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When the mean-free path length of conduction electrons in a metal /°° is comparable to the
thickness of the specimen d, various kinds of size effects appear. To study these effects, under the
cleanest conditions, filamentary crystals—whiskers—are used. At low temperatures conditions
under which l°° >rf are easily achieved in whiskers. In this case the interaction of electrons with
the surface is determining, and this markedly changes the electronic properties characteristic for
the usual massive (rf>/°°) specimens. In this review the results of the experimental study of the
effect of dimensions on the electrical resistance of whiskers, permitting the determination of the
degree of specularity of the reflection of electrons from the surface, are examined. In a magnetic
field under the condition that /°° ></,/• the theory predicted new phenomena: a dc skin-effect
confined to a thin (of the order of the Larmor radius r) surface layer of the specimen, a change in
the quantum effects for r> d, as well as other effects. Experiments on whiskers in which these
phenomena are observed are described in this review. Experiments in which the high (close to the
theoretical limit) strength of whiskers is used to investigate electronic 2.5-order transitions are
also described.
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1. INTRODUCTION por example, spontaneous growth of whiskers on thin layers
The samples used in physical investigations must, in of metallic coatings leads to damage in different electronic

most cases, be specially prepared under artificial conditions, systems. The practical value of measures which would elimi-
and it is only in rare exceptions that nature itself provides nate these undesirable phenomena is obvious,
experimenters with objects that are ideally suitable for this The morphology of whiskers is very diverse. Included
purpose. An excellent example of this are filamentary and are long filaments and ribbons, thin platelets, tubular and
plate-like single crystals, which are collectively referred to as spiral-shaped crystals, cones and wedges, etc. For this rea-
whiskers. son the term whisker refers, in general, to a single crystal,

Although the existence of whiskers has been known for growing freely under both natural and artifical conditions,
a long time, it is only in the last two or three decades that with a large disproportion of linear dimensions. For exam-
these unusual formations have attracted the attention of in- pie, the length of the crystal can exceed its thickness by a
vestigators. Interest in whiskers was elicited by the fact that thousand-fold or, in the case of a platelet, the thickness of the
they have a number of unique properties which the usual crystal can be smaller by a similar factor than the two other
massive single crystals do not have. This raised hopes for dimensions of the plate. In most cases whiskers have facet-
extensive use of whiskers in measuring instruments and in ing; the facets can be parallel to the crystallographic planes
technical applications. In many cases these hopes were justi- °f high symmetry.
fled. In the definition of the term "whisker" the words

Most of the work that has been performed involves the "growing freely" mean "not in a enclosure" or "not on a
investigation of the physics of nucleation and growth of substrate." This is important because it allows one to distin-
whiskers, which is of great scientific value both for the phys- guish whiskers from microconductors and films, although
ics of crystal growth in itself and for practical applications with respect to many physical properties the latter are analo-
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gous to whiskers. For example, whiskers as well as micro-
conductors and films can be used to study static size effects.

Whiskers of many compounds as well as pure chemical
elements are now known. Almost all metals have been grown
in the form of whiskers. The thicknesses of whiskers fall in
the range 10~6-10~2 cm. The length can attain several
centimeters.

Some materials crystallize only in the form of whiskers
with a filamentary form. These include various fibrous min-
erals, such as asbestos. Such crystallization is related to the
strong anisotropy of the molecular structure. At the same
time, the growth of whiskers of metals and other elements
whose crystals have high symmetry is unexpected and puz-
zling.

Several models have been proposed for the growth of
whiskers. The most widely used model at present is the so-
called VLC model (the name is formed by the first letters of
the words indicating the successive phases through which
the molecules of the material pass during the growth of the
crystals: vapor-liquid-crystal). Although the physical na-
ture of the initial phase of the nucleation of a whisker and of
the growth process itself and of its termination are not yet
completely understood, the practical problems involved in
growing whiskers of different materials have been success-
fully solved in most cases. Whiskers can grow in a vacuum or
a gas and both from and in a solution. The material for
growth can enter either directly onto the surface of the grow-
ing crystal from the surrounding medium or from the base
on a substrate. Growth occurs from both the base and the
apex of the whisker.

A large part of the monographs by Berezhkova1 and
Givargizov2 is concerned with the problems of growing
whiskers. At the same time the physical properties of whis-
kers, especially whiskers of metals, are examined only curso-
rily in these works.

The purpose of this paper is to demonstrate by a number
of examples the remarkable opportunity that whiskers pres-
ent for investigations of the electronic properties of metals.

What makes whiskers so attractive as an object of phys-
ical investigations? The answer to this question lies primar-
ily in the truly unique properties of whiskers: their small
dimensions and high chemical purity, the perfection of their
surface and bulk structure, and their high strength, which is
close to the theoretical limit. It is precisely these properties
that have led to the discovery of new phenomena and that
have made it possible to obtain results which cannot be ob-
tained using the usual massive single crystals.

2. SIZE EFFECT IN THE RESISTIVITY OF METALS
A) Restriction of the mean-free path of conduction electrons
by the dimensions of the sample

For the unbounded medium, when scattering by the
faces of the sample can be neglected, the resistivity p °° is a
characteristic of the metal and does not depend on the shape
and dimensions of the sample. The situation can change con-
siderably, however, if the mean-free path /" , determined by
the scattering of conduction electrons in the bulk by phon-
ons, lattice defects, and impurities, becomes comparable to

or even greater than the transverse dimensions of the speci-
men d. In this case the boundaries of the sample will restrict
the mean-free path and, in the limiting case when /°° >e?, the
effective mean-free path ld — >d. This situation arises in very
thin specimens of pure metals at low temperatures (the cor-
responding resistivity is denoted below by pd }. It was there-
fore necessary to clarify the effect of dimensions on kinetic
phenomena in metals, which elicited a large amount of both
theoretical and experimental work on size effects.

The simplest size effect is the dependence of the resistiv-
ity of the sample on the thickness. It is understandable that
for the conditions under which the size effect is manifested
the concept of "resistivity" loses its original meaning, since
it no longer reflects the properties of the material and de-
pends on the geometry and dimensions of the sample.

The effect of dimensions on the resistance was discov-
ered at the end of the last century and already in 1901 J. J.
Thompson gave the correct explanation of this effect: the
additional resistance appears due to the scattering of elec-
trons by the surface of the sample. A theoretical analysis of
the size effect is contained, for example, in the books by Zi-
man3 and Green.4

An important point in the theory of the size effect is,
naturally, the boundary condition for the electron distribu-
tion function. Until recently, it was written in the form pro-
posed by Fuchs5'11:

Mr., p) = P/i(r., p), (1)

where/, is the nonequilibrium correction to the distribution
function, rs is the coordinate of the particle on the surface, p
is the momentum of the incident particle, and p is the mo-
mentum of the reflected particle. Here, the parameter P de-
scribes the average reflectivity of the surface of the sample.2'
The magnitude ofP lies in the range 0<P< 1. The reflection
from the surface is considered to be completely specular for
P = 1 and completely diffuse for P = 0. An intermediate val-
ue of P indicates partially specular reflection and to some
extent characterizes the surface, if samples with identical
geometry and thickness are being compared. Fuchs's param-
eter P does not contain any definite information on the struc-
ture and physical state of the surface. The relation between
Fuchs's parameter P and the probability of specular reflec-
tion in a number of cases is examined in Ref. 4.

Experimental results are usually analyzed based on a
comparison with Fuchs's theoretical calculations5 for plates
and Dingle's calculations7 for wires.

In the limiting cases of thin or thick samples, we have
the following relations between the resistance pd and the
thickness of the specimen d:

r<d,
wires,

d «p =p
(2)

"A detailed theoretical examination of the present status of the problem of
boundary conditions for the distribution function is given in Ref. 6. In
particular, the concepts of specular and diffuse reflection of electrons
from the surface of a metal are formulated and the cases for applicability
of conditions of the type (1) are discussed.

2)Formally, the quantity/? can be viewed as the fraction of electrons specu-
larly reflected from the surface.
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(3)
(If/00 >c? and 1 — P>d/l°°, the quantity p°°, of course, can
be neglected. However, for the following analysis it is impor-
tant to retain this quantity.) For cubic crystals/)00 /°° = 12
(irfi)3/e2s{, where SF is the area of the Fermi surface8; for
anisotropic cases it is necessary to introduce a factor of the
order of one, which takes into account the orientation of the
sample.9

At room temperature the mean-free path l°° is deter-
mined by the electron-phonon interaction and is of the order
of I0~5 cm. For a long time this retarded progress in the
study of size effects. The situation changed considerably
when low temperatures became accessible and superpure
materials appeared. At temperatures obtained with the help
of liquid helium (!T~4 K) the main contribution to scattering
comes from the interaction of electrons with lattice defects
and impurities. For this reason, in very pure metals the mean
free path of electrons can reach magnitudes of the order of
1.1 cm. The preparation, in this case, of specimens with dif-
ferent thicknesses, comparable to I" , with identical quality
no longer presents great technical difficulties, and this per-
mits obtaining reliable and reproducible results.

At the outset of the study of the size effect specular
reflection from the surface (P ̂ 0) appeared to be implausi-
ble. For this reason, the experimental dependencepd (d} was
used to determine the magnitude of the product p°° 1°°,
which permitted evaluating the dimensions of the Fermi sur-
face. The inverse problem was also formulated: using model
calculations of the Fermi surface, the theoretical and experi-
mental dependences// (d) were compared. It is interesting to
note that most of the early experimental work supported
completely diffuse reflection, i.e., the experimental results
were described best by P = 0 (see, for example, Ref. 3, p.
419). However, under conditions characteristic for these in-
vestigations, when /" ~c?, and with the use of the simplest
model considerations of the Fermi surface of a metal, the
conclusion that P = 0 had to be viewed not as an experimen-
tal fact but rather as a plausible conclusion, corresponding
to the contemporary views of the nature of the interaction of
electrons with a real metallic surface.

b) Size effect in the resistance of whiskers

Beginning approximately in 1960, under the pressure of
experimental facts, the view concerning the possibility of
specular reflection of electrons from the surface began to
change gradually. The position has now changed so radically
that the possibility of complete diffuse scattering is viewed as
an unlikely phenomenon. Experimental investigations of the
effect of size on the resistivity of whiskers played a large role
in this amazing transformation in the views of the nature of
reflection. Whiskers permitted performing measurements
under conditions when /°° ></. This condition is achieved, on
the one hand, by the fact that modern experimental tech-
nique permits electrical mounting of samples with thick-

nesses up to 10 5 cm.10'"-12 On the other hand, in the most
widely used methods for growing metallic whiskers (sponta-
neous growth and growth from the gas phase) the chemical
purity and especially the structural perfection of whiskers
can be better than in the starting metals used for growing
purposes. This is confirmed by experiments in which quan-
tum oscillations of the resistance in a magnetic field (Shubni-
kov-de Haas effect) are investigated. At the lowest tempera-
tures the amplitude of the oscillations depends on the purity
and physical perfection of the specimens. This dependence is
characcterized by the Dingle temperature T0,

13 The higher
the purity and perfection of the metal sample, the lower is its
TD temperature and the higher is the amplitude of quantum
oscillations. Figure 1, taken from Ref. 14, shows a trace of
the Shubnikov-de Haas effect for two samples of antimony.
One specimen is a platelet whisker and the other is a massive
sample, obtained from the starting material used to grow the
whiskers. The specimens have the same crystallographic ori-
entation and the measurements were performed under iden-
tical conditions. It is evident that the amplitude of the oscil-
lations is higher in the case of the whisker. Analysis of the
experimental curves shows that TD ~3.5 K for the massive
sample and ~1 K for the whiskers, i.e., the whiskers are
"pure" and /°° must therefore be higher for them.

An idea of the magnitude of /" for whiskers can also be
obtained by determining the magnitude of p°° from mea-
surements of the dependence pd (d} (see expressions (2) and
(3)). Extrapolation of this dependence to d ~l = 0 gives the
magnitude of p °°. The accuracy of this procedure is usually
not high, but it is still possible to assert that in order of mag-
nitude/? °° and, therefore, /°° for the starting material and for
the whiskers coincide (Fig. 2).

Thus if pure materials are used for growth, then at low
temperatures /" in whiskers can reach values of 10~ J-l cm
and it is possible to obtain ratios 7 °°/d of the order of 103-
104.

Under the conditions of a strong size effect (/°° >rf),
practically all electrons collide with the surface. In this case
the electrons approaching the surface under small angles
have a higher probability of being scattered specularly. The
relative contribution of such electrons to the conductivity of
the sample increases with increasing ratio /"%?, which
causes the Fuchs parameter P to increase. The difference
from the case of completely diffuse reflection becomes so

FIG. 1. Dependence of the increment to the resistance of antimony on the
magnetic field parallel to the trigonal axis of the crystal.14 The resistance
is given in arbitrary units; T= 4.2 K. Curve 1-massive sample of thickness
2 mm; curve 2-whisker of thickness 11 and width 100 fim.
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large that the conclusion of partially specular reflection be-
comes unavoidable.

The magnitude of P is usually estimated by comparing
two series of measurements. A massive sample whose thick-
ness is decreased by successive etching is used in one series
and whiskers are used in the other. Assuming that for the
etched samples P = 0, using Eqs. (2) and (3) it is possible to
estimate the magnitude of P for whiskers. The results of such
experiments are presented in Figs. 2 and 3.

For "good" metals the values of the parameter P for
whiskers with a thickness of the order of 10~4 cm fall in the
range 0.5-0.8. Even higher values should be expected for
semimetals such as bismuth and antimony.

The high value of the parameter P for whiskers is relat-
ed not only to the satisfaction of the condition for a strong
size effect but also to the high degree of perfection of the
surfaces bounding the whisker. Moreover, these surfaces, as
a rule, coincide with the crystallographic planes of high sym-
metry, for which specular reflection is most probable.4'17 If
such a surface is artificially defected (for example, by etch-
ing), then the resistance is observed to increase, indicating
that the "diffuseness" of the surface has increased (see Fig.
2).

3. TEMPERATURE DEPENDENCE OF THE RESISTANCE OF
WHISKERS
a) Deviation from Matthiessen's rule

A serious argument in favor of the existence of specular
reflection of electrons from the surface was obtained in ex-
periments performed on whiskers for the purpose of study-
ing the deviation of the resistance of thin samples from
Matthiessen's rule. According to Matthiessen's empirical
rule, the resistance of a metal with a small amount of impuri-
ty can be written as a sum of two terms:

P" = Po + P, (T). (4)
The first termpo—the residual resistance—does not depend

'/fl°
I'll!:

•10s

FIG. 2. Effect of size on the resistance of zinc whiskers.12 1-Filamentary
samples, 2-plates. Zinc, for which p?2 3 ;= 10~4 was used to grow the
samples. The symbols 3 refer to filamentary and platelike whiskers from
Ref. 1 1 . The arrows mark the results of subsequent chemical etching of the
samples. The continuous line indicates extrapolation to small thicknesses
of the resutls obtained in Ref. 15 on the determination of the dependence
p(d ~ ') of massive samples. Their thickness was varied by chemical etch-
ing. Assuming ihat for these samples the specularity parameter P=0, the
dashed lines in the figure show the behavior of the resistance according to
Eqs. (2) and (3) in the text for values of P indicated by the numbers: 0.4 and
0.6 for filamentary whiskers and 0.7 and 0.8 for plate-like whiskers.

0,1 0.2 I/'

FIG. 3. Effect of size on the'resistance of filamentary copper whiskers.16

The circles show the experimental points; the straight line shows the cal-
culation for different values of P with p" l°° = 0.65-10"" /2-cm2.

on the temperature and is related to scattering of electrons
by impurities and lattice defects. The second termp,(T) is
called the ideal resistance. It depends on the temperature
and is related to scattering by phonons. Thus the residual
resistance characterizes the quality of the sample, whereas
the ideal resistance is a characteristic of the metal itself.
Matthiessen's rule can be given a theoretical justification, if
it is assumed that the scattering by impurities, defects, and
phonons are independent of one another.

Since a collision with the surface can be viewed as an
efficient and independent source of scattering of electrons,
the following question arises. Is Matthiessen's rule valid in
the case of the size effect, i.e., is it possible to write

pd(T) = Po+ps + pl(T), pf ( r ) = P-(r),
whereps —the additional "surface" resistance—does not de-
pend on the temperature?

With completely diffuse scattering the resistance of
samples with a circular and rectangular cross section in
limiting cases can be written in the form (see expression (2)).

where A is a number of the order of 1. For "good" metals
with a high concentration of current carriers the product
p™ /°° and, therefore, ps do not depend on temperature, so
that Matthiessen's rule should be satisfied. This conclusion
is also valid for plates in the case </>/°°. At the same time, for
of</°° the logarithmic term in the denominator of expression
(3) leads to a small deviation from Matthiessen's rule. In the
intermediate region /°° zzd, according to calculations using
the Fuchs-Dingle model,5'7 a small deviation should also be
observed from Matthiessen's rule.

A deviation from Matthiessen's rule was observed in
wires and films of different metals (see Ref. 18, p. 114). The
general conclusion that can be drawn from these experi-
ments is that the observed deviation is much larger than fol-
lows from the theory.

To explain this disagreement a mechanism that takes
into account scattering by small angles was invoked. Expres-
sions (2) and (3) were obtained under the assumption that the
contribution to the resistance from scattering of electrons by
phonons does not depend on the angle between the direction
of motion of the electrons and the surface of the sample.
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However, this condition may not be satisfied at low tempera-
tures, which was first pointed out by Olsen.19 According to
Olsen, if 1 > 7Y0>c? /l°° (0 is the Debye temperature) the col-
lision of an electron moving toward the surface at a sharp
angle with a phonon leads to its collision with the surface. As
a result the momentum of the electron changes by an amount
comparable to the momentum itself. Olsen's mechanism
must increase the efficiency of electron-phonon collisions in
a thin sample at low temperatures and should lead to a signif-
icant increase of the temperature dependent part of its resis-
tance as compared with the massive specimen. Quantitative
calculations using this mechanism were performed by Blatt
and Satz20 and also by AzbeF and Gurzhi.21 Below, we shall
consider the results obtained in Ref. 21, because in this paper
the results were obtained for the most general case-for both
wires and plates.

In a thin specimen (d-^l™ ), at low temperatures, the
effective frequency3' of collisions of electrons, gliding along
the surface, with phonons is higher than in the bulk: v|?p

>ve^. In the massive sample v™ <x (T/0 f(T/0 )2), where the
factor (T /O )3 takes into account the number of phonons and
the factor ( T / 0 } 2 is due to the low efficiency of electron-
phonon collisions (scattering by a small angle of the order of
T/0). In a thin sample, for gliding electrons (the angle
between the direction of motion and the surface is less than
d //""), a collision with a low-frequency phonon is eflFective
because it leads to the collision of electrons with the surface,
where diffuse scattering is assumed. For this reason, for glid-
ing electrons vfp oc (T/0 )3. Since in thin specimens current is
primarily transported by gliding electrons, the electron-
phonon mean-free path is / fp <x (T /0 )3 and, correspondingly,
the temperature-dependent partofthe resistance pftT) oc (T'/
0 )3. This must be valid if

d I d \ l /«
"> \i=~; >'ei 'ep

(5)

where / % is the mean-free path due to impurities.
For an arbitrary relation between d //°° and T/0 the

resistance of a thin specimen with completely diffuse scatter-
ing is given by the following expressions:
for plates

for wires

p"»

where

(6)

(7)

9 \2

2/3 -i-

Analysis of these equations shows that in the general case the
residual resistance for thin samples is attained at much lower
temperatures than in massive samples. In addition, at the

lowest temperatures (T/0<d/l^)pd(T)^T5, since a colli-
sion with a phonon no longer leads to a collision with the
surface and under the condition (5)p't (T) oc T3.

In order for it to make sense to compare the size-in-
duced deviations from Matthiessens' rule to the theoretical
predictions, the measurements should be performed on ho-
mogeneous samples with a small amount of impurities and
defects. In this case, reliable results can be obtained only for
a strong size effect /°° >of.

The temperature behavior of the resistance of zinc and
cadmium whiskers was studied in Refs. 22-24. Measure-
ments were peformed primarily for filamentary whiskers
with micron thickness with /°° sO. 1 cm at T = 4.2 K. Con-
siderable deviations were observed from Matthiessen's rule.
At low temperatures (T< 10 K) the ideal resistance p?(T)
exceeded many-fold/oi°°(7') for massive samples. The results
of the measurements are presented in Fig. 4. However, the
theory21 was not confirmed. First of all, in spite of the fact
that condition (5) was satisfied with much room to spare,
differences were not observed in the degree of dependence of
the resistance on the temperature: massive samples and thin
whiskers obeyed approximately the same law. Thus, in zinc
whiskers with c?~ 1 //m in the temperature range 4—12 K p?
(T) a T4 4 ± °-2, and for the massive sample/of (r) <x 714 6 ± °2 .
A small difference was observed in cadmium: T4'9 ± a2 and
7^5.0 ±0.3 Second, although the observed deviations from
Matthiessen's rule were significant, they still were one to two
orders of magnitude smaller than the theory predicted.21

The predicted dependence of the temperature part of the
resistance on the thickness of thin samples was also not con-
firmed. According to Ref. 21, pf(T) oc m(c? ~'), whereas ex-
periment gave the dependence pd ( T ) oc d ~!.

to -

s -

o-f

20 T,K ZOT,K

3>That is, the frequency of collisions which lead to a change in the momen-
tum of an electron by an amount comparable to this momentum.

FIG. 4. Dependence of the ideal resistance of massive samples and whis-
kers on temperature, a) Samples of cadmium23 (experimental points: 1-
massive sample, d = 1.2 mm, 2-filamentary whisker, d = 3.2//m; 3-same,
d — 1.45 fj.m); b) samples of Zinc22 (experimental points: 1-massive sam-
ple, d = 1.2 mm; 2-filamentary whisker, d = 2.4/im, 3-same, d =
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Such a large qualitative and quantitative disagreement
between theory and experiment required a reexamination of
the basic assumptions of the theory. In this connection, it
was proposed in Ref. 22 that Olsen's mechanism is absent in
thin whiskers. For Olsen's mechanism it is significant that
the reflection from the surface is diffuse for any angle of
incidence of the electron on the surface. It is precisely the
diffuseness of the reflection even for "gliding" electrons that
must lead, under the condition (5), to the elimination of the
factor (T/6 )2 in the expression for p°°(T). However, by the
time that the work in Refs. 22, 23, and 24 was performed it
was already clearly established that in metals reflection for
electrons incident on the surface at small angles is specu-
lar.25 Since the "gliding" electrons make the main contribu-
tion to the conductivity of thin samples, it would appear that
it is precisely the specularity that decreases the effectiveness
of Olsen's mechanism. It is evident from expressions (2) and
(3), for example, that with completely specular reflection
(P = 1) the size effect is entirely absent. However, this has
not been confirmed experimentally. It has been established
that the etching-induced increase of the "diffuseness" of the
surface of whiskers, decreases the difference between the
ideal resistances of whiskers and massive samples.24 In order
to give a constant description of all characteristics of the
temperature dependence of the resistance of whiskers, it was
proposed that the experimental results be described with the
help of expressions (2) and (3), making the assumption that
Fuchs's parameter depends on the temperature: P = P ( T ) .
Formally, this can be done in any case, since the parameter P
was essentially introduced, as an adjustable parameter in or-
der to obtain the best agreement between theory and experi-
ment. Without delving into the nature of the dependence
P (T), it is still natural to assume that as the temperature in-
creases the magnitude of P decreases from the maximum
value at low temperatures P0< 1 to zero at high tempera-
tures, when /°° <g,d. Correspondingly, the diffuseness param-
eter, defined as Q = 1 — P, increases from Q0 = 1 — P0 to
Q= 1. Then, from expression (2) for thin wires it follows that
the deviation from Matthiessen's rule is related to the depen-
dence P ( T ) , it is maximum for P0 = 1 and it is absent for
P0 = 0. In the most general case, the following inequalities
should be satisfied:

=£, («)

where Apf =pf(T)-Pr(T).
By virtue of the inequalities (8), in studying Matthies-

sen's rule for thin specimens it is in principle impossible to
neglect the difference betweenpd and/?00 even at high tem-
peratures. It is usually4' assumed in this case ihatpd=pc°,
which, naturally, leads to a distortion of the results at high
temperatures, since the effect sought should not exceed the

4)ThequantityJo''(7')isfoundasfollows:p''(:r) = (R (f)/R293)p£3,whereR
is the experimentally measured resistance of a thin sample. At low tem-
peratures, when// >^" , this does not lead to a significant error. At high
temperatures this method is in principle not applicable, since p"1 (T) must
be known with high accuracy. This accuracy is not achieved by direct
determination ofpd from the resistance and the dimensions of the sam-
ple. For this reason, to findp(293) expression (2), in which the tabulated
value of p" and P = 0 are used, can be employed.

difference pd — p °°. The maximum value of the difference
Apd(T) will be attained at some temperature !Tdif above
which P = 0. At high temperatures (T> Tdi( and /~ <c?) the
difference between the ideal resistances is a constant:

P00'0 3 I-- (9)

Thus Matthiessen's rule will be satisfied only at high tem-
peratures.

These considerations formed the basis for the analysis
of the experimental dependences of the resistance of filamen-
tary zinc and cadmium whiskers, obtained over a wide range
of temperatures from liquid helium to room temperatures.24

The resistancepd (293 K) was calculated from expression (2)
under the assumption that total diffuse reflection occurs at
room temperature. The results are shown in Figs. 5 and 6. It
is evident that the difference Apf(T) decreases, if the initial
specularity of the surface of the whiskers is decreased by
etching (the initial value P0~0.5 and after etching P0^0.3).
The quantity Apf(T) increases with temperature and satu-
rates at comparatively low temperatures; in addition
Tdif ~ 20 K for cadmium and Tdi{ ~ 40 K for zinc. At satura-
tion the quantity Apf(T) coincides with the estimate (9). All
this permits extracting the dependencesP(T) and Q(T) from
the experimental data. Figure 7 shows the dependences of
the diffuseness parameter Q and of the normalized specular-
ity parameter P /P0 on temperature. The universal nature of
the dependence P /P0 on the reduced temperature T/Tdif is
interesting.

One possible reason for the dependence P ( T ) could be
related to the thermal "roughness" of the surface of the crys-
tal, arising due to surface phonons. The interaction of an
electron with surface phonons leads to a dependence of the
probability W of specular reflection on the temperature.
Green4 examined such an interaction and found a relation
between Fuchs's parameter P and the probability of scatter-
ing by surface phonons.

Although the question of the efficiency of thermal

20 T,K

FIG. 5. Dependence of the difference of the ideal resistances of thin and
massive samples on temperature Apf(T) = pd,(T} — p™(T).2t Experimen-
tal points: 1-filamentary cadmium whiskers, d= 1.45/^m; 2-filamentary
cadmium whisker, dzz2.6(im; 3-same whisker after etching, dzz2.6fj.rn;
4-filamentary zinc whisker, rf^3.3 fim; 5-same whisker after etching,
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FIG. 6. Dependence of the difference of the ideal resistances of thin and
massive samples on temperature.24 a) Filamentary zinc whisker, d = 1.3
//m; b) same, d = 2 (im, 1-before etching, 2-after etching; c) filamentary
cadmium whisker, d = 1.6/jm; d) same, d = 1.1pm, 3-values of Apd(T)
calculated from Eq. (9) in the text.

"roughness" has not yet been completely clarified, a more
realistic approach to the explanation of the reasons for the
temperature dependence of p was nevertheless found by ex-
amining the question of the contribution of gliding electrons
to the conductivity with a change of the ratio d/l" . Green
introduced into the analysis the dependence of the probabil-
ity of specular reflection on the angle of approach of the
electron to the surface W(a) and he showed that the param-
eter .Pmust depend considerably on the ratio d/l" with P— > 1

Thus the dependence P (T ) arises even in the case when
the probability of specular reflection does not depend on the
temperature. This is related to the fact that, as already noted
above, electrons incident on the surface at small angles
a < d //" make an increasingly larger contribution to the
total conductivity of a thin sample as its thickness decreases
or its mean-free path increases. Since the probability of
specular reflection increases with the angle a, the "specular-

ojs -

w r,/r,.cd
38 r./T.Zn

FIG. 7. Dependence of the specularity parameter P and diffuseness pa-
rameter Q = 1 — P on the temperature for filamentary cadmium and zinc
whiskers.24 P0 = P (OJf). Experimental points: 1-cadmium, d = 1.45 ftm;
2-zinc, d = \3fim; 3-cadmium, d = 2.6pm, after chemical etching.

ity" of the surface, defined in terms of the parameter P, in-
creases. Thus the question of the temperature dependence of
Fuchs's parameter is closely related to the question of the
dependence of the probability of specular reflection on the
angle of approach of the electron to the surface.

b) Angular dependence of the probability of specular
reflection

This important question in the physics of surface phe-
nomena was raised a long time ago, but experimental meth-
ods for resolving it appeared only recently. Several methods
are known: the study of the oscillations of the impedance in
weak magnetic fields and the study of the cyclotron reso-
nance on reflected electrons,25-27 the method of transverse
focusing of electrons in a magnetic field,28'29 the method of
comparing the temperature behavior of the resistance of thin
and massive samples.30 The latter reduces to the following.

Let the interaction of conduction electrons with the sur-
face of the sample be described by the probability of specular
reflection, depending only on the angle of incidence,
W = W(a). We shall find a relation between the conductivity
of a thin plate and that of a massive sample. The dispersion
law of the metal is assumed to be isotropic and the tempera-
ture r<0.

If volume collisions are absent, then the mean-free path
of an electron, hitting the surface of the plate at an angle a, is
restricted by collisions with the surface. We shall examine
only small angles a, for which the reflection is nearly specu-
lar. In moving from one surface to another the electron tra-
verses a distance equal to d /a in the direction of the current.
After colliding with the surface the electron will traverse the
same distance with probability W 2(a), etc. Then, the distance
the electron will traverse without scattering will equal

+...=± (10)

Volume collisions limit ld by a magnitude of the order of /°° ,
so that it may be assumed that ld is of the order of / (a) if / (a ) is
less than /" , and ld ~/°° if / (a) > /" . We shall denote by a*
the angle at which / (a*) equals /°° . For an arbitrary angle we
can write in a general form

* M- _M«) - 00 -L J~ ̂  I (a)

The fraction of the electrons which are reflected in a
narrow range of angles a, a + Aa and acquiring an energy
from the field E along the path ld (a) is proportional to A (a).
For this reason, the total current / and, therefore, the aver-
age electrical conductivity o4 = (I /E )d are proportional to

\ I" (a) da.

Electrons incident on the surface in the range of angles
a <a*, for which f1 (a) •xl°°, make the main contribution to
the conductivity of a thin plate. This range is limited by the
condition ld (a*) =/".

From expression (10) we find

On the other hand, we can write for the ratio of the conduc-
tivities
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Substituting (10) into (11), we obtain

W(a*}--=i-^-=i--^const

(12)

(13)

Expressions (12) and (13) determine the dependence
W(a) being sought.

To find it from the experimental data it is necessary to
measure the dependence of the resistances pd (T) and/o00 (T)
and to know the quantity p" l°° . This procedure for finding
W (a) was used in Ref. 3 1 , where the temperature behavior of
the resistance of plate-like antimony whiskers was mea-
sured. The final result of the anlaysis of experimental curves,
leading to the dependence W(a], is shown in Fig. 8. It is
evident that for small angles, for which the theoretical calcu-
lations are valid, the dependence W(a) is linear.

The problem of the dependence W(a] was discussed
theoretically by Green4 and Andreev.17 Andreev showed
that reflection from a surface of high symmetry, which has
defects with a size of the order of interatomic distances, leads
to the dependence

, (14)

where pF is the Fermi momentum and a is the characteristic
size of the surface roughness. Applying expression ( 1 4) to the
results presented in Fig. 8 we find that for the antimony
whiskers investigated a ~ 10~8 cm, which confirms the view
that the surface of whiskers is a very perfect formation.

4. RESISTANCE OF WHISKERS IN A MAGNETIC FIELD
a) Size effect in the magnetoresistance

The size effect becomes significantly more complicated
in a magnetic field because together with the length /" an-
other quantity with the dimensions of a length appears: the
radius r of the orbit of an electron in a magnetic field. Differ-
ent ratios between d, I" , and r as well as the different geome-
try of samples and mutual orientation of the measuring cur-
rent and of the magnetic field H give rise to the most diverse
size effects. But they are always manifested against the back-
ground of a complicated behavior of the volume magnetore-
sistance, which depends strongly on the ratio of the number
of electrons and holes and the geometry of the Fermi surface
of the metal.

Size effects are much more distinct in the simplest be-

Wttt)
wo

0,90
u> deg

FIG. 8. Dependence of the probability of specular reflection on the angle
of arrival at the surface for platelike antimony whiskers of different thick-
ness.31 \-d = 0.25/im; 2-d = 0.35/im; 3-d = 0.75/zm. The surfaces of the
plates are parallel to the basal plane of the crystal.

havior of the volume magnetoresistance (weak dependence
on the magnetic field). This has permitted, on the one hand,
observing them reliably experimentally and, on the other
hand, obtaining a satisfactory theoretical interpretation of
the observed phenomena. The most general characteristic
feature of size effects in this case is the decrease in the role of
surface scattering of electrons, beginnning with fields for
which the radius r becomes less than the thickness of the
sample d. In fields for which r<d size effects disappear and
the dependence of the resistance of a thin specimen on the
magnetic field coincides with the dependence for a massive
sample: pd (H )—>/?" (H }. A condensed review of this subject
can be found in Ref. 32.

The general theory of galvanomagnetic phenomena in
metallic samples with finite thickness taking into account
the nature of the scattering of electrons by the surface, the
ratio of the numbers of electrons and holes, and the shape of
the samples for weak ( r > d ) and strong (r<d) magnetic
fields5' was constructed by AzbeP and Peschanskii.33'34 The
main idea of those investigations which determines a new
approach to the examination of size effects in the magnetore-
sistance, consists of the fact that in strong fields electrons
colliding with the surface have a higher mobility than elec-
trons in the bulk of the sample. In a field parallel to the
surface of the sample and perpendicular to the current, the
effective mean-free path of electrons colliding with the sur-
face equals r in the case of diffuse reflection and /°° in the
case of specular reflection. This greatly increases the con-
ductivity of the surface layer 0s with thickness r.

Instead ot ace(H) = cr" (O } (r/l°° )2. In many cases the cur-
rent in the sample may, as a result, be concentrated almost
entirely in this layer. This phenomenon is called the "static
skin effect" (dc skin effect). The skin effect exists only when
the resistance of massive samples increases quadratically
with the field/? °° (H ) oc H 2, which is characteristic for metals
with an equal number of holes and electrons (compensated
metals) and metals with open Fermi surfaces.35

The static skin effect must be manifested most distinctly
in samples in the form of plates. In this case the nature of the
reflection from the surface depends considerably on the form
of the dependence pd(H). Indeed, the total conductivity of
the specimen is

er°° (0) (£

If the field is parallel to the surface of the sample, then even
in the case of purely diffuse reflection the surface contribu-
tion to the conductivity is greater (with respect to lx /d ) than
that of the volume contribution and the latter can be neglect-
ed. Then, in the two limiting cases, the magnetoresistance in
strong magnetic fields r^d is given by the expression

!

P°° (0) •«- ^ H, specular reflection ,

a- <1 5>
P°° (0) "27T <* #2. diffuse reflection .

''Everywhere below it is assumed that the condition /•</" is always satis-
fied (the condition of a strong magnetic field for volume galvanomagnet-
ic phenomena).
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For and arbitrary form of the reflection of electrons
from the surface of the plate, the dependence of the resis-
tance of the sample on the magnetic field under the same
conditions is given by the expression

Pll(n) = p-(0)^a±^3.. (16)
In this expression the parameter q is the analog of Fuchs's
diffuseness parameter. It is obtained by averaging the prob-
ability of specular reflection W (a) over the angle a.

For the case of a strong magnetic field, perpendicular to
the surface of the plate, the nature of the interaction of elec-
trons with the surface does not play an important role. The
form of the dependence is the same as for a massive sample
with an effective mean-free path of the order of d:

r*d * H\ (17)pl(#)«p~(0)Y(f

For weak fields r > d, according to the theory, the na-
ture of the reflection of electrons from the surface does not
affect the conductivity of the sample, and the resistivity of
the thin plate has the form:

In the region d/2<r<d the resistance decreases as
2r—*d according to a linear law

P?,(H) K p°°(0) f l + p-^- (l — -|-)1, 0«1. ' (19)

In a longitudinal magnetic field H \\I, for r>d, the the-
ory predicts a small increase in the resistance by an amount
of the order ofpd (0) for r ~ -v/(/°° d), and then a decrease. In a
strong longitudinal field r^d, due to the spiraling of the tra-
jectories of the electrons, the surface does not affect the resis-
tance and pd (H )-^> °° (0).

All cases of the behavior of the resistance of thin plates
in a magnetic field examined above are shown in Fig. 9.

Whiskers are ideal objects for checking the results of the
theory of the size effect and of the static skin effect in a mag-
netic field. They have the favorable relation d^l™ , which
permits neglecting the volume part of the resistance. They
have flat faceting, which is most favorable for the appear-
ance of the static skin effect. The surfaces of whiskers are
perfect and have a high reflectivity.

Since, cadmium, and antimony whiskers were investi-
gated in Refs. 36, 37, and 38. In these metals the number of
electrons equals the number of holes. A distinct size effect
was observed: for specimens with the same orientation but

r-d Zf-d

FIG. 9. Theoretical dependences of the resistance on the magnetic field
fora thin plate with equal concentration of electrons and holes. I-The field
H is perpendicular to the current and parallel to the plane of the plate; II-
H is parallel to the current; III-H is perpendicular to the current and
inclined or perpendicular to the plane of the plate.
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FIG. 10. Generalized experimental curves for the dependence of the resis-
tance of zinc whiskers on the magnetic field parallel to the measuring
current.36 T = 4.2 K. Ap" (H)=pd(H)-pd (O). The dashed curve is for
the field and current parallel to the 0213) axis (scale on the left); the
continuous curve is for field and current parallel to the 0210} axis (scale
on the right). The generalization is made for whisker thicknesses varying
from 0.5 to 10/im. The difference from the actual curves does not exceed
20%.

different thickness d, all the results with identical geometry
of the experiment can be represented by common curves
(Figs. 10, 11)

In a weak longitudinal field, the experimental curves
pass through a maximum situated near r zzd, which does not
correspond to the prediction of Ref. 33 according to which
the maximum should occur at r~^l"" d .

In weak transverse fields r~d, the increase in the resis-
tance according to the law (18) was observed only for anti-
mony,37 for zinc and cadmium the experimental depen-
dences are described well by the expression Apd(H)/

In the region d /2 < r < d, in a field parallel to the flat
surface of the whisker, the resistance increases linearly with
the field (Fig. 11). The theory predicts a linear drop of the
resistance in this section. Finally, in strong fields 2r < d, the
resistance is observed always to increase quadratically with
the field. This indicates that the reflection from the surface is
not sufficiently specular. Using (16), we shall estimate the
lower boundary of the coefficient of diffuseness q from the

Hd,Oe-cm

FIG. 11. Generalized experimental curves for the dependence of the resis-
tance of zinc whiskers with a (1213) axis on the transverse magnetic
field.36 T= 4.2 K. 1-H||(0001), 2-H||<1010>. The difference from the ac-
tual curves for thicknesses ranging from 1.5 to 10 ̂ m does not exceed
20%.
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FIG. 12. Dependence of the resistance of a plate-like cadmium whisker on
the magnetic field.36 T = 4.2 K; H|| (1010), d = 2(im. 1-Ordinate axis on
the left, value of the magnetic field along the upper scale; 2-ordinate axis
on the right, value of the magnetic field along the bottom scale.

conditionql°° >/-. Setting r~d,l" ~10~2cm, withc?~ 10~4

cm, we have q S; 10~2, which is not a strong requirement.
Thus the size effect in a magnetic field is manifested

most distinctly for fields such that r>d, where the form of
the dependence of the resistance on the magnetic field differs
qualitatively from the form for the massive sample. At the
same time, the form of the dependence for magnetic fields
such that 2r < d does not permit drawing conclusions con-
cerning the existence of a static skin effect. However, a com-
parison of such dependences for different orientation of the
field relative to the surface of a plate-like whisker, permits
drawing an indirect conclusion supporting its existence. For
this purpose, it is best to consider antimony, because in this
case there is practically no anisotropy of the resistance in a
magnetic field in the massive samples. At the same time
plate-like antimony samples, as the measurements show, ex-
hibit strong anisotropy of resistance (Fig. 13). The magni-
tude of the anisotropy, which can be represented as the ratio
p"[/p\, increases with the magnetic field, and in strong fields
it does not depend on the field, reaching a maximum value
(Fig. 14).

From here we can conclude that the scattering by the
surface considerably increases the conductivity of the plate
in a parallel magnetic field. If the static skin effect is present,
then according to expressions (16) and (17) we have

10

0-2

1,0

0,5

zo SO

FIG. 14. Dependence of the anisotropy of the magnetoresistance of anti-
mony samples on the magnetic field (see Fig. 13|.37 T= 4.2 K. Symbols: 1-
plate-like whiskers with thickness 0.14/im (scale on the left) with H|| <C3>
and H||<C,) the field is perpendicular and parallel to the surface of the
plate, respectively; 2-massive antimony sample with the same orientation
(scale on the right).

This also permits estimating the magnitude of the coefficient
of diffuseness q. It turned out that for the thinnest plate-like
whiskers of antimony (d~W~s cm) q<0.l. Naturally, this
value is averaged over different types of carriers.

The strong anisotropy of the resistance it also observed
for plate-like zinc and cadmium whiskers, but it is compli-
cated by the anisotropy related to the existence of open Fer-
mi surfaces in these metals.

b) Temperature dependence of the magnetoresistance of
whiskers

Measurements of the dependence of the magnetoresis-
tance on temperature give a direct confirmation of the exis-
tence of the static skin effect.

We shall consider the equations of the preceding section
for the conductivity and we shall determine for it the sign of
the derivatives with respect to the temperature.

In the case when the field// is parallel to the plane of the
plate and the relation r-%d, I" is satisfied, the conductivity of
the plate can be represented as

10

where

1-10"

C3 30°60° Sf 1ZO°iSO° Cz if

FIG. 13. Anisotropy of the magnetoresistance of antimony specimens.37

T = 4.2 K; H1I, I|| <C2>, ip is the angle between the field and the <C3) axis.
1-Plate-like whisker, thickness 0.14/im, width 11 pm. H = 28 kOe, scale
on the left, with H||<C,> the field parallel to the surface of the plate; 2-
same, thickness 0.43 ,um, width 12 mm; 3-massive sample with the same
orientation as the plate-like whisker, H = 11 kOe, scale on the right.

Ne*a*-!<*
d PP

r2°° Ne*
(20)

We shall assume that the coefficient of specularity is
constant and that the temperature dependence of the magne-
toresistance is determined only by the change in the mean-
free path I"3 (T). Figure 15 shows the dependences (r/
d}crs(l™ } and a°° ( / °° ) in a constant magnetic field, corre-
sponding to Eqs. (20). The following is evident: a) at low
temperatures when l°° >d, ad~asr/d. Then dpd /
dTcc —d(//dT>0, i.e., the magnetoresistance increases
with temperature; b) at high temperatures /" 4d, a* ^a™
and dpd/dT<Q, i.e., the magnetoresistance MR decreases
with increasing temperature. The transition from the case a)
to the case b) corresponds to the condition
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FIG. 15. Theoretical dependences of the surface cfr/d and volume a"
parts of the conductivity of the sample in a constant magnetic field on the
mean-free path of electrons /" . The point /" zz V(rd) corresponds to the
condition (r/d)d<71/dl'° =: —da^/dl™ and simultaneously to the condi-
tion (r/d )</ ~ a™ with q < r/l" < 1.

da00

dTd I dT

The solution of this equation for the condition of weak
diffuseness of reflection q </•//" <1 is

*Vrd. (21)

For completely diffuse scattering q = 1 or in the case of a
field perpendicular to the surface of the plate, the surface
conductivity does not depend on the temperature:

Ne*
Pf

da>

The temperature dependence of the total conductivity will
be determined only by the volume part. For this reason, dpd /

Thus, according to the theory of the static skin effect for
plates with high specularity of surfaces, the resistance
should behave fundamentally differently from the resistance
of the massive sample: as the temperature increases, the re-
sistance in a constant magnetic field under certain condi-
tions must increase. This behavior of the resistance was dis-
covered experimentally in plate-like metal whiskers.37'38 If
the field was perpendicular to the surface of the plate, then
the resistance was always observed to drop with increasing
temperature, analogously to massive samples (Figs. 16 and
18). With a parallel orientation of the field the resistance at
first increases with increasing temperature (Fig. 17), reaches

4f H, kOe

FIG. 16. Dependence of the resistance of a platelike antimony whisker on
the magnetic field (Hil) for different temperatures (numbers on the
curves).38 The sample is QAfim thick and 52 fim wide. The magnetic field
is perpendicular to the plane of the plate. Apd

H = pd (H) — pd (O).

FIG. 17. Same as Fig. 16. Magnetic field parallel to the plane of the plate.

a maximum, and then begins to decrease (Fig. 18).
These results are a serious argument in favor of the stat-

ic skin effect.

c) Quantum oscillations of the magnetoresistance

A phenomenon whose existence gives incontrovertible
proof of the high specularity of reflection of electrons inci-
dent on the surface at large angles was discovered for plate-
like antimony whiskers. This phenomenon is related to the
peculiar quantization of the motion of electrons in a magnet-
ic field under conditions when this motion is restricted by
the size of the sample.

The problem of the quantization of the motion of elec-
trons, colliding with one or two bounding surfaces of the
plates, in a magnetic field was first raised by Lifshitz and
Kosevich.39 A detailed theory was constructed for electron
orbits truncated by two surfaces.61

With specular reflection from surfaces the motion is
periodic and must be quantized. Figure 19 shows the area
enclosed by a truncated electron orbit and subject to quanti-
zation. Since in momentum space this area depends on the
magnetic field and the thickness of the sample, the period of
the oscillations of thermodynamic and kinetic quantities
also depends on the same quantities. Here lies the consider-
able difference from quantization under the condition 2r < d,
when the period of the oscillations depends only on the area
of the extremal sections of the Fermi surface.

It has been shown that in general the periods of quan-
tum oscillations in a thin plate are determined by the follow-
ing equations39:

a) A

b) A ZneK
SfTTtT H ' 6H

for 2r<d,
.1 (22)

for 2r>d,

where Satl in the first case refers to the extremal area of the
cross section of the Fermi surface and in the second to the
extremal area encompassed by the truncated electron orbits

"The case of reflection from a single surface in very weak magnetic fields
r>d was examined in Ref. 40.
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FIG. 18. Dependence of the transverse magnetoresistance (H = 40 kOe)
of a platelike antimony whisker on temperature.37 The whisker is 2.5//m
thick, and 110 /j,m wide. 1-The field H is parallel to the plane of the plate;
2-H is perpendicular to the plate.

(Fig. 19). The amplitude of the oscillations should depend on
the thickness for any relation between r and d. If 2r = d, it
vanishes for both large and small values of the magnetic
field.

For a long time experiments on the observation of the
phenomena predicted in Ref. 39 appeared to be unrealistic,
since it was generally believed that in metals reflection of
electrons from a surface cannot be specular, especially for
large angles of incidence. However, after the discovery of the
magnetic surface states,25 high specularity in whiskers and
the discovery of the phenomenon of transverse focusing28

the prejudices against performing such experiments disap-
peared. The phenomenon was observed in Ref. 41, where
antimony whiskers were investigated. The samples had the
shape of platelets with a thickness varying form 8-10~6 to
4-10~5 cm. The surfaces of the plates were parallel to the
basal planes of the crystal. The dependence of the resistance
and its derivative with respect to the magnetic field, which
was parallel to the surface of the sample, was studied at the
temperature of liquid helium. The measuring current flowed
in the direction of the binary axis. Oscillations of two types,
separated by a distinct boundary, were observed in the ex-
periment: for H = Hd the amplitude of the oscillations of
both types vanished (Fig. 20). In fields H>Hd the oscilla-

FIG. 19. a) The dependence of the number of flux quanta n on the magnet-
ic field H>Hd (1) (Shubnikov-de Hass effect), 2-H<Hd oscillations on
the extremal orbits, truncated by two surfaces of the sample (plate), b)
extremal section of the Fermi surface, sectioned by both surfaces of a thin
plate of thickness d; c) extremal section in a field equal to the cutoff field

15 A'.kOe

FIG. 20. Dependence of the derivative of the magnetoresistance of the
platelike antimony whisker on the magnetic field.41 The field is parallel to
the plane of the plate and perpendicular to the current. 7'= 1.4 K. The
specimen is 0.42 fj,m thick dp/dH is given in arbitrary units. The arrows
mark the computed values of the cutoff fields Hd and the fields at the first
two peaks H, and H2. For fields H>Hd the oscillations are related to the
minimum electron section of the Fermi surface for the orientation
H||<C,). Their period equals 14.9-10~7 Oe-'.

tions represent the Shubnikov-de Haas effect with a period
characteristic for massive antimony samples. Oscillations
with a single period dominated. In fields H < Hd the oscilla-
tions have nothing in common with the usual Shubnikov-de
Haas effect: the amplitude of the peaks increases with de-
creasing field and the distance between them, in this case,
increases; for fields in the range 0 < H < Hd, the number of
peaks is much smaller (approximately by a factor of four)
than in fields H > Hd. When the thickness of the sample de-
creases, the field Hd increases, the number of new peaks
decreases, and they are displaced toward high fields (Fig.
21). These facts indicate that the nature of the oscillations is
related to the interaction of electrons with the surface of the
sample. The natural assumption was made that both types of
oscillations are related to the same group of electrons on the
Fermi surface. This permitted comparing the new type of
oscillations with the theory.39 First of all, it was possible to
calculate the magnitude of the field for which the dimensions
of the electron orbits are comparable to the thickness of the
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FIG. 21. Same as Fig. 20. T = 4.2 K; the sample is 0.14 /mi thick.
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sample. This can be done by comparing the period of oscilla-
tions in fields H>Hd corresponding to the cross section of
the Fermi surface of antimony.42'43 Then (see Fig. 19)

The computed values of Hd coincide well with the experi-
mental magnitudes of fields at which the amplitude of the
oscillations vanishes (see Figs. 20 and 21). The position of the
new peaks is somewhat more difficult to interpret. The diffi-
culty lies in the fact that even for the thickest sample the
number of observed peaks is small: not more than 10, so that
it is impossible to speak about the dependence of the period
on the magnetic field or thickness and, correspondingly, it is
impossible to make comparisons with Eq. (22). However, a
qualitative examination of phenomena based on the simplest
physical models of the quantization of the motion of elec-
trons in a magnetic field permits estimating the position and
number of peaks in the resistance when their number is
small.

Let the extremal section of the Fermi surface be an ellip-
soid with semiaxes/72 and/>3. In a field H = Hd the number
of flux quanta n through the extremal orbit can be found
from the period of the oscillations:

nd-- = M. (23)

As the field decreases, the number n will increase and, in
contrast to an unbounded sample, will approach a finite val-
ue HO, where n0 is determined from the expressions

from where it follows that

(24)

Since the quantum characteristics arise when the number of
flux quanta changes by one, the total number of features in
the resistance in the interval O < H < Hd will equal

The number An determined in this manner agrees well with
the number of peaks in the resistance in fields H<Hd.

The position of the peaks Ht in fields H<Hd can be
found from the condition that the number of flux quanta
changes by an integer:

:i, i=l, 2, . .., An.

For small anisotropy of the shape of the extremal section
p2 ~/?3 the positions of the first and second peaks are deter-
mined by the following relation:

(26)

The computed values of ffl and H2 are marked on the abscis-
sa scales of Figs. 20 and 21. The fairly good agreement with
experiment is evident. (It is interesting to note that depend-
ing on the shape of the extremal section three cases are possi-
ble: An > 0, An < 0, and An = 0.)

All this without doubt indicates that quantization in a

magnetic field of truncated electron orbits has been ob-
served, which is possible only under the condition of specu-
lar reflection from the surface. It is easy to see that in weak
fields the angles of arrival of electrons at the surface will be
large. The calculations show that for the first two types of
peaks with d = QA/um and An = 9 the angles of arrival equal

The observation of quantization in the case of truncated
orbits permits solving, in principle, the inverse problem: to
reconstruct from the position of the peaks of the oscillations
the shape of the extremal section of the Fermi surface and to
determine from the amplitude of the oscillations the prob-
ability of specular reflection on the angle W(a}.

5. CHANGE IN THE ELECTRICAL PROPERTIES OF
WHISKERS UNDER A TENSILE STRESS

The high mechanical strength of whiskers, which
reaches the limiting theoretical values, gives an exceptional
possibility for investigating the influence of anisotropic de-
formations on the electronic properties of metals.

According to theoretical estimates the rupture strength
or the yield stress falls in the range 0.02-0. 1 of the magni-
tudes of the elastic moduli. It is well known how far away
from this the actual strength of massive single crystals of
pure metals lies. It is lower by two to three orders of magni-
tude. The reason for such a strong disagreement lies in the
existence of different types of defects in the volume and on
the surface of the specimens tested.

The lack of defects in the volume and the high degree of
perfection of the surface of thin whiskers leads to a strength
comparable to the theoretical estimates. Just as for massive
specimens, the strength of whiskers is a static property, and
there can be a large spread for samples with the same thick-
ness. But, even in the worst case, the strength of micron-
thick whiskers is still an order of magnitude higher than the
strength of massive crystals. For filamentary whiskers, the
highest magnitude of the tensile yield stress reaches 2-5%
for different metals.1 The large magnitude of the elastic de-
formation, the complete reversibility, and the possibility of
continuous variation of the magnitude of this deformation in
this respect remove investigations with whiskers from any
competition with methods using massive metallic samples.
One such investigation is the search for and discovery of
transitions of order 2.5.

The theory of 2.5-order transitions was constructed by
I. M. Lifshitz in I960.44 It is based on the fact that the energy
spectrum of conduction electrons in a metal e = £(p) con-
tains singular points ec at which the topology of the isoener-
getic surfaces changes. For example, an open surface be-
comes closed, a new cavity appears, and so on. When
£<P) = £

c > singularities appear in the density of states and
near ec the dynamics of electrons has an anomalous charac-
ter. It has been shown that if a continuously varying external
parameter exists, during whose measurement the Fermi en-
ergy reaches the value ec , then the singularities in the density
of states and the dynamics of the electrons lead to peculiar
anomalies in the thermodynamic and kinetic characteristics
of the metal. I. M. Lifshitz suggested that such anomalies be
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called transitions of order 2.5. It is significant that these
transitions are not related to the change in the symmetry of
the crystal lattice or to a significant change in the number of
conduction electrons.7' The continuously varying param-
eters could be different types of deformations, the magnetic
field, and impurities.

The new unusual changes in the properties of metals
predicted in Ref. 44 stimulated an intensive experimental
search for transitions of order 2.5. The correct check of the
predictions of the theory entailed the observation of some
anomaly in the properties of the metal and the establishment
of a relation between this anomaly and the change in the
topology of the Fermi surface. The latter is necessary be-
cause anomalies can also arise due to other factors, for exam-
ple, changes in the phonon spectrum.

The method of investigation with large quasistatic pres-
sures and low temperatures has been widely used.46 This
method was used to produce a topological transition in pure
cadmium under pressures exceeding 9 kbar.47

Anomalies in the dependence of the temperature of the
superconducting transition on pressure were observed in a
number of other investigations in thallium48 and in rhen-
ium.49 The authors proposed as one of the possible explana-
tions the existence of topological changes of the Fermi sur-
faces of these metals under pressure.

For a long time Ref. 50 was the only work in which the
change in the volume of the Fermi surface accompanying a
change in pressure was associated with the appearance of
anomalies in the galvanomagnetic properties of bismuth al-
loys and it was concluded that a transition of order 2.5 was
observed. The small number of such experimental works is
related to the fact that in investigations of transitions of or-
der 2.5, problems associated with the continuous variation
of the parameter describing the action on the single crystal,
complete reversibility, and reproducibility of the results play
the determining role. It is also important that the method
allow following simultaneously the change in the topology of
the Fermi surface.

One of the first works in which whiskers were used to
observe the change in the topology of the Fermi surface un-
der tension was Ref. 51. Quite thick iron whiskers (d = 0.3
mm) were investigated. The Fermi surface of iron is open in
the directions {100) and (110). This is manifested, in parti-
cular, in the fact that the angular dependences of the magne-
toresistance have narrow deep minima. The dependence of
the depth of these minima on the magnitude of the elonga-
tion of the whisker under tension was studied. The results
are shown in Fig. 22. It is evident that as the samples are
elongated the depth of the minima decreases. Complete van-
ishing of the minima in the magnetoresistance would indi-

"The concept of a 2.5-order transition was subsequently extended. Transi-
tions with total vanishing of charge carriers in the conduction bands (i.e.,
the total volume of the Fermi surface vanishes) were included in it. This
permitted including transitions of the type metal-semiconductor and
semiconductor-semimetal amongst 2.5-order transitions. Such transi-
tions have been observed.45 Here, we remain within the framework of the
initial definition of a 2.5-order transition given in Ref. 44, for which the
change in the topology of the Fermi surface with its total volume remain-
ing constant in the vicinity of the transition is significant.
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FIG. 22. Anisotropy of the transverse resistance of filamentary iron whis-
kers in a field of H = 120 kOe as a function of the tension force.51 T = 4.2
K. a) Dimensions of the specimen: 0.26 X 0.24 X 8 mm3 (the tensile load is
applied along the [110] axis; the 3.5-kg load corresponds to a relative
elongation of the sample by 0.26%); b) sample thickness of 0.34 mm (ten-
sion load applied along the [111] axis; the 3.75-kg load corresponds to a
relative elongation of the sample by 0.25%). The indices at the minima
indicate the following: in parentheses the orientation of the H field and in
the brackets the orientation of the open orbit. For clarity, each successive
curve for increasing load is displaced along the vertical by the same
amount.

cate the vanishing of open sections of the Fermi surface, i.e.,
a change in its topology. Such a change, if the experimental
results are extrapolated, should occur with a relative elonga-
tion of the sample along the axis [111] by 0.5%. Such elonga-
tions were not achieved in this work.

Analogous investigations were performed in work on
zinc whiskers.52 Whiskers with a thickness of 1-2 pm were
measured. The Fermi surface of zinc contains open sections,
parallel to the basal plane (0001), and an open direction
along the [0001] axis. In both these cases, the layer of open
sections of the Fermi surface is quite thin. This suggested
that they will disappear with elongation. A change in the
anisotropy of the magnetoresistance accompanying elonga-
tion of the samples was observed in the work. The results are
shown in Fig. 23. The minimum of the resistance in the
curves presented with the field orientation being H|| (0001) is
related to the existence of a narrow layer of open sections
oriented along the [0001] axis. With a large elongation of the
whisker the minimum disappears. This indicates that
bridges in the Fermi surface of zinc are ruptured along the
[0001] axis. As is evident in Fig. 24, this occurs when the
sample is elongated by 0.4%. In other respects, the form of
the anisotropy of the resistance does not change significant-
ly. The nature of the dependence of the magnetoresistance
on the extension of the specimen corresponds qualitatively
to the case examined in Ref. 44 with a transition of the open
Fermi surface, with compensated electronic and hole vol-
umes, into a closed surface: a marked rise in the resistance as
the critical value of the elongation is approached and a weak
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FIG. 23. Anisotropy of the transverse magnetoresistance of a platelike
zinc whisker as a function of the magnitude of the relative elongation.52

T = 4.2 K, H = 62 kOe, thickness 1.5 fim. The elongation and current are
oriented along the [2311] axis. 1-Initial state, elongation equal zero; 2-
elongation equals 1 %, 3-final state, load removed, elongation equals zero.
The resistance is shown in arbitrary units. For clarity, curves 2 and 3 are
displaced along the vertical.

dependence of the resistance on the elongation after the criti-
cal value is attained (Fig. 24).

If the Fermi surface of the metal is closed, and the topo-
logical transition is not related to the appearance of open
sections, then it is possible to draw conclusions concerning a
change in the topology of the Fermi surface only on the basis
of measurements of the geometric characteristics of the Fer-
mi surface. In the case of whiskers, the only method for this
purpose is the measurement of the frequencies of quantum
oscillations in phenomena of the Shubnikov-de Haas type.
The disappearance or appearance of new oscillation frequen-
cies at a definite value of the deformation must indicate the
disappearance or appearance of new cavities in the Fermi
surface. This method was used to observe transitions of or-
der 2.5 in bismuth with a simple tensile stress, to which sam-
ples of filamentary whiskers of thickness x 1 jum were sub-
jected.53 The transition was observed for one of two whisker
orientations investigated. It was observed by the vanishing
of the frequencies of quantum oscillations of the resistance,
related to one of the three electron ellipsoids of the Fermi

1.0'

FIG. 24. Dependence of the transverse magnetoresistance for the same
whisker (see Fig. 23) on the magnitude of the relative elongation for two
orientations of the magnetic field H= 62 kOe. AL /L0 = (L — LB)/L0; L
and L0 are the lengths of the specimens with and without a load.

24
0.25 0,50 0.75 AL/i0,V,

FIG. 25. Dependence of the resistance R (H = Q) and frequency/of quan-
tum oscillations of the magnetoresistance of a filamentary bismuth
whisker on the relative elongation of the specimen.53 T = 4.2 K. The axis
of the sample forms an angle of 78° with the trigonal axis and 12° with the
binary plane of the crystal. The sample is 1.6/im thick. The values of the
frequencies/were obtained with fixed elongations. The resistance is re-
corded automatically under continuous elongation.

surface of bismuth (Fig. 25). The vanishing occurs at an elon-
gation of the specimen of approximately 0.5%. After the
transition, the Fermi surface consists of two electron ellip-
soids and one hole ellipsoid.

Simultaneously with the observation of the change in
the frequencies of quantum oscillations in the same sample,
the change in the resistance without a magnetic field was
measured. It was found that in the region of the topological
transition, the resistance exhibits a break (Fig. 25), which
agrees with the theory.44

The most complete investigation of a 2.5-order transi-
tion was performed in Ref. 54 on micron-thick aluminum
whiskers subjected to a tensile stress. The frequencies of
quantum oscillations of the thermo-emf, of the resistance
without the magnetic field, and of the temperature of the
superconducting transition Tc were measured simulta-
neously (Fig. 26). It was found that under tension along the

f,to*Oe
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FIG. 26. Dependence of the frequencies/of quantum oscillations of the
thermo-emf, change in the temperature of the superconducting transition
7*c and the resistance R as a function of the elongation of an aluminum
whisker.54 d = 1 fim. 1-frequency/; 2-increment to the temperature of the
superconducting transition A Tc. The dotted curve shows the relative de-
crease of the resistance, T = 2 K.
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[0111] axis, with elongations of about 0.5%, the frequencies
of oscillations related to the minimal cross sections of the
electron part of the Fermi surface in the third Brillouin zone
vanish. This part is nearly ring-shaped. Under tension the
"ring" ruptures at four equivalent locations, forming four
separate cavities. For the same magnitude of the elongation
(0.5%), just as in Ref. 53, a break was observed in bismuth
whiskers in the dependence of the resistance on the elonga-
tion. It was first shown experimentally in Ref 54 that the
appearance of anomalies in the dependence of Tc on the
stress is directly correlated with the change in the topology
of the Fermi surface.

6. CONCLUSIONS

The investigations carried out thus far have been per-
formed on whiskers not much less than 1 fj,m thick. The
region of thicknesses less than 0.1 pm remains, for the time
being, completely unstudied. In this region, new phenom-
ena, related to the quantum size effect, can be expected in
whiskers, since the thickness of the samples can be compara-
ble to the de Broglie wavelength of the conduction electrons.
There are technical difficulties here, related to mechanical
and electrical mounting of superthin whiskers. The magnet-
ic properties of thin whiskers remain unstudied. Progress in
this direction has been made very recently. An exceptionally
elegant magnetometer for investigating the magnetic prop-
erties of such miniature objects as whiskers with a volume of
up to 10~9 cm3 has been developed.55 The sensitive element
of this magnetometer is the object of investigation itself—the
thin whisker.

The example with the magnetometer makes us hopeful
that the last word has not yet been said in the investigation of
the properties of whiskers and that further investigation of
these exquisite crystals will contribute much useful informa-
tion to science.
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