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It is shown that the magnetic permeability of material media taking into account both temporal and spatial
dispersion is not defined uniquely. The requirement that experimentally measured quantities be obtained in
the quasistatic limit does not significantly change this arbitrariness.
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1. In textbooks on electrodynamics of material media,
in order to describe the response of a spatially uniform
and stationary medium to an external monochromatic
field depending on time and coordinates as

A (to, k) exp (— itat + ikr) (1)

(It is assumed in what follows that all electrodynamic
quantities, including external field sources P0 and j0
are of this form), two independent tensor quantities
Ej/w.k) and fJ.(y(a>,k), called the dielectric permittivity
and magnetic permeability tensors, respectively, are
introduced. In so doing, the field equations in the medi-
um are written with the use of two additional fields, the
electric displacement D and the magnetic field H:*

(2)

On the other hand, it is well known1 that the response
of the medium to an external field can be expressed by
a single relation j=j(E), since the magnetic induction B,
according to Maxwell's equations for nonstationary pro-
cesses, can always be expressed in terms of the elec-
tric field E. For this reason, in linear electrodynamics
of spatially uniform and stationary media, all effects of
the field on the medium must be described only by a
single conductivity tensor au(w,k). The charge density
p is expressed with the help of the continuity equation in
terms of the current density j and for the field equations
in a medium we have1'

kB = 0,

*Translator' & note:

(3)

!=vector product.

*> We note that for stationary fields, the material equations
p= p (EB) and J = JCE, B) can be obtained from the equations
jt = atj

Ei or from Z>< =
by passing to the limit u — 0.

and.Bj = M i j j B i . respectively,

Here, the equations are written for the electric field E
»nd the magnetic induction B, which solely have direct
physical meaning, determining the Lorentz force acting
on a macroscopic charge q, moving in a medium with
velocity v:

-L[vB]}. (4)

In connection with writing the field equations in the
form (3), there arises the problem as to the indepen-
dence of the tensors cu and M f y and their relation to the
tensor atj for arbitrary o> and k.

2. In Ref. 1, for an isotropic medium, when

it is assumed that cu=6jjE and K j y = 6 j j K . Then, from
the equivalence of systems (2) and (3), it is easy to show
that

= 1 + -alsei(co, k),
(6)

This choice, however, even in the case of an isotropic
medium is arbitrary, since the tensor eu should be
chosen in the form (5), i.e. consisting of two scalar
functions. Due to the transverse nature of the induc-
tion vector B, the tensor fi^ in an isotropic medium is
always proportional to the unit tensor. In this case, it
would no longer be possible to establish a relation of
the type (6).

On the other hand, given a tensor MU for an arbitrary
anisotropic medium, it is possible to express the tensor
eu in terms of AIU and o{j. Thus, if it is assumed that

where eiih is the unit completely antisymmetric tensor
(et23=1» 62i3=~ D. t*1611 E1S- (2) and (3) turn out to be
equivalent. On the other hand, assuming that the ten-
sor Ej y is arbitrary, it is no longer possible to express
Liu in terms of cu and ais, since in the form adopted
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for the material equations (1), the vector H does not de-
pend on the potential part of the electric field E (which
cannot be expressed in terms of B). We note that in this
approach the tensor jxu can be chosen in a completely
arbitrary manner.

For an isotropic medium, when at] is represented in
the form (5) fJ-u=5jjp., relation (7) takes the form

klk, k,kj r t.e (8)

From here, in particular, the inconsistency of the
choice &ii=5ijz is evident. The tensor t{] in an isotrop-
ic medium, just as olh consists of two functions and is
represented in the form (5).

Thus, the procedure for defining the tensors t{J and
M(J in terms of au, and at the same time defining the
vectors D and H, is always ambiguous. This arbitrari-
ness can be demonstrated in general form by transform-
ing to new quantities D' and H':

' = D-[kfJ, (9)

where f is an arbitrary vector depending on B. It can
be shown that the fields D' and H' satisfy the same equa-
tions (1) with appropriate changes in t(J and M,v- This
precisely indicates the ambiguity in defining the tensors
cu and MJJ without any additional conditions. In other
words, the current j induced in the medium cannot be
separated, without some additional assumptions, into a
curl (rotor) of the magnetization and the derivative of
the polarization with respect to time, i.e. having written
the current in the form j=-z'(w/c)P+zc[kM], the vector
P will be determined to within an arbitrary transverse
vector.

3. Let us examine several possible definitions of H
and D. First, however, we note that it is often assumed
in the electrodynamics of material media that Mu=0(j .
In this case, according to (7)

s» = 6u + -^r(Iir (1°)

It should be emphasized that this does not at all mean
that magnetic properties of the media are neglected: all
the magnetic properties of the medium are included in
the tensor eu. This form of writing the material equa-
tions, however, is not very convenient for studying the
magnetic properties of media in the quasistatic limit.
The tensor Mi j should be constructed so that in the
static limit (w/k-'O, fe — 0) the expression usually used
for the quasistatic magnetic permeability is obtained:

(H)

The magnetization of the medium M, generally speaking,
can depend not only on the magnetic induction, but also
on the intensity of the potential electric field E1. In the
static limit, two different conditions can be imposed on
the electric field: either E'=const or D' = const. For
this reason, it makes sense to examine two different
magnetic permeability tensors.

Transforming to arbitrary frequencies and wave vec-
tors, we separate the total current induced in the medi-

um into longitudinal and transverse parts J=j '+j" ,
where

n_ MM) ,,,_,_,, (12)

The transverse part of the current j" can be represent-
ed in the form j'" = ic[kM], As a result, we have

i i /< n \

Further, representing E as E=E*+Etr and taking into
account the fact that E" =- (u>/cfe2)[kB], we define (if/
with E' = const as

The condition E'=const means that the potentials of ex-
ternal sources are fixed. In this case, according to (7)

In an isotropic medium, Eqs. (14) and (15) take the form

4ni . j.
' - 1).

(16)

Here, we took into account the fact that fJ.,"/ always acts
on the transverse vector B.

We now determine p.(~/, assuming that D' = const, i.e.
with external charges fixed. In this case, a potential
field E', depending on the magnetic induction B, arises
in the medium. Further, determining the longitudinal
field E1 from the equation kD' =- 4w'p0 and using (13),
we easily find

Mi' = &ti + -£-f- e.i.i'i-Wnm/'m — i', eikikka,mkmkna,,sesi,kt, (17)

e' = l + (4OT/ci>)fejCJj^fej/fe2 is the longitudinal dielectric per-
mittivity of an anisotropic medium. Now, following
(17), we find the tensor BI}, which we will not write out
here. Evidently, in an isotropic medium, expressions
(17) and (14) coincide, so that relations (16) are valid
for D'= const as well.

Although the choice of one form or another of the ten-
sor MO is to a large extent a matter of taste, we feel
that the most natural choice of the tensor vtj is given
by Eq. (17). For a wave vector k different from zero,
the only condition realized in practice is the constancy
of external charges, i.e. D'=const,2 and the tensor \iu,
given by Eq. (17), satisfies the causality condition and
the Kramers- Kronig relations. The tensor (16) can be
viewed as a response function only for k=0.

Thus, the equations of electrodynamics of material
media can be formulated with the use of the tensors eu
and MJJ , taking into account both frequency and spatial
dispersion. However, the choice of one formulation or
another is to a large extent arbitrary and the definition
of the tensors eu and \ii} is not unique. The require-
ment that definite quantities measured experimentally
are obtained in the static limit does not remove the
arbitrariness. In particular, according to (9), for tJ.ti
to be unique in the static limit u/k — 0 and k — 0, it is
enough to require that f — 0. At the same time, we
wanted to emphasize that definition (17) is better
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grounded from the physical point of view as correspond- plazmy i plazmopodobnykh sred (Electromagnetic Properties
ing to the real formulation of the problem. °f Plasma and Plasma-Like Media), Atomizdat, Moscow

(1961).
2D. A. Kirzhnits, Usp. Fiz. Nauk 119, 357 (1976) [Sov. Phys.

Usp. 19, 530 (1976)].
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