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The review treats the problem of radiation of relativistic charged particles in matter. The radiation of fast
particles in an external field is considered from a unified point of view for an amorphous medium and for a
single crystal. The basic attention is paid to the process of radiation in a single crystal where an enhancement
of the radiation occurs as compared with an amorphous medium. This effect is shown to be due to the
coherent and the interference mechanisms of radiation of relativistic particles in single crystals. First we
outline the Born theory (quantum and classical) of coherent radiation of fast particles and show that this
theory is valid if the particle propagates through the crystal far from the directions of channeling and if the
scattering angle of the particle is small compared with the typical radiation angle of a relativistic particle.
Then we show that a violation of these conditions leads to new effects in radiation such as, e.g., the effect of
intense radiation of superbarrier and channeled particles, and the effect of suppression of coherent radiation.
The comparison of theoretical and experimental results confirms the existence of new effects in the radiation.
In conclusion, we review briefly new physical effects that must take place in single crystals at high energies in
several other electrodynamical processes.
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1. INTRODUCTION

The main effects of the electromagnetic interaction of
electrons and photons with each other and with indivi-
dual atoms are very well described by quantum electro-
dynamics.1 These effects are modified and new effects
arise in interaction of electrons and photons with
groups of atoms — in passage of particles through con-
densed matter. The best known effects of this type are
Cherenkov radiation2"4 and the ionization loss of rela-
tivistic particles in matter.5

It is quite remarkable that the collective phenomena
appear at arbitrarily high particle energies, although
at first glance it seems that if the particle wavelength
is less than the average distance between the atoms of
the material, collective phenomena should not appear
and the material should behave as a gas of independent
atoms. This was clearly formulated for the first time
by M. L. Ter-Mikaelyan6 and by Landau and Pomeran-
chuk.7 In Ref. 6 it was observed that the radiation of a
charged relativistic particle in a crystal occurs over a
great length (the coherence length) and it was shown
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that if in this length there is a large number of atoms,
then the radiation of the particle can occur more in-
tensely than in an amorphous medium.

Landau and Pomeranchuk7 in turn showed that as a
consequence of multiple scattering the intensity of ra-
diation of a high-energy charged particle in an amor-
phous medium can be significantly less intense than ra-
diation in a gas of independent atoms.

Special interest is presented by processes which
arise in passage of fast charged particles through crys-
talline media, since in this case coherent and interfer-
ence effects can play a role at arbitrarily high ener-
gies. These effects were first studied by Ferretti,8

Ter-Mikaelyan,6 and Uberall9 on the basis of the equi-
valent-photon method and the first Born approximation
of perturbation theory. The condition of applicability of
these approximations, however, is rapidly violated as
the particle energy increases and as the angle between
the incident beam and a crystallographic axis or plane
decreases.10"12 In particular it turns out that the Born
approximation cannot be used to describe the motion of
fast particles along crystallographic axes and planes.

In motion of fast charged particles along crystallo-
graphic axes and planes one can have particle channel-
ing, in which the particles move in channels formed by
the atoms located along crystallographic axes and
planes, periodically deviating from the channel axis by
small angles.13"15

A particle moving in a channel experiences the action
of a strong electric field created by the atoms of the
lattice, and therefore its radiation should be very in-
tense.16"20 However, even in the case of infinite motion
with respect to the crystallographic axis or plane (or as
it is called, superbarrier motion) the particle moves in
a strong lattice field, and therefore a superbarrier
particle, like a channeled particle, should radiate in-
tensely.20-21 The problem of radiation of a relativistic
particle in a crystal in this case turns out to be closely
related to the problem of radiation of a relativistic par-
ticle in strong macroscopic fields (for example, in ac-
celerators, undulators, and so forth): the radiation be-
haves similarly in the two cases.

The present review is devoted mainly to the problem
of radiation of relativistic particles in crystals. This
problem, as we have just mentioned, is related to the
problem of radiation of relativistic particles in strong
external fields. Therefore we shall discuss these prob-
lems from a unified point of view, together with the ra-
diation of particles moving in amorphous media.

The prediction of new features in the interaction of
relativistic particles with crystals has served as the
stimulus for extensive experimental study of the radia-
tion of high-energy particles in crystals.22"30 Therefore
we give also a comparison of the the theoretical results
with certain experiments on radiation in the case of
motion of particles along crystallographic axes and
planes.

2. RADIATION BY A RELATIVISTIC CHARGED
PARTICLE IN AN EXTERNAL FIELD

a) Spectral density of radiation in classical electrodynamics

We shall begin with discussion of the radiation of a
relativistic charged particle moving in external fields.

According to classical electrodynamics the spectral
density of energy radiated by an electron is determined
by the following general formula31:

1= d t v ( J ) « (2.1)

where vU) and r(t) are the velocity and position vector
of the electron at a moment of time t, w is the fre-
quency of the radiated wave, do is the element of solid
angle near the unit vector n which determines the di-
rection of the radiation, and e is the charge of the elec
tron (the velocity of light c is taken equal to unity).

The characteristic angles of scattering and radiation
of a relativistic particle (v~ c) in an external field are
small, and therefore in Eq. (2.1) we can perform an
expansion in terms of these angles. For this purpose
we shall first carry out in (2.1) an integration over sol-
id angle:

AE \s\n<s>\ r ,— r2

(2.2)

where v 1 =v(< 1 ) , V2 = v ( t 2 ) and

(r,-r2)

Since (v19/9r1) = d/d<1 and (v2a/ar2) = d/d£2, in Eq. (2.2)
in the second term we can carry out integration by
parts over ^ and t2. A s a result we find that

(2.2')

Using now the smallness of the particle-scattering an-
gle, we can represent the quantity v(t2 + t) in the form

|«|vs| (2.3)

where v*v2 = 0 [the asterisk on the vector v* means that
the components of v* refer to the plane orthogonal to
v2, i.e., to the plane whose position changes with the
time t2 (Fig. 1)]. Here it is obvious that

(1-v1v,)«T~2 +4-
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where T = /1-t!,r*(T) = Jjd*v*
ing these formulas, we find1'

and y^l-i;2.)'1/2. Us-

The components of the vector v* can be expressed at
small scattering angles in terms of the components of
the vector v^t) which is the projection of the particle
velocity on a plane orthogonal to the incident particle
velocity v [the location of this plane is fixed in time, in
contrast to the plane* (see Fig. 1)]:

V* (f) w Vj. (t, -L f) - V± (f2). (2.5)

At small scattering and radiation angles Eq. (2.1) can
be represented also in the form

u(0 4/1* .1 """ \ 2 """ / ' ~ \ * f

where IL and /„ are the components of the vector I orth-
ogonal and parallel to v, and nx is the projection of the
vector n on a plane orthogonal to v.

b) Radiation on a small change of curvature of the
particle trajectory

We shall consider first the important limiting case in
which the time interval AT which makes the main con-
tribution to the integral over T in Eq. (2.4) is small in
comparison with the time interval A£ in which the radi-
us of curvature of the particle trajectory changes sub-
stantially. If this condition is satisfied the components
of the vector v* do not change greatly in the time inter-
val AT, and therefore according to Eq. (2.5) we have
v*(t)~ tir*-tir^tz). Using this relation,we can express
Eq. (2.4) in the form31

1, (2-7)_ . , .
dm y.-, j". J " L u 2

where « = | w/y3 vL(t2) |2 / 3 and

— di cos

is the Airy function [the variable 4 is related to the var-
iable T which occurs in Eq. (2.4) by the relation |

The mean contribution to the Airy function is from
values £ ~ 1 if u ̂  1, and from values £ ~ /zT if u » 1, so
that Eq. (2.7) is valid if ya(Ai) Xmin(l ,- / tD» 1, where
S(A*)~ A^i>j. is the scattering angle of the particle in the
time interval A£.

'•The method presented for obtaining the spectral density of
radiation was first suggested by Landau and Pomeranchuk.T

However, the formula obtained by them for d£/dco differs
from Eq. (2.4) in that instead of the factor (l+^v*2) they have
a factor Y2([(v*r*/r)- (r*2/r2)]). The difference is due to
the fact that in Eq. (1) of Ref. 7 the factor sine*; |rt -r2 I was
differentiated and the factor |r, — r2 I"1 was not differentiated,
although the terms discarded in so doing are of the same
order of magnitude as those which were retained.

We note that in the length /0 = i>2AT which the particle
travels in a time AT, the interference between the
waves radiated by the particle from the different por-
tions of its path is substantial. The quantity l^ is called
the coherence length.

c) Radiation in the low-frequency region

We shall consider now the case in which the length in
which the radiation is produced is large in comparison
with the length in which the external field acts on the
particle (Ic»v2&t). For this purpose we shall integrate
the quantity I which appears in Eq. (2.1) over t by parts:

Ate" , d v ( Q
At 1 — nv( l ) '

(2.8)

The integrand in (2.8) is nonzero in the time interval A£
in which the external field acts on the particle. If the
condition Z c » t>A/ is satisfied the argument of the expo-
nential in (2.8) in the time interval A< is small in com-
parison with unity, and therefore the exponential can be
replaced by unity:

(2.8')t, 1—nV I — n

where v and v' are the velocities before and after the
scattering. Substituting this expression into (2.1), we
obtain after integration over solid angle the following
formula for

AE 2e- r 21- +1 , /.. ,
—,— * — In (; -r-
doi n L i V7^2 -•-1 "

(2.9)

where £ =
(3 « D.

and 3* |v' -v \/v is the scattering angle

We shall show that the condition lc » vbi. is satisfied
in the region of sufficiently low frequencies. For an
ultrarelativistic particle the time interval AT in which
oscillations of the exponential exp[iwU-nr(£))] are im-
portant is determined in order of magnitude from the
relation |O>AT - w(f2AT - ArS2/2)]~ 1, from which it fol-
lows that Eq. (2.9) is valid if (2-y2/u)mm[l,(y^)~2]»^t,
i.e., this formula is valid in the region of sufficiently
low frequencies.

For £ «
the form

AE ^ &'
do) ~ 3n •

However, if

the spectral density of radiation (2.9) takes

1, then

(2.10a)

(2.1 Ob)

d) Radiation in the dipole approximation

An important case is the dipole_approximation, which
is valid if u>AT(vJ)AT «1, where (vf)AT is the average
value of the square of the vector Vj. in the time interval
AT. In this case it is necessary to carry_out in Eq.
(2.8) an expansion in the parameter k?AT(v2)AT. In the
first approximation we obtain
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where 6 = u/2y2 and

W(?)= j dfv^Oe'".

We note that Eq. (2.11) can be obtained after rather
cumbersome manipulations also from Eq. (2.4) if in the
latter an expansion in the parameter o>AT(vf)AT is
carried out.

In the dipole approximation AT~ 5"1, and therefore
the condition of applicability of the_dipole approximation
can be represented in the form y2(vf)AT « 1. This con-
dition means that within the limits of the coherence
length the particle-scattering angle must be small in
comparison with the characteristic angle of radiation of
a relativistic particle \~-y~1.

case of motion of a relativistic particle in an amorph-
ous medium.

We shall consider first the radiation in the dipole ap-
proximation, i.e., in the case in which y2i92(/c) « 1 and
lc~ 6'1, where 3(/c) is the scattering angle in a coher-
ence length. In this case the quantity \W(q) j 2 which en
ters into Eq. (2.11) can be represented in the form

W ~ V » i -

where dt is the angle of scattering of the particle by the
j-th atom of the medium and ts is the moment of time
when the collision of the particle with this atom occurs.
After averaging this relation over the locations of the
atoms in the material, we find that

e) Synchrotron radiation

Up to this time we have nowhere used a specific law
of motion of the particle, and therefore the equations
obtained can be used for determining the intensity of
radiation of a particle moving in a specified macro-
scopic field and also of a particle moving in matter —
both amorphous and crystalline.

We shall discuss first as an example synchrotron ra-
diation, i.e., the radiation of a relativistic particle
moving along a circle in a uniform external magnetic
field. In the case of motion in a uniform magnetic field
H the radius of curvature of the particle trajectory pa

= my/eH does not change with time, and therefore to
find the spectral density of radiation in this case we
can use Eq. (2.7). Substituting into (2.1)vL = eH/t, we
obtain31-32

d£
do)" - . F(*) = > (2.12)

where s is the pathlength, m is the electron mass,

and w = (3y/2)2/3 [a plot of the function F(x) is shown in
Fig. 17 of Ref. 31}.

It follows from Eq. (2.12) that the maximum of the
synchrotron radiation spectrum occurs at w~ w; the
spectral density of radiation in this frequency region is
equal in order of magnitude to d£/dw~ se"y/pH. Assum-
ing, for example, H= 104 G and e = 5 GeV, we have for
electrons p#~17 m and u~ 17 keV. The coherence
length in this case for w~ w is equal in order of magni-
tude to Z0=0.17 cm.

3. BREMSSTRAHLUNG OF A RELATIVISTIC
PARTICLE MOVING IN AN AMORPHOUS MEDIUM,
AND THE LANDAU-POMERANCHUK EFFECT

a) The Landau-Pomeranchuk effect

In the previous section we obtained general formulas
determining the radiation of a particle moving in an ar-
bitrary external field. We shall now use these formu-
las to evaluate the spectral density of radiation in the

where &l(L) is the mean square angle of multiple scat-
tering of the particle in a layer of matter of thickness
L. In an amorphous medium33

*| (L) x SuZVnie-2 lu (Ze* R V^mL), (3.1)

where n is the density of atoms, Z\e\ is the charge of
the nucleus of an individual atom, and R is the screen-
ing radius of the atom. Using this formula and the con-
dition y232(/c)~y25fUc) « 1, we find that

d£
dco

4 L In (Ze-R \< '
3 LR

tse1
(3.2)

where LR= [(4Z2eVm2) InlSSZ'1/3]'1 is the radiation
length10 and £| = 47i>w2/e2. Equation (3.2) coincides with-
in logarithmic accuracy with the well known Bethe-
Heitler formula34

1 1
121nl83Z-' '3 J '

(3.3)

if in the latter we neglect recoil accompanying radia-
tion (e' = e -Ku is the energy of the final electron). We
see that in the low-frequency region the condition of
applicability of the dipole approximation is violated.

Let us consider now the radiation in the case in
which y2^2(Zc)» 1. In this case the main contribution to
the integral over r in (2.4) is from the interval AT of
variation of T determined from the relation Zc6y232(Zc)
~1. Here, according to Eq. (2.4), the spectral density
of radiation in order of magnitude is

Replacing 32(ZC) by 32(/c), in these relations, we find that
Zc~(e/Es)VLR/a) and

IE 2itm2 L ,/j „ / ese \2 1
T—V LKa>, u x g l — V ) ~f~ •G) ees £R \ m2 / LR

(3.4)

This formula coincides up to a numerical coefficient2'
with the result of Landau and Pomeranchuk7:

2)Note that Eq. (3. 5) was obtained in Ref. 7 also with accuracy
up to a numerical coefficient. The exact theory of the Landau-
Pomeranchuk effect is given in articles by A. B. Migdal.35
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doi
(3.5) ft:

Taking into account the Bethe-Heitler formula (3.3), we
see that

from which it follows that E'^ <<;£BH- *n °tner words,
the presence of an amorphous medium leads to a signi-
ficant decrease of the spectral density of radiation in
comparison with the radiation of a relativistic particle
in a rarified gas of atoms.

We note that in derivation of Eq. (2.4) we have neg-
lected the influence of the polarization of the medium
on the radiation,3' which is justified if o>»>'wI1, where
ct)p= V 4itnZe2/m is the plasma frequency.

b) Radiation in a thin layer of matter

The Landau-Pomeranchuk result (3.5) applies to the
case in which L »lc. However, if L «ls, then to find
the spectral density of radiation it is necessary to pro-
ceed from Eq. (2.8) and average it over the scattering
angle 3 with the distribution function

-ex-p -^=r-

As a result4' we obtain37

3 /.„

2e- ,

(3.6a)

(3.6b)

We see that in the case in which lc»L»e2LK, in con-
trast to the Bethe-Heitler and Landau-Pomeranchuk re-
sults d£/du> is almost independent of the target thick-
ness L. This means that for lc» L » e2LK the spectral
density of radiation is practically independent of the
number of collisions of the particle with atoms of the
medium, i.e., in this case a suppression of the radia-
tion occurs. We note that the essence of the Landau-
Pomeranchuk effect and of the suppression of radiation
in a thin layer of matter is the same—these effects
arise if the scattering angle within a coherence length
exceeds the characteristic angle of radiation of a rela-
tivistic particle. However, the conditions on the target
thickness under which these effects occur are differ-
ent, and therefore the spectral densities of radiation of
relativistic particles in thin and thick layers of matter
are different.

The nature of the dependence of E' on L is shown
schematically in Fig. 2 [E'L is determined by Eq. (3.6b)].

It is interesting to note that a phenomenon similar to
the effect of suppression of radiation in a thin layer of
matter was observed recently in study of the interaction
of high energy hadrons with heavy nuclei.39''10 This phe-

31 The theory of this effect has been developed by M. L. Ter-
Mikaelyan."1-36

4'SimiIar results were obtained by F. F. Ternovskii38 by
means of the method proposed by A. B. Migdal for descrip-
tion of the radiation of relativistic particles in an amorphous
medium.

FIG. 2.

nomenon consists of the fact that the average multiplic-
ity of fast particles produced in interaction of a hadron
with a nucleus depends very weakly on the number of
nucleons in the nucleus if the process occurs over
lengths exceeding the nuclear size.

We note that all the effects mentioned in this section
can be related to the phenomenon of temporary loss by
a bare particle (a particle which is to a significant de-
gree without its normal Coulomb field) of the ability to
radiate in collisions with atoms of the medium, a phe-
nomenon which was pointed out by E. L. Feinberg.39

This phenomenon consists of the fact that after scatter-
ing a relativistic charged particle can move for a long
time without a significant portion of its own normal
Coulomb field (the Fourier components of the self-field
of an electron with frequency o> appear at the electron
only at a time interval AT~ 6'Vi; after the scattering),
as a result of which the radiation of such a particle at
the atoms of the medium will be decreased in compari-
son with the radiation in the case in which the self-field
has been formed at the particle.39-41

The results obtained in this section apply to the case
in which the interaction of a particle with the different
atoms of the medium is random. However, in motion
of a particle in the crystal, correlations between its
successive collisions with lattice atoms may turn out
to be important. As a result of these correlations the
nature of the motion of particles in a crystal will differ
from the nature of the motion in an amorphous medium.
The radiation of particles in a crystal and an amorph-
ous medium will also be different.

4. THEORY OF COHERENT RADIATION OF
RELATIVISTIC PARTICLES IN A CRYSTAL IN THE
BORN APPROXIMATION

a) Cross section for radiation in the Born approximation

We turn now to a discussion of the bremsstrahlung of
relativistic particles moving in crystalline media. It is
important in this case that in crystalline media coher-
ent and interference effects can appear in the radiation.
As a result of these effects the intensity of radiation of
particles in a crystal can significantly exceed the inten-
sity of radiation in an amorphous medium.

Coherent and interference effects in the radiation can
arise at substantial photon energies (Ku~t), and there-
fore in investigation of these effects a classical de-
scription is insufficient, and it is necessary, generally
speaking, to use a quantum description of the radiation.
The simplest quantum description is the description of
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the radiation of relativistic particles in the first Born
approximation, the discussion of which we shall now be-
gin.5'

In the first Born approximation the differential cross
section for bremsstrahlung is determined by the square
of the modulus of the Fourier component of the poten-
tial energy of interaction of the electron with the ex-
ternal field J/(q), where q=p-p' -k is the momentum
transferred to the external field, p and p' are the mo-
menta of the initial and final electrons, and k is the
photon momentum. As an electron moves in a crystal
its potential energy has the form U(r)=2jtu(r -rk),
where u(r - rs) is the potential energy of interaction of
the electron with the lattice atom located at the point rk.
The square of the Fourier component of this expression
is equal to

(4.1)

Setting here r^r^ + Uj , where r° is the equilibrium po-
sition of the lattice atom and uf is its thermal displace-
ment, we obtain after averaging over the thermal vi-
brations and summation over the positions of the atoms
in the lattice

g ) , (4.2)

where N0 is the total number of atoms in the lattice, A
is the volume of the unit cell, 6(q) is a delta function,
g is the reciprocal lattice vector, and u2 is the mean
square thermal displacement of the atoms in the lat-
tice10 (the bar designates averaging over the thermal
vibrations). In the case of a screened Coulomb poten-
tial we have

u(r) = ——e-7'lR, u<i = na i D-2 •

The last term in Eq. (4.2) determines the coherent ef-
fects, and the first two terms determine the incoherent
effects in the radiation. Here the first term leads to
the well known Bethe-Heitler formula for the cross
section for radiation at N0 independent centers. The
cross section for radiation at an individual atom re-
ceives its main contribution from q values lying in the
interval R'1^, q^m. On the other hand, the second and
third terms will be_ important in the cross section if
q2u"<l. Since m2uz» 1, the crystal lattice will affect
the radiation in the case when q«m. In this region of
momentum transfers the radiation cross section is de-
termined by the formula10'12

(4.3)

5)A clear and detailed exposition of the theory of coherent ra-
diation of relativistic particles in crystals in the Born ap-
proximation is given by several author s.10>44>45 In presenting
this problem in the present review it has been our aim to
focus attention on a number of questions which were not dis-
cussed in the previous reviews. These include, in particular,
such questions as the region of applicability of the Born
theory of coherent radiation of particles in crystals and vari-
ous limiting cases of this theory.

where e' = e - w, 5* = wm2/2ee', and qn and ̂  are the
components of q parallel and orthogonal to p (the Planck
constant K is taken equal to unity).

Using Eqs. (4.2) and (4.3), we can represent the cross
section for radiation of an electron in a crystal in the
form

da = N0 (don + dnc), (4.4)

where dcrn is the cross section for incoherent radiation
(it does not differ greatly from dcrBH) and dac is the
cross section for coherent radiation:

(4.5)

where gn * 6*. In what follows we shall be interested
mainly in the cross section dac.

In Eq. (4.3) the main contribution to the cross section
is from qa

a 5*. These values of qn correspond to dis-
tances of the order Z*~ 1/6*. The quantity /* is called
the coherence length10 and is the length in which the ra-
diation is formed (I* differs from the length Zc intro-
duced previously in that 6* enters into it instead of 6).

We note that if we formally assume the lattice con-
stants a, ( t = l , 2 , 3 ) to be very large, Cj-0 0, the sum-
mation over g reduces to integration over A(27r)"3d3

ig
r

and Eq. (4.4) takes the form da=JV0daBH. This case
corresponds to /* «at.

b) Cross section for radiation on motion of an electron
near a crystallographic axis

If al «l*, then within the limits of the coherence
length there will be a large number of lattice atoms,
and therefore coherent and interference effects will ap-
pear in the radiation. It is clear that the greatest num-
ber of atoms will occur in the length I* in the case in
which the particle moves near a crystallographic axis,
and therefore we shall discuss this case first of all.

Assuming the angle tp between the incident electron
momentum p and the crystallographic axis z to be
small, we have g,,~gM + >t>(gyCOS a+g^sin a), where at is
the angle between the projection of the vector p on the
( x , y ) plane and the y axis (Fig. 3) (the lattice is as-
sumed to be orthogonal, but not necessarily cubic).
The main contribution to dac for fy « 1 is from terms
with^z=0, so that

2e26* dti> e'
-

(4.6)

where ga = fy (gy cos a) & 6* and sf.=
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It is important to note that in this case the combined
potential energy, which depends on three coordinates,
is replaced by a function U(x,y) of the two coordinates
x and y, which is the crystal energy averaged over the
coordinate z: U(x, y) = L"1 J A z U ( x , y , z ) , where L is the
crystal thickness. This quantity can be considered as
the potential energy of interaction of a particle with a
set of continuous atomic strings of the crystal located
along the z axis; see Eq. (6.1). In other words, as the
principal element in interaction with which radiation
occurs we now have not an individual atom, but a string
of atoms.

We note that the main contribution to the cross sec-
tion (4.6) is from g^-jR"1.

If we formally assume that the lattice constants along
the y and x axes are very large (a2,a3~ «) — this corre-
sponds to separation of the atomic strings of the crys-
tal located parallel to the z axis by a large distance
from each other, at which the interaction of a particle
with the different strings of atoms can be considered to
be independent — then in Eq. (4.6) we can replace the
summation over gx and gy by an integration, and we ar-
rive at the formula
, «26* do> e' i' ., i'2 f , <o- „ 6* / ,' , .-5

T 7 l "«''•'
(4.7)

From this formula it fol-with the restriction gn» 5
lows that for a screened Coulomb potential

dcrc = (4.8)

if 2fl6*/i/J«l and Ne = k/5*ai if ZR6*/where

We see that for /* » at the cross section for radiation
in a crystal will be significantly greater than the radia-
tion cross section determined by the Bethe-Heitler for-
mula. In order of magnitude Nc represents the number
of atoms in a coherence length.

The presence in the cross section of the additional
factor AT, expresses the coherence effect which arises
in a crystalline medium. As a result of this effect the
radiation cross section per atom da/N0 turns out to be
N,. » 1 times greater than the radiation cross section in
a rarefied gas of atoms or in an amorphous medium.

We obtained Eq. (4.7) on the assumption that the in-
teraction of the electron with the different atomic
strings is independent. This situation exists if a parti-
cle moves far from crystallographic planes closely
packed with atoms [a and (ir/2 - a) are not small in
comparison with unity]. Indeed, in this case the main
contribution to (4.6) is from gI>y~R~1> 2ir/a2i3. The
function under the summation sign in this case will be
smooth. Since the condition gu-il>(gx sin a-t-^cos a)
* 6* must be satisfied, then with an increase of 6* the
function w ill gradually drop out from the double sum
one term at a time; and this will not greatly affect the
double sum over gx and gy. Therefore the summation in
Eq. (4.6) over gx and g can be replaced by integration.

We shall consider now the case in which a particle is
moving along a crystallographic plane, so that the con-

dition a«l is satisfied (in addition it is assumed that
i|>«l).

Here with change of 6* for 6*~ fygy entire sets of
terms will drop out from the double sum over gx and gy,
as a result of which the radiation cross section will
change rapidly for values 6* = 2nn^/az (w = 1,2,3 ...).
In this case the coherence length I* = 1/6* will be of the
order of a2/4>. The quantity a2/4> represents the path
length traversed by a particle between two successive
collisions with atomic strings of the crystal located in
a crystallographic plane. The sharp peaks in the cross
section are due to interference of waves radiated by the
particle in interaction with different atomic strings.
Here in a coherence length there will be Nc~R/ipa1

atoms of a single atomic string of the crystal, and all
these atoms will radiate coherently.

In Fig. 4 we have shown the intensity of radiation as
a function of the frequency w for electrons with energy
£ = 1 GeV moving in a silicon crystal near the (100)
crystallographic axis. As ordinate we have plotted the
quantity (rn2/Zze6) Cixlac/dci>, and as abscissa—the fre-
quency in MeV (it is assumed that w2 = 0). Figure 4a
corresponds to the case in which electrons are moving
far from close-packed crystallographic planes and >1> = 1
mrad (curve 1), i/) = 2 mrad (curve 2), and $ = 4 mrad
(curve 3). Figure 4b corresponds to the case in which
electrons are moving along the (Oil) plane at an angle
jp= 2 mrad to the (100) axis (the dot-dash curve corre-
sponds to motion of an electron far from the crystallo-
graphic planes). The dashed curve in Fig. 4 corre-
sponds to the Bethe-Heitler result (3.3). (In the case
considered a^ = a, where a =5.43 A is the lattice con-
stant and the strings of crystal atoms near which the
electron is moving form in the plane orthogonal to the
(100) axis a two-dimensional lattice with a2 = a3 = a/2</~2.)

We see that in the low-frequency region a£» <TBH and
that in motion of an electron along a crystallographic
plane the radiation cross section has sharp maxima.
The smooth curve in Fig. 4b corresponds to coherent
radiation of an electron in a single string of crystal
atoms; the curve with the sharp maxima corresponds
to the case in which there is a coherent effect in the ra-
diation of the electron at the individual strings of atoms
and an interference effect in the radiation at different
strings of atoms.

FIG. 4.
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c) Cross section for radiation on motion of an electron
near a crystallographic plane

We have discussed the radiation by an electron in its
motion near a crystallographic plane, assuming that
6*~i/i/a2. Now we shall assume that as before the par-
ticle moves near a crystallographic plane (a«l) and
that we have the condition 6*~i/io/a3 rather than the
condition 6*~tj>/a2.

In this case the mean contribution to the cross sec-
tion for coherent radiation is from terms with g,= 0
and g,= 0, and the radiation cross section has the

form11

(4.9)

where 0 = i/ia is the angle between the incident-electron
momentum and the (y,z) crystallographic plane. This
formula shows that the entire plane as a whole near
which the particle is moving acts as an elementary ob-
ject and that the radiation occurs as a result of interac-
tion with this object.

If we formally assume the distance between planes a3

to be very large, then it is obvious that the summation
over gt can be replaced by integration over (2n/a3)~

iAgI.
Here the radiation cross section takes the form

««/[)
(4.10)

In the case of a screened Coulomb potential the spec-
tral distribution of the radiation given by Eq. (4,10) is
shown in Fig. 5a. Curves 1 and 2 correspond to elec-
trons with energy e = l GeV moving at angles 6 = 0.2 and
0.4 mrad to the (Oil) plane of a silicon crystal (^ = 0
= 5.43 A, a2 = fl3 = a/2vr2~; thermal displacement of the
atoms is not taken into account). In Fig. 5b we have
shown the same quantity oxlffg/dw calculated from the
exact formula (4.9) when the summation is not replaced
by integration (0=0.4 mrad). We see that here there
are sharp maxima due to interference of different
planes. In Eq. (4.10) these maxima have been inte-
grated (the dot-dash curve in Fig. 5b corresponds to the
quantity wdac/dw found from Eq. (4.10) at 0 = 0.4 mrad).
The increase of the radiation cross section in the low-
frequency region in comparison with the Bethe-Heitler
result (the dashed curve in Fig. 4) is due to the coher-
ence of the radiation of the electron in the crystal. In

0 20 40 6O <uMeV 20 $0 60 w MeV

FIG. 5.

•ifly'B/a

FIG. 6.

the case considered the electron radiates coherently,
interacting with atoms located within the limits of an
individual crystallographic plane.

The qualitative behavior of the spectral distribution of
radiation over the entire frequency region for tji«1 and
<a«l is shown in Fig. 6.42 In the frequency region u>

~ 4ir>'2f/)/a2 the interaction of the electron with individual
atomic strings of the crystal located along the z axis is
important; on the other hand in the region w~ 47]y2i/i a/'a3

the interaction with individual planes of atoms is im-
portant. (The small maxima in the radiation spectrum
at u>~ e are due to interference of waves radiated by the
electron in interaction with individual lattice atoms.
The locations of these maxima are determined from the
condition 6* = 2nn/a1, where «= 1, 2, 3, .. .. The ques-
tion of the radiation of electrons in this frequency re-
gion will not be considered in this article.)

We emphasize that since we are using the Born ap-
proximation the results are valid if the inequality
N*Ze2/Kc«l is satisfied.12

d) Spectral density of radiation in classical electrodynamics
in the first approximation in the potential43

If the opposite inequality is satisfied, NcZe2/Kc»l,
then the Born approximation is inapplicable. However,
if in addition to this inequality we have the condition Ku
«e, then it is possible to use the classical theory of
radiation.

Radiation in the classical theory is determined by the
particle trajectory, which is found from the equation of
motion

_V2u( r - r ( ) , (4.11)

where u(r -r f) as before is the potential energy of in-
teraction of the electron with the i-th atom of the crys-
tal.

We shall show that if the potential energy can be con-
sidered as a small perturbation, then the spectral den-
sity of radiation given by the classical theory will coin-
cide with the spectral density of radiation calculated in
quantum electrodynamics in the Born approximation if
recoil on radiation is neglected. Smallness of the po-
tential energy means that the particle trajectory is
close to rectilinear, r(t)x ra+vt (r0 is the point of entry
of the particle into the crystal) and that the scattering
of the particle is small.
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We return to Eq. (2.11) and in it set ifL

=-e^Vj.ZyfcWtr-r,,) and r(t) = ra + vt. As a result we ob-
tain

d£ = _l!6_ f ^ifl— 2-2-ft 2-\~\
do .-rm' J ?» L « I ? J J

(4.12)

Equation (4.12) must be averaged over the points of
entry r0 of the particles into the crystal. Using for this
purpose a Fourier expansion of the potential energy

we find that

dco 4,YJm2 (4.14)

where gM ̂  6. Then performing in (4.14) an averaging
over the thermal vibrations of the lattice atoms and
noting that the spectral density of radiation d£/dw is
related to the differential cross section for radiation of
a particle in the crystal field da/dco by the realtion dE/
do) = w.Lct>da/da>, we arrive at Eq. (4.4) if in the latter
we neglect recoil during radiation. [We note that in
this case the incoherent part is reproduced with loga-
rithmic accuracy; see also Eq. (3.2).] Thus, we have
arrived at a formula which is valid in the Born approx-
imation, but our derivation does not require the condi-
tion of applicability of the Born approximation. It is
necessary only that the scattering angle within the lim-
its of a coherence length be sufficiently small.

We see that the formula for the radiation cross sec-
tion obtained in the Born approximation has in reality a
region of applicability much greater than the region of
applicability of the Born approximation. Here it is im-
portant that coherent and interference effects in the ra-
diation are described both by the quantum theory and
the classical theory of radiation.

It is interesting to note that almost all experiments on
verification of the predictions of the Born theory of co-
herent radiation of relativistic electrons in a crystal
have been carried out under conditions in which the
Born approximation is not valid. At the same time good
agreement has been observed between the results of the
experiments and the results of the first Born approxi-
mation.10'44'45 The results obtained in this section show
that the reason for the agreement lies in the agreement
of the formulas of the quantum and classical theories of
radiation of fast electrons in a crystal in the case in
which the crystal field perturbs the electron motion only
slightly.

5. RADIATION WHEN RELATIVISTIC PARTICLES
MOVE NEAR A CRYSTALLOGRAPHIC PLANE

a) Spectral density of radiation of superbarrier and
channeled particles20 -42

We shall now turn to a more detailed discussion of
radiation when a relativistic electron or positron moves
near a crystallographic plane or axis, assuming that

the radiation can be described by classical electrody-
namics. For this purpose it is necessary in particular
that the photon energy be substantially less than the
electron energy (/fo>«e) and that the condition12 N,.Ze2/
Kc»\ be satisfied, where Nc is the number of atoms in
a coherence length.6'

We shall begin with a discussion of the motion of a
particle near a crystal plane ( a« 1). We shall be in-
terested in the radiation in the region of frequencies
for which the coherence length /c~ 6"1 is greater than or
of the order of R/8, where R is the screening radius.

In the Born approximation, as we have seen, in this
case the action of a crystallographic plane with many
discretely located atoms is equivalent to the action of a
plane with continuously distributed atoms. In other
words, in this case the crystal potential can be
replaced by an averaged potential U(x)
= (l/ijL,) / AydzU(x, y,z), where Ly and Lf are the lin-
ear dimensions of the plane in the y and z directions.
The potential energy U(x) can be represented in the
form

U(x)=^Up(x-x^, Up(x)^-^-^VAzu(x,y,z), (5.1)

where Uy(x) is the averaged potential energy of interac-
tion of an electron with a crystallographic plane and xn

is the coordinate of the point of intersection of the x
axis with the n-th plane. The same substitution can al-
so be used in a classical discussion of the radiation of
relativistic particles. This is due to the fact that in the
relativistic case when lc~6~lz R/0 the particle will in-
teract within a coherence length with a large number of
atoms of a crystal plane. Since the radiation is formed
in a length of order /c and for small 6 the change of the
impact parameter between successive collisions of the
particle with the atoms of the plane located within a
length Jc is small, then the nonuniformity of the poten-
tial distribution in the plane is unimportant for the ra-
diation.

The velocity and acceleration of a particle in the field
(5.1) will obviously be periodic functions of the time. If
T is the period of oscillation of these quantities, then

will be the velocity of the translational motion of the
particle. Since v(t + T) = v(t), then r(t + T)=v,,T + r(t) and
rL(t+T)=rL(t), where rx(£) is the component of r(t) orth-
ogonal to v,,.

We shall now determine the spectral density of the
radiation according to Eq. (2.6), taking into account the
periodicity of the electron motion in the direction or-
thogonal to V||. In this case

I I n J 12 3in" (ffqTIZI ,, ,»
I I I — "I'll l* = sin»(?JV2) l1!-"^!! P>

T T

I* = f dtv±(l)ei<a (*-»r < ( » , 7f| = f dtei<a «-•>'«»,

* References 83 and 84 give a detailed discussion of the relation
between the results of the classical and quantum theory of
radiation of relativistic particles in an external field.
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where q= o^l -nvn) and N is the number of oscillations
which the electron makes in traversing the crystal.
For large N

where v=2vk/T, fe = 0,±l,±2, ..., and the expression
for d-E/dco takes the form

(5.2)

here

and (? is the angle between^ and VL. Since q
= w(l -nV||), then v = (l+y2v* + yzw*)6. In the dipole ap-
proximation when y2vf« 1 we have

(5.3)

It follows from the equation of motion (4.11) that in
the field (5.1)

Here

where xa is the coordinate of the point of entry of the
particle into the crystal and x = vi(t). From this it is
easy to find the particle trajectory:

where the integration is carried out along the path trav-
eled by the particle in the crystal along the x axis.

For Ej.(#0) > t/ma][, where Umui is the maximum value of
U(x) (for electrons Um3X=0, and for positrons Um!a

= \U(x) \maa) the energy of the transverse motion of the
particle is greater than the height of the potential bar-
rier. The motion of the particle along the x axis will be
infinite. A particle moving under these conditions is
called superbarrier. The period of oscillation of such a
particle obviously is

(5.5)

where d is the distance between planes.

If £j.G»:0) < #mM> then the motion of the particle in the
direction perpendicular to the plane will be infinite.
Here the particle is called channeled. We see that a
necessary condition of channeling is that the inequality

00 be satisfied, where 8C = V 2 1 U I max/e is the crit-
ical angle of channeling.13 For B> 9e the motion will be
superbarrier (Fig. 7; the trajectory 1 corresponds to
motion of a positron in a crystal in the case in which 6
» #c; trajectory 2 corresponds to the case in which d
~ 00 and the motion is infinite; trajectory 3 corresponds

o =~.

FIG. 7.

to motion of a channeled positron). The period of oscil-
lation of a channeled particle is

(5.6)

where ©(£) is a step function.

Note that the trajectories and periods of oscillation of
particles moving in a crystal under conditions of chan-
neling and superbarrier motion are different, and
therefore the spectral distributions of their radiation
will also be different.

Since the trajectory of a particle depends on *„, the
quantity d£/dw must be averaged over xa. Assuming
the distribution of particles over x0 at the entrance to
the crystal is uniform, we have

AE _ 1 r , d£
~ d ax" •dw dw (5.7)

(5.4) b) Radiation of superbarrier particles for

H the entry angle 9 is sufficiently large (B» Oc), then
x(t)~x0±6t and Tu

Kd/6v. Here in the dipole approxima-
tion (y2vl«l) we have \ W ( v ) \ 2 = (gx/cO)2\U(gJ j2, where

v= Ogx, and the formula for the spectral density of ra-
diation takes the form20

d£
d<o = £- (5.8)

It is easy to see that this formula leads_to the same
result as Eq. (4.10). Indeed, noting that E-nLua' (L
is the thickness of the crystal) and U(g^ = ndu(t^, where
M(, ) is the Fourier component of the potential energy of
an individual atom v/ithgy = gt = 0, for the case w 2 = 0 and
ttu>«t we arrive at Eq. (4.10) for o£.

We emphasize that Eq. (5.8) is not valid for 0« 0C. In
this case the motion of the particle in the crystal al-
ready cannot be considered rectilinear, and in order to
find x(t) it is necessary to know the specific form of the
function U(x).

c) Radiation of electrons and positrons for 9 ̂ .6C

Let us see how the spectral distribution of the radia-
tion changes with decrease of the angle 6. For this
purpose we shall write d£/dw in the form

-af = /(£, P) = / (5.9)

where A= 32e2C/2/ir4w26crf and/(f,/3) is a dimensionless
function of the parameters £ = 6d/20c and j3= 0/0c; /c

=/c(£,/3) refers to channeled particles and/u(f,/3) refers
to superbarrier particles.
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FIG. 8.

The functions /c and /u can be found by numerical
methods from Eqs. (5.2)-(5.7) if the interplanar poten-
tial is given. For light elements the potential energy
U(x) can be approximated with high accuracy by a para-
bolic function14:

~ (5.10)

where the + and - signs refer respectively to positrons
and electrons, U0 = 2irrinRdZe2, n is the density of
atoms, and r\ is a numerical coefficient of the order of
unity determined from the condition of best approxima-
tion of the interplanar potential by the parabolic func-
tion.

In Fig. 8 we have shown the results of calculation of
the function/(£,/3) in the dipole approximation for vari-
ous values of the parameter ft. The solid curves refer
to positrons moving in a field with the parabolic poten-
tial distribution (5.10), and the dashed curves are for
electrons moving in the same potential. In the same
figure we have shown the results of calculations7' (the
dot-dash curves) of the function/(£,/3) for electrons and
positrons moving in a field with a linear potential dis-
tribution42

U(x) = ±U, (5.11)

In the field of this form the function /(£, /3) is the same
for electrons and positrons.

These results show how the spectral distribution of
the radiation depends on the value of the angle 9, on the
sign of the particle charge, and on the form of the ap-

7)For a number of other approximations of the interplanar po-
tential the results of calculations of the radiation spectra of
electrons and positrons moving near a crystallographic plane
are given in Refs. 42 and 46.

proximation of the interplanar potential.

In fields with parabolic and linear distributions of the
potential the dominant contribution to the radiation is
from the first harmonic of the radiation—the first term
of the sum over v in Eq. (5.3). The maximum of the
spectral distribution of the radiation of this harmonic
corresponds to frequencies w~4iryz/T. For 9~ 0C in the
region of the maximum of the radiation/(f ,/3)~ 1 (see
Fig. 8), and consequently in this frequency region E' is
determined in order of magnitude by the crystal thick-
ness L and the value of the factor A; see Eq. (5.9).
Comparing E' in the frequency region corresponding to
the maximum of the radiation with the value E%K corre-
sponding to the radiation of a particle in an amorphous
medium, we find that

AE
do)

(5.12)

where Nc~nR2d/9c is the number of lattice atoms which
are located within a coherence length. We see that for
9<, 9C the enhancement of the radiation is due to the co-
herent mechanism of radiation of relativistic particles
in interaction with the atoms of a crystallographic
plane. The sharp peaks in the radiation spectrum (see
Fig. 8) are due to interference of waves radiated by the
particle from periodically repeated portions of the path.

The curves given in Fig. 8 show that the difference in
the spectral distributions of the radiation between elec-
trons and positrons are especially great for small an-
gles 0 (B-& 6C). Beginning with 6 of the order 20C the
radiation spectra of electrons and positrons practically
coincide.

For 6>6C only superbarrter particles exist. The per-
iod of oscillation of these particles increases with de-
crease of 6 (Tu~d/0).

Here the region of characteristic frequencies of ra-
diation w~47ry2e/rf decreases, and the intensity of the
radiation at the maximum increases.

For #«0C in addition to superbarrier particles, chan-
neled particles appear, whose oscillation period is
about twice that of superbarrier particles; therefore
the characteristic frequencies of radiation of channeled
particles are a factor of two lower than those of super-
barrier particles. In Fig. 8 the sharp peak in the spec-
tral density of radiation in the region £ ~ 1 is due to
channeled particles, and the maximum in the region £
2 2 is due to superbarrier particles.

We note that the intensity of radiation of channeled
and superbarrier particles near their radiation maxi-
ma are of the same order of magnitude.

For 0 = 0 the intensity of radiation of positrons in the
region £= 1 is less than that of positrons for e = 0.90c.
This is due to the fact that for 0 = 0.90C the fraction of
channeled positrons whose oscillation amplitude is
large is greater than at 0=0 , and their contribution to
the spectral distribution of the radiation is dominant.
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d) Influence of divergence particles in the beam on
radiation42

Up to this time we have assumed that the particles
enter the crystal strictly at a given angle 6 to one of the
crystallographic planes. In practice, however, a parti-
cle beam always has some divergence, and therefore it
is important to determine how the beam divergence af-
fects radiation. It is clear that the spectral density of
radiation in this case will be determined not by Eq.
(5.9), but by the formula

g§- = ̂  jde*(8)/(J , p), (5.13)

where g(6) is the distribution function over the angle 9
of the particles which have entered the crystal. In the
simplest case when the particles enter the crystal par-
allel to crystallographic planes and the particles in the
beam are distributed uniformly in an interval of angles
60» 9> 0, the function g(6) has the form g(0)

= -z-Q(60 - 9), where Q(x) is a step function.
"o

Here

—

-gjj- = LAfd,
o

/(S, W = -ft j dp/ (t, (5.14)

where j30= 00/0C. In FiS- 9 we ha-ve shown plots of the
f unction/(f,/30) for positrons (Fig. 9a) and for electrons
(Fig. 9b) in the case in which the particles are moving
in a field with a parabolic distribution of the interplanar
potential. The numbers on the curves correspond to
various values of the quantity /30= 00/90. In addition to
these curves we have shown plots of the function/(£, |30)
in the case of a linear interplanar potential (Fig. 9c).

If the particle beam has a divergence, then only part
of the beam particles will satisfy the conditions of
channeling. Here the channeled particles will make the
main contribution to the radiation in the frequency re-
gion w~4y20c/d (i.e., £~1) , while the superbarrier
particles will make the main contribution in the fre-
quency region uZ 8y260/d (i.e., £2 2).

It is evident from the graphs that in the case of a pos-
itron beam with high divergence there is a sharp peak
in the radiation spectrum at £~ 1. This result does not
depend on the specific form of the interplanar potential
(see Figs. 9a and c). This is due to the fact that all

1.5 1.5

0.5 -

0 1 2
a)

FIG. 9.

I 2 ( I 2 (
b) c)

channeled positrons have similar oscillation periods,
and consequently all these particles give a major con-
tribution to the radiation at £~ 1. In regard to super-
barrier positrons, for them there is no sharp peak in
the radiation spectrum, since superbarrier positrons
with different values of 9 contribute to the radiation in
different frequency regions (see Fig. 8).

For electrons, in contrast to positrons, the radiation
is affected to a greater degree by the form of the inter-
planar potential (see Figs. 9b and c). For electrons
moving in a parabolic potential, under channeling con-
ditions the particle -oscillation period will depend
strongly on the value of the angle 9 and on the coordi-
nate of the point of entry of the particle into the crys-
tal, and therefore there is no sharp peak in their ra-
diation spectrum.

The existence of the sharp peak in the positron radia-
tion spectrum shows that experimental study of the ra-
diation of channeled particles can be carried out most
simply by means of positrons.

Up to this time we have not taken into account multi-
ple scattering of particles, which plays an important_
role if the mean square angle in multiple scattering a2

exceeds the square of the beam divergence angle 9%, In
this case the distribution function g(6) entering into Eq.
(5.13) must be considered to depend not only on the an-
gle 9, but also on the particle penetration depth into the
crystal: g ( 8 ) = g ( 9 , z ) . Taking into account that /(£,£)
does not depend on z, in determining the radiation
spectrum we can replace g(0) by

Here the spectral density of radiation E' will be deter-
mined by Eq. (5.13) with this distribution function.

e) Inclusion of the nondipole nature of the radiation

Equation (5.3) for the spectral density of the radiation
is valid in the case of the dipole approximation, i.e.,
under the condition y2yf«l. However, if we have in-
stead the condition y2t>f2 1, then the dipole approxima-
tion cannot be used and the radiation spectrum must be
determined on the basis of Eq. (5.2).

Violation of the dipole radiation condition occurs
earliest for channeled particles. In fact, for these par-
ticles vl~ 91, and therefore y2i>|~y2#2~ 2f/0y/m; for suf-
ficiently high energies the latter quantity is greater
than unity. In the case of superbarrier particles (0> #0)
the value of yf is of the order of 9*/9z, i.e. , t>f < 62, _and
therefore for superbarrier particles the value of y2v2 is
significantly smaller than for channeled particles (the
factor <?c/0 reflects the decrease of the time of action
of forces for a superbarrier particle in comparison
with a channeled particle). For this reason we shall
consider the influence of the nondipole nature of the ra-
diation only for channeled particles, assuming that the
beam particles enter the crystal parallel to crystallo-
graphic planes.

The spectral density of radiation averaged over the
point of entry will be determined by Eqs. (5.2) and
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(5.7). In the general case it is not possible to calculate
the integrals occurring_in these formulas analytically,
and therefore to find d£/do> we have used numerical
calculations47 performed on a computer.8' (If the func-
tion x(t) is known, then to fine E' it is necessary to
calculate a triple integral over the time t, the azimuth-
al angle <p, and the coordinate xa of the point of entry of
the particle into the crystal. Such calculations can be
carried out with various approximations of the inter-
planar potential.)

The quantity E' is conveniently written in the form

l! = <"MS), (5.15)

where x = y0c is the parameter of the nondipole nature
of the radiation.

For positrons moving in a diamond crystal along the
(110) plane the f unction /^(J) is shown in Fig. 10 [the in-
terplanar potential is assumed to be parabolic with U0

= 20 eV; curve 1 corresponds to a positron energy e = 6
GeV (x=0.96) , and curve 2 corresponds to £ = 14 GeV
(x = 1.47)]. In the same figure we have shown the func-
tion /„(£), which corresponds to the result of the dipole
approximation (curve 0).

It follows from Eqs. (5.2) and (5.7) that for xs 1 the
location of the maximum of the radiation spectrum of
channeled posjtrons is determined from the condition
2Tr/Tc = (l +yV?)6; for a parabolic potential this leads to
the following value of the frequency corresponding to
the maximum of the spectral density of radiation:

a-«.'=rRfc- (5-16)

where a>0 = 4y20c/rf is the position of the maximum of the
radiation spectrum in the dipole approximation. There-
fore this value of wmlx corresponds to £ma][

It can be seen from Fig. 10 that for £<£„,„ the dipole
and nondipole approximations give similar results.

For £ > 1 ( GO> o>0) in the dipole approximation E' = 0,
while inclusion of the nondipole nature leads to E'*Q.

A simple formula for the spectral density of radiation
can be obtained in the frequency region w< wmM if the
channeled positrons are moving in a parabolic inter-
planar potential. For this purpose it is necessary to
use Eq. (2.4). In the case that positrons move in a pa-
rabolic potential we have x(t)=x0 cos Sit, where n = 20c/d
and \xa\**d/2. Substituting this expression for x(t) into
Eq. (2.4) and noting that

-!"* W --= v ("i- (ti + 0 — "i. ('2)) = — 2x1 sin ̂ - cos T2 + ^ - ,

81We note that the radiation of channeled particles with allow-
ance for the nondipole nature has been investigated also in
Rets. 46 and 48-50 in the framework of undulator theory.
The results obtained in these studies apply to positrons mov-
ing in a parabolic interplanar potential. The necessity of
taking into account the nondipole nature for description of the
radiation of channeled particles was pointed out by Bazylev
and Zhevago.18

FIG. 10.

where x = y0c, I = 2x0/d, ri = Slt, and r2 = JW2> we obtain
after integration over r2

-^ - 4Ne^ { } -̂ i- [ (1 -f («)2 sin" i.) sin CJa (D)
0

-(xiP sin* -cos C V , ( 0 ) - - - , (5.17)

/?=iig>i(.iuT.-4'to;|T'/a)).
Equation (5.17) is valid for any frequency. We see

that the nondipole parameter w enters into E' in the
form of the combination f x2£2/2. In the low -frequency
region this quantity will be small regardless of the val-
ue of K. In the first approximation in this parameter E'
takes the form

-£! + - 5 . (5.18)

This simple formula satisfactorily describes the pos-
itron radiation spectrum in the frequency region u

f ) Comparison of theoretical results with experiment

On entry into the crystal, due to the imperfections of
the surface of the lattice, a redistribution of the parti-
cles in angle can occur, as a result of which the spec-
tral distribution of radiation of particles moving in the
crystal will differ from that in the case in which the
surface of the crystal lattice is ideal.

The results obtained above show that in the case of
positrons for B< 9C the main contribution to the radia-
tion in the low -frequency region o>< wmv. is from chan-
neled particles (see Figs. 8 and 10), and therefore, by
comparing the results of theory and experiment in this
frequency region one can determine the fraction of
channeled particles in a specific experiment. For this
purpose we present the spectral density of radiation of
particles moving in a crystal in the low-frequency re-
gion in the form

d£
dm 0) "g (Um (5.19)

where TJ is the fraction of channeled particles (r\^ 1)
and d£c/dco is the spectral density of radiation of chan-
neled particles; we shall determine the value of rj from
comparison of theory and experiment in the low-fre-
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quency region.

In 1978 an experiment was performed at Stanford in
which the radiation spectra of positrons with energies
e = 4, 6, 10, and 14 GeV were measured when the par-
ticles moved in a diamond crystal near the (110) crys-
tallographic plane.23 In Fig. 11 we have shown the re-
sults of this experiment for the case in which positrons
entered the crystal parallel to the crystallographic
plane.23'47 As ordinate we have plotted (l/L)d£/dw in
cm"1, and as abscissa—the photon energy in MeV. The
beam divergence was less than 10"5 rad, and the crys-
tal thickness was L- 80 jim. In the same figure we
have shown by the solid curves the results of calcula-
tion of the radiation spectrum of channeled particles in
the low-frequency region w£ wma]t. The calculations
were carried out using Eqs. (5.18) and (5.19). The val-
ue of f/0 was taken as 20 eV—a good approximation of
the interplanar potential by a parabolic function is ob-
tained with this value of J70. Values of r\ were chosen
from the condition of agreement of theory and experi-
ment in the low-frequency region. For e = 4, 6, 10, and
14 GeV these values are respectively rj = 0.7, 0.7, 0.85,
and 0.6.

We see that in the experiment considered, even at 6
= 0, in addition to channeled positrons there is a rather
large group of superbarrier particles.9' The appear-
ance of this group of particles at 0= 0 may be due to an
imperfection of the crystal lattice (surface imperfec-
tion, mosaic structure, or extended defects). This is
indicated also by a series of measurements of the ra-
diation spectra of positrons with e = 10 GeV made in the
case in which 9*0 (Fig. 12; Ref. 47). Indeed, in the
experiment with increase of 0 from 8=0 to 8= 6C (0C

= 6.8-10"5 rad) the rise noted above (at the end of Sec-
tion c) in the intensity of radiation of channeled parti-
cles was not observed; the experimental results show
that even for 9> 00 in the low-frequency region o>< u>m3X

channeled particles contribute to the radiation; for 8
> 9C there is no sharp peak in the radiation spectrum of
superbarrier particles, which indicates a large spread

9> The same conclusion was reached by the authors of Ref. 51.
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of these particles in angle.

In the high-frequency region (o>>u>m a x) both channeled
and superbarrier particles make important contribu-
tions to the radiation. The radiation spectrum of the
latter depends very strongly on the spread of the parti-
cles in angle. Since the distribution in angle of the par-
ticles which had left the crystal was not studied in the
experiment discussed, and the defects of the crystal
lattice were not investigated, we shall not analyze the
experimental results for this frequency region. For the
same reason in the present work we shall not dwell on
comparison of theory with the results of experi-
ments24"26 in which the radiation spectra were mea-
sured under conditions of collimation of the radiation.

The results obtained in this section can be used also
to determine the spectral density of radiation of rela-
tivistic particles in an undulator,52"55 i.e., in a device in
which the transverse motion of a particle is periodic.
The basic difference between the radiation of particles
in a crystal and in an undulator is that in an undulator
the radiation of all particles occurs identically, while
in a crystal it is necessary to distinguish the radiation
of channeled and superbarrier particles. To this we
must add that in motion of particles in a crystal near a
crystallographic axis the condition of periodicity of the
transverse motion generally cannot occur (see the next
section).

6. MOTION OF RELATIVISTIC ELECTRONS AND
POSITRONS NEAR A CRYSTALLOGRAPHIC AXIS

a) The approximation of continuous strings

We turn now to investigation of the interaction of rel-
ativistic particles with a crystal in the case in which
the particle is moving near a crystallographic axis. In
contrast to motion near a crystallographic plane, which
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FIG. 13.

was essentially one-dimensional (the effective potential
energy depended only on the distance to the plane), we
are now dealing with a two-dimensional problem of mo-
tion and radiation of a particle in a field created by
strings of crystal atoms located parallel to a crystallo-
graphic axis near which the particle is moving. We
shall assume that the interactions of a particle with the
different strings are independent. This assumption is
justified if the particle moves far from close-packed
planes or if the angle of scattering of a particle by an
individual string of atoms is large in comparison with
the angle between the incident beam and the crystallo-
graphic plane.

The angle of scattering of a relativistic particle by an
individual atom of a lattice is small (3l~ 2Ze2/f>vp,
where p is the impact parameter); therefore if the par-
ticle enters the crystal at a small angle ip to one of the
crystallographic axes (the z axis), then the change of
the impact parameter Ap at neighboring, atoms of the
lattice will be small in comparison with the impact pa-
rameter, Ap~a1(0+31) «p (Fig. 13). It is clear that
under these conditions for description of the motion of
a particle in a crystal the nonuniformities of the poten-
tial along the z axis in the transition from one atom to
another are unimportant; therefore the potential energy
of a particle moving in a crystal can be represented in
the form

: dzu < (6.1)

where UT(p) is the effective potential energy of interac-
tion of a particle with a string of atoms located parallel
to the z axis, and pn characterizes the location of a
string of atoms in the (x,y) plane orthogonal to the z
axis.10'

In the field (6.1) it is evident that the component of
the particle momentum parallel to the z axis is con-
served. However, in the (x,y) plane the motion of the
particle is described by the equation

The first integral of this equation has the form

«x(Po). (6.3)

where £1(p0) = (£<f>2/2) + U(p0) is the energy of the trans-
verse motion of the particle and p0 is the point of entry

lo>The approximation of continuous strings was introduced by
J. Lindhard13 in discussion of the motion of nonrelativistic
channeled positively charged particles in a crystal. In the
relativistic case this approximation can be used both for
channeled particles and for unchanneled particles. It Is
necessary only that the angle # be sufficiently small.

FIG. 14.

of the particle into the crystal.

In Fig. 14 we have shown equipotential surfaces U(p)
= const for diamond when the z axis is parallel to the
(100) axis of the crystal. [For the continuous potential
of an individual string of atoms we used in the calcula-
tions the formula UT(p) =(22Te2/a1)S^.1 aiK0(^ip/R),
where K0(x) is a Bessel function, a{ = (0.1,0.55,0.35),
and 0. = (6,1.2,0.3)]. The numbers on the lines with
equal potential correspond to values of U(p) = const in
eV. The value of U(p) at the center of the cell is taken
as zero. The dots in Fig. 14 designate centers of cells;
the heavy circles are the axes of atomic strings.) In
the same figure we have shown typical trajectories in
the crystal of positrons (curves a and 6) and electrons
(curves c and d) in the (x,y) plane orthogonal to the
crystallographic axis.

We see that the motion of positrons and electrons in
the (x,y) plane can be both finite and infinite. The in-
finite motion [e1(p0)>C/*, where U* is the value of the
potential energy at the central point between the clos-
est atomic strings] corresponds to superbarrier parti-
cles; the finite motion [e1(p0)<C/*] corresponds to par-
ticles which are called hyperchanneled (Ref. 14).11'

Taking into account that the fraction of hyperchanneled
particles is small and that as the result of dechanneling
the number of these particles decreases, we shall con-
sider further the motion and radiation of only superbar-
rier particles. (We note that it is always possible to
create conditions in which all particles moving in a
crystal will be superbarrier. This requirement is sat-
isfied, for example, if 4>>$a.) Here we shall not es-
pecially separate the group of channeled positrons,
since this group of particles belongs to the superbar-
rier particles.

"'in the case of motion near a crystallographic axis the
term " channeled particle" is used for positively charged par-
ticles whose energy EA =e^/2 satisfies the condition
U* < CL < E*2

c/2, where !/i2
c=V4ZeVea1 is the critical channeling

angle.13'14 It is clear that these particles execute infinite
motion, in contrast to hyperchanneled particles. The term
"channeled particle" in the case of motion near a crystallo-
graphic axis was introduced in order to distinguish particles
which do not approach closely to nuclei and, in particular, do
not take part in nuclear reactions.
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b) Scattering of a particle by an individual string of atoms

We shall discuss first the motion of a particle in the
field of a continuous potential of an individual atomic
string UT(p). The trajectory of a particle incident on
the string is determined in the ( x , y ) plane by the equa-
tion

from which it follows that

dp- (6.5)

where b is the impact parameter of the string (Fig. 15),
P0 is the distance of closest approach of the particle to
the string, and the signs + and - correspond to the por-
tions of the trajectory in which the particle is traveling
away from the string and approaching the string. The
azimuthal scattering angle of the particle by the string
(see Fig. 15) is

dp/p" (6.6)

and the angle of scattering of the particle by the string
•3(6) is related to the azimuthal angle <p(b) as follows:

(6.7)

If \UT\, i.e., then |<p(6 ) |« l and

• (ft) = i|><p (6), 9 (*) =-jjj—-^i; \ dz£/r(p), (6.8)

where p=T/x2 + b2 [the x axis is parallel to the compo-
nent of momentum of the incident particle in the ( x , y )
plane].

c) Multiple scattering of fast particles by atomic strings in
a crystal56-57

The formulas given above characterize the scattering
of a particle by a single atomic string. In the case in
which the crystal thickness L is large, L»a2/Rip [a
= (nfli)"1/2 is the average distance between strings], it is
necessary to take into account multiple scattering of
particles by different strings. For this purpose we
shall introduce the particle-distribution function / (<p, z )
which shows how the particles are distributed in the
angle cp at a depth z. This function satisfies the kinetic
equation56"59

A'/. [ / (9+X, z)-/(9, z)], (6.9)

which corresponds to a one-dimensional nature of the
scattering—the scattering occurs only in the angle <p.
The elementary scattering process here is scattering
by an individual atomic string, and not scattering by in-
dividual atoms as occurs, for example, in an amor-
phous medium. For relativistic particles Eq. (6,9) is
valid regardless of the relation between $ and i/)c.

56

The solution of Eq. (6.9) with the boundary condition
f(<f>,0) = 6(<p) has the form

) = K 2 I X ^ - s i n ' ^ (6.10)

An important quantity which characterizes the scat-
tering of particles in a crystal is the mean square
scattering angle of the particles. According to Eq.
(6.7) it is given by the formula

Using Eq. (6.10), we have

dX

(6.11)

(6.12)

If !/»»!/>(,, then the characteristic values of the angle
(p of scattering by an individual atomic string are
small. Here, if

<p2 = 2na,Ii|> j

then for cp-& y>2 the sum in Eq. (6.10) can be replaced
by an integral. In this case the distribution of particles
will be Gaussian:

-rw. (6.13)

Here

(6.14)

If, in particular, the potential of an individual atomic
string is taken as the Lindhard potential13

then according to (6.14) we have

05(£) = /3(4-V"^;g£. (6.15)

Comparing this value of 92(L) with the mean square
scattering angle of the particles in an amorphous medi-
um $1 [see Eq. (3.1)], we find that

¥£—£-. (6-16)

FIG. 15.

We see that for sufficiently small values of the angle
$ the mean square particle-scattering angle in the crys-
tal can significantly exceed the mean square particle- '
scattering angle in an amorphous medium. We recall
that Eq. (6.16) is valid if ^»^c. In Fig. 16 we have

shown the dependence of V 32(L)/Q2 on ifi x^1 for an ar-
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d£
dco = d(p/(<p, L)

d£(»(cp) )
(7.1)

0 2 4 <f * p/ft.

FIG. 16.

bitrary relation between 4> and ((),,. This dependence is
obtained by numerical calculation in a computer accord-
ing to Eq. (6.12). As the continuous potential of a string
of atoms in the calculations we used the Lindhard poten-
tial. The curves shown apply to positrons (solid curves)
and electrons (dashed curves) with e = 10 GeV moving in
germanium crystals with thickness L = 10, 100, and
1000 p.m at a small angle fy to the (110) crystallographic
axis.

These results show that the maximum of L s is
reached at i{>~ili<,; the value of 32(L) decreases with de-
crease of $ if $ < t!)c.

7. RADIATION FROM A RELATIVISTIC PARTICLE
NEAR A CRYSTALLOGRAPHIC AXIS

a) Radiation in a thin crystal for IC>L 56

In the previous section we showed that the motion of a
particle near a crystallographic axis differs substan-
tially from motion in an amorphous medium. The scat-
tering of the particles also differs greatly in the two
cases, and therefore the radiation will also be quite
different.

Let us turn now to discussion of the radiation of par-
ticles in motion near one of the crystallographic axes
of the crystal (the z axis), and as in the preceding sec-
tion we shall use classical electrodynamics. The main
fraction of particles from the incident beam executes
infinite motion in the plane orthogonal to the z axis (see
Chapter 6), and therefore we shall restrict the further
discussion to the radiation of only this group of parti-
cles.

We shall begin with the simplest case of radiation of
low frequency, assuming that the coherence length is
large in comparison with the crystal thickness, lc» L,
and further that L»a2/Rip, where a is the average dis-
tance between atomic strings. In this case a particle in
passing through the crystal will interact with a large
number of different atomic strings located parallel to
the z axis; the scattering by the individual atomic
strings will be assumed to be independent.

The spectral density of radiation E' for Zc» L is de-
termined, according to Eq. (2.9), by the particle -scat-
ter ing angle 3. Since in the case considered 9 = 3((p)
and the angle <p can take on various values, it is nec-
essary to average E' over <p with a distribution function
f(<P,L):

We shall consider several very interesting cases._ In
the dipole approximation when y2d*« 1, where 32 = ̂ 2(i)
is the mean square angle of scattering of the particles
by the crystal (6.12), Eq. (7.1) takes the form

If >1>»4>C, then in accordance with (6.14)

(7.2)

(7.3)

The spectral density of radiation in this case increases
rapidly with decrease of the angle $.

Comparing the expression found for E' with Eq. (3.3)
for E{jH, we find that E'~ NCE'BS, where N is the
number of atoms from an individual string which are
located within a coherence length. We see that for lc

»L the enhancement of the intensity of radiation in mo-
tion of particles in a crystal in comparison with the ra-
diation in an amorphous medium is due to the effect of
coherence.

For i/is i/)c, as was shown in Section 6, 32(L) de-
creases with decrease of $ (see Fig. 16). Therefore in
the low -frequency region E' does not depend on w and
reaches a maximum value at 4>~t)>c.

If y232» 1, then in accordance with Eq. (2.10b)

(7.4)

The radiation spectrum in the crystal in this case, as
in an amorphous medium [see Eq. (3.6b)] is almost in-
dependent of the crystal thickness L. Thus, for multi-
ple scattering of particles by strings of atoms of the
crystal, as in an amorphous medium, a suppression of
the radiation is possible, but now the radiation is co-
herent. We note that since the condition 32 (L)»3|, is
satisfied over a wide range of the angles tj>, then more
favorable conditions can be created in a crystal for
study of the radiation-suppression effect than in an
amorphous medium.

In derivation of Eq. (7.1) we did not take into account
transition radiation, which is a valid procedure for w
»LWp, where wp is the plasma frequency, and there-
fore the formulas given above can be used if /c » L and

b) Radiation in the dipole approximation for /c</_

We shall consider now radiation under conditions in
which a2/Ri[i»lc»a1, assuming as before that the in-
teraction of particles with different atomic strings oc-
curs independently. In this case the radiation is formed
in smaller lengths than the distance traveled by the
particle between successive collisions with atomic
strings, and therefore the radiation will be determined
by the interaction of the particle with the field of the
individual atomic string.

The spectral density of the radiation is determined
by the trajectory of the particle in the field of the
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atomic string (6.5), which in turn depends on the mod-
ulus of the string impact parameter \b \, i.e., the dis-
tance between the string axis and the projection of the
incident-particle trajectory on the plane orthogonal to
the z axis. The spectral density of radiation dE(b)/du
must obviously be averaged over this impact parameter
with a probability db/a, \b \ « a/2. Since the particle
interacts with Lifi/a atomic strings of the crystal, then
for the average spectral density of the radiation we ob-
tain the expression21

AE
do (7.5)

[we have made use of the fact that az= 1/wflj and have
taken into account that E'(b) falls off rapidly with in-
crease of \b \].

Let us consider first the dipole approximation. The
spectral density of the radiation in this case, according
to Eq. (2.10), is determined by the square of the Fou-
rier component of the acceleration |W |2= | f dtv^1"' |2

= W^+W?. Using Eqs. (6.4) and (6.5), we obtain

w. 8L'r sin qt (p)

[the ( x , y ) plane is located perpendicular to the axis of
the string, and the x axis is the symmetry axis of the
trajectory (Fig. 17)]. Since x/p= cos <p*(p), y/p
= sin<p*(p) and dt = dp/'p, where

<f* (p) = H -̂ 7- , P = '

pi p'-p
the final formula for dE/du in the dipole approximation
has the form

dw

where

rrm'2^ (7.6)

= ,f f 4P-^

In the limiting case of low frequencies, i.e., for Zc

»2R/!p, we have A~ -2^ cos (?*(*>) and B-0, and
therefore

(7.7)

where 3(6) = 2(/»sin^(6)/2 is the angle of scattering of
the particle by the string (<p(b) = v - 2<p*(°°)). We note
that this formula can be obtained also from Eqs. (7.6)
and (2.10a) if in the latter we set 3 =

For ei» \UT\, i.e., for !/> it is possible to carry

FIG. 17.
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FIG. 18.

out in Eq. (7.6) an expansion in the parameter
a result of which we obtain

where

, as

*!1.
(7.8)

(7.9)

is the Fourier component of the potential energy C/r(p).

H, using the relation E = Ln<j>a' we go over to the
cross section for radiation of particles and use the def-
inition of the continuous potential energy of the string
(6.1), then as can be easily verified Eq. (7.8) leads to
the Born expression for the radiation cross section.

The case tl>» $0 corresponds to an almost rectilinear
particle trajectory. However, if $•£ ipc, then it is nec-
essary to take into account the curvature of the trajec-
tory. The value of E' in this case must be found direct-
ly from Eq. (7.6).

In Fig. 18 we have shown the dependence of the spec-
tral density of radiation of electrons on frequency for
i/) = 0.3i/)c, i/i = 0.9i/ic, and #=2.5#c, found with Eq. (7.6) by
means of a computer60 (as ordinate we have plotted /L

= (4e2naiRUlL/irm2>l)c)~
i(dE/dw), and as abscissa we have

plotted U/WL, where W L = 2y2ijjc/R). The calculations
were carried out for t/r(p) = Ul exp(-p/R). We see that
for i/><^c, in contrast to the case #>$c, in the region of
frequencies w for which Zc~ 2y2/w~.R/i/)0 there is a max-
imum of the radiation. The presence of the maximum
is due to the curvature of the particle trajectory in the
field of the atomic string.

c) Radiation in the low-frequency region

Up to this time we have assumed the radiation to be
dipole. Let us now investigate the effect of a nondipole
nature of the radiation. This must be taken into account
for y92 1(3 is the angle of scattering of the particle by

then d~4>c, and thereforethe atomic string). If $~
the condition y3~y^c2 1 can be satisfied for sufficiently
large. values of e (in a germanium crystal, for example,
this condition is satisfied for es 1 GeV).

For low frequencies at which 52/fl$> Ic> 2R/!|>, the
change of the radius of curvature of the particle trajec-
tory within a coherence length /c is large; therefore to
find the quantity E' which enters into Eq. (7.5) we can
make use of Eq. (2.9). Here the spectral density of the
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radiation E' is determined by the angle of scattering of
the particle by the string 3(6) and

d£ , .db do)
(7.10)

In the dipole approximation this formula goes over into
Eq. (7.7). However, i fy3»l , then

-¥- » Lnarf — In 7*,do 1Y n ' ' (7.11)

where 3 is the average value of the angle of scattering
of the particle by the string, 3~9(R).

d) Radiation in the high-frequency region

In the high-frequency region where 2R/<ji» /c» alf the
change of the radius of curvature of the particle trajec-
tory within a coherence length is small, and therefore
to find E'(b) we can use Eq. (2.7). Replacing the inte-
gration over t2 in this equation by integration over p by
means of the relation d£2=dp/p, where p
= $V1 -(t/r/ej -(62/P2), and using the equation of mo-
tion v± = -£~l8£/r/a/9, we write the spectral distribution
of radiation (2.7) in the form

du ~

where

and 6(x) is a step function. Then, substituting this ex-
pression into (7.5), we obtain after integration over b
the following expression21 for d£/dw:

p d p avr (7.13)

where X5/3(A:) is a modified Bessel function [see Eq.
(2.12)] and p'= 0 for electrons and is determined from
the condition ti = Ur(p') for positrons.

e) Radiation by electrons

We see that the spectral distributions of the radiation
of electrons and positrons are different. Let us con-
sider first the radiation of electrons. For them, ac-
cording to Eq. (7.13), E' does not depend on the entry
angle 0 [we note, however, that the angle $ governs the
region of applicability of Eq. (7.13): 2R/>]»le].

For w> wc(.R) the main contribution to the integral in
(7.13) over p is from ps/J. Here we can assume UT(p)
~Ui I n ( R / p ) + const, where U1 = Ze*ri/a1 and r\ is a nu-
merical coefficient of the order of unity determined
from the condition of best approximation of the continu-
ous potential energy of the string by a function of the
form £/! I n ( R / p ) + const. The spectral density of the ra-
diation of electrons in a field of this sort21 according to
Eq. (7.13) has the form2l)

AE _ , 2.-rt'iy?«a1 (7 14)
du ^^ 3^fi • '

This formula differs from the corresponding formula
12)In Ref. 21 an error was made: in Eq. (3) a factor e2 has

been omitted, and in Eq. (4) the factor in front of the function
F(S) should contain the quantity ((70/m) to the first power.

100 ZOO uj, MeV

for an amorphous medium (3.3) by a factor fe(6"1/al),
where fe = 7nj2/81n(183.Z"l/3) and (6~L/al) is equal in or-
der of magnitude to the number of atoms in a coherence
length.

We note that Eq. (7.14) remains valid not only for y3
»1, but also in the case when yS<l.
In fact, substituting UT=ULln(R/p) +const into Eq. (7.6)
and noting that in the region of high frequencies w
> u>c(R) the main contribution to the radiation is from
small values of p, pS R, for which in the quantities p,
<p*(p), and t(p) the slowly varying function Ulln(R/p)
can be replaced by a constant, after all the integrations
we obtain Eq. (7.14).

If the electrons fall on the crystal parallel to the
crystallographic z axis, then the particles which have
entered near the center of a unit cell will be superbar-
rier and the particles which have entered near the
string axis will be hyperchanneled. Hyperchanneled
electrons pass through the region p^ u2, in which the
nuclei of the atoms of the string are located. Here as
a result of multiple scattering by the nuclei these elec-
trons will leave the hyperchanneling regime and be con-
verted to superbarrier particles. Thus, the fraction of
superbarrier particles will increase with depth of pene-
tration of the particles into the crystal. Since the ra-
diation spectrum of superbarrier electrons (7.14) does
not depend on the value of the angle ip, by comparing the
spectral distribution of radiation (7.14) with the experi-
mental radiation distribution of electrons moving in a
crystal, it is possible to estimate the fraction of super-
barrier particles.

At the Khar'kov Physico-technical Institute,27 at the
Tomsk Institute of Nuclear Physics,23 and at the Erevan
Physics Institute25 radiation spectra of electrons with
energy e = 1.2 GeV, 0.9 GeV, and 4.7 GeV have been
measured with the electrons moving parallel to the
(110) axis27'28 and the (100) axis25 of a diamond crystal.
The results of these experiments are shown in Fig. 19
(the hollow circles and E'0 correspond to the radiation in
a disoriented crystal, measured in relative units; E' is
the radiation spectrum in the case in which the beam
enters the crystal parallel to the crystallographic ax-
is). In the same figure we have shown E/E'SK (the solid
curves) found from Eq. (7.14) and Eq. (3.3).13' Compar-

131 For the <110) axis of diamond £/, was taken as 31 eV; with
this {/! a good approximation of the potential energy t/r(p) by
the function £/, ln(R/p)-
(100) axis U, «26 eV.

const is achieved for p^R. For the
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FIG. 20.

ison of the theoretical results with experiments in the
region of applicability of Eq. (7.14) shows that in these
experiments almost all electrons are superbarrier.

At the Khar'kov Physico-technical Institute an experi-
ment was performed30 in which the radiation spectra of
electrons with energy £ = 1.2 GeV were measured in a
silicon crystal under conditions in which hyperchannel-
ing of electrons is possible (i/>K0) and also when this
phenomenon is clearly absent (i/)>!/)c).

14) The electrons
entered the crystal near the (110) axis. The divergence
of the incident beam was less than the critical channel-
ing angle. In contrast to Refs. 25-29, the measure-
ments in this experiment were made under conditions
in which there was no collimation of the radiation. The
results of the experiment are shown in Fig. 20: the
crosses refer to the case in which !/> = 0, and the dots to
the case in which $= 0.5 mrad. The dashed line at the
bottom corresponds to the measured spectrum of radia-
tion from a disoriented crystal. The heavy line corre-
sponds to the radiation spectrum obtained with Eq.
(7.14) with the value ̂  = 51 eV.

We see that disorientation of the crystal to an angle $
of the order of ^c does not affect the intensity of radia-
tion of electrons in the high-frequency region.15' This
indicates that the group of superbarrier particles plays
a dominant role in the radiation of an electron beam
passing through a crystal.

In the low-frequency region, w<wc(/J), the intensity
of radiation depends greatly on the distribution of par-
ticles in angle; see Eqs. (7.6) and (7.10). This distri-
bution changes with depth of penetration of the electrons
into the crystal. Since the distribution in angle of the
particles leaving the crystal was not studied in the ex-
periments of Refs. 25-30, we shall not analyze here the
results of measurements relating to the low -frequency
region.

14)The need of performing such an experiment was pointed out
InRef. 21.

15)Similar results were obtained in the experiment of Ref. 29
[see Fig. 1 (a) of that article]. In this experiment, however,
the measurements were made with collimation of the radia-
tion, which greatly affects the shape of the radiation spec-
trum in the low-frequency region.

f) Radiation by positrons

In contrast to electrons, the quantity E' for positrons
depends on the angle ip (or on the distance p0 of closest
approach of the positron to the string axis). Generally
speaking, averaging must be carried out over these
quantities. In particular, if the beam enters parallel to
a crystallographic axis, then the spectral density of ra-
diation averaged over p0 is determined by the formula

d£ (PQ)
dw (7.15)

where the integration over p0 is carried out within a
unit cell in the plane orthogonal to the string axis.

Positrons which have entered at the center of the cell
will execute finite motion in the ( x , y ) plane (see Fig.
14)—they move in a region with a small potential gradi-
ent and therefore the intensity of their radiation is low.
Positrons which have entered near the string axis (su-
perbarrier positrons) will move in a region with a high
potential gradient and therefore the intensity of radia-
tion by these positrons will be high.

_Substituting into Eq, (7.15) the expression (7.13) for
E'(p0), we obtain the radiation spectrum of superbar-
rier positrons in the high-frequency region. In particu-
lar, if UT(p) is approximated by a function of the form

then

d£
do>

_ , n
~~ (7.16)

This formula differs from the corresponding formula
for an amorphous medium by a factor k*(nR2/5), where
£* = 7rV/161nl83Z-1/3

 and nR
2/^~(^l/al}(R2/a^ (the

first factor is the number of atoms in a coherence
length; the second factor determines the fraction of
particles moving in a region with a large potential
gradient).

If the potential of the string is approximated by the

function UT(p) = Ui (l -£?} Q(R* - p), where &(R* - p) is

a step function and Ul and R* are adjustable parameters
determined from the condition of best approximation of
UT(p) by the function used, then according to Eqs. (7.13)
and (7.15),21

(7.17)

where F(£) is a function used in the theory of synchro-
tron radiation; see Eq. (2.12). It follows from Eq.
(7.17) that the maximum of E' exceeds E'z^ by approxi-
mately a factor (mna1R*3/10Ze2).

At Stanford an experiment was carried out in which
the radiation spectra of positrons with energies 6 = 4,
6, 10, and 14 GeV were measured when the particles
entered a diamond crystal along the (100) axis. The re-
sults of this experiment are shown in Fig. 21. The or-
dinate is the quantity (u/LR)AN/dv, where dJVdco is the
measured number of photons in the frequency interval
(o>, w + dw). The dashed curve corresponds to Eq. (7.16)
with £^ = 34 eV; the solid curve corresponds to Eq.
(7.17) with [^=50 eVandJR* = 1.6fi.
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We see that in the experiment discussed above the
dominant role is played by superbarrier positrons, i.e.,
positrons which execute infinite motion in the plane or-
thogonal to the (100) axis.

8. CONCLUSION

We see that the radiation of a relativistic particle in
matter is formed over a large region of space along the
particle trajectory. If within this length there are a
large number of atoms of the material, the radiation
will occur in a different manner than for motion of a
particle in a rarefied gas of atoms.

In an amorphous medium at high energies a suppres-
sion of radiation can occur (the Landau-Pomeranchuk
effect and the effect of decrease of the radiation in a
thin layer of matter): for this it is necessary that the
mean square angle of scattering of the particle within a
coherence length exceed the characteristic angle of ra-
diation of a relativistic particle.

For motion of fast electrons and positrons near a
crystallographic axis or plane, coherent and interfer-
ence effects can occur which lead to an enhancement of
the radiation intensity in comparison with that for an
amorphous medium.

In motion near a crystallographic plane there are both
channeled and superbarrier particles. Both these
groups of particles radiate intensely but in different
frequency regions.

The greatest enhancement of the radiation is achieved
for particle motion near a crystallographic axis. The
nature of the particle motion in the crystal in this case
differs substantially from the nature of the motion in an

16>The experimental data presented in Fig. 21 are published
with the kind consent of I. I. Miroshnichenko. These data
were obtained in a joint Soviet-American experiment by the
group of I. I. Miroshnichenko, J. J. Murray, G. Kh. Figut,
and R. O. Avakyan. The experiment and its results have
been described briefly in Ref. 23.

amorphous medium. In the motion of a particle near a
crystallographic axis, as in the case of motion near a
crystallographic plane, both hyperchanneled and super-
barrier particles exist. It is important to note that the
fraction of superbarrier particles in motion near an
axis is always high (in motion near a plane it can be
either a large or small fraction depending on the orien-
tation of the plane with respect to the incident-particle
momentum). Comparison of existing experimental data
w ith the results of the theory shows that the group of
superbarrier particles makes the main contribution to
the radiation of a particle beam passing through a crys-
tal.

In motion of relativistic particles in a crystal a sup-
pression effect similar to the Landau-Pomeranchuk ef-
fect is possible. In contrast to an amorphous material,
in a crystal the coherent radiation is suppressed. This
effect is due to the large scattering of particles in the
crystal in a coherence length. The effect arises at en-
ergies significantly lower than in the case of an amor-
phous medium.

As in the case of bremsstrahlung, in production of
electron-positron pairs in a crystal by a photon or a
charged particle there also can be coherent and inter-
ference effects.9'10'62 As a result of these effects, pairs
will be produced more intensely in a crystal than in an
amorphous medium. This effect is due to the fact that
the effective length in which a high-energy pair is
formed can reach macroscopic size and can include a
large number of atoms of the crystal lattice.

As the result of coherent effects in radiation and in
production of electron-positron pairs, electromagnetic
showers in crystals can be formed in lengths which are
one to two orders of magnitude smaller than in an
amorphous medium.63 These effects, however, we
shall not discuss here (in this connection see Refs. 9
and 63-66). Discussion of these effects, and also of
such questions as the angular distribution of the radia-
tion, radiation in the high-frequency region,22'42'67"69

orientation dependence in the total radiation yield,20'70"72

motion and radiation of electrons with low energy,73'74

motion of fast particles in a curved crystal,75'76 the in-
fluence of thermal vibrations of lattice atoms on the
motion and radiation of relativistic particles,10'42 quan-
tum effects in interaction of fast particles with a single
crystal,26'77"81 and the development in space and time of
electrodynamic processes at high energies in single
crystals,39'41>82 all require special reviews.

LIST OF PRINCIPAL NOTATIONS

Z | e I nuclear charge
C,p,v,y = t/m energy, momentum, velocity, and Lorentz

factor of the incident particle
e'.p'.v' energy, momentum, and velocity of the electron

after radiation of a photon
it}, k = un frequency and wave vector of the photon
V L ( f ) projection of the particle velocity at a time t

on the plane orthogonal to v
/c coherence length
R screening radius of an atom
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n density of atoms
&JP plasma frequency
LR radiation length
ff = dE/dai spectral density of radiation of a particle mov-

ing along a trajectroy r(t)

E' = dE/do) spectral density of radiation of a particle in mat-
ter, averaged over various trajectories

q = p — pf — k momentum transferred in radiation to an external
field

q M , qi components of the vector q longitudinal and trans-
verse to p

6* = o»nJ/2££' minimum value of q(|

g reciprocal lattice vector
a,(t = l,2, 3) lattice constants along the z, y, and z axes
A volume of unit cell
if mean square amplitude of thermal vibrations of

lattice atoms
N0 number of atoms in the crystal
Nc number of crystal atoms in a coherence length
rft position of the fcth atom in the material
TO point of entry of the particle into the crystal
u(r),u^ potential energy of interaction of an electron

with an individual atom of the material and its
Fourier component
potential energy of interaction of an electron
with the crystal lattice field and its Fourier
component
continuous potential energy of interaction of an
electron with the atoms of an individual crys-
tallographic plane and of an individual atomic
string near which an electron is moving
periods of oscillation of channeled and super-
barrier particles
angle between p and the crystallographic z axis.
angle between the projection of the vector p on
the (x, y) plane and the y axis
angle between p and the (y, z) crystallographic
plane
critical angles of planar and axial channeling
distance between crystallographic planes near
which an electron is moving
coherent and noncoherent lengths of the radia-
tion
nondipolarity parameter of channeled- particle
radiation

(l,£3iO (step functions)
~ ) 0 , f < 0

g(6) distribution function in angle of particles which
have entered a crystal

b impact parameter of atomic string
p distance to axis of string
a average distance between atomic strings
<p(b) azimuthal angle of scattering of a particle by an

atomic string
f(<p, z) distribution function of particles in the angle ip
_ at depth z
,t)!(s) mean square angle of multiple scattering of

particles in a length s in an amorphous medium
g^(s) mean square angle of multiple scattering of par-

ticles by atomic strings of a crystal in a length s

U(r), U(q)

£/,(#), Ut( p)

Tc, Ta
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