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Great progress has been made in recent years in experimental studies of excitonic molecules, both
in direct-band and indirect-band semiconductors. The exciton systems in these semiconductors
differ substantially. In direct-band semiconductors with dipole-allowed optical transitions, the
direct-recombination times are extremely small. Consequently the processes of binding of exci-
tons into excitonic molecules and their decay occur under strongly nonequilibrium conditions.
Hence one can obtain the fundamental information on biexcitons in these semiconductors by
nonlinear optical methods. This review discusses the processes on which the various methods are
based: two-photon resonance excitation of biexcitons, induced one-photon conversion of an exci-
ton into a biexciton, two-photon resonance Raman scattering involving biexciton states, etc., and
their application to studying biexcitons with the example of CdS. Problems of bistability involv-
ing biexcitons are also briefly discussed. In indirect semiconductors, where recombination occurs
with the emission of a phonon, the lifetimes of excitons are large, and quasiequilibrium can be
established in the exciton system. Under these conditions the information on the properties of the
molecules is obtained by analyzing their radiative-decay spectra. The problem of detecting biexci-
tons in indirect semiconductors, radiative decay of molecules, and the effect on their stability of
external electric, strain, and magnetic fields are discussed in detail with the examples of Si and Ge.
Also the results of investigating the quantum statistical behavior of a dense gas of spin-oriented
excitons (in a magnetic field under conditions in which the biexcitons are destabilized) are briefly
presented (using the example of uniaxially compressed germanium), and the question of the
possibility of their Bose condensation is discussed.
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1. INTRODUCTION excitonic molecule—the EM (or biexciton)—a bound com-
The possibility in principle of binding in vacuo of four plex of two electrons and two holes. The concept of a biexci-

light particles (two electrons and two positrons) by Cou- ton in solid-state physics was introduced by Lamport3 and
lomb forces to form a neutral molecule was first shown by independently by Moskalenko.4 Progress in experimental
Hylleraas and Ore1-2 using variational calculations. Their studies of properties of EMs has been most evident in recent
calculations implied that such a four-particle complex is sta- years, both in semiconductors with a direct gap (see, e.g., the
ble against dissociation into two positronium atoms. A close reviews of Hanamura, Haug, et al.5 and Grun et a/.6) and in
analog of the positronium molecule in semiconductors is the indirect-band semiconductors (see, e.g., Ref. 7).

735 Sov.Phys. Usp. 28(9), September 1985 0038-5670/85/090735-27$01.80 © 1986 American Institute of Physics 735



In contrast to ordinary gases, the electron-hole gas in
semiconductors (electrons, holes, excitons, molecules, etc.)
is in principle a nonequilibrium system owing to recombina-
tion processes. In direct-band semiconductors, where the
optical interband transitions are dipole-allowed and the di-
rect recombination times are extremely small (for gap
widths Eg > 1 eV these times are on a nanosecond scale), the
processes of binding into excitonic molecules and their decay
occur under strongly nonequilibrium conditions, both with
respect to the phonon system and among the components of
the electron-hole system itself. Hence nonlinear optical
methods have been developed for experimental study of the
properties of biexcitons in these crystals, and have proved
most effective under the conditions of this nonequilibrium.
They include two-photon resonance excitation of biexciton,8

induced one-photon conversion of an exciton into a biexci-
ton,9'10 and also two-photon resonance Raman scattering
(or hyper-Raman scattering) involving biexcitonic states.11

The effectiveness of these processes in direct-band semicon-
ductors involves the gigantic value of the nonlinear suscepti-
bility under conditions of two photon resonance with the
corresponding biexcitonic state. The recently started studies
of nonlinear effects in multiwave mixing and bistability in-
volving biexcitons12 stem from this.

The application of the cited methods of nonlinear optics
in indirect-band semiconductors is less effective, owing to
the small probability of optical transitions. In these semicon-
ductors recombination is indirect in character, with partici-
pation of a phonon that carries away the Brillouin momen-
tum. Hence they are distinguished by long times (e.g., in Si
and Ge the recombination times are on a microsecond
scale). We can naturally expect that the formation and de-
cay of excitonic molecules in indirect-band semiconductors
with such long recombination times will occur under quasie-
quilibrium conditions, even at relatively low exciton densi-
ties and low enough temperatures. Hence one can extract
valuable information on the properties of EMs in these mate-
rials by analyzing their radiative-decay spectra.

Up to now, the properties of EMs in uniaxially de-
formed crystals of Si and Ge have been given the most round-
ed study. Therefore this review will mainly employ the re-
sults of studies of biexcitons in these semiconductors. In
discussing the nonlinear-optical methods of studying biexci-
tonic states in semiconductors having a direct gap, we shall
mainly employ the results for CdS, taking into account the
relative simplicity of the energy spectrum (nondegenerate
bands) in these crystals and the sufficiently high accuracy of
the information on the needed experimental parameters.

There is a very extensive bibliography on the topic being
discussed. The authors apologize in advance if any of the
studies have remained uncited in this review.

2. BINDING ENERGY OF EXCITONIC MOLECULES

In semiconductors the ratio of the effective masses me

of the electron and mh of the hole is much larger than the
ratio of masses of a free electron and a proton. In this regard,
the question has arisen of the stability of EMs against disso-

ciation into two excitons for an arbitrary value of the param-
eter a = wje/mh.

When the effective masses of the electron and the hole
do not differ strongly, the problem of four-body stability
lacks a small parameter in which one can perform an expan-
sion. Therefore the adiabatic approximation widely em-
ployed in molelcular spectroscopy is inapplicable here. In
other words, when me ~mh , the amplitude of the zero-point
vibrations proves to be on the scale of the molecule itself.
Hence the very concept of "equilibrium nuclear coordi-
nates" loses meaning.

In the limit a = 1, the problem of the stability of EMs is
quite comparable to the problem of the positronium mole-
cule, which was first solved by Hylleraas and Ore.1'2 Under
conditions in which me = mh , from considerations of the
symmetry of the problem the attractive potential proves
maximal when both the electrons and the holes exist in sing-
let states. However, a stable molecular state does not arise
for the singlet wave function taken in the Heitler-London
form. Hylleraas and Ore proposed using a wave function in
the form1'2

Xcosh - (1)

Here the subscripts 1 , 2, and a, b correspond to electrons and
holes, and a and P are the parameters being varied. By using
variational calculations on the wave function of ( 1 ) , it was
found that the binding energy of the positronium molecule
amounts to only 0.017 of the Rydberg value Ry of the posi-
tronium atom. Such a small value of the binding energy as
compared with the hydrogen molecule H2 involves the fact
that the contribution of the kinetic energy of the relative
motion inside the molecule increases substantially, owing to
the closeness of the masses me and mh .

The binding energy AM of EMs in semiconductors hav-
ing different structures of the energy bands has been calcu-
lated in Refs. 13-17. In the variational calculations the wave
function is usually selected in the form of the product of the
Hylleraas-Ore function (*Ho ) and a shell function for the
holes F(R^):

Here we have S2(R h )=J"*H0 (OdV, wh»e R h character-
izes the distance between the holes. In the limit as cr— >•! , with
F(Rb ) in Eq. (2) replaced by a 5-function, one obtains a
trial function that has previously been used for variational
calculations of the H2 molecule. ] 8 In this limit, the variation-
al calculations yield the value for the ratio AM/Ry = 0.3,
whereas the exact result is 0.35. In the limit cr = 1 we have
F(R h ) = 1, and the wave function of (2) coincides with the
Hylleraas-Ore function for the positronium molecule. The
variation of the energy of the ground state EM (a) was found
by using the standard variational procedure — minimization
of the mean value of the Hamiltonian for a trial wave func-
tion of the form of (2). The binding energy of an EM is
determined with respect to dissociation to two free excitons,
namely, AM = - EM — 2Ry.
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FIG. 1. Dependence of the binding energy of EMs
(a) and of the ratio of the mean distance between
the holes in an EM (b) on the ratio of effective
masses of the electron and the hole. Solid lines—
calculation by the variational method,13 dashed
line—calculation by the Monte-Carlo method us-
ing Green's functions.17 Circles—experiment: 1—
CdS,5 2—CuBr,5 3—ZnTe,5 4—CuCl,5 5—ZnSe,5

6—Ge <~ 100>,30 7—Si (100),35 8—Si.44

The theoretical analysis of the AM (cr) relationship
showed that: 1) AM(cr) is symmetric with respect to
<7= I,15 2) AM decreases monotonically in the region
0«r< I,15 and 3) when cr—>•!, we have c9AM/<?cr-*0.19 The
results of the variational calculation of AM (cr) are shown in
Fig. 1.

The Monte Carlo method and the Green's-function for-
malism have been used17 for calculating the binding energy
of EMs, as based on the formal analogy between the Schro-
dinger equation and the diffusion equation. The electrons
and holes were treated on a uniform basis. The results of the
calculation are also presented in Fig. 1 (curve 2). We see
from Fig. 1 that, in contrast to the variational calculations,
the given method yields correct values of AM as
a-+Q (AM —*0.3 5 Ry). Further, throughout the region of val-
ues of cr(0<cr< 1), the calculation employing the Monte-
Carlo method and the Green's-function formalism yields ap-
preciably larger values of AM than the variational
calculation does14; as cr—^1 the discrepancy becomes as
much as a factor of two. As we shall show below, the calcula-
tions employing the Monte-Carlo method and the Green's-
function formalism yield values of AM that agree consider-
ably better with the experimental values than those
calculated by the variational method.

The hydrogen molecule is a rather compact structure:
the distance between the two protons amounts to only
1.44aH, where aH is the Bohr radius of the hydrogen atoms.
As the mass ratio me/mh increases, the kinetic energy of the
holes increases. This leads to their delocalization and to an
increase in the mean interparticle distance (R h ) between
them, as calculated by the formula:

(3)

A calculation of (R h ) as a function of the parameter a has
been performed in Ref. 13. The result of the calculation is
illustrated by Fig. 1, from which we see that the ratio (R h}/
aex, where aex is the Bohr radius of the exciton, increases
monotonically from 1.44 to 3.47. Thus, in the general case an
excitonic molecule is a more open structure than a hydrogen
molecule.

Several theoretical groups have studied the effect of the
anisotropy of effective masses of holes (and electrons) on
the magnitude of the binding energy of an excitonic mole-
cule.14-15 They have found that the binding energy of an EM

depends weakly on the anisotropy parameter for the most
typical semiconductor structures yeh = mfh/mjj'h. In the
general case it tends to decrease with increasing anisotropy
of the masses.

Finally, Ref. 20 has also examined the question of the
influence of complex structure of the band spectrum on the
energy of the ground state of the excitonic molecule. Thus, in
direct-band semiconductors having the sphalerite structure,
the conduction band at the F-point is simple and has the
symmetry F6, while the valence band is fourfold degenerate
with respect to spin and has the symmetry F8. In this case
two types of excitons arise with the angular momenta
/„ = 1(F5) and /ex = 2(T3 + F4). The triplet state of the
exciton with /ex = 2 is optically inactive. One can choose as
the basis spin functions of the EM the products of the states
of two electrons with Je = 0 and the states of two holes with
Jh =0 and Jh = 2, namely: \JM,mM) = |0,0)e /h,mh)h,
where JM = Jh =0; 2. Then one can write the wave function
of the EM in the form

|¥M(/M, mM)> = —^=-exp (fk«0) ^(r,,,, r26, R0)|/M, «M>.

(4)
Here R,, is the coordinate of the center of mass of the mole-
cule. Within the framework of the effective-mass approxi-
mation, the molecular states of the type of (4) are sixfold
degenerate and split into three terms rt, F3, and F5 upon
taking the exchange interaction into account. The effects of
the exchange interaction can appreciably affect the energy of
the ground state of the EM. A striking example is the Cu2O
crystal, where a bound molecular orbital does not arise,
owing to the effects of the exchange interaction, and EMs are
unstable.20 In the indirect semiconductors Si and Ge the in-
fluence of the exchange interaction on the binding energy of
an EM is negligibly small, owing to the large radius of the
Bohr orbits.

3. EXCITONIC MOLECULES IN SEMICONDUCTORS WITH AN
INDIRECT FORBIDDEN BAND (Si AND Ge)

a) Radiative decay of EMs In uniaxially compressed crystals
of SI and Ge

The most direct method of detecting and studying the
properties of EMs is to analyze their radiative-recombina-
tion spectra. Owing to the strong electron-hole (e-h) pair
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correlation in EMs, the most likely process of radiative de-
cay of an EM proves to be the recombination of one e-h pair
with emission of a photon and creation of a recoil exciton. In
indirect semiconductors this process is accompanied by si-
multaneous emission of a phonon that carries away the Bril-
louin quasimomentum. The corresponding reaction is writ-
ten in the form

Em—> photon + phonon + exciton. (5)

The first attempts to detect radiative annihilation of
EMs were made in the indirect semiconductors Si and Ge.
Owing to the possibility of preparing Si and Ge with a very
low concentration of shallow impurities, one can avoid in
these crystals the complications involving the presence of
intense emission from exciton-impurity complexes, which
have a substantially larger binding energy than EMs do.3

The studies along this line were stimulated by the well-
known work of Haynes,21 who discovered a new radiative
channel in pure silicon at large excitation densities of exci-
tons. However, it was shown later that the phenomenon that
he discovered involves the condensation of excitons into a
dense metallic electron-hole liquid.22"24 Owing to the strong
degeneracy of the electron and hole bands, the binding ener-
gy <p of the electron hole liquid in Si and Ge crystals proves to
be very large: <p ~ 0.5 Ry,24 whereas the binding energy of an
EM, as was discussed above, lies within the limit of 0.1 Ry.
Owing to the relatively small binding energy of EMs in Si
and Ge, the partial fraction of EMs in the nonequilibrium
e-h gas proves to be small, even near the threshold for con-
densation to an electron-hole liquid. Estimates of the partial
fraction of EMs in the gas phase performed within the frame-
work of the principle of detailed balancing yield values for
the ratio of concentrations of molecules («M) and of exci-
tons (nex) «M/nex s; 10"~2-10~3. Hence it becomes under-
standable why it has not been possible for a long time to
detect EM emission in undeformed Si and Ge, despite inten-
sive searches for this radiative channel.

One can appreciably increase the partial fraction of
EMs, and thus create a more preferable situation for their

.ir relative units

/, relative units
M FE

experimental detection by uniaxially deforming the crys-
tals.11 In uniaxial deformation of Si and Ge crystals, the
binding energy of the electron-hole liquid decreases owing to
the increased contribution of the kinetic energy because of
the removal of orbital degeneracy in the electron and hole
bands.24'26"28 Consequently the density of the gas phase in-
creases, and hence also the partial fraction of EMs, since we
have «M/n« ~nea- The most favorable situation exists in
crystals of Si and Ge compressed along an axis close to
(100), for which the binding energy of the fluid declines by a
factor of four or five, while the density of the gas phase in-
creases by more than an order of magnitude.27'29-30 The bind-
ing energy of EMs, just like the excitonic Rydberg energy,
varies little upon removing the degeneracy of the bands. In
the radiative recombination of an EM, part of its energy is
transferred to the remaining exciton. Hence the emission
line of an EM must lie on the long-wavelength side of the
emission line of free excitons (FEs). Such a line (M) has
been detected by studying the kinetics of recombination-ra-
diation spectra of high-purity silicon crystals (concentra-
tion of residual shallow impurities less than 1012 cm~3)
strongly compressed along the (100) axis (Si {100)) (pres-
sure P< 200 MPa) under pulsed excitation yielding a mean
density of e-h pairs n ~ 1017 cm~3 (Fig. 2a) .3l After decay of
the emission from the electron-hole liquid (line L), the form
of the long-wavelength edge of the line M remains un-
changed. As one should expect, the spacing between the
maxima of the M and FE lines does not depend on the magni-
tude of the deformation, and amounts to about 2 meV in Si.

The molecular nature of the M line is confirmed by ex-
periments performed with strongly uniaxially deformed
crystals of Si ( P> 500 MPa) under conditions of steady-
state bulk excitation.29 Figure 2b illustrates the change in the
emission spectra of strongly compressed Si (100) crystals
upon increasing the excitation density. At low excitation
densities one observes in the spectrum the emission from free
excitons (FE line) and those bound to residual acceptors
(BE line). The channel associated with recombination of
exciton-impurity complexes is rapidly saturated. Here the

FIG. 2. Emission spectra of uniaxially compressed
Si < 100) crystals at T = 1.8 K with different excita-
tion conditions, a—Pulsed excitation (S~3x 1017

cm"3; spectra 1-5 correspond to delays with re-
spect to the excitation pulse of respectively 0; 0.25;
0.35; 0.7; and 1.1 /is31); b—bulk steady-state exci-
tation; the mean density n varies from ~ 1014 to
10" cm"3; the inset shows the dependence of the
emission intensity of EMs on the intensity of emis-
sion of free excitons on a logarithmic scale; the
straight line corresponds to the relationship

1,05 1,07 A»,
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emission line of EMs appears in the spectrum. As one should
expect from the molecular origin of this line, its intensity
increases in proportion to the square of the intensity of the
exciton line (inset in Fig. 2b). At greater densities (n > 1015

cm"3), the intensity of the M line, just like that of the FE
line, saturates owing to the condensation of the exciton gas
and the EMs into an electron-hole liquid.

In Ge crystals the experimental detection of EMs in-
volves additional difficulties, first, because of the smaller
scale (by a factor of ~ 5) of the binding energy of excitons
into EMs, and second, because of the greater stability of the
(e-h) liquid owing to the strong anisotropy of the bands.29

Thus, in Ge compressed along the (111) axis (P~150
MPa), the binding energy of the e-h liquid still remains rath-
er large (tp~Q.27 Ry), despite the complete removal of the
degeneracy of the bands.32 Only when one deforms Ge along
an asymmetric direction close to {100} (Pf f ( lOO))
(Ge{ ~ 100}), for which the anisotropy of the valence band
proves relatively small, and hence the density of hole states is
minimal, can one decrease the binding energy of the elec-
tron-hole liquid to ~0.1 Ry.33 Under these conditions one
observes an intense emission line of EMs in the emission
spectrum of Ge30'34 (Fig. 3). Its intensity is proportional to
the square of the intensity of the FE line, as one sees well by
comparing the recordings of spectra using 100% and 13%
modulation of the intensity of the exciting laser. The found
value of the power-law exponent of the relationship
J M ~ J F E ( £ = (/M/^Fe)dif/(-?M/^FE)mt) amounts to
1.9 ±0.1.

Figure 4 shows the result of comparing the form of the
M and FE lines in Ge( ~ 100) and Si{ 100}, as recorded for
identical ratios &7YRy and intensities of the M and FE lines.
The inset in this diagram shows the emission spectra of EMs

FIG. 3. Emission spectra of excitons and EMs in Ge ( ~ 100) at 7* = 1.8 K
with emission of LA- and TA-phonons.30 The LA spectra 1 and 1' are
recorded at 100 and 13% modulation of the intensity of the exciting light
(W=20 W/cm2): 1—integral, and 1'—differential spectra (magnifica-
tion X 6). the TA (2') and LA (2) spectra are recorded at W= 25 W/
cm2; the TA spectrum is magnified X 42; the ratio of the intensities of the
TA and LA components is shown in the upper part of the diagram.

1,OSB 1,07,9 1,0lt2. to, eV

FIG. 4. Comparison of the experimental contour of the EM emission line
in Si < 100) with the calculated contour (symbols) and with the contour of
the EM emission line in Ge < ~ 100) (inset). The emission spectra 1 and 2
of Si are recorded at 7"= 1.8 K and at excitation densities n^3x 10'5

cm~3 and 3X 1013 cm~3 respectively.29 The emission spectra of Si (cir-
cles) and Ge (solid line) shown in the inset are drawn for convenience of
comparison at identical ratios /M/^FE = 1 and kT/Ry = 0.05.42

and excitons in Ge at T= 1.5 K = 0.05R (Ge) and in Si
{100} at T = 1K = 0.05 Ry (Si). The energy scale is dimen-
sionless in units of the corresponding Rydbergs. The essen-
tial point is that one employs no adjustable parameters in
such a comparison. The good agreement of the shape of the
emission spectra for Si and Ge confirms the identical (mo-
lecular) nature of the M line in these crystals.

b) Shape of the emission spectrum of EMs in indirect
annihilation

In the indirect radiative decay of EMs, the correspond-
ing emission line must have a finite width, even at T = 0 K,
since part of the energy of the EM is transferred upon recom-
bination to the remaining recoil exciton. One can estimate
the width of the emission line of EMs from the following
considerations.31 Since the wave functions of the exciton and
the EM have dimensions of the order of the Bohr radius of an
exciton, ael, the matrix element M of the radiative transition
must be substantial in the region of wave vectors of the recoil
exciton kex Sae7'. Hence the energy that the recoil exciton
carries away upon recombination of the EM lies in the range

(6)
2 A/ex

Here mex and Afex are respectively the reduced and transla-
tional effective masses of the excitons. Estimates by Eq. (6)
yield values of the width of the M line of about 3 meV in Si
and 0.5 meV in Ge, which agree well with the experimental
values. It is also evident from the arguments presented above
that only the "violet" edge of the M line should be sensitive
to the temperature at low enough temperatures fc7>(mex/
MC!i )R (owing to the change in the energy distribution of the
EMs), while the shape of the "red edge," which is deter-
mined by recoil effects, should change little. This conclusion
agrees well with the results of experimental studies of the
influence of the temperature on the form of the M line per-
formed in Refs. 31, 35, and 36.

The fact that the "red" edge of the M line involves recoil
effects can be demonstrated directly for Ge. A group analy-
sis implies that in Ge the transitions with emission of LA-
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phonons are allowed, while those with emission of TA-phon-
ons are forbidden in the zero order in k.25 Therefore, in the
recombination of excitons with creation of a TA-phonon, an
extra factor appears in the matrix element that is proportion-
al to their quasimomentum,37 while the spectral depen-
dences of the TA- and LA-components of the exciton emis-
sion line are related by:

(E), (7)

Here the energy E~ k2
x is measured from the low-frequency

boundary of the spectrum (E = 0 corresponds to emission of
an exciton at rest). In the case of radiative decay of an EM,
the quasimomentum is carried away by the recoil exciton.
Therefore, at TzxQ K the ratio of the intensities of the TA-
and LA-components must increase with decreasing energy
of the emitted quantum:

/£A(£ + AM) ~(-E-AM)I^(E + AM). (8)

A comparison of the emission spectra of excitons and
EMs with emission of TA- and LA-phonons is shown in Fig.
3 (curves 2' and 2, respectively).30 The upper part of the
diagram presents the ratio of intensities / TA // LA. In agree-
ment with Eqs. (7) and (8), we see that the ratio / TA // LA

increases in the recombination of excitons with increasing
fun in proportion to their thermal energy. In recombination
of EMs it increases with decreasing fuo in proportion to the
recoil energy of the exciton ( — E — AM). Near the violet
edge of the M line Eq. (8) breaks down owing to the thermal
energy distribution of the EMs.

For an analytical description of the shape of the emis-
sion line of an indirect biexciton, one must know the matrix
element of the transition. A detailed calculation of the anni-
hilation amplitude of biexcitons has been performed in Ref.
29. The matix element of the transition was found in the
second order of perturbation theory, and after transforma-
tions was converted to the form

(P|p. q) ~ J d'r r, r.|r, rh)

Xexp(-;qT)\|>*'(<lel'-h). (9)

Here <PP, e ~'"'', and ^" are the wave functions of the mole-
cule, the phonon, and the exciton. This formula generalizes
the well known formula of Elliott38 for the annihilation am-
plitude of an exciton, which is proportional to 1/1^ (0), and
also has a perspicuous physical meaning. We see from Eq.
(9) that this is the amplitude of the probability of finding in
the biexciton one of the electrons and one of the holes at one
site, while the other—electron and hole—form an exciton
with the wave function iff. The authors of Ref. 29 calculated
the matrix element M(P|p, q) by numerical integration of
Eq. (9) using the wave function of the biexciton correspond-
ing to the best of the known variational approximations.14

As was expected, practically the entire function M(P|p, q)
is concentrated in a region pa^/fi < 1.

If we neglect the phonon dispersion, then we can derive
the following expression for the probability of emitting light
at the frequency <a:

X (10)

At temperatures so low that the mean thermal momentum P
of the biexciton satisfies the inequality ( \/ft) ( P )aex < 1, we
see from ( 10) that the shape of the line is given by the expres-
sion

~ | p | M2 (p). ( ID

Here we have p2 = 4Afex (£M — fa) — AM — #ftq). Figure
4 shows the experimental contour of the biexciton emission
line in Si at T = 1.8 K and an approximation of the contour
calculated by Eq. (10). In constructing it, we have adopted a
binding energy of an exciton of 12 meV, aa = 52.5 A, and
AM = 0.4 meV.29 The agreement between theory and experi-
ment seems satisfactory, and all the more so if we allow for
the fact that no adjustable parameters were used in this ap-
proximation. Here it is important to stress that both the
shape of the line and the binding energy are determined un-
ambiguously by the wave function of the biexciton. Hence
they are not independent quantities. Therefore it is difficult
to determine the binding energy of an excitonic molecule to
high accuracy by analysis of the line shape.

c) Binding energy of EMs In SI and Ge (experimental methods)

One can employ the following two methods to deter-
mine the binding energy of an EM: first, one can extract the
value of AM from analyzing the spectral arrangment of the
emission lines of EMs and free excitons, and second, one can
determine it by measuring the temperature variation in the
relative intensities of these lines (proportional to the concen-
tration). Neither method lacks faults. Thus, at a finite tem-
perature the EM emission line does not have a sharply de-
fined short-wavelength boundary corresponding to a
transition from the ground state of the EM (with P = 0) to
the ground state of a free exciton (with p = 0). Yet the sec-
ond method is valid only in the presence of thermal equilibri-
um between excitons and EMs.

Cho39 has proposed a simple model description for the
amplitude of indirect annihilation of EMs of the following
form:

-2
(12)

Upon choosing the parameter aM s; 1.2aM, we can satisfac-
torily describe the "red" tail of the emission line M. By using
this approximation of the contour of the EM emission line, it
has been found31>35>36'40 that the binding energy of EMs in Si
<100> amounts to 1.3-1.4 meVsO.l Ry. However, in the
light of what we have presented in the previous section, it is
not clear what the true error is in estimating the binding
energy of EMs on the basis of using Eq. (12).

References 29, 35,40, and 41 have applied a thermody-
namic method to determine the binding energy of EMs in Si
crystals based on using the Saha relationship

"M-^tiriEFr-^p-tr- (13)
\ M f i K l 1 Vex Kl

The latter stems from the condition of equality of the chemi-
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cal potentials of excitons and EMs (as calculated per e-h
pair):

HM-2jiex. (14)

Here VM(HO is the multiplicity of degeneracy of the EM (or
exciton) levels, and we have taken into account the fact that
the translational mass of the molecule equals two exciton
masses. As we noted above, this method must yield a reliable
result if quasiequilibrium can be established between the
components of the gas phase—excitons and EMs—within
their lifetime. The measurements of the temperature depen-
dence of the ratio /M/^FE in Si < 100) under conditions of
bulk excitation in the temperature range 1.8-4 K performed
in Ref. 29 yielded the value AM =0.6 meV. Gourley and
Wolfe35*40 have realized conditions of a special inhomogen-
eous compression of Si crystals in which the gas of excitons
and EMs proves to be located in a parabolic deformed poten-
tial well and does not contact the surface of the specimen.
Under these conditions the lifetime TM of EMs was as much
as ~ 10~5 s, and the authors were able to measure the /M/
/^ variation in the temperature region 4.2-9 K. The value
found for AM proved to be 1.1 meV. The measurements of
the binding energy of EMs in germanium performed in un-
iaxially compressed crystals30-42 and based on measuring the
variation of/M//FE in the temperature region 1.5-3 K (Fig.
5) yielded the value AM = 0.27 ± 0.06 meV~0.1 Ry. In re-
lation to the exciton Rydberg energy, this value is closer to
that found in Si by Wolfe and Gourley.40 It is not ruled out
that equilibrium could not be established in the exciton sys-
tem in the experiments with homogeneously compressed
Si,29 owing to the very small lifetime of EMs at J<4.2 K
(TM ~ 10~7 s). Hence the estimate of AM proved to be too
low.

In concluding this section we call attention to the fact
that the experimental values of the binding energy of EMs in
Si and in Ge (AM ~ 0.10 ± 0.02 Ry) prove to be substantial-

0,7-

0,5-

FE.

0,3-.

70S 70S 710 , meV

FIG. 5. Emission spectra of excitons and EMs inGe (~100).30 1-3-
W= 25 W/cm2; Tb (K) = 1.47 (1), 1.74 (2), and 2.1 (3); 4— W= 3 W/
cm2; Tb =2.1 K. The inset shows the semilogarithmic dependence of In
(•^M r^2/!^) on 7\~', from which the EM binding energy was deter-
mined.
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ly larger than is expected, both from variational calcula-
tions, according to which AM jsO.03 Ry for mc ~mh ,14 and
from calculations based on the Monte-Carlo method and the
Green's-function formalism (AM~0.06 Ry).17 It is not
ruled out that deformational acoustic phonons make an ap-
preciable contribution to increasing the stability of EMs in Si
and Ge.

d) Impact dissociation of EMs by free carriers In a weak
electric field

At high exciton densities in the gas phase, apprehen-
sions arise that radiative recombination involving exciton-
exciton collisions can contribute in the spectral region of
emission of EMs (the M band). Within the framework of
such a process, the intensity of emission is proportional to
n2

x, while the width of the emission line is determined by the
kinetic energy of the recoil exciton, just as in the case of
emission from EMs. The contribution to the emission spec-
tra from processes of inelastic exciton-exciton collisions can
be distinguished by experiments on impact dissociation of
weakly bound states by free carriers. When we take into ac-
count the fact that the binding energies of an EM and an
exciton differ by more than an order of magnitude, in weak
enough electric fields the carriers will mainly destroy the
molecular states. Owing to the dissociation of EMs into free
excitons, the EM radiation will disappear, whereas the rate
of inelastic exciton-exciton collisions (and the correspond-
ing emission channel in the spectra) will only increase under
these conditions. The action of impact ionization on the
emission spectra of EMs and excitons is illustrated in Fig.
6.43 We see that the intensity of the M line in Si < 100} at a
mean density of e-h pairs ~4x 1015 cm~3 declines appre-
ciably even in fields E = 10 V/cm, while in fields E = 50-60
V/cm the M line completely disappears from the spectrum.
Conversely, the free-exciton emission line in such small
fields even increases somewhat owing to the displacement of

/, rel. un. I, rel. un.

1,060 1,065 1,070 _ 1,070

FIG. 6. Emission spectra of Si <100> at T= 2 K and excitation densities
S~4x 10" cm-3 (a) and 3 X10U cm~3 (b).43 Spectra 1-4 are recorded
at an external field intensity of 0, 20, 40, and 60 V/cm, respectively.
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the equilibrium between excitons and EMs in favor of exci-
tons. An analogous result has also been obtained in studying
EMs in Ge.34 At low excitation densities, at which the emis-
sion line of bound excitons is also observed in the spectrum,
applying an electric field primarily leads to disappearance of
the EM line (Fig. 6). This result confirms the idea that the
binding energy of an EM is substantially smaller than the
binding energy of exciton-impurity complexes.

Thus the studies under conditions of impact dissocia-
tion allow one to rule out processes of exciton-exciton colli-
sions and confirm that the M line arises from recombination
of very weakly bound exciton states. We note also that the
behavior of the M line in a weak electric field also contradicts
the interpretation of this line in terms of radiative recombin-
ation of an ionized e-h plasma of low density. Actually, in
this case in a weak electric field, the intensity of the M line
could only increase owing to ionization of the excitons.

e) EMs in semiconductors with different numbers of electron
valleys

In uniaxially compressed crystals of Ge (~100),
neither the electron nor hole bands are degenerate. There-
fore both of the electrons (or holes) in an EM belong to the
same electron (hole) extremum. In Si 000). the conduction
band contains two valleysx and x that lie on the compression
axis (100). Hence two electrons in an EM in Si (100) can
belong either to one valley (xx states), or to different valleys,
but lying on one axis (xx states).

After the detection and identification of the EM emis-
sion lines in strongly compressed crystals of Si (100), a very
weak line was revealed44 in very pure undeformed crystals of
Si at T= 1.4 K (Fig. 7). Kaminskii and Pokrovskir45 have
also discovered an M line near the emission line of "hot"
excitons in relatively weakly compressed crystals of Si
(100), and have attributed this line to emission from "hot"
EMs that include one "cold" and one "hot" exciton.2' Emis-
sion lines of EMs have also been found46 in Si crystals com-
pressed along the (110) axis. In contrast to "cold" EMs in Si
(100), both xx and xx states and xy states (with electrons

/,8K FE

HI-

1,131 1,137

from valleys whose principal axes are mutually perpendicu-
lar) are possible for electrons in EMs in undeformed Si and
in Si (100). In "hot" EMs in Si (100) and Si (110), the
electronic states are only of the xy type. Due to the weaken-
ing of the Coulomb repulsion for xy electronic states (owing
to the anisotropy of the electronic ellipsoids), one might ex-
pect that the binding energy of EMs with electronic states of
the xy type will prove somewhat larger than with states of
the xx (OTXX) type, just as for the/) ~ centers in Ge.47 Refer-
ence 46 has studied the variation in the ratio of intensities of
the emission lines of "hot" EMs and "hot" excitons, and
"cold" EMs and "cold" excitons, as well as "hot" and
"cold" EMs in Si { 100) , with variation over a broad range of
both the total exciton density and the relationship between
the densities of "hot" and "cold" excitons. In agreement
with the molecular nature of the Mh line, its intensity proved
to be proportional to the product of the intensities of the
emission lines of "cold" and "hot" excitons. A thermody-
namic method was used to compare the binding energies of
"hot" and "cold" EMs having xy andxx (or xx) electronic
states. Since the "cold" and "hot" excitions in EM lie in the
same volume, we can start with the conditions of equality of
chemical potentials (quasiequilibrium situation):

u° — 2uc
~-

....

^

Then, when «M <"M » one can write4

FIG. 7. The TA component of the emission spectrum of EMs and excitons
in undeformed Si at 1.8 K.44 a- and B emission of exciton-impurity com-
plexes for phosphorus and boron, respectively.

Here the superscripts h pertain to hot, and c to cold excitons
(or EMs) . The coefficient 1/2 appears because the annihila-
tion of only one (hot) exciton in the EM contributes to the
M h line. In Si (100) with two ground-state and four split-off
valleys, we have v^ = 8, v£x = 16, v£, = 6, and v£, = 32. It
has been found experimentally46 that the binding energy
AM proved to be somewhat smaller than AM : A^,
= A£, +0.15 meV, contrary to expectation. Yet, as was ex-

pected, the absolute change in the value of AM proved to be
small.

f) Multiexcitonlc molecules

Exchange repulsion impedes the formation of EMs with
a number of bound excitons greater than two in semiconduc-
tors with simple bands. In multivalley semiconductors hav-
ing a valence band that is fourfold degenerate with respect to
spin (like Ge and Si), this hindrance is lacking, owing to the
large degeneracy of the bands. Wang and Kittel50 have found
that EMs are stable in the limiting case as mc /mh — »0 with a
number of excitons smaller than the multiplicity of degener-
acy of the conduction band. Here the binding energy in-
creases with increasing number of bound excitons. The rea-
son for the strong binding is the relatively small contribution
from the kinetic energy of the electrons, owing to the absence
of nodes in the electronic wave function. In Si and Ge one
can expect the existence of four-exciton molecules, since the
smallest multiplicity of degeneracy of the (valence) bands >s
four. Such molecules must include excitons with "light" and
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"heavy" masses. This raises the problem of their stability
with respect to decay into two EMs made of excitons with
"heavy" masses. The situation is more favorable in Si, where
the corresponding splitting of the exciton term is small
(~0.02 Ry24). Such multiexcitonic molecules have not yet
been discovered. Experimental detection of them from ra-
diative-recombination spectra is an extremely complex
problem when one takes into account the extremely small
partial fraction of such free multiexcitonic complexes in the
exciton gas.

4. EXCITONIC MOLECULES IN A MAGNETIC FIELD (SI AND
Ge)

a) Brief introduction

Let us examine the properties of EMs in a magnetic
field. Owing to the extremely small scales of the binding
energy, from the experimental standpoint an EM in uniax-
ially deformed crystals of Si and Ge proves to be a conven-
ient model for studying the magnetic properties. Thus, for
example, the limiting strong magnetic field at which the en-
ergies of paramagnetic splitting of the corresponding spin
states of an electron (or hole) and the diamagnetic shift in
the exciton begin to exceed the dissociation energy of the EM
is attained in the easily realized fields #~8 T for Si and
H ~ 1 T for Ge. For the hydrogen molecule this situation
arises in magnetic fields on an astronomical scale (H> 106

T).
The question arises of the stability of EMs when such

magnetic fields are attained. Two cases are of interest in this
regard that differ in the relationships between the lifetimes
rex and the spin relaxation times rs. When TS >rex, there is
no equilibrium between excitons in different spin states.
Therefore, despite the formation of the molecules from two
excitons existing in different spin states, the paramagnetic
splitting in this case does not affect the stability of the EM in
a magnetic field. The stability of the EM will decline with
increasing magnetic field only when the diamagnetic contri-
bution SE^ to its energy is more than twice the exciton
contribution (S£^). The relationship rex <rs is realized in
uniaxially deformed Si crystals.51

In the opposite case (rcx >TS ), the excitons are distrib-
uted in an equilibrium manner among the spin sublevels, and
the dissociation energy of the EM is sensitive to the para-
magnetic splitting and declines with increasing magnetic
field. This situation is observed in uniaxially deformed crys-
tals of Ge.30 The studies of EMs in uniaxially deformed crys-
tals of Si and Ge in a magnetic field, which have successfully
supplemented one another, allow one to distinguish unequi-
vocally the diamagnetic and paramagnetic contributions.
This problem is of definite interest, since one can draw two
opposite conclusions a priori on the magnitude of the dia-
magnetic susceptibility of an EM, analogous to a positron-
ium molecule. On the one hand, we can allow for the fact
that aM ~ 3aex ,

13 by analogy with atoms, for which the dia-
magnetic susceptibility according to Langevin is proportion-
al to the square of the distance of the electrons from the
nucleus. Then we might expect the diamagnetic susceptibil-

ity ̂ M of an EM to be an order of magnitude larger than that
of an exciton: ̂ M ~ 10^cx. On the other hand, the small bid-
ing energy of an EM indicates that the pair e-h correlations
in an EM are apparently the same as in an exciton. Therefore
XM can differ little from twice the value for an exciton.

b) Indirect excitons in a magnetic field

In the radiative decay reaction of a biexciton.the exci-
ton state proves to be finite. Hence one can decide on the
properties of EMs in a magnetic field by analyzing the rela-
tive position and spectral shifts of the corresponding Zee-
man components in the emission spectra of excitons and
EMs, their polarization and relative intensities. In this re-
gard, we shall first take up the spectroscopic properties of
indirect excitons in a magnetic field using the example of
uniaxially deformed crystals of Si and Ge.3) In a magnetic
field the ground state of an exciton in these crystals splits up
into four spin sublevels. In small magnetic fields in which the
cyclotron energy fitac = eH /me <Ry, one can write the ener-
gy of the split exciton terms in the form

Eex (H) = £„ (0) + (szg, + ;2gh) (*„# + 4-Xe5#
3- < 17>

Here sz (y'z) is the projection of the spin of the electron (or
hole),ge(h) are the g-factors of the electron (or hole), and ju0

is the Bohr magneton. The selection rules for indirect transi-
tions in Si and Ge have been derived in Refs. 53. They are
given in Table I.

1)g-factors

We see from Eq. (17) that the magnitudes of the g-
factors of an electron and a hole bound in an indirect exciton
can be determined experimentally from the splitting of the
corresponding Zeeman components in the spectra of indi-
rect radiative annihilation of excitons. This can be done most
simply in uniaxially compressed crystals of Si, in whose
emission spectra one observes all four Zeeman components
(•** Jz — ± 1/2) .5' As one should expect, the g-factor of an
electron in an exciton proved to be isotropic and close to two,
while the g-factor of a hole is substantially anisotropic.54 In
the case of interest to us of uniaxially compressed Si for the
geometry H||P|| <001), wehavegh|| = l.l51 (Table II).

The large intensity of the Zeeman components of the
emission spectrum corresponding to transitions from excit-
ed spin states of excitons under conditions in which the mag-
nitude of the paramagnetic splitting amounts to several
times kT indicates the absence of thermal equilibrium in the
distribution of indirect excitons in uniaxially compressed si-
licon over the spin sublevels. This means that the spin relaxa-
tion times in uniaxially compressed silicon are substantially
larger than their lifetimes rM (rM ~10~6s).29 We note that
undeformed Si shows rs s: 10~8<rex ,

55 The great increase in
the spin relaxation time in uniaxial compression of silicon is
also observed in the exciton-impurity complexes.56 In unde-
formed crystals the spin of a hole in the ground state (Fg)
relaxes rapidly owing to spin-orbital mixing, while the spin
relaxation time of an electron with an isotropic g-factor is
determined by the electron-hole exchange interaction.56 In
uniaxially compressed crystals, the spin relaxation time of
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TABLE I. Selection rules for indirect transitions in Si and Ge.

3/2, -1/2 -3/2, 1/2 1/2, 1/2 -1/2, -1/2 1/2, -1/2 -1/2, 1/2

a Si, r£-A.,

Phonons

LA

LO

TO, TA

-V^«LA

— ae2u_

— T«-"LA

"•*BL°

Y?^"LA

i

i

1/T Y*""LA

1

1

0

4:;::,,
0

,/"2 ^ u

b Ge, rj-L,

Phonons

LA

TO -<«„.-.„.,
V+«LA

i
/3"
_(aczu- | Yc+«t)

1

1
^"^ V"""

I/2 A
1/2,-y TX«,BI,A

Here the z axis lies along the principal axis of the corresponding extremum. For Ge the x axis is chosen in one of the av planes. In Si the direction of the x
atiAy axes is arbitrary. The quantities^ andsz indicate the projections of the angular momenta of the holes (j, = ± 3/2, ± 1/2) and of the electrons
(s, = ± 1/2). The quantities a, denote the amplitude of the displacements; a, /?, Y, and ij are constants; e is the polarization vector, and we have
«± =** ±«y

holes sharply increases owing to removal of degeneracy in
the valence band.57 In turn, the increase in rs for holes leads
to increase in rs for electrons. As we shall show below, it is
very important in understanding the problem of EMs in Si
{100) in a magnetic field to take into account the long spin
relaxation times, which lead to thermodynamic nonequilib-
rium between electrons in different spin states.

In Ge crystals the intensity of emission from excited
spin states decreases rapidly with increasing spin splitting,
and one cannot resolve the individual Zeeman components
in the exciton emission spectra. Hence, in Ge the spin relaxa-
tion time proves to be substantially smaller than the lifetime
of excitons, which amounts to ~ 10~6 s, just as in Si. Such a
strong difference in the magnitudes of rs in Si and Ge crys-
tals involves the fact that in Ge, the contrast to Si, the elec-

tron g-factor is strongly anisotropic and momentum scatter-
ing leads to spin scattering.

The magnitudes of theg-factors of the electron and hole
in an exciton in strongly compressed Ge with H||P|| (100)
(PS400 MPa) have been determined30 by analyzing the
spectral distribution of the emission from indirect excitons
in TT~ and cr-polarizations in magnetic fields H = 1-4 T.
With H||P|| (100), the g-factor for the electron ( ge s 1.6)
proved to be close to that of a free electron ( ge = 1.57s8),
while the g-factor of the hole is gh = — 4.5 ± 1, which is
substantially larger than the g-factor of the hole in an exciton
in undeformed Ge ( gh = — 1.6s3) and somewhat less than
the g-factor of a free hole in extremely compressed Ge
( gh = — 6.859). Complete information on the electron and
hole g-factors in an indirect exciton in uniaxially deformed

TABLE II. Theg factors of electrons and holes in excitons and the diamagnetic susceptibilities of
excitons and EMs in uniaxially compressed crystals Si (100), Ge (HI). and GC (~100). For
comparison the g factors are also given of free electrons ( gf) and holes ( g f l t ) .

gei experiment

ghlh »

meV/T:
calculation
experiment

meV/T 2, experiment
XM/Xex^

experiment
calculation

Sl<100>

l,9±0,l»i
2,0"

1,2±0,2"

0,0045"
0,004±0,00155i
0,010±0,00251

'<3,8'2

Ge (- 100)

l'5759'
4,5±1,0»»
6,858

0,18M

0,15+0, 03 30

0,50+0, 08 30

2,7+0,530

<3,8'2

Ge( l l l )

1,0+0,230

0,968

4,5±1,030

6,868

0,276 4

0,25+0, 05 30

—
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crystals of Si and Ge is found in Table II.

2) Diamagnetic susceptibility of Indirect excltons in Si and Ge

One can determine the magnitude of the diamagnetic
shift of the exciton term experimentally by analyzing the
deviation of the £ex (H) relationship from linear. For this
purpose it is convenient to represent the dependence of the
shift of the exciton line in the spectrum on the magnitude of
the magnetic field SEFE =EFE (sz,jz, H) - £FE (H = 0) in
the coordinates 8E FE /H and H. In the region of weak mag-
netic fields the variation of 5Ef^/H is approximated by a
straight line whose slope yields the diamagnetic susceptibil-
ity, while the intersection with the axis of ordinates yields
the magnitude of the overall g-factor of the electron and hole
in the exciton. Figure 8 shows the experimental
SEPE-H~1(H) relationships measured from the spectral
shifts of the free-exciton emission line in Ge (~ 001) and Ge
< 111) .30 We see that a deviation of the relationship from
linear sets in at rather strong magnetic fields H~ 1.5 T, at
which /z«c ~ Ry/2. Just as one should expect, the magnitude
of" X<* proves to be substantially anisotropic, owing to the
strong anisotropy of the effective masses of electrons and
holes. An analogous situation is observed also in Si.51 The
found values of xe*. for different directions of the magnetic
field and the uniaxial compression in Si and Ge are given in
Table II.

In the region of small magnetic fields, one can calculate
the diamagnetic susceptibility of indirect excitons with suffi-
cient accuracy within the framework of perturbation theory

• -f

FIG. 8. Shift of the emission line of free excitons (a) and the variation of
its intensity (b) in strongly uniaxially compressed Oe crystals as a func-
tion of the magnetic field, a—Symbols-experiment under the conditions
H||P|| (1.1.16) (7)andH||P|| (111) (2),30 solid lines—results of calcula-
tion64; b—H||P|| (1.1.16), symbols—experimental measurements of the
integral intensity of the FE line in the allowed (LA) component: (<5/LA/
I\.\)/H(3) and of the variation of the ratio of intensities of the forbidden
(TA) and allowed (LA) components of the FE line: <5(/LA//LA )/H(4~>;
the calculated dependences are shown respectively by the straight lines 5
and tf.69-68 To pick out the terms quadratic in the magnetic field, the mea-
sured quantity divided by the magnitude of the magnetic field is plotted as
the ordinate.

if one takes into account the anisotropy of the spectrum of
masses of electrons and holes. As is well known, the Hamil-
tonian of an electron with an isotropic spectrum moving in a
central field (without taking spin motion into account) con-
tains a correction to the energy of the ground state of the
form (e2/Smc2) [HXr]2 (the so-called Langevin term).60

If the effective masses of electrons and holes prove to be
tensors, then the Hamiltonian describing the relative motion
of the electron and the hole in an exciton with zero momen-
tum of the center of gravity has the form61

Here we have
1
*

?i = 4 [Ae (r) ̂ e1 - A" (r) mj] p,

e2

"27T
[Ae(r)mS1Ae(r) + A h (r )mH 1 '(r)]

(18)

(19)

(20)

(21)

We assume that the products of coordinates and momenta in
!̂ have been symmetrized. We see from these expressions

that a correction to the energy that is quadratic in the mag-
netic field arises not only for ̂ 2

 m first-order perturbation
theory (Langevin diamagnetism), but also from <^\ in sec-
ond-order theory (Van Vleck orbital paramagnetism). In
the case of isotropic masses Jfl goes over into62'63

eh HL. (22)

The angular momentum of relative motion L is conserved.
In the ground state we have L = 0. Hence orbital paramag-
netism dos not exist in the isotropic limit.

Calculations of %m for excitons in uniaxially com-
pressed Ge have been performed in Ref. 64. In such crystals
having a nondegenerate valence band, the spin motion is sep-
arated with good accuracy from the orbital motion, which is
described by the Hamiltonian of (18). Despite the large an-
isotropy of the effective masses, it turned out that the funda-
mental contribution %^ stems from the Langevin term. In
particular, both in Ge (100) and in Ge < 111) the Van Vleck
correction does not exceed several percent and can be ne-
glected. The authors of Ref. 64 obtained the following
expression for the diamagnetic-susceptibility tensor for indi-
rect excitons in Ge in the crystal system of coordinates (i.e.,
x||<100), jr||<010), andz||<001»:

0,26 0,05 0,06

0,05
0,06

0,26
0,06

0,06
0,18

MeV/T: (23)

This tensor determines the diamagnetic correction to the en-
ergy, which is given by the formula

«^.= -4-X«#|ff», i, k=i, 2, 3. (24)

For the electron valleys lying along the (111), (111 >, < 111 >,
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and OH) axes, the field H is respectively equal to

(Hxt Hy, Ht), (Hv, -Hx, H2), (H,, Hx, Ht)

and ( — —Htt, ffz).

All the components H, are defined with respect to the crys-
tallographic axes.

Upon compressing Ge along the ( 1 1 1 ) direction, the
diamagnetic susceptibility tensor contains two components
^ra|l and ̂ exl , which are longitudinal and transverse with
respect to H. They are equal to

Xexi=-0.46MeV/T2, x«n = -0.52MeV/T2 «.

The calculated and experimental values of the diamagnetic
susceptibilities are compared in Fig. 8 and Table II. We see
that they agree well among themselves. A comparison of the
diamagnetic susceptibilities of excitons in Ge and Si and in
hydrogen atoms, for which XH = 8.1XlO~17 MeV/T2,
shows that;^ (Si) is 8 orders of magnitude, and^-ex (Ge) 10
orders of magnitude larger than %H .

3) Magneto-Stark effect of Indirect excitons

In the translational motion of a free exciton in a trans-
verse magnetic field in the system of coordinates associated
with the center of mass of the exciton, the electric field
^ = ( p/M^c) XH arises (Me* and p are the translational
mass and the momentum of the exciton) . The appearance of
an electric field is due to the fact that the Lorentz term (2e/
Mexc)p-A(r) appears in the two-particle Hamiltonian of
( 1 8 ) . In combination with <^° and P 2/2MCK , it determines
the complete perturbation operator. This electric field polar-
izes the exciton and leads to mixing of />-type antisymmetric
states into its ground state. Owing to this mixing, the resul-
tant wave function of the free exciton loses the property of
symmetry with respect to inversion of coordinates. This phe-
nomenon, which has been named the magneto-Stark effect,
has been employed to study the internal structure and prop-
erties of translational symmetry of direct excitons using the
example of CdS crystals.65"67

Here we shall treat one of the interesting manifestations
of the magneto-Stark effect in indirect exciton annihilation
spectra in uniaxially deformed Ge crystals.68 Exciton-
phonon transitions in Ge can be either allowed ( with partici-
pation of odd TO- and LA-phonons), for which the transi-
tion matrix element gai(kekh )^0 when ke =kh =0, or
forbidden (with participation of even TA- and LO-phon-
ons), for which gf = 0 when k, = kh = O.37 In a first ap-
proximation we havegal = g0, g{ = i\c-kc + %-k,,. The am-
plitudes of indirect annihilation of an exciton with the
momentum p, accompanied by emission of a phonon with
the momentum q with respect to the minimum of the elec-
tron valley, are respectively equal for allowed and forbidden
transitions in the isotropic case to:

(0). (25)
(0) - i (0)] . (26)

Here we have b = (i]cmc + 77,, mh )M e~ ', and c = i),. — ?7h .
In the absence of a magnetic field, the wave function of the
ground state of the exciton is centrosymmetric, even when

the spectrum of effective masses is anisotropic. Hence we
have V^ (0) = 0, and the contribution of both the allowed
and forbidden components is determined only by the quanti-
ty ^J, (0). First of all, applying the magnetic field causes a
transverse compression of the wave function of the ground
state of the exciton ̂  (r)69:

,,o / \ _ exp (— r/aex)
Vex I'; ITT/a

6aex

(Here 6 is the angle between r and H). This leads to the same
increase in the amplitudes of indirect exciton annihilation,
both for allowed and forbidden transitions. The situation
changes radically for excitons moving across the magnetic
field, for which another term is added to the intrinsic wave
function i/i°x (r) of the operator Sff®, owing to the Lorentz
term in the Hamiltonian polarizing the exciton41:

tepx (r) = tex (r) - te°x (r) -2s.fr (1 + _J1_.) . (28)

Here the wave function of the exciton loses the property of
central symmetry, since V^JX (r) differs from zero and
equals

Here the following correction to the kinetic energy arises:

(30)

This implies an increase in the magnetic field of the transla-
tional mass of the exciton in the direction perpendicular to
H.

One can derive the following expression from Eqs.
(25), (26), (28), and (29) for the ratio of intensities of the
forbidden and allowed components of the exciton-phonon
luminescence68:

(31)

Here the angle brackets denote averaging over the Boltz-
mann distribution of the excitons. A dependence on the mag-
netic field arises twice in Eq. (31): first, since % ~H, and
second, owing to the redistribution of excitons in momen-
tum space because of the change in translational mass. Thus
the more rapid increase in the intensity of the forbidden
component as compared with the allowed component arises
exclusively from the magneto-Stark effect.

Figure 8 compares the experimental and theoretical
variations of the ratio of intensities of the forbidden and al-
lowed components IS/IA for excitons in Ge < ~ 100). The
calculation employed the values mM/MM = 1/8, aM = 160
A,64 and the ratio of parameters \c\/\b \ = 2, which stems
from the ratio i/2/?/2, <1/10. The weak-field approximation
•&ac <Ry within which the calculation was performed is val-
id in fields H < 0.7-1 T. It was found69 that the /„, (H) rela-
tionship begins specifically in these fields to differ from qua-
dratic. We see from Fig. 8 that the ratio 7f //al, where the
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factor i/>°f (0) has been cancelled, is well described over a
broader range of fields ( up to H ~ 3 T ) .

We should stress the difference between the magnetic
properties of atomic gases and excitons in semiconductors.
The corrections to the wave function of an exciton at rest,
which are proportional to H 2, are determined by the reduced
mass, and hence are analogous to the corresponding correc-
tions in atoms. But the corrections for the magnetic-Stark
effect are determined by the translational mass M. Conse-
quently they are more substantial for excitons, since

c) Diamagnetic susceptibility of EMs

We should expect by analogy with the hydrogen mole-
cule that EMs in the ground state in strongly compressed Ge
crystals having simple electron and hole bands will have a
zero resultant spin moment. In this case one can write the
energy of the EM in the region of weak magnetic fields in the
form

(0)4- — (32)

Taking into account expression (17) for the energy of the
exciton term, we find that the change in binding energy of
the EM in the magnetic field for sz,jz = + 1/2 is

AM(^)-AM(0) = (|ge| + |^|)(i0fl- + ±6x-//2. (33)

Here we have 8% = 2^-ex - ̂ M.
A somewhat different situation exists in Si uniaxially

deformed along the (001) axis, where the electrons in the
ground state of the EM can exist in different valleys and have
a total spin S = 1. For these EMs the binding energy does not
depend at all on the splitting associated with the electron
spin. Moreover, as we have noted above, in strongly com-
pressed Si crystals thermal equilibrium is lacking between
the different paramagnetically split exciton terms. There-
fore, from the thermodynamic standpoint excitons in differ-
ent spin states are independent components, while the
change in effective binding energy of EMs is determined only
by the difference of the diamagnetic susceptibilities %M and

By using Eqs. (32)-(34) and the values indicated above for
Xe* > Sc,h > and AM (0), one can estimate the magnitude of the
critical field in which EMs must break down. When
XM = lO^ex- EMs would have to break down only because
of their large diamagnetism: in Si at H = 1 T, and in Ge as
low as#~0.2T. When XM = 2^ex, EMs in Si should remain
stable in any fields, while EMs in Ge would break down
owing to spin splitting of electrons and holes at H~ 1.5 T.

Edel'shtem72 has calculated the diamagnetic suscepti-
bility of excitonic molecules. He examined the corrections to
the energy proportional to the square of the magnetic field
that arise both in first-order (Langevin diamagnetism) and
in second-order perturbation theory (Van Vleck orbital par-
amagnetism). In particular, it was established that for a
biexciton the Langevin correction to the energy does not

reduce to the mean of the square of any distance, as occurs in
a multielectron atom. The calculations employed the vari-
ational EM wave function taken from Ref. 14. The magni-
tudes of the Langevin and Van Vleck corrections depend on
the choice of the system of coordinates, whereas their sum is
constant. The least value of the Langevin correction to the
energy found72 by numerical integration proved to be

j e2//2 fiz\
8Ew^ 11,4 6m a a|*- (-*5'

We recall that for a single exciton the diamagnetic energy
shift is

6/4 « 3 £Ht
ct qg,. (36)

Hence, while taking account of the fact that the Van Vleck
paramagnetic term yields a negative contribution to the en-
ergy of the ground state of the EM, we have the following
estimate72 for the ratio of diamagnetic susceptibilities of a
biexciton and an exciton:

-£*-<l,9, (37)

According to this, %M differs slightly from twice the suscep-
tibility of a free exciton.

Experimental studies of the effect of a magnetic field on
the stability of EMs have been performed for Si41'51 and for
Ge.30'42 EMs in Si remain stable throughout the studied field
interval H < 8 T. The EM emission line broadens in a mag-
netic field owing to the Zeeman splitting of the final state—
the exciton. The change in binding energy of EMs in Si in a
magnetic field has been estimated41 from the change in the
ratio of intensities of the emission lines of EMs and excitons
at fixed temperature. When H is increased to 8T at 2 K, /M /
/FE diminishes by a factor less than three. This implies that
*M < 2.7^ex.

In germanium, in contrast to silicon, the intensity of the
EM emission line in a magnetic field rapidly declines, and
this line practically disappears in the spectrum at fields as
low as H~ 1.5 T, even at T= 1.6 K (Fig. 9). Here the FE

FE

, meV

FIG. 9. Effect of a magnetic field on the emission spectra of excitons and
EMsinGe<~001>.30Spectral-+arerecordedatrb = 1.5K.#= 0,0.4,
0.8, and 1.2 T, respectively. The inset shows the variation in a magnetic
field of the ratio of intensities of the emission lines of EMs and excitons
JM/J FE- Experiment—curved: calculation without taking into account
the diamagnetic shifts of the FE and M lines (i.e., with SEM = 2SE^—
curve/ The variation of the binding energy of an EM obtained from the
ratio of the experimental values of ,F and/is the curve A — AH.
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line increases, owing to the increased number of excitons
arising from dissociation of EMs. The integral emission in-
tensity varies weakly, since the quantum yields of EMs and
excitons are similar. The experimentally found value of the
critical magnetic field for EMs is close to that estimated
above, starting only from the values of the spin splitting of
electrons and holes. Hence %M is close to 2^cx also in Ge.
The magnitude of ̂ M was determined by analyzing the de-
pendence on the magnetic field of the ratio of intensities of
the exciton and EM lines.30 Under conditions of thermody-
namic equilibrium, the equality of the chemical potentials
HM = 2/iex implies that in the gas pha^e the variation of the
ratio «M/"« m a magnetic field must be described by the
relationship30

/ »M(0) \~l .
\ »«x (0) I

(ge, gh, H, T). (38)

Here the densities of excitons and EMs at H = 0 are related
by Eq. (13). The function/ describes the decrease in the
fraction of EMs owing to paramagnetic splitting:

-2. (39)= 4[ cosh te*+g"«g.+ cosh ("-

The experimental variation of / M // ^ ( see the inset of Fig.
9) implies that in Ge, just as in Si, we have

Interestingly, in a fixed magnetic field such that the spin
splitting ( \ge | + Ift, | )HoH is larger than the binding energy
AM (0) of EMs, the relative fraction of EMs in Ge does not
decrease. Conversely, it increases with increasing tempera-
ture, owing to the redistribution of excitons over the spin
sublevels and the filling of the excited spin states. Such an
increase in the fraction of EMs is observed experimentally in
crystals of Ge < ~ 100) at H = 1-1.2 T in the temperature
range 1.5-2.5 K.

Thus the studies of EMs in Ge < ~ 100) and Si< 100) in a
magnetic field imply that, despite the large dimensions of
EMs, their diamagnetic susceptibility is close to twice the
value for an exciton. This result agrees with the measure-
ments of x\i m tne direct-band semiconductor CdS73 that
showed that^M = 2.4jex . Hence the pairwise electron-hole
correlations in an EM are just as strong as in a free exciton.
The destabilization of EMs in germanium mainly involves

the fact that excitons having spin-oriented electrons and
holes cannot form a stable molecular state owing to the
strong exchange repulsion. We call attention to the fact that
above we have only treated the limit of rather weak magnetic
fields fuoc < Ry, in which the excitons are not yet diamagne-
tic.

Spin-oriented exciton gas In unlaxlally deformed Ge

A well known theoretical concept based on the integer
values of the exciton spin predicts the quantum statistical
behavior of a high density system of excitons in semiconduc-
tors at low temperatures and the possibility of Bose-Einstein
condensation of excitons if the repulsion among excitons at
close distances predominates over the van der Waals attrac-
tion.74"77 As we discussed above, attractive forces predomi-
nate among ordinary excitons in semiconductors, and they
are bound into EMs or into a dense metallic electron-hole
liquid. A qualitatively different situation arises in experi-
ments with excitons in strongly uniaxially compressed Ge
< -001) crystals. In this case at T$ 2 K, and#> 1 T, where
the paramagnetic splitting in the exciton becomes larger
than AM (0) and the mean thermal energy of the excitons,
EMs turn out to become dissociated owing to the exchange
repulsion between the spin-oriented excitons. It was also
found experimentally that magnetic fields up to 5 T do not
stabilize the electron-hole liquid (owing to the large magni-
tude of the diamagnetic contribution to the energy of the
ground state of the liquid phase involving Landau diamagne-
tism33). Therefore a unique opportunity arises in Ge
{~ 001) in magnetic fields H = 2-5 T at low temperatures of
studying the quantum-statistical behavior of a spin-oriented
exciton gas up to densities at which their ionization break-
down sets in78-79

One can extract information on the statistical behavior
of an exciton gas upon changing its density by analyzing the
form of the exciton-phonon emission spectra. The corre-
sponding experiment has been performed in Refs. 78 and 79
(Fig. 10). With increasing exciton concentration, the exci-
ton line first narrows in accord with the change in the distri-
bution of excitons in the band according to the Bose-Einstein
statistics:

7FE (E)~VE /BE = VE [exp ( *-*** ) -l]-i (40)

i •

-ff

708 709 Aa.meV / 2 5 10 20
b

, rel.un.

FIG. 10. Variation of the LA component of the
emission spectrum (^-polarization) of spin-orient-
ed excitons in Ge {~ 100) with increasing excita-
tion density.78-79a—H = 5T, Tb = 1.75K, W(Vi/
cm2) = 3 (1), 40 (2), and 200 (3). The symbols
show the approximation of the shape of the spec-
trum within the framework of the Boltzmann (4)
and Bose-Einstein distribution of excitons (5): ex-
periment at rb = 1.75 K (7) and 2.15 K (6). The
expected y( Tn) dependence for an ideal Bose gas
of excitons is shown by the solid line, by the dot-
dash line for a Boltzmann distribution of excitons
(without taking into account the heating of the ex-
citon system), and by the dotted line taking this
heating into account).
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At large «ex the interaction between excitons begins to take
effect and the exciton emission line begins to broaden (see
Fig. 10). Under conditions in which the interaction between
excitons is small, one can independently determine their
chemical potential /*„ in these experiments by approximat-
ing the shape of the exciton emission line by Eq. (40). Hence
one can determine the density of excitons. Up to concentra-
tions of excitons corresponding to the dimensionless param-
eter rs = 3, the exciton gas still remains weakly interactive.
(The parameter rs characterizes the density of excitons in
units of the Bohr radius rs = [(3/4ir)«a3

x ]
1/3.) We see

from Fig. 10 that the interaction beween the excitons pri-
marily broadens the red edge of the exciton emission line and
shifts its maximum toward the violet. The effective scatter-
ing length of excitons was first estimated experimentally
from this broadening, and proved to be af^aci. This value
of as is close to that known for hydrogen a"~0.8cH ,80 and is
substantially smaller than that expected from the calcula-
tions: as"~8aex.

81'82 In the case of a spin-oriented exciton
gas in Ge <~001), it has not yet been possible to realize
conditions corresponding to Bose-Einstein condensation.
As is known, for an ideal Bose gas the critical concentration
for condensation in momentum space is connected to the
temperature by the relationship83

v (MT)3/* (41)

Here v is the multiplicity of degeneracy, and M is the mass.
Equation (41) implies that the critical density is
i* =j3.2 T ~1'2 (K) for a spin-oriented exciton gas in Ge. In
the region of experimentally realizable temperatures TZ 2
K, i* proves to be less than 2.3. That is, it lies in a range of
densities where the excitons break down owing to screening
of the Coulomb interaction in such a dense exciton sys-
tem. 79-84~86 Further decrease in the temperature involves
considerable experimental difficulties because of the non-
equilibrium nature of the exciton system. Nevertheless it is
evident that a spin-oriented exciton gas with the example of
Ge (~001) is a new, nontrivial quantum object.

We note also that studies of the form of the emission line
of a very dense exciton gas have been recently conducted in
the direct-band semiconductor Cu2O having dipole-forbid-
den direct transitions.87'88 In these crystals the formation of
EMs is impossible owing to the strong exchange interac-
tion.89 Consequently one can obtain large densities of exci-
tons in Cu2O. No narrowing of the emission lines with in-
creasing excitation density was observed87'88 for either the
singlet or triplet excitons. However, it was found, first, that
the increase in the half-width of the triplet exciton line with
increasing W occurs more slowly than was expected from the
estimates of the heating of the exciton system by the exciting
radiation, and second, that a very broad long-wavelength
edge appears in this line at large W. These results agree well
with those obtained for indirect excitons in Ge (~ 100).

d) EMs In a strong magnetic field

Up to now we have been treating the effect on EMs of
weak magnetic fields in which the magnetic energy is a weak

perturbation as compared with the Coulomb energy, i.e., un-
der conditions with feyc < Ry. Under these conditions the
lower state is a singlet term with S = J = 0, while the triplet
term (Sand/or J = I) is repulsive. HereS characterizes the
total spin of the electrons, and 3 that of the holes. For hydro-
gen the repulsive character of the triplet term is conserved at
distances R ~ 80 H, where aH is the Bohr radius of the hydro-
gen atom.60 The magnetic field splits this term, and for large
fields (&ac >Ry) it can turn out that not only does its lower
branch fall below the singlet term, but also the depth of the
potential well for this branch will suffice for formation of a
bound state.90-93

The dissociation of EMs in a magnetic field H~ 1-5 T
found in germanium involves the fact that in these fields
spin-oriented electrons and holes can still not form stable
molecular orbitals with triplet states of the electrons and
holes. The region of fields H< 8 T experimentally studied up
to now in both Si and Ge is still far from the limit of strong
magnetic fields treated in Refs. 90-93 in which one expects
stabilization of molecular states. Realization of this limit for
germanium requires fields of the order of several tens of tes-
las.

5. EXCITONIC MOLECULES IN DIRECT-BAND
SEMICONDUCTORS

Now we shall examine the optical phenomena involving
excitonic molecules in direct-band semiconductors. In these
semiconductors the resonance excitation and radiative de-
cay of biexcitons can occur without participation of phon-
ons. The probabilities of direct transitions allowed in the
zero order in the wave vector and accompanied by creation
of or emission from biexcitons exceed by many orders of
magnitude the corresponding probabilities for indirect-band
semiconductors. The lifetimes of biexcitons for direct phon-
onless recombination are so short that generally thermody-
namic equilibrium is not established in the system of exci-
tons and biexcitons. Hence nonlinear-optical methods have
been developed for the experimental study of the properties
of biexcitons in these semiconductors—two-photon excita-
tion, two-photon Raman scattering, etc.—which have
proved to be most effective under such nonequilibrium con-
ditions. The methods of nonlinear optics are less suitable for
studying biexciton spectra in indirect-band semiconductors,
owing to the low probability of the corresponding transi-
tions.

Further, as is known, direct dipole-allowed transitions
to exciton states occur with strong light-exciton mixing.94

Hence, at low enough temperatures and under conditions
close to resonance two-photon excitation or scattering in-
volving biexcitons, polariton effects become substantial.
These effects are lacking in indirect recombination with par-
ticipation of Brillouin phonons.

We shall examine the fundamental properties of biexci-
tons and the methods of studying them on the example of
cadmium sulfide, a direct-band semiconductor with the
wurtzite structure (symmetry group C6 u) where the ex-
trema of the conduction band and the highest valence band
have the symmetries F7 and F9 respectively, and lie in the
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center of the Brillouin zone. If we neglect the anisotropy of
the crystal, the dependences of the energies £"„ of excitons
and EM of biexcitons on their wave vectors kx and K are
described by the relationships

Here Mex = me + mh and M = 23fex are the translational
masses of an exciton and a biexciton, respectively. In CdS
me ;s0.2 m0 is isotropic, while mh is anisotropic. The princi-
pal values of the mass tensor for holes are mhi ̂ 0.7 m0 and
#zhn sr5 m0. The binding energy AM of EMs in CdS is de-
nned as AM = 2Ef

n (0) - £M (0), where E(
cx (0) is the en-

ergy of the lowest state of a triple exciton.

a) Light-induced conversion of an exciton into a biexciton

One can write the Hamiltonian of excitons and EMs
interaction with light in the second-quantization representa-
tion in the form95

H = H

M = S £M (K) C1i

Here we have

#e* = S £ex

while H^ , and H M and Hp are the Hamiltonians of nonin-
teracting excitons, EMs, and photons, and
b k

+ . *k >€* >CK< and a,+ > 0, are their corresponding cre-
ation and annihilation operators. The process of one-photon
absorption with creation of an exciton is defined by the Ha-
miltonian

Here g is the exciton-photon coupling constant, while the
oscillator strength of the dipole-allowed transition to the
ground state /ex is proportional to the square of the radial
component of the exciton wave function at zero |̂ ex (0) |2.38

The Hamiltonian HpM describes the process in which
we are interested of absorption of a photon of energy fa) (q)
in the presence of an exciton of energy En (k, ) to form a
biexciton of energy EM = Eex +#&> and momentum fi K =
# kx + H q~# kx ( q = 2ir/A. is the wave number of the pho-
ton):

atq)fi(K-ks-q) + c.c.

Here GM (K) is the coupling constant with the field of pho-
tons. The probability of this process can be written in the
form95

P,(K; kx, q) =

(42)

Here G M ( K ) is determined by the wave function of the biex-
citon, which generally can be rather complicated.13'14 To es-
timate the oscillator strength in the simplest approximation
in which AM <Ry, the biexciton can be treated as a structure
consisting of two weakly bound excitons. Then the wave
functions of the excitons are weakly deformed upon combin-
ing into a biexciton, and one can represent the wave function
of the EM in the form of the symmetrized product of the
wave function of the excitons ^cx and the function F(R h )
that describes the relative motion of the excitons in the biex-
citon.9'96 In this case the matrix element GM (K) will be pro-
portional to the Fourier transform of the wave function
F(Rh), while the oscillator strength of the transition as re-
calculated per exciton is determined by the expression

"-2

Here aM = ^fi 2/MAM is a quantity of the order of the di-
mensions of the biexciton, while we have

/M(0)
/ex

16na|j (43)

Here ft is the volume of the unit cell of the crystal.
Equation (43), which was first derived by Rashba et

a/.,9'97 shows that the process of light-induced conversion of
an exciton into an EM in direct-band semiconductors is
characterized by gigantic oscillator strengths.

Upon multiplying (42) by the distribution function of
the excitons in the band and summing over all kx, one can
calculate the shape of the induced-absorption line, as has
been done in a number of studies.96'98'99

In the experimental study of induced conversion of ex-
citons into biexcitons, the specimen is usually excited with
laser radiation in the region of interband transitions. There-
by a certain distribution of excitons is formed in the exciton
band, which can be described in the quasiequilibrium case by
a Boltzman distribution with the temperature Tcx. A weak
broad-band probe radiation is passed through the volume of
the specimen to be excited, and its transmission spectrum is
recorded as a function of the density or distribution of the
excitons. Here one observes rather broad bands of one-pho-
ton absorption that indicate the formation of biexcitons. The
induced conversion of excitons into a biexciton is also mani-
fested in other experiments,100 e.g., involving four-wave
mixing near a two-photon biexciton resonance (see below).

However, satisfactory theoretical approximations of
the experimentally observed induced-absorption bands are
yet lacking. The point is that one must know the distribution
of the excitons in the band in calculating the induced absorp-
tion. In the case of CdS other difficulties also arise that in-
volve the anisotropy of its band spectrum, and the depen-
dence of the energy of the excitons and biexcitons, not only
on the absolute magnitude, but also on the direction of their
wave vectors. Moreover, the binding energy of a biexciton is
comparable with the magnitude of the longitudinal-trans-
verse splitting ALT. Therefore one must allow for polariton
effects in calculating biexciton absorption.
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b) Giant two-photon absorption creating a biexciton

A very simple nonlinear optical effect manifesting an
anomalously large transition oscillator strength is two-pho-
ton absorption.8 The process of two-photon absorption as
treated in second-order perturbation occurs via an interme-
diate exciton state for which the matrix element g of the
transition is proportional to ^ex (0). The second stage of the
process consists in combination of a second exciton with the
virtual exciton, and is characterized by the matrix element
<7M (K). The absorption of two photons of energy /i&>(q)
forms a biexciton with energy EM = 2fia> and wave vector
K = 2q. The resulting transition probability has the form95

(K 1-f fpMl fc.*vi q)(kT, q | f f e xp l q. 1
q) =

2n
IT

X6(£M(K)-27ko(q))

2n
B

CM (Q) g
AM

One can easily compare the probability of two-photon
absorption with the probability Pn of one-photon exciton
absorption within the framework of the model of weakly
bound excitons in the biexciton. In this approximation it is
not complicated to show97 that their ratio is

AM AM

Here E0 is a quantity of the order of the width of the exciton
band. Here the left-hand factor has been derived by integrat-
ing the numerator of (44) , and is of the order of 102-103. The
right-hand factor, which is of the order of 104, arose from the
resonance denominator in ( 44 ) . Thus the resulting probabil-
ity of the studied two-photon absorption is anomalously
large, so that the process has been called "giant two-photon
absorption." The intensity of this absorption is proportional
to the density of photons. According to Ref. 8, it can even be
comparable with that of one-photon exciton absorption un-
der reasonable excitation conditions (e.g., at 107 W-cm~2

forCuCl).
Resonance excitation of biexcitons in the process of gi-

ant two-photon absorption has been detected in the cubic
crystals CuCl and CuBr in the transmission spectra101 and in
the excitation spectra of the biexciton radiative-recombina-
tion spectra AfL.102 It was not possible for a long time to
detect manifestations of giant two-photon absorption in
QJS io3,io4 Tne experimental difficulties that arose partly in-
volved the fact that the two-photon absorption lines in CdS
were masked by intense absorption bands of exciton-impuri-
ty complexes (EICs) observed in the transmission and exci-
tation spectra of the specimens under study. 105'106 Hence the
reliable studies of giant two-photon absorption have been
performed with specially purified specimens of CdS having a
content of shallow impurities less than 1015 cm~ *, in which
the exciton-impurity-complex lines were weaker than the
two-photon absorption lines.107'108

Let us present examples of transmission spectra of CdS
with laser excitation. Figure 1 1 shows the spectral depen-
dence of laser radiation transmitted through a CdS specimen
in the polarization E1C, qlC. The curves 1-5 correspond to

10

10-

-2

Z,55Z 2,550 2,548 *>, eV

;6(K-2q)6(£M-2£co)- (44> lo5w/cm2-

FIG. 1 1 . Spectral dependence of the intensity of monochromatic laser
radiation transmitted through CdS and polarized with E1C at a tempera-
ture of 2 K.107 Curves 1—5 correspond to pumping oflO, 102, 103, Iff'.and

power densities of the exciting radiation from 10 to 105 W/
cm2. As we see from the diagram, one distinctly observes
narrow absorption lines with energies 2.5499 eV (486.102
nm); 2.5488 eV (486.312 nm); and 2.5470 eV (486.665 nm)
on the background of the gently sloping tail of the exciton
band, which shifts with increasing excitation level toward
longer wavelengths. The latter two lines involve formation
of EICs / j B and /h , and their intensity declines with increas-
ing level of excitation owing to saturation of absorption. The
line at 2.5499 eV, whose intensity increases more than lin-
early in the pumping range from 102 to 3 X 104 W/cm2 and
saturates at higher levels of excitation, involves resonance
two-photon absorption to give rise to a biexciton. It is ob-
served only upon probing the specimen with narrow-band
laser radiation and is not manifested in the transmission
spectra of the specimen at any power densities if the probe
radiation is broad-band. Actually, when the specimen is
probed with radiation having a small half-width j/. of the
laser line, absorption arises only at the frequency fico = EM /
2, while the half-width of the absorption line is 2y; .

 109 When
the specimen is probed with broad-band radiation, as will be
shown below, biexcitons can be created with absorption of
any two photons with energies Ay, and fe2 that satisfy the
condition Hea ^ + fia>2 = ^M • In this case one observes an in-
creased absorption involving biexcitons in a rather broad
spectral region below the exciton resonance instead of a
sharply marked absorption line.110-111

Giant two-photon absorption is manifested in the exci-
tation spectra of the M- and P-bands of biexciton emis-
sion, ' 10>u l in studying the modulation transmisssion spectra
of CdS,1 14 and in a number of other indirect experiments. By
using giant two-photon absorption, one can rather accurate-
ly determine the binding energy AM and the biexciton exci-
tation energy EM (0) . For CdS these quantities proved to be
the following107'108'112: AM = 4.4 ± 0.2 meV, EM = 5.0998
eVat7-<2K.

c) Polarlton effects

The elementary approach to treating the phenomena of
induced and two-photon absorpiton that we have employed
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above has allowed proving the existence of the biexciton in
direct-band semiconductors and determining their charac-
teristic parameters. However.the quantitative agreement
between the experimentally observed shape of the biexciton
absorption and and the theoretical predictions has been un-
satisfactory. The various steps taken to improve the theory,
such as the introduction of the decays yex and yM of the
exciton and biexciton states, the allowance for longitudinal-
transverse splitting of the exciton states, and their nonequi-
librium occupancy, did not lead to appreciable progress in
describing experiment.

The point is that the processes of induced and giant two-
photon absorption to create a biexciton are distinguished by
high probabilities only in the presence of strong exciton-pho-
ton interaction. Therefore, in the studied region of the spec-
trum one requires taking a more rigorous account of the
mixing of exciton and photon states, i.e., going over to the
polariton representation. Here one automatically takes ac-
count of the difference between longitudinal, transverse, and
mixed exciton states and the effects of spatial dispersion and
retardation.

Upon going over to the polariton representation, new
single-particle states arise in the medium instead of trans-
verse excitons and photons—excitonic polaritons, which
correspond to bound exciton-photon states.' 15~n7 The ener-
gy of a polariton Aup and its wave vector k are connected by
a dispersion relationship of the following form118"120:

(45)
0)2

Here eb is the background dielectric permittivity, 4v/3 is the
exciton polarizability, and ycx is the decay constant of the
exciton.

In Fig. 12 the solid curves show the solutions of Eq.
(45), which correspond to the lower and upper polariton
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branches. The dotted line shows the photon dispersion curve
fj6)T = ft kc/n, while the dashed line is that of transverse
excitons E^(Kl). The dot-dash line shows the curve
^ «(£*)> which is the solution of the equation
e = ( k \ ) 2c2/co2 = 0, and which corresponds to longitudinal
excitons, which do not interact with light. We see from the
diagram that the dispersion curves of polaritons differ ap-
preciably from the corresponding dispersion curves of pho-
tons and transverse excitons only near exciton resonance
(i.e., with k close to that of light). Far from exciton reso-
nance, where the dispersion curves of polaritons practically
coincide with the dispersion curves of photons and excitons,
one speaks respectively of "photon-like" and "exciton-like"
polaritons. The contribution of the "photon" and "exciton"
components to the polariton state is determined by the coef-
ficients A(k) andB(k)96-121:

A = (1 -a;") [1 + 4np (1 -a;2)]1^ (V (\ - * + bn

Here we have* = fuo(k)/E ^ (k).
In Refs. 20 and 122, the energy structure of biexciton

states was determined and the selection rules for the process
of two-photon absorption to form biexcitons in direct-band
semiconductors were studied. In particular, for CdS the ma-
trix element of the transition corresponding to absorption of
two photons of energies fej and &»2 to form a biexciton in
the ground state F, is proportional to eu-e2i — the scalar
product of the projections of the polarization vectors el and
e2 of the photons on a plane perpendicular to the C axis of the
crystal.123

When we take this into account, the probability of for-
mation of a biexciton by combination of two polaritons of
energies fuo^ and fcy2, wave vectors kt and k2, and polariza-
tions et and e2 is described by the following relationship ac-
cording to Ref. 95:

k,, k2) = • - K e u - e z J f l G M f K H ^ k

FIG. 12. Dispersion curves of excitons, photons, and polaritons near exci-
ton resonance in CdS at liquid-helium temperature.126 The crosses give
the experimental values of Juop (k) obtained by the HRS method.

X 6(£M — ftwi — 7ko2). (46)

Here, as before, GM (K) denotes the matrix element of the
transition. This process of absorption of two polaritons re-
sults in forming a biexciton with the energy
EM = feo, + ft»2

 and wave vector K = k, + k2, in accord
with the conservation laws. The probability of the process
depends little on whether the polaritons are "exciton-like"
or "photon-like," on how much their energies differ, or on
whether they are formed by photons of laser radiation or
have arisen from thermalization of excitons after interband
excitation. Thus the transition to the polariton representa-
tion eliminates the distinction between "giant two-photon"
and "induced" absorption: both processes are described in
the language of absorption of two polaritons with the prob-
ability given by Eq. (46).

d) Reabsorptlon Induced by biexcitons. Dispersion of
biexcitons

Modified variants of induced absorption were em-
ployed in Ref. 124 to study biexciton states. The specimen

752 Sov. Phys. Usp. 28 (9), September 1985 Kulakovskilefa/. 752



/, rel. un.

2,55

FIG. 13. Luminescence spectra of CdS in which reabsorption lines in-
duced by biexcitons are observed at a temperature of 5 K and with differ-
ent photon energies fua, of the exciting radiation with power 105 W/
rm2 I25cm

was excited with laser radiation with a photon energy
&o, <£„ (0). Thus a nonequilibrium distribution of polari-
tons was created with energies fieo, + y\- Further, as is usual,
the excited volume of the specimen was probed with a weak
broad-band radiation and its transmission spectrum was
studied. Reference 125 proposed using the recombination
radiation proper that arises from the excited volume as the
probe light to record the biexciton absorption, and to study
the spectrum of its reabsorption. In Fig. 13 curves 1-6 show
the luminescence spectra of CdS at liquid-helium tempera-
ture as excited with tunable laser radiation with photon en-
ergies from 2.5623 to 2.5563 eV and an excitation power
density of 105 W/cm2. We see that the luminescence spectra
distinctly show minima, whose position &aabs shifts upon
varying the energy of the exciting photons ftcot so that the
sum &aabs + •KcOi does not depend on fun^ and varies signifi-
cantly upon varying the direction of the wave vectors of the
photons of the exciting radiation QJ .

The observed reabsorption involves the absorption of
the photons of the recombination radiation having the ener-
gy &yabs and wave vector kabs, which form biexcitons with
energies EM = 1voi + &<>ab8 and wave vectors K = qs + kabs

together with the polaritons generated by the laser. It is pos-
sible experimentally to vary from 0° to 180° the angle
between the direction of the wave vector of the exciting pho-
tons q, and the direction of observation of the recombination
radiation from which the photons with wave vectors kabs are
absorbed. Then the wave vector of the biexcitons generated
by the observed reabsorption will vary from |Kmax |
= 141+ ^bs I ~2?i = 2*»j n/c~ 106 cm-' to |Kmin |
sQil — Kabs|=;0. Biexcitons with different wave vectors
Kmin < K < Kmax haye ̂ g^iy differing values of the energy
EM (K), as has been observed experimentally.126 Figure 14
shows the experimental dependence of the biexciton energy
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EM(K) = 5,0954 +

;**•
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FIG. 14. Dispersion curve EM (K) of T, biexcitons in CdS at temperature
5 K as measured by the method of induced reabsorption.126

EM = Aaabs + fey; on the magnitude of the wave vectors of
the biexciton |K| = |q, + kabs | measured at different angles
between QJ and kabs. The solid line shows the curve
EM(K) = EM(Q) + (H2K2/2M) that gives the best agree-
ment with the experimental results. The adjustable param-
eters found as a result, EM (0) = 5.0994 eV and M = (1.7-
2.4) 3/cx agree well with the data obtained by other meth-
ods.

We note that, when the angle between Q; and kabs is
varied, when both radiations are polarized perpendicularly
to the C axis of the CdS crystal, the intensity of the reabsorp-
tion lines varies in accord with the factor |eu-eabsi|

2. An
analogous variation is observed upon varying the angle
beween the polarization vectors d and eabs in the case in
which the exciting and reabsorbed radiations propagate par-
allel to the C axis. These angle and polarization measure-
ments have made possible unequivocal establishment of the
fact that two-polariton absorption excites the totally sym-
metric state of the crystal Tlt which corresponds to two
bound pairs of electrons and holes, i.e., a biexciton. The ob-
served biexciton is free; that is, it can migrate through the
crystal. Its translations mass is M = (2.0 + 0.4)Mex) while
the binding energy with respect to decay into two F6 excitons
is 4.4-4.8 meV.

As we see from Figs. 11 and 13, the intensities of the
giant two-photon and induced absorption lines are compara-
ble or exceed the intensity of the one-photon absorption lines
with formation of EICs, which correspond to oscillator
strengths of the order of unity. With increasing temperature,
the half-width of the biexciton absorption lines increases,
and they disappear from the transmission spectrum at 20-25
K. The latter involves process of thermal dissociation of
biexcitons and their scattering by phonons.

e) Hyper-Raman scattering via an intermediate biexciton
state

An important instrument for studying the structure
and spectrum of biexcitons and polaritons in direct-band
semiconductors is hyper-Raman (or two-photon Raman)
scattering (HRS). As we showed above, if the energy of the
exciting photons fuo^ is EM /2, then biexcitons are created in
resonance. In times of the order of 10~9-10~10 s they are
thermalized and then recombine radiatively. If the sum of
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the energy of the two photons of laser radiation does not
correspond to the two-photon resonance of biexcitons, then
in this case only virtual biexcitons are excited, which decay
into two polaritons. We shall call the one of these polaritons
with the energy Ef and momentum # kf the recoil polariton.
It can be either "exciton-like" or "photon-like," depending
on the conditions for observing HRS. The other photon-like
polariton with the energy ER and wave vector kR escapes
from the crystal in the direction of observation and is detect-
ed in the form of scattered radiation. In contrast to the case
of strict resonance two-photon excitation, in the intermedi-
ate state here relaxation of biexcitons does not occur, while
the HRS process itself obeys the following laws of conserva-
tion of energy and momentum:

1 = kR+k,. (47)

Thus HRS is an inseparable process of two-photon ab-
sorption and radiative decay into two polaritons in which the
conservation laws (47) are satisfied, and its probability in
second-order perturbation theory is described by the expres-
sion,95

2n |C(2ki;2ki-kR >
lkR)Cr(2k1; k i , k , ) l 2

) — 2/ko, (ki)

X 6 (E, (k,) + £R (kH) - 27JCO, (k,)). (48)

The right-hand matrix element C(2kj; ki( ks = 4|GM

X(2ki)^(ki)5(ki) |2 corresponds to transition from the
ground state of the crystal to an intermediate biexciton state
upon absorbing two identical transverse F5 polaritons. It is
nonzero only for transitions to the totally symmetric F, state
of the biexciton. The left-hand matrix element is
C(2k,; kf, kH)

I GM (2k,) [A (kf) B (k«) - A (kR) B (k,)] |».

This depends on the angle between the vectors kR and
kf = 2kj — kR in accordance with the "geometric factor"
lefi'eRi |2> where eR1 and efl are the projections of the polar-
ization vectors of the scattered polariton and the recoil po-
lariton on a plane perpendicular to the hexagonal axis of the
crystal.

We shall treat the case below in which all the polaritons
participating in the HRS process have wave vectors lying in
the plane (kx, ky) perpendicular to the C axis of the CdS
crystal. Depending on the direction of observation of the
scattered radiation nR=kR/ |kR | , we shall distinguish
"back," "side," and "forward" scattering.

Figure 15 illustrates the HRS process. In the case of
back scattering (Fig. 15 a), two identical photons of the laser
radiation excite a state of the crystal with the wave vector 2kj
and the energy ficoi close to the biexciton F, state. This inter-
mediate state decays into a photon-like polariton with the
wave vector kR directed opposite to ks and an exciton-like
transverse recoil polariton with the wave vector R * of the
order of magnitude of 3k; and with energy
Ej(kJ)zzElx (0) 4- (fi2k^)2/2Mn. The intermediate
state can decay also into a photon-like polariton with energy
&yR and a longitudinal exciton with energy

FIG. IS. Diagram of the HRS process upon excitation of the semiconduc-
tor with photons of energy fua, and momentum hk{. The laws of conserva-
tion of energy and momentum (47) are satisfied in the space (fua, k,, k,)
at the geometric locus of the points whose projection on the (fua, k^)
plane is shown by the dotted line in Fig. 15a, and on the (kx, k,) plane by
the solid curves in Fig. 15b.

E\(k\) = E^(0) + (fi2k\)2/2M^ and wave vector kf
L

directed opposite to k,. In both cases the laws of conserva-
tion of energy and momentum (47) are obeyed, so that, as
the energy of the photons AWJ of the exciting radiation is
varied, the spectral position of the HRS line fuo^ varies in
accordance with the expressions

(49)

An HRS phenomenon involving biexciton states was
first discovered in CuCl crystals.11-127'128 in Refs. 107, 112,
and 129, in addition to the known EIC luminescence lines,
two intense HRS lines were observed in the emission spectra
of CdS, which were called R r and R L. Their spectral posi-
tions AuR and &aR varied in accordance with the relation-
ship (49),130 while the relative intensities of the lines de-
pended on the direction of observation. Owing to the
"geometric factor" in back observation, the intensity of the
R L line was considerably weaker than that of the R T line,
while the R L line dominated in side scattering.

The intensity of the lines in both cases increased, in ac-
cordance with (48), as ftca^ approached EM/2. This made
possible an independent determination of the position of the
biexciton level EM(K=2ki) = 5.0998 eV, and establish-
ment of its symmetry as F, from the angular and polariza-
tion dependences of the intensities of the HRS lines.107'126'131

The behavior of the HRS lines in forward scattering at
small angles 0< 30° differs considerably from the case of back
or side scattering. Figure 16 shows the HRS spectra in CdS
crystals at the temperature 2 K, scattering angle 9 = 15°,
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FIG. 16. HRS spectra in CdS in "forward" observation at an angle 0=15°
at temperature 2 K and with different photon energies of the laser radi-
ation (curves 1-6, respectively).

power density of the exciting laser radiation 103 W/cm2, and
photon energy from 2.5494 to 2.5501 eV.

As we see from the diagram, in addition to the EIC
lines, one observes two lines R -f and R f" in the emission
spectra that lie approximately symmetrically about the laser
line &t>j. The intensity of these lines increases in resonance
fashion as fua{ approaches EM/2. The variation of the wave
vectors k^" and k^~ associated with them with varying scat-
tering angle is illustrated by Fig. 15b, which shows the pro-
jection of the geometric locus of the points satisfying the
laws of conservation of energy and momentum (47) for a
given ftta, in the form of a figure-eight. As we see from the
diagram, polaritons with the wave vectors k£, k^, and k£
can be scattered in the direction of observation characterized
by the angle 6 while satisfying the conservation laws. A po-
lariton with a larger wave vector k£ (of the order of 3k;) is
"exciton-like," and a weak HRS line corresponding to it is
observed only in very thin perfect CdS specimens.

As the scattering angle decreases from #max ~ 30° to 0°
for constant fuoi, the absolute magnitude of the wave vector
kR increases, while k^~ decreases while approaching k(.
Hence the corresponding HRS lines in the emission spectra
of CdS R -f and R -f approach the line &0j of the exciting
laser radiation. Upon fixing the parameters sb, E^(0),
4ir/3, and Mn, which determine the dispersion law for trans-
verse polaritons (45), the dependence of the spectral posi-
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FIG. 17. Dependence of the spectral position of the R / and R f lines on
the photon energy fia>i of the exciting radiation at the different angles
0=3.19° and 45° in "forward" observation. 13°

tion of the R f, R -f, and R $ lines in CdS on the scattering
angle 0 has been calculated95 for different values of fe; of
the exciting laser radiation. Figure 17 gives the experimental
positions of the R f and R f lines as a function of the pho-
ton energy fuai for the three scattering angles 3°, 19°, and 45°.
The solid lines show the corresponding results of the theo-
retical calculations obtained by solving the system of equa-
tions (47) under the condition that the polariton dispersion
law is described by Eq. (45) with the generally adopted pa-
rameters eb, E Jx (0), 4w/7, and Afex.

One can solve the inverse problem: to reconstruct the
polariton dispersion curve from the experimental depen-
dences of the positions of the R T lines on the photon energy
of the exciting radiation. Actually, since one can determine
with great accuracy the energies and wave vectors of the
photons exciting the semiconductor and the scattered pho-
tons, one can determine from the conservation laws (47) the
wave vectors and the corresponding energies of the recoil
polaritons, and thus construct their dispersion curve. Figure
12 shows by crosses the experimental values of Htaf and k{

obtained in the described way when HRS is observed in the
back, side, and forward directions. The solid line shows the
theoretical dispersion curves for polaritons and longitudinal
excitons in CdS that yield the best agreement with the ex-
perimental data with the following parameters: eb =7.5;
E^ (0) = 2.5523 eV; ALT = 1.9 meV. At present the meth-
od of determining polariton dispersion by using HRS is not
inferior in accuracy to other methods.118"120'132 The read-
justment of the polariton spectrum near a biexciton reso-
nance described below has been studied by this method.

f) Readjustment of the dielectric function near a two-photon
biexciton resonance

As is known, the optical properties of a semiconductor
(absorption, refraction, etc.) are determined by the complex

755 Sov. Phys. Usp. 28 (9), September 1985 Kulakovskitefa/. 755



dielectric function e(k, a>) that describes the dynamic re-
sponse of the medium to an external electromagnetic field
(the dependence of k arises in media having spatial disper-
sion133). At low field intensities the induction D and the
electric field E are related linearly:

D, (k, (o) = 2 ») E, (k, co)

u).

At high intensities of the radiation field the relationship
between D and E ceases to be linear. In nonlinear optics this
situation is taken into account by expanding the polarization
P of the medium as a power series in E. For example, for
crystals with an inversion center this expansion has the form

-<o, <°, to ) |E(co)p+. . . ]

0) = x(co)E(eo).

Here^(cu) is the nonlinear permittivity, which depends on
\E(ca) \2. Analogously one can generalize the expression

D(k, o>) = E(k, o>) + 4nP(k, co) = 6i(k, co)E(w)
and consider that the dielectric function also depends on the
intensity of the electromagnetic field or the density of pho-
tons or polaritons.12

We shall be interested in the spectral region of two-
photon (or two-polariton) excitation of biexcitons. If we
know the dependence of the dielectric function on the den-
sity of polaritons, we can trace the variation of the optic
constants n and x, and also the readjustment of the one-
particle polariton spectrum in the spectral region of two-
photon biexciton resonance. This type of readjustment was
first treated in Ref. 134. A microscopical calculation of the
transverse complex dielectric function that depends on the
polariton density has been performed in Refs. 135-138 by
using the diagram technique for the retarded polarization
operators (see also Ref. 139). Without taking up the details
of calculations,140'141 we shall present the resulting expres-
sion for €j. (k, co), in which spatial dispersion and the depen-
dence on the density np of polaritons near two-polariton res-
onance of biexcitons have been taken into account:

€i(k , co) =
(60-e

(50)

Here np is the filling number of polaritons of energy &ap,
<JM is the matrix element corresponding to excitation of
biexcitons upon combination of the test photon &a with the
polariton fuap. The spectra of excitons and biexcitons are
described by the expressions

^ex — ^ex V"> T 2M Text "«.— "

Here yeK and yM are the damping constants of excitons and
biexcitons, respectively. In the limit of weak excitation levels
of the semiconductor (HP—>0), the nonlinear dielectric func-
tion (50) coincides with the dielectric function presented on
the left-hand side of (45) with a linear response. When
«P 7^0, singularities arise in the dielectric function of (50)
that correspond to resonance absorption at the frequencies.

(51)

Here we have E^ = 4np GM
 2 Em (£„ - *»p). If the in-

tense excitation in the semiconductor results in a nonequilib-
rium distribution of excitons with the density np (fia>p) or a
quasiequilibrium distribution of excitons (in this case we
have «p = «ex, &yp = Ea), then, in addition to the ordinary
exciton resonance fia> — Ee!i, this means that one should ob-
serve a resonance at the frequency fico = EM — fic0p (or
•fid) = EM — £ex). If the excitation and the light probing are
performed at the same frequency fuof = fua, which corre-
sponds to the condition for an experiment to observe giant
two-photon absorption, then, according to (50), resonance
is observed at photon energy values fua = EM/2. If one
knows the nonlinear dielectric function of (50) and employs
the equation EJ (k, «) = c2k 2/ca2 analogous to (45), one

can analyze how the one-particle polariton spectrum is read-
justed under conditions of two-photon excitation of biexci-
tons.

Figure 18 shows the spectral dependences of the real
(n) and imaginary (x) components of the complex refrac-
tive index »* = n + ix = \I&L (k, co) calculated by using the
dielectric function of (50) for different values of the polari-
ton density np and of the biexcitation decay constant

12

12.

S'8

a i

2.535 2,555 t», eV

FIG. 18. Spectral dependence of the real (n) and imaginary (x) compo-
nents of the complex refractive index in the region of exciton and biexciton
resonances for different values of the density np of polaritons.
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7"M = 3 X 10 4 eV. In the general case with np ^0, three so-
lutions arise for the real component n. This means that three
polariton waves should propagate in the crystal at any fre-
quency a. The greatest splitting of the lower polariton
branch is observed near the biexciton resonance fia> = EM /
2. The course of the dispersion of the refractive index of these
waves depends both on the polariton concentration np of the
exciting radiation and on the biexciton decay constant yM.
The parameter E R that enters into the expression for €L (k,
a) determines the oscillator strength of the two-photon
transition, and hence, the effective magnitude of the corre-
sponding longitudinal-transverse splitting. The splitting
between the polariton branches increases with increasing np

in the region of biexciton resonance. It is known from the
theory of excitonic polaritons94'142 that the effects of spatial
dispersion are manifested in optical spectra when the longi-
tudinal-transverse splitting is much larger than the effective
damping. When 75 ALT, the dispersion curves n(fuo) be-
come classical. In the region of resonance absorption they
show the anomalous course well known in classical crystal
optics.I42-143 With increasing excitation level, the ratio E^/
yM varies over a broad range. This leads to the transforma-
tion of the polariton dispersion curves near biexciton reso-
nance observed in Fig. 18a. At low excitation levels
(np 5 1015 cm~3), the value of the two-photon absorption
coefficient a = 2x is proportional to the density of polari-
tons, while the half-width of the two-photon absorption lines
increases with increasing biexciton decay constant /5M.
However, as is implied by Fig. 18b, the half-width of the
absorption line is determined not only by yM, but it also
depends substantially on the polariton density np. With in-
creasing excitation level, beginning at a polariton concentra-
tion rtp sr 1015-1016 cm~3, one observes saturation in the in-
crease in x, while the two-photon absorption coefficient
declines at higher np. Here the half-width of the two-photon
absorption line increases faster than linearly (for constant
YM )• Thus the theory explains the saturation of the increase
in the two-photon absorption coefficient and the broadening
of the corresponding line with increasing excitation level
that have been observed experimentally in crystals of CuCl
and CuBr (see Fig. ID.'OT.IW.W.MS

We note that Figs. 18a, b show the spectral dependences
of n and H for certain polariton densities «p. In comparing
real experimental results with the theoretical curves, one
must take into account the fact that the absorption coeffi-
cient a, just like the refractive index n, depends substantially
in the region of two-photon resonance on the polariton den-
sity np, which in turn depends nonlinearly on the intensity Ip

of the exciting radiation. Namely, we have: np = /p /%i>p vc,
where vt = c/n [ 1 + (ac/nyM ) ] is the rate of energy trans-
port in the medium. In the limit of small values of the absorp-
tion coefficient a and the decay constant yM it goes over into
the group velocity for polaritons ye—>-vg = cko/dfc.145 Upon
scanning the wavelength of the exciting radiation (for fixed
intensity Ip) near the biexciton or exciton resonances, the
rate ve of energy transport can vary by several orders of mag-
nitude, which is manifested in a corresponding change in the
polariton density. One must also take into account the fact

that the intensity of the radiation transmitted through the
crystal in the spectral region of biexciton resonance is deter-
mined by the equation

d/p(z) = -a (/p)/pdz.

Here the distribution of the absorption coefficient a ( z ) is
inhomogeneous over the depth of the specimen z.

At present experimental proofs already exist of a vari-
ation of the dependence a (fico) involving two-photon or in-
duced absorption to form biexcitons in crystals of CuCl,
CuBr, and CdS. Comparison of the experimental a (fia>) re-
lationships with the theoretical calculations enables one to
determine not only the biexciton energy EM (0) in these
semiconductors, but also a number of other parameters (the
matrix element GM of the transition, the value of the decay
constant yM).

It is a more complex experimental problem to measure
the variation of the refractive index, which requires using a
set of delicate experimental methodologies. Thus, in Refs.
146 and 147 the rotation of the plane of polarization of weak
linearly polarized radiation transmitted through a specimen
of CuCl and excited by intense circularly polarized radiation
with a photon energy fep was studied. According to the
selection rules, creation of biexcitons in the ground state F,
can result only from absorption of light with a circular polar-
ization opposite to the exciting radiation. Analysis of the
rotation of the plane of polarization of the probe radiation
made it possible to determine the variation of the refractive
index An~ (1-3) X 10 ~3 as a function of the excitation level
and inolving induced absorption at the frequency
Hto = EM -fctfp.12

It is extremely complicated to perform analogous ex-
periments in uniaxial crystals. Therefore, it has been pro-
posed in a set of studies to measure the variation of the re-
fractive index in CdS to employ the method of deviation of a
probe ray by a crystal having the shape of a refractive
wedge.143'148 The measurement of the features in the devi-
ation of the probe ray demonstrated a variation in the refrac-
tive index of the order of 10~2-10-1 in the spectral range
near fua = EM/2.

As we have already noted, one of the most exact meth-
ods of determining the dispersion curve for polaritons near
an exciton resonance is hyper-Raman scattering. A biexci-
ton participates in the HRS process as the intermediate state.
Hence the experimental results obtained with HRS enable
one to determine small changes in the parameters character-
izing the biexciton state. The solid lines in Fig. 19 show the
theoretically calculated positions of the HRS line
R •? and R f without taking into account the readjustment
of the one-particle polariton spectrum (case of extremely
small polariton densities np—»0). The experimentally mea-
sured positions of R T" and R -f lines represented by
squares, as observed in the forward direction at the angle
9 = 12°, differ appreciably from the calculated values as
np—*0. The dotted lines show the calculated relationships
foo£' ~~, ( f tu j ) with account taken of the readjustment of the
polariton spectrum with the following values of the adjusta-
ble parameters: E^ (0) = 2.5523 eV; eb = 7.5;
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FIG. 19. Experimental and theoretical dependences of the spectral posi-
tion of the R f and R f HRS lines in CdS on the photon energy of the
exciting radiation ftuj in the region of two-photon biexciton resonance
without taking into account (solid lines) and with taking into account
(dotted lines) the giant two-photon absorption.126

|GM |2 = 1(T21 eV2.cm3; EM (0) = 5.0992 ± 2X 1(T4 eV;
yM = 0.85 meV. The best agreement between the experi-
mental results and theory was attained by taking into ac-
count the dependence of the polariton density on fia>p for a
fixed intensity of the exciting radiation 7p .

Thus the set of theoretical and experimental studies
confirms that "bipolariton" effects are observed in the di-
rect-band semiconductors Cud, CuBr, and CdS in the re-
gion of biexciton two-photon resonance, and are a general-
ization of the polariton effects near an exciton resonance.

The dependences described above of the refractive in-
dex and the two-photon absorption coefficient on the level of
excitation for a direct-band semiconductor can be used to
observe and study the phenomenon of optical bistability of
transmission of plane-parallel specimens of CuCl and CdS.

A theoretical substantiation of optical bistability in the
region of a biexciton resonance has been presented in Refs.
149, 138, and 150.

g) Four-wave mixing in the spectral region of two-photon
absorption giving rise to a biexciton

The dependence of the refractive index and the absorp-
tion coefficient on the level of excitation of a semiconductor
can be used for experimental study of the phenomenon of
four- wave mixing in crystals of direct-band semiconductors
in the special region of a biexciton resonance.151 In this type
of experiments two plane beams of laser coherent monochro-
matic radiation with the wavelength /I and equal intensities
7p converge at the small angle q> on the surface of the speci-
men under study. Owing to the interference of these beams,
the intensity / of the resulting radiation at the surface of the
semiconductor has the sinusoidal distribution / = 4/p sin2

(irx/d) with the period d = A /sin <p. With a sufficiently high
intensity of the exciting radiation, as a result of the readjust-
ment of the spectral dependence of the absorption coefficient

487 A,nm

FIG. 20. Spectral dependence of the intensity of radiation diffracted in the
first order in the region of two-photon and induced biexciton resonances
under different conditions of excitation. 1—1; 2—2.5; 3—10; 4—25; and
5—100 kW/cm2.

and the refractive index, they prove to be spatially modulat-
ed and form an amplitude phase grating (a dynamic holo-
graphic grating) with the period d. Each of the exciting
beams becomes diffracted by this grating, so that a fan of
diffracted rays corresponding to the different orders of dif-
fraction emerges from the excited region. By studying the
angular dependences of the intensity of diffracted radiation,
one can decide on the spatial distribution of the absorption
coefficient a or the refractive index n in the specimen and
estimate the diffusion coefficients of excitons and biexcitons
in the crystal, as well as their lifetimes and relaxation times.

In particular, one can draw conclusions from the spec-
tral distribution of intensity of the diffracted radiation con-
cerning the propagation of polaritons in the crystal under
conditions of two-photon and induced absorption. Figure 20
shows the spectral dependences of the intensity of radiation
diffracted in the first order when CdS is excited with two
laser radiation beams of differing powers converging at a 1.6°
angle. Just as in the case of the spectral dependence of the
intensity of hyper-Raman scattering in CuCl152 and CdS,126

the intensity of the diffracted radiation is minimal when the
crystal is excited strictly in the region of two-photon absorp-
tion fcy =£'M/2153'154 or of induced absorption feu
= EM - £„. As has been shown in Ref. 145, this behavior

involves the features of the reabsorption of the diffracted
radiation in the excited volume of the specimen.

Just like optical bistability, the phenomenon of four-
wave mixing can have a practical application in instruments
for high-frequency modulation and deflection of laser radi-
ation.

6. CONCLUSION

The experimental and theoretical studies performed in
recent years have made possible substantial progress in un-
derstanding the structure of excitonic molecules and their
optical properties in semiconductors. The variety has been
considerably increased both of objects of study in which
EMs have been found and of experimental methods of study-
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ing these four-particle complexes. Up to now, EMs have
been found and studied from all aspects in a number of semi-
conductors differing in the anisotropy of the spectrum and in
the ratio of effective masses of electrons and holes, a = mc/
mh. This enables one to compare the results of the existing
calculations of the dependence of the binding energy of EMs
on the parameter a with the most reliable experimental mea-
surements (see Fig. 1). The best agreement with experiment
comes from recently performed calculations based on the
Monte-Carlo method and the Green's function formalism.17

We see from Fig. 1 that the quantitative disagreement
between theory and experiment is systematic in character.
Apparently it involves not only an inexact knowledge of the
wave function of the EM. Phonons can make a considerable
contribution to increasing the stability of excitonic mole-
cules: deformation—in the case of atomic semiconductors
(of the type of Ge and Si) and polarizational—in heteropo-
lar semiconductors (of the type of CuCl, CdS, etc.) Investi-
gation of this little-studied problem would be of undoubted
interest.

Other interesting problems remain unsolved. Thus, in
many-valley semiconductors of the type of Ge and Si, more
complex excitonic molecules can be stable, in which more
than two excitons are bound. Such multiparticle structures
have no analogs in moleculear spectroscopy. Their stability
is implied by calculations50 and by experimental observa-
tions of stable multiexciton complexes involving a shallow
impurity in indirect-band semiconductors. !55~157

The problem has not been studied experimentally of the
stability of EMs in the limit of a strong magnetic field in
which the Coulomb energy is much smaller than the cyclo-
tron energy. Here it is interesting to know whether the mo-
lecular orbitals will be stable in the case of diamagnetic
ortho- excitons, and what is the character of the pairwise
interaction of these excitons.

In direct-band semiconductors, study of the nonlinear
permittivity and the readjustments of the dielectric function
near a two-photon resonance involving excitation of EMs
remains topical. The prospects of studying other nonlinear-
optical phenomena are closely associated with the gigantic
nonlinear response of the medium under conditions of two-
photon excitation of EMs—multiwave mixing, optical bista-
bility, dynamic holography, etc.

Finally, as we see it, it is of interest to search for exci-
tonic molecules and multiexciton complexes in low-dimen-
sional semiconducting structures, in particular two-dimen-
sional, e. g., in single layer or multilayer heterostructures
having quantum wells.158'159 In such structures multiparti-
cle complexes must be appreciably more stable than in three-
dimensional crystalline media.

"We note that, up to now, practically all the studies of EMs in indirect
semiconductors have been conducted in silicon and germanium. The
only exception is Ref. 25, which reported the observation of EM emission
in AgBr. No studies of the properties of EMs in these crystals have yet
been carried out.

2)In weakly compressed Si crystals having a splitting of the conduction
band &EC less than the energy of the smallest intervalley (TA) phonon
^HTA = 18 meV), the intervalley relaxation time proves to be much
larger than the lifetime of excitons.48-49 Here "hot" excitons denote those

with an electron from the split-off valley.48 To avoid misunderstanding
we note that the thermal energy distribution within the limits of one
valley has time to be established in each valley in a time T<TCX .

''Information on para- and diamagnetic properties of direct excitons in
undeformed Ge is contained in the review of Zakharchenya and Se-
Tsyan."

4)Polarization of an exciton due to motion within strong magnetic fields
feac >Ry has been noted and calculated in Ref. 70.
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