrates the importance of these fluctuations in the case of
CsNiF3 (Ref. 48). In an experimental investigation of these
fluctuations it is necessary to separate the contribution made
to the inelastic scattering process by the correlations
S*z (q,a>). The individual correlations can be found by inves-
tigating polarized neutron scattering.

There are various methods for using polarized neutrons
and they have the advantage that they make it possible to
separate weak magnetic scattering from the nuclear process
or to include in the scattering new correlation functions of
spins in the same scattering geometry by altering the polar-
ization of the neutron beam.

The cross section for the scattering of a neutron beam,
with the polarization p0 and described by a density matrix
p= (1 + p0o-)/2, is given by45:
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FIG. 5. Neutron spectra of CsNiF, obtained for different scattering vec-
tors" [Q|jH, Q = (0.6; 0; -q), H= 10 kOe, T= 12 K). The results
were obtained by counting for 348 s.
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FIG. 7. Dependence of the integrated intensity of the central peak on q
plotted for different correlation functions on the basis of the results ob-
tained intf= 10kOeatr= 12K (Ref. 11): 1) (S11 -HS1)^) (S11 +5")
3) S1 (relative units along the ordinate).
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where

/Tv v ' = Sp(aV'p l8VY'nPn'

(2.7)

(2.8)

Ery/l is a unit antisymmetric tensor and cra are the Pauli ma-
trices. The relationship (2.7) represents the dependence of
the scattering cross section on the polarization of the inci-
dent beam; for p0 = 0 , Eq. (2.7) reduces to Eq. (2.1) for
unpolarized neutrons. A change in the orientation of the
vector p0 can alter different combinations of the correlations

Another approach involves a polarization analysis of
the scattered beam. We can introduce the operator K ri/ rep-
resenting a 2 X 2 matrix in the spin space of the scattered
beam:

= 1 [6VV- (1 - Poa) + pi&r + py'

(2.9)

Then, an expression of the type given by Eq. (2.7) modified
by the substitution K^-^K^ defines the matrix d2d/
dcodQ in the same space. We can easily write down its matrix
elements labeling them with the indices + and — . We shall
denote the coordinate axes of the vector by £, rj, and g. We
shall select the polarization vector p0 = (0,0,1) and identify
the corresponding projection in the spin space by the symbol
( + ). It follows from Eq. (2.9) that

d<udQ
a(J

d<adQ
of}

eae

i (6an-eaen) (6^- , co).

(2.11)

Selecting now/>0 = (0, 0, — 1) and assigning to this polar-
ization the projection ( — ) in the spin space, we find two
other matrix elements:

dzo+

dcodQ dcodQ ' dcodQ dcodQ (2.12)

Each of the four expressions in Eqs. (2.10), (2.11), and
(2.12) can be determined separately with a spectrometer
fitted with additional devices in the form of two flippers
which can reverse the direction of the polarization of the
incident and scattered beams. The four possible states of the
flippers correspond to the quantities cr++, (T+~, a~+ and
a . We note that the scattering cross section of unpolar-
ized neutrons corresponds to averaging over the initial states
and summing over the final states in the spin space:

d2g _ 1 / d 'o" d'g—
dcodQ ~ 2 I dcodQ "^ dcodQ

which gives Eq. (2.1).
We shall now write down the general relationships

(2.10) and (2.11) for the polarization analysis of the scat-
tering by CsNiF3. The direction of the magnetic field (x
axis) sets the direction of the polarization vector (£ axis).
We shall identify the coordinate system (£, JJ, g) with (y, z,
x). In view of the symmetry of the model under the substitu-
tion Sy -» — Sy, Sz -» — Sz the correlation functions become
S " = Syx = Szx = Sxz = 0 so that for two specific orienta-
tions of the scattering vector Eqs. (2.10) and (2.11) are
quite simple23:

ex: dcodQ
= 0,

dcodQ

dcodQ dcodQ

(2.13)

•S". (2.14)

Therefore in the Q1H geometry the scattering cross
sections a + + ando-+ ~ are governed by the separate corre-
lation functions in contrast to unpolarized neutrons, when
the cross section depends on a sum of two correlation func-
tions. The correlation functions occurring in these expres-
sions contain soliton and magnon contributions. The mag-
non contributions due to out-of-plane fluctuations are
contained in SP12 and S22. They were investigated in Refs.13
and 14 in the Q||H geometry. It was found that the experi-
mental data for the cross sections a+ ~ and a~ + are de-
scribed well by a planar model which postulates that the
spins are confined to the easy plane and their projections
perpendicular to this plane are small. In the range of fields
/ /< 10 kOe the compound CsNiF3 does not exhibit any insta-
bility of the system which might be induced by such fluctu-
ations.

In addition to the spin-wave peak of a + ~, which was
observed only for co > 0, there is also a contribution from a
soliton peak contained in 5 " and S1" and the latter is asym-
metric with respect to co [which follows from Eq. (1.27) ].
Figure 8 shows the experimental values of d2a+ ~/d<odQ
obtained for q = 0.06 together with the continuous curve
calculated theoretically on the basis of Eq. (2.13) without
recourse to any fitting parameters.23 The excellent agree-
ment between this curve and the experimental results sup-
ports the correctness of the approximations used in the de-
scription of the spin dynamics in CsNiF3.

The polarization analysis is carried out in Ref. 15 in the
Q1H geometry. According to the expressions in Eq. (2.14),
the cross section a + + contains only the longitudinal corre-
lation function. The experimental points in Fig. 9 represent
the observed central peak and the continuous curve is the
theoretically calculated contribution of two-magnon scat-
tering. The rest is the contribution made by solitons. The
ratio of intensities of the two contributions Iso,/I2m = 1/2 is
in good agreement with the data on unpolarized neutrons,
but the absolute contribution of solitons is much smaller
(representing approximately one-fifth of the theoretical val-
ue obtained in the SG equation approximation).
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FIG. 8. Experimental and theoretical dependences of the scattering cross
section d2a ' Aku-dQ in the Q||H geometry (H = 10 kOe, T= 12 K).
The abscissa is in units of terahertz and the ordinate gives the results of
counting for 40 min (Ref. 14).
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FIG. 10. Scattering cross section d2tr + /d«-dQ obtained inthe Q1H ge-
ometry (H = 10 kOe, T = 12 K). The abscissa is in units of terahertz and
the ordinate gives the results of counting for 15 min (Ref. 15).

The cross section a + includes in its pure form a weak
magnetic scattering contribution, which is due to out-of-
plane fluctuations (Fig. 10). The continuous curves in this
figure are the theoretically calculated soliton and magnon
contributions to Szz. In particular, the central peak is calcu-
lated using Eq. (1.27). Once again the agreement with the
experimental results is reasonable.

3. THERMODYNAMICS OF A QUASI-ONE-DIMENSIONAL
FERROMAGNET WITH A FINITE ANISOTROPY

3.1. Fluctuations with emergence of spins out of the basal
plane

Neutron spectroscopy may be the most direct, but it is
not the only method for investigating solitons in quasi-one-
dimensional systems. The presence of a gas of new quasi-
particles (solitons) in a system makes specific contributions
to thermodynamics and gives rise to anomalous temperature
and field dependences of the specific heat and other quanti-
ties. We shall discuss this in the present section and begin by
calculating first the free energy allowing for two types of
excited states in a system: magnons and solitons.

We must point out immediately that we have consid-
ered so far only the case of extremely high anisotropy so that
spins are confined to the easy plane. When the anisotropy
parameter A is finite, the spins may project out of this plane
so that the motion of the magnetic moment becomes three-
dimensional. We shall still be interested in nonlinear objects
of the spin system, i.e., in domain walls (solitons), but we

0 0.1
Transferred energy

FIG. 9. Scattering cross section d V ' ' /dco-AQ obtained in the Q||H
geometry (H = 10 kOe, T= 12 K). The abscissa is in units of terahertz
and the ordinate gives the results of counting for 15 min (Ref. 15).

shall allow for the possibility of small fluctuations relative to
soliton configurations with spins projecting out of the easy
plane.25

We shall consider excitation of a one-soliton configura-
tion in which spins deviate in the plane by SS and are tilted
out of the plane by 8SL. The Hamiltonian of a weakly excited
state is described by the quadratic form

where the operators

M , --- JS2a2 [ -

cosh[A:0(z-z0)]

(3.1)

(3.2)

(3.3)

are the quantum Hamiltonians of a particle which is in a
potential well of shape governed by the shape of an SG soli-
ton. [Here, a=A/J and k2

0 is still given by the previous
expression (1.8).]

The eigenvalues and the eigenfunctions of both opera-
tors are well known.49 The operator M has a continuous
spectrum and one discrete level:

whereas the operator ML not only has a continuous spec-
trum, but also two discrete levels:

Et = JS2a2 (k2 + kl + 2aa~2),

E$ = JS2a2 (2a<r2), £ r = JS2a? (2aa~2— 3k2
0).

(3.5)

The continuous spectra Ek and E\ are identical with the
spectra of linear excitations of the zero-soliton configura-
tion, i.e., of a state of all the spins oriented along the magnet-
ic field when Ek describes the spectrum of linear spin waves
when all the spins are confined to the anisotropy plane,
whereas E l

k corresponds to spin waves with the spins pro-
jecting out of the anisotropy plane.

The wave functions of excitations in the zero-soliton
configuration are plane waves and for one-soliton configura-
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tion they are distorted in the region of localization of a soli-
ton. A discrete level Eo corresponds to a translational mode
which restores the translational symmetry disturbed by the
dependence of the one-soliton configuration on the coordi-
nate z0 at the center of the soliton. According to the Gold-
stone theorem, the energy of such a mode should vanish. The
level El

0 belongs to a localized mode describing an oscilla-
tion of a one-soliton configuration in which spins project out
of the anisotropy plane because of rotation around the field
direction (in the absence of the anisotropy, i.e., in the case of
an isotropic Heisenberg magnetic material this mode is of
the Goldstone type and it rotates relative to the magnetic
field). Finally, the level E\ represents a localized rocking
(tilting) mode and the spins again project out of the aniso-
tropy plane.

These results are easily generalized to an n -soliton con-
figuration with a low density of solitons. Obviously, the
states in the discrete spectrum are w-fold degenerate. In the
continuous spectrum we have to allow for the change in the
density of states p (k) due to dropping out of n levels Eo and
in p1 (k) due to dropping out of n levels E Q and n levels E \.
This change in the continuous spectrum can be expressed in
terms of shifts of the phase of the wave function as a result of
scattering by a soliton. In the case of the operators Mand ML

considered here the change in the density of states is given
by25

where po = L /2rr is the density in the spectrum of excita-
tions of zero-soliton vacuum.

3.2. Manifestation of solitons in thermodynamics of magnetic
material

We shall now write down the partition function Z. At
low temperatures we have to include all the contributions of
n-soliton spin configurations which minimize the Hamilto-
nian as well as spin fluctuations near local minima represent-
ing a specific spin configuration.2'50"'75 We shall represent
Z as a sum of such configurations in which each term repre-
sents a continuum integral with respect to the appropriate
fluctuations SS and 8SL (Ref. 25):

-1- 2
71 = 0

(3.7)

The factor l/«! allows for the identity of solitons in an n-
soliton configuration; 2 £ En represents summation over so-
litons of different helicity (topological charge), i.e., over so-
litons and antisolitons. The operators Af(n> and M[n)

represent generalization of the one-soliton expressions (3.2)
and (3.3) in which we have to replacez0 withz0, (represent-
ing the coordinate of the center of the fth soliton) and then
sum with respect to / between 1 and n.

The eigenfunctions of the operators M("' and M[n) are
derived in a trivial manner from the eigenfunctions of one-

soliton operators. Since they form a complete set of func-
tions, any fluctuation SS or SS1 can be expanded as a series in
eigenfunctions of the operators AfU) and M[n); then, the
integration in Eq. (3.7) is in fact carried out over the coeffi-
cients of the expansions and the resultant Gaussian integral
yields

n=0

Xexi

(3.8)

The factor (%ako)
n/2 appears as a result of integration with

respect to the translational mode.52

The sum over n represents the contribution of solitons
and of associated local modes:

where

(3.9)

(3.10)

is a function which allows for the anisotropy. In the limit of a
strong anisotropy A -» oo we find that the above function be-
comes G(P) -»1 and we obtain the results of the SG equation
approximation.

The quantity Zm associated with the continuous spec-
trum of fluctuations is calculated using the function repre-
senting the density of states in a discrete spectrum:

* ) " " ] } •
Since Z has multiplicative properties, the free energy at

low temperatures (kT^es) consists of the magnon Fm and
soliton fgoi contributions:

= kT\ - I n 2e*kT
, 1 / g^H \

^ 2 \ JS I
,1/2

2 \ JS (3.12)

(3.13)

where
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is the density of solitons found in the case of a finite anisotro-
py-

The spin-wave part of F has the temperature depen-
dence Fm oc NT In T which is typical of a classical system
with a continuous spectrum of modes characterized by two
degrees of freedom per spin. The relationships

s> S=~JW (3.15)
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yield the average energy and entropy per spin:

N ~KI, N ~mi.

The first relationship agrees with the value ofkT/2 per de-
gree of freedom in an ideal gas of particles if we bear in mind
that there are two types of such particles representing in-
plane and out-of-plane spin fluctuations. We can see that the
entropy diverges at absolute zero. This violation of the
Nernst theorem is due to the classical treatment of the sys-
tem that completely ignores the quantum corrections.

The soliton part Fso, of the free energy allows for the
existence of a gas of magnons by a preexponential factor in
Eq. (3.14) describing the density of solitons. The mecha-
nism of this influence is discussed in detail in a fundamental
paper on the subject25 and consists, in the present system, of
capture by a soliton of three modes from a spin-wave reser-
voir. These modes becomes localized and are manifested by a
translational mode in the anisotropy plane and by two out-
of-plane modes representing rotation and rocking (tilting).
The translational mode gave rise to a factor T ~W2, which is
very typical of one-dimensional systems described by soli-
tons,2'53 but the field dependence H3M is specific to the mod-
el. If we represent the preexponential factor in Eq. (3.13) by
some exponential function, we can then interpret the pres-
ence of localized modes as renormalization of the soliton
energy.

It should be pointed out that when the magnetic field is
sufficiently strong to satisfy

2 AS
(3.16)

the anisotropic function diverges indicating an instability of
a soliton at rest in the case of motion via a localized rocking
(tilting) mode.54

We can use Eqs. (3.12) - (3.14) to calculate the specific
heat using the thermodynamic relationship C/N

&2F
= — T—— . We then obtain the following expression:

AT2

V8,
es

kT

5 / 2
 e-

eslhT
(3.17)

Hence, we can write down the quantity AC = C{H) — C(0)
in the following form:

where
1/2

( 3 1 8 )

(3.19)

is the expression for the soliton density equivalent to Eq.
(3.14).

We can thus see that the temperature dependence of AC
exhibits a maximum. Recalling that es = 85'(5'yguo/f)

1/2,
we can see that the dependence of AC on the magnetic field
also has a maximum. This behavior of the specific heat sug-
gests that experimental observations of these maxima can be
used as evidence of the existence of thermally excited soli-
tons in one-dimensional easy-plane magnetic materials. Ex-
periments reported in Ref. 30 did indeed reveal a maximum
of the field dependence of the specific heat of CsNiF3, but its
position differed greatly from that calculated using Eq.
(3.18). The amplitudes of the observed maxima (in a certain

30 H, kOe
AC/k AC/k

5 10 15
b H, kOe

0.04

0.02

-0.02

- A-/ ^
A,

\
1

\

5 10
c H, kOe

FIG. II. Field dependences of the specific heat of CsNiF, at three differ-
ent temperatures2': a) calculations carried out by the Monte Carlo meth-
od using a classical discrete Hamiltonian; b) calculations based on Eq.
(3.17); c) experimental results.

range of temperatures) is an order of magnitude less than
that found by calculation. This discrepancy raises doubts
about the approximations used in discussing a spin system
described by the Hamiltonian of Eq. (1.1), mainly the tran-
sition to the continuum approximation, the concept of an
ideal gas of solitons, and the steepest-descent method in the
calculation of a partition function. The origin of the discre-
pancies was studied by calculating the specific heat on the
basis of the classical Hamiltonian of Eq. (1.1) using the
Monte Carlo method.29 The results of such calculations are
compared with the experimental data in Fig. 11. We can see
that there are considerable quantitative differences between
all groups of curves. The difference between the two theo-
retical approaches becomes even greater when we calculate
the temperature dependence of A Cs (Fig. 12).55 It should be
noted that the maxima of the curves deduced using the con-
tinuum theory appear at temperatures where the condition

AC/k,

W -

FIG. 12. Temperature dependences of the specific heat of CsNiF, calcu-
lated by the Monte Carlo method (continuous curves) and using the con-
tinuum approximation (dashed curves).55
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is already disobeyed. There are general doubts
whether the peaks of the specific heat predicted by the
Monte Carlo calculations or found experimentally are asso-
ciated with solitons. Moreover, the specific heat peaks are
predicted by other models, such as that of an isotropic chain
in a field. In this model the low-temperature contribution to
thermodynamics is governed primarily by linear spin
waves.56

In the case of the anomaly predicted by the continuum
model for the critical field of Eq. (3.16), it is obviously the
result of the adopted approximations. In fact, for the param-
eters of CsNiF3 the critical field is Hc ~ 18 kOe. In the light
of the investigations reported in Refs. 20 and 54 it is clear
that the anomaly due to the divergence of the anisotropic
function g(P) at 0 = 3 is the result of the static approxima-
tion. In the critical field a static soliton is coupled to a mov-
ing soliton via a tilting mode and the free energy together
with its derivatives with respect to H and Tcan be represent-
ed by smooth functions in the region of the "critical" field
Hc. There are no anomalies in the system, as predicted by the
classical Monte Carlo calculations.29

The discrepancy in the behavior of the specific heat
between the numerical results of the classical model (1.1)
and the experiments mentioned above is even greater. It
therefore follows that the quantum effects should play an
important role, at least in the case of CsNiF3. This hypothe-
sis is confirmed by numerical calculations carried out using
the quantum model of a one-dimensional magnetic materi-
al.57

4. ALLOWANCE FOR QUANTUM CORRECTIONS AND
DISCRETE NATURE OF A CHAIN
4.1. Quantum corrections In the semlclasslcal approximation

We calculated earlier the partition function Z of an
easy-plane one-dimensional ferromagnet using the classical
approximation. At low temperatures (,kT<%£s) the main
contribution to Z comes from thermally excited static soli-
ton configurations corresponding to local minima of the
Hamiltonian 3f and from linear static fluctuations of these
configurations.

Calculation of Z for a quantum chain of spins in a mag-
netic field presents serious problems, but it has been suggest-
ed that in the limit of high spins kT4es the semiclassical
approximation can be used. Assuming the existence of an
ideal gas of solitons at temperatures 8S*, we find it possible
to consider solitons as classical objects and to quantize only
linear excitations of soliton configurations (magnons).26

It is convenent to introduce action and angle variables
(operators SS2 and 8q>) satisfying the commutation relation-
ship58

x), 690,)]= -i6{x-y); (4.1)

where SS2 is the projection of the spin along a chain and 8<p is
the azimuthal angle representing out-of-plane and in-plane
fluctuations. We can use the general expression (3.11) in
these variables to write down the Hamiltonian of a one-soli-
ton configuration in the form

where the operators M and ML are denned by Eqs. (3.2) and
(3.3).

The quadratic form of Eq. (4.2) with the operators 8S*
and 8<p can be diagonalized by the familiar unitary approxi-
mation, which yields the Hamiltonian of quantum oscilla-
tors

(4.3)
V

with the commutation properties [pv,qfi]= — M6Vfi. The
frequencies are found from the equation for the eigenvalues

It is found that the spectrum consists of a band of continuous
frequencies ak and two discrete frequencies a and 0, which
represent linear spin waves, a local mode, and a translational
mode, respectively (Fig. 13). The energies are26

\ (4.5)

(4.6)

where #A = fuok = 0 is the magnon gap and the parameter is
P = lAS/qpoH. The eigenvalues of the quantum Hamilto-
nian (4.3) can now be written in the form

where v,vk = 0, 1,2,..., and y and yk are quantum param-
eters which are indeterminate in the semiclassical quantiza-
tion;/* and ms are the momentum and mass of a soliton. We
shall represent p(k) in the form

and rewrite Eq. (4.7) in the form of an effective Hamiltonian
describing the interaction between a gas of magnons, a local-
ized mode, and a single soliton:

= E>

where

i r

dk Ap (k) ha>hyh

(4.8)

(4.9)

is the renormalized energy of a soliton due to zero-point os-
cillations of local and continuous spin waves.

In the calculation of the partition function we have to
integrate with respect to the soliton momenta and the quan-
tum numbers v and vk. This yields the expression

ft/a A"

FIG. 13. Continuous spectrum of excited states of a quasi-one-dimension-
al ferromagnet: 1) magnons; 2) solitons.
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n=0

X exp [ - n (j dfc Ap (fc) In (1 -

(4.10)

in full analogy with the classical expression (3.8). The nu-
merical factor 2" is due to summation over the soliton parity
(soliton, antisoliton).

Hence, we can easily show that the specific heat C con-
sists of two additive terms: Cm representing spin waves and
Csol representing solitons, where

c -kai Ale

exp [ - J d£ Ap (fc) In (1 - ,
(4.12)

The last factor in Eq. (4.12) allows for the interference
between spin waves and solitons via the quantity A/? ex-
pressed in terms of the shift of the phase of a spin wave result-
ing from its scattering by a soliton. As shown in Ref. 2, in the
approximation of a low density of a soliton gas, the change in
the density of states in the continuous spectrum of linear
excitations is the only effective interference with a soliton
that contributes to the thermodynamics of such a system at
low temperatures.

These expressions together with the formulas for cok

and a, and also for Ap (Ref. 26) are assumed to be valid
subject to the conditions

S » 1, kT < E,, koa < 1, P > i . (4.13)

The classical limit of C is obtained for S-> oo (conserving
JS2,k0, and a at their fixed values), i.e., when cok + 0, co -»0,
£s - e s . In this limit Eqs. (4.11) and (4.12) give

l = *+k J±-

(4.14)

which is in full agreement with Eq. (3.17). In the limit of
strong anisotropy /?-• oo the spin-wave energy of Eq. (4.5)
becomes

(4.15)

whereas the soliton mass becomes m, ->4#2 —— and we ob-
Aa

tain Eq. (3.17) when g{/3) -»1, i.e., we obtain the result of
the SG equation approximation. Retaining in Eq. (4.14)
terms of the order of 1 //?, we obtain again Eq. (3.17) where
the anisotropic function g(/?) [for a definition see Eq.
(3.11)] appears in the leading order with respect to this
parameter, i.e.,g(/?) = 1 + 3/?~1/2.

In an explicit calculation of the field or temperature
dependence of the soliton contribution to the specific heat on
the basis of Eq. (4.12) we have to know the phase shifts

Lp{k) of spin waves. They were calculated in the first Born
approximation in Ref. 26 and the results for C5O, are plotted
in Fig. 14.

We can see a considerable reduction in Csol which is due
to inclusion of the quantum effects. Nevertheless, even when
we allow for the quantum corrections, a comparison with the
experimental data on the field dependence of Cso, of CsNiF3

and with the temperature dependence of CMl in various
fields shows considerable quantitative discrepancies. The
theory overestimates the specific heat. The reason for these
discrepancies is clearly the unsatisfactory nature of the semi-
classical approximation for this magnetic material charac-
terized by the atomic spin S—\. Experiments indicate that
the role of the quantum effects is even greater.

We can use the semiclassical approach to calculate
readily also the correlation functions. For example, in the
case of the longitudinal components of spins the soliton part
of the dynamic correlation function has the same frequency
dependence as in the case of the classical SG equation ap-
proximation [see Eq. (1.24) ]:

nse
- m.<a»/2a>kr

6 (4.16)

where ns is the soliton density. The expression for this den-
sity follows directly from Eq. (4.10) describing the partition
function:

'kT

X exp [ - J d* Ap (*) In (1 - (4.17)

A comparison of the calculations carried out using the
classical and semiclassical approximations demonstrates a
reduction in the quantum correlation function by about 50%
compared with the classical one (Fig. 15). A similar tenden-
cy is exhibited also by other correlation functions. For exam-
ple, the transverse function Sl (q, co) consists of a central
component associated with solitons and two side peaks due
to spin waves. The central peak decreases strongly when
quantum calculations are made, but the side peaks are not
affected.

0,2 -

FIG. 14. Temperature dependences of the soliton contribution to the spe-
cific heat of CsNiF, calculated in the semiclassical (continuous curves)
and classical (dashed curves) approximations.
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Energy, 0
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FIG. 15. Longitudinal correlation function calculated for CsNiF3 in the
semiclassical (continuous curve) and classical (dashed curve) approxi-
mations (T= 10 K, H = 10 kOe).

4.2. Beyond the semiclassical approximation

An allowance for the quantum corrections beyond the
limits of the semiclassical approximation is a difficult task. It
is shown in Refs. 19 and 27 that, within the semiclassical
approach, a measure of the quantum nature of the system is

1 (1A\U2

the parameter gr = — I 1 or the renormalized param-
«j V J /

eter g'2 =# 2 [1 — (g2/Sir)]~1. In the continuum approxi-
mation the reduction in the soliton energy due to quantum
effects, found in the first order with respect to 1/S, repre-
sents ~ 10% (Ref. 19), which is approximately half the val-
ue reported for CsNiF3 in Ref. 8.

A more rigorous analysis of the role of the quantum
corrections can be based on the exact solutions for a quan-
tum spin chain (see, for example, Ref. 59). It is known that
in the continuum approximation an anisotropic Heisenberg
chain is equivalent to a quantum SG system,60 the spectrum
of which had been thoroughly investigated.61'62

Such a system contains not only solitons but also Bose-
like particles with a discrete spectrum of masses

Mn = M sin •
16 (» = 1, 2, (4.18)

which can be regarded as bound states of a soliton and an
antisoliton. They correspond to quantization of breathers in
the classical SG system in which the state of a breather is
characterized by a continuous parameter a> (see Sec. 1); in a
quantum system such a state corresponds to a discrete index
n. The state with n = 1 is a renormalized magnon62 and,
therefore, breathers represent all the Bose excitations in a
quantum SG system. The Lorentz invariance of the SG
equation makes it possible to write down the energy spec-
trum of particles with a mass described by Eq. (4.18):

En = (M ,,c4 + c2/;2)172- (4.19)

These breathers make a thermodynamic contribution which
at low temperatures is not of the power-law type, but expo-
nential as in the case of a classical system. However, we must
bear in mind that there are certain difficulties in reducing the
dynamics of a quantum Heisenberg chain in a transverse
magnetic field to the quantum SG equation.60 Therefore, at
present there is no self-consistent quantum theory of a quasi-
one-dimensional ferromagnet of the CsNiF3 type.

4.3. Solitons in a discrete ferromagnetic chain

In our theoretical analysis we have used so far the con-
tinuum approximation valid when &0~ '>a (i.e., when the
width of a soliton is much greater than the lattice param-
eter). If the field is sufficiently high, the dimensionless pa-
rameter koa may become of the order of 1 and we have to
allow then for the discrete nature of a spin chain. Therefore,
this parameter is a measure of the importance of the discrete
effects in a system.21'28

The most thorough treatment of these effects can be
found in a recent paper21 dealing with a one-dimensional
classical ferromagnetic chain exhibiting easy-plane anisot-
ropy and also exchange anisotropy. The equation describing
an equilibrium spin configuration with all the spins confined
to a plane is

sin l — ^,) — sin (^, — < sin <f>h (4.20)

where ^>, is the azimuthal angle measured from the direction
of the field (it is found that such a configuration is always
static).

There are two soliton kink-type solutions of this equa-
tion differing in respect of the symmetry: one of them (which
we shall call S) has a center localized at a lattice site and the
other (which we shall call B) has a center half-way between
the sites. These solutions are naturally indistinguishable in
the continuum limit and we then have a unique one-soliton
solution of the SG equation. Numerical solution of Eq.
(4.20) demonstrates that a B soliton exists only for values of
(,ak0)

2 smaller than a certain critical value
(.akfc )2 = 0.2723.... The difference between the energies of
the S and B solitons is described by the expression AE = Es_
(k0) — EB(k0) and in a fixed field this difference is very

small. For example, if (ak0)
2 <0.2, then &E/ES >2-10~5

and near k^ it reaches a value of just 10 ~3. Perturbation
theory utilizing the parameter k0 (Ref. 21) gives an estimate

AE cc JS2e-"''k«a. (4.21)

This quantity, which governs the scale of the difference
between the energies due to a change in the position of a
soliton within one lattice parameter, is known as the soliton
pinning energy.63 The appearance of this quantity is one of
the important effects of the discrete nature of a chain.

An analysis shows that an S soliton is unstable in the
presence of fluctuations in the easy plane and this is true
throughout the range of existence of the above solution. A B-
type soliton is stable for all values ko<KOc. Out-of-plane
fluctuations make a lattice soliton unstable at a certain
(quite small) value of the anisotropy parameter a.

A moving soliton in a discrete chain was investigated in
Ref. 21 by the molecular dynamics method. The critical
field, at which a soliton becomes unstable, falls rapidly on
increase in the soliton velocity v. An increase in the magnetic
field results in narrowing and pinning of a moving soliton
until it breaks up.

We shall conclude by noting that the main effects of the
discrete nature of a ferromagnetic chain, which are the decay
of solitons in strong fields and pinning, appear provided the
condition kOa ~ 1 is satisfied. This condition is difficult to
satisfy in neutron diffraction experiments on CsNiF3, so
that an analysis of the current experiments can be made us-
ing the continuum approximation.
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5. SOLITONS IN A QUASI-ONE-DIMENSIONAL
ANTIFERROMAGNET WITH EASY-PLANE ANISOTROPY

5.1. Reduction of the dynamics to the sine-Gordon equation

We shall now consider the case of a quasi-one-dimen-
sional antiferromagnet with the easy-plane anisotropy. The
Hamiltonian of such a system is still given by Eq. (1.1), but
the exchange integral is now J< 0. As in the case of a ferro-
magnet, we shall assume that a magnetic field is applied in
the easy plane at right-angles to the chain and we shall seek
soliton solutions of dynamic equations along the x axis. It is
found that the Landau-Lifshitz equation reduces again to
the SG equation when the parameters satisfy the conditions
given by Eq. (1.5), but this conclusion is not as trivial as in
the ferromagnetic case and the spatial distribution of the
magnetic moment in a state with one soliton differs consider-
ably from such a state for a ferromagnet.31'64'65

Although there is no long-range magnetic order in a
one-dimensional chain if J < 0, a strong correlation is ob-
served and this correlation creates an antiparallel alignment
of the neighboring spins, so that at T = 0 we can speak of two
antiparallel sublattices which are oriented (mainly along the
y axis) at right-angles to the applied field with a slight bend-
ing along the magnetic field because of the smallness of

We shall also assume the existence of such dynamic
configurations of the system in which spins may be inclined
at any angles relative to the y axis. The vectors representing
two neighboring spins in a chain are given by an expression
(Fig. 16):

S2, = S {sin (62i + $21)-cos (<D21 +
sin (62i + 02,)-sin (<D2i + cp2!),

cos (62! (5.1)

and an analogous expression for S2, +, where the substitu-
tions S— — S, #— — 1?, and <p-> — q> are made.

We shall assume that any pair of neighboring spins
differs little from the mutual antiparallel orientation because
of the smallness ofg[i0H and AS compared with | / \S, i.e., we
shall assume that the angles q> and 1? are small, whereas the
angle 0 is close to v/2. Going over to the continuum limit in
Eq. (I. I), we find that in the first nonvanishing order with
respect to 1?, <p, and 0S = (v/2) — 6, as well as with respect
to spatial gradients of 1? and <p, we obtain the following ener-
gy functional:

FIG. 16. Definitions of the angles specifying an arbitrary orientation of
the neighboring spins in an antiferromagnetic chain.

+ V + 2a (9| + ft2) + 2xoa<p sin <I>] ,

(5.2)

where

T7TST- (5.3)

We shall now derive equations of motion of the spin
(1.2) for the functional (5.2). We shall write down the Lan-
dau-Lifshitz equation (1.2) in terms of the action-angle
variables66:

(5.4)

where the spin vector can be expressed in terms of the com-
ponent S* and the angle ip:

Sl== {(S2-S?Y'2cosifo, (S2-Sfy* sin $u S]}.

The system of equations (5.4) is equivalent to the Hamilto-
nian equations

ns\ = {3e, s\}, 11^

with the Poisson bracket

(5.5)

(5.6)

Using the definition of the angles based on Eq. (5.1) for
S2/ and the corresponding relationship for S2i + 1 , we find
that Eq. (5.6) yields the following expressions for all the
necessary Poisson brackets in the continuum approximation
if we allow for the smallness of the angles 1?, <p, and 0S:

{6.(2), 9(*')} =-gg-6(*-*').

{O(a), q>(*')}=0, {6.(2), <D (5.7)

We shall now use these relationships to write down the equa-
tions of motion fi6s = {2F, 0s} and 4̂> = {£F, 4>}, and then
find the values of d and <p:

2 | / | S • o /2

rrrr'e»—I ak0 sin Q. (5.8)

We could compare directly the equations of motion for the
other two quantities 0s and 4>, but it is more convenient to
adopt a different procedure which involves substitution of
Eq. (5.8) into Eq. (5.2) and derivation of the energy func-
tional for the main variables 6S and 4>:

(5.9)

where there are two parameters with the dimensions of ve-
locity:

2 )
12

(5.10)
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We can see that the Hamiltonian is separable in terms of
the variables 0s and 4>; the first part describes linear excita-
tions which are spin waves characterized by the dispersion
law

(5.11)

whereas the second part in terms of the variable ip = 24> — v
assumes the form of the Hamiltonian of an SG system:

' S G :

(5.12)

Taking the solution for if> in the form of Eq. (1.10), we obtain
Eq. (1.12) for the soliton energy Esol (| /1S 2a/4)~~' = 8xoy
and hence, in the nonrelativistic approximation, we find that

» I " l s" 2 (^ 1 \ \

Therefore, in an antiferromagnet the energy of an SG soliton
is a linear function of H, in contrast to a ferromagnet when
wehave£s o loc#1 / 2 .

Another important distinction of an antiferromagnet is
a different spatial distribution of the x projection of the spin
in a soliton given by

cos <I> = sech 0—vt)]. (5.14)

in contrast to a ferromagnet when the corresponding expres-
sion is cos <l> = 1 — 2sech2[£0?

/U — zo — vt)]. This gives
rise to the following form factor:

J dzeiqz cos d>(z),= -iL sech -£L . (5.15)

in contrast to the form factor given by Eq. (1.24).

5.2. Characteristics of dynamic structure factors

The longitudinal correlation function is of the alternat-
ing (variable-sign) type because of the antiferromagnetic
ground state

<5f (t) SJ (0)} = S2 ( - 1 ) ' (cos CD, (/) cos O0 (0)),

so that a Fourier component contains the wave vector of the
antiferromagnetic structure tr/a along the direction of a
chain

S = ( q, co) = -rs-Tj \ dzdiexph U + T"

X<co3<P(z, /)cos<D(0, 0)).

Calculation of this expression is carried out in the usual
manner (as in Sec. 1) and it gives

oil , . ... O5, es 1 .-e./*^-c.<o>/*rc!«| 1
COSh2 (n?a/2x0) '

(5.16)

where qa is measured from w/a.
Calculation of the transverse correlation function

is not so trivial because

sin <D (z, t) = ± th[x0 (z - z0 — vt)] (5.18)

(the " + " and " — " signs refer to a soliton and an antisoli-
ton, respectively) and in the presence of several solitons the
contribution to Eq. (5.17) cannot be represented by a sum of
contributions of the individual solitons. However, a soliton
ofEq. (5.18) describes a kink (domain wall). In the case of
an antiferromagnet this is an antiphase wall of two equiva-
lent states. The correlation function in Eq. (5.17) can be
calculated in the limit of a very thin domain wall (k 0~' —a),
when

th [x0 (z — z0 — vt)] ->- sign (z — z0 — vt), (5.19)

and the presence of a soliton or an antisoliton reduces to a
change in the sign of a quantity of the Ising type a(z,
t) = sin4>(z, t) ± 1. Similar correlation functions have al-
ready been calculated in the one-dimensional <I>4 model' and
the method involves calculation of the average value of the
quantity a(z, t)a{0, 0) = ( - 1 ) m , where m is the number
of solitons in the space-time interval between the points (z,
t) and (0,0). Since for a soliton gas the probabilityp{m) of
the appearance of m solitons, when their average value is N,
obeys the Poisson distribution/? (m) = TV™ /ml) e ~ N, we ob-
tain the following relationship:

(a(z, t)o(0, 0))=((-in =

(5.20)

which is the correlation function of interest to us in terms of
the quantity N(z, t). We find that N(z, t) consists of the
average number of solitons which at a time t = 0 are within
the interval [0, z], apart from those which have crossed the
point z in a time t, and also of solitons which at t = 0 are
outside the interval [0, z] and in a time t travel a distance z.
Allowing for the Gibbs probability of the soliton velocity
distribution

(5.21)

we obtain
0 2-rt zlt z-vt

N (z, t) = ( ( dv \ dz0 + \ dv \' dz0

-oo o 0 0

+ ( di; j d20)n(i;)
ft

j
lft Z-Vt

= !( dv \z-vt\n(v)=2nsulf (~^

(5.22)

w^iere u = c (2k T /es)''
2 is a parameter with the dimensions

of velocity and

Therefore, in the limit of thin domain walls we can calculate
the transverse correlation function

X(sin<D(z, /)sinO(0, (5.17) = exp { — insutf (-^-
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If we approximate f(y) by the function
(\/4ir){\ +yfny),31 (Ref. 31) we readily obtain the dy-
namic structure factor

-J^-, (5-23)

where F , = 4n5, and FfJ = 4nsu/4ir are the widths of the
distributions of the wave vector and energy. A different ap-
proximation of/(j>) by 1A/TT[1 + i^fny)2]' 2 (Ref- 32)
gives the expression

which also has maxima at qa = 0 and cu = 0, but the width of
the peak along the co scale depends on qa and vice versa.

Derivation of Syiq, co), which yields Eqs. (5.23) and
(5.24), is based on the approximation that sin <$> = + 1 .
Allowance for the finite thickness of a domain wall gives rise
to a factor (sin2<t>), in these expressions and this factor can

be described by the following series65 if ——41:

The theoretical results presented above are illustrated in Fig.
17.

We can see from Eqs. (5.23) and (5.24) that the trans-
verse correlation function for an antiferromagnet is of a dif-
ferent nature than for a ferromagnet, because in the latter
case it is determined by a structure factor of one soliton at
right-angles to the field. In particular, in the case of an anti-
ferromagnet the widths of the distributions along qa and co
are proportional to the soliton density, indicating that inter-
ference effects occur in the scattering process, so that the
central peak is not associated with the scattering by a single
soliton. A quantity which is a reciprocal of the width of the
distributions along q is the correlation length, which charac-
terizes the average size of an antiferromagnetic region
between two domain walls. Neutrons are scattered coherent-
ly by these regions in a chain.

The different nature of the transverse correlations in
ferromagnetic and antiferromagnetic chains is manifested
by different temperature dependences of the intensity of the
central peak. In the case of an antiferromagnet this depen-
dence shows an increase with T as the soliton densitv is in-
creased, whereas in the case of an antiferromagnet there is a
reduction inversely proportional to Tq, i.e., to the soliton
density. The longitudinal correlations in an antiferromagnet

SL(q,o>)

Aa,

FIG. 17. Longitudinal and transverse dynamic structure factors for a qua-
si-one-dimensional antiferromagnet.12 The widths of the distributions
along the energy scales are Aft)., i ? a n d Aa», <x [ 1 + (^-/P~) ] "2, based
onEq. (5.24).

are entirely due to the structure factor of one soliton and
behave similarly to a ferromagnet. Therefore, in the range of
the parameters where the intensity of the transverse correla-
tion is high, the corresponding intensity for the longitudinal
correlations should be low.

The characteristics of the scattering in an antiferromag-
net predicted by this theory have been confirmed by careful
neutron investigations of tetramethylammonium manga-
nese chloride (TMMC).32

5.3. Investigation of spin dynamics in a TMMC crystal by
inelastic neutron scattering methods

Tetramethylammonium manganese chloride
(TMMC) has the formula (CH3)4NMnCl3 and the same
hexagonal structure as CsNiF3, if we replace Cs with
(CH3)4N. In a crystal of this compound there are chains
formed by Mn atoms and the distances between these atoms
are 3.25 A inside a chain and 9.15 A between the chains. The
antiferromagnetic ordering (Neel) temperature of this crys-
tal is TN = 0.85 K, so that at T> TN it can be regarded as a
quasi-one-dimensional antiferromagnet. Earlier investiga-
tions of the linear dynamics of this quasi-one-dimensional
antiferromagnet have shown that it is of the easy-plane type
with the following parameters of the Hamiltonian of Eq.
(1.1):

TMMC: - j = - 13 K,

'' = -£-, g = 2, (5.25)

so that its dynamics can be described by the SG equation at
temperatures TS 5 K.

Reported investigations32 carried out in magnetic fields
# = 0-50 kOe at temperatures T= 1.5-5 K have shown
that in the range H / T £ 10 kOe/K the observed effects are in
good agreement with the theory. In particular, the values of
F, and Vlo representing the widths of the central peak along
the q and co scales depend exponentially on the ratio H /T, in
full agreement with the expressions for Tq and F w (Fig. 18).

However, the soliton energy does not agree so well with
the experimental results. According to the theoretical
expression given by Eq. (5.13), in the case of TMMC we
should have

ra/H(t) r9//f(M/T)'/!(2)

10 15 HIT, kOe/K

FIG. 18. Dependences of the width of the distributions (along the mo-
mentum q and energy co scales) of the transverse central peak of TMMC
on the magnetic field and temperature.'2
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6 = 0.336 KkOe" (5.26)

The considerable difference between the experimental
value bt% = 0.26 ± 0.02 k/kOe and the theoretical one given
above is clearly due to the fact that certain quantum correc-
tions have been ignored.

The fact that the atomic spin in TMMC is fairly large
(5 = 5/2) explains why the classical description of an anti-
ferromagnetic chain agrees with the experimental results. If
the spin had been S = 1/2, we would have been completely
unable to describe a quasi-one-dimensional antiferromagnet
by the classical approach. The problem of the ground state
and classification of the spectrum of excitations of an iso-
tropic Heisenberg antiferromagnetic chain with the spin
,5=1/2 had been solved exactly using the Bethe ansatz.81 It
follows from this solution that the ground state is a singlet
and can be represented as a superposition of N/2 spin waves
on a state with parallel spins. This does not yet describe com-
pletely the structure of the ground state, which can be dealt
with fully only by a correlation function at T — 0. Correla-
tion functions for this case are not known, but we can expect
sharp maxima in the wave-vector dependence at q = ir/a,
i.e., in the middle of the one-dimensional Brillouin zone.

In a three-dimensional system such maxima are mani-
fested in neutron scattering by Bragg peaks and. they indicate
the existence of a long-range antiferromagnetic order,
whereas in a one-dimensional system they are evidence of a
short-range order. The observation of such maxima does not
imply the existence of magnetic sublattices (or of the Neel
classical state), but is a manifestation of antiferromagnetic
correlations in the investigated system. The inability to pro-
vide a classical description in the case of an antiferromagnet
with S — 1/2 is thus related not to the absence of magnetic
sublattices, but to the discrete nature of the spin space of
states which is manifested more and more strongly as the
atomic spin decreases.

In the next section we shall discuss a different class of
antiferromagnets with spin 1/2, but we shall describe them
using a quantum and not a classical approach and we shall
base this quantum approach on a special variant of perturba-
tion theory.

We have discussed very fully the results of experimental
investigations of solitons in the easy-plane ferromagnet
CsNiF3 and in the antiferromagnet TMMC. These are not
the only representatives of the class of quasi-one-dimension-
al magnetic materials exhibiting a significant contribution of
solitons. The most thoroughly investigated among other
magnetic materials of this kind is a quasi-one-dimensional
ferromagnet (C6HuNH3)CuBr3 (usually abbreviated to
CHAB).71

Three-dimensional magnetic ordering appears in this
compound at 7"N = 1.5 K, and at temperatures right up to 16
K the behavior of CHAB is the same as that of an easy-plane
magnetic material with exchange anisotropy and with the
following parameters:

4=110 K,

At temperatures 1.5 K< T< 10 K and in fields 0<H<7
kOe the temperature and field dependences of the specific
heat exhibit maxima similar to those found for CsNiF3.
Measurements of the longitudinal spin relaxation time by

the NMR method also reveal typical behavior predicted by
the soliton theory.71 The agreement with the classical theory
based on the SG approximation is more than qualitative, and
this is surprising because CHAB should be a typical quan-
tum magnetic material with spin 1/2.

Similar anomalies of the specific heat are reported for
TMMC in Ref. 72 confirming the soliton dynamics of this
antiferromagnet deduced from neutron scattering.

6. SOLITONS IN A QUASI-ONE-DIMENSIONAL
ANTIFERROMAGNET WITH EASY-AXIS ANISOTROPY

6.1. Nonlinear dynamics of a quasl-one-dimenslonal
ferromagnet of the Islng type

We have considered so far magnetic materials with the
anisotropy tending to confine the spins in the basal plane.
There is another limiting case when the anisotropy tends to
orient spins along a chain. If the anisotropy constant is high,
a magnetic material of this kind is Ising-like; if the spin is
S = 1/2, such a material is described by a Hamiltonian of the
type

m = -4- +e (6.D

where \e\ 4> 1 and o" are the Pauli matrices.
If J< 0, we find that since \e is small, the ground state

|0) is nearly of the Neel type in which the directions of spins
form an antiferromagnetic sequence

An elementary excitation is a state with two parallel neigh-
boring spins

+ 4 > = | + - . . . + - + - - + . . . > , (6.2)
£ ' 12 n

which can be specified conveniently by identifying the point
n + 1/2 separating two domains in a Neel structure. There-
fore, \n + \) is a state with one antiphase wall.

We can easily describe the matrix element of the Hamil-
tonian linking the functions (6.2) (when the energy is mea-

sured from the energy of a Neel state

1/1 {6n,n' + 8(6n',nH

which shows that a linear superposition
N

(6.3)

is an eigenfunction of the Hamiltonian with an eigenvalue

(6.5)

The state of Eq. (6.4) describes the motion of a domain wall
with an energy that includes the activation energy \J |/2 and
the dispersion ~e.

We shall calculate the correlation function
((fqo*_q(t)) using functions with one antiphase boundary.
A convenient expression for the matrix element

(l + ̂  |o-1 r + 4-) =oM.(-l)»sign (n-l-\)

together with the equation of motion <?„ = {i/fi) [$?, o*n ]
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for the operator cfn yield

1 yi exp[-(e | /1 IkT) cos 2ak]
ZN ^ co

k

( 2 1

i —e\J\ t sin qa-sin [(2k — q) a]) ,
ft J

(6.6)

where

The symbol (...), denotes averaging over the states with
one boundary (we shall assume it is a soliton). The total
correlation function for the states with iVs solitons is ob-
tained by multiplying Eq. (6.6) by Ns = Lns, where ns is the
density of solitons:

(a'cri, (*)> = Lns (rial, (*)>,. (6-7>

We can find ns by comparing this expression at / = 0
with those which are readily obtained in the E = 0 approxi-
mation, when we have

oJ+mexp 2 ofof

where e~" = tanh(\J\/AkT). Hence, we obtain an expres-
sion valid at low values of x (low T):

d - « ' - f 4e~"cos1! (?a/2) cos3 (ga/2)

(6.8)

At t = 0 for cos2 (qa/2 )>^ 2 we can expect Eq. (6.7), subject
to Eq. (6.6), to be identical with Eq. (6.8). Comparing
them, we find that ns = x/2a.

Calculation of the Fourier transform in Eq. (6.6) with
respect to time gives the final expression for the longitudinal
correlation function34:

S" (q, « ) - 4

inZ X2 + i cos2 (qa'2) (Q* — (O2)1/2
eha/2hT

:ch[-
2kf

ctgr/a] (6.9)

for the case when \co\ < \Slq |; when frequencies are in the
range |<y|>|fl9|, this correlation function vanishes. We
have used above the notation

2e | / |
sin qa. (6.10)

Moreover, we have introduced Z = I0(£\J\/kT), where
/0(JC) is a Bessel function with an imaginary argument and
the small quantity is x~2e~]J>2kT.

The transverse correlation function obtained using the
same approximations is67

—isinh[-

2kf

2w «-«»»j/- ( 6 U )

It follows from Eq. (6.9) that the longitudinal correla-
tion function exists in a frequency interval — ft, < co < ft,,
at the edges of which there is a square-root singularity with a
flat minimum in the middle. The corresponding correlations
are due to the motion of antiphase domain walls which are
assumed to be noninteracting. An allowance for collisions of
domain walls broadens the singularities at co = + ft,. The
width of the broadening is Sco <x 1/r, where r is the average
time between collisions. It can be estimated from r = 1/
ns \vk |, where l/ns is the average distance between the walls
and

deft
Ak

2ae \J\ sin (2ka)

is the wall velocity. A domain wall of energy co — ± ft, has
a momentum k = q/2 ± ir/4, [see Eqs. (6.10) and (6.5)],
so that the following estimate can be obtained from the
above discussion:

cog g, |
n

(6.12)

Equations (6.9) and (6.10) are invalid when q^.0 or
q^-rr/a. These ranges of q can be investigated using a phe-
nomenological description of thin domain walls moving
without collisions, which is used in Sec. 5 in a description of
an antiferromagnet. By analogy with Eq. (5.20) we obtain

(Sz(0, 0)Sz(z, t)) = -^e~™< (6.13)

where the factor N(z, t) has the same meaning as in Sec. 5
and is given by an expression of the (5.22) type:

N(z, t) = -±- \ dk\z-v(k)t\n(k), (6.14)

where n(k) is the density of solitons with a momentum k
given by the Boltzmann factor:

„(&) = -!-,-*'«-.
The complex function N(z, t) can be approximated by

N(z, «)=ns(z2 + M2<2)'/2,

where
E m_\ „ _ ikTa sinh(|/|
~kT~) ' U°~

l
= J_ e- l J , /2kTJ • I -

are parameters with the dimensions of density and velocity.
A calculation of the Fourier transform of Eq. (6.13) gives68

1
Szz(q, W) = T (6.15)

where F , = 2ns and =2ns,u0. The quantity ns for
kT^>e\J | is identical with ns representing the density of soli-
tons, so that Eqs. (6.15) and (5.24) are essentially identical.

We thus can see that the dynamic structure factor of an
Ising-like antiferromagnet is described by Eq. (6.9). The
momenta q are not close to 0 or ir/a, whereas in the vicinity
of 0 or -IT/a we can use Eq. (6.15). Both results are valid in
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the temperature range defined by e\J 14kT4<£\J \. The be-
havior of S™ (q, co) in the (q, co) plane is demonstrated qual-
itatively in Fig. 19.

6.2. Investigation of spin dynamics In CsCoCI3 and CsCoBr3

crystals

Both CsCoCl3 and CsCoBr3 have the same crystal
structure as CsNiF3. At low temperatures both compounds
exhibit a three-dimensional antiferromagnetic ordering with
the Neel temperature TN = 21 K (CsCoCl3) or TN = 28.3
K (CsCoBr3). A study of the linear spin dynamics at low
temperatures shows that the spin system in these compounds
is described by the Hamiltonian (6.1) with the following
parameters:

CsCoCL: 4 - = - 1 5 0 K , e = 0.12 (Ref. 69) (6.16)

CsCoBr3: ~-= -155.2K, e = 0.137 (Ref. 67) (6.17)

Thorough neutron scattering studies of the spin dynam-
ics of CsCoCl3 were reported in Refs. 69 and 70 and the
corresponding studies of CsCoBr3 are described in Refs. 35
and 67; the experimental results obtained in these studies are
in good agreement with the theory given above. For exam-
ple, Fig. 20 shows the inelastic neutron scattering spectra of
CsCoBr3 (Ref. 35). More accurately, it gives the results of
measurements of the neutron scattering intensity by the
co = const, method. We can see from a schematic representa-
tion in Fig. 19 that at low values of co there should be a
scattering peak at q = ir/a; as co increases, two symmetrical-
ly distributed peaks gradually appear and they represent the
scattering by solitons (moving domain walls), whereas the
intensity of the central peak decreases in accordance with
Eq. (6.15). This is precisely the scattering behavior which is
demonstrated in Fig. 20.

Experimental and theoretical integrated intensities of
the scattering of neutrons by the longitudinal and transverse
spin components, considered as a function of the wave vec-
tor, are reported in Ref. 67. There is a strong increase in the
scattering by the longitudinal components near q = tr/a, in
agreement with the theoretical predictions. The results ob-
tained in the range of the wave vectors near ir/a confirm Eq.
(6.15) for the frequency and q dependences of S" (q, co) in
the form of a Lorentzian with a power exponent — \ (Ref.
67).

FIG. 19. Dynamic structure factor of longitudinal fluctuations for an
Ising-like antiferromagnet.6'

0,2

FIG. 20. Intensity of inelastic neutron scattering in CsCoBr 3 plotted for
different transferred energies co as a function of the transferred momen-
tum g[T= 35 K, Q = (1.45; 0; q) ]."

CONCLUSIONS

We shall now consider the question of quantitative
agreement between theory and experiment. The most thor-
oughly investigated ferromagnet CsNiF3 with S= 1 is
usually analyzed on the basis of the classical SG theory. We
pointed out above that there are considerable quantitative
differences between the theory and experiment. One of the
most important is the absolute "intensity" of the longitudi-
nal dynamic structure factor, which is several times smaller
than predicted by the SG theory. These discrepancies may be
due to a number of factors such as the use of the continuum
approximation, insufficient allowance for out-of-plane fluc-
tuations, classical approach to a system with a small value of
the atomic spin, and finally also an insufficiently well-
grounded concept of an ideal soliton gas as a thermodynamic
description of a nonlinear system.

Only one of the aspects of the approximations used in
the description of the system with the Hamiltonian (1.1) is
considered in Ref. 73, namely the treatment of a magnetic
material as a classical spin system. The transfer matrix
method is used in a numerical calculation of such character-
istics as the temperature and field dependences of the mag-
netization, specific heat, correlation length of spin waves,
and susceptibility. In spite of the fact that the continuum
approximation and the SG equation are not used in these
calculations, it is found that there are still considerable
quantitative discrepancies in the case of all these properties
of CsNiF3 when calculations are compared with the experi-
mental results. This investigation is a direct proof of the im-
portance of the quantum effects in CsNiF3. The results for
CsNiF3 differ greatly from the situation in the case of
TMMC (Ref. 74), when the classical model describes better
the specific heat75 and susceptibility76 data for the simple
reason that the atomic spin of TMMC is considerably
greater (5 = 5/2). The difference between the predictions of
the SG approximation and the experiments on TMMC is
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explained in Ref. 76 by the important role of out-of-plane
fluctuations, which are allowed for in the quantum approach
when calculating the specific heat and the correlation length
of spin waves.

It is thus found that the classical SG model used widely
in the explanation of the behavior of quasi-one-dimensional
magnetic materials can be regarded only as a first approxi-
mation which provides a qualitative understanding of the
nonlinear dynamics of the spin system. A quantitative theo-
ry requires allowance for all the factors discussed above.82

Since some form of perturbation theory is usually employed,
it would be of major interest to investigate various systems
by numerical methods of molecular dynamics in order to
check the theoretical approximations. Such calculations
have already been carried out for classical models77; it would
be very desirable if such calculations were to be made also for
the quantum model. The number of experimental investiga-
tions of quasi-one-dimensional magnetic materials for which
the nonlinear dynamics of the spin system is important will
undoubtedly increase.

The author is deeply grateful to J. K. Kjems, K. Ka-
kurai, M. Steiner, A. Luther, and H. C. Fogedby, who car-
ried out pioneer experimental and theoretical investigations
of solitons in quasi-one-dimensional magnetic materials, for
numerous discussions at the time the author visited them in
Denmark in 1986.
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