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Experimental and theoretical work is reviewed on the two-dimensional system of electrons suspended above

the surfaces of certain cryogenic dielectrics (liquid 3He and 4He and liquid and solid hydrogen) by the image

force and an external electrostatic field. The stability of the system is studied. The electron properties

determined by the interactions of the electrons with each other, with vapor atoms, and with thermal

vibrations of the liquid surface are studied. A study of nonlinear effects is reported.
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1. INTRODUCTION

The electrification of dielectrics has been recognized
for thousands of years, and the study of this effect was
essentially the starting point for the science of elec-
tricity. It was only very recently, however, that Cole
and Cohen1 and, independently, Shikin2 pointed out that
the electrification is very unusual if the permittivity
ε is approximately one (liquid 4He, for example, with
ε4 =1.0572; Ref. 3) and if the electron affinity is nega-
tive. To illustrate the effect of the difference ε - 1
being small we examine the behavior of a free electron
above a dielectric surface.

The electron is of course attracted to the surface by
an electrostatic image force, which is described by the
potential4

. . e 2 ( e — 1 ) Qe% i*\

where ζ is the coordinate normal to the surface. The
electron should thus approach the surface and remain
somewhere in its vicinity, not actually penetrating into
the dielectric since the energy of the extra electron in-
side the material would be greater than outside (Fig. 1;
for 4He, the height of the corresponding potential bar-
rier is1 1 eV). Stationary states form in the resulting
one-dimensional well, and their energy can be esti-
mated easily from the virial theorem,5 which in this
case leads to the equation 2p2/2m =Qe2/z, and from the
uncertainty relation/) · ζ ~R. From these equations we
find the binding energy to be

Substituting ε4 into (2), we find £ 6 = 1.05· 10"15 erg and
a typical distance ζ = 76 A. We thus see that when the
difference ε - 1 is small the condition ζ » a will hold,

where a is the spacing of the atoms. In contrast, at the
values ε - 1 s 1 typical of most dielectrics we would
have ζ ~a. In the case of a small difference ε - 1, the
electrons remain held far from the surface, so that
they are evidently free to move parallel to it. In the
case of a large difference, the electrons are instead
bound to specific atoms of the material or to crystal
defects, and the resulting picture is one of ordinary
electrification.

In summary, the electrons trapped above a dielectric
for which the difference ε - 1 is small form a two-
dimensional conducting system: a new physical object,
which presents a problem to be investigated. The
study should be directed toward answering the follow-
ing basic questions:

1) With which materials can electrons form bound
states exhibiting a two-dimensional conductivity?

2) What is the stability of the resulting system?

3) What is the phase state?

4) What are the properties of the bound electrons,
and how are these properties affected by the interaction

FIG. 1. Potential diagram of the forces acting on an electron
near a helium surface.
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with the surrounding medium and with external electric
and magnetic fields ?

These questions have been covered to varying de-
grees in previous reviews.8"9 The recent appearance
of new work now permits a more complete description
of the properties of the two-dimensional conducting
system of electrons trapped above a dielectric.

2. ELECTRON SPECTRUM ABOVE LIQUID HELIUM

It is clear from the estimates above that for an elec-
tron above liquid helium the potential in (1) gives a good
description of the interaction with the liquid along the
normal to the surface, because the electron is quite
remote from the surface. Since the motion parallel
to the surface is free motion (if we ignore the inter-
action with surface vibrations), the Schrodinger equa-
tion splits into two parts. One part has the solution

Φ (χ, y) = Ae'*' = Aeiy'lm, (3)

where r is the position vector in the plane of the sur-
face, and m is the mass of a free electron. For motion
along the ζ axis at ζ >0 we have6·7

(4)

and if the barrier is assumed to be infinite at the origin
of coordinates we have Φ,(ζ)=0 at z<0. Equation (4)
can be solved by analogy with the well-known Schro-
dinger equation for the hydrogen atom. The energy
eigenvalues E, differ from those for the hydrogen atom
only by a factor Q2; they are

It can be seen from (5) that Ex agrees with the estimate
in (2). The normalized wave functions for the first
three states are

(6)

(7)

with an effective Bohr radius

Substituting ε4 =1.0572 into Q, we find l / r = 7.6· 10"7

cm, and we find the average distance between the elec-
tron and the helium surface in the ground state to be
{z\ =6/4r = 114 A. In this approximation, we find
<2>2=456A,(4=1026A.

The solution in (5) gives a good description of the
actual spectrum. For the frequencies corresponding to
transitions from the 1 = 1 ground state to the 1=2 and 3
excited states, for example, we find Fl2 =119.7 GHz
and F1S=141.8 GHz from (5), while direct measure-
ments by Grimes et al.10 yield 125.9 ±0.2 and 148.6
±0.3 GHz. If we take into account the finite barrier
height F 0 =l eV at the boundary1·11 and replace the po-
tential in (l)by

<P(*)=iqqr. (8)

where we have eliminated the divergence at ζ =0, we

ο»
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FIG. 2. Derivative of the absorption of the 220-GHz signal by
electrons as a function of the potential difference applied to
the capacitor plates.10 The helium level is at the center of
the capacitor, with a gap of 3.18 mm. The helium temperature
is 1.2 K.

can correct the calculation and reach agreement with
experiment10 by adopting the reasonable value A,
= 1.04A.

The electrons will evidently remain above the liquid
if a not .too strong static electric field E± is applied
along the normal to the surface in the direction such
that it pushes the electrons toward the surface. This
field will change the energy eigenvalues £, , because
there will be a change eELz in the potential energy.
Since the function Φ,(ζ) is not symmetric with respect
to z, the expectation values {ζ}, = {Φ,ζΦ,) are not zero,
and even in first-order perturbation theory we find
corrections to E,; they are

Δ£, = eE±(z),. (9)

The fact that the energy spectrum can be changed by
an external field is of much help experimentally. In
their experiments, Grimes et al.10 found the transition
frequencies by studying the absorption of a microwave
signal at a fixed frequency while varying Ex mono-
tonically. The measurement sensitivity was improved
by imposing a small-amplitude 100-kHz alternating
field on the slowly varying field E±. The quantity de-
tected was thus proportional to the derivative of the ab-
sorption signal (Fig. 2). A change in the transition fre-
quencies which was linear in the field was observed only
at low values of E±. (Fig. 3). The reason for this re-

FIG. 3. Dependence on the retarding potential of the frequen-
cies of the 1 — 2 and 1 — 3 transitions tn the spectrum of elec-
trons trapped above liquid 4He (Ref. 10). The curves are cal-
culated. The clamping field is Ελ= V/0.318.
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suit is that the expectation value of the image field,
(Qe/z2),, had values of ~3.5 kV/cm, 430 V/cm, and
130 V/cm for 1=1, 2, and 3, respectively, so that
fields E± =100 V were not small in comparison.

The values found by Grimes et al.10 for dFl2/dEx and
dFa/dEL turned out to be ~10% higher than those given
by Eq. (9), if the wave functions in (6) are used to find
the expectation values. When the finite barrier height'
Vo is taken into account, however, and the image po-
tential is adjusted to match the calculated value of
F12(0) with the measured value, the calculated and mea-
sured transition frequencies are found to agree over
essentially the entire range of EL studied (Fig. 3).

It is clear from the foregoing that in turning from
liquid 4He to 3He, but retaining the hydrogen-like mod-
el, we must change the effective charge to correspond
to the smaller value12 ε3 =1.04276 for 3He. The ener-
gies are accordingly reduced by a factor of 1.78 from
those for 4He, and the characteristic distances are in-
creased by a factor of 1.33. Measurements by Volodin
and Edel'man13 confirm this conclusion: The transition
frequencies turn out to be Fl2 =69.8 ±0.15 and -F13 = 83.15
±0.25 GHz, in approximate agreement with the values
67.6 and 80.1 GHz, respectively, which can be calcu-
lated from the spectrum in (5). The change in the
transition frequencies upon the imposition of an elec-
tric field is described well by Eq. (9) (Fig.· 4) at small
values of EL.

As in the case of 4He, the transition frequencies are
slightly higher than the calculated values. According
to the model discussed by Grimes et al.,10 the ratio of
the frequency shifts for the 1 — 2 and 1 — 3 transitions
is independent of the particular properties of the liquid,
having the value 208/189 =1.10. For electrons above
4He, according to Ref. 10, the ratio is 6Fl2/6Fls

= 1.08±0.05. For 3He, this ratio is 1.4±0.2, and the
comparatively high value here casts doubt on the ap-
plicability of the model.

When we compare the relative frequency shift
§Fil/Fll, averaged for the 1 — 2 and 1 — 3 transitions,
we find it to be 1.40 ±0.15 times higher for electrons
above 4He than above 3He. According to the model of
Grimes et al.,10 this ratio should be 1.33, in ac-
cordance with the ratio of the distances from the elec-
tron to the liquid surface in the two cases, if the sur-

TABLE I. Characteristics of the electrons trapped above
condensed cryogenic dielectrics.14

Sub-
stance

3 He
«He
Ne

H,

D ?

Phase state

Liquid
Liquid
Liquid
Solid
Liquid
Solid
Liquid
Solid

5.2
6.9

22
27
26
32
31
36

ν
Theory

0.9
1.30
0.47
0.61
2.2
3.3
3.1
4.4

• eV
Experiment

1.0+0.2

0.3+0.2

Eb, meV

0.39
0.69

11.5
17.5
11.5
16.7
16
22

ι/ν», A

100
76
24
19
20
17
17
15

£x,.V/cm

FIG. 4. Dependence on the retarding potential of the frequen-
cies of the 1 — 2 and 1—3 transitions in the spectrum of elec-
trons trapped above liquid 3He (Eef. 13). The solid curves
show the Stark shift calculated from the hydrogen-like model.

face properties of liquid 3He and 4He are the same. It
can thus be concluded that there are no major dif-
ferences in the physical properties of the surfaces of
at least these two liquids. If we adopt the theoretical
value1'14 Vo =0.9 eV for the barrier height for 3He, we
find (33 =1.25 ±0.15 A (Ref. 13), which is essentially the
same as β4.

At the beginning of this section we mentioned that the
electron motion along the surface was free motion.
This assertion has been tested experimentally in a
study of cyclotron resonance. If a static magnetic field
Η is applied perpendicular to the surface of liquid
helium, it quantizes the motion along the surface; the
energy spacing of the resulting Landau levels is
KQ, =KeH/mc. Measurements carried out at low tem-
peratures, Τ =0.4 Κ, at which the relative width of the
cyclotron-resonance line is small, ΔΗ/Η~10~3, show
that in the limit E± — 0 the electrons trapped above 4He
have a mass m which agrees within ~10"4 with the free-
electron mass.1 5·1 6

The two-dimensional nature of the electron motion
can perhaps be seen most clearly in a study of the cyc-
lotron resonance in a field Η imposed at some angle
with respect to the normal to the surface, N. Since the
electron orbits in the magnetic field lie in the plane of
the surface, the quantization of the motion of these elec-
trons is determined by only that component of the field
Η which is directed along N. In this case we have
Ω =ei/cos(-*H,N)/mc, in other words, the effective
mass is m* =w/cos(<H, N). This dependence has been
found experimentally first in Ref. 17 and then in Ref.
15.

3. SUITABLE SYSTEMS FOR STUDY

Liquid helium is not the only dielectric with which
electrons can form the bound states described in
Sec. 2. In the very first papers which appeared on the
subject, Cole and Cohen1'14 pointed out several other
dielectrics which had the necessary properties (see
Table I).1 ' Electrification of the surface of liquid 4He
was observed by Sommer18 even before a theory had
been derived for the effect. The properties of elec-
trons above 4He have been studied in many papers.
For other dielectrics, experiments along this line have
been begun comparatively recently.

The trapping of electrons above liquid 3He was first

^Solid 3He and 4He are omitted from this table; they could be
bounded by only an extremely dense gas or a liquid.
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observed by Edel'man.19 The cyclotron resonance of
electrons above 3He was studied in Ref. 20, and transi-
tions in a hydrogen-like spectrum were observed in
Ref. 13.

Observation of electrons trapped above liquid hydro-
gen21 and solid neon and hydrogen22 has recently been
reported. The electrons above solid hydrogen are par-
ticularly interesting because of Khaikin's suggestion
that large-radius negative hydrogen ions may exist.23

The binding energy of the electron in such an ion would
vary from -17 MeV as the ion radius tended toward
infinity to ~1 eV as the radius approached atomic di-
mensions.

Another system which may be of interest would be the
electrons trapped above a film of superfluid helium on
a flat substrate. This system has been studied theo-
retically in some detail by Shikin and Monarkha.7 For
an electron above a film of liquid helium of thickness
d, the potential in (1) should be replaced by

«x
m

·«--•£-• (10)

in a first approximation, where we are ignoring the dif-
ference between cHe and 1, Qn«(επ- 1)/4(επ +1), and
εΒ is the permittivity of the substrate. Expanding (10)
in a series in terms of the small quantity z/d, and dis-
carding the z-independent term, we find

<f(2)=~^+^f'z- (11)

The substrate thus leads to an effective "clamping" field
Eta =Que

2/d. For a typical film thickness -400 A,
Eaf varies from -400 V/cm for a substrate of solid H2

to ~3 kV/cm for a metal substrate (ε,,-0 0).

Experimental evidence for the existence of localized
electron states above a helium film was found by Ry-
balko and Kovdrya,24 who observed a slow return of
electrons to the free surface of liquid helium after a
brief removal of the clamping field. The time required
for the electrons to return was of the order of several
minutes. Volodin et al.25 have found convincing evidence
for the presence of trapped electrons above a film.
Their apparatus is shown schematically in Fig. 5. Elec-
trons are furnished by an electric discharge in a gas
near the sharp point of the discharge gap, 1. A constant
electric field EL is applied between a cylindrical copper
cup 2 and the plane spiral coil 5 of the rf measuring
circuit (resonant frequency ~3 MHz). The circuit lies
inside an inverted cylindrical glass cup with a flat
bottom (4).

4

f~

He ζ /

Λ \ Λ\ ' I

j

+

J —

k

FIG. 5. Apparatus used to observe electrons above a film of
liquid 4He (the notation is explained in the text).25

/, min

FIG. 6. Changes in the quality factor of the circuit in the ap-
paratus in Fig. 5 during the events described in the text (from
Ref. 25).

The apparatus is enclosed in a glass vessel 6, which
is held above the liquid helium level in a cryostat.
The helium is added to the vessel by means of the
thermomechanical effect which occurs when the heater
3, in a capillary, is turned on; the helium level is ad-
justed by adjusting the heater power.

After a brief discharge (-0.1 s), the quality factor of
the circuit, Qc, falls off (from an initial value Qo«300)
because energy is absorbed by the electrons trapped
above the helium (Fig. 6A). The decrease, Δ<? =<?„-<?„
is proportional in first approximation to the surface
electron density η and can thus serve as a measure of
the surface charge. The maximum surface charge
density is determined by E±:

When the liquid level is lowered below the bottom of
cup 4, the quality factor of the circuit resumes the
value Qo (Fig. 6B); when the level is raised to its pre-
vious position, Qc decreases again, showing that there
are electrons above the free surface of the liquid (Fig.
6C). If the film of superfluid helium is destroyed by a
temperature increase during the time between experi-
ments Β and C, the quality factor remains high after
the liquid level is restored, and the dielectric turns out
to be charged. These experiments demonstrate the ex-
istence of surface electron states above a helium film
wetting a glass surface. The electron mobility above
the film is lower than that above the surface of liquid
helium by a factor of at least 10s.

The next experiment demonstrates the existence of
electron states above a film of superfluid helium which
is wetting a metal surface. The brief removal of the
clamping field causes a rapid escape of electrons from
the surface, which is followed by a slow charging of
the surface, over several minutes (Fig. 6D). When the
helium level is raised to a small height, -0.01 cm,
the charge is completely restored (Fig. 6E). The
charging of the surface in experiments D and Ε can be
attributed to the runoff of surface electrons from above
the helium film wetting the inner surface of metal cup 2
to the surface of the liquid. This runoff is caused by the
electric field component along the film, EUf and by the
fact that the electrons are rapidly "washed away" as
the liquid level is raised. From the lateral surface area
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of the cup and the amount of charge "washed away" in
experiments like E, Volodin et al.25 estimated the charge
density above a helium film on a metal surface to be
η = (1-2)· 1010 cm"2. This value agrees well with our
calculation of the maximum electron density, found by
requiring that the negative energy of interaction of an
electron with its own image charge and with those of
its neighbors should balance the positive energy of its.
interaction with neighboring electrons. If it is as-
sumed that the electrons form a square lattice on the
film surface (this assumption will obviously have only
a slight effect on the ultimate result), the value

(0.4/<i)2
cm"2 is found. A similar runoff of

electrons from a film onto a free helium surface was
also observed in Ref. 26.

4. STABILITY OF THE CHARGED SURFACE

Limits are set on two quantities of some interest—the
maximum possible electron density and the maximum
clamping field—by a macroscopic instability of the
charged liquid surface and by electron tunneling through
the potential barrier.

The tunneling probability can be estimated from the
semiclassical expression27

α β χ ρ ί — -jr f Y2m(V,, — eELz)dz\ =exp ( — -^ —

(13)

Substituting V0 = l eV, we find that the tunneling proba-
bility is low28 for E± s» 104 esu.

At much lower values of E± there is a macroscopic
instability of the charged surface. The reason is that,
as the surface is deformed, the clamping field drives
the highly mobile electrons to surface troughs, where
they concentrate and intensify the deformation.

Gor'kov and Chernikova have studied the stability
problem.29'30 The equations derived in Ref. 30 for the
spectrum of surface vibrations can be written as fol-
lows for the case in which the liquid is deep:

. . i ( * l + 4iAiW)l; (14)

where ρ and σ are the density and the surface tension
of the liquid, wQ and q are the angular frequency and
wave vector of the vibrations and EL and η are the
clamping field and the surface electron density. Equa-
tion (14) holds if the vibration wavelength satisfies
\ = 2n/q»n~1^. At the maximum charge nm a x =Ex/2ire,
which corresponds to complete shielding of the electro-
static field above the liquid, for the given EXt we easily
find from (14) that an instability can occur (ω|<0) at

(15)

or

For "He in the limit Γ - 0 we find «„,, =2.25· 109 cm"2

and Eieat = 2.03 kV/cm. For η « n m a x (but η »pg/A^a___
= 10 cm"2) the critical field is higher by a factor of V2 .

plete shielding of the field above the surface, the vibra-
tion spectrum is3 0

">S = -y-
4jlrAJ

(16)

In this case there is an instability with respect to long-
wave vibrations (<7~0) at

or

Equation (17) naturally holds for large values of d, at
which Van der Waals forces can be neglected. For
thin films, we must replace g in (16) and (17) by
/ = Zgdl/ct1, where rfois the equilibrium film thickness
at a distance 1 cm above the helium level.31 For «crit

we find

3pf (18)

With d =d0, we find «|,t =1.4 • 1010 cm"2. Equation (18)
gives us only an approximate value of nait for thin
films, since it ignores the circumstance that the dis-
tance between electrons is greater than the film thick-
ness.

The critical density has been measured by Rubalko
and Kovdrya.14 They found values in approximate agree-
ment with those given by Eq. (15), but the temperature
dependence turned out to be stronger than the σι/4 de-
pendence which we would expect on the basis of the
theory. Since the experimental procedure was not de-
scribed in detail in Ref. 24, it is difficult to explain
the reason for the discrepancy. It may be that the heli-
um level dropped as the measurement cell was heated,
because of vaporization, and the vapor density in-
creased greatly.

Volodin et al.32 studied in detail the instability mecha-
nism in an electric field. The apparatus used in their
experiments, carried out at Τ-1.3 Κ, is shown sche-
matically in Fig. 7. The electron source is a tungsten
filament, 1. The voltage which creates the field EL,
which holds the electrons on the helium surface 2, is
applied to the plates of a capacitor. The positively

For a tiiin liquid layer, i.e., for with com-

h, mm

FIG. 7. The critical parameter as a function of the depth of
the liquid layer, d (Ref. 32). The inset at the right shows the
apparatus used to observe the instability of the charged
helium surface.

231 Sov. Phys. Usp. 23(4), April 1980 V. S. Edel'man 231



charged lower plate, 3, is surrounded by a guard ring
4. The grounded upper plate, 5, is suspended on
springs and can be moved vertically by the field Et so
that the gap between this plate and the charged helium
surface can be changed. The position of this upper
plate is measured with a capacitor pickup, 6, and is
taken as a measure of the field. The level of the super-
fluid helium in the capacitor is adjusted by exploiting
the thermomechanical effect. The distance between
the plates, h, is set at various values in the range 1-5
mm. The apparatus is placed in an optical cryostat.
The dynamic effects are studied by high-speed motion-
picture photography (up to 4000 frames/s).

At a certain initial helium level d0, and at the voltage
Uo applied to the capacitor, electrons are emitted from
the cathode, 1, which is turned on for a time ~0.1 s.
The appearance of a surface charge is seen in a total
shielding of the field above the helium surface, i.e.,
Ex =0. Then the critical conditions for the charged
helium surface are achieved either by slowly lowering
the helium level d or by raising the voltage U. The
field El is measured as a function of whichever pa-
rameter is varied. At the same time, the surface and
volume of the liquid helium are monitored by high-
speed motion-picture photomicrography.

The experimental results show that, when critical
conditions are reached at the helium surface, capil-
lary—gravitational waves are excited with an amplitude
-0.5 mm, and the surface charge disappears in a
short time, -0.1-0.3 s. These results imply a "se-
vere" instability.29·30

Figure 7 shows the measured dependence of the
critical value (Ε* +£;!)„,,, on the helium level d. These
experimental results agree satisfactorily with the cal-
culation by Chernikova30 (the heavy curve). The change
in the nature of the dependence at d »1-1.5 mm corres-
ponds to the transition from an instability with respect
to long-wave perturbations to an instability with a
characteristic parameter equal to the capillary con-
stant. This conclusion is confirmed by an analysis of
the motion pictures: At h^ 0.6-0.7 mm, the attain-
ment of critical conditions is accompanied by the exci-
tation of vibrations of the helium surface with wave-
lengths of the order of the dimensions of the capacitor
plates, while at dz 1.5 mm the wavelengths are of the
order of the capillary length, -0.5 mm. The motion
pictures show the escape of electrons from the helium
surface. Figure 8 shows four frames. The frame at
the top shows a homogeneous and stable surface. The
flat, equilibrium, charged helium surface is 0.2 mm
below the helium level outside the capacitor because of
electrostatic forces; both levels can be seen in this
frame. When the instability occurs, and surface waves
grow, sharp depressions appear at the wave troughs
(frame 2 in Fig. 8). Bubbles from 0.05 to 0.3 mm in
size are created in these sharp depressions (frame 3)
and subsequently sink into the helium (the last frame).
When a bubble reaches the bottom (the positive plate of
the capacitor), it either collapses or floats back up,
depending on its size: Bubbles 0.05 mm in diameter
collapse in 10~4 s, while the large bubbles collapse in

FIG. 8. Successive motion-picture frames showing the excita-
tion of oscillations on a flat 4He surface (frame 1). 2) In-
stability; 3) formation of charged bubbles or "bubblons"; 4)
the bubblons sinking into the helium.s2

10~3 s, managing to float back up in the meantime.

The observations can be explained by arguing that
each bubble is a multiply charged negative ion (with
107-108 electrons), or "bubblon," in the superfluid
helium. The bubblon moves toward the anode and dis-
charges when it gets there; the gas-filled bubble which
remains collapses. Setting the electrostatic pressure
inside the bubblon equal to the capillary pressure, we
find an estimate of the bubblon radius:

where Ν is the number of electrons in the bubblon,
which is determined from the total surface charge and
the number of bubblons required to discharge the sur-
face (20-100). Because of the electrostatic interaction,
the electrons in the bubblon form a two-dimensional
layer near the liquid surface with an electron density

IO12 cm"2.

The small-diameter (0.05-mm) bubblons move
through the liquid helium in a field Ε =1 esu at a ve-
locity of 104 cm/s, which corresponds to viscous Stokes
motion. The time taken to reach the bottom is 10"3 s,
which is much longer than the relaxation times of the
electrical and elastic inhomogeneities in the bubblon
dimensions.

Shikin" has studied the stability of multielectron
bubbles in helium. He has shown that spherical bubblons
with the properties found above are stable with respect
to tunneling, the gravitational instability, and the de-
formation instability.

The instability and the spectrum of electrocapillary
waves were also studied by Wanner and Leiderer,*4

who examined the trapping of electrons at a 4He-3He
interface. Although the properties of the electrons
themselves are quite different in this case from those
for the electrons above a free helium surface, the dif-

232 Sov. Phys. Usp. 23(4), April 1980 V. S. Edel'man 232



FIG. 9. Frequency of the electrocapillary waves as a function
of the wave vector for El (V/cm) = 111 (1), 1000 (2), 1119 (3),
and 1145 (4). Solid curve-wave spectrum of the uncharged
surface; dashed curves-calculated for the corresponding
charge density. Τ = 0.567 Κ. Inset at upper left: Apparatus
used to measure the spectrum of electrocapillary-gravitational
waves at an interface in a 3He-4He solution.34 1,2) Capacitor
plates; 3) electron source; 4) electrode exciting oscillations
of the interface (shown by the solid curve), observable in scat-
tered light.

ferences are not important from the stability stand-
point. Wanner and Leiderer34 placed an electrode near
the interface (Fig. 9) and applied an alternating voltage
to it to excite electrocapillary waves. These waves
were monitored by an optical arrangement. The wave
spectrum, shown in Fig. 9 for various surface charge
densities, is in excellent agreement with the theory.

Because of the significant viscosity of sHe, which
damps the waves, Wanner and Leiderer34 were able to
observe the predicted31 formation of a spatially in-
homogeneous state at EL >Eisnu A stationary hexagonal
structure appeared at the interface, with a period equal
to the capillary constant (Fig. 10). In later experiments,
they observed a similar hexagonal structure for elec-
trons above liquid 4He at 4.2 K, at which the viscosity
of helium is quite high.35

No special study has been made of the stability of
charged surfaces of liquid 3He and H2, but it has been
mentioned20'21 that the critical values of the clamping
field and the charge density are approximately equal to

FIG. 10. a) Deformation of the interface at £χ=1120 V/cm.
The deformation is observed from below at an angle ~6° (the
bright elliptical feature is caused by reflection from the an-
nular edge of the charged region, being pressed downward;
b) evidence of a steady-state periodic structure as EL is in-
creased to 1160 V/cm (T = 0.567 K) (Ref. 34).

those expected theoretically in these cases.

There has been no study of the stability of charged
surfaces of solid dielectrics, for example, H2. Since
the breakdown voltages of solid dielectrics are usually
of the order of megavolts per centimeter, it can be
expected that in this case EL and η for ideal crystals
will be limited by tunneling and values η = 1013 cm"2 can
be reached, according to (13).

5. COLLECTIVE EFFECTS IN THE ELECTRON
SYSTEM. WIGNER CRYSTALLIZATION

Because of the upper limit on the density of electrons
above liquid helium (~2· 109 cm"2), the Fermi-de-
generacy temperature for these electrons is always
low,

-=εθ.οι κ. (19)

On the other hand, the electron-electron Coulomb in-
teraction is substantial:

V = i l = e2l/nK=gl00K. (20)
Γ

On this basis, Crandall36 has suggested that the surface
electrons should become ordered in a two-dimensional
lattice, thereby forming a Wigner crystal. The phase
transition would occur when the ratio of the potential
and kinetic energies per electron reaches the value37

Ίτ=τ> ( 2 1 )

where Γ is a constant, having the value Γ =77 according
to the calculation of Nagai and Onuki.38 A similar val-
ue, Γ =95, has been found by Hockney and Brown39 in a
computer simulation of the phase transition in a system
of 104 particles.

The kinetic energy of the electrons also includes the
energy of the zero-point vibration, which is of the
same order of magnitude as the Fermi energy. Since
this energy increases in proportion to «, according to
(19) and (20), while the potential energy increases only
in proportion to Vw', it would be possible in principle
to satisfy (21) at Τ =0 by raising the density; in other
words, it would be possible to arrange "cold melting"
of the crystal.37 However, numerical calculations based
on (19) and (20) show that cold melting is not possible
in this particular case. A density of even η ~ίθη cm"2,
which corresponds to the density in bubblons, would be
far too low for cold melting. It is possible that this
effect could occur for the electrons above a film of
superfluid helium on a metal substrate, where the Cou-
lomb interaction between the electrons, with their high
density, would be significantly weakened by the shield-
ing resulting from the nearby metal.40

Shikin and Monarkha7'41 have shown that the deforma-
tion of the liquid surface beneath an electron leads to a
further gain in potential energy upon crystallization.
At the values of Ex attainable above liquid helium, how-
ever, this additional energy is much smaller than that
in (20), and it could apparently have no significant ef-
fect on the phase state of the electrons.

A question closely related to Wigner crystallization
is the spectrum of collective oscillations of the elec-
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tron system. According to Refs. 36 and 37, waves of
two types can propagate in a two-dimensional system
of electrons. The spectrum of longitudinal waves with
\=2n/q»h,d (fl is the depth of the liquid, and Λ is the
gap between the capacitor plates) is

«1 = ̂ · (22)

The existence and spectrum of these waves are inde-
pendent of the phase state. The longitudinal waves in
(22) are an analog of plasma waves, which are a well-
known effect in the three-dimensional case. Their
spectrum begins at q =0 with the plasma frequency
(4wNe2/mfti, where Ν is the volume number density
of electrons. There are differences in the properties
of the longitudinal waves because the Coulomb inter-
action of two charged planes in the three-dimensional
case does not depend on the distance between these
planes, while the interaction of two charged filaments
falls off with increasing distance. As q is reduced, the
wave frequency thus decreases.

The transition to a crystalline state raises the pos-
sibility that transverse waves will propagate. At small
values of q, they would have a linear spectrum (Ref.
36):

»r = *xi. (23)

where c{ =0.269e"/mr for a triangular lattice.37

The application of a magnetic field ΗIIΝ leads to col-
lective oscillations with a spectrum42

(24)

where Ω is the cyclotron frequency. We see that Eq.
(24) goes over into (22) and (23) in the limit H~ 0. In
the limit ? - 0 w e find from (24)

(25)

Crandall38 worked from the wave spectrum in a two-
dimensional Wigner crystal to calculate the rms dis-
placement amplitude of the electrons, {r2}. The result
found for an unbounded crystal was (r2) — °°; i.e., long-
range order could not exist in such a crystal even in
the limit T - 0 . According to a computer simulation by
Hockney and Brown,39 there is only short-range order
near the transition temperature in the system, and the
"crystal" breaks up into small domains.

Many theoretical papers have been published on the
ordered state of a two-dimensional system of elec-
trons; a thorough examination of these papers goes be-
yond the scope of the present review. In contrast, very
few experimental papers have appeared on many-elec-
tron interactions.

Grimes and Adams43 have observed the excitation of
longitudinal standing waves [Eq. (22)] in rectangular
cells with dimensions axb =12x12 mm with qI=nv/a
and qy=rmt/b (Fig. 11). The spectrum calculated for
these waves, with allowance for the shielding effect of
the electrodes,44 agrees with the measured spectrum
(Fig. 12).

Zipfel et al.4S carried out an experiment which demon-

m no
Frequency, MHz

FIG. 11. Frequency dependence of the derivative with respect
to the surface electron density of the absorption of an rf
signal transmitted through a cell 19 x 12 mm in area, 1.8 mm
high, partially filled with 4He (Ref. 43). The order of the in-
terference of plasma waves is shown in parentheses. Γ
« 0.5 Κ.

strated a correlation in the electron system. They
studied the width of the 1 - 2 transition line in the spec-
trum in (5) as a function of a magnetic field imposed
parallel to the surface of liquid helium. The magnetic
field leads to a Lorentz force directed along the normal
to the surface; this force is equivalent to an electric
field vxH/c. Since there is a velocity distribution,
which is described for a free-electron gas by
exp(- mv\/2kT), the Lorentz force broadens the re-
sonant line (Fig. 13). This broadening, however, is
less than that which should be observed for an electron
gas. As the surface density of electrons increases, the
effect of the magnetic field diminishes.

This effect can be explained in the following manner.
If the characteristic frequency satisfies

where τ is the collision time in the system of electrons,
then the line is narrowed by a factor of Δωτ because
of the change in the state of the electron; this effect is
analogous to the familiar NMR effect. According to the
measurements (Fig, 13), the characteristic time for an
electron density -2· 10" cm"2 is τ = 1.5 · 10"11 s, in
good correspondence with the period of the oscillation
of an electron about its equilibrium position.45

Attempts to observe the ordered state experimentally
run into substantial difficulties. Observation of light
diffraction, as proposed in Ref. 36, is complicated by

4ΰ
ν,, ν

FIG. 12. Calculated (solid lines) and measured frequencies of
tile standing-wave resonances of longitudinal plasma oscilla-
tions for various values of the retarding potential.43 For this
particular case, the surface density is n = 8.6 x 106V cm"2;
Τ«0.5 Κ.
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ΡΙΟ'
η, electrons/cm2

FIG. 13. Line width Δί"12 for the 1 — 2 resonance transition
as a function of the electron density in a magnetic field H,
normalized to AFn(0)& 1.5 GHz (Eef. 45). 1-4) tf=0.20,
0.60, 1.2, and 2.0 kG, respectively. The arrows beside the
ordinate axis shows the value AFn(H)/ &Fn(0) calculated for
a gas of noninteracting electrons. 4He, 1.2 K, F = 225 GHz.

the small cross section for photon scattering by both
electrons and ions in liquid helium, which have charac-
teristic dimensions ~10"7 cm«X. Furthermore, as
Platzman and Fukuyama have pointed out,37 the absence
of long-range order should lead to a blurring of the
Bragg reflection.

A study of Wigner crystallization on the basis of the
conductivity of the two-dimensional system is com-
plicated by the circumstance that in a homogeneous
electric field and a magnetic field the electron-elec-
tron interaction does not itself affect the conductivity.
In an inhomogeneous electromagnetic field it is a com-
paratively simple matter to excite and observe longi-
tudinal waves with characteristic velocities ~109 cm/s
(Ref. 43), but to observe transverse waves with a ve-
locity ~10e cm/s—and thereby find unambiguous proof
of crystallization—is a complicated experimental prob-
lem, which has yet to be solved.

Another consequence of the small value of upl/c is that
the absorption occurs near the cyclotron frequency in
a magnetic field, and the electron-electron interaction
does not affect the position of the cyclotron resonance
line48 in (25), as has been confirmed experimentally.20

Monarkha and Shikin41 have suggested observing
crystallization on the basis of the particular features
of the absorption of energy from an electromagnetic
wave which is polarized perpendicular to the liquid
surface; the absorption results from the excitation of
capillary waves by the electron lattice. According to
their calculation, the absorption coefficient a is

(26)

0.46K
. — '

- * Λ

Λ
V

Γ
, ι

ν-
Υ
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10 30
F.MHz

FIG. 14. Experimental traces demonstrating the appearance
of plasma-ripplon resonances as the temperature is reduced,
because of the crystallization of electrons in a triangular lat-
tice.48

= / < 7 2 , / = l , 3 , 4 , 7 , 9 , . . . ; f o r a square
lattice, \q\2 =/· 4ir2«, /=1,2, 4, 5, 8 , . . .χ =(?]/ρ)<72, where
η is the first viscosity coefficient of helium. Equation
(26) predicts a resonant increase in a in the limit
ω— ως. Setting «„-«, we estimate the absorption at
resonance to be

2π e'n*

c 4ης '
(27)

where nq is the Fourier component of the electron
density, ω2 = (σ/ρ)#3, and q is one of the reciprocal-
lattice vectors. For a triangular lattice, we would have

Substituting n =109 cm"2 and 3 -30μΡ for "He at 1 K,
we find a~10"1 2. This value is too low for the effect
to be observed.

Even for electromagnetic waves which are polarized
along the surface, however, there should be a resonant
absorption resulting from the interference of ripplons.47

This effect was in fact exploited by Grimes and Adams48

as a means for observing Wigner crystallization.

In their experiments, they studied the temperature
dependence of the absorption of rf power by a system
of electrons of density n trapped above liquid helium.
They found clearly defined resonances in a narrow tem-
perature interval against the background of an other-
wise monotonic dependence (Fig. 14). The frequencies
corresponding to resonances Υ and Ζ agree within ~2%
with the ripplon frequencies corresponding to the vec-
tors of a triangular reciprocal lattice with 1 = 3 and 4.
The behavior of W and X is more complicated: First,
there are two resonances; their frequencies, 10.2 and
12.3 MHz, (for w=4.4· 108 cm"2), are much lower than
the frequency of ripplons with <7=<7O, which is 15.1
MHz; and, finally, the positions of these resonances
depend on both the clamping field and the temperature.

These features were explained by Fisher et al.,47 who
calculated the changes in the spectrum of ripplons re-
sulting from their interaction with electrons. An elec-
tron forced toward the surface by the electric field
forms a depression beneath itself (Section 8). A slowly
moving electron will "drag" this depression along,
furnishing an effective mechanism for energy transfer
from electrons to surface vibrations and back. Since
the velocity at which excitations propagate through the
system of electrons is much higher than the velocity
of a surface wave, this interaction leads to a renorma-
lization of the ripplon spectrum: this renormalization
turns out to be important at wave vectors <?-?<, and un-
important at q* = 3?2, q2 ~ 4<?2.
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According to this theory, there are two resonances,
W and X, instead of one because longitudinal plasma
waves of various lengths can be coupled with the ex-
ternal rf field under these experimental conditions;
the wavelengths are determined by the dimensions and
configuration of the measurement cell. Since the change
in the ripplon spectrum depends on the wave vector of
the plasma waves, there is the possibility that several
resonances will be observed. The EL dependence of the
resonant frequency is quite understandable: As the
clamping field is reduced, the binding of the electrons
to the surface will weaken, and in the limit EL - 0 the
resonant frequency should approach the frequency de-
termined from the spectrum for "free" ripplons. This
conclusion agrees with experiment.48

It can thus be considered an established fact that a
phase transition to an ordered state corresponding to
a triangular lattice occurs in the system of electrons
(the resonant frequencies would be completely different
for a square lattice). According to Ref. 48, the transi-
tion occurs at Γ =137 ±7 at temperatures in the range
0.4-0.7 K; this value is not far from the value Γ =95
which was calculated in Ref. 39.

Rybalko et al.49 have reported observing a discon-
tinuity in the field dependence of the electron mobility,
μ(£ χ ), at TS0.3 K, at a position which corresponds to
the condition Γ »140. They attribute this anomaly to
Wigner crystallization. Monarkha50 has calculated the
mobility for this case.

6. INTERACTION OF THE ELECTRONS
WITH VAPOR ATOMS

Surface electrons may interact with vapor atoms and
with thermal vibrations of the dielectric surface. The
relative importance of the effects of these interactions
is very sensitive to the temperature and the clamping
field. For example, the vapor density is comparatively
high for "He at TZ 1 Κ and for 3He at Τ2 0.4 Κ, and col-
lisions with vapor atoms dominate the scattering. At
lower temperatures, the vapor density falls off ex-
ponentially and ceases to affect the electron dynamics.

If the vapor density is not too high, it will affect only
the electron mean free path. If the temperature is low
enough, and the clamping field high enough, that all the
electrons are in the ground state, then the electron
mobility μ is1 4·1 7·5 1

,rcm*
' v-s
η'

ZnhosNy (28)

Here as is the cross section for the scattering of slow
electrons by an atom Jor He, as =4.9· 10~le cm2; Ref.
52], Ν is the number of vapor atoms per cubic centi-
meter, and the wave function in (6) has been used in
evaluating the integral. The two-dimensional mobility
is lower than the electron mobility in the three-di-
mensional case, which is given by the classical formula

μ3Β = ie (31Vas V2nmkT.)-*

The ratio of these mobilities is

(29)

(30)

as as 1.0 IS '. T,K
It?

FIG. 15. Mobility of the electrons trapped above liquid 4He as
a function of the temperature Τ and the vapor density N.
1-5) Measurements; 1) based on the effect of the electrons
on the mutual capacitance of the electrodes in the sonic fre-
quency range53; 2) based on the loss caused in a megahertz-
range rf circuit54; 3) based on the width of the cyclotron-
resonance line at 23.5 GHz (Kef. 17); 4) based on the line
width of resonance standing plasma waves in the frequency
range 20-400 MHz (Ref. 43); 5) by a time-of-flight method
(Ref. 55); 6) calculation of Bef. 60; straight line—calculation
for scattering by vapor atoms; solid curve—results calculated
in Bef. 61 for Τ % 0.8 Κ.

i.e., equal to the ratio of the thermal velocity to a
quantity which represents the characteristic velocity of
the electron in the potential well near the dielectric
surface. For 4He at T~l K, the ratio is μ2 £ )/μ3 Ο=0.15.

Various methods have been used to measure the elec-
tron mobility above liquid helium at Τ 2 1 Κ: a method
based on the quasistatic conductivity,53'54 a time-of-
flight method55; one based on the width of resonances
of standing plasma waves43; and one based on the width
of a cyclotron resonance line.17 The results on μ (AT)
are shown in Fig. 15. For 10" cm"3 «t f« 1020 cm"3,
the μ{Ν) dependence is linear, and the absolute values
of μ, which are very sensitive to the calibration of the
measurement apparatus for the methods other than the
resonance methods, differ from the theoretical results
[Eq. (28)] by no more than they differ from each other.

At Να 1020 cm"3 the mobility begins to fall off more
rapidly than the rate of increase of N, because bound
states of electrons with vapor atoms appear.56 These
states are beyond the scope of the present review.

The clamping field Ex has comparatively little effect
on the gas mobility. A decrease in τ by a factor of two
has been observed as E± was increased to its critical
value.20 The reason for this effect is that the average
image field for ground-state electrons in the case of
4He, -3.3 kV/cm, is higher than the critical field,
~2 kV/cm (Sections 2 and 4), so that the ground-state
wave function changes only negligibly.

The scattering by vapor atoms determines the elec-
tron mobility above solid hydrogen22 (Fig. 16). The
apparent reason for the decrease in the electron mo-
bility above liquid H2 is the trapping of electrons as
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FIG. 16. Mobility of the electrons trapped above condensed
hydrogen'as a function of the temperature and the vapor den-
sity.22 The line with the jog (at the melting point) shows re-
sults calculated for scattering by vapor atoms. The dashed
curve shows μ(Ν) for electrons above 4He (cf. Fig. 15).

the vapor density increases, just as in the case of
helium.

Collisions with a gas also determine the width of the
transition lines in the hydrogen-like spectrum at1 0'5 7

TS 1 Κ (Fig. 17). According to Grimes et al.,10 the
line width varies in proportion to the vapor density, and
an extrapolation toN =0 leads to the finite value
Aoya500 MHz. Grimes et al}° attribute the residual
width to the inhomogeneity of the electric field, ΔΕΧ/
E± ~\%, in the measurement cell. A fivefold change
in EL, however, does not change Aou, as it should.
The comparison with theory in Refs. 10 and 57 demon-
strates a satisfactory agreement, but one circumstance
remains unclear: While a value ~1 GHz was found in
Ref. 10 for the full line width (more precisely, for the
distance between the extrema of the derivative, which
is smaller than the width at half-maximum by a factor
of V3~) at Τ ~ 1.2 K, the same workers subsequently
found45 a much larger value, 1.4-1.7 GHz—more than
twice the calculated value. Interestingly, for the pri-
mary scattering mechanism, involving collisions with
vapor atoms, the line width for the 1 - 2 transition is
essentially equal to the cyclotron-resonance line
width.10'17

7. ELECTRON SCATTERING BY THERMAL
VIBRATIONS OF THE LIQUID SURFACE

As the temperature is reduced, and the vapor density
falls off exponentially, the interaction of electrons with
the liquid surface becomes increasingly more important.
Two effects are seen: scattering by surface thermal
vibrations and a deformation of the liquid beneath the
electron, because of the force eEL, which changes the
electron dynamics.

Atkins58 introduced the concept of ripplons, or ele-
mentary surface excitations. Their spectrum is the
same as that of capillary waves, i.e., is described by
[cf. (14)]

< = f ? 3 - (31)

Scattering of electrons by ripplons was predicted theo-
retically by Cole,14 whose results were subsequently
corrected by Shikin and Monarkha.59 According to that
work, the collision frequency is60

(32)

(33)

, ν Hi,

V (Ρ) = -7^,

where

/ ^ ω « ?\~1 kT

for the ripplons of importance here; <? = (
and /> is the electron momentum. The interaction is de-
scribed by the function

(34)

where Kt(x) is the modified Bessel function. As Platz-
man and Beni61 have pointed out, the value of qz at
Τ & 1 Κ is so low that (34) can be expanded in a series
in qz, and results accurate within ~10/o can be calcu-
lated by retaining only terms of order lower than
(qzf. (Within the same error, the result found in Ref.
61 for μ at EL =0 agrees with the value found by a com-
puter calculation in Ref. 60. Similar results were
found in Ref. 57.) Then it becomes a straightforward
matter to integrate (33) and find61

with A(p)~ 1.22 +2.67 Ιη(ρ/2Ηγ) + 1.5[ln(p/2£y)J2.

Knowing u(p), we can calculate the electron mo-
bility. In strong fields (E±z 1 kV/cm) at Τ = 0.5 Κ and
with ωτ = {ωηι/β)μ«1 (Ref. 59) we have

μίΡ = ̂ · (36)

In the opposite limit, ωτ»ί, according to Ref. 61, we

have

μΗΓ— m , m — —5—· Wl)

FIG. 17. Distance between the extrema of the derivative as a
function of the 4He vapor density for the resonance at the 1
—2 transition, measured in Eef. 10. The lines show the cal-
culations of Ref. 57 for various values of the clamping field.

Figure 15 shows the results calculated for μ(Τ) in Refs.
61 and 60 for Ex =0. Also shown there are the mea-
surements of μ υ (Ref. 54) and μΗΡ in the limit EL -"0
(Ref. 43). While the agreement between theory and ex-
periment can be judged completely satisfactory for the
high-frequency mobility, the results calculated for
μ^ are an order of magnitude above the measured val-
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FIG. 18. Temperature dependence of the mobility of the elec-
trons above *He, determined from the losses in an rf cir-
cuit.62 1,2) Measurements at 12 and 25 MHz, respectively;
3) results of Ref. 54. The clamping fields lie in the range
10-50 V/cm; the density is 10T-108 cm"2.

ue. The discrepancy becomes even worse at Τ £0.2 Κ
(Fig. 18)."2

One reason for the discrepancy may be that the par-
ticular features of measurement of the mobility on the
basis of the absorption of electromagnetic-wave energy
in the case of electrons trapped above helium were not
taken into account in Refs. 54 and 62. In contrast with
three-dimensional conductors, for which closed cur-
rents can flow along the surface, so that the electric
field leads to essentially no local changes in the elec-
tron density, there should be changes of this sort for the
electrons trapped above a dielectric. If the density
changes quite rapidly, as it does if ψ=ηβμ/ωΙΙ»1 (R
is the characteristic dimension of the system), then the
Coulomb field of the electrons will, to a significant
extent, cancel the alternating external field, leading to
a decrease in the high-frequency loss.

For the experimental conditions of Ref. 62, the value
of φ is «2-20, and the change in the electron density
must be taken into account. Unfortunately, only an ex-
tremely brief description of the experiment was given
in Ref. 62, and it is accordingly difficult to say to what
extent (his circumstance affected the results, which
depend on the experimental geometry to a large extent.
For strictly circular currents, for example, there
would be no charge redistribution, and no correction
at all would have to be made.

The EL dependence of μ№ was measured in Ref. 43
for fields in the range E± & 200 V/cm. It was found that
MHP =9.3· 1 0 U ( 2 3 0 +£±)"2 cm2/(V· s), within the experi-
mental error of ~5%; this result is essentially the same
as the calculated result."1 Extrapolation to strong fields,
EL »230 V/cm, leads to a result which agrees within
~10% with the value calculated from (37).

A cyclotron-resonance study20 has revealed qualitative
discrepancies between the theory of Refs. 60 and 61 and
experiment. While Eqs. (36) and (37) predict that τ will
be independent of both Τ and ω in strong fields EL, the
experiments of Ref. 20 show that the value r=mc/eAH
found from the half-width of the cyclotron-resonance
line, AH, is proportional to ω/Τ (Figs. 19 and 20). A
qualitative explanation for the situation can be found by
noting that the condition Kw>kT holds under the experi-
mental conditions here, so that only the one lowest
Landau level is populated, and all the electrons have the
same characteristic momentum p3=eKH/2c. Thus the
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FIG. 19. Cyclotron-resonance signal under various experi-
mental conditions, demonstrating the broadening and shift of
the resonance with increasing clamping field.20 He is the
cyclotron-resonance field for free electrons.20

collision frequency and its reciprocal, the relaxation
time, are determined directly from (35) with this value
of p2. The value of ΑΗ^Τ/ωσ found on the basis of
these qualitative arguments agrees with experiment at
large values of E± (Fig. 20), and this agreement is ap-
parently not simply fortuitous, since a change in the
electron density—not reflected in any way in the
theory—leads to a significant change in AH. Judging
from the relation AH(sHe)/AH(4lie) = σ4/σ,, which holds
at the maximum value of n, the behavior of AH(n) can-
not be described by simply incorporating the elec-
tron-electron interaction, studied in Section 5. Dykman
and Khazan" have developed a theory for cyclotron
resonance which incorporates the electron-electron
interaction, but they find a weaker dependence of the
line width on EX(ES'*) and on HiH1*) than was found
in Ref. 20.

As E± is reduced, the measured values of AH turn
out to be an order of magnitude larger than those which
follow from (35). Furthermore, there is a "descend-
ing" region of the dependence AH(Ex,n =E±/2ne) (Fig.
21), while v(p) is a monotonic function of Ex. This
situation can be explained qualitatively on the basis
that, as η increases, not all the scattering events

9-3
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« | i
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FIG. 20. Half-width of the cyclotron-resonance line, AH, as
a function of the square of the clamping field (normalized to
the surface tension).20 1,2,4-7—Electrons above 4He; 3 —
above 'He; 2—/=37.7 GHz; otherwise—/= 18.5 GHz; 1-3,6*-
» =nm a t; 4,5—? «< (0,3 - Q.Z)nmn; 1 - 5—T= 0.4 K; 6—0.74 K;
7—value of AH. (0.4 K)/(0.74 K) for case 6; dashed line —
calculation from Eq. (35) withp2 = eKH/c.
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FIG. 21. The half-width of the cyclotron-resonance line,
AH(EL), for electrons above 4He at the specified tempera-
tures.2 0 The various points for Τ = 0.43 Κ show experimental
results obtained on different days. 1 and 2—Values of Δ(ίί
and Δ φ obtained in the same experiment; dashed curve —
twice the value of AH calculated from the mobility equation
from Ref. 61; dot-dashed curve—from Eq. (35) with/)2

= eHH/c.

allowed by momentum conservation can actually oc-
cur; the only ones which occur are those for which that
change which is caused in the electron energy in the
field of other electrons by a change ~ -JcK/eH in the
position of the center of the orbit is smaller than the
ripplon energy. The value EL which follows from this
condition is ~15 V/cm.

The electron-ripplon interaction at low temperatures
should also determine the line width for transitions in
the hydrogen-like spectrum in (5). The calculations of
Ref. 57 yield the value AFU «3 MHz for 1 - I transitions
of the electrons above 4He at Τ = 0.4 Κ; i.e., they yield
a value an order of magnitude smaller than the half-
width of the cyclotron-resonance line, ~30 MHz. In
contrast, the value AFlt =450±120 MHz was found in
Ref. 20. Interestingly, this value is of the same order
of magnitude as that found by extrapolating to zero
vapor density in Fig. 17.

For electrons above 3He at Τ = 0.36 Κ, the measured
value is Δ^1( = 1.6 GHz (Ref. 20), which is again much
larger than the half-width of the cyclotron-resonance
line, determined in this case by scattering by the gas
and having the value ~60 MHz. According to the re-
sults of Ref. 10 (Fig. 17), we would expect Δ^ι ;=60
MHz for scattering by the vapor.

The measurements in Ref. 20 were carried out in a
magnetic field ~6 kOe, directed normal to the liquid
surface, but this field should apparently not affect9

&FU. The fact that the line width is independent of the
electron density implies that the broadening is not due
to the electron-electron interaction.

In summary, the theory for electron-ripplon scat-
tering requires further refinement, especially for weak
clamping fields.

8. DEFORMATION LOCALIZATION

When a clamping field is imposed, the electrons

press against the liquid surface, deforming it. As a

result the electron dynamics undergoes a change. This

subject has been studied theoretically in Refs. 64 and

65 (see also Ref. 7), where it was shown that the de-

formation can lead to electron trapping in a plane within

a region with a characteristic dimension

we find L£ ~2· 10"5 cm for E± =E±cnt*2 kV/cm. The

energy gain in the bound state results from the de-

crease in the energy of the electron in the electric field

as the electron drops along with the liquid. According

to Ref. 7, this energy change is

Ana In-
It /(1.80

(39)

(a=V a/pg is the capillary constant) or δΕ ~0.1 Κ at
Ex =£icnt. Then the formation of a "surface anion"
should be observed only at temperatures T«0.1 K, at
which no experiments have yet been carried out.

As mentioned in Ref. 7, the appearance of surface

anions should be facilitated by an external magnetic

field, which if HCl>kT will automatically lead to a

trapping of electrons in a region

i fc-ar . (40)

or by Wigner crystallization (Section 5).

Surface anions should have quite unusual charac-
teristics. In a low-frequency alternating field they
would behave as if they were particles with a large
mass and a correspondingly low mobility. This circum-
stance may furnish an explanation for the very low mo-
bility, ~10~l cm2/(V· s), of the electrons trapped above
a film of superfluid helium. In this case, it is highly
probable that surface anions will be formed by the ef-
fective clamping field of the substrate7 (Section 3).

In high-frequency fields, e.g., in cyclotron-resonance
experiments, the motion of the electron in the depres-
sion it forms at the surface is adiabatic, and the re-
sonant frequency is higher than the cyclotron fre-
quency; i.e., the effective electron mass is smaller
than m (Ref. 46). This effect was first observed ex-
perimentally in Ref. 15. Cheng and Platzman"" and
Shikin67 have calculated the frequency shift. An elec-
tron in a Landau ground state with a wave function

LH γη
-r./21-lr (41)

exerts a pressure eEj ψο\
2 on the liquid, deforming it.

The deformation is described by the equation

VK= „ . (42)

where ζ is the change in the normal coordinate of the
liquid surface. In a transition to the η =1 state, the
slowly varying surface deformation remains unchanged,
so that perturbation theory can be used to calculate the
associated correction to the cyclotron frequency:

(43)
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FIG. 22. Shift of the cyclotron resonance, off, as a function
of E\ (Ref. 20). The notation is the same as in Fig. 20.
Dashed line—Calculated from Eq. (45); solid and dot-dashed
lines—drawn through the experimental points for 4He and 3He,
respectively.

Calculations""1"7 yield

or the shift of the resonance line in the field is

№=—-

(44)

(45)

The same problem was studied in Ref. 63, where the
result found for the frequency shift differed from that in
(44) by a factor kT/Hn<l.

The measurements of Ref. 20 confirmed some quali-
tative conclusions which follow from (45): 6H is inde-
pendent of Ω, and it is a quadratic function of EL (Figs.
19 and 22). Here we have a ratio 5tf(3He)/5tf(4He)
«σ4/σ3> as follows from the theory. Numerically, how-
ever, 6H is above five times the value given by Eq.
(45), and, in contrast with the theoretical predictions
of Ref. 66, it depends on the electron density. This
latter point may furnish a key to the problem: The
electron-electron interaction leads to a further trap-
ping of electrons. The calculations of Refs. 67 and 68
for the shift of the cyclotron^resonance line in the case
T=0 showed that the electron-electron interaction can
lead to a value of 6H approximately the same as that
found experimentally. According to the theory, how-
ever, a δ#(Ω) dependence appears, and the dependence
on the clamping field is more complicated than a E\
dependence.

There is another experimental result which is worth
noting: The behavior 6H(EL) for electrons above 4He
is more complicated than would follow from the the or y""
(Fig. 22). It may be that the discrepancy is due to a
slight damping of the ripplons in superfluid 4He, so that
the surface does not manage to reach its equilibrium
state over the electron relaxation time. For electrons
above 3He, which has a high viscosity, the measure-
ments yield δΗ<*Ε\, within experimental error.

9. NONLINEAR EFFECTS

Since the electrons trapped above a helium surface
have long relaxation times, and are present in com-
paratively small numbers, it is possible to observe a
variety of nonlinear effects already low levels of power
absorbed by the electrons.7 The primary motivation for

studying these effects is that they are of intrinsic in-
terest, but there is also the consideration that such a
study could explain the energy-relaxation mechanism
and resolve the question of whether the results found
in the experiments described in Sections 6-8 refer to
equilibrium electrons or to electrons which are super-
heated with respect to the helium.

Nonlinear effects were reported some time ago.17·43·55

A study of nonlinear effects in the temperature range
in which the electron-ripplon interaction is dominant
was begun in Ref. 16 and continued in Ref. 20, in
cyclotron-resonance experiments. As reported in Ref.
17, the heating of electrons by the measurement signal,
at a power level of ~10"8 W and at T=l K, i.e., under
conditions such that scattering by the gas is predomi-
nant, leads to a broadening of the cyclotron-resonance
line. A significant decrease in the mobility at Τ = 1.5
Κ was observed in Ref. 55 in fields of the order of 0.1-1
V/cm parallel to the surface; these values correspond
to a power dissipation of -ΙΟ^-ΙΟ" 8 erg/(s · electron).
The reason for this effect lies in the increase in the
electron velocity and thus in the collision frequency re-
sulting from heating. From (30) we easily see that the
heating of electrons becomes significant at V2feTe/m
~/¥Κγ/2ιη, i.e., at Te»5 K. The competing mecha-
nism—the transitions of electrons to excited levels,
where the scattering frequency is lower than in the
ground state—is less effective.51

At low temperatures the picture is different. We see
from (35) that the increase P2aLTe in the presence of a
clamping field leads to a decrease in v(p) and thus a
narrowing of the cyclotron-resonance line20 (Fig. 23).
At the same time, there is a decrease in the shift of the
resonance curve, δΗ, as could be expected on the basis
of the mechanism proposed in Refs. 66 and 67: An in-
crease in the quantum number of the Landau level of the
electrons participating in the resonance leads both to
a decrease in the surface deformation and to a smaller
relative change in the orbital dimensions in the transi-
tion from η to η +1. On the other hand, at this point we
cannot explain why 6H changes sign, and does not ap-
proach zero, as Te increases. We also note that in all
the cases covered in Fig. 23 the change Δ# decreases
with increasing P, even at small values of Ex, at which

0.5 -

-US -

-1.0 -

άΗ/ΑΗ(Ρ~Ο)

- «wo.*. . ?

ir« ίο-".

{H/\SH(P~O)\
V

e

Δ X

/* 'f'
/ P. erg/

(selectron

•-4 «-4
'-3, L-S

FIG. 23. Dependence of the line width AH and the cyclotron-
resonance shift δΗ on the power absorbed at resonance by a
single electron.20 ^(V/cm): 1—22; 2—56; 3—460; 4—590;
5—780; 6—1100.
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FIG. 24. Amplitude of the 17.8-GHz wave reflected from the
resonator as a function of the magnetic field.16 The surface
electron density Is 2.2 Ί 0 7 cm"2, EL= 20 V/cm. The narrower
peak, which arises as the power level of the microwave signal
is raised, and which does not change position when the mag-
netic field is inclined at some angle to the normal, is due to
a free-electron cyclotron resonance.

the line width should be determined by terms which in-
crease with the temperature, according to (35) (Ref.
69).

At low clamping fields, the electron heating may be-
come so important, at a power level of only ~10~10

erg/(s · electron), that the electrons go from the I =1
level to the continuum16 (Fig. 24). Their relaxation
time accordingly increases sharply, as can be seen
from the appearance of a very narrow resonance line,
whose position is independent of the angle between Η
and N. For surface electrons, the resonance line shifts
toward stronger fields (Fig. 24). Obviously, "free"
electrons should be greatly superheated with respect
to the bath. Experiments have revealed a change in the
width of the cyclotron-resonance line for "free" elec-
trons which is proportional to the square root of the
power supplied to the resonator. The minimum width is
~0.15 Oe, which corresponds to τ = 10"β s (cf. the value
of ~8 Oe for surface electrons). A calculation from Eq.
(29) shows that even at Te -10" Κ and Τ =0.4 Κ we should
have τ»5 Ms and Δ#~0.015 Oe for scattering by vapor
atoms. Here Te cannot exceed ΙΟ4 Κ, since at a higher
energy the electrons would overcome the potential bar-
rier at the interface and escape from the apparatus,
but this effect was not observed in the experiments of
Ref. 16. It can thus be suggested that the hot electrons
are scattered primarily by each other and by vibrations
of the helium surface. Further study is required here.

An analogous effect—the heating of electrons and their
escape from surface levels—has been observed9 in a
study of surface plasmons [see (22)]. A theory for the
hot electrons was derived in Refs. 70-72.

It is difficult to draw quantitative conclusions from the
results found in a study of the heating of electrons by
the measurement signal, since the temperature of the
hot electrons is not known. We would learn more from
experiments in which the measurement signal was at a
low level, such that there would definitely not be any
significant heating, and the deviation from equilibrium
in the electron system would be caused by imposing an
rf field to cause resonant transitions between levels
in the hydrogen-like spectrum in (5). A nonlinear
photoresonance of this type was studied in Ref. 20. In
those experiments, the cyclotron resonance was moni-

FIG. 25. Dependence on the retarding potential of the 18.5-GHz
signal transmitted through the resonator at cyclotron reso-
nance of the electrons above 3He. 1 — Without a microwave
pump signal; 2 — application of microwave power at 108 GHz
to the resonator. 1—-2 and 1 — 3 — Resonances involving elec-
tron transitions from the ground state to the respective ex-
cited state.

tored at a frequency of 18.5 GHz, and the magnetic
field was fixed at the value corresponding to the ab-
sorption peak. In addition, a signal whose frequency
F lay in the range 130-170 GHz was fed into the re-
sonator. As the clamping field was changed, an in-
crease in the cyclotron absorption at F =FU was ob-
served (Fig. 25). Amplitude modulation of the signal
at the frequency F and the discrimination of the com-
ponent at the modulation frequency/mod in the mea-
sured signal made it possible to measure the relaxation
time of the nonequilibrium state, τΕ. Since the re-
sponse at the frequency/mOd was proportional to this
quantity under the condition {2irfmodTB)~1<^l, the value
τΕ =13 ±6 μβ was found from traces like that in Fig. 26.

If EL is fixed such that the amplitude of the variable
photoresonance signal is maximized, then its depen-
dence on the magnetic field is easily seen to be de-
scribed by

(μι = ext (H — Hns)lmc).

In other words, we have the difference between two re-
sonance lines with a width Δ,Η for the excited electrons
and a width \H for the ground-state electrons. By de-
termining \H in an independent experiment from the
width of the cyclotron-resonance line, we can deter-
mine Δ,/ifrom traces like that in Fig. 27. The re-

fmod ° 6° k H z

FIG. 26. Dependence on the retarding potential of the constant
(1,2) and varying (3,4) components of the photoresonance sig-
nal for various modulation frequencies.20 Curve 4 was re-
corded at a gain one-third that for curve 3.
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FIG. 27. 1 — Magnetic-field dependence of the signal trans-
mitted through the resonator20; 2—the same, with a pump
signal applied at 135 GHz, causing 1—2 transitions; 3,4— Η
dependence of the varying component of the photoresonance
signal for ^ = 135 GHz (the 1—2 transition) and 169.2 GHz
(the 1—3 transition); dashed curve-line shape calculated
for A^I/A,H=0.5 and Α3Η/Δ,Η=0.5, Βχ=12.8 V/cm. The
4He temperature was 0.4 K.

suiting values of A2H are shown in Fig. 21. According
to Fig. 27, A3H~A2H. For electrons above 3He with
£χ «45 V/cm, the value A3H*(0.9±0.l)\Hhas been
found.

In summary, the width of the cyclotron-resonance
line for excitation of the 1 —2 transition is the same as
the width for excitation of the 1 - 3 transition. On the
other hand, since the electrons in the Ζ =3 state are
much farther from the surface than those in the 1 = 2
state (Section 2), we might expect the interaction of the
Ζ = 3 electrons with the ripplons to be much weaker.

The fact that a narrowing of the cyclotron-resonance
line is not observed apparently means that there is a
relaxation of the electron to a ground state in terms of
the ζ coordinate, to a Landau level η^2nFll/iif in a
short time which is determined by collisions involving
a momentum loss. (We recall that for electrons above
4He the value of F12 is approximately the same as F13

for the experimental conditions of Ref. 20.) This re-
laxation scheme also corresponds to the result found
for electrons above 3He: In scattering by a gas, the
calculated width of the cyclotron-resonance line in the
Ζ = 3 state is narrower than that in the Ζ =1 state by a
factor of 5.6. In this case we should expect the width
of the cyclotron-resonance line to be roughly the same
as for the resonance in which electrons are heated to a
temperature kT -nHSl. Also taking into account the fact
that the width of the cyclotron-resonance line decreases
by a factor of about two in the excitation of a photore-
sonance (Fig. 26), we find from Fig. 23 [the AH{P) curve
for Ex =22] that the electrons are heated by ~2nKF12/k
κ 6 Κ when the power absorption is ~10~10 erg/(s · elec-
tron). According to the theoretical estimate reached in
Ref, 68 on the basis of the change δ#(Ρ), the super-
heating is an order of magnitude less. Assuming that
the superheating is proportional to the power (i.e., that
the relaxation time is independent of the temperature),
and using the energy balance equation, we find τ Β = 10"5 s,

in excellent agreement—in view of the crudeness of
this estimate—with the value given above for τΕ.

Monarkha and Shikin68·73 have shown that scattering
by ripplons with q~pH/ft K105 cm"1, which have fre-
quencies ω~3·107 s"1 < <fl*101 1 s"1, could not cause
transitions between Landau levels. The energy relaxa-
tion is thus due to the formation of two ripplons with
ω, =ί2/2 and with oppositely directed momenta. This
mechanism leads to an energy relaxation time which is
independent of the clamping field, and this conclusion
is consistent with experiment (Fig. 23) if it is assumed
that identical heating at different values of Ex leads to
identical relative changes 5.ff and AH.

The numerical estimates in Ref. 73 yield τ £ = 10"β s
for two-ripplon processes; in view of the large experi-
mental error and the model dependence of the calcula-
tion, we can accept this result as consistent with ex-
periment.

There is yet another series of studies dealing with the
energy relaxation of surface electrons; this series is
concerned with the electron lifetime in the bound state
after the clamping field is removed. It should be noted
here that, even in the ideal case of an infinite system
and a strictly homogeneous clamping field, it is a far
from simple matter to determine the relationships be-
tween the measured lifetime τ and the relaxation pro-
cesses. Upon evaporation of electrons, their tem-
perature should drop significantly, with the possible
consequence of a change in the observed values of τ by
several orders of magnitude.74

Under real experimental conditions, with an apparatus
of limited dimensions, significant tangential fields with
a magnitude ~EL arise when EL is turned off, because
of the Coulomb interaction of electrons. These fields,
which are of the order of volts per centimeter in prac-
tice, should cause the electrons to escape to the wall
because of their high mobility, 105-107 cm2/(V-s), in a
characteristic time τ^ΙΟ^-ΙΟ" 5 s, which would be ob-
servable in experiments of this kind. Even if this es-
cape does not occur, there will be an extremely high
probability for heating of the electrons by the tangential
field.75 These parasitic effects depend on many factors,
in particular, the voltage rise time when £ x is turned
off. We do not know of a single paper in which the ex-
perimental procedure was described in such detail that
the particular processes responsible for the results
could be identified. Since the values which have been
measured for τ differ by one or two orders of magni-
tude, even in experiments by the same workers (see
Refs. 75 and 76, for example), it seems premature to
discuss the conclusions which could be drawn from such
experiments.

10. CONCLUSION

As this review has shown, much has been accom-
plished in research on the two-dimensional system of
electrons trapped above liquid and solid cryogenic di-
electrics over the past decade since the discovery of
this effect. The liquid-helium experiments furnish a
good basis for further development of the theory and for
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extending the research to new systems. This work has
already begun, and we can expect some interesting new
effects in the future.

One problem to which we would like to draw attention
is the behavior of the electron spin. On the basis of
general considerations we would expect that the spin
relaxation times in this case would be extremely long,
and the electron magnetization would be retained for a
long time. These arguments can be based on experi-
ments on the paramagnetic resonance of negative ions
in liquid helium,77 where values ~1 and >5 μβ were
found for the transverse spin relaxation times for 3He
and 4He. Since the distance from the trapped electrons
to the atoms is an order of magnitude greater than the
ion radius, these times should increase greatly. How-
ever, this question has not yet been taken up, and we
lack even crude estimates of the relaxation times of the
spin system.

Another effect which may be related to surface elec-
trons was pointed out by Khaikin.23 Radio-astronomy
observations of nebulae have revealed emission of ap-
preciable intensity at a frequency near that which would
be expected for transitions in the spectrum of electrons
trapped above hydrogen. Since the relative abundance
of hydrogen in the universe is extremely high, this co-
incidence deserves study.

Further work on nonlinear effects seems promising.

In particular, upon photoexcitation of electrons to the

continuum we could expect a narrowing of the cyclotron-

resonance line to ΔΗ/Η^ΙΟ^, which might be exploited

to refine the values of the universal constants.

We make no claim that this list of possible directions
for future research on trapped electrons is anything
like complete. We do not rule out the possibility that
absolutely unexpected properties may be found for these
electrons. We strongly hope that research on this
beautiful natural phenomenon will continue and that we
will continue to learn from it.
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