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We present a discussion of the present state of experimental and theoretical investigations of a
new class of metallic systems based on /-shell elements: the class of nonmagnetic Kondo
lattices, in which the low-temperature density of electron states at the Fermi level is 100-1000
times larger than in normal metals, as a consequence of the generation of an astonishingly
narrow (~ 10 °K) Abrikosov-Suhl resonance of gigantic amplitude near the Fermi level.
This resonance is related to the presence of quasiparticles with effective masses m*
~ (102-103)m()—"heavy fermions." We show that the overwhelming majority of "heavy
fermion systems" are in fact nonmagnetic Kondo lattices. We analyze the unusual properties
of heavy-fermion superconductors, and point out the nontrivial nature of superconductivity in
these systems.
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1. INTRODUCTION

Recently, much interest has attached to investigations
of metallic systems with "heavy fermions."" '~3 Typical re-
presentatives of such systems are various intermetallic com-
pounds based on cerium (CeAl,, CeCu2Si,, CeCuJ and
uranium (UBe,,, UPt,), which are endowed with a whole
range of unusual low-temperature properties. The available
experimental data from investigations of HFS suggest that at
low temperatures the electronic density of states at the Fer-
mi level g(Ef ) is amplified by roughly a factor of 102-103

compared to normal metals, i.e., the function g ( E ) has a
narrow peak ( ~ 10 °K) of gigantic amplitude in the vicinity

of the Fermi level. Since the characteristic band width in
metals amounts to 1 -10 eV (104-10s °K), while the electron
effective mass m* lies within the limits (0.1-l)w0, this as-
tonishingly narrow band in HFSs corresponds to "heavy fer-
mions"—quasiparticles with effective masses m*~W~*
~ (102-103)w(), where m0 is the free electron mass.

What is the nature of this unusual feature in the func-
tiong(E) for E~Ef? Where do heavy fermions come from
in metals? These questions have recently occupied the lion's
share of attention among those researchers who are engaged
in the study of HFSs. For this reason, we have chosen as the
fundamental goal of this review the elucidation of recently-
acquired data which is directly relevant to clarifying the na-
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ture of this gigantic peak in the HFS density of states which
appears near the Fermi level.

All well-known HFSs are synthesized on the basis of 4/
or 5f elements, which contain well-localized /-shells with
uncompensated local magnetic moments. The characteristic
radius rf of these shells is extremely small, 0.3-0.5 A.4

Therefore, the direct overlap of/-shells is negligibly small
even in the "concentrated" case when 4/ or 5/ elements are
found in every unit cell. A density which corresponds to
close-packing of 4/ (5/) centers, i.e., at which the/-shells
overlap, is unachievable under normal conditions, since this
would require a concentration of Nf ~rf~

3~1025 cm~3,
which exceeds Avogadro's number jVA normalized to unit
volume.

Localization of the magnetic moments of the 4/ (5/)
ions is quite apparent from various magnetic measurements
made at low temperatures. It would seem that as the tem-
perature falls, one ought to expect a transition to a magneti-
cally ordered state in HFSs. However, in actuality a decrease
in temperature leads to compensation of the effective mag-
netic moment /^ff ~xT and to a nonmagnetic ground state
in CeCu-,Si2/ CeAl6

 6 and other HFSs. Furthermore, in the
compounds CeCu,Si2

 5 and UBe,3,7 in place of a magnetic
transition one observes a transition to a superconducting
state at low temperatures; the same heavy fermions which
give rise to the narrow peak in the density of states at Ef are
also responsible for the superconductivity. An isomorphic
nonmagnetic homologue of CeCu2Si2, the compound
LaCu2Si-,, which contains no magnetic ions (since the 4/
shell of La3 + is empty) does not undergo a transition to the
superconducting state.5'8 Comparing the isomorphic com-
pounds CeCu2Si2 and LaCu2Si2, we are thus led to an at first
glance paradoxical conclusion: the presence of the magnetic
ions Ce'+ in CeCu2Si2 favors the appearance of supercon-
ductivity. Whereas in magnetic superconductors,9 super-
conductivity is present under appropriate conditions in spite
of the presence of magnetic ions, superconductivity in HFSs
is present because of the presence of 4/ (5/) ions which at
high temperatures have uncompensated magnetic moments.
This example illustrates how important the discovery of su-
perconductivity in HFSs5i7J<) is to the study of the interplay
between superconductivity and magnetism.

Superconductivity in the HFSs CeCu2Si2, UBe,3 and
UPt3,5'7'10 which is present under conditions of giant en-
hancement of the density of states at the Fermi level, is in a
peculiar way analogous to superfluidity in 3He.n""14 There-
fore, an interesting possibility suggests itself—that of using
results obtained for 3He (taking into account the limitations
imposed by symmetry of HFSs) to describe the properties of
a coherent magnetic metallic system in which heavy-fermion
superconductivity is present. Thus, it would seem that the
superconductivity of Kondo lattices provides an example of
the merging of two totally disparate areas of low-tempera-
ture physics: the physics of quantum liquids and the physics
of metals. Comparatively recently, a number of authors' '~15

have formulated the hypothesis that triplet pairing can oc-
cur in superconducting HFSs, in particular in the
compound UPt,.15

These unusual properties of HFSs have aroused great
interest among researchers around the world, and already
today the volume of information on HFSs is growing rapid-
ly, which makes it possible for us to separate out a few funda-
mental approaches to the study of HFSs.

One of the directions taken in studying the physics of
HFSs relates to the investigation of compounds of the types
CeCu2Si2, CeAl3 and UBeu, which are treated as concen-
trated Kondo systems,2l16'17 in which the unusual feature in
the density of states g(Ev ) is related to Kondo spin fluctu-
ations mediated by electronic states which are close to the
Fermi level and which lead to a sharp "weight gain" of the
Fermi electrons. In the framework of this approach, the peak
in g(E?) is in fact a giant Abrikosov-Suhl resonance
(ASR). 18-20The periodic CKS is also called a Kondo lattice.
In the present review, we will focus our attention on those
HFSs which can be treated as nonmagnetic Kondo lattices
(NKLs).

Another group of papers has focused attention on inves-
tigating the Fermi-liquid properties of heavy fermions, in
particular the possibilities for realizing unusual kinds of su-
perconductivity without being interested (at least initially)
in the process whereby the peak ing(E) appears for E~Ef.

Finally, the unusual combination of low-temperature
HFS properties may with some (apparently very small)
probability be related to the superposition of a number of
factors, each of which taken separately is quite ordinary and
does not excite much interest. Such an approach, which con-
tributes to the physics of HFSs a certain amount of skepti-
cism and doubt,21 is a necessary element to the progress of
development not only of the physics of HFSs but also of any
other branch of science.

Let us now turn to an exposition of the arguments in
favor of discussing the compounds CeCu2Si2, CeAl3 and
UBe,3 as NKLs. First of all, these compounds have exten-
sive regions of logarithmic growth in the resistivity p(T) at
low temperatures, low-temperature suppression of the effec-
tive magnetic moment (//2

ff ~%T->0 for T->0), and anoma-
lous thermoelectric powers and heat capacities, which are all
characteristic of the behavior of magnetic impurities in nor-
mal metals.22-24

The history of study of the behavior of isolated magnet-
ic impurities dissolved in normal metals had its beginnings in
the 1930s when in the course of investigating the low-tem-
perature resistivity of metals researchers observed a mini-
mum inp(T) for T= Tmin.

22 Later it was established that
the appearance of this minimum in a region where one ex-
pected a normal "metallic" decrease inp(T) was related to
the presence in these metals of magnetic impurities, and that
the increase in the resistivity in the region T < T"min could be
described by a logarithmic function Ap In r.24'25 in
1964, Kondo26 showed for the first time that logarithmic
growth in the resistivity with decreasing temperature was a
consequence of spin-flip scattering of sd electrons by the lo-
cal magnetic moments, and could be obtained within pertur-
bation theory by studying the second Born approximation.
However, for the temperature
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(TF is the Fermi temperature, 7"K is the Kondo tempera-
ture, J is the exchange interaction constant and v is the de-
generacy of the magnetic level) the perturbation theory used
by Kondo diverges. This divergence is a consequence of the
creation at low temperatures of a narrow (~ k B TK) many-
particle Abrikosov-Suhl resonance near E F,'8-20'27-29 corre-
sponding to a transition from weak interactions between the
band electrons and magnetic impurities at high tempera-
tures 7>rK to strong interactions at low temperatures
T^ TK; in this temperature range, a quasibound state forms
around the magnetic impurity—a "halo" of band electrons
of oppositely-directed spins. In the region T^TK, the
Kondo process can be described using a picture based on
Fermi liquid theory.30"31

In the past year, an exact solution to the Kondo prob-
lem has been found by Vigman32 and Andrej,33 based on the
Bethe ansatz, which makes it possible to "fit together" all
previous solutions by using a single function found by these
authors. 18~20>2^31 The Vigman-Andrej result is applicable to
all temperature intervals, from 7> TK to 7X TK. For low
temperatures, i.e., TS IOTK, the dependence of the magnet-
ic susceptibility x (T) and heat capacity C( D as determined
by the Vigman-Andrej solution can be approximated with
good accuracy by a calculation based on the assumption that
a Lorentzian resonance is present ing(E) of width ~TK,
which appears at the Fermi level.34'35 Thus, the transition
(as a result of Kondo spin fluctuations) from magnetic (for
7> TK ) to the singlet nonmagnetic impurity state as 7"-»0
must be connected with the appearance of the narrow many-
particle ASR near EF. The amplitude of this resonance for
one impurity equals g*(Ef) = l/VAf (Af is the hybridiza-
tion width of the / level, which is located at E = E f ) . As the
temperature decreases in the range 7">( 10-100)TK, the
ASR is washed out2' and a transition takes place to the origi-
nal unperturbed density of states g°(E).34~37

Whereas the ASR amplitude gf ( E F ) of a single mag-
netic impurity is negligibly small compared to the noninter-
acting density of states g°(Ef) in the sd band, when the
concentration N{ of noninteracting magnetic impurities is
large enough (comparable to that of the nonmagnetic
atoms), the opposite situation obtains:

W •g°(Ev). (1.2)

The low-temperature density of states in a CKS with
ty ~ (0.1-1.0) NA and TK ~ 10 K must therefore increase
byafactorof W/(kB TK ) ~ 102-103. However, to realize the
ratio (1.2) in practice entails some definite problems. First
of all, to create a CKS based on 3d elements is apparently
impossible, since the radius of the 3d shell is rather large, and
before any noticeable enhancement of g* ( E F ) arises the
interaction of the 3d shells is "switched on"; more precisely,
a quasibound electron state forms around these shells. This
problem can be avoided if we pick magnetic impurities con-
sisting of 4/ (5/) elements, in view of the extremely small
radii of the localized /-shells.

Secondly, it is necessary to overwhelm in some way the
indirect spin-spin interaction mediated by Ruderman-Kit-
tel-Kasuya-Yosida (RKKY) oscillations in the spin den-
sity,38"40 because the Kondo spin fluctuations which lead to
the formation of the ASR cannot occur in a system of spins
which are "frozen" as a result of a magnetic transition. The
intensity of the indirect RKKY interaction is characterized
by a temperature rRKKY:

T1 J (1.3)

J ***

The constant J in equation (1.3) ,3) in its turn, depends on
the degree of hybridization Fsf of thesd and / states, and the
position of the / level relative to the Fermi level:

(1.4)
Ev~Et'

The ratio (1.4) was obtained by Schrieffer and Wolff41 for
the asymmetric Anderson model42 with (Fsf, E F — E f ) 4 U,
where U is the repulsive Coulomb energy of two electrons
with opposite spins in the magnetic field.

In the majority of intermetallic compounds based on
4/ (5 /) elements, the / level is located quite far below E F

and the constant / is extremely small. For small /, the
Kondo temperature TK (1.1), which depends exponentially
on ( — I//), is negligibly small compared to the tempera-
ture TRICKY > which depends quadratically on/(1.3).In this
case, as the temperature decreases, effects related to the for-
mation of an ASR cannot come about, because a magnetic
transition occurring at T~ rRKKY > TK "freezes" the mag-
netic moments and "forbids" the Kondo spin-flip processes.
Thus, in order to obtain a CKS, it is necessary for the / level
to be located directly beneath the Fermi level. In this case,
the smallness of the denominator in (1.4) and a sufficiently
large value of the numerator will guarantee a large value of
the parameter/. In this situation the condition TK > TRKK^,
is fulfilled and the magnetic transition turns out to be sup-
pressed by the effectiveness of the Kondo spin-compensation
process, and for sufficiently low temperatures an ASR forms
with an amplitude enhanced N{ times compared to the reso-
nance created by an isolated impurity. The arguments we
will present show that the NKL is not simply a periodic
system of Kondo centers, but rather is a periodic system of
Kondo centers for which the conditions TK > 3"RKKY holds,
i.e., in a NKL the number of magnetic ions per mole must be
so large that condition (1.2) is satisfied; however, in this
case the indirect magnetic RKKY interaction between mag-
netic ions must also be suppressed.

For the NKLs CeAl3, CeCu2Si2 and UBe13 the approxi-
mation of an ensemble of noninteracting Kondo impurities
turns out to be fairly good.16 This allows us to take advan-
tage of the well-known results of the exact Vigman-Andrej
solution32"33 in calculating the molar susceptibility %(0)
and coefficient y of the electronic heat capacity (as J-*0);
one then simply multiplies x ana" Y by Avogadro's number
N^ = N{. Historically, however, it turned out that the study
of the NKLs CeAl3, CeCu2Si2, etc., was approached not by
treating the phenomenon as a natural consequence of an in-
crease in the number of Kondo impurities but rather by re-
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garding these compounds as variants of intermediate-va-
lence compounds (IVCs).43'44 In these compounds the 4/
band falls exactly at the Fermi level, and because of the inter-
configurational transition 4f *±4f" ~~l + sd (here n is the
number of electrons in the 4/ shell) a non-integral filling of
the /-shell takes place. For IVCs, it is assumed that the
narrow peak in the density of states near EF is the 4/ band
itself. This interpretation was at first advanced also for the
NKLs CeAl3 and CeCu2Si2. However, it was later estab-
lished that the valence of cerium in CeAl3 and CeCu2Si2 is
close to integral i; (Ce) =; 3.03-3.05,4S^7 and the unusual fea-
ture in the density of states in these compounds at the Fermi
level could in no way be related directly to the / band itself.
In Refs. 48 and 49 the suggestion was first explicitly made
that in CeAl3 and CeCu2Si2 the narrow peak in the density of
states at the Fermi level is in fact a many-particle ASR, while
the / band itself lies somewhat farther below EF in NKLs
and this corresponds to the integral valence u(Ce).

The width of the ASR is determined by the Kondo tem-
perature TK, while its position EK relative to EF depends on
the total magnetic moment j of/ electrons. The occupation
oftheASRatr~Oequalsl/(2y + I),3'i.e., for; = 1/2 the
ASR lies exactly at the Fermi level: ER — EF. In the com-
pounds CeAl3 and CeCu2Si2, the sixfold degeneracy of the
cerium level ( j = 5/2, v = 6) is split by the crystal field ACF

into three doublets. However, since in this case TK -^ ACF,
for low enough temperatures only the lowest doublet is effec-
tive, i.e., the compounds CeAl3 and CeCu2Si2 behave like
NKLs with "j = 1/2," 2'16'17 in which the ASR is located
exactly at the Fermi level —ER =EF. It is this circum-
stance which gives rise to the low-temperature 102-103-fold
enhancement of the density of states at the Fermi level for
such NKLs as CeAl3, CeCu2Si2, UBel3.

As the temperature is raised, the thermal spin fluctu-
ation time r-f decreases, and becomes smaller than the char-
acteristic spin fluctuation time: Tr <rsf, i.e., the thermal
scattering suppresses the Kondo fluctuations. As a result of
this, the ASR amplitude decreases as the temperature in-
creases, and ultimately for 7"> !TK the resonance disappears
entirely.

The review is laid out in the following fashion: Section 2
contains an analysis of the properties of the substitutional
solid solutions Ce^ La, _ x Cu2Si2, Ce^ La, _ x A13 and
Cex La! _ x Cu6, which span the whole range of intermediate
states between the normal metals (LaCu2Si2, LaAl3 and
LaCu6), and NKLs (CeCu2Si2, CeAl3 and CeCu6); this al-
lows us to elucidate the genesis of the unusual properties of
NKLs. In Section 3, a summary is given of the basic low-
temperature anomalies of the NKLs CeCu2Si2, CeAl3,
UBe13 and CeCu6; a comparison is made between the avail-
able experimental data and estimates based on a model of N{

noninteracting Kondo impurities, each of which makes its
own independent contribution to the formation of a gigantic
ASR at E = EF. It is shown that with regard to the ensemble
of their low-temperature properties, NKLs have no ana-
logues, and in fact must be investigated as a fundamentally
new class of metallic systems. The possibility of a transition
to coherent Kondo fluctuations is investigated for 7"< TK.

We analyze the dependence of the CKS properties on the
ratio between the Kondo temperature rK and the magni-
tude ACF of the splitting of the magnetic / level in the crys-
tal field. It is shown that the transition from TK ^ACF (a
"y=l/2" CKS with £R =EF) to rK>ACF (y=yt o t ,
ER^EF) leads to a shift of the ASR relative to EF which
can mimic the transition from the CKS to a regime with
variable valence. The contribution of effects due to a type of
"Kondo collapse"50'51 are discussed with regard to their role
in limiting the valence t>(Ce) in cerium compounds. In Sec-
tion 4, the exotic superconducting properties of the NKLs
CeCu2Si2 and UBe,3 are investigated. In conclusion we will
mention experimental investigations which could advance
the progress of understanding the nature of the unusual
properties of NKLs and other HFSs.

2. THE KONDO-IMPURITY TO KONDO-LATTICE TRANSITION

2.1. Isostructural substitutional solid solutions In which a
transition occurs from normal metal to Kondo lattice by way
of a Kondo-impurity regime

In order to understand the nature of the low-tempera-
ture anomalies of nonmagnetic Kondo lattices, it is of great
value to undertake the complex investigation of properties of
isostructural substitutional solid solutions. In these systems,
it is possible to induce a continuous progression through the
entire range of intermediate states between normal metals
and nonmagnetic Kondo lattices, including the rather well-
understood Kondo-impurity regime. In this review, the be-
havior of NKLs will be investigated based on the sample
compounds CeCu2Si2 and CeAl3, in which the localized
magnetic moment is related to the 4/1 configuration of the
Ce3+ ions.

Since lanthanum, which is located to the left of cerium
in the periodic table, has almost the same ionic radius as
cerium while its 4/ shell is empty, the compounds LaCu2Si2

and LaAl3 are normal nonmagnetic isomorphic homologues
of the NKLs CeCu2Si2 and CeAl3. The compounds REM2X2

(RE = rare earth elements, X = silicon or germanium and
M = Fe, Co, Ni, Cu, Ag, ...) crystallize in the ThCr2Si2

type52'199 of structure (a centrosymmetric tetragonal struc-
ture) with intermediate layers of atoms perpendicular to the
fourfold axis in the sequence RE-X-M-X-RE-.... The lat-
tice parameters of CeCu2Si2 and LaCu2Si2 are extremely
close53'54 (Table I), so that isostructural substitutional solid
solutions can be made over the entire interval of composition
0<x<l. An analogous situation obtains also for the com-
pound CeAl3, which like LaAl3 crystallizes in a hexagonal
structure of the type Ni3Sn (Table I). The unit cell volumes
of CeCu2Si2 and CeAl3 are smaller than the corresponding
volumes for LaCu2Si2 and LaAl3. As a result of this, increas-
ing the cerium content in Ce^La, _^Cu2Si2 and
Ce.,. La, _ x A13 leads to the appearance of a type of "chemical
compression" effect.

Recently, studies have been carried out, based on the
alloys Cex Lat _ x Cu2Si2 and Cex La: _ x A13, of the nature of
variations in the electrical,48'49'54'56 magnetic54-56'57 and
thermoelectric56'58 properties, in the temperature depen-
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TABLE I. Lattice parameters of the NKLs CeCu2Si2, CeAl3, CeCu6 and their normal homologues
LaCu,Si2) LaAl,, LaCu6.

Compound

CeCu2Si2
 53

LaCu2Si2 M
CeAl, "
LaA]3

 5*

Compound

CeCu6
 at

LaCu8
 64

Structure

Tetragonal
»

Hexagonal
»

Structure

Orthorhombic
Monoclinic

(P = 91,49')

a, A

4.103±0.005
4.147±0.002

6.5506±0.001
6.6603±0.001

a, A

8.144
5.156

c, A

9.94±0.006
9.9137±0.003
4.6092±0.0008
4.6173±0.0008

6, A

5.091
10.238

v. As

167.3
170.5
513.9
532.1

c, A

10.130
8.168

dences of the Hall coefficients,54'56'59 6I and in the microcon-
tact spectra,62 for the transition from normal metals
(LaCu2Si2 and LaAl3) through the Kondo-impurity regime
U<1) to the concentrated Kondosystems (CKS) ( x z z l ) ,
including the NKLs CeCu2Si2 and CeAl3. These data make
it possible to trace step by step how the smooth variation in
composition leads for x -> 1 to the appearance of a number of
anomalies in these CKSs.

Analogous data have also been obtained for the solid
solutions CexLa,_xCu6 (0<;c<l).63~66 In this series,
LaCu6 crystallizes in a monoclinic lattice where CeCu6 has
an orthorhombic structure; the monoclinic distortion of the
orthorhombic structure for x 5*0.38 is accompanied by a
change in the angle y = 90°. If this distortion is neglected,
one may assume that in the alloys Cex La, _,, Cu6, as in
Ce, La, _x A13 and Ce^ La! _ x Cu2Si2, there is a progression
over the entire range of compositions from a normal metal
(x = 0) to an NKL (x = 1) based on the same crystal struc-
ture, with a unit cell whose volume decreases as x-» 1.

2.2. Variation of the electrical properties of the alloys
Cex La1 _, Cu2Si2 and Ce, La, _„ AI3 as the composition is
varied fromx<$\ tox~^

Substituting Ce for La in the normal nonmagnetic met-
al LaCu,Si, leads to the appearance of distinct regions of
logarithmic growth in the resistivity p(T) as the tempera-
ture falls in the region TS60K (Fig. 1). For concentrations
x50.3, beyond the logarithmic regions ofp(T), saturation
sets in, leading eventually to a plateau.54'56 Such depen-
dences of p( T) are characteristic of the behavior of Kondo
impurities in a normal metal.23-29 A further increase in x in
the alloy Ce .̂ La, _ x Cu2Si2 leads to a change in the form of
the p (T) curves and the appearance of a maximum in the
function p ( T ) for T= T^*- The temperature T^ in-
creases with the cerium concentration (see Fig. 1) at an
average rate dr^/dx—O.l 1 atomic % Ce. The maximum
ofp(T) for T= T^M is not connected with the magnetic
transition to a frozen-spin state, since the variation in the
magnetic susceptibility (see below) follows the usual para-
magnetic variation x ( T ) near T = T ̂ .

From the data on p (T) (see Fig. 1) we can estimate the
concentration dependence of the Kondo temperature

rK (x). However, determining TK from the curves ofp(T)
is, strictly speaking, correct only for the Kondo-impurity
regime. However, we can make use of the following proce-
dure to determine approximately the value of TK in the CKS
Ce^La, _J[Cu2Si2. Extracting from the curves of p ( T ) for
Ce^La, _xCu2Si2 the "normal" phonon contribution top,
which is assumed to be equal to its value in p ( T ) for
LaCu2Si2, and normalizing the difference A p so obtained to
the cerium concentration, we can determine the "magnetic"
contribution A pm (T) to the resistivity. Let us now plot this
data using the coordinates A pm =/(ln(7'/rK)),and use
TK as a fitting parameter. We then arrange that the curves
A pm +/ ( In(T/T K )) for different x are described as well
as possible by a single functional dependence on the coordi-

FIG. 1. Temperature dependence of the resistivity of Cex La, __ x Cu2Si2

for the compositions* = 0.2(1), 0.4 (2), 0.5 (3), 0.7 (4), 0.9 (5) and 1.0
(6).Mp56 The inset shows the concentration dependences of the two char-
acteristic temperatures rK and rRKKY for the same alloys. The quantity
TK is determined from data on p ( T ) (7), using the minimum of the nega-
tive magnetoresistance (8) and from data on the magnetic susceptibilitv
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nates. This procedure gives the dependence of TK on x,
which is shown in the inset of Fig. 1. Analogous results for
TK (x) can also be obtained by deriving TK from the
minimum of the negative magnetoresistance (NMR):

T 68T1 K —
In the alloys CexLa, _^A13 and Ce^La, _^Cu6 an

analogous transformation occurs in the dependence ofp(T)
as the cerium content is increased.60'61'63'64 However, in the
case of Cex La, _ x A13 the low-temperature maximum of
p ( T ) is observed against a background high-
temperature maximum of p for T=T™*, whereas for
CexLa, _ x Cu2Si2 the temperatures T^x and T%L differ by
more than an order of magnitude, and the maxima ofp(T)
for T— T(J£* and T= T™^ are not superimposed on one
another: T™> (CeCu2Si2) = 1 10 K,54'56 T™> (CeAl3)
=;40 K.60'61'69 The high-temperature maximum inp(T) for
T = T™x in Ce^La, _xCu2Si2 and Ce., La, _ x A13 is asso-
ciated with inelastic Kondo scattering by a doublet located
above the ground-state doublet, since in the crystal fields of
CeCu2Si2 and CeAl3 the sixfold degeneracy of the Ce3+ level
( y'=5/2) is split into three doublets: at 0°K,
ACF, = 140 °K and ACF; = 364 °K in CeCu2Si2

 70 and
ACFj = 50 °K, ACFi = 1 14' °K in CeAl3.

71 The energy inter-
vals between the lowest doublets ( 140 "K in CeCu2Si2 and
50 °K in CeAl3) roughly correspond to the temperatures
T^max in these compounds. In the temperature range
T> ACF| , ACF, , using the theory of Hanzawa, Yamada and
Yosida72 we can determine the Kondo temperature T^ , tak-
ing into account the scattering by the upper doublets, in the
following form:

4 /3 (2.1)

The temperatures T^ found from the known TK, ACF| and
ACFz are 32 °K and 80 °K for CeAl3 and CeCu2Si2 respec-
tively. The values of T^ thus obtained are in reasonable
agreement with the temperatures T™^ in these compounds.

In Ce^ La, _ x Cu2Si2 and Cex La, _ x A13, the increase in
the Kondo temperatures as x — 1 can be related either to the
change in the volume of the unit cell ("chemical compres-
sion" ) or to variation in the concentration of cerium ions. So
as to separate out the contributions from these two factors, it
is interesting to appeal to the data of Groft and Levine,57

who investigated the dependence of TK on x for the solid
solutions Cex Sc, _ x A12 and Ce., Y, _ x A12, in which an in-
crease in the cerium concentration occurs against a back-
ground growth in the volume V of the unit cell
( K(CeAl2) > F(YAl2),F(ScAl2)), and leads to a decrease
in TK . These data attest to the fact that the growth in TK is
caused by "chemical compression" independently of the in-
crease or decrease in the concentration of magnetic centers,
i.e., for both Ce .̂ La, _x Cu2Si2 and Ce^La, _ x A13 the
growth in TK as x-> 1 (see Fig. 1) is apparently connected
with the change in unit cell volume in going from LaCu2Si2,
LaAl3 to CeCu2Si2 and CeAl3 (see Table I). The conclusion
that changes in unit cell volume play a determining role for
the alloys investigated is confirmed by the noticeable rise in
TK under compression (see below).

B-

B

O.B

P, arb. units
x 1

0,3 1.0 T*,K*

FIG. 2. Temperature dependences kp = AT2 for the alloys
Ce, La, ...CujSiz for various x= 1.0 (1),0.9 (2), 0.8 (3), 0.6 (4) and 0.5
(5).56 The inset above shows the concentration dependence of the coeffi-
cient^.

For low temperatures r<r^a'x in the alloys
Ce* La, _ x Cu2Si2 for x £ 0.4 we observe a fall in the resis-
tance which follows a quadratic law: b.p=AT* (Fig. 2).
The coefficient A substantially increases as x -> 1 and reaches
a value of -10 /zn-cm/°K2 in CeCu2Si2

 8-17'56 and
~ 35/uft-cm/°K2 in CeAl3.

6 In single crystal CeCu6 for tem-
peratures T< T^x the law &p=AT" is also obeyed; how-
ever, the values of the parameters A and n show significant
anisotropy63: for the orientation i\\a (/ is the current),
,4=26.3 /ia-cm/°K" and n = 2.01; for i||6,
A = 13.8 f*Sl cm/°K" and « = 1.71; for i\\c, A = 39.3 fifl-
cm/°K" , n = 2.07. It is natural to relate the temperature
variation A p = A T 2 in CKS to electron-electron scattering,
for which

(2.2)

here, mQ is the free-electron mass, n the density of set-elec-
tron states, and T % is the degeneracy temperature.

2.3. Variation of the magnetic properties of the alloy
Ce,La1_,Cu2Si2 in the transition Kondo-impurity to Kondo-
lattice

The temperature dependence of the differential mag-
netic susceptibility %(T) in the alloys Cex La, _ x Cu2Si2 for
cerium contents 0.2<;e<0.7 is characterized by monotonic
growth in x as tne temperature falls, down to T = T^ at
which a kink is observed in the #(7") curve (Fig. 3), corre-
sponding to the transition from a paramagnetic material to a
state with frozen-in spins (either an antiferromagnetic mate-
rial or a spin glass) .54-57 At temperatures above the magnetic
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FIG. 3. Temperature dependences of the differential magnetic susceptibil-
ity x(T) -x(0-06'K) for the alloys Ce.,La,_,Cu2Si2 for different
x = 0.2 (1), 0.5 (2), 0.6 (3), 0.7 (4) and 0.9 (3).54 Curve 6 is single-
crystal CeCu2Si2; curve 7 corresponds to x(T) for polycrystalline

transition r*M, the dependence of^( T) is described by the
Curie-Weiss law %(T)~C/(T + 6) with constant 0<0.
From the value of & we can estimate the Kondo temperature,
taking advantage of the relation obtained by Gruner and
Zawadowsky: TK sr \9 |/4. Both estimates of the concentra-
tion dependences of the Kondo temperature—from p(T)
and from % (1") (see the inset of Fig. 1) —show that the pas-
sage from x < 1 to xx 1 in Cex La, _ x Cu2Si2 leads to a sub-
stantial increase in the temperature TK (x).17>54>56

In the range 0.75x51.0, in the alloys
CeJtLa1_xCu2Si2 there has been observed54-56 an unusual
variation in the magnetic properties as the concentration of
magnetic ions is varied (see Fig. 3): starting at x = 0.7 to
0.8, increasing the concentration of the magnetic component
leads not to an enhancement of the tendency to transform to
a state with frozen-in spins, but on the contrary to an effec-
tive suppression of this tendency. For ;ci£0.8, the kink in
X ( T ) for T •=• r*ax begins to smooth out, and the tempera-
ture r*a!l itself decreases. Forx-» 1 there also occurs a sig-
nificant weakening in the temperature dependence of the
paramagnetic susceptibility %(T), which for alloys with
x ̂  1 gives rise to a temperature-independent enhancement
of the Pauli paramagnetism. Finally, in the limiting com-
pound CeCu2Si2 with maximum content of Ce3+ magnetic
ions for the series Ce* La, _ x Cu2Si2, in place of a magnetic
transition we observe a transition to the superconducting
state, which is signaled by the presence of a diamagnetic
anomaly in x at T = Tc (see Fig. 3). The absence of a mag-
netic transition in CeCu2Si2 is also established in experi-
ments using neutron scattering66: neither a change in the
amplitude of the Bragg peaks nor the appearance of addi-
tional lines are observed for temperatures down to
r=0.02°K.

In normal metals, including LaCu2Si2, the magnetic
ions interact with each other in an indirect fashion via

a

0 02 0.4 0.6 O.B 1x 0 0.5 1.0 7/W

Kondo
metal

FIG. 4. (a) Phase diagram of the magnetic properties of the alloys
Ce* La, _., Cu2Si2

 56; P—paramagnetic, SF—frozen-in spin state, antifer-
romagnet or spin glass, S—superconducting phase; (b) Phase diagram of
magnetic properties of Kondo lattices investigated by Doniach74 within
the framework of a one-dimensional model of Kondo "necklace" type; J /
W—exchange interaction constant normalized to the width of the con-
duction band.

the Ruderman-Kittel-Kasuya-Yosida spin-density oscilla-
tions.38^10 Assuming that in the alloys Ce.,. La, _ x Cu2Si2 the
RKKY mechanism corresponds to a transition below r*ax

to a state with frozen-in spins, we can determine a character-
istic temperature rRKKY (x) from the value r*a]! in the fol-
lowing way.17'56 For those concentrations x(0.25x<0.7),
for which the quantity T * ax (x) is a monotonic function of x,
let us set rRKKy (x) = T^x (x) (Fig. 4). Outside of the
interval, the curve 7"RKKY (x) can be drawn using an extra-
polation of rRKKY (x) into the region 0.7<x<1.0 (the dot-
ted line in the inset of Fig. 1).

The intensity of the RKKY interaction in metals de-
pends on the exchange interaction parameter J between /
and sd electrons, and the spacings R u between the rth andy'th
magnetic ions38-40.

'(*)•
/'(*) • /2 (x) x. (2.3)

Comparing this expression with the available experimental
data (see Fig. 4) in the range x = 0.2-0.7, we can conclude
that the more-than-linear growth of rRKKY (x) is related to
an increase in the parameter / for increasing x. The depen-
dence TK (x) also points to an increase in / (see Fig. 1),
since according to (1.1) the Kondo temperature grows ex-
ponentially with increasing /.

Expression (2.3) does not explain the decrease in r*,ax

in the region x = 0.7-1.0, since it is obtained under condi-
tions of constancy of the effective magnetic moment
,ueff(Ce3+). Consequently, the points in the inset to Fig. 1
correspond only to the expected variation of rRKKY under
the condition that//cff (Ce3+) = const. The experimentally-
observed decrease of T^^ (x) (see Fig. 1) attests to the ef-
fective low-temperature suppression of the magnetic mo-
ment //eff (Ce3 +) as x -»1 in the Ce^ La, _ x Cu2Si2 series.
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Once the characteristics of the variation of the two pa-
rameters TK and rRKKY (see Fig. 1) are known, it is practi-
cal to carry out an analysis of the T — x phase diagram (see
Fig. 4a) for the alloys Cex La! _ x Cu2Si2 within the frame-
work of the approach assumed by Doniach,74 who in 1977
predicted theoretically for the first time the non-monotonic
dependence of the magnetic transition temperature on the
exchange interaction parameter/ (Fig. 4b), based on a one-
dimensional "Kondo necklace" model. For the alloys
Cex Lal __ x Cu2Si2, because of a kind of "chemical compres-
sion" effect the quantity / turns out to be a monotonically
increasing function of the cerium concentration x. There-
fore, the change in magnetic properties as we go from x < 1 to
x s 1 is naturally related to the crossover regime: magnetic
for TK < 7"RKKY to nonmagnetic for JK > rRKKY (see Fig.
1). The crossover regime is caused by the different depen-
dences of TRKKY and TK on the parameter /. The indirect
exchange interaction temperature is a quadratic function of
J at the same time that the effectiveness of the Kondo com-
pensation of the magnetic ions depends exponentially on /
(1.1). Therefore, in systems with a sufficiently large param-
eter/, the exponential dependence of TK (/) will "overtake"
the power-law dependence rRKKY (/) and bring about the
regime TK > rRKKY. From this point of view, for T-*Q the
nonmagnetic state in alloys Cex La, _ x Cu2Si2 with x ss 1 ap-
pears because of effective suppression of the magnetic mo-
ments of the Ce3+ ions by the Kondo processes, which for
x-> 1 ensure that the inequality T"K > T^RKY holds.

The T— x phase diagram (see Fig. 4) for
Cex Lat _ x Cu2Si2 confirms the theoretical predictions of
Doniach.74 Earlier,75'76 a nonmonotonic variation in the
magnetic transition temperature T was also observed in the
compound CeAg when / was varied by applying external
pressure.

It is interesting to note that the boundary compound
CeCu2Si2 which in Doniach's terminology is a "Kondo met-
al," not only does not convert into a magnetic state but in
addition is found to be an unusual superconductor (see be-
low).

The dependence of the temperature TM on the normal-
ized exchange interaction constant J/W (W is the band
width), taking into account the difference in behavior of
TK (J) and rRKKY (/) [ see (2.3) and (1.1) ], can be used to
classify the various types of CKS. Compounds with
rK > 7"RRKY and TM

 = 0 are commonly called nonmagnetic
CKSs. Nonmagnetic CKSs with a periodic arrangement of
Kondo centers have been given the name "nonmagnetic
Kondo lattices," e.g., the compounds CeCu2Si2, CeAl3,
CeCu6, UBe13 (see below). The intermediate situation with
TK £ rRKKY but with a non-zero magnetic transition tem-
perature TM 7^ 0 corresponds to a magnetic CKS. A subset of
these are the magnetic Kondo lattices: CeB6) CeAl2, Celn3,
etc. In these compounds, decreasing the temperature leads
to the appearance of obvious Kondo anomalies. Neverthe-
less, the transition to a state with frozen-in spins makes the
formation of a nonmagnetic Kondo state impossible. Metal-
lic compounds based on rare-earth elements, in which the
indirect exchange interaction dominates the Kondo spin

fluctuations and rRKKY > TK (/small) are found to be nor-
mal magnetic 4/ metals. In these compounds, the low-tem-
perature Kondo anomalies are completely absent, since for
higher temperatures the magnetic transition occurs, the
spins are locally frozen-in and Kondo spin fluctuations for
T< T^UKKY are impossible.

2.4. Low-temperature anomalies In the Hall effect of
concentrated Kondo systems

In passing from a normal metal (x = 0) to a Kondo
lattice (x=l) , the temperature dependence of the
Hall coefficient RH(T) in the alloys Cex La, _ x Cu2Si2,
Cex La, _ x A13 and Cex La, _ x Cu6 changes in the following
way54.56.59-6i.63-66. in the normal metals LaCu2Si2, LaAl3
and LaCu6, a metallic variation ofp(T) is observed against
the background of the temperature-independent Hall coeffi-
cient RH (T) (Fig. 5). In the Kondo-impurity regime, for
Cex La, _ x Cu2Si2 and Cex La, _ x A13 an increase in R H ( T)
by a factor of 1.5 to 2 occurs as the temperature goes from
room temperature to liquid helium. A qualitatively similar
behavior of RH (T) was observed earlier in Au(Fe)25 and
La(Ce).77

The passage from *<<1 to x~l in the alloys
Cex La, _ x Cu2Si2, Cex La, _ x A13, Cex La, _ x Cu6 leads to a
significant enhancement in the low-temperature anomalous
Hall coefficient: the ratio RH (4.2 K)/RH (70 K), which
characterizes the growth of R H (7") attains the value 12-15
for x -> 1 (see inset to Fig. 5 ) . It must also be noted that the
magnitude of this ratio depends on the cerium concentration
in a nonlinear way — the most significant enhancement in the
nonlinear growth of R H ( T) occurs in the interval
x = 0.7-1.0.

The Hall anomalies appear most sharply in NKLs:
whereas in a normal metal a drop in temperature leads to a
decrease in the resistivity and in practice does not influence

T,K 10*

FIG. 5. Temperature dependences of the Hall coefficient RH(T) for
Ce, La, _ , Cu2Si2 for various x.54-56 Continuous curve-data for CeCu2Si2.
In the inset is shown the concentration dependence of the ratio
JRH(4.2°K)/*H(70°K).

732 Sov. Phys. Usp. 29 (8), August 1986 V. V. Moshchalkov and N. B. Brandt 732



the Hall coefficient, in the NKLs CeAl3, CeCu2Si2 and
CeCu6, on the contrary, the resistance changes by as much as
a factor of 1.5, while the Hall coefficient increases by 15-20
times in the temperature interval T= 2-100 °K.

The sign of the Hall coefficient R H (4.2K) in the NKLs
CeAl3, CeCu2Si2 and CeCu6 is positive. Measurement of the
polarity dependence of the Hall voltage UH in static fields up
toH = 120 kOe shows that the dependence t/H (H) is linear
up to H = 90 kOe. There is also a certain tendency to satu-
rate at t/H (H,T) forHZ lOOkOefor T0 = 1.5 °K. For tem-
peratures higher than T0, this tendency manifests itself to a
lesser degree.

For IVCs unusual behavior of RH(T) was
observed in Ref. 78 for the compound CePd3, where
R H (T = 100 °K) 5:2.5 X 10~3 cmVC; decreasing the tem-
perature induces a sign change in the Hall coefficient
/ ? H ( r=4 .2°K) = - 1.0xlO~3cm3/C. Among the com-
pounds of type RECu2Si2 (RE = rare-earth element) in-
vestgated in Ref. 79—YCu2Si2 (a nonmagnetic normal met-
al), GdCu2Si2 (an antiferromagnet with TN = 13.5°K),
TbCu2Si2 (an antiferromagnet with TN = 11.5°K) and
CeCu2Si2—the amplitude of the low-temperature growth in
the Hall coefficient of CeCu2Si2 was significantly larger than
even that of isostructural metals with magnetic transitions.

Among the NKLs based on 5f elements, a low-tem-
perature growth in R H ( T ) was observed in the compound
UBe,3.KO For UBe,3, just as for CeCu2Si2, CeAl3 and CeCu6,
R H (4.2 °K) > 0, while the dependence UH (H) goes to satu-
ration for a magnetic field H~9Q kOe.

2.5. Thermoelectric properties of the alloys Ce, La1_,Cu2Si2
andCe, La, ,AI3

The first measurements of thermoelectric properties of
solid solutions in which the transition from Kondo impurity
to Kondo lattice was induced were made by Van Aken and
coauthors69 on the alloys Ce^La, _x A13 (x = 0; 0.01; 0.1;
0.5; 1.0). Analogous results were obtained later on
for the alloys Ce^ La, _;e,81 Cex La, _ x Cu2Si2

 56'59 and
Ce^La, j.CUft.66 The temperature dependence of the See-
beck coefficient S( T) for Cex La, _ x Cu2Si2 is shown in Fig.
6. The curves S( T) are characterized by the presence of two
distinctive features: a maximum for T — T^ s; 150 °Kand
an extremum for T = T(

e^r zz 10 °K. Whereas the values of
these temperatures are almost constant over the entire inter-
val of concentration (x = 0-1.0), the low-temperature fea-
tures themselves are significantly altered in going from x < 1
to* = 1. First of all (see Fig. 6), increasing the cerium con-
tent leads to a growth in the amplitude of the low-tempera-
ture maximum. Subsequently, for x-> 1, S ( T — T (

f . ^ )
changes sign, and the absolute value of S( T) at the minimum
rapidly increases with cerium content up to
|5( T£r) | =: 10/zV/°K for CeCu2Si2.

8

In order to analyze the way the temperature depen-
dence of the thermoelectric power varies for the series
Ce, La, _ x Cu2Si2, it is necessary to include the following
factors: it is well-known that in Kondo systems the presence
of the low-temperature maximum in S( T) is an indication of
impurity-impurity interactions, while an isolated Kondo im-

FIG. 6. Temperature dependences of the Seebeck coefficient S( T) in the
alloys Ce, La, _xCu2Si2 for various cerium contents x = 0.2 (I) ,0.3 (2),
0.7 (3) , 0.9 (4).56 The curve 5 is single-crystal CeCu2Si2.

purity gives a negative contribution to S( T) ; in the region
7"<rK , this contribution in first approximation should not
depend either on temperature or on the concentration of
Kondo-centers.83 Consequently, we can suppose that the
maximum in S(T) for r^,'r ~10°K (see Fig. 6) reflects a
tendency of the magnetic Ce3 + ions to pass to a state with
frozen-in spins. The maximum amplitude of the feature
S(T= T(eur ) corresponds to that concentration* = 0.3-0.4
for which the sharpest kink appears in the temperature de-
pendence of the magnetic susceptibility (see Fig. 3). The
suppression of the tendency toward magnetic ordering for
x S 0.7 ( see Figs. 3, 4 ) is accompanied by a change in the sign
of 5 and rapid growth in the absolute value of S( T) at the
minimum. For T < T^T in CeCu2Si2 the dependence of
S( T) is found to be linear:8

=-a7'. (2.4)

The linearity of S(T) is usually interpreted as a result of
Fermi-liquid effects, since for an isolated Kondo impurity
the value of S should not depend on T for T< TK .83'84

For the NKL CeCu2Si2 the coefficient a [in (2.4)] is
anomalously large: a~7-9 /nV/K2. The effective tempera-
ture T$ for such a value of a is 10°-30°K. This result is
found to be in agreement with the value of T% found from
the Fermi-liquid behavior of the resistivity: kp=AT2 (see
Fig. 2 ) . We note that the effective temperature T f ~ 1 0 °K is
astonishingly far below that of a metal with carrier concen-
tration n ~ I022 cm"3; in normal metals, the corresponding
temperature is Tf ~ I04-I05 °K.

In the NKLs CeCu2Si2, CeAl3 and CeCu6, the absolute
values of the Seebeck coefficient are roughly two orders of
magnitude higher than those of normal metals. Using the
formula
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S(T)=-
3 | e |

1 dg(£)
d£ -2E (2.5)

the enhancement of |S( T) \ in NKLs can be viewed as a con-
sequence of the existence of a narrow peak in the density of
states near the Fermi level, since for low temperatures the
value of S( T) in (2.4) is determined by the logarithmic de-
rivative of the density of states g ( E ) .

It must be pointed out that in formula (2,5) no account
was taken of contributions to the thermoelectric power aris-
ing from odd (in energy) terms in the probability of scatter-
ing by magnetic impurities. Since the thermoelectric power
is given in terms of an integral into which is inserted an odd
function of the quasiparticle energy, the integral will not
vanish in the case where this "oddness" is compensated by
odd terms appearing either in the scattering probability or in
the expansion of the density of states function.83 Regretta-
bly, a theory for CKSs which takes both these possibilities
into account is to our knowledge not yet available.

The extremely low degeneracy temperature T* ~ 10 °K
for NKLs corresponds to a very large fermion effective
mass—of the order of (102-103)m0. The contribution of
such heavy quasiparticles to the low-temperature thermal
conductivity is anomalously small.8 Thus, for CeCu2Si2 even
for r< 100 °K the electronic contribution Kc to the thermal
conductivity is negligibly small compared to the phonon
contribution Kph. For normal superconductors the condi-
tion Ke ^Kptl is fulfilled below the critical temperature (i.e.,
for T< Tc < 25 °K), whereas for the NKL CeCu2Si2 the in-
equality Ke ^Kph applies starting at a temperature
T~ 100 °K,8 far exceeding the value of Tc for all known su-
perconductors.

2.6. Micro-contact spectroscopy of Ce,Lai_jrCu2Si2 alloys

An investigation of the alloys Cex La, _ x Cu2Si2 by the
method of micro-contact spectroscopy was carried out in
Refs. 62 and 85, and for the alloys CexLa, _ xCu6 by Sato
and coauthors.66 In the normal metal LaCu2Si2, a ballistic
regime can be realized within the contact, in which the con-
tact size d is much smaller than the inelastic mean free path /
of electrons, and peculiarities are observed85 in the second
derivative of the/-Fcharacteristicd2F/d/2( V) of the micro-
contact as a function of V; these peculiarities are related to
the electron-phonon interaction function g (co). In the alloys
Ce^La, _ xCu2Si2 , because of scattering by the magnetic
Ce3 + ions, the mean free path / is much reduced, and current
flow takes place within the thermal regime (l^d). In the
thermal regime, the dependence of the differential resistance
R D = d V /d/ on the voltage V (Fig. 7) is qualitatively simi-
lar to the dependence of the resistivity/0 on temperature (see
Fig. 1), i.e., the curve R D (V) has two maxima, at 5 and 67
mV. For F— 0, R D ( V ) is described by a quadratic function,
while in the region V = 7-30 mV R 0 (V) decreases logarith-
mically (see the inset to Fig. 7). The correlation between
R D ( V ) and p (T), which is characteristic of the thermal
regime, implies that the temperature T within the contact is
related to that of the heat bath T0 in the following way:

~75 -so -25 75 V, mV

FIG. 7. Differential resistance function R D (V) of a homogeneous micro-
contact made of CeCu2Si2 (ro = 4.2"K) (a) and hetero-contact
Cu-CeCu2Si2 (b) (for K-0, current flows from Cu to CeCu2Si,).62

V2

(2.6)

here, L is the Lorentz number. In the thermal regime, using
the experimental curves for R D ( V ) we can calculate the de-
pendence of the microcontact resistance on temperature,

, using a linear relation between T and V for
. In Ref. 62 it was shown that a good correspon-

dence between the calculated curves R *|°r(^) and the ex-
perimental curves Rmc(T) is observed in the alloys
Cex Laj _ x Cu2Si2 over a rather wide temperature range
T- 10°-1000K, if wesetL/L0 = 5 in (2.6), where!, is the
standard value of the Lorentz number. Thus, there is a pecu-
liar analogy between the microcontact spectra R D (V} for
the alloys CexLa! _xCu2Si2 (see Fig. 7) and the tempera-
ture dependences of the resistivity p ( T ) : in the regime
r> T0> the scale of temperature is proportional to the scale of
voltage.

The microcontact spectra obtained for contact to ho-
mogeneous materials, including the R D ( V ) curves for
CexLa,_xCu2Si2-CexLa, _,Cu2Si2 contacts are symmet-
ric around the V= 0 axis (see Fig. 7a).62-85 At the same
time, for hetero-contacts of the type Cu-CeCu2Si2

62>85 or
Mo-CeCu2Si2 and Pt-CeCu2Si2,

87 a significant asymmetry is
observed in the curves R D ( V ) (see Fig. 7b), which can be
characterized by introducing the odd part of the differential
resistance R^(V) = ( 1/2) X (R £ (V) - R „ (V}). For
the alloys Cex La, _., Cu2Si2 the function R £?d( V) is well
correlated with the dependence of the thermoelectric power
coefficient on temperature for bulk samples (Fig. 8a).56'58

Therefore, we can suppose that the asymmetry in the differ-
ential resistance of the microcontact (see Fig. 7b) is con-
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FIG. 8. (a) Experimental dependences of the asymmetric part of R ^d( V)
for hetero-contacts: Cu-CeCu,Si2 (1); Cu-Ce0 7 Lao 3 Cu2Si2 (2);
CuCe,, 3 La0.7 Cu2Si2 (3). In the inset are shown the temperature depen-
dences of the Seebeck coefficient S(T) measured in Refs. 56 and 58 for
bulk samples of the same Ce^La, _ ,,Cu2Si2 compounds* = 1.0 (1), 0.7
(2) and 0.3 (3) . (b) Comparison of the theoretical dependence calculated
using formula (2.7) for the hetero-contact CeCu2Si2-Cu (4) with experi-
mental data (5).

nected with the appearance of the Seebeck and (or) Peltier
effects.62-87-8" The contribution of the Seebeck and Peltier
effects to R ^d ( V} can be estimated from the formulae

R(0)
AT

i (T)-SZ (T)} ,

(2.7)

(2.8)

where R £?d = 1/2(.R st - R S7 ); R st, R sT are the static
microcontact resistances for the two polarities:

5! and S2 are the thermoelectric powers of the contact mate-
rials. Estimates using formulae (2.7) and (2.8) show that
the basic contribution to the asymmetry in the microcontact
spectrum (see Fig. 7b) is due to the thermoelectric power,
while the Peltier effect contribution is an order of magnitude
smaller.62 Since we know the proportionality coefficient
between voltage and temperature from a comparison of the
curves for p(T) and R ^fT(V), and also the value of the
thermoelectric power for bulk samples of CeCu2Si2,

56>55 we
can compare R ^a calculated using formula (2.7) with the
experimental results (Fig. 8b). This comparison shows62'85

that in the region V> 50 mV there is good agreement
between experiment and calculations using formula (2.7).
However, as V~ T increases, the curves (R £?d ( V ) ) theor and
(/? sfd(F))exp begin to diverge. Therefore, we cannot ex-
plain the asymmetry of the curve R D ( V ) for heterocontacts
of the type "normal metal—NKL" as being entirely due to
the influence of thermoelectric effects. In the low-tempera-
ture region the additional contribution to the asymmetry in
the differential resistance R D ( V) is apparently due to signif-
icant differences in the electronic density of states g ( E f )
between the contacting materials. From this point of view,
the asymmetry in R D (V) for heterocontacts of the type
CuCeCu2Si2 (see Fig. 7b), which in the low voltage regime
cannot be wholly reduced to contributions from thermoelec-
tric effects, implies that the presence of asymmetry is due to
the extremely narrow density of states peak at the Fermi
level in CeCu2Si2.

In Ref. 66, the authors report a measurement of the
asymmetry of the microcontact spectra and thermoelectric
power of CexLa, _xCu6 alloys. Although in this case also
there is significant agreement between the temperature de-
pendence of the asymmetric part of the microcontact spectra
and the thermoelectric power of bulk samples (this is espe-
cially striking as.x-> 1, i.e., the NKL CeCu6), the authors of
Ref. 66 make no comment whatever on this circumstance. In
our opinion, the situation in the case of Ce^La, _ _ ^ C u 6 is
analogous to that described above in Section 2 for
Ce^La^^CUzSi;,.62

Thus, the investigation of the galvanomagnetic, ther-
moelectric and magnetic properties of the isostructural
solid solutions Ce^La, _. ^Cu2Si2, Ce^La]..xAl3 and
CeT La, _ x Cu6 allow us to establish the nature of the vari-
ation of the parameters T"K(JC), TRKKY(x), A(x),
TM(x),RH (4 .2°K)ARH(77°K) and S^T(x) as we go
from the Kondo-impurity to the Kondo-lattice regime. This
transition in Cex La, _ x Cu2Si2 leads to a crossover regime—
from magnetic ( T K ^ TRtiK\ ) to nonmagnetic
( T K > 7"RKKY )—and is also accompanied by a regime of en-
hanced amplitude of Fermi-liquid effects. Experimental
data on the system Cex La, _ x Cu6

63-65 imply the possibility
that a nonmagnetic ground state TK > 7"RKKY is realized
over the whole composition interval 0<x< l without any
crossover regime. In these alloys, the crystal-field splitting is
smaller than that of Cex La, _ x Cu2Si2, and is estimated to be
ACF = 50-60°K; therefore the relation TK^>TRKK^ in
Ce^Laj _xCu6 can be fulfilled not only because of the in-
crease of the exchange interaction J for x -> 1, but also (ap-
parently), and principally, because of the presence of levels
split off by the crystal field. As was shown in Refs. 72 and
90-93, even in the case TK 4 ACF, the orbital degeneracy of
the / states leads in CKSs to dominance of the local Kondo
spin fluctuations over the RKKY interaction between mag-
netic centers; as the quantity v = 2/° + 1 grows in compari-
son withy'= 1/2, Kondo spin-flip for various spin projec-
tions becomes easier [see formula (1.1)] and the
suppression of the magnetic moment due to Kondo fluctu-
ations wins out over the interaction between magnetic
centers: 7\>rR K K Y.
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FIG. 9. Temperature dependences of the specific heat C( T) of single-
crystal CeCu2Si2 in the coordinates C/T, T*.95 The inset shows the low-
temperature portion C/T=f(T); x—data obtained in a field H= 100
kOe.95

In order to understand the nature of the unusual low-
temperature properties of NKLs, one must appreciate the
extreme importance of the fact that these systems must be
considered as systems whose tendency to order magnetically
is suppressed by the effect of Kondo compensation of the
magnetic ions, i.e., TK > TRICKY • Moreover, the compounds
CeCu2Si2, CeAl3, CeCu6, as opposed to classical Kondo-im-
purity systems—Cu(Fe), Au(Fe), Cu<Mn), etc.—are con-
centrated Kondo systems with magnetic Ce3+ ions in every
unit cell; therefore, in such CKS one can expect the appear-
ance of ASRs of gigantic amplitude.

3. GIANT ABRIKOSOV-SUHL RESONANCES IN
NONMAGNETIC KONDO LATTICES

3.1. Low-temperature anomalies In the electronic heat
capacity of a nonmagnetic Kondo lattice

The temperature dependence of the specific heat C(T)
of a normal metal consists of a sum of electron ( f ) T ) 3 and
phonon (yT) contributions:

c (T) = vr + pr8. (3.1)

The dependence of C on T, plotted against the coordinate
(C(T)/T)-T2, allows us to determine the electronic coeffi-
cient y as the value of C/T as T2->0, and the phonon coeffi-
cient f} as the slope of the linear part of the function C /
T=f(T2). The coefficient y is proportional to the density
of states at the Fermi level:

For normal and transition metals, the value of y is 1-10 ml/
mole K2 in order of magnitude.94 For the NKL CeCu2Si2

 9S

(Fig. 9), CeAl3,
3 CeCu6,

89-96 UBe,3,
3-7 the function C(T)/

T=f(T)2for low temperatures slopes up41 towards the re-
gion of large values of C/T, and for r-»0 the coefficient y
attains the gigantic value of 103 mJ/mole K2 (Table II),
almost a three orders of magnitude increase in the value of y
over that of a normal metal. We note that when we compare
the coefficient y in NKLs containing several atoms per mole
with the coefficient y for simple metals with one atom per
mole, it is necessary to divide the data presented in Table II
for NKLs by 5 (CeCu2Si2), 14 (UBe,3), etc.21 However,
even after such a recalculation, the low-temperature elec-
tronic contribution to the heat capacity in NKLs turns out to
be 2-3 orders of magnitude larger than for normal metals. In
NKLs at low temperatures, an enhancement of the Pauli
paramagnetism is also observed:

(T)« const (3.3)

to first approximation (see Table II) the value of XP in-
creases in NKLs relative to a normal metal by the same fac-
tor as the growth in the coefficient y, i.e., for the NKLs
CeCu2Si2, CeCu6, CeAl3, UBe,3 both quantities—XP and
y— vary essentially because of the increase in the density of
statesg(£F). Qualitatively,97 the contribution of the renor-
malized density of states to the experimentally-observed val-
ue of x p can be characterized by the ratio XP /XP where x? is
the value of the susceptibility evaluated using formulae
(3.3) and (3.2):

(3.4)

The ratio XP/XP (see Table II) is of order unity, and conse-
quently the low-temperature enhancement in x and y for
NKLs is connected primarily with a renormalization of the
density of states g(EF), i.e., for NKLs at low temperatures

TABLE II. A comparison of the characteristics of nonmagnetic Kondo lattices (CeCu2Si2) CeAl3,
CeCu6 and UBe,3) and a normal metal (Cu).

Metal

CeCu2Si,
CeAls
CeCu6

UBe13

Cu<"

y(r— 0)
mJ/mole °K

1050 »»
1620 «
1450 ••

1100'

0.695

CGS/mole

0.00651"
0.036 •
0.027"

0.015'

10-10-

/iO-cm/K

10 »V»
35 «

26.3 (ilia) "

39!3 (i||c) «3

10-1

m*
mo

500
800

102-1Q3

10-103

0,1-1,0

I*.
K

8
5
3

10

8-10«

10" cm-'

0.74
0.73
1.00

0.871"

1,36

"F
cm/s

i!oo-io»
10'

3.4-10' »»

0.57- 108

RH<4,2K)
RH(100K)

15 »«•»•
18»M«
10 •*-••

12 •«

1
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there is in the vicinity of the Fermi level a narrow peak with a
gigantic value ofg(£"F ).

Since in the compounds CeCu2Si2, CeAl3, CeCu6,
UBe,3 there is an electronic / shell, possessing an extremely
small localization radius, it was initially assumed (see be-
low, Fig. 15a) that the peak in the density of statesg(£F )
was connected simply with the exact coincidence of the nar-
row / band with the Fermi level, i.e., HFSs turn out to be
intermediate-valence compounds. From this point of view,
in HFSs based on cerium a significantly nonintegral cerium
valence should be observed, u(Ce);=3.5. However, the
available experimental data (see the following section) show
that the valence of cerium in CeAl3 and CeCu2Si2 is close to
integral: y(Ce) =:3.0, and the 4/ band itself lies 1-2 eV be-
low E F and cannot be responsible for the giant value of the
density of states at the Fermi level.

3.2. Valence state of /-ions in nonmagnetic Kondo lattices

Recently, the method of resonance photoemission98 has
often been used to determine the density of / states in the
conduction band. In this technique, synchrotron radiation is
used as a source of photons with energies rather close to the
excitation of the deep and narrow 4d levels. In systems based
on cerium, this energy is roughly equal to &a~ 109 eV. In
varying -fuo near this value, a giant resonance in the 4/ radi-
ation98 of cerium is observed at fuo = 122 eV. In the process
of resonance photoemission a 4d electron is initially excited
to the narrow 4/ band, which has a large density of states:

4d104P (5d6s)3 4d»4fn+1 (5d6s)3, (3.5)

this intermediate excited state then relaxes, emitting an elec-
tron and screening the 4d hole in an Auger-type process:

4d»4fn+1 (5d 6s)s 4fn-»(5d6s)3

4P(5d6s)z +

(3.6)

(3.7)

Relaxation via channel (3.6) leads to enhancement of
the 4/ emission, while decay via channel (3.7) leads to en-
hancement of radiation from the icf-valence band. Since the
4/ band which participates in the intermediate process is
extremely narrow, the resonant enhancements of the pho-
toemission can be resolved separately, both for the sd and sd-
valence states. Therefore, the resonant photoemission spec-
tra can be used to estimate the width A4f and position E4( of
the 4/ band. According to the data99 on CeCu2Si2,
Ef —£'4 f~2.5eV and A4f ~2 eV, while for the compound
CeAl3,100A4f~2eVand£F -£4f~2eV.

Information about the magnitude of the Hubbard pa-
rameter U in NKLs can be obtained in isochromatic spec-
troscopy experiments using bremsstrahlung. In these experi-
ments the energy interval is determined between the 4/" + '
and 4/" states, which for CeAl3 amounts to approximately
6-7 eV.100

It must be noted that for the NKLs CeCu2Si2,
99

CeAl3,'°° and UBe|3,
101 the resonance photoemission spec-

tra also have a feature near Ef in addition to the peak at
E~E4f. The restriction of spectral resolution to the value
0.13-0.15 eV, does not permit a detailed investigation of the

feature at E = E F. One possible explanation for a peak in the
resonance photoemission spectrum at the Fermi level is the
formation of a many-particle resonance in NKLs.10'1'02 As
was shown in Refs. 100 and 103, the resonance photoemis-
sion spectra are exceedingly sensitive to the presence of ad-
sorbed oxygen on the surface. Therefore, a correct measure-
ment of the position of the 4/ band can be carried out by
cleaving samples in vacuum and at low temperatures, so that
the diffusion of adsorbed oxygen out of the whole volume to
the illuminated surface is negligibly small.101 For high tem-
peratures, even a few minutes after cleaving so much diffus-
ing oxygen has accumulated at the sample surface that the
resonance photoemission spectra are noticeably distorted.

Unfortunately, even a correctly determined photoemis-
sion spectrum still does not give the energy dependence of
the density of states, since the deep 4d holes (3.5) interact
significantly with the charged 4/ states 4/1 and 4/2; this
leads to a marked downward shift in the 4/' and 4/2 levels
on the energy scale. In Ref. 104, a method was suggested for
finding the 4/-band parameters of the model from the x-ray
photoemission spectrum. Using A4f and E4[ as fitting pa-
rameters, it was found that typical values of these param-
eters, even in compounds which are traditionally classi-
fied43'44 as IVC—CeRu2, CeNi2, CePd3—amount to
A4f~0.1-0.2 eV,EF -£4f~l-2eV.

The valence state of cerium in CeCu2Si2, CeAl3 and oth-
er cerium systems can also be found from data on the L m

x-ray absorption edge, by comparing the L m absorption
spectrum of the material under study with the spectrum of a
"bench mark" compound with a well-known cerium va-
lence. As a rule, cerium compounds with ionic bonds are
chosen as bench marks, e.g., CeF3 where u(Ce) = 3 + . For
CeCu2Si2

 45 and CeAl3
 46 this method gives a value of

v = 3-3.05.
To summarize, analysis of the available spectroscopic

data on the NKLs CeCu2Si2 and CeAl3, and also of the
"typical cerium IVCs" CePd3, CeNi2, CeRu2, etc., allows us
to conclude that both in NKLs and in cerium IV compounds
that valence state of cerium ions is realized which is close to
the integral Ce3 + state, and not to the essentially nonintegral
value u(Ce) =3.5.

3.3. Investigation of dynamic spin fluctuations in
nonmagnetic Kondo lattices based on experiments using
quasielastic scattering of thermal neutrons

In contrast to methods such as x-ray photoemission,
isochromatic spectroscopy, etc., which are sensitive to
charge fluctuations, the method of quasielastic scattering of
thermal neutrons with energies 3-180 meV allows us to in-
vestigate the dynamics of spin fluctuations in metals.105 The
usual quasielastic line in neutron scattering is observed
against a background of high-amplitude peaks correspond-
ing to elastic scattering by nuclei. These lines are approxi-
mated by Lorentzians with centers fua^O and half-widths
F/2, determined by the spin fluctuation time rsf: F/2 ~T^\
The dependence of IY2 on temperature for CeCu2Si2

 70 and
CeAl3

 106 is shown in Fig. 10. Both compounds have finite
widths T as T^O: r/2(T-+Q) = 0.85 meV for CeCu2Si2 and
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FIG. 10. Temperature dependences of the linewidth F of the quasielastic
scattering of thermal neutrons for CeCu2Si2 ™ and CeAl3.

106

r/2(T-0) =0.35 meV for CeAl3. The dependence F/
2 ==/ (D for these NKLs is analogous to the corresponding
dependence for classical Kondo-impurity systems, i.e.,
Cu(Fe),107'108 and is described by the following empirical
relation (see the continuous curve in Fig. 10):

r ( M j,,,, (3.8)
2 \ 2 /r-o

The fine line in Fig. 10 corresponds to the equation F/
2 = k B 71 and divides the coordinate plane F/2 — T into a
high-temperature regime where the characteristic time TT

for thermalization of spins is smaller than the time rsf for
Kondo spin fluctuations: kBT>T/2, rT <rsf) and a low-
temperature regime kBT<T/2 in which, conversely, the
Kondo spin fluctuations are faster than the spin thermaliza-
tion processes: rsf < rT. For high temperatures, when
rT < rsf, the Kondo spin fluctuations from a state S = 1 /2 to
a state S= — 1/2 occurring through a state at Ef are
slowed in relation to rT. Therefore, a high temperature mea-
surement is dominated by thermal fluctuations of uncom-
pensated spin, and as a result the Curie-Weiss law is obeyed
with an effective magnetic moment fief[ close to the value
corresponding to a free magnetic ion.

As the temperature falls, a crossover regime is reached
from kBT> F/2 to k B T< F/2 and rsf < rT. In this case, the
Kondo spin fluctuations are established at T-»0 so rapidly
compared to TT that within a time rT several spin flips occur
for a 4/ electron between the states S = 1/2 and 5" = — I/
2. Consequently, both spin projections are equally probable,
i.e., the rapid Kondo spin fluctuations lead to suppression of
the effective magnetic moment: //eff -»0 as T-> 0.

The dynamic spin fluctuations described above in
Kondo systems with S = 1/2 are retained also in the case
S> 1/2, if in this case due to the crystal field splitting ACF

only the lowest doublet is active at low temperatures
( T K < AC F), which is analogous to a state with S = + 1/2.
This situation obtains in particular for the NKLs
CeCu2Si2

 70 and CeAl3,
71 where the sixfold degenerate level

j = 5/2 of cerium is spit into three doublets; the condition
TK -<ACF is fulfilled here. In Kondo systems withy> 1/2
and small values of the crystal field splitting, i.e., ACF < TK,
it is necessary to study spin fluctuations of Kondo type over
all 2j + 1 states. Then for low temperatures (rsf ^rT) the
occupation of all 2j + 1 projections will be identical, which

leads to suppression of the effective magnetic moment as
r-o.

The theory of quasielastic scattering of thermal neu-
trons in CKS, taking into account the splitting of the 4/
level in the crystal field, was set forth in Refs. 92 and 93; for
CKS in which the parameters TK and ACF are not too differ-
ent, the authors predict a suppression of the crystal field
splitting for low temperatures, where a nonmagnetic singlet
state occurs leading to equal probability of spin "hopping"
across all the projections —j<,m<j. As a result of these
Kondo spin fluctuations, as T-»0 states with different quan-
tum numbers m are "mixed," which in the opinion of the
authors of Refs. 92 and 93 can cause an effective decrease in
the crystal field splitting for T<TK. This effect is apparent-
ly less important for CKS with strongly differing parameters
rKandAC F.

3.4. Nonmagnetic Kondo lattices viewed as systems of N,
non-Interacting Kondo Impurities

Let us enumerate from the beginning the most charac-
teristic properties of the typical NKLs CeCu2Si2, CeAl3 and
CeCu6:

1. A gigantic low-temperature contribution to the elec-
tronic specific heat and enhancement of the low-tempera-
ture Pauli paramagnetism (see Table II).

2. Complete suppression of the effective magnetic mo-
ments of the Ce3+ ions as we go from TfrTK to

3. The dominance of Kondo spin compensation over the
tendency to undergo a magnetic transition due to the indi-
rect RKKY interaction: TK > TRICKY •

4. A crossover regime — from slow spin fluctuations
compared to rT at high temperatures to rapid spin fluctu-
ations for low temperatures, i.e., suppression of the magnetic
moment in NKLs related to fulfilling the condition rsf <rT

at sufficiently low temperatures.
5. Fermi-liquid behavior of the resistivity and thermo-

electric-power coefficients: the coefficient A(&p=AT2)
and a(S = — aT) are sharply enhanced as we go from the
Kondo impurity to the Kondo lattice in the alloys
Cex La, _ x Cu2Si2 , Cex La, _ x A13 and Ce .̂ La! _ x Cu6.

6. Anomalous low-temperature growth in the Hall coef-
ficient as T decreases from 7> TK to T^ TK .

In all the properties we have enumerated, a characteris-
tic parameter — the Kondo temperature TK — plays a role.
We can estimate this parameter by several independent tech-
niques: from data onp(T) (T& ); from neutron scattering
( T K ~ F ( 0 ) /2 ) ; from the dependence of x onT(T^); from
the negative magnetic resistance (NMR) minimum

_ 7-min/2). For CeCu2Si2, these estimates give

~8 K, (3.9)

which amount to 8 °K, 5 °K for CeAl3 and 2° - 3° K for
CeCu6.

109'110

The low-temperature NKL anomalies 1-6 point to the
presence of a narrow (~ TK ) peak in the density of states
near E f. This peak cannot be the 4 / band itself (see below,
Fig. 15b), since the valence of cerium in the NKLs CeCu2Si2
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and CeAl3 is almost integral, i.e., we cannot study NKLs as
if they were IVCs with y(Ce) ss3.5. An analysis of the vari-
ation in the properties of the alloys CexLai _ xCu2Si2 ,
Ce^La, _ x A13, Ce^La, _x Cu6 shows clearly that the "gene-
tic" anomalies of NKLs are connected with the Kondo pro-
cesses, which distinctly appear for x< 1, and then smoothly
lead to NKL anomalies for x -> 1.

For Kondo impurities, it was shown as early as 1965 by
Abrikosov18'19 and Suhl20 that it was possible for a narrow
(~ TK ) many-particle resonance to form in the scattering of
electrons with energy E~Ef. In 1972, Griiner and Zawa-
dovsky36 suggested a semi-phenomenological model, within
whose framework it was assumed that the scattering reso-
nance leads to the appearance at the Fermi level of a narrow
peak in the density of states, which they called an "Abriko-
sov-Suhl resonance." With the help of this model, they suc-
ceeded in describing the experimental data on the depen-
dence of the Kondo contribution to the resistance for a
number of transition elements in Kondo systems based on
copper and aluminum.36

In investigating NKLs as concentrated Kondo systems,
it is natural to assume16>17-48'49 that the narrow peak in the
density of states at the Fermi level of NKLs is an ASR,
whose amplitude in the approximation of A^ non-interacting
Kondo impurities must be enhanced compared to a single
Kondo impurity by several times. Since in one mole of an
NKL fy = N A, this enhancement can in principle complete-
ly account for the presence of the giant density of states at the
Fermi level: gR ( E f ) = N{ gf(EF)$>g°(E F ) . For the
Kondo Hamiltonian26

IT ^ c7 + i r "V c A + ™ f 7 i n "\//8-<j= /i Ak£kGCka -p J j/ i oSCk0Ck'0» \J.l\J)
k, o=t ,* kk', oo'

(ck+, cKcr are creation and annihilation operators for a state
with wave vector k and spin a; S, s are spin operators of the
magnetic impurity and of a conduction-band electron), the
exact Vigman-Andrej solution leads to the following expres-
sion for determining the low-temperature asymptotic specif-
ic heat and magnetic susceptibility:32'33

(3.11); =v=-

X(0)-
(3.12)

In formula (3.12), g is the Lande factor. The parameter T0 is
related to the Kondo temperature 7"K by Wilson's
constant Wul:

£ = iF = 4n.0.1026 =1.2902. (3.13)

If the Kondo Hamiltonian (3.10) is generalized to im-
purities with spin S> 1/2, but, as before, we at the outset
investigate only conduction-band electrons with zero orbital
angular momentum / (as in the case 5 = 1/2), then under
these circumstances the impurity with 5 > 1/2 is not fully
compensated."2"114 Consequently, we cannot adequately
describe the behavior of a magnetic impurity withy > 1/2 by
a simple substitution S-*j in (3.10), since it is well known4

that also for/' > 1/2 the effective moment of a Kondo impuri-
ty £s~XT^0 for T->0. The behavior of impurities with

j > 1/2 is better described by the Coqblin-Schrieffer mod-
el,115 in which spin flip of band electrons is taken into ac-
count; the latter are represented by a sum of partial waves
with nonzero orbital angular momentum / > 0 over all spin
projections —j^m<J:

W4flm. (3.14)cs]= 2
k, m k', m'

In this model, the exchange interaction between the conduc-
tion band electrons (/> 0) andtheLMM ( localized magnet-
icmoment) ( j > 1/2) leads to complete compensation of the
effective impurity moment as T-> 0. The magnetic suscepti-
bility and electronic specific heat for (3.14) were found
within the framework of the Bethe ansatz:

(3.15)

(3.16)

where v = 2j + 1 . The ratio x/Y depends on the constants

By substituting j= 1/2 in (3.15) and (3.16), we obtain the
magnetic susceptibility and the coefficient y for the Kondo
model(3.11)-(3.12).

Since j = 5/2 in the NKLs CeCu2Si2, CeAl3, CeCu6

and UBe13, it would seem that in order to find y and x one

could use formulae (3.15) and (3.16), setting j= 1/2 in
them. However, it is actually necessary to take into account
the fact that the level j = 5/2 is split by the crystal field. For
the NKLs CeCu2Si2

 70 and CeAl3,
71 the character of this

splitting has been studied in neutron-scattering experiments.
The sixfold degeneracy of the j = 5/2 level is split into three
doublets; the condition TK < ACF is fulfilled, and in elastic
Kondo processes at low temperatures only the lowest states
act effectively, which makes these states analogous to states
with y= l /2 . In such a situation the NKLs CeCu2Si2

and CeAl3 can be treated as "j = 1/2" CKSs with
N{ = 7VA .2-16-117 in the compound UBe,3 the cubic symme-
try implies that the / level must split into a quartet F8 and a
Kramers doublet F7. However, at this time (as far as we
know ) no one has been able to establish experimentally the
relative positions of the F8 quartet and F7 doublet for UBe,3.

As was shown above, the occupation of the ASR at
T = 0, which determines its position relative to the Fermi
level EP, equals l / (2/+l) . 3 1 Therefore, for "7= 1/2"
CKSs with rK^ ACF , l/(2/+ 1) = 1/2, and the position of
the ASR is precisely at the Fermi level: ER = Ef . The giant
low-temperature enhancement of the density of states for the
NKLs CeAl3, CeCu2Si2 is connected with precisely this cir-
cumstance. When the opposite relation TK > ACF is fulfilled,
it is the total angular momentum j which enters into the
formation of the ASR and formulas (3.15)-(3.16) must be
used. In cerium CKSs with high Kondo temperatures
TK > ACF and j = 5/2, the occupation of the ASR equals I/
(2/'+ 1) = 1/6; consequently, the ASR is formed somewhat
higher up.
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To estimate the molar specific heat and magnetic sus-
ceptibility of the NKLs CeCu2Si2 and CeAl3 using a model
of noninteracting Kondo centers, we must set j — 1/2 in
formulae (3.15)-(3.16) and multiply the result so obtained
by Avogadro's number JVA. For CeCu2Si2, such an estimate
gives /heor ^700 mJ/mole-K2 and^'heor ssO.03 CGS/mole
for TK = 8 °K. In the NKL CeAl3, TK = 5 °K and
7theor~1120mJ/mole-K2.

The values so obtained agree to within an order of mag-
nitude with experimental data (see Table II). If we treat TK

as a fitting parameter, then with the help of a model of nonin-
teracting "j = 1/2" Kondo centers, we can arrive at a good
description of the experimental variation in the specific heat
C( T) over a rather wide temperature interval118 (Fig. 11).
For high temperatures, all the levels split by the crystal field
contribute to C( T) (Fig. 11); as a result, anomalies in C( T)
of Schottky type are obtained.

For the compound UBe13, the experimental tempera-
ture dependence of the specific heat C( T) for low tempera-
tures is well described by introducing a Lorentzian reso-
nance of width 12 °K lying precisely at the Fermi level.21

Overhauser and Appel suppose that this resonance is the
doublet F7 broadened by hybridization and falling precisely
on the Fermi level: £(T7) = Ef, while the quartet Tg lies
rather far below the Fermi level: £(Tg) <E(T7). We adopt
the contrary view that for UBen the doublet T7 lies below
the quartet rg, and the relation TK 4 ACF holds, i.e., UBe13

is a "j =1/2" NKL with an ASR lying precisely at the Fermi
level^R = EF. From this point of view, the good agreement
between calculations21 and experimental data on the specific
heat, magnetic susceptibility and magnetization is connect-
ed, apparently, with the fact that in the range T /TK < 10 the
Vigman-Andrej solution can be very accurately represented
by calculations using the resonance model;34'35 the width of
this resonance is determined by the Kondo temperature,
while its amplitude in the range 7YrK < 10 can be consid-
ered to be independent of temperature, i.e., the calculation in
Ref. 21 once more illustrates the correctness of the conclu-
sions of Refs. 34, 35.

-InS

AS/K

-InJ

-\n2

200

Thus, determination of the character of the / level
splitting for UBe13 in the crystal field serves as an experi-
mental criterion allowing us to identify more precisely the
nature of the peak in g(E) at E = E? for this compound. If
the F7 doublet lies above the Fg quartet, then apparently the
Overhauser-Appel model is correct; if the opposite holds,
i.e., £(Fg) >£(r7), then most likely UBeI3 is a "; = 1/2"
NKL with£R =£F.2-16-117

For dense Kondo systems, the degeneracy v = 2/ + 1 of
the / level is lifted by the crystal field and a three-level sys-
tem is formed just as in CeAl3 and CeCu2Si2. The Kondo
temperature is then determined by the following equation72:

' \ v» / TV -{-AcPi \'* / ^K~f~AcFa \v§ P I T
- I I •WV"! . ' I I T7r"i—I""~"~~ I — 6XD — try \ T »/ \ rr+Acpj / \ rK+AcPa / L g (tip)J J

(3.18)
where the subscripts 0, 1, 2 refer to the lowest, first and sec-
ond excited levels; v, is the degeneracy of the ;th level;
v = v0 + v, + v2 (for CeAl3, CeCu2Si2, v0 = vl = v2 = 2),
while ACF| and ACF2 are the spacings between the lowest and
the first excited levels, and between the lowest and the sec-
ond excited levels, respectively; W is the half-width of the
conduction band. Within the framework of the theory in
Ref. 72, for high temperatures 7> ACFi, ACF2 it is expedient
to introduce a conduction-band Kondo temperature T^:

* I (3.19)
v* (£*)/_!'

This expression also applies in the cases TK > ACF|, ACF! or
ACF| = ACF2. As the temperature decreases to the region
~ ICF, . ACF, for TK < ACF,, ACF2 4 W, we have

W \v,/v.

FIG. 11. Temperature dependence of the specific heat C for CeAl3.'" The
dashed lines show calculations of the low-temperature contribution to the
specific heat from the Kondo effect with "j =1/2," and the high-tempera-
ture Schottky-type contribution from the/ level split by the crystal field
(CF).

(3.20)

From formulae (3.19) and (3.20) we also obtain the for-
mula TK = (rKACT|-ACF2)1/3, already given above for
CeAl3) CeCu2Si2 and other NKLs with ACFi, ACp2 > 3"K and
v0 = YI = v2 = 2. Thus, in "j == 1/2" NKLs of the type
CeAl3, CeCu2Si2 there are two Kondo temperatures—rK

and TK, each of which is a characteristic energy parameter
within its temperature interval.

Data on the Hall effect for NKLs54'59"61 can be used to
estimate the Fermi velocity VF , wave vector k F and effective
mass m* (see Table II). For CeCu2Si2, the Hall concentra-
tion for r=100°K amounts to n(100°K) = 1.4
X1022 cm"3, which is close to the corresponding value for
LaCu2Si2 and to the value of 1.34X 1022 cm"3 found from
the condition that in CeCu2Si2 there is one electron per unit
cell, that is the conduction band is half-full.

According to Landau's Fermi-liquid theory,109 the
strong interaction between electrons as J-»0 does not
change the magnitude of the wave vector kf. Taking this
circumstance into account, and assuming that the Fermi
surface is spherical, we have

«-||. (3.21)

According to formula (3.18) for CeCu2Si2, we find that
kf = 0.745 X 10s cm"1 and, consequently,
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hkp = 1.08.10' cm/s,

= 47 K.

(3.22)

(3.23)

(3.24)

The estimates so obtained differ in certain ways from the
analogous estimates in Ref. 120. However, it must be kept in
mind that both sets of values for k F, m *, VF , T £ are correct
only to an order of magnitude, since they were derived using
many simplifying assumptions. It is interesting to note that
the parameters m%, VF, T% in NKLs differ by 2 orders of
magnitude from the corresponding parameters for normal
metals; the Fermi velocity, for example, in CeCu2Si2 turns
out to be even smaller than the sound velocity vs

=;2xl05 cm/sec. To interpret the Hall anomalies for
NKLs,49'54'59-61'80 it is natural to suppose that the contribu-
tion from heavy fermions with /n*~(102-103)m0 to the
Hall voltage in fields H < 50 kOe is negligibly small, if in
addition to the heavy fermions there are also mobile elec-
trons with effective masses mf<m0<m£. Assuming that
the total concentration of light and heavy electrons does not
depend on temperature, i.e., n(m*) + n ( m f ) = const, the
low-temperature growth in the Hall coefficient R H ( T ) (see
Fig. 5) can be related to a reduction in the concentration of
mobile electrons as the temperature decreases from T^> TK

to T<£, TK. According to this interpretation, the low-tem-
perature anomalous growth of R H (7") is a consequence of
the increase in the effective mass of a significant fraction of
the Fermi electrons due to the formation of the ASR with
^R = EF-

An alternative interpretation of the anomalies in
R H ( T ) in NKLs is based on the presence of enhanced non-
symmetric scattering77 ("skew scattering") in NKLs. The
Kondo spin compensation in CKSs leads to an increase in
the density of electrons with nonzero orbital angular mo-
mentum / > 0 in a "Kondo cloud" around the magnetic
centers, and likewise to a growth in the correction to the Hall
coefficient because of nonsymmetric scattering.121 The the-
ory constructed in Ref. 121 gives a rather good description of
the available experimental data,48'54'59-61'64'65-78-80 including
the change in sign of R H in CePd3,

78'79 the growth in \RH\
for NKLs48-54'59-61'64'65'80 and the sign RH (4.2 °K) > Oof the
Hall coefficients in CeCu2Si2, UBe,3, CeAl3, and CeCu6. The
growth of the low-temperature values of R H (T) for the al-
loys Cex La, _ x Cu2Si2 and Ce^ La, _x A13 forx-> 1 (see Fig.
5), from this point of view, reflects the increase of the ASR
as we approach the NKLs CeCu2Si2 and CeAl3.

Thus,the basic difference between the Kondo-impurity
and Kondo-lattice systems is contained in the magnitude of
the ASR: whereas for the Kondo impurity systems the ASR
amplitude is small compared to the unperturbed density of
states, in NKLs the ASR acquires a gigantic amplitude.

The width of the ASR is determined by the Kondo tem-
perature TK - r-10°K [see also (3.18)-(3.20)], which
for NKLs at low temperature is several orders of magnitude
smaller than the electron-gas degeneracy temperature of

normal metals. Therefore, in NKLs the effective mass of the
heavy fermions must attain values of ( 102-103)m0.

The position of the ASR relative toEF depends on the
magnitude ACF of the crystal-field splitting and on TK . For
"j = 1/2" CKSs with ACF > TK , the ASR for T< TK ^ T^
forms exactly at the Fermi level. Thus, we expect that to
create a giant density of states at the Fermi level it is also
necessary to have a CKS in which the lowest state split off by
the crystal field is a doublet, and in which the condition
ACF>7"K ^r^KY-Thatis,^ ~Ar

A,i.e.,theconcentration
of Kondo centers is large; however, the indirect magnetic
exchange interaction between magnetic ions must be sup-
pressed while the resonance itself lies at EK = Ef .

In fulfilling the condition TK > jTRKKY in CKSs, a fun-
damental role is played by two requirements — the
exchange interaction / (under the assumption that
v = 2j + 1 = const) must be strong enough to guarantee
that the exponential dependence (1.1), which determines
TK , can win out over the quadratic dependence of rRKKY on
/, and also the degree of degeneracy v of the / level it-
self.72'122 The critical value /c found from the condition
TK. (Jc ) = TRKKY (Jc ) (S£e Figs. 1,4), according to Ref.
122, must reduce to zero as v-» oo , i.e., for a very large num-
ber of projections —j^m^J the local Kondo spin fluctu-
ations which lead to spin flips for all m win out over the
magnetic inter-center RKKY interaction even for arbitrar-
ily small values of/.

Comparing the low-temperature properties of "j = I/
2" NKLs (see Table II) with the properties of normal met-
als, we can see differences of 2-3 orders of magnitude for
those quantities which are directly connected with the exis-
tence of a peak in g(E) for E = Ef . This circumstance al-
lows us to regard "j = 1/2" NKLs as a new class of metallic
systems, in which low-temperature Kondo-type interelec-
tron correlations, which correspond to a certain effective
attraction between electrons, lead to the formation near EF

of a narrow ASR of gigantic amplitude. To first approxima-
tion, NKLs for T^TK can be studied as ensembles of A^
noninteracting Kondo singlets. Estimates of x ( 0 ) , 7 ( T— 0 ) ,
71? , wf and the Hall coefficient R H ( T) using such a model
gives values which agree to an order of magnitude with the
corresponding experimental data. For a more adequate de-
scription of the low-temperature properties of NKLs, it is
necessary to include coherent Kondo spin fluctuations for
T<Tcoh <TK.

3.5. Coherent effects in nonmagnetic Kondo lattices for

For sufficiently low temperatures T< Tcoh we can ap-
ply Bloch's theorem to a periodic CKS, i.e., a Kondo lattice;
that is, in a system of periodically-located Kondo centers,
coherence effects among the Kondo spin fluctuations must
arise. When these coherence effects are present, the heavy
fermions form a band with a well-defined dispersion law
£(k), characterized by the presence of a very large value of
the effective mass. To investigate the distinctive features of
the transformation of the Fermi surface when a heavy-fer-
mion band forms, Martin123'124 has suggested that we use the
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FIG. 12. (a) Low-temperature Rondo spin fluctuations leading to the
formation of an ASR near Ef and to an increase in the effective mass of
Fermi-level electrons.2 (b) Behavior of the density of states (right) and
energy spectrum (left) for a nonmagnetic Kondo lattice.'" The scale TK

is magnified for clarity; the left side shows schematically the dispersion
law for two directions in the Brillouin zone; along one of them, there are
no massive Fermi-level electrons, while along the other the electrons are
massive; all told, the behavior of the density of states in a nonmagnetic
Kondo lattice is the same as for a system of Kondo impurities, except for a
gap at EF which is a consequence of the periodicity of the Kondo centers.

local minimum for E = EF in the background ASR does
remain (see Fig. 12b). The appearance of fine structure in
the ASR is connected with the transition from the incoher-
ent Kondo-singlet regime for Tcoh < T< TK to the regime of
coherent NKL Kondo fluctuations for T< Tcoh. Apparent-
ly, we can compare the local gap in the ASR with the Cou-
lomb gap129 in an impurity band in doped semiconductors—
in both cases a reduced density of states at the Fermi level is
connected with electron-electron correlations of the effec-
tive-repulsion type.

Variation in the density of states at the Fermi level in
NKLs as we go to the coherent regime was studied experi-
mentally in Refs. 130, 131. In NKLs the transition to the
coherent regime leads to a decrease in C/T~y~g(EP)
(Fig. 13). The disruption of coherence which accompanies
replacement of cerium in the NKL CeCu2Si2, CeAl3 by yt-
trium and lanthanum130'131 causes a suppression of the sec-
tions of decreasing C/T~Y~g(Ef) (Fig. 13). These ex-
periments show that destroying the periodicity in the
positions of the cerium atoms by dilution with yttrium or
lanthanum130'131 induces a transition to an ASR without a
local pseudogap at the Fermi level: C /T~ const for T < Tcoh.
Based on the data from Refs. 130, 131, we deduce a charac-
teristic temperature Tcoh of roughly TK/10.

The appearance in NKLs of a pseudogap at E — E F, in
agreement with the data of Ref. 118, leads to a sign change in
the thermoelectric-power coefficient within the region
T< Tcoh for CeCu2Si2, CeAl3. In this case also, the loss of
periodicity of the Kondo centers caused by the substitution
of La or Y for Ce leads to suppression of the thermoelectric-
power anomalies around 7"K/10.5)

For the NKL CeAl3 the transition from the incoherent
regime to the coherent regime is accompanied by a change in

Luttinger theorem. A heavy fermion (Fig. 12) can be con-
sidered as a kind of "mixed" combination of localized /
states and Fermi sd electrons. The formation of such a state
on the one hand leads to effective suppression of the local
magnetic moment of the / shells due to the rapid spin fluc-
tuations; on the other hand it causes a sharp increase in the
mass of the Fermi electrons themselves due to their signifi-
cant "mixing" with the localized / electrons.

Significant anisotropy is predicted for a periodic sys-
tem, i.e., an NKL (Fig. 12b): for some directions of the
quasimomentum k there must occur a sharp increase in the
effective mass of the Fermi electrons, while for other direc-
tions the change in the dispersion law is very small. 123~125 As
a result, in NKLs with T< Tcoh we expect that a local gap
will appear at the Fermi level.123"128 If there is exactly one
electron in the conduction band of a NKL for each magnetic
center («m = 1), then a situation is possible where for
T< Tcoh < TK each electron forms a quasibound singlet state
at "its" Kondo center, and then, apparently, the pseudogap
at EF must become a real gap. The authors of Refs. 126-128
are led to the conclusion that NKLs with «m = 1 are insula-
tors for any 7,126'127 or only for J>JC.12S For nm =£\, an
isolating gap at the Fermi level does not form; however, a

1.1
1.0

0.8

0.6 -

1.0

0.8 -

0,6 -

0.5 T,K f.O
-3, A -4 , v -5

FIG. 13. Temperature dependences of the specific heat C for CeCu2Si2

(a), Ce0.8Y02Cu2Si2 (b), Ce0„Lao2Cu2Si2 (c) in a magnetic field
#(kOe) = 0 ( 1 ) , 10(2), 20 (3), 40 (4), and 80(5).130-131
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sign of the thermal expansion coefficient.132 As a result of
this, for T< 1 °K the electronic Griineisen parameter is neg-
ative: flG (CeAl3) = — 200. By comparison, in the normal
phase of 3He, fla = - 1.1 (/> = 0) and fiG = -2.5
(p = 32 bars).

Thus the Fermi-liquid behavior of the electronic system
in the normal NKL CeAl3 is qualitatively analogous to the
behavior of liquid 3He in its normal phase.

3.6. Compounds with variable valence as concentrated
Kondo systems with high Kondo temperatures

In the NKL CeCu2Si2, under the action of pressure
there occurs a transformation of the temperature depen-
dences of the resistivity from the curves p (T) with Kondo
growth in p, a maximum at T= T(^L = 10 °K and Fermi-
liquid decrease in p according to Ap =AT2 for T< T^x

(Fig. 14) to dependences o f p ( T ) (/»40kbars) with me-
tallic behavior of p (T) over the entire range of temperature
T5 300 °K.133-135 An analogous change in the dependence
ofp ( T ) under pressure is also seen in CeAl2,

136 Celn3,'
37 and

as a function of composition x in CeCRhjjPt, _x )3,
138'139

Ce(In1_xSnx)3,140 CeCSn.Pb, _ x )3,141

CeCRhj _ x Rux )2,142 and Ce(Nix Cu, _ x )3.
143 Usually such

a transition in a CKS is treated as a transition CKS—to—
IVC—to—a metal with cerium in a quadrivalent state. It is
assumed that external pressure or controlled variation in
composition significantly changes the position of the / level
itself relative to EF (Fig. 15a), from integer valence of the
RE (the CKS regime) through a nonintegral RE valence
(the IV regime) to a normal metal with an empty 4/ shell.
However, serious difficulties have been encountered recent-
ly when this model (the "promotion model") is used to in-
terpret a whole range of experimental data. Let us assume
that the IV anomalies which appear in "weak perturbation"
experiments (i.e., measurements of magnetic susceptibility,
specific heat, thermoelectric power, resistivity, Hall coeffi-
cient, etc.) are connected with coincidence of the narrow 4/
band with the Fermi level, and let us use the width A4f and
position (Ef-Eu) of this band as fitting parameters. Then a
satisfactory description of the results of the "weak perturba-
tion" measurements is obtained only for values A4f <0.01

FIG. 15. A schematic illustration of the behavior of the density of states in
a concentrated Kondo system.16 (a)—the "promotion model"; the peak
\ng(Ep ) is explained by the coincidence of the 4/ band with the Fermi
level, (b)—the new model in whose framework the peak g(ET) is an
Abrikosov-Suhl resonance; the 4/ band itself lies appreciably deeper be-
low EF, and has greater width.

eV and Ef^E4(. In addition, for various cerium IVCs the
valence states of cerium y(Ce) must include the entire range
from 3 to 4 in this case. However.the values of A4f, EF — EM

and v (Ce) estimated in this way are found to be in contradic-
tion with the data obtained with the help of spectroscopic
methods, in which the system under study is rather strongly
perturbed. In these "strong perturbation" experiments, the
cerium valence y(Ce) in metallic CKSs never exceeds the
value v(Ce) = 3.25 to 3.29,46'144'145 while a considerably
larger width A4f of (0.1-1.0) eV is obtained along with a
submergence depth Ef - E4f ~ 1 - 2 eV.98-104-146-147

What are the actual parameters of the 4/ band? Does
the feature in the density of states coincide with the Fermi
level and have a width of 0.1 eV, or is this feaure located far
below Ef and broadened to A4f ~ 0.1 — 1.0 eV? As the de-
tailed analysis given in Ref. 2 shows, both groups of experi-
ments mentioned above reflect the actual state of affairs: in
both "weak perturbation" measurements and spectroscopic
experiments it is clear that there are two different features in
the density of states: a narrow band near EF, which is the
ASR, and a band with width 0.1-1.0 eV lying 1-2 eV below
EF, which is the 4/ band itself (Fig. 15b). This interpreta-
tion removes the contradiction between the spectroscopic
data and data obtained in "weak perturbation" experiments.

FIG. 14. Temperature dependences of the resistivity p (T) for two
samples of CeCu2Si2 (A, B) under pressure.135 The low-tempera-
ture regions of all the curves of p ( T ) are well linearized in the
coordinates p, T2.

100
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The character of the temperature variation p( T) (see
Fig. 14) in CeCu2Si2 under pressure, which usually is treated
within the framework of traditional models as a transition
from NKLs to IVCs, actually admits an alternative interpre-
tation: the pressure-induced transformation of the curves
p (T) is a consequence of a shift in the maximum of p ( T ) to
the right on the temperature scale (see Fig. 14). In this case
the Rondo temperature increases from 8 °K< ACF at/? = 0
to TK - 300 °K> ACF for p > 100 kbar. In such a situation
the metallic behavior of p(T) for p> 100 kbar can be re-
garded as the region A/o =AT2 observed below the maxi-
mum mp(T), which for high pressures shifts into the region
T> 300 °K and is no longer visible for T< 300 °K. The tran-
sition induced by variation of the external parameters from a
"j = 1/2"CKSwithTK<ACF and£R =Ef to&"j = 5/2"
CKSwithrK >ACF and£R ^EF leads to a shift in the ASR
relative to EF which also imitates the CKS-IVC transition
in which the 4/ band itself actually is shifted very insignifi-
cantly while the ASR experiences a significant shift
(see Fig. 15).

One of the weightiest arguments in support of viewing
IVCs, or at least cerium-based IVCs, as CKSs with high
Kondo temperatures TK > ACF is the existence of a limiting
valence for cerium in metallic systems: u(Ce)<3.25-
32945,144,145 (according to tne data of Ref. 148,
v(Ce)<3.40). Since in order to describe data obtained from
"weak perturbation" experiments used to study cerium
IVCs, the narrow peak in the density of states must be placed
somewhat above Ef,

2 this would give a value of cerium va-
lence in these compounds of 3.5-4.0 if the peakg(£F) were
connected with the 4/ level itself. It is obvious that the latter
assumption contradicts the data on y(Ce).46ll44'145>148

Does all this imply that there are no IVCs in general? Of
course, one cannot answer this question affirmatively, since
it is well-known23'37'149-150 that when a certain predeter-
mined relation between A4f and Uis fulfilled (in the case of
nonintegral valence), the ASR and 4/ band merge into a
single peak near EF, i.e., for small concentrations of nonin-
teracting 4/ impurities a regime of intermediate valence
clearly exists. However, in going over to concentrated sys-
tems a state with essentially nonintegral valence can turn out
to be thermodynamically unstable relative to a transition of
the rare earth element to an almost integral valence state.
Such a transition can be a consequence of the tendency to
establish such a valence of the RE, which would ensure the
maximum gain in free energy due to Kondo condensation
processes. If this transition is discontinuous, it is called a
"Kondo collapse." 50'51 It is interesting that, for example, in
metallic cerium the "ejection" of the 4/ band above the
Fermi level is not possible even in the case of strong hydro-
static compression at/><200 kbar, because it is more advan-
tageous (due to lattice reconstruction) to retain the 4/ level
some distance below EF, so as to have the optimal gain in
free energy for each reconstruction due to Kondo condensa-
tion.

Thus, in a number of cases it is more appropriate to
describe cerium "IVCs" as "j=5/2" CKSs with a
TK > ACF and an ASR which is 1/6 occupied and thus lies

above E F. For these compounds, the traditional terminology
"IVC" does not reflect adequately the essence of the pro-
cesses which determine the nature of the peak near Up.
Therefore it seems expedient to introduce a new term—
"j = 5/2" CKSs, or high—TK CKS—which would under-
line the nature of the feature ing(EP) as an ASR arising as a
consequence of Kondo spin fluctuations.

A more detailed investigation of IVCs as CKSs with a
high TK can be found in Ref. 2.

4. SUPERCONDUCTING KONDO LATTICES

4.1. Superconductivity in CeCu2SI2

One of the surprising properties of the NKL CeCu2Si2 is
heavy-fermion superconductivity, discovered in 1979 by
Steglich and coauthors.5 Using the phase diagram of mag-
netic properties obtained for the alloys CexLa1_;tCu2Si2

(Fig. 6), one can trace the genesis of the unusual properties
of CeCu2Si2 as it goes from a normal metal (x = 0) to a
NKL (x=l ) . The crossover regime—from magnetic
CTK < rRKKY) to nonmagnetic (TK > rRKKY) (see Figs. 1,
4)—leads to the situation that in these alloys for *-» 1 the
Kondo spin compensation dominates over the tendency to
magnetic ordering via the indirect RKKY interaction.
Therefore, the temperature of the magnetic transition (Fig.
16) falls sharply as n-» 1 and polycrystals of CeCu2Si2 with
giant ASRs go into the superconducting state. A supercon-
ducting transition is accompanied by a jump in the specific
heat, the appearance of anomalous diamagnetism and the
reduction of the resistance to zero at T = Tc.

5 It should be
noted that the jump in specific heat at T = Tc is of the same
order of magnitude as the specific heat of CeCu2Si2 up to the
transition, i.e., it is specifically the heavy fermions that are
responsible for superconductivity in CeCu2Si2.

FIG. 16. Phase diagram of the magnetic and superconducting properties
of the alloys Cex La, _ x Cu2Si2 for 0<*< 1 and CeCu2Si2 at pressures up to
13.4kbars.17l54P denotes the paramagnetic phase, S the superconducting
phase and Aft? the magnetically-ordered phase (i.e., a state with frozen-in
spins). The inset illustrates the behavior of the density of states in two
limiting cases: (a) the magnetic case TK <<7"RKKY and (b) the nonmagne-
tic case TK > rRKKY. Starting from the assumption that varying the cop-
per content in CeCu2Si2 is analogous to varying the pressure, we also
present the data from Ref. 157 (1—a sample with a copper deficiency)
and Ref. 155 (2—a sample with a copper excess).
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FIG. 17. Curves of the critical fields #t.2 ( T c ) for H||<lc (/—current, c—
tetragonal axis) for monocrystalline CeCu2Si, for various pressures (in
kbars): 2.2 (1 ) , 3.3 (2), 3-5.0 (3) and 12.0 (4).56

Under hydrostatic compression of CeCu2Si2, along
with increasing x in the series Ce^ La, _ x Cu2Si2, there oc-
curs an increase in the Kondo temperature TK. Therefore,
on a phase diagram of magnetic and superconducting
properties (Fig. 16), the variation of TM for the alloys
Ce^La, ,,Cu2Si2 and Tc for the boundary compound
CeCu2Si2 under pressure can be studied on a single x — p
scale, along which a displacement from left to right increases
the magnitudes of/ and TK. Knowing the rate of displace-
ment of the low-temperature maximum in/? (7") atr= r^
under pressure and for variation of composition, the scale
along the pressure axis (Fig. 16) can be chosen so that it
ensures equality of the derivatives dT^L /<%» and dT^ /dx.

On the phase diagram (Fig. 16), the NKL CeCu2Si2 lies
in a narrow critical region corresponding to the transition
from the magnetic state to superconductivity. This circum-
stance leads to a strong dependence of the properties of
CeCu2Si2 on external parameters—pressure, changes in
composition and even on the method of preparation and sub-
sequent thermal treatment. Stoichiometric single crystals, as
opposed to polycrystalline samples, do not enter the super-
conducting state at normal pressures, at least in the range of
7>0.02°K,48'49-56'95'151-154 but become superconducting
only when a pressure/>>! kbar is applied [Fig. 16: depen-

dence rc ( p ) ] . At the same time, single crystals of CeCu2Si2

grown from a composition with excess copper become super-
conducting even atp = 0 for Tc = 0.5-0.65 K.120-153-155-157

Data obtained in Ref. 156 give additional information
on the characteristic behavior of the functions TM (x) and
Tc (x,p) (Fig. 16) near x = 1; for single-crystal CeCu2Si2
with excess copper (i.e., with large values of/and TK) one
observes re-entrant behavior in a constant magnetic field as
the temperature falls, pointing to the possibility of an inter-
section of the functions TM (x) and Tc (x,p). This implies
that the magnetism of the Kondo—reduced LMM (local
magnetic moment) in NKLs can in principle exist along
with heavy-fermion superconductivity.

An investigation of the curves for the critical field
HC2(TC) in CeCu2Si2 (Fig. 17) shows that the derivative
— dHc2/dT(T= T c ) is anomalously large, while the ratio

#C2 (0)/rc (0) for rc=;0.5 K exceeds by more
than a factor of two the paramagnetic limit (Table
III) '5|.'52,48,49,56,120,155, ise

In the limit l^£0 ( / is the mean free path and £„ the
coherence length), the quantity d//c2 /dTat T = Tc is deter-
mined by the product of the electron specific heat coefficient
and the residual resistance p0:

AH,
r=r.

= 5.26.10
*cm

^•)/>o(Ohm-cm). (4.1)

An estimate using formula (4.1) gives the values 100-200
kOe/°K, which is in good agreement with the experimental
data (see Table III). The correlation between the giant value
of y and — d//c2 /d T( T = Tc), just as the value of the jump
AC in specific heat at T = Tc, shows that superconductivity
in CeCu2Si2 is connected with the heavy-fermion system
formed by the narrow (~10°K) ASR. The high critical
field Hc2 (0), which is proportional to the inverse Fermi ve-
locity (vf) ~', indicates that y£ in CeCu2Si2 is anomalously
small (see Table III).

The typical superconducting characteristics of
CeCu2Si2 are determined in Ref. 120 for samples with very
low residual resistances /o0=3.5 ^fl-cm: £0=1.9
X10 ~6 cm, the London penetration depth A = 2 X 10~5 cm,

TABLE III. Characteristics of heavy-fermion superconducting systems compared with the "nor-
mal" superconductor Sn.

Super-
conductor

CeCu.Si,

UBe13

UPt3

Sn9*

)'(r- 0)
mJ/mole'K:

1050 "5

1000 6

1100'

4501°
422 »'

1,78

T;,°K

0.04—0.6 m

0.56

0.85'

0.541°
0.521"
0.49 i9'

3.733

'kOe

10—18"

130 i'4

> 16 i"

0.3

'"kOe/'K

20—40 6e

150 i'4

> 32 i"

0.08

,

kOe/°K

100-25056

60 120
257'
350 "«
275 "»
63"'
44197

0.14

/l, A
4 ,̂1, A 1 ( London

(cohe,
ence

length)

190120

142 173

1201"
1701"
200 18'

penetration
depth)

2000 12»

142 i"

3600 19'

W. , Oe
(lower
critical .
field)

23120

22 19'
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the mean free path / = 1.2 X 10~6 cm, the lower critical field
Hcl s:23.3 Oe. The data presented must be considered as
estimates, since they vary from sample to sample; in addi-
tion, simplifying assumptions were used to obtain them. For
example, it was assumed120 that for low temperatures the
anisotropies in CeCu2Si2 decrease and become negligibly
small. This assumption contradicts the available experimen-
tal data154'157 for single-crystal CeCu2Si2, in which the low-
temperature anisotropy of the resistance in the basal plane
compared to the resistance perpendicular to it equals 3-4.

4.2. The effects of pressure and controlled compositional
variation on superconducting and normal characteristics of
CeCu2SI2

The effect of pressure on the properties of the NKL
CeCu2Si2 was studied for the first time in Refs. 48,49,54,56,
134, 151, 152, and later by Bellarbi and coauthors.135

Since the properties of CeCu2Si2 vary significantly from
sample to sample, there is interest in analyzing data obtained
from measurement of the various characteristics on the same
sample, using pressure as an external parameter (Fig. 18).
Enhancements in the low-temperature anomalous Hall coef-
ficient and thermoelectric power coefficient are observed
when pressure is applied; the Hall coefficient R H (4.2 °K)
and thermoelectric power coefficient S ( T ) = T^r pass
through maxima at roughly the same pressures at which the
values of Tc and Ha (0) attain their maximum values. This
correlation in the variation of normal and superconducting
properties with pressure indicates that the ASR apparently
has its maximum amplitude at a pressure of 4-5 kbars.

In order to interpret the data obtained for CeCu2Si2

under pressure, it is necessary to take into account the fol-
lowing facts:2'117

1. As suggested by spectroscopic data,99'100'103'158 the
variation in / and TK for cerium CKSs occurs, apparently,
in large part, because of changes in the hybridization of the
4/ and sd states. For CeCu2Si2 this hybridization depends

p, kbar

FIG. 18. (1 ) Variation in the Hall coefficient R H (T = 4.2 °K); (3) the
value of the thermoelectric power coefficient at the low-temperature ex-
tremum (minimum or maximum; see Fig. 6) and (2) the superconducting
transition temperature Tc, in the series Ce, La, _ x Cu2Si2, and in
CeCu2Si, under pressure.16-17

essentially on the position of the 3d band of copper relative to
the 4/ level.99

2. Occupying an intermediate position between magnet-
ic and nonmagnetic CKSs, the compound CeCu2Si2 must be
very sensitive to contributions to the free energy from
Kondo condensation processes, which can lead to enhance-
ment of the effectiveness of the phonon mechanism of attrac-
tion between heavy fermions.159

3. Variation of TK under pressure can lead to a shift in
the characteristic temperature rcoh and, consequently, to a
pressure dependence of the parameters which give rise to the
local gap formed at the ASR for E = EF in the coherent
regime T^Tcoh.

4. Under compression, it is possible to decrease the
magnitude of the 4/ level splitting in the crystal field, due to
the pressure-induced decrease in the anisotropy. This effect
in turn affects the relation between TK and ACF, and in-
fluences the position of the ASR.

5. We also cannot exclude from the investigation the
pressure dependence of the number of electrons nm at a mag-
netic center, since the depth of the pseudogap at the ASR for
E = Ef depends on nm.

Unfortunately, the available experimental data do not
allow us to determine what factors are dominant. Neverthe-
less, the behavior of Tc under pressure can in general terms
be interpreted in the following way157: the growth of Tc in
the region p < 5 kbar (see Figs. 16, 18) is due to the sharp
decrease in the pair-breaking factor160 in this range of pres-
sure, which can be related to the enhancement under hydro-
static compression of Kondo screening of the magnetic mo-
ments of the cerium ions. Since the spins which are not
entirely compensated hinder the appearance of supercon-
ductivity, the growth in Tc in the region/? = 0-5 kbars must
be interpreted as the critical temperature Tc "tracking" the
process of increasing TK: dT^/dpzzdT^/dp -0.7 °K/
kbar. This value is of the same order of magnitude as the
derivative dTc /dp = 0.1-0.2 °K/kbar. The saturation of Tc

( p ) f o r p > 4-5 kbar apparently is due to the fact that in the
range/? > 5 kbar the Kondo spin screening is extremely effec-
tive, and the fully compensated magnetic ions no longer have
any effect on !TC.

In Ref. 135 the influence of pressures up to 80 kbars on
Tc was investigated for samples of CeCu2Si2 with excess cop-
per, and it was observed that in the interval 25-40 kbars Tc

increased up to 1.8 °K. It is not possible as yet to relate this
large value of Tc with heavy-fermion superconductivity in
any definite way, since in Ref. 135 neither dH2/dT for
T = Tc nor the electronic contribution to the heat capacity
were measured. Therefore, it is possible that the growth in
Tc for p in the range 25-40 kbars is related to a structural
transformation to a phase similar to LaRh2Si2. We note that
the compound LaRh2Si2 is a superconductor with
T= 3.8 °K.161 The hypothesis that a structural transforma-
tion is possible is partially confirmed by the change in the
character of the superconducting transition: whereas in the
range p < 19 kbars the width of the transition is very small
(Arc = 0.04-0.08 °K), forp = 25-40 kbars AT; ~ 1 °K.135

The superconducting characteristics of CeCu2 + g Si2
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are very sensitive to the deviation S from stoichiome-
try.' For example, a variation of S ~ 1 % for copper
decreases Tc from 0.67 °K to Tc <0.07 °K. For copper, the
dependence Tc (S) appears to be the same as the pressure
variation of the critical temperature T c ( p ) (see Figs. 16,
18). Variation of the copper content affects the residual re-
sistance: p0 = 3-10 /ifl-cm for 8= +(l-3)%, while
pQ = 50-80 /zil-cm for S = - (1-3)%. Replacing Ce, Cu,
Si in CeCu2Si2 by other elements produces analogous vari-
ation in the degree of departure from stoichiometry. In
studying the substitutional solid solutions Ce, _ x Mx Cu2Si2

(M = La,Y,Sc), Ce(Cu,_ x T x ) 2 Si 2

(T= Ag,Au,Mn,Ru,Rh,Pd) and CeCu^Sl.Ge, _x )2 it
was established that in all cases substitution of an original
element by another element led to a decrease in Tc. The
critical concentration xc corresponding to complete sup-
pression of Tc varied in the range 0.5-10 at. %. For the alloys
Ce, _^MJtCu2Si2 the value of xc was larger the closer the
lattice constant a in Ce0 8 M0 2 Cu2Si2 was to the value of a for
CeCu2Si2, i.e., the larger the chemical compression, the
smaller the value of xc. Thus, there is a definite correlation
bet ween xc and 7"K as estimated by the position T^b of the
maximum in p (T).162

In analyzing these data, it is necessary to take into ac-
count the following factors. First of all a decrease in the
cerium content in CeCu2Si2 decreases the amplitude of the
ASR. Secondly, according to the calculations of Tachiki and
Maekawa,164 NKLs in the coherent regime T< Tcoh exhibit
a sharp decrease in the Coulomb repulsive energy between
heavy fermions, which facilitates the appearance of super-
conductivity. Therefore the suppression of superconductivi-
ty in HFSs when impurities are introduced—both magnetic
and nonmagnetic—can be treated as a consequence of dis-
ruption of coherence,16'17 since in view of the very narrow
~ 10 °K ASR, we need very small concentrations of impuri-
ties to bring about potential fluctuations A(7~ 7\ ~ 10 °K
sufficient to destroy the coherent state. In this situation, the
larger the difference in the parameter a between CeCu2Si2

and Ce0.8 M0 2 Cu2Si2, the smaller is the value of xc needed to
disrupt the coherence.

In the alloys Ce(Cu, _ x Tx )Si2, in addition to the loss
of coherence, there is also a shift in the d band relative to the
4/ band, which can be quite large. This shift can occur when
T is substituted for Cu since according to spectroscopic
data" the overlap of the 4/ and d bands varies strongly
when Cu is replaced by Ag or Au. As opposed to the 3d band
of Cu, the 4d band (Ag) and 5d band (Au) overlap very
weakly with the 4/ band. Therefore when Ag and Au are
introduced it is possible for/and TK to decrease, leading in
turn to a decrease in Tc. In the alloys CeCu2(Si, _ x Gex )2

replacement of silicon by germanium causes an increase in
the volume of the unit cell,162 which is analogous to applica-
tion of "negative" pressure which decreases Tc.

In investigating single-crystal CeCu2Si2 obtained from
slow cooling of CeCu2Si2 dissolved in an In or Sn melt, it has
been observed157 that replacement of Cu by In or Sn is analo-
gous to shifting the Fermi level upward relative to the 4/
level, i.e., In and Sn act as donor impurities. In copper-defi-

cient samples (i.e., those with an excess of indium or tin) the
value of E F -E 4f grows, which leads to a decrease in /and 7"K

[ see (1.4) and (1.1)]. Therefore, such samples must be lo-
cated on the T — x phase diagram to the left of the stoichio-
metric composition CeCu2Si2. In these samples, as the tem-
perature is decreased, the partially screened local magnetic
moments of the Ce3+ ions are frozen out at TM = 3.5 °K
(see Fig. 16), and the superconducting transition is absent
while the maximum T(J^ ofthecurvep(T) corresponds to a
temperature TK ~8 °K. In samples with excess copper (with
insufficient In or Sn), on the contrary, the magnetic transi-
tion is absent, Tc ^0.5 °K and the value of T^ ~TK rises
tol4"K.

In summary, the peculiarities in the behavior of
CeCu2Si2 mentioned above when the composition and ap-
plied pressure are varied certainly underline the unusual na-
ture of superconductivity in CeCu2Si2; these peculiarities are
connected with the presence of the narrow ASR, which is
very "sensitive" to the influence of various external
parameters.

4.3. Heavy-fermion superconductivity in compounds of
uranium and cerium

From 1979 to 1983, the compound CeCu2Si2 remained
the only example of a superconducting HFS. In 1983, two
new and unusual superconductors were discovered—UBe,3

and U6Fe,165 followed in 1984 by UPt3.
6U° In these com-

pounds based on the 5/ element uranium, characteristic
anomalies occur analogous to those which were observed
earlier in the NKL CeCu2Si2 (see Table HI): a giant elec-
tronic specific heat coefficient, enhanced Pauli paramagne-
tism, a giant derivative of the upper critical field which
correlated with the large value ofpay (4.1), a strong depend-
ence of Tc on magnetic and nonmagnetic doping, etc. It must
be noted that unusual superconducting properties are most
evident in the three HFS CeCu2Si2, UBe,3 and UPt3; how-
ever, there are still other cerium and uranium superconduc-
tors (Tables IV, V) which occupy an intermediate position
between heavy-fermion and normal superconductors.

To elucidate the nature of superconductivity in cerium
compounds, it is of interest to compare their critical tem-
peratures r^e (Table IV) with the critical temperatures 7^a

of the corresponding lanthanum homologues. Fulfillment of
the inequality rjre> T^B (e.g., for CeCu2Si2 and LaCu2Si2)
can be considered a property which is intrinsic to nontrivial
HFS superconductivity. It is possible that CeRu2 (see Table
IV) is also an unusual superconductor from this point of
view.170

For the uranium superconductors (Table V), there is a
noteworthy correlation between y and the U-U spacing
between uranium atoms: the larger the spacing between
uranium atoms, the larger the low-temperature density of
states at the Fermi level. It can be assumed that the above-
mentioned regularity reflects the inverse proportionality of
the dependence of y on TK (3.16), which is fulfilled particu-
larly well for the cerium systems (see Table IV).

There is an analogy between the HFS superconductors
CeCu2Si2 and UBe,3 as regards the temperature dependence
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TABLE IV. Normal and superconducting characteristics of cerium compounds166; T^*,
temperatures of the superconducting transitions of cerium and lanthanum homologues.

Compound

CeRu, 16'-170

CeRu3Si2 "•
CeSn3

 169. m, "2

CeCu2Si2 "•

*P
CGS/mole

0.6-10-3

0.9-10-3

1.5-10-'

6.5-10-3

r
mJ/mole K2

23
39
53

1000

TK. K

770
440
270

10

T°e, K

6.2
1.0

<0,02

0.65

TLa „rc • K

4.1
7.2
6.4

<0.02

of the specific resistivity p( T). The functions p (T) have two
different regions of Kondo growth ofp, characteristic of the
splitting of the / level in the crystal field, i.e., ACF > TK. In
addition, the functions^(T), C(T), andRH(T) are very
similar for the two compounds over a wide temperature
range. Based on the analogy between the low-temperature
behavior of CeCu2Si2 and UBe13, it can be assumed that
UBe13 also exhibits a narrow peak in the density of states at
EF—that is, an ASR; i.e., UBe13 too is apparently a "j = I/
2"NKLwith£R =Ef.

With regard to the set of its low-temperature properties,
UPt3 is strikingly different from CeCu2Si2 and UBe13. First
of all, in UPt3 the Kondo growth in/o is absent, and over the
whole range of temperatures r<300°K the behavior of
p(T) is metallic.10 In the specific heat C(T) ofUPt3 there is
a contribution proportional to T3ln(T/Tft), which is
characteristic of a contribution to C( T) from spin fluctu-
ations.10 On the whole, the temperature dependences of
C(T),p(T)and S(T) in UPt3 are very similar to the corre-
sponding dependences in the magnetic spin-fluctuation
compound UA12.

178>l79 If we do not include the paramagnet-
ic contribution to the magnetic susceptibility and electronic
specific heat coefficient, the Pauli paramagnetism % and y
are proportional to the density of states at the Fermi level. In
connection with this, it is interesting to compare the ratio %/
Y for the three HFS-CeCu2Si2, UBe13 and UPt3. In the first
two compounds, % is enhanced by a smaller factor than y;
this is particularly noticeable in CeCu2Si2. In UPt3, on the
contrary,^ is enhanced almost four times as much as y, i.e.,
in UPt3 there is an appreciable paramagnon contribution to

X; thus, we cannot exclude the possibility of coupling
between heavy fermions via paramagnons.180

The NKLs CeCu2Si2 and UBe13 are characterized by
negative magnetoresistance, while UPt3 has a rather large
positive magnetoresistance. In a field H^90 kOe at
T= 1.2°K, the relative change in magnetoresistance for
these three compounds amounts to 4.5%, 34% and 41%
respectively.181

The comparison we have presented of the HFS super-
conductors CeCu2Si2, UBe,3, and UPt3 shows that UPt3 is a
compound in which spin fluctuations make a large contribu-
tion to the various low-temperature characteristics. Such
compounds seem to prefer ferromagnetic pairing; based on
this point of view, we conclude that of all the well-known
HFS superconductors UPt3 is the one in which triplet pair-
ing is most likely to occur.

4.4. On the nature of the unusual superconductivity of heavy-
fermion systems

In a normal BCS superconductor, for T< Tc a nonzero
gap A(k) opens up for all directions of k in the Brillouin
zone. Therefore, in experiments which measure the elec-
tronic specific heat C(T), the ultrasonic absorption ct(T),
the rate 1/T, of spin-lattice relaxation measured by NMR
and the electronic contribution to the thermal conductivity
Ke(T), an obvious exponential dependence appears in the
temperature dependence of (7(2"), a(T), l/Tt(T) and
Ke (T) below the critical temperature Tc. In all HFS super-
conductors, instead of the usual exponential dependence be-
low Tc, these parameters exhibit a power-law

TABLE V. Physical properties of uranium superconductors.9

Compound

UBe13 ',i«-i«
UPts

10. "«. "'

UjPtCj •'
U.Fe i"
a-U»7

rc/K

0.8—0.95
0.5

1.47
3.8
2.1

-dffa/dT,
(T=T,),
kOe/°K

257—440
63 (H || c)
40 (HJ_c)
90
34
?

r
mJ/mole °K2

1100
450

75*)
25 •)
12

x> io-4

CGS/mole

151
89

15—22 *)
5,0*)
3,7

Spacing
between
uranium
atoms, A

5.13
4.1

3,52
3.2
3.12

''The values of y and^ are calculated per uranium atom for convenience in comparison with the rest
of the compounds, which contain one atom of U or Ce.
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o
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FIG. 19. Temperature dependences of the specific heat for CeCu2Si2 for
H = 0 and H = 20 kOe. "* The reduction of the superconducting gap to
zero follows a straight line for 7"< 7~j. if we use the coordinates C/T and T.

temperature dependence (Figs. 19, 20); for CeCu2Si-,,
cm~r2(r<7;), and cm-r'cr^T;)"s

; " f/
'0 (T) ~T2(T4T>. ) M t l - l 7 s

; in UBe,3,
V*4 Ke(T)~T2(T4Tc),

]1* l/r.-r3185; in
upt,, c(n~r,--31(U7K A-em~:rv78 and «(n
_^: i 5 . i 2 x -phe absence of an exponential dependence is a
sign of a vanishing superconducting gap A ( k ) along certain
directions of the vector k. Let us recall that vanishing of the

r T" 3 1 N 2 . I K 1
I ~ Y ,

Temperature, °K

FIG. 20. Temperature dependences of the rate 1/7", of spin-lattice relaxa-
tion of'BeinU, ^Th.Be,, (x = 0,x = 0.033). ""The arrows denote the
location of the superconducting transition temperature in a field H = 15
kOe. The dependence 1/7", ~ T3 corresponds to the superconducting gap

) going to zero along some curve on the Fermi surface.

gap A ( k ) at certain points of the Fermi surface leads to the
following power-law dependences for T^TC:C(T) ~T3,
a(T)~ T\ l/T, ~ T5, Ke(T)~T3; while the vanishing of
the gap along some curve on the Fermi surface must be ac-
companied by the existence for IX Tc of power laws of the
formCm~r2 ,am~r2 , l/T}~T\Ke(T)~T2.

The vanishing of the superconducting gap in the HFS
CeCu2Si2, UBel3, and UPt3 points to the unusual character
of superconductivity in these compounds. In systems with
strong electron-electron correlations (including all the
HFS) which contain / electrons with a Hubbard repulsion
of U~ 8 eV, in place of the usual BCS coupling of two s
electrons with opposite spins it turns out to be more advanta-
geous to couplep or d electrons, i.e., electrons with nonzero
orbital angular momentum / ^0; this includes the cases of
singlet (5 = 0) and triplet (5=1) superconductivity.

If we ignore the real crystal structure and assume that
the heavy fermions form an isotropic Fermi liquid, in order
to describe the superconducting properties of isotropic sys-
tems with /(-pairing we an use results obtained for liquid
3He.187'188 In addition to phase A (the Anderson-Brinkman-
Morrel (ABM) phase) and phase B (the isotropic Balian-
Werthamer (BW) phase) which appear in 3He, there is also
a polar (P) phase and a planar (PL) phase which corre-
spond to local minima of the free energy. The squared modu-
li of the superconducting gaps for all these phases are
given by the relations &\BM(\—K2

Z), ABW, A2, A:2 and
ApL (1 — k I ) respectively. It is clear that for the polar phase
the superconducting gap vanishes along a curve passing
through the equator, while for the ABM and planar phases
the superconducting gap reduces to zero at two points
(kz = ± 1) corresponding to the poles.

Thus, on the basis of a comparison with the superfluid
phases of 3He, we can conclude that the HFS superconduc-
tors UPt3 and CeCu2Si2 "resemble" the polar phase, since
for these compounds the character of the variations of C( T),
a(T), Ke(T) and \/Tt(T) points to the vanishing of the
superconducting gap along a curve for T<,TC. However,
such a comparison cannot be entirely correct, since for all
well-known HFS superconductors, as opposed to 3He, the
spin-orbit interaction is very strong, and consequently the
spin is not a good quantum number, so that in the majority of
cases the total magnetic momenty is "operative," this vector
"catches" on lattice modes and rotates with the lattice as the
symmetry changes.''•l89 This circumstance allows us to con-
duct a symmetry-based analysis of the possible supercon-
ducting classes for systems with cubic (UBe13), hexagonal
(UPt3) and tetragonal (CeCu2Si2) lattices."'189-'91

Gor'kov has shown190 that in order to identify the supercon-
ducting classes which can occur in HFS superconductors
data can be used from the angular dependence of the upper
critical field Hc2 obtained by rotating the vector H perpen-
dicular to the high-symmetry axes. For triplet supercon-
ducters with S = 1, in the case of tetragonal symmetry (Ce-
Cu2Si2) the presence of significant anisotropy of the fields
Hc2 is predicted with a fourfold symmetry axis for
Tc — T4TC,}9° and also the possibility of a spontaneous
magnetic moment appearing in a superconducting transi-
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tion189 (even in the absence of an external field).
The anisotropy of Hc2 has been investigated in Ref. 192

for CeCu2Si2 near Tc —to be precise, the anisotropy of the
derivative—dHc2/dT(T = Tc). Single crystals were stud-
ied in the form of films perpendicular to a plane which coin-
cides with the tetragonal axis c. When the vector H intersects
the plane of the sample Hlc, the derivative of the upper criti-
cal field increases by a factor 1.6-1.7 compared to H||c; un-
fortunately, it is not yet clear whether this is connected with
the coincidence of the plane in which the vector H is rotating
and the null-line A(k) =0 located at the equator, or with
"geometric" factors—the sample shape, surface supercon-
ductivity, precipitation of impurities, etc. Doubtless addi-
tional investigations will be required to answer these ques-
tions.

The authors of Ref. 193, while investigating the angular
dependence Hc2 (<p) in CeCu2Si2 near Tc in a basal plane
Hlc, observed no anisotropy of Hc2 within ±7% limits,
although a tetragonal anisotropy in Hc2 was found; this lat-
ter turns out to be dependent on the material of the crucible
in which the single crystals were grown: ~40% for a tung-
sten crucible and ~ 10% for a boron nitride crucible. The
causes of such behavior of Hc2 (q>) are not yet clear.

The first measurements of anisotropy of Hc2 in UBe,3
were performed by Alekseevskff and coauthors.194 For two
orientations—H||c2 and H||c4—the same values of the upper
critical field are obtained near Tc, i.e., for these directions of
H there is no anisotropy in — d//c2 /dT( T = Tc).

In concluding this section, we note that at present inves-
tigations of HFS superconductivity are in a preliminary
phase, and there are many unresolved questions in the area.
However, it is already clear that HFS superconductivity is
unusual and nontrivial. The nature of the attraction between
heavy fermions is not clear; this attraction could be due to a
phonon mechanism, in which case it is necessary to take into
account Kondo-collapse effects in the NKLs UBe)3 and
CeCu2Si2,

159 although the possibility of an attraction due to
the exchange interaction mechanism has also been predict-
ed.14 The superconducting state itself can be either a singlet
or a triplet. The unusually high density of statesg(E) at the
Fermi level for CeCu2Si2 and UBe,3, as was discussed above,
is related to the formation of a giant ASR, i.e., CeCu2Si2 and
UBe,3 are superconducting NKLs. The compound UPt3

differs significantly from CeCu2Si2 and UBe,3, and it is not
fully understood how the enhancement ofg(E) comes about
in this material.

The unusual superconductivity of HFS systems has at-
tracted much interest recently, and is being studied with ex-
traordinary intensity. For this reason, the material present-
ed in the present review cannot lay claim either to
completeness or conclusiveness; in fact, it serves only as an
introduction to the physics of superconducting systems with
heavy fermions.

5. CONCLUSION

The basic aim of the present review was an analysis of
the anomalous low-temperature properties of NKLs. In this
review we have shown that the existence of these anomalies

is connected with the formation at the Fermi level of an ex-
ceedingly narrow (~ 10 °K) high-amplitude ASR.

On the basis of the set of their low-temperature proper-
ties the NKLs have no analogues among all the known types
of solids, and in fact must actually be studied as a new class
of metallic systems.

The treatment presented in this review of many cerium
IV compounds as CKS with TK > ACF and£R >Ef leads to
a different interpretation of the low-temperature properties
of these systems, and will stimulate the design of new experi-
ments in which the transition from 7"K •< ACF to TK > ACF

can be induced with the aid of such external influences as
pressure and controlled variation of composition.

Various experiments in which one could track directly
by spectroscopic means the progressive appearance of the
ASR as the temperature is lowered from 7"> TK to T^. TK,
as well as experiments on studying the nature of the renor-
malization of the Fermi surface of NKLs in the coherent
regime when the heavy-fermion bands have already been
formed also appear to be of great interest.

One of the central issues in the physics of NKLs is indis-
putably the need for further experimental and theoretical
investigation of superconductivity in heavy-fermion systems
where in principle there can occur pairing of electrons with
nonzero orbital angular momentum.

It should be pointed out here that despite the enormous
interest related to superconductivity of heavy fermion sys-
tems, an understanding of all the peculiarities of this aston-
ishing phenomenon can be achieved only through actual un-
derstanding of the properties of HFS in the normal phase for
T>TC. This circumstance was repeatedly emphasized in the
concluding words of C. Varma195 at the IVth International
Conference on Valence Fluctuations.

One can proceed further along the chain of transitions:
Kondo-impurity to concentrated ("dense") Kondo sys-
tems, to the "superdense" Kondo systems CeSb, CeBi.196

Whereas in systems with Kondo impurities a situation oc-
curs when many conduction electrons are associated with
each Kondo center, «m > 1, while in CKS this number is
close to unity nm ~ 1, in the "superdense" Kondo systems we
have the opposite relation «m < 1. Investigation of such sys-
tems, in which the value of nm can be varied over wide limits,
also appears to be very promising.

Areas such as the physics of magnetic Kondo lattices—
CeB6, Celn3, CeAl2, etc.—touch directly on the physics of
nonmagnetic CKS. Work in this area is extremely important
to the understanding of the sequence of phenomena in the
progression from magnetic metals (rRKKY > TK ) to mag-
netic Kondo lattices (TR K K Y £ TK ) to nonmagnetic Kondo
lattices ( TRICKY <^ TK ); however, due to the limited scope of
the present review, we have not been able to dwell on this
interesting question.

* * *

We completed work on this manuscript in June of 1985;
however, the study of NKLs, and primarily of heavy-fer-
mion superconductors, is developing so vigorously that dur-
ing the time our manuscript was being prepared for publica-
tion a large number of papers has appeared in which
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extremely interesting data have been obtained.
It is sufficient to say that the problem of the behavior of

heavy fermions in metals received primary attention at past
international conferences on crystal fields in anomalous /-
systems207 (Sendai, Japan, April 1985), on the theory of
heavy-fermion systems208 (the VHIth Taniguchi sympo-
sium, Japan, April 1985), on magnetism209 (San Francisco,
USA, August 1985) and on superconducting materials and
mechanisms of superconductivity (Iowa, USA, May 1985).
In the course of the next half-a-year , international confer-
ences are imminent on rare earths (Hamilton, Canada, June
1986), on anomalous systems based on rare earths and actin-
ides (Grenoble, France, June 1986) and on valence fluctu-
ations (Bengalore, India, January 1987).

In connection with this, it behooves us to note certain
papers which have recently appeared which reflect progress
in the physics of Kondo lattices and HFS. First of all, two
new and unusual heavy-fermion superconductors have been
discovered—CePb3

 205 and URu2Si2.
206 The compound

CePb3 is found to be a magnetic Kondo lattice, in which for
sufficiently low temperatures a strong magnetic field in-
duces first a transition to a nonmagnetic and then (at ~ 120
kOe) to a superconducting state. The magnitude of the mag-
netic field which destroys the induced superconductivity has
not yet been determined.

In the compound URu2Si2, in measuring the magnetic
susceptibility, specific heat and specific resistance a magnet-
ic transition has been observed206 at TM = 17.5 °K (preced-
ing the superconducting transition at Tc = 0.8 °K), while
the slope of the derivative dHc2 /dT( T = Tc) = 40 kOe/°K
correlates with a high value of the coefficient of the elec-
tronic specific heat j = 180 mJ/mole °K. This correlation
points to the possibility that heavy-fermion superconductiv-
ity is accompanied by antiferromagnetic ordering.

Much interest attaches to ongoing investigation of the
nature of a second peak (in the temperature region below
Tc) in the specific heat of U* Th, _ x Be13.

210 It turns out that
the second peak corresponds to a magnetic transition with
strongly-reduced uranium magnetic moments. Apparent-
ly.the magnetic transition in U^Thj _xBei3, like that in
Cex La, _ x Cu2Si2 (see Fig. 16) corresponds to an intersec-
tion of the branches Tc (/) and TM (J) as the parameter/is
varied in the CKS.

Further study of the anisotropy in Hc2 for CeCu2Si2
 21'

has made it possible to exclude geometric factors. Thus, it
has been established that the derivative AHc2/dT(T = Tc)
is isotropic (to ~8% accuracy) in the basal plane, and
sharply decreases by a factor of 1.5-2 within an angular in-
terval of + 5° when the vector H deviates from this plane.
Such anisotropy in Hc2 can correspond either to anisotropic
s-pairing208 or/>-pairing,212 but with an effective mass along
the C4 axis which would exceed the basal-plane effective
mass by not less than a factor of 2 times. In the latter case,
according to Ref. 212 the anisotropy of Hc2 in the basal
plane must be very small.

The following empirical regularity is worth noting: in
CeCu2Si2,

211 UPt3
 177 and URu2Si2

 206 the value of Hc2 is
larger along those directions along which the magnetic sus-
ceptibility is smaller.
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An anomalous ultrasonic absorption has been observed
in the compound UBe13 for T<TC, pointing to the possibil-
ity of collective modes appearing, analogous to those which
exist in superfluid 3He. The authors of Ref. 213 suggest that
this circumstance indicates positive evidence in favor of tri-
plet pairing in UBe,3.

Interesting data have been obtained in investigating
the Hall coefficient RH(T) in the NKLs CeCu6,

200-201

UBe,3,
203 CeAl3,

202 and CePd3
 204; a transition into the tem-

perature range T< Tcoh which corresponds to the establish-
ment of coherent Kondo spin fluctuations is accompanied by
a sharp decrease in R H ( T ) and a change in the nature of the
field dependences of the Hall voltage.200-201'203

In limiting ourselves to the examples cited above, we
want to point out that additional references on the problem
of HFS and CKS can also be found in Ref. 214 and Refs. 208
and 215, in which recent results are analyzed which have
been obtained in the theory of HFS and CKS. The authors of
the present review would like to stipulate beforehand that in
view of the objective circumstances connected with the re-
markably rapid growth in the volume of information on HFS
and CKS, the bibliography presented in this review can have
no claims to completeness.

The authors express sincere acknowledgment to A. A.
Abrikosov, N. E. Alekseevskii, L. P. Gor'kov, D. I.
Khomskii, A. I. Buzdin, and F. G. Aliev for useful discus-
sions, and to F. Steglich, J. Smith, T. Kasuya, A. Okiji, D.
Wohlleben, S. Maekawa, T. Komatsubara, and R. Parks for
sending preprints.

"In this article we use the following abbreviations: CKS—concentrated
Kondo system, NKL—nonmagnetic Kondo lattice, HFS—heavy fer-
mion system, ASR—Abrikosov-Suhl resonance, IVC—intermediate va-
lence compound.

2)We note that for a typical concentrated Kondo system with TK ~ 10 °K,
for all ranges of temperature—from T~ 300 °K down to 7"coh~rK/10
(see below) —the ASR amplitude can be considered to be independent of
temperature.34'35-198

3'Here and from now on, we will understand / to mean the modulus of the
exchange interaction constant.

4'This slope cannot be interpreted as a growth in the ASR,198 which has
already formed for r~(10-100)7*K -300 K. The increase in C/Tas
T—0 is connected with a decrease in the width of the derivative of the
Fermi distribution down to values smaller than the ASR width.

5)The transition to the coherent regime also sharply decreases the Hall
coefficient R H ( T ) for the NKLs CeCu6,

200-201CeAl3,
202UBe13,

203 while
for CeCu6 and UBe,3 R „ ( T ) even changes sign. The destruction of peri-
odicity of the Kondo centers significantly weakens this fall-off in
RH(T) 202.204

"Recently, two new superconducting HFS have been discovered: in the
magnetic Kondo-lattice CePb3,

205 superconductivity is induced by
strong magnetic fields H> 120 kOe; in the HFS URu2Si2

 206 with y = 180
mJ/mole K2, the magnetic transition ( T M = 17.5 °K) is a precursor to
superconductivity (Tc =0.8°K).
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