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The properties of antiferromagnetic superconductors are discussed. There is an emphasis on
their anomalous behavior: the gapless nature of the superconductivity, the nonmonotonic
temperature dependence of the upper critical field, the possible appearance of self-induced
vortices at domain walls, and the unusual spin-wave spectrum. Possible phases in which
superconductivity coexists with weak ferromagnetism are analyzed.
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1. INTRODUCTION

The 1977 discovery of a new group of ternary com-
pounds with a regular lattice of rare earth (RE) atoms, with
the general formulas RERh4B4 and REMo6S8, provided a
powerful stimulus for experimental and theoretical research
on the problem of the coexistence of superconductivity and
magnetism. Many ternary compounds have proved to be su-
perconductors in which a transition to a magnetically or-
dered state occurs at temperatures below Tc, the supercon-
ducting transition temperature.

The transition to the ferromagnetic phase may go
through a peculiar coexistence phase in which superconduc-
tivity gives rise to an inhomogeneous magnetic structure of a
domain type with a wave vector Q~ (a£0) ~

1/2, where a is
the magnetic rigidity, which is of the order of the interatomic
distance, and £0 is the superconducting coherence length.
Long-period magnetic structures of this sort have been ob-
served in neutron scattering experiments in HoMo6S8 (Ref.
1), ErRh4B4 (Ref. 2), and, recently, HoMo6Se8 (Ref. 3). A
further lowering of the temperature in HoMo6S8 and
ErRh4B4 leads to a disruption of the superconductivity and
of the inhomogeneous magnetic order which it induced; the
transition to a normal ferromagnetic phase is a first-order
transition. The temperature range of coexistence of super-
conductivity and magnetism in HoMo6S8 and ErRh4B4 is
extremely narrow, while in HoMo6Se8 the inhomogeneous
magnetic phase of coexistence persists down to extemely low
temperatures. It is this inhomogeneous type of magnetic or-
dering and the distinctive behavior of ferromagnetic super-
conductors in a field near the Curie point which are primar-
ily responsible for the interest in experimental and
theoretical research on magnetic superconductors. This re-

search direction is reviewed in Ref. 4.
Most of the magnetic superconductors which have been

produced so far are antiferromagnetic substances. These are
the ternary borides RERh4B4 with RE = Nd (Ref. 5), Tm
(Ref. 6), or Sm (Ref. 7); the body-centered tetragonal (bet)
phase of ErRh4B4 (Refs. 8 and 9); and the ternary chalco-
genides REMo6S8 with RE = Tb, Dy, Er (Refs. 10 and 11),
Gd (Ref. 11), and Nd (Ref. 12), and ErMo6Se8 (Ref. 13). It
turns out that the onset of an antiferromagnetic order below
the Neel point, rN < Tc, does not disrupt the superconduct-
ing state, "while in a situation with Tc 5 7*N antiferromagne-
tism does not prevent superconducting pairing. These facts
caused no surprise, since the weak mutual effects of super-
conductivity and antiferromagnetism were predicted theo-
retically back in 1963 by Baltensperger and Strassler.14 Nev-
ertheless, antiferromagnetic superconductors exhibit many
anomalous features: gapless superconductivity, a nonmono-
tonic temperature dependence of the upper critical field Hc2,
an unusual spin-wave spectrum, and the possible appearance
of new phases of coexistence in weak ferromagnetic materi-
als. These questions constitute the subject of the present re-
view. We will be focusing on compounds with localized mag-
netic moments. For crystals with collectivized magnetic
moments, in contrast, we will simply present the few experi-
mental facts which are available and offer some brief com-
ments. These compounds are covered in more detail in the
review by Machida.61

2. MUTUAL EFFECTS OF SUPERCONDUCTIVITY AND
ANTIFERROMAGNETISM

The reason for the weak mutual effects of superconduc-
tivity and antiferromagnetism is that there is no average
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magnetization in an antiferromagnetic substance (in con-
trast with ferromagnetism), and the magnetic moment
changes direction over scale lengths small in comparison
with the superconducting correlation length. Superconduc-
tivity has a very weak effect on this order, since Cooper pair-
ing causes almost no change in the electron spin susceptibil-
ity at the wave vectors G ~a characteristic of
antiferromagnetic order. Here the exchange interaction re-
mains the same [within a relative error (a/£0) ~TC/^F as
in normal antiferromagnetic materials. The short-wave part
of the electromagnetic interaction also remains essentially
the same upon the appearance of superconductivity within
(aV/i L£O)> where/I L is the London screening depth. The
reason is that effective screening of the field in a supercon-
ductor is possible only over distances of the order of or
greater than /I L.

The effect of antiferromagnetism on superconductivity
turns out to be stronger. Two basic mechanisms for this ef-
fect can be identified:

a) The spin splitting of electronic levels by the exchange
field set up by localized moments and the resulting appear-
ance of a gap on a small part of the Fermi surface. Such a gap
reduces the total density of electron states.I4|1S Another im-
portant point is that the exchange field makes the supercon-
ductivity gapless (in a pure compound); this effect is usually
basically responsible for the suppression of superconductivi-
ty at low temperatures, T< TN < Tc.

b) The magnetic scattering of electrons16 by spin fluctu-
ations above the Neel point and by spin waves below the Neel
point. 17,18

2.1. Effect of the exchange field

We first consider the effect of the exchange field on the
superconductivity in pure superconductors with an electron
mean free time r> T~'. For simplicity we consider a cubic
antiferromagnetic material with two sublattices and a single
electron band,'9 E (k). The exchange field h (r), which oscil-
lates in space, is then characterized by a wave vector Q
which is equal to half a reciprocal-lattice vector: Q = (tr/a,
TT/Q, IT/a), where a is the distance beween localized mo-
ments.

The Hamiltonian of the system of electrons in the BCS
model is

k, a

k
where a = + , — specifies the spin projection onto the z
axis, which is the direction of the exchange field, he is a
Fourier component of the exchange field, and g is a param-
eter of the electron-phonon interaction. The superconduct-
ing order parameter A is taken to be spatially uniform, since
to incorporate its dependence on the coordinates within a
unit cell would be to go beyond the accuracy of the model
with which we are dealing.2'

In the absence of superconductivity, Hamiltonian ( 1 ) is
easily diagonalized and takes the form

J— &n, han, haO-n, ha,
ft, n, a

(2)

here the wave vector k lies in a new Brillouin zone, corre-
sponding to an antiferromagnetic material and the operators
ak are related to the operators ck by a canonical Bogolyubov
transformation:

(3)

2

In terms of the new operators, Hamiltonian (1) can be
written

M — /J En, han, fc<Jfln.fto
n, h

+ | A < r ( f c ) a n , _ f c , _an. t ,++c.c. 1+— . W

where Ag (k) plays the role of a superconducting gap and is
determined by the equations

(5)

•-vl). (6)
ft',*'

In addition to the terms described above, Hamiltonian
(4) also contains terms which are not diagonal in the indices
n, with coefficients uk vk. Such terms can be ignored under
the conditions A <A <UF Q; i.e., the superconducting part of
Hamiltonian (4) is written with an accuracy h/vFQ, A/

It can be seen from (4) and (5) that the quasiparticle
spectrum is determined by the expression

B (ft) -( + AS (7)

The critical temperature of the superconducting transi-
tion found from self-consistency equation (6) in the limit
A — 0, is given by the expression u ( we are assuming the case

(8)

=g S
h.n-1.2

It follows from (8) that the exchange field affects the pairing
constant because of the change in the state density and be-
cause of the modulations of the electron wave functions. In
the case of a spherical Fermi surface, both of these effects are
small, or the order of3' hQ/^F. The change in the order
parameter A at T^TC is more significant, <5A/A~(A/
vFQ) In (/7/A0). The appearance of a logarithmic factor
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FIG. 1. Schematic diagram of an antiferromagnetic structure. Electrons
moving along the directions indicated by the dashed lines experience the
effect of a strong static exchange field.

here is a consequence of the gapless nature of the quasiparti-
cle spectrum at h > A.

According to (5) and (7), there is no gap in an antifer-
romagnetic superconductor with h ̂  A on that band of the
Fermi surface which is oriented perpendicular to the antifer-
romagnetism wave vector Q. For these momentum direc-
tions, the electrons move in a constant exchange field, and at
/z>A this field destroys the corresponding Cooper pairs
(Fig. 1). The width of the gapless band is determined by the
small parameter h /VF Q. The electron state density p (E) un-
der the condition £<A (and A > A ) and the electron heat
capacity are given by

(9)

where y is the coefficient of the linear term in the electron
heat capacity of the normal phase. For ordinary antiferro-
magnetic ternary compounds, the quantity he /vf Q is about
10~2, and it would be difficult to observe the corresponding
effects.41 The gapless band disappears under the condition
h < A, and the expression for the quasiparticle spectrum,
which holds for arbitrary relations among A, h, and vPQ, is

E*n, k = e| + 6| + A2 ± 2 [e . ( 10)

Spectrum ( 10) was derived in Ref. 23 through an exact di-
agonalization of Hamiltonian ( 1 ) for a helicoidal exchange
field. An antiferromagnetic material with two sublattices is a
particular case of a helicoid. Expression (10) reproduces
results (5), (7), and (9) in the limit /z>A and predicts
A(fc) = A at A<A.

What happens to the superconducting characteristics
of an antiferromagnetic substance as the concentration of
nonmagnetic impurities increases? Such impurities intensify
the destructive effect of the exchange field on the supercon-
ductivity and in the sense are analogous to magnetic impuri-
ties. This circumstance was first pointed out by Morozov24

(see also the more recent studies of Refs. 15, 20, 25-28 ) . The
eifect of impurities depends strongly on the parameter hQ T,
where T is the electron mean free time. In the case of a low
impurity concentration, Aer> 1, the impurities destroy the
superconductivity, as do magnetic impurities30 with the in-
verse time for scattering with spin flip, r~ l~hQ/( <^Fr) (it
is this case which corresponds to the study in Ref. 24). The
gapless band remains, and the state density in (9) increases
by a factor of29 1 + (rA)"1. This result was derived by
Panyukov for a domain structure, but it also applies, aside

from the numerical coefficient of (rA), to antiferromagnetic
materials. Under the condition hQ r < 1, the gapless band dis-
appears, since the motion of electrons becomes completely
diffuse, and they do not sense the anisotropy of the antiferro-
magnetic structure. The effect of impurity scattering under
these conditions becomes independent of rand analogous to
the situation in a superconductor with magnetic impuri-
ties,16 with the inverse time of magnetic scattering,
r~lzzhQ/VpQzsTn. Correspondingly, under the condi-
tion rs A > 1 there is a gap in the spectrum of the system,

A, = A [1 — (ATs)-2'3]3/2, (H)

and the order parameter A is suppressed in the case rs A > 1
by an amount <5A/A:s.ff g/yFCA=rrN/Tc (Refs. 24 and
20). In the case (rs A) < 1, the superconductivity becomes
gapless; the state density is nonzero even at E = 0, as in the
Abrikosov-Gor'kov situation for a superconductor with
magnetic impurities5' (Ref. 16). As the parameter rsA is
reduced further, the superconductivity disappears.

It was mentioned in Refs. 25-28 that the introduction of
nonmagnetic impurities in an antiferromagnetic material
with h > A in a one-dimensional system gives rise to localized
states with an energy lying in the superconducting gap. We
note, however, that these results apply only to compounds
with a one-dimensional electron spectrum, in which both the
magnetic gap and the superconducting gap appear over the
entire Fermi surface. In a three-dimensional system, in con-
trast, the gap in the spectrum disappears at h > A even in the
absence of impurities [see (10)].

In estimating the effect of the antiferromagne-
tic exchange field above we used the relation
h 2Q/v?Qzzh g7V(0)=;rN, under the assumption that the
contribution of the exchange interaction to the Neel tem-
perature TN is no smaller in order of magnitude than the
contribution from the magnetic dipole-dipole interaction.
This condition always holds in ternary compounds (more on
this below).

This estimate is valid only at temperatures below TN,
where the exchange field hQ (T) agrees in order of magni-
tude with the exchange field at T = 0. In the region near TN,
the field he is weak, and we have h 2

eN(0)»(T N - D. In
this temperature region, however, there is actually a sub-
stantial magnetic scattering by spin waves, to which we now
turn.

2.2. Magnetic scattering

As follows from the Abrikosov-Gor'kov theory,16

the inverse time for magnetic scattering, r."1, is
T~lzzh2

3N(Q)zzTN for uncorrelated magnetic moments
(above rN ), when the concentration of these moments is of
the same order as the electron concentration. In the general
case, in the static approximation, the expression for T~ l in
the superconducting phase, in the limit of a dirty supercon-
ductor (rTe <1) is17

(12)ts! = tf (0) (ft-1)2 S g(q) I2 (?) <V-Q>.

where the operator J represents the angular momentum, / is
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the exchange integral, andg, is the Lande factor. The weight
function g( q) has the same meaning (and the same q depen-
dence ) as the difference between the paramagnetic suscepti-
bilities Xn ( <?) and^s ( <?) in the normal and superconduct-
ing phases: [Xn ( q) -*, ( q) ]/*„ (0) = ir/(2$£0) at
tf >£o~ '• The function g( q) in ( 12) describes a decrease in
Tc due to magnetic scattering, while the difference
Cf s — ̂ fn ) describes the decrease in the superconducting or-
der parameter at T< Tc . The exchange field h in an antifer-
romagnetic material is related to the exchange integral / by

h = / ( q = Q ) ( ^ _ l ) (/). (13)

The correlation function (JqJ_q) from (12) must
satisfy the sum rule

where the summation over q is carried out over the first Bril-
louin zone of the magnetic lattice. As the tempjerature ap-
proaches TN from above, the maximum of ( Jq J_q ) shifts
into the region of large q ~ Q, where the factor g ( q ) is small .
According to sum rule (14), the contribution from long-
wave fluctuations should decrease in this case, leading to a
decrease in T~ l. The onset of an antiferromagnetic order,
which weakens magnetic fluctuations with small values of q,
thus leads to an increase in the superconducting order pa-
rameter. n This conclusion holds for any dirty superconduc-
tor with hQr4>\ and for pure compounds with a roughly
spherical Fermi surface. In pure compounds (Acr > 1 ) with
a more complicated Fermi surface, however, e.g., one which
has plane regions which can be brought into coincidence by a
translation Q, the quantity T~ ' may increase near18 TN .

In dirty superconductors, expression (12) can be used
for a complete description of an antiferromagnetic super-
conducting phase at temperatures T< TN if the spin-wave
frequencies are low in comparison with A (here the condi-
tion TN <rc must hold; more on this below). Expression
(12) then describes the effect of the average exchange field
(of the component with q = Q), examined previously, and
the effect of scattering by spin waves (the other components
of q ) . In the order of magnitude, r~ ' is equal to TN in any
case, but the role of the exchange field increases with de-
creasing temperature. For compounds with a roughly
spherical Fermi surface, the onset of antiferromagnetic or-
der leads to an overall intensification of the superconductivi-
ty at temperatures T<TN in comparison with the region
r>r N .

These estimates of rs ' explain the fact that the condi-
tion Tc > TN holds in nearly all existing antiferromagnetic
superconductors. Certain pseudoternary systems are excep-
tions to this rule (Section 4). In addition, superconductivity
at rc ~0.8 K was recently observed75 in the antiferromag-
netic compound Tb2Mo3Si4, with TN ~ 19 K. The supercon-
ducting transition turned out to be extremely blurred, and
the critical temperature varied from sample to sample (a
typical value was ATC ^0.2-0.3 K). This is the first case in
which 7"N is much higher than Tc . In principle, such a situa-
tion could occur in an antiferromagnetic superconductor
with an easy-axis magnetic anisotropy or a large effective

moment, />! (the effective moment in Tb2Mo3Si4 is75

/~ 9). The scattering by spin waves is strongly suppressed in
the first case by the gap in the spin-wave spectrum, while in
the second case it is suppressed in proportion to the param-
eter \/J<^ 1, because of the small value of the fluctuations of
the moment. In both of these cases, the inequality T~ ' < TN

can hold; in such a case, the effect of the antiferromagnetic
exchange field may prove to be important. In a pure super-
conductor, the effect of this field on Tc is small, proportional
to the parameter h /%> f . We could also expect the condition
TN > Tc to hold. The addition of nonmagnetic impurities to
such compounds will strengthen the effect of the antiferro-
magnetic exchange field and should result in a destruction of
superconductivity under the condition r~'S7'c(i'F/
h) ~ h (7"c /TN). The pronounced blurring of the supercon-
ducting transition in75 Tb2Mo3Si4 agrees with these argu-
ments. It would be interesting to study the decrease in Tc

with decreasing electron mean free path in Tb2Mo3Si4.

3. UPPER CRITICAL FIELD Ha IN ANTIFERROMAGNETIC
SUPERCONDUCTORS

The onset of antiferromagnetic order below 7"N is quite
obvious in the temperature dependence of the upper critical
field Hc2. Figure 2 shows some typical curves of Hc2 ( T ) ,
from which we see that there is no universal behavior of

In the presence of an external magnetic field H, a static
exchange field h = htf(m H /tip arises in an antiferromagnet-
ic material (in the normal state); here^m is the susceptibil-
ity of the magnetic subsystem, and n is the effective satura-
tion magnetic moment of the RE ions in the given crystal.
The field Hc2 (T) thus depends on (a) magnetic scattering,
(b) the exchange field (because of the paramagnetic effect,
and (c) the induction B by virtue of the ordinary orbital
effect).

The orbital effect itself leads to a smooth, monotonic
increase in Hc2 during cooling, but the effects of the ex-
change field and of magnetic scattering may disrupt this
monotonic behavior. The susceptibility %m reaches a maxi-
mum at T = TN, and below JN it is constant when the field
H is directed perpendicular to the antiferromagnetism vec-
tor L, or it decreases in the case in which the field is parallel
to this vector. Consequently, the exchange field reduces Hc2

to the greatest extent near TN, causing a decrease in the slope
of the curve at T^s TN. The effect of magnetic scattering in
compounds with an approximately spherical Fermi surface
is the opposite; it weakens below TN, causing an additional
increase in Hc2 here. The resultant curve Hc2 (T) depends
on which of these two mechanisms is dominant.

In compounds with weak magnetic scattering,
T~*xTN4Tc (this situation prevails in NdMo6S8,
TmRh4B4, and bet ErRh4B4), we can find a complete de-
scription of the dependence Hc2 ( T ) , since in this case the
only substantial effects are that of the exchange field and the
orbital effect.

Under the assumption that the transition to the super-
conducting state is a second-order transition, we can write
the following relation for the upper critical field in a dirty
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FIG. 2. Temperature dependence of the upper critical field in
the antiferromagnetic superconductors (a) NdMo6S8 (Ref.
12) and (b) Tbli2Mo6SgandDy,2Mo6S8 (Ref. 11).
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superconductor in the case TN <T<TC (Ref. 31):

(15)

where D is the diffusion coefficient, and it is very important
to note that %m is the susceptibility of the magnetic system
along the field direction.

Near Tc, the behavior of the critical field is determined
exclusively by the orbital effect, and we can easily determine
the diffusion coefficient D from the slope of the Hc2 (T)
curve. Also using the experimental value of Hc2 at tempera-
tures T< rc we can find the exchange field H0 and plot the
entire curve of Hc2 (T).

The anisotropy effects cause the susceptibility %m to
depend on the field orientation even above rN; as a result,
the anisotropy is extremely significant both above and below

For the antiferromagnetic substance bet ErRh4B4, the
corresponding dependence Hc2 (T) for three field directions
and the values of the magnetization at H = Ha2 (T) are
shown in Fig. 3 (Ref. 32). Figure 3a demonstrates the very
strong anisotropy of Hc2, a consequence of the fact that the

susceptibility %m differs by a factor of about seven along the
[ 100] and [001 ] axes. It follows from measurements of the
conductivity32 that the very high residual resistance in this
superconductor allows us to regard it as dirty.

After determining the diffusion coefficient D and the
exchange field A0 ss 20 K from the dependence Hc2 (T) along
the [001] axis, we can describe the behavior of the field
Hc2 (T) along the [ 100] easy axis. In the temperature inter-
val 0.5TC <T< rc there is good agreement with the experi-
mental data. At r<0.5rc, however, the calculated critical
field is lower than the experimental field. There is a good
reason for this discrepancy: In a strong exchange field at
these temperatures, there should be a first-order transition
to a superconducting state.3' It would be interesting to verify
this conclusion experimentally in the case of bet ErRh4B4. In
allowing for the possibility of a first-order transition, we can
explain the experimental results of Ref. 32 without resorting
to the assumption of an extremely strong spin-orbit scatter-
ing in this compound, as was done in Ref. 32.

Nearly all the antiferromagnetic superconductors
which have been found so far are polycrystalline. This cir-
cumstance turns out to be of fundamental importance for a
determination of Hc2 • When the size of the grains exceeds £0,
the transition to the superconducting state near TN is deter-

-H

M.Oe

II [OOt] WO

300

200

100-

o-HII

X
N\

FIG. 3. a—Temperature dependence of the upper critical
field in the antiferromagnetic single crystal of bet ErRh4B4
along three different crystallographic directions.32; b—mag-
netic moment at H = Ha for the same field orientations as in
part a (Ref. 32).
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FIG. 4. Temperature dependence of the upper critical field Ha,
determined from the point at which the resistance was decreased by
half, in poly crystalline TmRh4B4 (the division marks along the ab-
scissa axis in part a are separated by 2 K; the points are experimen-
tal).6 Dashed lines—Data from the measurements in Ref. 72 of the
critical fields in a TmRh4B4 single crystal for various orientations of
the magnetic field with respect to the c tetragonal axis.
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mined in each grain by the particular field Hc2 of that grain,
which depends on the orientation of the grain34-35 [expres-
sion (15), where Xm ls the magnetic susceptibility of the
grain along the field direction]. The transition in the resis-
tance is therefore highly blurred in principle, and the vanish-
ing of the resistance should be determined by percolation
effects.33 The theory derived in Refs. 34 and 35 makes it
possible not only to find the cure Hc2 (T) (in the approxima-
tion of a strong magnetic anisotropy of the easy-axis or easy-
plane type) but also to calculate the dependence of the resis-
tance of the sample on the magnetic field H {in the
approximation of an effective medium,33 we would have
R(H) =/?N [1 — 3C(/O], where RN is the resistance in the
normal state, and C(H) is the concentration of the super-
conducting grains}.61

Experimentally, Hc2 is usually determined at the point
at which the resistance has decreased by half. Figure 4a
shows the results of corresponding calculations for Hc2 (un-
der the assumption of a pronounced easy-plane magnetic
anisotropy), along with experimental data on TmRh4B4

polycrystalline samples.6 The exchange field h0 here is found
to be A0~ 10 K, giving us T~ ' < 0.1 K. Figure 4b shows the
theoretical and experimental dependence of the resistance
on the field. Single crystals of TmRh4B4 have recently been
successfully grown.72 A preliminary study72 of these crystals
has revealed a sharp transition in a magnetic field and a pro-
nounced anisotropy of Hc2 corresponding to an easy-plane
magnetic anisotropy. The results of the measurements72 of
Hc2 are shown by the dashed lines in Fig. 4a.

For compounds with r~l~Tc, magnetic scattering
plays a fundamental role in the determination of Hc2. When
the antiferromagnetic order appears, this scattering may ei-
ther increase or decrease, as we have already mentioned, and
it is not possible to predict the behavior of Hc2 ( T ) . Figure 5
shows Hc2 (T) for7 SmRh4B4. We see that the Neel tempera-
ture is the point of a change in slope of the Hc2 (T) curve.
The temperature dependence of the Josephson critical cur-
rent of SmRh4B4 junctions was measured in Ref. 36. The
behavior found there is similar to the temperature depen-
dence of the upper critical field. It can thus be definitely
concluded that the superconducting order parameter in-

417 Sov. Phys. Usp. 29 (5), May 1986

creases below TN because of a weakening of the magnetic
scattering.

The important role played by exchange scattering in
SmRh4B4 was demonstrated clearly in experiments37 on ir-
radiation of this compound. The observation of an exceed-
ingly strong dependence of the superconducting transition
temperature on the radiation dose was reported in Ref. 37.
The apparent reason for this unusual suppression of super-
conductivity by ordinary defects is that by causing distor-
tions of the crystal lattice the radiation locally increases the
exchange interaction of electrons with magnetic ions7' (Ref.
37). We are thus dealing with a sort of superconductivity
suppression due to an intensification of magnetic scattering
with increasing number of defects. This suppression mecha-
nism is extremely effective in SmRh4B4, where we have
T~ lxTc, but in e.g., ErRh4B4, where we have r~' < Jc, it
should play only a minor role. Indeed, the experimental data
of Ref. 37 show that the decrease in Tc caused by irradiation
in this compound is far smaller than that in SmRh4B4. The
intensification of magnetic scattering with increasing disor-
der also explains the decrease in Tc with decreasing ratio of
the residual resistance in various samples of sputtered
SmRh4B4 films.63

O m 20 T,K

FIG. 5. Behavior of the upper critical field Hc2 (D in SmRh4B4 (Ref. 7).
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4. LOWER CRITICAL FIELD We1 IN ANTIFERROMAGNETIC
SUPERCONDUCTORS

The magnitude of the magnetization which arises in an
antiferromagnetic material in a magnetic field is determined
by the magnetic susceptibility %m ( T ) of the antiferromag-
netic superconductor. When we incorporate the magnetiza-
tion in the London equation describing the field distribution
in the superconductor, we find a renormalization of the Lon-
don penetration depth: A L ^A f = A L [ 1 - 4vxm ( T ) ]in.
This effective decrease in the London depth, however, has
essentially no effect on the lower critical field Hcl, for the
appearance of vortices in antiferromagnetic superconduc-
tors (Ref. 4, for example):

(16)

where 4> = trfk/e is the quantum of magnetic flux. This
expression differs from the usual expression in that A L has
been replaced by its renormalized value only in the loga-
rithm.

The antiferromagnetic ordering has essentially no effect
on the structure of a vortex, except in the case in which the
external magnetic field is directed along the antiferromagne-
tism vector, and a spin-flop transition involving a reversal of
magnetic sublattices can occur. As Krzyszton has
shown,68'69 the nonuniformity of the magnetic field distribu-
tion in the vortex phase makes possible a spin-flop transition
near the vortex core. The structure of the vortex becomes
very nonuniform as a result. A sharp change in the magneti-
zation at the spin-flop transition and also during metamag-
netic transitions66 can cause an abrupt change in the magne-
tization as a function of the field (if the field of the spin-flop
transition is stronger than Hcl).

We have been discussing homogeneous antiferromag-
netic superconductors. In real antiferromagnetic materials
there are always defects in the magnetic structure, in parti-
cular, domain walls.70 Domain walls may substantially re-
duce the critical field for the appearance of vortices at the
walls, and under certain conditions there may be a spontane-
ous creation of vortices in the absence of an external magnet-
ic field.67

We consider an antiferromagnetic structure of layers
with magnetization vectors M, and M2 = — M, which al-
ternate along the x axis (the vectors are directed along the z
axis). A magnetic order of precisely this type has been ob-
served in all the antiferromagnetic superconductors which
have been studied by neutron diffraction. Figure 6 shows a
domain wall in this structure. This wall separates two re-
gions of the crystal with different signs of the antiferromag-
netism vector L = M! — M2. The energy (E V L ) of the inter-
action of the magnetic field Bz (x,y) which is localized at a
domain wall of a superconducting vortex with local magnet-
ic moments is written in the form

oo oo

£vL = 2 2 S (-I)"** , ma) M, (17)
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FIG. 6. Schematic diagram of a domain wall in an antiferromagnetic ma-
terial (thex, z plane). The distance beween the magnetic atoms along the
x direction is a. The dashes show the magnetic field of a vortex.

ample), whereK0 is the modified Bessel function andp is the
coordinate in the x, y plane. Substituting this expression for
the vortex field into (17), and switching from a summation
to an integration, we find E VL = ®<flL /2A L. The total ener-
gy of a vortex at the domain wall is therefore given by

The first term here corresponds to the intrinsic energy of the
vortex; the last two terms describe the energy of the interac-
tion of the vortex field with the localized magnetic moments
and with the external field, respectively. The + sign in (18)
stems from the two possible orientations of the domain wall:
The minus sign applies when the net moment of the wall is
directed along the field H, while the plus sign applies when
the net moment is directed opposite the field. The lower
critical field for the appearance of a vortex at the domain
wall, H *i, is therefore

(19)

where M— |M,| = |M2 =L/2. The vortex is directed
along the z axis and is centered at x = y = 0; its magnetic
field is B = Bz = (<V2uvl i )K0( p/A L ) (Ref. 71, for ex-

If the condition L>Hcl-2AL/a holds, vortices should
appear at the domain wall even in the absence of an external
field. In antiferromagnetic superconductors of the REMo6S8

type, wehavea~5 A,I(r=0)=;l - 5 kOe, and#c, ~10
Oe (correspondingly, A L ~3-10"5). Consequently, the con-
dition for the appearance of self-induced vortices is L > 10
kOe. Since the quantity L(0)is a few oersteds, self-induced
vortices could be observed only in even dirtier compounds
with Hci of the order of several oersteds. Spontaneous cre-
ation of vortices at domain walls may have been observed in
the experiments of Ref. 56, where a sharp increase in the
captured flux was observed in bet ErRh4B4 as the tempera-
ture was lowered below the Neel point. An alternative expla-
nation for this phenomenon, based on the assumption of
weak ferromagnetism in this compound, is given in Section
7.

5. PSEUDOTERNARY COMPOUNDS

In addition to the stoichiometric ternary compounds,
many alloys of these compounds have now been produced. It
is possible to replace one rare earth element by another and
also to replace the nonmagnetic atoms. Studies of pseudoter-
nary compounds of this type make it possible to trace the
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FIG. 7. Phase diagram of the pseudoternary compound
(Ref. 40). Filled circles—temperatures of the magnetic transition; open
circles—temperatures of the superconducting transition.

transition from one type of magnetic order to another. In the
compound Ho,.2 Mo6S8, for example, there is a transition to
a ferromagnetic state with a disruption of the superconduc-
tivity at low temperatures,' while in Tb, 2 Mo6Sg the magnet-
ic moments become ordered in an antiferromagnetic fashion
without disrupting the superconductivity.10 In the
Ho, 2 _ x 1bx Mo6S8, on the other hand, the transition from
one type of magnetic order to another has been followed.38

A study of the pseudoternary compound
Ho(Irx Rh,^ )4B4 over the concentration range x > 0.6 re-
vealed the appearance of an antiferromagnetic order at a
temperature slightly above the superconducting transition
temperature.39 The phase diagram of this system is shown in
Fig. 7. A transition to an antiferromagnetic state with
TN > rc also occurs in Tbdr^Rh,,,, )4B4 at x > 0.2 (Ref.
40). In all these cases, in accordance with the discussion of
the role of magnetic scattering in Section 2, the Neel tem-
perature is only slightly above the critical temperature.

A complex magnetic order also occurs in the pseudoter-
nary compound62 Dy(RuxRh,_^ )4B4. At concentrations
x S 0.35, coexistence of superconductivity and a long-range
magnetic order of an antiferromagnetic type has been ob-
served. According to data on neutron scattering,64 the anti-
ferromagnetism vector is modulated with a wave vector
q = 0.133 A. A "complex" antiferromagnetic order of this
type has also been observed through neutron scattering
in the superconducting antiferromagnetic substances
NdRh4B4 (Ref. 5) and TmRh4B4 (Ref. 65). The reason for
the onset of modulation of the antiferromagnetic order in
these compounds is not yet clear. A possibility is a slight
ferromagnetism (Section 6). Evidence for the hypothesis of
a slight ferromagnetism comes from the detection, in neu-
tron-scattering experiments,64 of antiferromagnetic order in
addition to a ferromagnetic component in nonsuperconduct-
ing DyRh4B4; i.e., the long-range magnetic order in
DyRh4B4 is complex, reminiscent of the situation in weak
ferromagnetic materials.

An extremely unusual sequence of phase transitions
has been observed38 in the pseudoternary system
Ho, 2_x Er, Mo6S8 at concentrations from x = 0.2 to
x = 0.35. As we have already mentioned, the compound
HoMo6S8 is a superconducting ferromagnetic substance,' in

2,0

1.5-

-§'•51!
_ ̂  g, a)| Antiferromagnetic ^ =

^ gl material
i i I i i i i

0,5 0,6 0.9 7,2

FIG. 8. Phase diagram of the compound Ho, 2_x Er, Mo6SH (Ref. 38).

which a long-period oscillatory magnetic structure4 arises
near TM ~0.7 K as the temperature is lowered. A further
lowering of the temperature disrupts the superconductivity,
and below Tc2 xO.6 K the compound becomes a normal fer-
romagnetic substance. The compound ErMo6S8 is a typical
antiferromagnetic superconductor. With increasing x in
Ho, 2_x Erx Mo6S8, there should accordingly be a replace-
ment of ferromagnetic order by an antiferromagnetic one.
The corresponding phase diagram, obtained in Ref. 38, is
shown in Fig. 8. A remarkable circumstance, however, is
that at concentrations 0.2<x<0.35, i.e., when there is a
transition to a normal ferromagnetic state in the system as
the temperature is lowered, a transition back from the nor-
mal ferromagnetic state to a superconducting state is ob-
served38 at a temperature below Ta x 100 mK. This transi-
tion occurs over a long time, of the order of several hours.
Brossard et a/.38 attribute this restoration of superconduc-
tivity to a change in the nature of the order at rc3, from
ferromagnetic to antiferromagnetic. Unfortunately, at the
moment we have no information of any sort on the nature of
the magnetic order in the low-temperature superconducting
state.

There is an alternative possibility for explaining this
phenomenon. In principle, magnetic holmium and erbium
ions could differ in the sign of the exchange integral for their
interaction with electrons. As a result, the total exchange
field would be h — h0 — |A, | where h0 and //, are the ex-
change fields exerted on electrons by the holmium and er-
bium ions, and where we have h, < 0. There would thus be a
possible cancellation of the exchange fields of the different
magnetic ions41: a sort of analog of the Jaccarino-Peter ef-
fect42 (i.e., the paramagnetic effect of the external magnetic
field is cancelled by the exchange field of the magnetic ions).
According to this interpretation, the ordering of erbium ions
below 100 mK reduces the exchange field to a level at which
in the superconducting state there is either a domain phase4

or a vortex state (Section 5). Measurements of the upper
critical field might be of assistance in testing this hypothesis.
The addition of magnetic ions with an exchange integral /of
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the other sign should raise the upper critical field near TM,
where this field is determined primarily by the paramagnetic
effect.

In antiferromagnetic superconductors, there is the
further possibility of an increase in the critical fields upon
the addition of an impurity of magnetic ions with an ex-
change integral of the opposite sign. With increasing impuri-
ty concentration, the increase in the critical field may give
way to a decrease because of an "overcancellation." This
change in the critical fields upon the introduction of a mag-
netic impurity should be seen most clearly at low tempera-
tures 7X Tc.

We also wish to point out that the addition of a small
amount of a magnetic impurity with a very strong exchange
interaction /i>/0 (/0 is tne exchange integral of the host
compound), might substantially increase the magnetic-scat-
tering parameter, causing r~l to approach Tc, without caus-
ing any important change in the exchange field (h0 > h,). In
this connection it would be interesting to carry out a corre-
sponding study with HoMo6Seg, where the domain phase of
the coexistence of superconductivity and magnetism is sta-
ble down to T = 0. The addition of a magnetic impurity
might weaken the Cooper pairing and change the character-
istics of the coexistence phase (e.g., reduce its wave vector).
At a sufficiently high concentration of the magnetic impuri-
ty there is the possibility of a transition from an inhomogen-
eous magnetic superconducting state to a ferromagnetic nor-
mal state.

The Jaccarino-Peter effect is manifested in an extreme-
ly unusual way in the behavior of the compound
Eu0 75 Sn0 25 Mo6S7 2 in an external magnetic field.43 The
strong orbital critical field in this compound makes it essen-
tial to take into account the paramagnetic effect, while the
presence of localized Eu magnetic moments leads to the pos-
sibility of a cancellation of this paramagnetic effect. In a
magnetic field, the Eu moments orient along the field; by
virtue of the exchange interaction with electrons, the result
is a destruction of superconductivity. A further increase in
the magnetic field has only a slight effect on the exchange
field of the Eu atoms, since their moment tends toward satu-
ration. One needs to keep in mind, however, the direct effect
of the field on the electron spin; the total effective field acting
on the spins, h=pBH + I(J), decreases in the case /< 0.
The result is a curious situation: Superconductivity is re-
stored when the field is increased. Superconductivity is de-
stroyed again at fields at which the orbital effect becomes
important or there is an "overcancellation" of the total ex-
change field. The resulting phase diagram of this compound
is extremely unusual and is shown in Fig. 9. In the absence of
a magnetic field, at low temperatures, an antiferromagnetic
order of europium ions with TN ~ 0.5 K apparently occurs."3

The initial ternary compound EuMo6S8 goes superconduct-
ing only at pressures above 13 kbar (Ref. 44).

An even more surprising effect was discovered just re-
cently in the heavy-fermion compound CePb3 (Ref. 73). In
the absence of a magnetic field, an antiferromagnetic transi-
tion occurs in this compound at TN =: 1 K, and there is no
superconductivity down to extremely low temperatures. A

strong magnetic field H~ 140 kOe suppresses the antiferro-
magnetic transition and—strange as it may seem—induces
superconductivity at T< 0.2 K. Lin et a/.73 attribute this be-
havior to a "freezing" of the magnetic scattering in the field,
and the destructive effect of the magnetic field on supercon-
ductivity is offset by the exchange field of the Ce atoms
(1 <0) by virtue of the Jaccarino-Peter effect. The orbital
effect, on the other hand, is strongly suppressed in this case
because of the large effective electron mass,73 m* > 200 m0

(m0 is the mass of a free electron).

6. POSSIBLE PHASES OF COEXISTENCE IN
SUPERCONDUCTING WEAK FERROMAGNETIC MATERIALS

While the moments of the magnetic lattices in ordinary
antiferromagnetic materials cancel out exactly, the situation
in a weak ferromagnetic material is different: The relativistic
interaction distorts the original antiferromagnetic structure
slightly, with the result that a weak ferromagnetic moment,
of the order of 10~2-10~3 of the nominal value, arises.45 In
the case of, say, a two-sublattice antiferromagnetic material
the onset of weak ferromagnetism is described in the free-
energy functional by an additional Dzyaloshinskii invariant
D[M,M2], where D is a vector, and M, and M2 are the
sublattice magnetizations. A term of this sort in the energy is
at a minimum when the magnetic sublattices are oriented at
right angles to each other, but this tendency disrupts the
collinearity of the original antiferromagnetic structure,
which is maintained by the strong exchange interaction. As a
compromise, the sublattices become tilted, and a slight fer-
romagnetic moment M~f3L arises, where L is the antiferro-
magnetic moment, and we have/7<^ 1 because of the relative
weakness of the relativistic interaction responsible for the
weak ferromagnetism.

A weak ferromagnetism is rather common among anti-
ferromagnetic substances, so that there is every reason to
expect to find it also in antiferromagnetic superconductors.

200

ISO

100

Superconductor

0 1 2 3 « T,K

FIG. 9. H, T phase diagram of the compound43 Eu0.7s Srio 25 Mo6S7 2 Se0.8.
The unusual shape of this diagram is a consequence of the cancellation of
the paramagnetic effect by the exchange field produced by Eu atoms.
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Perhaps a promising candidate is the body-centered tetrag-
onal (bet) phase of ErRh4B4 (Ref. 46).

In the case of ferromagnetic superconductors, essential-
ly the only possible phase in which a superconductivity
would coexist with a long-range magnetic order is a phase
with a domain magnetic structure,4 whose parameters are
determined for the most part by the exchange interaction of
the conduction electrons and localized moments. In contrast
with this situation, other coexistence phases are also possible
for weak ferromagnetic substances: a phase with spontane-
ous vortices and a Meissner superconducting phase,46 which
were predicted earlier for ferromagnetic superconductors in
the model of a purely electromagnetic interaction.47"50

Our analysis of the possible phases depending on the
parameters of the system of electrons and localized moments
is based on the free-energy functional corresponding to the
symmetry (bet) of the ErRh4B4 phase,46 but it reflects the
particular features of all weak ferromagnetic materials, and
the conclusions are of a general nature.

We assume that the antiferromagnetism vector L is di-
rected along the y axis, while the ferromagnetism vector is
directed along the x axis. The magnetic functional is the

_q] .

= J d'r

(20)
where 1 and m are the vectors L and M normalized to the
maximum magnetization, M(0) = /j.n (n is the concentra-
tion of magnetic atoms); i.e., we have l = L/M(0) and
m = M/M(0). The energy parameter 0ex is of the order of
TN; the magnetic induction is B = curl A; the parameters b
and C are of order unity; and we have /?< 1.

In the absence of superconductivity, (16) describes a
weak ferromagnetic material with a magnetization m = 01 /
b, which appears along with / at the point TN. Because of the
small value of /?, ~ 10~2-10~3, the ferromagnetic moment
may not disrupt superconductivity. The reason is that the
constant exchange field is lower than Tc, and the maximum
induction 5max = 4irM, does not exceed the upper critical
field /fc2. The interaction of superconductivity and magne-
tism in a weak ferromagnetic material near 7"N can be de-
scribed by perturbation theory. Below TN, the interaction of
superconductivity with the exchange field can always be de-
scribed by perturbation theory, but the magnetic induction
may in general exceed Hcl, and, if so, its effect on supercon-
ductivity will not be small. In such a situation, a phase with
spontaneous vortices—a VS phase (more on this below)—
becomes possible.

Superconducting pairing screens the long-wave part of
the exchange and electromagnetic interactions, while having
essentially no effect on their short-wave parts with q > J" 0~ '.
We therefore include in the functional Finl, which describes
the interaction of superconductivity and magnetism, the dif-
ference between the energies of the long-range interactions
in the superconducting and normal phases:

Mq = R|imq, (21)

where Qs ( q) is the superconducting electromagnetic kernel
[in the London limit ( ̂ ^JV1) we have QS~A^2 and

The complete functional of the system is
F=Fm + F, + Fint, where F, is the superconducting func-
tional (in the absence of localized moments). It has the usual
form and is unimportant to the discussion below.

Minimizing the complete functional with respect to B
and m, we find the free energy fuctional as a function of the
antiferromagnetic moment /q = ly< q for the transverse struc-
ture:

F(q) =
Xn(0)

(22)

where 6em = 2irfj,2n is the energy parameter of the magnetic
dipole interaction of the localized moments. Like 0ex, it is of
the order of I K in ternary compounds.

We first consider the case in which 13 is not very small,
and the condition ab //?<£0 holds. Below TN, a sinusoidal
transverse structure ly ~sin Qr with a wave vector
Q~ (a2£0r

 1/3/92/3 then appears if 0em/0ex (fi*L )2« 1.
During cooling / and m increase, and the magnetic

structure converts into the domain structure shown in Fig.
lOa. The directions of m in neighboring domains are oppo-
site (the same is true of the direction of 1). With further
cooling, it may turn out that the domain structure is unfa-
vorable from the energy standpoint because of the large en-
ergy of the domain walls. In this event we will observe a
transition to a structure with spontaneous vortices, shown in
Fig. lOb.

As P decreases, Q becomes so small that the exchange
interaction gives way to an electromagnetic interaction as
the dominant interaction in the formation of the magnetic
structure of the coexistence phase. The magnetic structure is
then again a domain structure with a wave vector
Q=;(a/lL)~1 / 2/?1 / 2 . During cooling, the structure may
again go into a vortex phase.

Finally, at a very small value of /?, we run into a situa-
tion with ab/P^,/LL. The magnetically modulated phase is
then unfavorable, and below TN there is the Meissner phase
shown in Fig. lOb. This phase could not occur in ferromag-
netic superconductors, with A L , £„>«. During cooling, the
Meissner phase converts into a vortex phase if the magnetic
induction B = 4irM exceeds Hc}. The complete phase dia-
gram of weak ferromagnetic superconductors is shown sche-
matically in Fig. 11.

In order to draw conclusions regarding the presence of
weak ferromagnetism in the bet phase of ErRh4B4 on the
basis of symmetry considerations, we need information on
its magnetic structure. So far, no neutron-scattering experi-
ments have been carried out on this compound, and we have
no direct information on its magnetic structure. The only
measurements which have been carried out have been mea-
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FIG. 10. a: Domain structure of weak ferromagnetic materials in the su-
perconductingstate(DSphase);thedirectionsofthe antiferromagnetism
vector L and of the ferromagnetic vector M in adjacent domains are oppo-
site; the wave vector of the structure is perpendicular to M; the supercon-
ducting order parameter is essentially uniform over the sample, b: Weak
ferromagnetic Meissner superconducting state (FS); the superconduct-
ing current, flowing along the boundary of the sample in a layer of the
order of A L in thickness, screens the surface current associated with the
jump in the ferromagnetic moment at the boundary; the magnetic induc-
tion vanishes inside the sample, c: Superconducting phase with spontane-
ous vortices (VS) caused by the presence of weak ferromagnetism; in this
phase, the ferromagnetic moment is nearly uniform, the induction and the
superconducting currents are very nonuniform; and the superconductivi-
ty is destroyed inside the vortex core.

surements of the magnetization along various crystallogra-
phic directions in single crystals of the bet phase of BrRh4B4

below the Neel point.66 These results are evidence of a com-
plex antiferromagnetic structure in this crystal. As noted
earlier, as the temperature was lowered below the Neel point
in the bet phase of ErRh4B4, a sharp increase was observed in
the trapped flux. This effect may have been due to the ap-
pearance of a self-induced vortex phase in this compound as
a result of weak ferromagnetism.

To conclude this section we wish to point out an inter-
esting possibility for observing the magnetic structures de-
scribed above in superconducting antiferromagnets whose
symmetry allows piezomagnetism. The application of pres-
sure to such a material causes a spontaneous ferromagnetic
moment (Ref. 45, for example), since the free energy has
mixed invariants l,mk with coefficients proportional to the
pressure. In the presence of superconductivity, the situation
becomes completely analogous to that described above, with
the coefficient/? proportional to the pressure. By varying the

FS phase DS phase

pressure in the superconducting piezomagnet one could in
principle generate the entire phase diagram in Fig. 11.

7. SPIN WAVES IN ANTIFERROMAGNETIC
SUPERCONDUCTORS

As mentioned earlier, superconductivity has no appre-
ciable effect on the magnetic structure of antiferromagnetic
substances, and we would thus be led to expect that the mag-
netic properties of antiferromagnetic superconductors
would differ only slightly from the properties of normal anti-
ferromagnetic materials. Indeed.this turns out to be the case,
with one exception: spin waves. In a spin wave, when there is
a deviation of the localized moments from their equilibrium
positions, a ferromagnetic moment arises; in the case of a
long-wave excitation, this moment interacts strongly with
superconductivity. As a result, the spin-wave spectrum in an
antiferromagnetic superconductor should be of a fundamen-
tally different nature than in an ordinary antiferromagnetic
material.51

In examining the spectrum of spin waves, we will for
clarity restrict the discussion to the case of a two-sublattice
antiferromagnetic material with sublattice magnetizations
M, and M2. Furthermore, since the specific behavior of the
spin-wave spectrum is related to the long-wave region
( q^a~l), the magnetic subsystem can be described by the
functional (20) with/3 = 0, and (21) can be used as fim.

Transforming to the complete functional, which con-
tains only the quantities m and SI (the deviations of the vec-
tors M and L from their equilibrium values 0 and L0, respec-
tively), we find, in the Fourier representation,

(23)

where /§ = Om /0ex and where we are assuming the anisotro-
py to be uniaxial ( all the antiferromagnetic superconductors
which have been studied by neutron scattering have a uniax-
ial anisotropy). The parameter D here is a measure of the
anisotropy (D>0) of the easy-axis type. Functional (23)
deviates from the ordinary functional in that the coefficient
of | mq |

2 is a strong function (at the scales of A f ' and £0~ ' )
of the wave vector. Writing the equations of motion for the
vectors m and 1, and solving them, we find the spin-wave
spectrum:

* + 2(l
(g)

Xn (0)

FIG. 11. Schematic phase diagram of a type II superconductor with weak
ferromagnetism.

(24)
where y = g/zBZ,0/2. The gap in the spin-wave spectrum at
q = 0 is cos (0) = [yD(2 + b + 2/3) ] 1 / 2 and differs from the
corresponding value in the absence of superconductivity by a
factor [1 +26~ ' (1 +/?)]1/2, where the second term in
brackets is of order unity. Superconductivity thus increases
the size of the gap in the spin-wave spectrum (the antiferro-
magnetic resonance frequency) by an amount of the order of
its value in the normal phase. The expression here for the
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FIG. 12. Typical shape of the spin-wave spectrum in an antiferromagnetic
superconductor.

spin-wave spectrum, (24), differs from the ordinary expres-
sion in the strong q dependence of co at the scale values
<? ~ £ 0~ ' and /i f ' and the presence of a minimum (or possi-
bly two minima) on the a> ( q) curve (Fig. 12). At the mini-
mum, the value of the frequency is essentially equal to the
antiferromagnetic resonance frequency in the normal phase,
(omin zzcon (0), and the minimum is reached at the value
?mm ~ (02J"0)~l/3D 1/3 of the wave vector. A study of the
spin-wave spectrum in antiferromagnetic superconductors
therefore might yield a rich store of information on both the
anisotropy of the magnetic system and the superconducting
and magnetic characteristics of the system. Inelastic neutron
scattering yields information on primarily the nature of the
spectrum a>( q) at 9>?min, on which superconductivity has
essentially no effect. On the other hand, rf methods should
"see"agap«s(0) =o n (0 ) [ l + 2b ~ ' (1 +/?)] l / 2 , since the
typical wave vectors here are much smaller than qmin. An
increase in the external field from H^ to Hc2, i.e., a destruc-
tion of the superconductivity should be quite evident in this
case from a change in the shape of the long-wave region in
the dispersion co ( q). So far, unfortunately, there has been no
experimental study of the spin-wave spectra of supercon-
ducting antiferromagnetic materials.

We conclude this section of the paper by noting that
there is also the possibility of an inverse effect of spin waves
in antiferromagnetic materials on superconductivity: The
spin waves weaken the Cooper pairing in the singlet state
and may intensify triplet pairing.52 So far, there are no indi-
cations of any sort for a significant interaction of electrons
through spin waves.

8. SUPERCONDUCTIVITY AND COLLECTIVIZED MAGNETISM

The discussion above has dealt with antiferromagnetic
superconductors with localized magnetic moments (mag-
netic atoms). In contrast, compounds have now been discov-
ered in which a band (collectivized) magnetism coexists
with superconductivity.

These compounds are Y9Co7, in which the appearance
of a band magnetism (Tm ~6 K), according to measure-
ments of the magnetic susceptibility and the magnetization,
precedes a superconducting transition53 (7^x3 K); the
compounds LaRh2Si2 and YRh2Si2, with TN x 7 K and with
a transition to the superconducting state at54 Tc —3—4 K;
and the Cr,_^Rex alloys.55 In the latter case, at
x>xc =0.16, susceptibility and NMR measurements55 in-
dicate the appearance of a band antiferromagnetism at

rN =; 160 K, well above the temperature of the supercon-
ducting transition, Tc =: 3 K. Interestingly, as x is raised
from 0 toxc, a sharp decrease in TN (from 500-600 K to 160
K) is observed near xc, and only at x > xc does superconduc-
tivity appear.

Chaussi et a!.56 believe that their measurements of the
magnetization in the bet phase of ErRh4B4 indicate the ap-
pearance of band ferromagnetism at a temperature of about
20 K, i.e., above Tc = 7.7 K, and a Neel temperature
7"N ~0.7 K, at which a magnetic ordering of erbium ions
occurs.

Furthermore, the coexistence of superconductivity and
a magnetic order of the spin-density-wave type might in
principle be observed in organic compounds also.22'62

At present there is too little information on supercon-
ducting band magnetic materials to determine the reasons
for the occurrence of band magnetism and the mechanisms
for its interaction with superconductivity. It is, on the other
hand, clear that there are important differences between sys-
tems with superconductivity and with band magnetism, on
the one hand, and superconducting compounds with local-
ized moments, on the other. In the first place, the same band
appears to be responsible for both the superconducting and
magnetic properties in the former systems, while the bands
which determine superconductivity and magnetism in the
latter are quite different: The Cooper pairing which occurs
in ternary compounds involves the s- and d-bands, while
magnetism involves the f-band. Furthermore, the energies of
superconductivity and of the band magnetism are deter-
mined in order of magnitude by similar expressions,
T2

CN(Q) and Tl,N(0), since both effects involve only a
small part of the band near the Fermi surface, of the order of
TC/%?F and rN/^F, respectively. This is the situation, for
example, in systems with a magnetic order of the spin-den-
sity-wave type, which arises from the circumstance that dif-
ferent parts of the Fermi surface can be brought into coinci-
dence through translation by a vector Q, which determines
the wave vector of the magnetization wave.22'62 The relation
between the energies in this case depends on the relation
between Tc and TN. In systems with localized moments, the
magnetic energy, of the order of rN, is generally much larger
than the superconducting condensation energy, even if
TH < Tc. The interaction mechanism here allows the coexis-
tence of superconductivity and antiferromagnetism under
the condition TN < Tc or T^~TC. However, the competi-
tion between band magnetism and superconductivity is not
determined exclusively by their relative energies. In princi-
ple, there could be a situation in which the two occur on
different parts of the Fermi surface, in which case the rela-
tion between Tc and 7"N could be arbitrary. This circum-
stance and also the absence of detailed information on the
geometry of the Fermi surface in systems with band magne-
tism hinder the derivation of a systematic theory for the co-
existence of superconductivity and band magnetism.

A theoretical approach to the description of band su-
perconducting antiferromagnetic substances which has been
proposed in several studies57"59 is based on Bilbro and
McMillan's theory,60 in which the interaction between two

423 Sov. Phys. Usp. 29 (5), May 1986 A. I. Buzdin and L. H. Bulaevskfr 423



types of transitions results exclusively from the competition
for the Fermi surface. This theory60 was derived for, and
used successfully for, a description of the coexistence of su-
perconductivity and a charge density wave. In the case of
band antiferromagnetism, on the other hand, an exchange
mechanism for an interaction between superconductivity
and magnetism and also a scattering of electrons by spin
excitations might play an important role.

9. CONCLUSION

The mutual effects of magnetism and superconductivity
in antiferromagnetic superconductors are not as obvious as
in ferromagnetic substances. Nevertheless, superconductivi-
ty in these compounds has many distinctive features: the
appearance of a gapless situation, a strong effect of ordinary
impurities on the superconducting characteristics below the
Neel point, an unusual behavior of the upper critical field
near the point of antiferromagnetic transition, and a change
in the nature of the transition to the superconducting state,
from second-order to first-order. In turn, superconductivity
should lead to an unusual spectrum of spin waves in antifer-
romagnetic superconductors. Finally, very interesting and
varied phases of coexistence of superconductivity and mag-
netism might be studied in weak ferromagnetic materials if
the corresponding compounds were produced. There is ac-
cordingly the hope that research on antiferromagnetic su-
perconductors will lead to a better understanding of both the
behavior of superconductors in strong exchange fields and
the effect of superconductivity on magnetism.

We wish to thank S. S. Krotov, M. L. Kulich, and S. V.
Panyukov for a useful discussion of these questions.
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"An exceptional case is Tm2Fe3Si5, in which antiferromagnetic ordering
below rN s 1.1 K destroys superconductivity.74 On the other hand, su-
perconductivity exists in this compound only at pressures above 3 kbar;
the critical temperature reaches a maximum Tc :sl K at Px9 kbar and
then falls off rapidly with increasing pressure.74 This anomalously strong
pressure dependence of the critical temperature suggests that supercon-
ductivity is destroyed in Tm2Fe3Si5 not by the antiferromagnetic transi-
tion itself but by the striction effects which accompany it.

2>A spatial variation of the order parameter has been taken into account in
several studies.'"' The corresponding Fourier components of this pa-
rameter, A2nC (n — 1,2,...), however, are small, of the order of he/vf Q
with respect to A. The incorporation of these components leads to cor-
rections of order (Ac/Sf F )2 in the superconducting characteristics. It is
this circumstance which makes the approach of Refs. 14 and 20, where
only uniform pairing was considered, essentially equivalent to the ap-
proach of Refs. 15 and 21, where nonuniform components of the super-
conducting order parameter were also taken into account.

"If an exchange field with a wave vector Q gives rise to a gap over large
regions of the Fermi surface, which can be brought into coincidence by
translation by a vector Q, the effect of the antiferromagnetism on the
superconductivity may be much stronger." In the limiting case of a sys-
tem with a one-dimensional spectrum, the compound becomes an insula-
tor below the point of the magnetic transition, and there is no supercon-
ducting transition. It is this situation which frequently prevails in the
family of Bechgord quasi-one-dimensional organic salts."-62

4'Spin waves also contribute to the heat capacity, but the contribution is
usually exponentially small because of the gap in the spin-wave spectrum
(Section 7 below). The size of this gap in ternary compounds can be
estimated to be about 1 K.

"In the coexistence phase of ferromagnetic superconductors, this situa-
tion does not occur, since a normal ferromagnetic phase is preferred from
the energy standpoint under the condition r, A < 1.

"Interestingly, while the vanishing of the resistance is determined by pe-
colation along superconducting regions, the behavior of the thermal con-
ductivity in a field should be characterized by percolation along normal

regions (since at T< rc a superconductor is essentially a thermal insula-
tor, and the normal regions are primarily responsible for the thermal
conductivity). The behavior of the thermal conductivity and that of the
resistance in a field in a polycrystalline magnetic superconductor should
therefore be intimately related. This question has yet to be studied ex-
perimentally.

7)In ternary superconducting compounds, the magnitudes of the exchange
integrals are exceptionally small (the typical value of the exchange field
in these compounds is ~ 10-50 K, while in ordinary magnetic materials
it is of the order of 500-1000 K). The reason is a pronounced spatial
separation of conduction electrons, which move primarily along Rh4B4

or Mo6S8 clusters, and magnetic rare earth ions, which lie between clus-
ters. A cluster structure of this sort also makes possible a coexistence of
superconductivity and magnetism.4 In disordered samples, the magnetic
ions evidently approach clusters.
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