
The spin echo in systems with a coupled electron-nuclear precession
A. S. Borovik-Romanov, Yu. M. Bun'kov, B. S. Dumesh, M. I. Kurkin, M. P. Petrov,
and V. P. Chekmarev

Institute of Physical Problems, Academy of Sciences of the USSR; Institute of Nuclear Research, Academy of
Sciences of the USSR; Institute of the Physics of Metals, Ural Scientific Center, Academy of Sciences of the
USSR, Sverdlovsk; A. F. loffe Physicotechnical Institute, Academy of Sciences of the USSR, Leningrad
Usp. Fiz. Nauk 142, 537-570 (April 1984)

TABLE OF CONTENTS

I. Introduction 235
II. Theoretical concepts 237

1. Basic aspects of NMR in magnetic crystals. 2. Dynamics of nuclear magnetiza-
tion with a dynamic frequency shift in a transverse rf field. 3. Induction and echo.
4. Frequency-modulated echo.

III. Experimental research 244
5. Measurement methods. 6. Magnetically ordered crystals which have been stud-

ied. 7. Free-induction signal. 8. Spin-echo signals. 9. Spin systems with a small
dynamic NMR frequency shift. 10. Dynamic NMR frequency shift of nuclei in
domain walls.

IV. Conclusion 253
References 254

I. INTRODUCTION

Research on nuclear magnetic resonance (NMR) in
condensed media began soon after Zavoiskii's discovery of
an analogous resonance for electrons in paramagnetic salts.!

This research was undertaken simultaneously by two
groups: Purcell, Torrey, and Pound2 and Bloch, Hansen,
and Packard.3 The potentialities of the NMR method were
increased substantially by Hahn's discovery4 of the spin
echo, which has made it possible to study transient processes
in spin systems.

Research on magnetic crystals represented a new stage
in the development of the NMR method, since the magneti-
cally ordered system of electron magnetic moments causes
important changes in the behavior of nuclear spins. This re-
search was begun by Poulis and Hardemann,5 who studied
the NMR spectra and relaxation of hydrogen nuclei in
CuCl2-2H2O. A really comprehensive picture of NMR in
magnetically ordered systems first emerged from studies by
Gossard and Portis,6 who discovered the NMR in ferromag-
netic iron and cobalt.

Subsequent research on NMR in magnetic crystals has
yielded a great deal of information about the properties of
magnetic materials and has contributed greatly to our un-
derstanding of NMR itself. The NMR method has yielded
the most accurate measurements of the local magnetic field
at nuclei and of the distribution of the spin density in para-
magnets, and it has made it possible to study the temperature
dependence of the magnetizations of sublattices in antiferro-
magnets and ferrites (including the dependence near phase-
transition points), to study the magnetic structure of several
complex compounds, to determine exchange integrals, to de-
termine the effectiveness of certain relaxation mechanisms,
to establish the existence of nuclear spin waves, etc.

The field of NMR has been enriched by such concepts
as the gain effect, the indirect nucleus-nucleus interaction

(the Suhl-Nakamura interaction), and nuclear spin waves.
New double resonances have been discovered: the nuclear-
ferromagnetic and nuclear-antiferromagnetic resonances.
Research on the nuclear acoustic resonance in antiferromag-
nets has recently been developing rapidly.

Many of these questions are of independent interest,
and some have become the subjects of reviews and mono-
graphs.7-18

The present review is devoted to a new aspect of NMR
in magnetic crystals. This new aspect stems from the strong
nonlinear phenomena which come into play in the nuclear
and electron spin subsystems at low temperatures (of the
order of the temperature of liquid helium). In solving the
problem of coupled electron-nuclear oscillations in this case
we need to consider not only the effect of the hyperfine field
on the nuclear spin subsystem but also the motion of the
electron spin subsystem in the average field exerted by the
precessing nuclei. In other words, the dynamics of the
precession of the nuclear magnetization (m) and the electron
magnetization (M) (i.e., the magnetic moments per unit vol-
ume) can be described in a simplified way in this case in
terms of the oscillations of two interacting oscillators—these
oscillators being the transverse components of the vectors m
and M. As in a system of interacting oscillators of any sort,
there is a repulsion of the frequencies of combined oscilla-
tions in comparison with the original (unshifted) resonant
frequencies of each of the individual subsystems. This so-
called dynamic frequency shift19 is found to depend on the
angle (a) by which the magnetization m deviates from its
equilibrium orientation (i.e., on the oscillation amplitude of
m):

0>no — <°n= Up COS a, (1)

where a>a and <an0 are respectively the shifted and unshifted
NMR frequencies, and cop is the parameter of the dynamic
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frequency shift.J) It is this dependence of the NMR frequen-
cy on the oscillation amplitude which gives rise to the non-
linearity whose consequences are the subject of this review.

The parameter a>p in (1) depends strongly on the type of
magnetic order, reaching its highest values for easy-plane
and cubic antiferromagnets (MnCO3, CsMnF3, and
RbMnF3, for example20). In the experiments which we will
be discussing below the value of eap /2ir is usually of the order
of 10-100 MHz at the frequency of £on0/27T~600 MHz.

A distinctive feature of this problem is that the electron
spin system is ordered, while the nuclear spin system is para-
magnetic.

In a real crystal there is a spread in the values of the
hyperfine field at adjacent nuclei, called "microinhomogen-
eous broadening." Because of the particular nature of the
problem, the point in which we are interested here is the
microinhomogeneous broadening Sea within the correlation
radius of the oscillations of the electron spins (which is
roughly equal to the thickness of a domain wall). In studying
oscillations near the unshifted NMR frequency ean0 in this
case we can distinguish between two fundamentally different
situations. If the calculated dynamic frequency shift2' is such
that the condition <yp <&y holds then the microinhomogen-
eous broadening will suppress the dynamic frequency shift.
In this case the presence of an ordered electron system leads
to only the well-known features of NMR in magnetic crys-
tals (Section 1). If the condition <op><5o> holds, on the other
hand, the microinhomogeneous broadening is suppressed.
This means that the precession of the ordered electron spin
system causes the nuclear spins to precess coherently in the
correlation region. The coherence radius is of the order of
102-104 atomic spacings. The precession frequency o>n cor-
responds to (1). The quasinuclear oscillation mode has sever-
al properties which we would usually associate with ordered
systems (nuclear spin waves, several relaxation processes,
etc.). In a rigorous analysis, therefore, a single oscillator in a
situation with a coupled nuclear-electron precession is a
macroscopic set of nuclear and electron spins in the correla-
tion region of the oscillations of the electron spin system.
Except in Sections 10 and 11, we will confine this review to
systems with a large dynamic NMR frequency shift and a
steady-state coupled electron-nuclear precession.

The NMR spectra and the spectra of ferromagnetic and
antiferromagnetic resonances under conditions with a dy-
namic frequency shift have been the subject of theoretical
and experimental research for several years. The experimen-

"This repulsion causes a frequency shift of the same magnitude but of
opposite sign on the electron wave branch. The relative shift Atae/cae,
however (<ac is the frequency of the electron resonance, and A<o, is the
dynamic frequency shift for the electron system), is generally much
smaller than for the nuclear system (since <ot ><un) and comparable to
the line width of the antiferromagnetic resonance. The dynamic frequen-
cy shift on the electron branch is furthermore masked by the effect of the
static (average) hyperfine field which is exerted on the electron system by
the nuclear magnetization. The static effect of the nuclear magnetization
on the antiferromagnetic resonance frequency may be quite important. It
is this effect which allowed Heeger and Portis21 to discover the double
nuclear antiferromagnetic resonance in KMnF3.

2)The dynamic frequency shift a>f is calculated in the homogeneous ap-
proximation. See Section 7 for expressions for <yp in the case of easy-
plane antiferromagnetic materials.

tal work has been carried out by so-called continuous meth-
ods.9-20'21 The pulsed excitation of oscillations and the echo
effect went without study for a rather long time, partly due
to the doubt that it would be possible at all to observe an echo
signal in systems with a nonlinearity of this type.19 At first
glance it would seem that the dynamic frequency shift would
make it impossible to observe intense echo signals, since, in
particular, a deviation from equilibrium would cause a mis-
match between the precession frequency of the nuclear mag-
netization and the frequency of the external agent; this mis-
match would make it impossible to deflect the magnetization
through an angle large enough for observation of an intense
echo signal.

Although these circumstances do impose certain re-
strictions on the observation conditions, yet it turns out that
they not only do not rule out the possible formation of echo
signals but in fact give rise to a new mechanism for the for-
mation of a spin echo: the so-called frequency-modulation
mechanism. This mechanism can be summarized by saying
that two rf pulses give rise to a periodic modulation of the
shape function of the NMR line with a period 1/T12 (r,2 is the
time interval between the first and second rf pulses). After
this time the system of nuclear spins can be thought of
roughly as a set of oscillators whose frequencies differ by a
discrete value of l/r12. When such a system is excited, beats
naturally appear at time intervals T12, and these beats consti-
tute the echo signals.

The basic distinguishing feature of the frequency-mo-
dulation echo is that its intensity reaches a maximum (of the
order of the intensity of the induction signal) when the angle
(a) by which the nuclear magnetization deviates from its
equilibrium direction is small. For maximum phasing of a
spin system with a dynamic frequency shift at the time in
which the echo signal is formed, the magnitude of the fre-
quency modulation, Acop zztopa

2, multiplied by the delay
time r12 must be of the order of -rr. Hence we have

a

l2. The frequency cop is usually in the range 10-
100 MHz, while r,2 is in the range 10-lOO/us, so that we have

0.l-0.01rad.
Another distinctive feature of the frequency-modula-

tion echo is the nonmonotonic dependence of its intensity on
the delay time. The intensity of the echo signal should in-
crease with increasing delay time while this time is short, at
least at small amplitudes of the exciting pulses. This conclu-
sion follows from the circumstance that by the time the echo
signal is formed the frequency modulation must cause a suf-
ficient change in the phase distribution of the spins. For long
delays, relaxation processes reduce the intensity of the echo
signal.

Finally, the time at which the frequency-modulation
echo appears may be shifted from the time 2r,2. The reason
for this shift is that the rf pulses not only use a periodic
modulation but also cause some deformation of the shape of
the NMR line, which changes the average distance between
the oscillators.

The possibility of producing intense frequency-modula-
tion echo signals at small spin deviation angles makes it pos-
sible to observe echo signals also in the case of a "nonreson-
ant" excitation, with intense rf pulses applied at frequencies
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different from the NMR frequency. At the same time it be-
came possible to understand also the mechanism for the for-
mation of the so-called single-pulse echo which is observed
in the case of nonresonant excitation. The magnitude of the
single-pulse echo in nuclear systems with a dynamic fre-
quency shift is much higher than in ordinary nuclear spin
systems.

The parametric echo17'22 due to the existence of coupled
oscillations of an electron-nuclear system was an essentially
novel effect. However, parametric effects are not discussed
in this review. We will simply report some results on the
dynamics of a nuclear system with a dynamic frequency shift
which have been obtained by the parametric-echo method.

II. THEORETICAL CONCEPTS

1. Basic aspects of NMR in magnetic crystals

The factor which primarily governs the behavior of the
nuclear spin system in a magnetic crystal is the electron-
nuclear hyperfine interaction. However, the coordinated
motion of the electron magnetic moments over macroscopi-
cally large distances which is characteristic of a magnetically
ordered state makes all the hyperfine effects quite different
from those in paramagnetic substances in which the para-
magnetic ions are impurities. In this case, instead of the dis-
crete spectrum of the atomic magnetic moment in an impuri-
ty paramagnetic material23 deal with a continuous spectrum
of magnetization oscillations of macroscopically large vol-
umes of the medium (the spin-wave spectrum24). As a result,
both the electron magnetization M(r) and the nuclear mag-
netization m(r) can be treated at a purely classical level, ex-
cept in rare cases (involving relaxation processes and qua-
drupole effects). We can thus write the hyperfine-interaction
energy as9

( r )=AM(r )m( r ) , (2)

where the hyperfine-interaction constant^ is assumed to be
purely isotropic, since essentially all the experiments which
we will discuss in this review have been carried out with the
nuclei of the magnetic ions in the S state (Mn2, Fe3+), and the
anisotropy of the surroundings is not important (r is a radius
vector).

It can be seen from (2) that the effect of <^hf on the
vector m may be regarded as the effect of a magnetic field

Hn = — ,4M(r), (3)

which is called the "hyperfine field." Since the thermal oscil-
lations of the atomic magnetic moments in a magnetically
ordered state are small at T-^TC (Tc is the ordering tempera-
ture), so that the values of M(r) are near their maximum, we
see that the fields Hn (/•) in (3) reach hugh levels, of the order
of 105-106 Oe, so that they are governing with respect to the
nuclear spin system. In the paramagnetic region, where M is
much smaller than its maximum value, the local magnetic
fields observed at nuclei are weak.

In addition to Hn in (3) it is convenient to introduce the
hyperfine field

H e n ( r )=-Am(r) , (4)

which is exerted by the nuclear spins on the electrons. The

/M

Hz

FIG. 1. Diagram illustrating the determination of the gain of the rf field.

field Hen is much weaker than Hn, and even for Mn55 nuclei,
with a large spin (/ = 5/2), at a 100% concentration of the
isotope, and with a comparatively large gyromagnetic ratio,
we find that Hen is of the order of 1 Oe at T~ 1 K. Although
this field is far weaker than the fields which we mentioned
above, and which are responsible for the magnetic ordering,
it may not be weak in comparison with the magnetic-anisot-
ropy fields.31 It is this case which is the most interesting from
our standpoint. The effect of the static part of the field Hen,
which is related to the average value of m, on the electron
system is equivalent to some additional anisotropy field;
there is accordingly a static frequency shift of the ferromag-
netic or antiferromagnetic resonance associated with this
field. This shift is studied by the methods of double electron-
nuclear resonance.

The governing role played by the hyperfine interaction
for the nuclear spin system intensifies the observed NMR
signal and the external rf field at the nuclei.

This amplification can be explained most simply in the
case of a ferromagnetic material which is magnetized to sat-
uration in an external field H0 (Fig. 1). We assume that the
field H0 is directed along the anisotropy field HA. An alter-
nating field h is applied in the plane perpendicular to H0 and
deflects the electron moment through an angle

< p = - (5)

Correspondingly, a perpendicular oscillatory compo-
nent of the field H.. arises:

(6)

It is the parameter

•n=-i (7)

which is the effective "gain" of the rf field. This gain is con-
veniently expressed in terms of the susceptibility of the sam-
pie:

T] = AI, (8)

In this case expressions (7) and (8) are identical since

3)The "anisotropy field" in a magnetic crystal is the effective magnetic
field which characterizes the energy required to deflect the magnetic
moment of the sample from its stable equilibrium direction along the
corresponding crystal axis.
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M
(9)

From (8) and (4) we see that the NMR intensity is also in-
creased by a factor of rj since an emf is induced in the receiver
not only directly by the transverse component of the nuclear
moment, mL, but also by the field //en: ML = %Heni

= — x^mL = ~ 1Imi • These simple arguments reflect the
circumstance that the nuclear resonance in a magnetic crys-
tal is actually not a "purely" nuclear resonance. It is a reso-
nance of an electron-nuclear system at the NMR frequency.
The gain values for magnetized ferromagnetic materials and
ferrites can be of the order of 102-103. A similar amplifica-
tion occurs in antiferromagnetic materials.4' The derivation
of the expressions for antiferromagnetic materials is not as
graphic, but we might note that if H0 is sufficiently large in
comparison with the parameter ^HnHA we would have
rj~Ha/H0; here HE is the effective exchange field, which
describes the exchange interaction.

The amplification effects are only one manifestation of
the interaction of the oscillations of the electron and nuclear
magnetizations. Other effects associated with this interac-
tion, as we mentioned in the Introduction, are the dynamic
frequency shifts of these oscillations. To find expressions for
these shifts we again use expressions (3) and (4) for the fields
Hn and Hm; we substitute these expressions into the equa-
tions of motion for the magnetic moments:

m=Y[m, Hn],

e + Hen

(10)

where y and ye are the gyromagnetic ratios of the nuclei and
electrons, and the effective magnetic field He is due to the
interactions within the electron subsystem (the exchange,
dipole, spin-orbit, etc., interactions).

Using expression (3) for the field Hn, we can write Eq.
(10) for the vector m in component form as follows:

mx = A Y (Mzmy — Mymz),

m, = A-y (Mxmz~- Mzmx),

where the components MXJfj are the solutions of the second
of Eqs. (10).

The problem of finding the components of the vector M
simplifies greatly if the deflections of this vector caused by
the field Hen are small. In this case, these deflections can be
expressed in terms of the components of the magnetic sus-
ceptibility tensor^0*, which is well known.24

As an example we again consider the case of a ferromag-
netic material adopting a coordinate system with z axis along

""We recall that in the simplest case an antiferromagnetic substance is a
magnetically ordered medium with a zero resultant moment. In this case
the magnetic structure may be represented as two or more magnetic
sublattices with the magnetic moment of a sublattice being equal in mag-
nitude but opposite in direction to the magnetic moment of another, so
that the crystal as a whole does not have a spontaneous moment. In more
complicated cases, e.g., in so-called weak ferromagnetic materials, the
magnetic moments of the sublattices are not directed strictly opposite to
each other, so that there is a small resultant moment. The effective mag-
netic field responsible for the noncollinear arrangement of sublattice
magnetizations is called the "Dzyaloshinskil field,"25 HD.

the equilibrium orientation of M. Since the effect of the field
Hen in this case is qualitatively the same as the effect of an rf
field, and under the condition &>,. >•&,, we can easily find the
transverse components of the vector produced by the field

,, working from Fig. 1:

M* = Am* = (12)

Substituting these expressions into (11), we find the system of
equations

m

where the quantities

(13)

are the unshifted NMR frequency and the dynamic frequen-
cy shift. Equations (13) with mz = const describe a circular
precession of the vector m around the field Hn at a frequency
(Fig. 2a)

Wn = <Buo —o)p-^- = cono —copCosa. (15)

In this example the ferromagnetic material is isotropic in the
(x,y) plane. If there were an anisotropy in the (x,y) plane the
gain values along the x and y axes (tjxx and if) would be
different, and the precession of the vector m would change
from circular to elliptical. This change can be ignored, how-
ever, everywhere except in parametric effects,17'22 with
which we are not concerned in the present review.

It is a far more complicated matter to calculate the dy-
namic frequency shift «p for antiferromagnetic rather than
for ferromagnetic materials, but the simple relation
<oncoe = £on06>eo holds quite accurately for the correspond-
ing frequencies; here con0 and (o^ are the unperturbed NMR

FIG. 2. Motion of the nuclear magnetization vector m in various cases.15

a: In the absence of an rf field, h, = 0. b: h,iz. c: Various types of trajector-
ies of m in the case of a dynamic shift of the NMR frequency with h,iz and
an initial orientation m||z. I—4<u = 0; II—0>Ja>> — Q; III—
Aa> = - Q- IV— |Ja>|>g, Q = 3-2-2'X/X"-
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and antiferromagnetic-resonance frequencies, and ®n and
coe are the corresponding frequencies when in (4) we take into
account the field Hen exerted by the nuclei. The dynamic
frequency shift in the case (oe ><yn can be estimated from the
following expressions:

(16)

for an easy-plane antiferromagnetic substance in a magnetic
field H0lc (c is the special crystal axis9), where M0 and m0 are
the equilibrium electron and nuclear magnetizations of one
magnetic sublattice;

b)
m0

for a cubic antiferromagnetic substance in a magnetic field
H0>HC (Hc = HEHA is the critical anisotropy field or the
nipping field); and

c)

for a weak easy-plane ferromagnetic substance in a magnetic
field H0lc, where HD is the Dzyaloshinskii field.

The dynamic frequency shift could also be interpreted
in terms of the Suhl-Nakamura interaction.26 This is an in-
teraction of the nuclear moments through the ordered elec-
tron spin system. If a nuclear moment at the pointy is de-
flected from its equilibrium position then the hyperfine
interaction will also cause some deviation from equilibrium
of the electron moment at the given atom. The resulting per-
turbation in the magnetically ordered electron system does
not remain localized but instead propagates throughout the
crystal, and the nuclear moments of other atoms (e.g., that of
an atom at the point i) is affected by electron oscillations
whose source is the nuclear spin at pointy. The nuclear spins
thus interact through electron spin waves. In practice this
interaction occurs over distances shorter than some charac-
teristic correlation radius in the electron system, which is
103-104 atomic spacings for antiferromagnetic materials
with a slight anisotropy. The Hamiltonian of the Suhl-Naka-
mura interaction is

36= (19)

where the operators mx y ,• j represent the electron spins at
lattice sites / andy, and the interaction parameter tttj depends
on the properties of the electron system and is quadratic in
the hyperfine interaction constant. The Suhl-Nakamura in-
teraction is stronger in magnitude than the well-known di-
pole-dipole interaction between nuclear magnetic moments.
Because of the partially collectivized nature of the nuclear
spins (due to the Suhl-Nakamura interaction), the frequency
of the homogeneous precession of the nuclear magnetization
as a whole differs from the precession frequency for nuclear
spins which are not interacting with each other. It is this
frequency difference which represents the dynamic frequen-
cy shift.

The motion of the nulcear moments may also be inho-
mogeneous, in which case the motion can be described as

nuclear spin waves with a distinctive dispersion law.18 In this
case the oscillation frequency depends on the wave vector,
and the entire spectrum of nuclear spin waves lies between
the homogeneous precession frequency and the frequency of
the nuclear spins which are not interacting with each other.
The Suhl-Nakamura interaction acquires an important fea-
ture for samples (usually antiferromagnetic) in which the
magnetic susceptibility of the sample is anisotropic in the
rotation plane of the nuclear magnetization (the x, y plane).
The Suhl-Nakamura interaction then has two components: a
secular component, i.e., one which commutes with the mz

component, and a nonsecular component, i.e., one which
does not commute with the mz component. The dynamic
frequency shift is caused by the secular component, while
the nonsecular component, which oscillates during the rota-
tion of the nuclear magnetization, can give rise to parametric
effects.17'22

2. Dynamics of nuclear magnetization with a dynamic
frequency shift in a transverse rf field

As usual, it is more convenient to use a coordinate sys-
tem which is rotating at a frequency CD to describe the motion
of nuclear moments in a linearly polarized transverse rf field,

h± (0 = 2hj cos <at, hj ± H0. (20)

In this case the resonant component of the alternating field
(i.e., the circularly polarized component, which is rotating
along with the new coordinate system) is independent of the
time. In ordinary spin systems the resonant frequency does
not depend on mz, so that the quantity Aco = a>n — co is con-
stant in the rotating coordinate system. The motion of the
vector m is a precession around the direction of the effective
field Heff, which has the following components in the rotat-
ing coordinate system (Fig. 2b):

rr ACO FT 7 /I 1 \# e f f z = —, Hettx=r]hi. (21)

The precession frequency is f2 = yHee.
In systems with a dynamic frequency shift a change in

the component mz leads to a change in the frequency differ-
ence AM, and as a result the field Heff in (21) changes in both
magnitude and direction. The motion of m becomes nonuni-
form, and the tip of the vector m traces out a rather fanciful
trajectory. To calculate the trajectories we can use Eqs. (13)
in a rotating coordinate system, taking the field At into ac-
count. We then have

mx = Aco (mz) my

my = — Aco(m,)

mz-- — c

(22)

where

M! = v/ijTi, (23)

and 77/1 j is the amplitude of the rf field with allowance for the
amplification, and

Aco (mz) = = cono — co — (24)

Here Aco(mz) is the frequency of the free (if <y, = 0) preces-
sion of m in the rotating coordinate system.
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Figure 2c shows some new types of trajectories calculat-
ed from (22). In particular, there are some unclosed trajec-
tories with a stopping point at which m||Heff and thus
m = m = 0 (curve III in Fig. 2c). Various aspects of the be-
havior of m under conditions with a dynamic frequency shift
were studied in Refs. 27-29. We will not go into these aspects
in detail here, since it is difficult to study experimentally the
details of the motion of m along various trajectories because
of the rather large inhomogeneous line broadening, i.e., the
spread of the frequencies can0 and a>p, which prevails in real
samples.5' We can ignore these inhomogeneities only if they
are far smaller than «, = p/h, in (23); i.e., the rf fields must
have a rather large amplitude, and this requirement poses
technical difficulties. Interestingly, a characteristic param-
eter

(25)

arises in the theory of the dynamics of a nuclear system; this
parameter can be used to find the conditions under which we
can ignore the nonlinearity of the trajectories, i.e., ignore the
change in the dynamic frequency shift during the excitation
pulse. This is the case for a large frequency difference^ ><50

or a short pulse r< l/S0. Under these conditions, the motion
of the nuclear magnetization during the rf pulses can be de-
scribed in the same way as in the absence of dynamic fre-
quency shift.

3. Induction and echo

The induction and echo signals are the response of the
nuclear system to a pulsed perturbation (there may be one or
several pulses). Induction signals are observed immediately
after the exciting pulses, while the time at which the echo
signals are observed is determined primarily by the time in-
tervals between the excitation pulses. For example, the time
at which the simplest two-pulse Hahn echo is observed is
/ = 2r12, where r12 is the time interval between the exciting
pulses. For small perturbation amplitudes, for which the de-
flection angles are small (mL <mz), the induction is a linear
response of the nuclear spins and is proportional to the am-
plitude of the perturbing pulse, while the echo signal is a
nonlinear response of the nuclear system, proportional to
the product of the amplitudes of the exciting pulses (or pro-
portional to a product of these amplitudes raised to a power
higher than the first). Thre is also a so-called single-pulse
echo, which is formed from a single exciting pulse and which
is generally proportional to the cube of its intensity. The
single-pulse echo is usually observed after a time roughly
equal to the length of the exciting pulse, after it has ended.
We will first take up the induction and echo without a dy-
namic frequency shift.

In analyzing the induction and the echo we must take
into account the inhomogeneous broadening of the NMR
lines. In magnetic media this broadening is usually caused by
the random variations in the local magnetic fields at the nu-
clei or by the inhomogeneous distribution of the electron
magnetic moments in the sample due to a domain structure.

5lThe only way to obtain direct experimental information on the motion of
the magnetization is to use the parametric-echo method,17-22 scanning
the NMR line which is excited.

Let us assume that the function g(A(o) describes the
shape of the NMR line and, as usual, is normalized:

(26)\ g (Aw) d Aco = 1.

To pursue this analysis it is convenient to use the concept of
an isochromatic grouping, i.e., a macroscopic nuclear mo-
ment formed by a group of spins:

77i (Aco) = m0g (Aco) 6Aco, (27)

where the interval 8A ca is understood to be small enough
that we may ignore the difference between the NMR fre-
quencies of the spins in an individual isochromatic grouping
(54ft>7\-<l) over the time (t0) in which we are interested,
which is of the order of several times TV Here J, is the longi-
tudinal spin relaxation time. On the other hand, this interval
8Aca must be large enough that m(Ao)) can be treated ma-
croscopically.

Let us assume that a pulse of an alternating magnetic
field of amplitude h, is applied along the x axis to the sample.
The alternating field h^t), acting for a short time T,, then
causes a rotation of the nuclear magnetization and gives rise
to a transverse projection of the isochromatic grouping onto
the y axis (Fig. 3a):

my (Aco) = 77i (Aco) sin a = m (Aco) (28)

where a is the angle through which the magnetization is
deflected from the z axis.

We restrict the discussion to the case in which the time
interval between the pulses, r,2, is much shorter than the
longitudinal relaxation times Tl and T2, and the deflection
angles a are much smaller than 7T/2.

Because of the change in the phase of the isochromatic
grouping due to its rotation in the transverse plane, the
transverse component of one isochromatic grouping at a
time t after the end of the pulse is described by

777. j. (Aco, t) = m (Aco) ae-iAtt", (29)

where t = 0 is the time in which the pulse is turned off, and
m^ (Ao), t} = my(A(o,t} — imx (Aa, t }. The total transverse
magnetization is found by summing the magnetizations of
the various isochromatic groupings:

TOJ. (0 = 7?i0a g (Aco) e-iA°>* dAco = m0aF (t). (30)

The emf induced in the receiving coil by the rotating moment
mL (t } is a free-induction signal. We see from (30) that mL (t )
and thus the induction signal are proportional to the Fourier
transform of the NMR line, F ( t ) . For example, in the simple
case in which the line has a Lorentzian shape,

FIG. 3. Distribution of the vectors m(Aca) after the first rf pulse (a), at a
time f>T J after this pulse (b), and after the second rf pulse (c).
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we would have
F ( t ) = e-*ri, (31)

where Aco0 is the frequency difference between the center of
the NMR line and the frequency of the alternating external
field, and 1/rj is a measure of the width of the NMR line.
The induction signal is proportional to the time derivative of
the nuclear moment in the laboratory coordinate system.
The amplitude of the induction signal in the case Aa>> \/T%
has a time dependence

(32)

where UQ = ccon rjmi (t = 0), and the coefficient c reflects the
technical characteristics of the receiver circuit (the quality
factor, the filling factor, etc.) and a possible renormalization
of the nuclear magnetization due to the multisublattice
structure of the samples. The parameter \/T J is also a mea-
sure of the rate at which the transverse moment mL (t} decays
into a fan of distinct isochromatic groupings (Fig. 3b). This
decay of mL (t) into a fan occurs because each isochromatic
grouping has its own rotation frequency. After a time inter-
val T% the nuclear magnetization is thus a cone formed by
the set of isochromatic groupings rotated around the z axis
(Fig. 3b). In the derivation of Eqs. (28)-(30) it was assumed
that the pulse length satisfies T1^T^.

We turn now to the dynamics of the nuclear magnetiza-
tion and the formation of an echo when a sample is acted
upon by two pulses. As before, we restrict the discussion to
the case in which the time interval between the pulses is
much longer than the relaxation times.

There is a well-known qualitative model which explains
the appearance of the Hahn echo,4 for example, for a 90°,
180° pulse pair, i.e., for the case in which the first pulse ro-
tates the magnetization by 90° and the second by 180°. After
the first pulse (the alternating field is applied along the x axis)
the nuclear magnetization has been rotated away from its
equilibrium position (along the z axis) toward the>> axis, and
it spreads out into a fan of distinct isochromatic groupings in
the x, y plane. The second rf pulse (also applied along the x
axis, at a time rn after the first pulse) does not affect the mx

components of the isochromatic groupings, but it does re-
verse the direction of the my components; the effect corre-
sponds to a phase inversion, i.e., a change in the sign of the
phase of the isochromatic groupings from Aa>r12 to
— Ad)T12.

The subsequent motion of the isochromatic groupings
after the second pulse is the same as that after the first, so
that the phase difference which builds up between the isoch-
romatic groupings over the time interval r12, taken with the
opposite sign, is cancelled by a new phase shift after the sec-
ond pulse. As a result, by a time t = 2rl2 after the first pulse
all the isochromatic groupings have the same phase. At this
time a resultant magnetization therefore arises and gives rise
to an emission, which is called the echo signal, in the labora-
tory coordinate system.

Let us examine this mechanism more carefully; for the

FIG. 4.

time being we will ignore the dynamic frequency shift. As for
the induction signal, we consider small deflection angles.
After the first magnetization pulse the isochromatic group-
ings thus form a cone (Fig. 3b). The second pulse, of length
T2, rotates this cone through a small angle 0 = yrjhiT2 away
from the z axis (Fig. 3c). Assuming that the deflection angles
are small, we will ignore the change in the longitudinal com-
ponent mz . At a time t > r12 after the second pulse we can
then write the following expression for the component
m± (Aco, t ) in the linear approximation in the angles a and/?:
mx (A<o, i) = m(A(o)ae-iAo)' + OT(Aco)pe-iAM«-Ti2). (33)

Expression (33) describes the induction signals after the first
and second pulses, respectively. To find the Hahn-echo sig-
nal we must take into account the circumstance that the sec-
ond exciting pulse acts nonuniformly on that system of
transverse components of the nuclear magnetization which
is created by the first pulse. In this case we can ignore the
second term in (33).

In this case the effect of the second pulse reduces to
rotating the fan of isochromatic groupings (29), which have
been put out of phase, around the* axis (Fig. 4). We see that
the isochromatic groupings which were directed along the x
axis when the second pulse was applied [those groupings
have frequencies Aca = [(jr/2] + nir]/Tl2] do not change di-
rection, while the isochromatic groupings which are direct-
ed along the y axis (Aca = nir/T12) are rotated through the
maximum angle p. It is this nonuniformity of the effect of the
second pulse which gives rise to the Hahn-echo signal.

The rotation of the fan of isochromatic groupings (29),
which have been put out of phase, is described mathemat-
ically by

o, T12) = m (Aa>) a sin AcoT12,

nij,(A(o, T12) = TO (Aa>) a (1 — p2/2) cos Ao)T12

or, in terms of the complex notation (29),

mj.(Aco, T12)

(35)

At times t > rl2 after the second pulse we then have

m^ (Ato, t)

(36)

The last term here gives the echo signal, whose maximum
value is detected at the time / = 2rl2:
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m± echoW = ̂ - m0 J g (Aco) e-iAo>u-2T12> dA(B> (37)

We have ignored relaxation processes, which reduce the
transverse component of each isochromatic curve and there-
by reduce miecho (t ). In many cases the damping is exponen-
tial. In such a case the total time dependence of the ampli-
tude miecho (t) is given by

mlecho(0 = -j- TOo«P2e-'/Tl2 Ij g (Aco) e -'*<•>« -2*12) dAco. (38)

The observable echo signal, i.e., the emf induced in the re-
ceiver, is

(39)

We have been discussing the two-pulse echo. Another
important case is the three-pulse or so-called stimulated
echo. The conventional mechanism for the formation of this
echo can be outlined qualitatively as follows: After the first
two pulses, the situation is precisely the same as in the case
described above. Now, in contrast, we examine the changes
in the longitudinal components which arise after the second
pulse is applied (with/?<ir) due to the rotation of my(Aco,
r12) around the x axis. If the second pulse rotates the magne-
tization through an angle & then each isochromatic group-
ing acquires an increment in the component mz (Aco}; this
increment depends on the phase of the grouping (Fig. 4b):

> , T12) = — /n (Aco) ap cos Acot12. (40)

This correction to the longitudinal component is retained
until the third pulse is applied. When this third pulse is ap-
plied, again along the x axis, at a time r23 after the end of the
second pulse, we find that mz (Aco} rotates through an angle
g, and a new transverse component appears in the x,y plane:
/ra±(A(o, t) = — TO (Aco) apSe-*^'-^-^) cos AcoT12. (41)

As in (34), we have ignored a term which does not contribute
to the echo. The subsequent rotation of the components
m^ (Aco, t } in the transverse plane causes these components to
come into phase at the time t = T23 + 2r,2, and the ampli-
tude of the resultant component is

(42)

Now considering relaxation processes, and assuming them
to be exponential, we must multiply the right side of (42) by
exp[ - (r23/T,) — (2r12/r2)], where Tl is the longitudinal re-
laxation time. We are thus taking into account that during
the time interval between the first and second pulses and
again between the third pulse and the echo signal relaxation
occurs at the rate typical of the transverse components,
while during the time interval between the second and third
pulses relaxation occurs at the rate typical of the longitudi-
nal component. If we furthermore take into account the
spectral composition of the exciting pulses, i.e., if we no
longer assume them to be 5-shaped pulses, we find that the
expressions for the echo become more complicated. The cor-
responding analysis, which may be of interest primarily for
applications, is set forth in Ref. 30, among other places.

Expressions (38) and (42) show that for an analysis of
echo signals we must consider the frequency distribution of

the emission from the excited spin system. This distribution
consists of the product of the complex function mL (Aco, t},
which corresponds to the amplitudes and phases of the spin
excitation, and the frequency distribution of these spins,
g(Aca). If the function mi(coA, t) is of the form in (33), the
echo signal does not form. The distortion of the function
mL (Aco, t} due to the nonuniformity of the effect of the sec-
ond rf pulse on the system of nuclear spins gives rise to the
signals of the Hahn spin echo. In systems with a dynamic
frequency shift, however, effects which give rise to a modula-
tion of the function g(Aco} are more important. This modula-
tion gives rise to a new echo formation mechanism, the "fre-
quency-modulation mechanism."

4. Frequency-modulated echo

The model of a frequency-modulation mechanism for
the formation of an echo, originally proposed by Gould31 for
a system of anharmonic oscillators, was first applied to nu-
clear spin systems with a dynamic frequency shift by Rich-
ards.32 This problem was solved more carefully in Ref. 33.

To simplify the analysis of the formation of the frequen-
cy-modulated echo as much as possible, we adopt the follow-
ing assumptions for the time being:

1. The pulses applied to the nuclear system are applied
without a frequency difference; i.e., their frequency is the
NMR frequency.

2. The pulses are short enough that we may ignore the
nolinearity of the trajectories in the motion of the isochro-
matic groupings.

3. The angles through which the nuclear magnetization
is deflected are small.

4. The deflection angles and the dynamic frequency
shift cop are independent of Aco, i.e., are the same for all the
isochromatic groupings.

5. Relaxation processes can be ignored.
In this case (i.e., with a dynamic frequency shift) it is

important to consider not only the dynamics of the trans-
verse components of the isochromatic grouping but also the
changes in the mz component of the nuclear magnetization,
since the precession frequency of the isochromatic group-
ings depends on the value of mz as shown in (1) and (IS).
After the first pulse, which rotates m(Aco} through a small
angle a, there is a decrease in the mz(Aco} components of all
the isochromatic groupings by the same amount
Amz(Aco} — (l/2)m0(Aco)a2, so that there is a frequency shift
Aco'^ = (l/2)copa

2 in (15). Since this shift (under our as-
sumptions) is the same for all the isochromatic groupings
and is small in comparison with 1/r,, we need consider it no
further. After the second pulse, as in the case of the Hahn
model (Fig. 3c), the cone of nuclear isochromatic groupings
is tilted at an angle f). There is again a decrease in all the
mz(Aco} components by an amount Amz(Aca}
= (l/2)m0(Aco)/32, and there is a corresponding common

shift of the precession frequency of the isochromatic group-
ings by an amount Aco'^ = (\/2}copf3

2; for the time being,
this frequency shift can also be ignored. In addition, howe-
ver.there is a modulation of the mz (Aco) components of the
isochromatic groupings described by

242 Sov. Phys. Usp. 27 (4), April 1984 Borovik-Romanove/a/. 242



Amz(A(o) = — cos A(OT1 (43) ho (0 = (49)

caused by the rotation of the my (Aco, r,2) components. As a
result, there is a nonuniform frequency shift of each isochro-
matic grouping by an amount6'

(44)= K cos AcoT12,

where

The new frequency of the isochromatic grouping, which de-
termines the change in its phase after the second pulse, is
therefore

Aco' =Aco + A, cos Aonr12. (45)

The resultant transverse magnetization at the time t> r12 is
described by

m± (Aco, t)

\ g(Aco)

+ 0>(ap2)]dAco. (46)

The first term here (proportional to a) describes the motion
of the transverse components which arise after the first
pulse, taking into account the change in their frequency,
(45). The second term (proportional to /3 ) describes the mo-
tion of the transverse components which arise after the sec-
ond pulse, and the third term, <P (a,P 2), describes the changes
in the isochromatic groupings which give rise to the ordinary
echo. It is a simple matter to show that at small deflection
angles a, f}4ir/2 in the case of a large dynamic frequency
shift (Ar12>i7-) we can ignore this term.33 The exponential
functions can be written as an expansion in Bessel functions
of the first kind:

ft=-oo

Making use of our assumptions regarding the uniformity of
the deflection angles and of the dynamic frequency shift for
all the isochromatic groupings, and also discarding all terms
which are not pertinent here, we find the following expres-
sion for the resultant transverse magnetization which in-
duces an echo through frequency modulation (the frequen-
cy-modulation mechanism):

mJ_echo(0

00

= Woa 2 (-0* — '«)! J *-"»<«-**»> dAco

X { g (Aco) e-iAaK-f+mw] dAco. (48)

The amplitude of the echo signal which arises at the time
t = 2r12 is

6)By virtue of our assumptions (Section 1 ) we have ignored the effect of the
change in the precession frequency, Aco^, on the motion of m during the
second rf pulse (since we have Jo>^<! for linear trajectories), and we
will take Aca^g into account only at t >r,2, since the condition T12>T2
usually holds.

The formation of the frequency-modulated echo has
some distinctive features. In contrast with the usual arrange-
ment, the echo is formed not only by the transverse compo-
nents which are excited by the first pulse (corresponding to
the term proportional to a) but also, and directly, by the
transverse components which are excited by the second
pulse [corresponding to the term proportional to /? in (46)].
In the ordinary Hahn echo the latter components cause only
an induction. In the present case there is a sort of superposi-
tion of two signals which are ir/2 out of phase.

A second distinctive feature is that the echo signals can
arise not only at a time T12 after the second pulse but also at
subsequent times krl2, as can be seen from (48).

Third, the time dependence of the echo intensity is gov-
erned not only by relaxation processes (which we are ignor-
ing) but also by the t dependence of Jk [A (t — r12)].

The reader is referred to the original papers33"35 for
more-general expressions incorporating the relaxation prop-
erties (and large rotation angles of the nuclear moments) and
an expression for the stimulated-echo signal.

In concluding this subsection of the review we wish to
emphasize that in analyzing the formation of the frequency-
modulated echo we have worked from an expression for
mL (Aco, t ) , (46), which corresponds to the linear approxima-
tion in the angles (a and P} describing the deflection of the
nuclear magnetization; i.e., we have used an expression in a
form analogous to (33). This analysis shows that, in contrast
with the Hahn echo, which forms as a consequence of the
nonuniformity of the interaction of the second pulse with the
excited system of nuclear spins (Subsection 113), the mecha-
nism for the formation of the frequency-modulated echo in-
volves a corresponding change in the frequencies of the
isochromatic groupings, (45), and in this case the Hahn con-
tribution to the echo [the term 0 (a/32) in (46)] can be ignored.
The change in the frequencies of the isochromatic groupings
in (45) actually reduces to a change in the shape of the NMR
line, g(Aco), i.e., to a switch from g(Acai) to g(Aa>'). Although
we cannot write an analytic expression for g(Aa>') in terms of
the new variables, this function can be described numerical-
ly.36 It turns out that the function g(Aco'} is a periodic func-
tion of Aco' with a modulation period of 2ir/rl2 (Fig. 5). This

FIG. 5. Results of a numerical calculation [from Eq. (45)] of the change in
the line shape in the frequency interval — 7r/2r12 <Ao < 3jr/2r,2 under
the influence of the second rf pulse, for two values of the parameter A. in
(44) (Ref. 36): a—1.22/r12; b—0.61/r12. The unit along the intensity scale
(the dashed line) is the unperturbed line intensity (A = 0).
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result essentially means that in adopting this renormaliza-
tion we have obtained a set of oscillators which are grouped
around characteristic frequencies separated by a frequency
2w/T12. The frequency mechanism for the echo modulation
can then be described easily and clearly as corresponding to
the beats from a set of oscillators whose frequencies differ by
a common interval 2fl-/r12.

III. EXPERIMENTAL RESEARCH

5. Measurement methods

Most of the experiments have been carried out with
standard spin-echo spectrometers.34-37-38 Figure 6 is a block
diagram of the spectrometer. The control-pulse unit gener-
ates the appropriate sequence of video pulses of the appro-
priate length and controls the operation of the rf oscillator,
which is tuned to the resonant frequency. The rf pulses are
fed through attenuators, a circulator, and a matching device
to the resonant system, which contains the test sample. The
induction and echo signals which are formed in the sample
by the rf pulses go from the resonant system through a
matching device and a circulator to the receiver; then they
are amplified and displayed on an oscilloscope screen. The
oscilloscope is triggered by any of the video control pulses.
In addition to these units, the spectrometer contains a power
supply, units for measuring and regulating the temperature
and the magnetic field, units for measuring the power of the
rf pulses, and a circuit for monitoring the amplitude and
shape of the rf pulses.

The spectrometers typically operate over a frequency
range 100-3000 MHz, use rf pulses with a length r>0.5 ̂ s
and a power level P<, 10-30 W, and have a receiver with a
sensitivity ~ 10~13 W, a gain band of 1.0 MHz, and an inter-
val of degraded sensitivity ^ 4 yus long after the rf pulse.

The resonant system may be a spiral resonator,37-38 a
short-circuited coaxial resonantor with capacitance tun-
ing,34-39 or a low-g resonator consisting of a line of variable
length and a short-circuited one- or two-turn coil.40 Use of a
spiral resonator can increase the amplitude of the rf field of
the sample by 20-25 dB. A coaxial resonator and a resonator
using a variable-length line are more convenient for tuning
the frequency of the rf pulses.

All published experiments on the nuclear echo in sys-
tems with a dynamic frequency shift have been carried out at
low temperatures (4.2 K and below), since it is only under
these conditions that the dynamic frequency shift is large
enough.

FIG. 6. Block diagram of the spectrometer. 1—Unit which generates a
programmed sequence of video pulses; 2—rf oscillator; 3—wave meter;
4—attenuator; 5—circulator; 6—matching device; 7—resonant system;
8—receiver; 9—oscilloscope; 10—glass cryostat.

6. Magnetically ordered crystals which have been studied

. The nuclear echo in a system with a dynamic frequency
shift was initially observed32 in the antiferromagnetic sub-
stance MnO, which has an orthorhombically distorted cubic
magnetic structure. In contrast, most of the experimental
results on the properties and dynamics of nonlinear nuclear
spin systems with a dynamic frequency shift have been ob-
tained in studies of the spin systems of Mn55nuclei in single
crystals of the antiferromagnetic materials MnCO3,
CsMnF3, and RbMnF3 (Refs. 41 and 42). These crystals are
convenient in that the dynamic frequency shift in them is
large enough to work with even at liquid-helium tempera-
ture (Table I). Furthermore, these antiferromagnetic materi-
als have a rather simple structure and have been studied ex-
tensively.

Manganese carbonate (MnCO3) is a two-sublattice anti-
ferromagnetic material with an easy-plane anisotropy and a
weak ferromagnetic moment in its basis plane. No anisotro-
py has been observed in the basis plane. The NMR frequency
and the dynamic frequency shift are described satisfactorily
by expressions (1) and (18) (Fig. 7).

Anitferromagnetic CsMnF3 is also an easy-plane anti-
ferromagnetic substance. This crystal has the distinguishing
property that the Mn2+ ions occupy two crystallographical-
ly nonequivalent positions. The electron spins form ferro-
magnetic planes perpendicular to the c hexagonal axis. Each
ferromagnetic plane contains Mn2+ ions of only a single
type; adjacent ferromagnetic planes are oriented in an anti-
ferromagnetic fashion. Because of the crystallographic non-
equivalence of the MN2+ ions, the hyperfine fields for them
are slightly different. The spectrum of bound electron-nu-
clear oscillations thus contains two characteristic frequen-
cies: co'n0/2ir = 666 MHz and (o^/lir = 676.85 MHz. Cor-
respondingly, we find two "shifted" NMR branches ca'a and
«„, one of which corresponds to an in-phase motion of the
magnetizations of the nuclei in both positions. Under the
condition a>p ̂  \a>'n0 — a>'^0, this branch is described well by
Eq. (16). The frequencies of the other branch correspond to
an out-of-phase motion of the nuclear magnetization and lie
between <o'a0 and w^0.

Below the magnetic ordering point (7^ = 82.6 K) the
RbMnF3 crystal is an ideal, cubic, strictly collinear antifer-
romagnetic material with an ordering direction along the
[111] threefold axis. An external magnetic field deflects the
sublattice magnetizations away from easy axes, and at
H0>HC =2.3 kOe the magnetizations of the sublattices lie
in a plane perpendicular to the external magnetic field. An
angle £ = H0/HE4\ arises between the magnetizations in
the direction of the external field H0. From the magnetic
standpoint, cubic RbMnF3 atH0 > Hc is essentially identical
to an easy-plane antiferromagnetic material.9

In addition to these crystals, there are several others in
which a dynamic frequency shift has been observed directly;
the ferrite MnFe2O4 and antiferromagnetic FeBO3 are par-
ticularly noteworthy. The dynamic frequency shift for nu-
clei in the domains in a ferrite is very small, since its struc-
ture is not as sensitive to the anisotropy fields as in an
antiferromagnetic substance. Direct observation of the dy-
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TABLE I. Characteristics of the spin systems exhibiting a dynamic frequency shift. AFM—Antifer-
romagnetic substance; WF—weak ferromagnetism; FM—ferrite; PE—parametric echo; FME—
frequency-modulated echo; CN—continuous NMR method; I—induction signal; H—Hahn-echo
method.

Material

CsMnFj,
AFM

MnCOa,
AFM WF

RbMnFa,
AFM

RbMnClj,
AFM

MnO,
AFM

•KMnF,,
AFM

MnF2,
AFM

FeBOa,
AFM , WF

CoC03,
AFM, WF

MnFc.,O,,
FM

He"

Nu-
cleus

MnS5

Mn"

Mn55

Mn55

Mn55

Mn55

Mn55

Fe"

Co59

Mn55

He3

vn«

666 MHz
677 MHz

640 MHz

686 MHz

600* MHz
627* MHz

624 MHz

676 MH'

760 MHz
(// = 90kOe)

76, 442 MHz

220* MHz

578 MHz

Yr,tf

= 324 kHz/Oe

ve

7?#2 + vA,
Ye = 2,8-10«

Hz/Oe

•V*H (H+HD) + vl
ye = 2.8-106Hz/Oe

#D = 4 4 kOe

7|(ff*-ff*) + vA

(H |j [100]),
ffc = 2.25 kOe

7|(#2

-ff«cos2q>) + v^
7e = 2.8-106Hz/Oe

ffc = 6.6 kOe

Y|#2cos''i|> + vA,
Ye = 2.8-106Hz/Oe

Complex spectrum

t2
e(Hc-H)* + vl,
#c = 92,92kOe,

Te = 2.8-106Hz/Oe

ylff(H + Hj))
+ 382GHz,

Hf,K 100 kOe,
Ve = 2.8-10«Hz/Oe

(r = 4.2 K)

7,,ff (//-f/yD)+vl>
pe = 4.4-10"Hz/iOe,

ffD = 51.5kOe

~8,4GHz+vA

(H = 0)

Superfluid:
a-phase

P phase

VA

7,08//F(AFM)
6,8//r (NMR)

6.7//F GHz

ll/KF GHz

10.7/l/r GHz
(AFMR)

14,5/V^*
GHz (NMR,

#>#<-)
9.7//T*

GHz (NMR.
H<HC)

The AFMR and
NMR data
do not agree

~ \\lYf GHz

~ 0.8/-/rGHz

90/ >Ar MHz

2,2/V^GHz
Calculated

f^kHz

(r>o.i K)
v*=(yHY

/ l+3cosq)\
" L l 4 }

Vfore complicated
spectrum

VP max

506 MHz (2K
166 MHz

(4.2-0.04 K

140 MHz
(4.2—0,04 K

406 MHz
78 MHz

186 MHz

100* MHz
(4,2 K)

25 MHz
(4.2 K)

97 MHz

15MHz
(1.5 K,
92kOe)

2 kHz
(2 K)

Not
observed

10 MHz
(0,04 K)

VL max
150 kHz
2-10-3 K)

300 kHz
0.8-10-3 K)

Meth-
od

PE
FME

PE,
FME

CN
FME
PE

PE

FME

CN

CN.

I

H

I

I

I

Solid: frequency-modulated echo observed at T= 0.02 K

i>,MHz

BtO-

400-

2(7(7

f Z 3 h, kOe

FIG. 7. The NMR frequency of Mn55 in NmCo3 as a function of the exter-
nal magnetic field H at the temperatures 7", = 4.2 K and T2 = 1.8 K (Ref.
9). The unshifted NMR frequency is v0 = 640 MHz.

namic frequency shift thus requires working at tempe- utures
in the interval 40-100 mK, which have been attained in a
cryostat43 based on dissolution of H3 in He4. The dynamic
shift of the NMR frequency of Mn55 nuclei at domain walls
in MnFe2O4 has been found to be much larger in magnitude
(and opposite in sign).44 In this case the shift can be observed
even at T = 1.7 K (see Subsection 11). A dynamic frequency
shift has also been observed at T = 1.7 K for Eu151 nuclei at
domain walls in the ferrite45 Eu3Fe5O12.

Antiferromagnetic FeBO3 is the first medium in which
a dynamic frequency shift has been observed for Fe57 nuclei.
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Because of the low natural abundance of these nuclei f ~ 2%)
and their small magnetic moment, and also because of the
large magnetoacoustic gap in the antiferromagnetic reso-
nance spectrum of FeBO3, the dynamic frequency shift is
very small and has been observed directly at liquid-helium
temperature by means of the phase-detection regime on a
Bruker SXP-4-100 spectrometer46 (Subsection 9). We might
also mention a report47 of a dynamic frequency shift for Co59

nuclei in thin ferromagnetic films containing cobalt.
Table I lists characteristics of the crystals in which a

dynamic frequency shift has been observed. The fourth col-
umn gives the spectra of the low-frequency antiferromagnet-
ic resonance (or ferromagnetic resonance); the fifth gives the
shift of the AFMR frequency caused by the hyperfine field of
the nuclei. From these results we can easily find caa using
fc>no<ye = wn V^e + W4 • The sixth column shows the maxi-
mum dynamic frequency shifts which have been observed by
the various methods, which are themselves listed in the se-
venth column.

Shown at the end of the table are data on nonlinear
aspects of the nuclear magnetic resonance in the superfluid
and solid phases of He3, which also exhibit effects analogous
to a dynamic frequency shift. This table was compiled from
the data of Refs. 22,37, and 48 on CsMnF3; Refs. 21, 37,49,
and 50 on MnCo3; Refs. 51, 42, and 52 on RbMnF3; Ref. 53
on RbMnCl3; Refs. 32 and 54 on MnO; Ref. 20 on KMnF3;
Ref. 55 on MnF2; Refs. 46,10, and 56 on FeBO3; Ref. 43 on
MnFe3O4; and Refs. 57-59 on He3. The asterisk marks some
previously unpublished results found by Bun'kov and Mak-
simchuk.

7. Free-induction signal

The simplest way to study the dynamics of the motion
of nuclear spins experimentally is to study the free-induction
signal after a sufficiently short rf pulse (r<J f). In this case,
if the angle through which the nuclear magnetization is de-
flected is small,the signal amplitude is proportional to the
spin rotation angle at the end of the rf pulse, (30). In the case
of systems with a dynamic frequency shift, however, this
method is not very informative, because of several experi-
mental difficulties: the difficulty in arranging the condition
r<7'f, the relatively long time intervals during which the
receiver is insensitive after the rf pulse, and the choppiness of
the induction signal,32'37 which makes it impossible to ex-
trapolate the intensity of the induction signal to the end of
the rf pulse.

It has nevertheless been found possible to carry out sev-
eral qualitative studies of the induction signal in MnCO3. In
particular, measurements of the frequency of the induction
signal through fine tuning of a superheterodyne receiver
have made it possible to observe directly a frequency shift of
the spin precession as a function of the power level of a short
rf pulse37 (Fig. 8). It turns out that the maximum change in
the frequency is of the order of the reciprocal of the pulse
length and is accompanied by a significant broadening of the
NMR line. Furthermore, the curves of the intensity of the
induction signal as a function of the length and power of the
rf pulses shown in Ref. 37 demonstrate that the intensity of
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FIG. 8. Intensity of the free-precession signal as a function of the frequen-
cy to which the superheterodyne receiver is tuned.37 1 — Low power level
of the rf pulses; 2 — near the maximum signal amplitude (Av is the differ-
ence between the frequency to which the receiver is tuned and a reference
frequency).

the induction signal goes through a maximum. Figure 9
shows the length of the rf pulse at which the signal reaches its
maximum as a function of the pulse power P. We see that this
function is described satisfactorily by the expression
T~3~P. These results can be explained by assuming that the
angle through which the spins rotate is restricted by the fre-
quency difference which arises between the rf pulse and the
NMR frequency of the excited spin system. It follows from
the theory for the dynamics of the motion of a spin system
with a dynamic frequency shift (Ref. 27) that the first maxi-
mum in the dependence of the precession amplitude on the
pulse power is reached under the condition

T» ~ (T]2o)p) v
2^. (50)

Expression (50) not only agrees with the experimental depen-
dence (taking into account that P~ h \ ) but also explains the
different slopes of the lines for various observation tempera-
tures (Fig. 9). As the temperature is lowered, at a constant
NMR frequency, the external magnetic field required for
observation of the NMR increases. The result is a decrease in
the gain rj and thus a decrease in the slope of the r~3~P
dependence.

8. Spin-echo signals

Experimental research on the mechanism of formation
of the spin echo in systems with a dynamic frequency shift
has moved well ahead of the corresponding theoretical work
and has stimulated the latter. This is true of the first observa-
tion of spin-echo signals, whose existence had been the sub-

FIG. 9. The length (ta) of the rf pulses at which the the free-induction
signal reaches its maximum as a function of the power level of the pulses
(vNMR=610MHZ).37
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ject of some theoretical debate, and also true of essentially all
the other effects which have been found. For simplicity,
however, we have grouped most of the theoretical ideas re-
garding the mechanisms of echo formation in the early part
of this review. In this experimental part we are thus discuss-
ing specific experimental effects, and we will pay particular
attention to how well they are described theoretically.

Echo signals in systems with a dynamic frequency shift
were first observed nearly simultaneously by three research
groups in MnO (Ref. 32), CsMnF3 and MnCO3 (Ref. 41), and
RbMnF3 (Ref. 42) at liquid-helium temperature. The first
experiments revealed several unusual properties of the echo
signals in these systems: a large echo amplitude when the
angles through which the spins are deflected by the rf pulses
are small,33'37 the existence of secondary echo signals at the
times krl2 (Refs. 33,41, and 42), a temporal shift of the posi-
tion of the echo signal away from 2r12 (Ref. 60), and an inten-
sification of the echo signal when a preliminary pulse is ap-
plied.32 It was found that these properties of the echo cannot
be described by the conventional Hahn model4 (Section 3).
These effects do agree, on the other hand, with the theory
which has been derived for the frequency-modulated echo.
Let us examine the most important aspects of the frequency-
modulated echo.

Figure 10 shows the echo intensity as a function of the
power level of two identical rf pulses in cases of resonant and
nonresonant excitation according to Ref. 37. The solid curve
is the theoretical function (49). The intensities, both theoreti-
cal and experimental, are plotted in arbitrary units. Accord-
ing to estimates the position of the intensity maximum
agrees in order of magnitude with the theoretical position,
and this maximum occurs when the nuclear spins are de-
flected through an angle ~ 1°. At large amplitudes of the rf
excitation of the spins we see a sharp decrease in the intensity
of the echo signal associated with an increase in the relaxa-
tion rate.

According to the theory.the intensity of the frequency-
modulated echo is the sum of the two terms aJ2(ATl2) and
j8/i(Ar,2) [see (49)]; by varying the parameters of the pulses
one can bring out directly either the a or the P mechanism
for the echo formation.71 At small deflection angles the in-

FIG. 10. Intensities of the spin-echo signals as functions of the power level
of the rf pulses.37 1—Two-pulse echo; 2—single-pulse echo. The solid
curve is theoretical.

tensity of the a echo is proportional to a2/?, while that of the
P echo is proportional to afi2. Experiments carried out with
separate changes in the intensities of the rf pulses, however,
yielded results at odds with the theory. The rf pulses made
roughly equal contributions to the intensity of the echo sig-
nal (or1 5 /J ' 5 ) over broad ranges of a and /?.

On the other hand, the Bessel functions Jli2 (/Ir12) in the
expression for the frequency-modulated echo, (49), can be of
the order of unity even under the conditions a, 041, but with
<op sufficiently large. The intensity of the frequency-modu-
lated echo can thus be proportional to the first power of the
angle through which the nuclear magnetization is deflected
(a orP). Since these angles were a, f)~ 10~2 rad under condi-
tions with a dynamic frequency shift, (1), in the experiments
of Refs. 32,41, and 42, the intensity of the frequency-modu-
lated echo can be ~ 104 times that of the ordinary Hahn echo
with identical amplitudes of the exciting pulses.

An important distinguishing feature of the frequency-
modulated echo is that it can be excited in a "nonresonant"
fashion, by which we mean that the nuclear-echo signal can
be observed when the frequency of the rf pulses differs from
the NMR frequencies of the spins by an amount greater than
the width of the NMR line (\Aeo = eon-eo\> 2ir/T*). Fur-
thermore, the condition ta^lAo must hold, where
o)i = 717/1, is the amplitude of the rf pulses expressed in fre-
quency units. The Hahn mechanism is naturally ineffective
in nonresonant excitation because of the small deflection an-
gles.62 The frequency-modulated echo, in contrast, is ob-
served when there is a substantial difference between the
frequencies of the rf pulses and the NMR frequency (Fig. 11).
Furthermore, the maximum intensities of the frequency-
modulated echo in the case of nonresonant excitation and in
the case without a frequency difference (resonant excitation)
are comparable.37'63 In the case of nonresonant excitation
the frequency-modulated echo reaches its maximum at a
power level of the rf pulses proportional to the square of the
frequency difference being used. This result means that the
echo, reaches its maximum intensity at the same spin-deflec-
tion angle. It should be noted that in the case of nonresonant
excitation the frequency of the frequency-modulated echo is
equal to the NMR frequency given by (15)-(18).

The reason why nonresonant excitation of the frequen-
cy-modulated echo is possible is that the frequency-modula-
tion mechanism for the production of the two-pulse echo is

7)The concept of a and 0 mechanisms for the formation of the frequency-
modulated echo, reflecting the physical nature of the two terms in Eq.
(49) (Section 4), was originally introduced by Petrov etal." The contribu-
tions of each of the mechanisms to the frequency-modulated echo have
been distinguished experimentally by a phonon-pumping mechanism.61

»rf-i»,™,,,MHz

FIG. 11. Maximum intensities of the single-pulse (1) and two-pulse (2)
echos as functions of the difference between the frequency of the exciting
pulses, vrf, and the NMR frequency VNMR (Ref. 37).
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effective only when the change in the dynamic frequency
shift during the rf pulses can be ignored. This situation cor-
responds to a motion of the nuclear magnetization vector
along linear trajectories or linear parts of trajectories during
the rf pulse (see Section 2J.64 As we have already mentioned,
this case arises either without a difference between the NMR
frequency and the frequency of the rf pulses (in the case of
short pulses) or in nonresonant excitation. The presence in
the dependence of the echo intensity on the frequency differ-
ence of two regions in which there is an optimum formation
of the two-pulse frequency-modulated echo (Fig. 11) demon-
strates the validity of the theoretical conclusions. As we have
already mentioned, small spin-deflection angles in the case
of nonresonant excitation are acceptable for the frequency-
modulation mechanism for the formation of an echo. Fur-
thermore, the broad minimum in the echo intensity at
<orf > con implies that the echo signal is formed only poorly in
the region corresponding to trajectories with the greatest
nonlinearity (near an aperiodic trajectory). These experi-
ments thus furnish qualitative confirmation of the theory for
the motion of spins in systems with a dynamic frequency
shift.

Studies of the properties of the two-pulse frequency-
modulated echo under conditions of nonresonant excitation
have shown that, as in the case of resonant excitation, the
amplitude of the echo signal reaches a maximum when the rf
pulses are of equal length.65 With increasing frequency dif-
ference, the echo amplitude increases with a decrease in the
pulse length. This experimental result agrees with the theory
for the formation of a frequency-modulated echo under non-
resonant-excitation conditions36; this theory shows that the
first maximum on the curve of the echo amplitude as a func-
tion of the frequency difference is reached at pulse lengths

Jl
A(o0 (51)

Experiments also reveal oscillations in the echo amplitude as
a function of the frequency difference with a period
Aco = ITT/T; these oscillations are characteristic of a nonre-
sonant excitation of echo signals.65'36

These results pointed out the need for a detailed exami-
nation of the various possibilities for the formation of echo
signals when spin systems are excited by pulses of a nonre-
sonant rf field. These studies led to the revelation of an in-
tense single-pulse echo81 (Fig. 12),37'66 which is observed
when a spin system with a dynamic frequency shift is excited
by a sufficiently long rf pulse (r~30-100/zs).

The single-pulse echo arises at times which are multi-
ples of the pulse length, and its frequency and width are
determined by the intrinsic resonant characteristics of the
spin system. In principle, the single-pulse echo could also be
observed in spin systems lacking a dynamic frequency shift
(either nuclear or electron systems),68'67 but in a nuclear spin
system with a dynamic frequency shift this effect would have

8lStudies of the single-pulse echo in crystals with a dynamic frequency
shift stimulated a more detailed study of this effect in ordinary spin
systems. The physical nature of single-pulse effects in spin systems has
now been established. It turns out that the method of the single-pulse
echo can reveal essentially the same information as that revealed by the
method of the Hahn two- and three-pulse echos.68'70

FIG. 12. Oscilloscope trace of the single-pulse echo of Mn5! in MnCO3
(Ref. 66). 1—Free-induction signal; 2—single-pulse echo; lower trace—
signal from the wave meter, demonstrating the length and position of the
rf pulse (the pulse is 47 ̂ is long).

some important features which would distinguish it from the
effect in ordinary media. In MnCO3, for example, experi-
ments have revealed not only a primary single-pulse echo at
t = T but also secondary signals at 2r and 3r. The single-
pulse echo is observed only during nonresonant excitation
(Fig. 11). The minimum frequency difference at which the
signal can be observed is 0.5 MHz (the corresponding width
of the NMR line in MnCO3 is 0.3 MHz). We should also note
the high intensity of the single-pulse echo, which is close to
that of the two-pulse echo. In nuclear spin systems lacking a
dynamic frequency shift the maximum intensity of the sin-
gle-pulse echo does not exceed 10-15% of the maximum
intensity of the two-pulse echo.68 Finally, in MnCO3 the am-
plitude of the single-pulse echo is highly dependent on the
rise time of the rf exciting pulse. As this rise time is increased
from 0.3 to 0.8 /^s the echo amplitude falls off by an order of
magnitude.

The formation of a single-pulse echo can be outlined as
follows: During the pulse of the nonresonant rf field, the
duration (T) of the motion of an individual isochromatic
grouping in the rotating coordinate system is a precession
around the effective field Heff (Fig. 2b). In the approxima-
tion linear in 6 the expression for m^ (Aco, t)a.tt>r can then
be written by analogy with (33):

7w±(A<o, J )=J[em(Aco)e- i A M_em(Aco)e- i A w < ( - T >] . (52)

Expression (52) describes the induction signals after the rise
of the rf pulse. We first consider a spin system without a
dynamic frequency shift.

To obtain a single-pulse echo we must take into account
the ellipsoidal nature of the precession of the isochromatic-
grouping vectors in thexp plane during the pulse (Fig. 2b). In
this case we may ignore the second term in (52) [as in (33)].
The expression for m± (Aco, t) at the end of the pulse, t = r,

I fl^ \
mx (Aco, T) = — Qm (Aco) 11 5- I cos Aco't,

my (Aco, T) = 6m (Aco) sin ACO'T ,
(53)

is then essentially the same as (34) with Aco' = -^Aco1 + co\.
Carrying out the calculations by the standard approach,
which is described in the analysis of the two-pulse Hahn
echo, (35)-(37), we then find the term which determines the
single-pulse echo:

248 Sov. Phys. Usp. 27 (4), April 1984 Borovik-Romanov etal. 248



0 ~ g (Aw) e-i(

(54)

The time t is reckoned from the end of the pulse in this case.
A distinguishing feature of the single-pulse echo is that the
phase Aat — ACO'T in (54) does not vanish completely at any
value of t, so that single-pulse echo signals can arise only
under certain conditions, when this requirement is met suffi-
ciently well. Analysis68 shows that with nonresonant excita-
tion the time corresponding to the maximum intensity of the
single-pulse echo is

A<o0
(55)

where Aa)0 is the difference between the frequency of the rf
pulse and the center of the excited part of the NMR line. The
phase of the echo is essentially the same as that of the rf
pulse, (54).

The single-pulse echo in spin systems with a dynamic
frequency shift is distinguished by the circumstance that, as
in the case of the two-pulse frequency-modulated echo (Sec-
tion 4), the mechanism for the formation of the single-pulse
echo involves a corresponding change in the frequencies of
the isochromatic groupings.29>66>69 At the end of the exciting
pulse, the z component of the nuclear magnetization of the
isochromatic grouping [which determines the frequency of
the precession of this grouping after the pulse, according to
(15)] depends on the phase of the isochromatic grouping (Fig.
2b). Calculations of the amplitude of the single-pulse fre-
quency-modulated echo are quite complicated because the
effect of the dynamic frequency shift on the motion of the
isochromatic groupings during the pulse must be taken into
account in this case.29'69 Under certain simplifying assump-
tions,69 however, the expression for the amplitude of the sin-
gle-pulse frequency-modulated echo is essentially the same
as that for the two-pulse frequency-modulated echo. (49), if
we set a = & = 9 in (49). Calculations show that the "Hahn"
contribution, (52)-(55), to the amplitude of the single-pulse
echo can be ignored in a spin system with a large dynamic
frequency shift (as in the case of the two-pulse echo).

We now see why the amplitudes of the single- and two-
pulse frequency-modulated echos depend on the experimen-
tal conditions in essentially the same way during nonreson-
ant excitation (see Fig. 10, for example). The need to take
into account the effect of the dynamic frequency shift on the
motion of the isochromatic groupings during the pulse in the
case of the single-pulse frequency-modulated echo, however,
leads to more-stringent requirements on the linearity of the
trajectories of the isochromatic groupings. This situation is
seen experimentally in the circumstance that the single-
pulse frequency-modulated echo is a definitely nonresonant
effect (Fig. 11).

Let us consider yet another interesting property of the
spin echo in a system with a dynamic frequency shift: the
formation of secondary echo signals at the times krl2(k = 3,
4, ... ).3>41>42 Up to seven such signals have been detected
experimentally. We should point out that, in general, secon-
dary signals could also arise in systems lacking a strong dy-
namic frequency shift, as a consequence of quadrupole split-

ting71 or a self-effect mechanism,72 for example. In the latter
case the self-effect might be that the emf induced in the reso-
nator (or circuit) when the resultant spin moment comes into
phase essentially plays the role of an auxiliary rf field acting
on the spin system. The in-phase resultant nuclear moment
itself leads to an analogous effect; it works through the hy-
perfine interaction to give rise to a resultant alternating field
at the nuclei and thus a rotation of the nuclear magnetiza-
tion. In this case, no external electric circuit need be in-
volved.

In contrast with the Hahn echo, however, the secon-
dary echo signals in spin systems with a dynamic frequency
shift are an inseparable property of the frequency-modula-
tion mechanism for the echo formation, (48). The nature of
this effect can be described quite clearly. We have already
seen that the formation of the frequency-modulated echo
can be easily represented as the beats from a set of oscillators
which differ in frequency by the same interval 2-ir/T12 (Sec-
tion 4). These "beats," observed as echo signals, will of
course be detected at the times t = krl2-

A clear distinguishing feature of the frequency-modu-
lated echo is a strong dependence of the time at which the
echo appears on the experimental conditions. By "time of
appearance" here we mean the time corresponding to the
observation of the maximum echo intensity. We recall that
the shift of the time at which the Hahn echo appears from the
value t = 2r12 can occur only within a range not exceeding
the length of the exciting pulses.73 On the other hand, it has
been established experimentally that the time at which the
frequency-modulated echo appears is determined by the fre-
quencies of the rf pulses used, by the length of these pulses
(Fig. 13), and , in particular, by the frequency difference
between the NMR frequency and the frequency of the excit-
ing rf pulses (Fig. 14). 39-63-65 As the power level of the rf
pulses is increased, the range of the time (t') at which the
frequency-modulated echo appears becomes larger. The
maximum deviations of t' from 2r12 reach 40% of r12. At
high power levels of the rf pulses, the change in the time at
which the frequency-modulated echo appears is an odd func-
tion of the frequency difference; i.e.,
t' — 2(r12 + T} =f(Aco0], where/(4&)0) is an odd function of
A«)0 (Fig. 14).

The particular nature of the temporal shift of the fre-
quency-modulated echo is a consequence of the inhomoge-

-0.8 -0,

FIG. 13. Relative shift in the time in which the echo appears, T'/T, as a
function of the difference between the lengths of the exciting rf pulses,60

At,,, = TJ — T2. 1—r, = 2/is; 2—T2 = 2/j.s. The time interval between the
rf pulses is 50 ps; VNMR = 625 MHz; T= 1.8 K.
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FIG. 15. Oscillation in the intensity of the Mn55 echo in RbMnF3 as the
receiver frequency is tuned. r12 = 10 ̂ s, 7*= 1.6 K. The passband of the
receiver is 1 MHz.

FIG. 14. Time at which the echo appears, 7", as a function of the difference
between the carrier frequency of the rf pulses and the frequencies to which
the receiver is tuned. Experiments for Mn55 in RbMnF3 with T= 1.7 K,
T12 = 25fis, eap /2-ir = 45 MHz, and VHMR =633 MHz. The solid curve is
calculated from Eq. (22) in Ref. 36.

neity of the change in the spin precession frequency during
the application of the second rf pulse, which changes the
average distance, in frequency units (Aca = 2tr/l2), between
those maxima of the spectral density which are formed from
the generally monotonic NMR line shape by the second rf
pulse. For the case of nonresonant excitation and under the
condition r12 > T2, which holds in RbMnF3, it has been
found possible to find explicitly how the time (/ ') at which the
frequency-modulated echo appears depends on the observa-
tion conditions (Fig. 14). These results explain the odd de-
pendence of /' on the frequency difference.36 This effect can
be explained qualitatively by saying that with nonresonant
excitation, in the case \Aa> \ < 2-ir/r, those spins which have a
resonant frequency relatively close to the frequency of the rf
pulses are deflected through greater angles, and their fre-
quencies shift by a greater amount, in accordance with (15).
As a result, for a»o)n(A(a<Q) the distance between the
maxima of the function g(Aeo') becomes greater than 2ir/r12,
and the frequency-modulated echo is formed before the time
2rl2. In the opposite case, co<ean (Aa>>0), the distance
between the maxima of the function g(Ata') becomes smaller
than 2ir/rl2, and the frequency-modulated echo is formed
after the time 2rI2. Under the condition \Aa>\ >2ir/r, the
shifts of the various maxima of the function g[Aa>'} may be
irregular. In this case, the shift in the time at which the fre-
quency-modulated echo appears may be accompanied by a
splitting of this echo and by a substantial decrease in the
intensity.36

An experiment has been carried out to observe directly,
the modulation of the spectral density of the NMR line,
g(Aco'), under the influence of a second rf pulse; i.e., an exper-
iment was carried out to detect "oscillators" with a frequen-
cy interval 2ir/rl2 (Fig. 5). In RbMnF3, because of the short
transverse relaxation time T2, the spin echo is determined
primarily by the second term in (49). Expression (49) for the
amplitude of the frequency-modulated echo which appears
at the time t = 2r12 can be rewritten as follows, where we are
taking into account relaxation processes and the unper-
turbed shape of iheg(A<o) line:

\V< (56)

where s = copafiT12e
 T"/r*. In this situation the spectrum

of the observed frequency-modulated echo essentially corre-
sponds to the spectral density g(Aco'}, in which we are inter-
ested; i.e., the formation of an echo by the /? mechanism is
reflected most accurately by this qualitative model (beats of
oscillators).

In the corresponding experiments, the NMR line in
RbMnF3 was excited by two rf pulses and scanned by a re-
ceiver with a square selectivity characteristic. The receiver
recorded a periodic change in the number of maxima found
in the function g(Aa)') (Fig. 5), as was seen in oscillations of
the echo intensity (Fig. 15). A similar effect was observed for
the free-induction signal after the second rf pulse and also for
the secondary and stimulated echo signals. The average dis-
tance between the maxima observed in the echo amplitude,
determined by counting the number of oscillations as the
receiver was tuned over a controlled frequency range, was
found to be 2ir/r12 (Ref. 74).

The depth of the oscillations at the selected value
T12 = 10//s is of course small, since the passband (1 MHz) of
the particular receiver used includes a large number of these
maxima of the function g(Aco'}. However, if the free-induc-
tion signal after the second rf pulse has not yet decayed by
the time at which the echo is formed (r,2 = &>s), the depth of
the recorded oscillations increased to 100% (Ref. 39). This
effect was explained in Ref. 36.

Direct measurements of the spectrum of the frequency-
modulated echo have also been carried out successfully by a
parametric-echo method22 (Fig. 16).

Another experiment confirming the frequency-modu-
lation nature of the formation of the echo signal in a system

501 fOZ »2/2,'MHz

FIG. 16. Amplitude of the parametric echo as a function of the frequency
of the parametric pulse, v2, under conditions corresponding to the forma-
tion of the single-pulse echo.22
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with a dynamic frequency shift is a study of the dependence
of the echo intensity on the delay time between the pulses,
r12. While in the Hahn mechanism for the formation of an
echo the dependence of the echo intensity on this delay time
is determined exclusively by relaxation processes [see (38)
and (42)], the intensity of the frequency-modulation echo is a
rather complicated function of r12 [see (55) and (56)].9) In
particular, at small amplitudes of the rf pulses, s< 1 [see (56)],
the amplitude of the frequency-modulation echo should ini-
tially increase with increasing delay time and then reach a
maximum at T12 = T2/2:

u
Kho\') =cr|,ft0a)nap2Q)pTi2e-2^2/r2. (57)

The physical nature of this effect can be described by
saying that the second rf pulse causes frequency modulation
of the NMR line, (45) (Fig. 5). For the formation of a frequen-
cy-modulated echo, however, the frequency redistribution
of the nuclear spins must give rise to a redistribution of the
spin precession phases, and this process would require some
time. During the initial part of the increase in r12 (at r,2<7'2),
therefore, the effectiveness of the frequency-modulation
mechanism and correspondingly the amplitude of the fre-
quency-modulated echo should increase linearly. At
r,2 > T2/2, however, relaxation processes which exponen-
tially reduce the amplitude of the frequency modulation will
be more important.

For a long time, experiments revealed only a monotonic
decrease in the intensity of the frequency-modulated echo
with an increase in the delay time; this situation was appar-
ently a consequence of the short transverse relaxation times
T2 for the particular samples.32'34'37'38 A CsMnF3 single
crystal with an anomalously long transverse relaxation time,
T2~ 140 /zs, was selected in an effort to observe the effect
under discussion here. The experiments on this crystal re-
vealed that two regions could be distinguished in the depen-
dence of the echo intensity on the delay time (Fig. 17): a
region of small delay times, in which the signal decreases

zo so 100 V, /

FIG. 17. Intensity of the two-pulse echo of Mn55 in CsMnF3 as a function
of the time interval (r) between the exciting rf pulses at T = 2.0 K (Ref. 75).
VNMR = 639 MHz, top/2ir = 27 MHz, T2 = 18 /is. The dashed curve is
theoretical, drawn from Eq. (57).

"'Furthermore, a nonlinearity of the motion of the nuclear spins and a
nonuniformity of the rf field may give rise to some additional, exponen-
tially decaying factors in the r12 dependence of the intensity of the fre-
quency-modulated echo.29'64 In this case the measured relaxation time
would be much shorter than the true time.

monotonically,IO) and a region of long delay times, in which
the dependence is that characteristic of a frequency-modula-
tion echo.75 The position of the maximum on this depen-
dence at various temperatures and also the shape of the
curves and the relative intensities of the maxima agree well
with the theory of the frequency-modulated echo [see (57)].

One of the advantages of the spin-echo method is that
the longitudinal (7\) and transverse (T2) relaxation times can
be measured directly from the dependence of the echo inten-
sity on the time interval between the corresponding pulses.
The results show that in the case of the frequency-modulated
echo one should use caution in determining the relaxation
times from these curves. The use of the stimulated frequen-
cy-modulated echo to determine the longitudinal relaxation
time Tt is complicated even further by the nontrivial proper-
ties of this echo. The stimulated frequency-modulated echo,
in contrast with the two-pulse echo, is observed only with a
comparatively small dynamic frequency shift.37'42 In
MnCO3, for example, the stimulated frequency-modulated
echo is observed only over the frequency range 615-630
MHz at o}n0/2ir = 640 MHz, while the two-pulse echo
reaches a maximum in the region 580-620 MHz.

To conclude this subsection of the review we consider
two experimental results associated with pulling of the
precession frequency of nuclear spins by an rf field.

An intensification of the two-pulse frequency-modulat-
ed echo was observed in Ref. 32 when preliminary pulse was
applied at a power level much higher than that of the exciting
rf pulses. This effect was observed in MnO under conditions
of pronounced broadening of the NMR line. The power level
of the rf pulses was such that for most of the isochromatic
groupings the trajectories of their motions during the pulse
did not satisfy the linearity condition [see (25)]. In this exper-
iment the preliminary pulse apparently resulted in pulling of
the spin system by the rf field, with the result that the spin
precession frequencies changed to the frequency of the pre-
liminary pulse, the inhomogeneous broadening of the NMR
line decreased, and the conditions for the formation of an
echo signal were improved. The processes by which a spin
system is pulled by an rf field had been studied previously by
cw methods.20'50 Other experiments38 had also been carried
out in which it was shown that the effect of the preliminary
pulse intensifies when its frequency is slightly above the fre-
quency of the exciting pulses. There is a more effective nar-
rowing of the NMR line in this case.

Another experimental effect, also associated with the
adjustment of the spin precession frequency to the frequency
of the rf pulse, is the "pulled-echo effect" discovered in Ref.
37. This pulled echo is the signal formed at the frequency of
the exciting rf pulses, which differs from the frequency of the
unperturbed NMR line. That difference between con and <yrf

at which the pulled-echo signal arises depends on the power

'"'A detailed analysis of the results shows that at short delay times the
echo is not formed by the frequency-modulation mechanism discussed
above. At this point we cannot explain this echo on the basis of the
present understanding of the dynamics of the motion of nuclear magne-
tization in spin systems with a dynamic frequency shift.

251 Sov. Phys. Usp. 27 (4), April 1984 Borovik-Romanov eta/. 251



4 ii, kHz

5
!i

*•! '
h, arb. units b) 2 3 4 5" h, arb. units

-HI T

•*.,5 fig i f *
i i t i r

f $

c) / ff it, arb. units

FIG. 18. Characteristics of the free-induction signal as functions
of the amplitude of the rf field in FeBO3 (Ref. 46). a—Depen-
dence of the amplitude of the induction signal at 7"= 4.2K; b—
dependence of the frequency shift A v of the induction signal at
T= 4.2 K (1) and T= 2.0 K (2); c—dependence of the broaden-
ing of the NMR line at the same temperatures.

level of the rf pulses. Studies of this effect showed that the rf
pulse causes the precession frequency of the spins forming
the echo signal to shift from <un to u;rf; i.e., the spin system is
pulled. Although the mechanism for the formation of the
pulled echo has not yet been determined, the dependence of
its frequency on the amplitude of the first rf pulse suggests
that the spins are driven by the rf field along trajectories near
an aperiodic trajectory (Fig. 2c).

Together, these experimental results confirm qualita-
tively, and in some cases quantitatively, the theory for the
motion of nuclear magnetization in spin systems with a dy-
namic frequency shift under the influence of a resonant rf
field. These results also agree well with the theory for the
mechanism for the formation of the frequency-modulated
echo.

In the final subsection of this review we will briefly dis-
cuss the pulsed responses of spin systems with a small dy-
namic frequency shift and the particular features of the dy-
namic frequency shift for nuclei at domain walls in magnetic
crystals.

9. Spin systems with a small dynamic NMR frequency shift

We have already outlined the basic experimental results
from studies of nuclear spin systems with a large dynamic
shift of the NMR frequency, in which case the shift is consid-
erably greater than the width of the NMR line (top > \/T J).
The theory discussed earlier also applies only in the case of a
large shift. Equations (13) are valid under the condition that
the nuclear spins precess with an identical phase over dis-
tances of the order of the range of the Suhl-Nakamura inter-
action. Analysis shows that in the case of a large dynamic
shift of the NMR frequency this condition clearly holds.76 In
the opposite case of a small shift (cop x 1/TJ) we can expect
that the loss of phase coherence of the transverse nuclear
magnetization will disrupt the dynamic frequency shift.111

Studies of NMR with a small dynamic frequency shift are
interesting for determining the nature of the transition from
the dynamics of an ordinary paramagnetic nuclear system to
the dynamics of a coupled electron-nuclear system with a
dynamic shift of the NMR frequency.

A study of the properties of the two-pulse spin echo and
of the free-induction signal of Fe57 nuclei in slightly ferro-
magnetic FeBO3 at temperatures T= 2-4.2 K was reported
in Ref. 46. Under these conditions, the expected dynamic
frequency shifts (<up ~ 5/T kHz) is of the order of the inho-
mogeneous broadening of the NMR line.12'

Direct measurements of the frequency of the free-in-
duction signal (Fig. 18b) and the temperature dependence of
the NMR frequency revealed that the dynamic frequency
shift observed experimentally is essentially the same as the
theoretical shift.131

One of the interesting experimental results is the depen-
dence of the width of the NMR line (determined from the
decay rate of the free-induction signal) on the angle (<p)
through which the nuclear magnetization is deflected from
its equilibrium direction (Figs. 18a and 18c). It turns out that
the width of the NMR line decreases significantly with in-
creasing op. At q> > 90°, however, the line width becomes in-
dependent of the amplitude of the rf field. The maximum
change in the width of the NMR line, A vmax, turns out to be
approximately equal to the dynamic frequency shift and has
the same temperature dependence (4vmax ~ \/T). Further
experiments showed that the quantity A vmax is proportional
to the projection of the nuclear magnetization onto the hy-
perfine field which prevails at the time at which the rf pulse is
applied. It has thus been shown experimentally that the dy-
namic frequency shift in FeBO3 gives rise to a significant
broadening of the NMR line.

1 "Tsifrinovich and Krasnov77 have attempted to take into account quanti-
tatively the effect of the dynamic frequency shift on the microinhomo-
geneous broadening for a NMR line of Lorentzian shape. Their results,
however, are in poor agreement with the experimental results available,
apparently because of the particular broadening shape chosen.

12)These experiments were carried out on a Bruker SXP-4-100 pulsed
spectrometer in the Vihuri Physics Laboratory at the University of Tur-
ku, Finland.

13lThe dynamic frequency shift in FeBO3 enriched to 85% in the isotope
Fe57 (the natural abundance is 2.2%) was measured at T = 4.2 K in Ref.
78. The experimental shift (~ 10 kHz), however, turned out to be several
times smaller than the theoretical shift.
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. Interestingly, at low amplitudes of the if field (in the
region of the anomalous broadening of the NMR line; see
Fig. 18c) the two-pulse spin echo is not observed. When there
is a short delay between the rf pulses, however, a structural
feature is found on the induction signal; at the time t = 2r12;
the height of this feature reaches a maximum when the
phases of the rf pulses differ by 90°.

It was concluded in Ref. 46 from an analysis of the re-
sults obtained that the observed broadening of the NMR line
is homogeneous and that the structural feature which ap-
pears on the free-induction signal after the second pulse is
analogous to the "solid echo" which is formed in spin sys-
tems with a homogeneous broadening of the magnetic-reso-
nance line.79

10. Dynamic NMR frequency shift of nuclei in domain walls

Most of the theoretical and experimental results de-
scribed above are of the dynamic frequency shift of nuclei in
domains. For nuclear spins in domain walls the gain 77 is
usually much larger than that for nuclei in the domains
themselves and can reach 77 = 103-105. On this basis we
might expect that the dynamic frequency shift would be par-
ticularly large for nuclei in domain walls.19'80-81

The situation is considerably more complicated in this
case, however, because for nuclei in domain walls there is
usually a large spread in the resonant frequency and also in
the gain because of the angular distribution of the spins in a
wall.82

Another distinctive feature of these dynamic effects is
the approximate equality of the resonant frequencies of nu-
clear spins and domain walls. Under these conditions the
alternating magnetic field produced by the electron system
at the nuclei in a domain wall will lag in phase behind the
external agent, with important consequences for the nature
of the dynamic effects.

Experiments on the dynamic frequency shift for nuclei
in domain walls have been carried out at T = 1.7 K for the
spin system of Mn55 nuclei in manganese ferrite,39-44-83

MnFe2O4.
Under these conditions the dynamic shift of the NMR

frequency is \eap/2ir\ >0.4-0.6 MHz, and the sign of the shift
is opposite to that for the shift for nuclei in domains of slight-
ly anisotropic antiferromagnetic materials such as MnCO3.
In the present case, the dynamic shift of the NMR frequency
increases the NMR frequency of the nuclei of interest as the
temperature is lowered. This result indicates that the fre-
quencies of the domain walls are lower than those of the
Mn55 nuclei in the walls, in accordance with the data from
magnetic measurements.84

The properties of the spin echo from nuclei which lie in
domain walls in MnFe2O4 and which exhibit a dynamic fre-
quency shift (the so-called additional echo) are quite differ-
ent from those of the other known types of echos85 (Fig. 19).
Many of the properties have yet to be fully explained because
of the complexities of the mathematical description (among
these properties are the width of the echo, the optimum con-
ditions for observing it, the dependence of the time at which
it appears on the amplitude of the rf pulses, the anomalous

FIG. 19. Additional (c) and fundamental (d) signals of the nuclear echo of
Mn55 in MnFe2O4 after two exciting rf pulses. The upper trace is the signal
from a wave meter, to show the positions of the rf pulses (vrf = 585.7
MHz, r,2 = 27ps, T=\.l K).

properties of the stimulated echo, and the instability of the
echo amplitude). An attempt to find a qualitative explana-
tion for some of the effects was made in Ref. 86.

A dynamic frequency shift for nuclei in domain walls
was also observed recently in europium iron garnet, Eu-
3Fe5O12, in a study of the properties of the two-pulse echo of
Eu151 nuclei.45

IV. CONCLUSION

It is fair to say that the basic results of the research by
pulsed methods on magnetically ordered crystals exhibiting
a dynamic NMR frequency shift are the discovery of and the
proof of the effectiveness of two new mechanisms for the
formation of echos: the frequency-modulation echo, whose
properties have largely been the subject of this review, and
the parametric echo.22

The body of experimental information presently avail-
able on the frequency-modulated echo can be described quite
well by the existing theory, although several results have yet
to be explained. In particular, no theoretical explanation has
been found for the properties of the stimulated echo, the
pulled-echo effect,37 and several effects associated with the
time at which the echos appear.60-65

Active research continues on the appearance of the dy-
namic frequency shift in spin systems and the particular fea-
tures of the shift and the pulsed resonances of the spin system
of nuclei in a domain wall.

We thus have a group of questions whose understand-
ing will require further development of the theory of nuclear
magnetic resonance under conditions involving a dynamic
frequency shift.

We will conclude with a list of some interesting results
on spin systems with a dynamic frequency shift which we
have not discussed above.

A dynamic shift of the NMR frequency has been ob-
served in an antiferromagnetic material with a large gap in
the antiferromagnetic-resonance spectrum of MnF2 near a
spin flop.87

It has been shown that when an rf field is applied at
frequencies near the resonant frequencies a spin system of
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nuclei with a dynamic frequency shift can be in two states,
with different values of mz (Ref. 89).

The dynamic frequency shift has been studied theoreti-
cally for the case in which the NMR and ferromagnetic-
resonance frequencies are equal. It has been shown that
there is an effective new mechanism for nuclear relaxation:
"electron-nuclear magnetic relaxation."90

Some distinctive features have been found in the fre-
quency-modulation mechanism for echo formation at high
amplitudes of the if pulses91 (ca^ea^}.

Finally, we would like to point out that, although ef
fects with a dynamic frequency shift in nuclear systems have
been studied in comparatively few materials, the trend to-
ward lower temperatures in modern physics will make the
effect a typical one in the resonances of magnetic crystals.
Furthermore, the approach developed here may be useful for
analyzing other systems, e.g., superfluid He3 (Ref. 92), which
exhibits a nonlinearity of the type discussed here.

There are also echo effects which do not involve spins,
e.g., the so-called phonon or electroacoustic echo,93 many
aspects of which can be described by the same methods as in
the present review.
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