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1. INTRODUCTION

The appearance of any marked nonlinearity in the
electrical properties of normal metals was until re-
cently considered impossible. The only exception -was
the trivial nonlinearity due to overheating of the metal
as a whole. The basis for this view was that the elec-
tron system in metals acquires considerable energy
even at low electric field strengths because of the high
carrier concentrations and the resulting high conduc-
tivity. The electron system is not even overheated with
respect to the lattice in pure metals under static con-
ditions, since the electrons exchange energy with pho-
nons much more often than with one another. The only
consequence of an increase in the field strength would
be overheating of the entire metal. Precisely this in-
terpretation was given, for example, to the experimen-
tal results of E. S. Borovik, who detected deviations
from Ohm's law in bismuth.1 The nonlinearity was re-
garded as a result of very slight overheating of the
electron system with respect to the crystal lattice that
occurred during the overheating of the metal in its en-
tirety.2·3

The situation changed with the appearnace of metals
of high purity. The magnetic component of the electro-
magnetic wave took on special importance in these met-
als. The magnetic field of the wave, which is much
larger than the electric field within the metal, produces

nonlinearity because the conductivity of pure metals de-
pends on magnetic-field intensity. The first reported
observations of this kind of nonlinearity appeared in
Refs. 4-6, in which the surface impedance of metals
was found to depend on the amplitude of an alternating
field. Later discoveries were the generation of the
second harmonic and detection of radio-frequency elec-
tromagnetic waves by metals,7'9 both also associated
with the magnetic field of the wave.

It is known10 that weakly damped electromagnetic
waves can propagate in pure metals placed in constant
magnetic fields. An electromagnetic wave injected into
a metal cannot strongly distort the distribution function
of all conduction electrons. However, the motion of a
small group of electrons responsible for absorption of
the wave may be modified noticeably. The result is that
at sufficiently high amplitudes, both the Landau damp-
ing and the cyclotron damping become functions of wave
amplitude.11 ~iZ The helicon damping function, for ex-
ample, may be reduced to a small fraction of its nor-
mal value as the amplitude rises.

In pure semimetals, where the number of conduction
electrons is not as large as it is in a typical metal, it
became possible to create high carrier drift velocities
in comparatively weak fields. This led to the discovery
of a break in the volt-ampere characteristic of bis-
muth,13·14 which is due to Cerenkov emission of phonons
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when the electron drift velocity exceeds the speed of

sound.

We recall, finally, the nonlinearity of the quantizing
magnetic field when the amplitude of a radio wave ex-
ceeds the period of the quantum oscillations.15"17

It is seen from the above enumeration that the mani-
festations of nonlinearity in normal metals are varied
and nontrivial. As a result, the number of papers de-
voted to their study is increasing steadily. Still, the
number of questions that have been posed in the study of
nonlinear properties of metals may perhaps exceed the
number of answers given. There have been experi-
ments18"21 for which several equally possible theoreti-
cal explanations have been offered.22"24 There are also
experiments25·26 that have not been interpreted and a
number of theoretical predictions27"28 that have not been
verified in experiment.

In this review we examine the causes of a metal's
nonlinear response to an external electromagnetic in-
put and the possible manifestations of nonlinearity un-
der conditions for which sufficient clarity has been at-
tained. These conditions include smallness of the fre-
quency ω of the radio wave, ωτ « 1 (τ is the momentum
relaxation time of the electron) and the condition δ/Ζ
« 1 , where δ is the depth of the skin layer and I is the
carrier free path. This last condition imposes a lower
limit on the frequency ω. It is simultaneously a condi-
tion for the anomalous skin effect. The anomalous-skin
case is of special interest because the radio wave does
not interact with all conduction electrons, but only with
a small group of them whose motion can be strongly
modified by the wave's field. Because of the small
number of electrons interacting with the wave, marked
nonlinearity appears at a comparatively low radio-wave
amplitude, and the manifestations of nonlinearity are
numerous and unusual.

Experimental measurements have been made for the
most part on bismuth, which is a highly convenient
model object. The small cyclotron masses of this met-
al's electrons enable us to observe nonlinear effects at
minimal alternating-field amplitudes. It is further con-
venient for the comparative simplicity of its Fermi
surface and because the linear properties of bismuth
have been investigated in exceptional detail. Occasion-
al measurements have been made on typical metals—
tin and gallium. In principle, there are no limits on
the observability of the effects to be discussed below in
metals with high carrier concentrations. It is only nec-
essary to have a large (/» δ) electron free path—a
property inherent to any pure and perfect metallic
crystal at low temperatures.

2. SOURCES OF NONLINEARITY AND OPTIMUM
OBSERVING CONDITIONS

a) The equation system

The system of equations that describes the behavior
of a metal in an electromagnetic field consists of the
Maxwell equations and the material equation that char-
acterizes the properties of the medium. The latter
states the relation between the magnitude of the ap-

plied field and the current that flows in the metal. It
must itself be derived from a microscopic analysis, for
example, by solution of the Boltzmann equation:

v 4 + e ( E + i [ v H ] ) f = - / ( / ) ; (1)

here / is the electron distribution function, Ε and Η are
the electric and magnetic field strengths, J(f) is the
collision integral [</(/<,) = 0, where/0=(βχρ[(ε - ε φ ) /
kBT] + I)*1 is the Fermi function corresponding to the
lattice temperature]. The field Η includes both the
constant field and the field of the electromagnetic wave.

The Boltzmann equation is a nonlinear integrodiffer-
ential equation. Nonlinear effects are usually (see, for
example, Ref. 29) assumed to be weak and this equation
is linearized. It is assumed that the distribution func-
tion changes little from its equilibrium value /
=fo+g(g«l) and by representing Eq. (1) in the form

- (2)

the terms eEdg/dp and (e/c)[vH] responsible for the
nonlinearity are omitted and the exact notation for the
collision integral, also a source of nonlinearity, is re-
placed by the model notation j(f) = g/T. Then the elec-
tric current density j ~ / ev gd3p is proportional to the
magnitude of the electric field E.

The standard procedure for solution of Eq, (2) with
nonlinear terms consists of expanding the electromag-
netic fields and the increments to the distribution func-
tion in series in harmonics of the fundamental frequen-
cy:

Ε = Ε, (ω) + Ε,(2ω) + . . .r

2 (2ω) + . . .,

$El(<a)~ coswi~ (ei«" + e-tot))-

Then gn~ En~ Hn~ E£, so that successive approximations
can be used for solution, isolating the terms of the
equation that correspond to higher harmonics of the
frequency ω. We note that g2 also contains the incre-
ment for the rectified current, since it has a term g0

that does depend on ω and is proportional to the pro-
duct eiute'iut. This term will be of special interest to
us later on, since most of the effects to be examined
below are involved with the detection of alternating cur-
rents in metals.

Instead of all the terms responsible for nonlinearity
in the equation for an w-th harmonic, it is convenient
to retain only those that are the main sources of non-
linearity. Their relative magnitudes can be estimated
with this in mind, and the largest ones selected. (Be-
low we shall be interested only in the equation for the
second harmonic of the frequency ω; we shall there-
fore make all estimates for this equation). The rela-
tive magnitudes of the various terms must be com-
pared quite painstakingly, since it may be that a given
term predominates for a small electron group but this
group itself makes no appreciable contribution to the
current of the corresponding harmonic. Moreover, a
term associated with the magnetic field has no effect
at all on the isotropic part g=g(c) of the increment to
the distribution function, i.e., the part that depends only
on energy. Below we shall discuss whether it is possi-
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ble to create a large isotropic distribution-function in-
crement (to "overheat" the electron system) in metals,
but we now assume for the time being that the distribu-
tion-function increment is basically anisotropic.

b) Case of an anisotropic increment to the distribution
function

Let us estimate the magnitudes of the three Boltz- .
mann-equation terms that are responsible for nonlin-
earity. We first compare a1 = eElBgl/dp and a2

= (e/cHvHj Bgx/Sp. In the case of the normal skin ef-
fect, the electron distribution shifts periodically as in-
dicated in Fig. 1. The increment to the distribution
function for the fundamental is of the order of g±

~(θ/,/8ε)Δε~eEJlt/kBT (ltT=vrtr is the transport elec-
tron free path). In momentum space, gx decreases to
zero over a distance (see Fig. 1) of the order of dp
~ kBT/(dz/$p)~kBT/v (v is the Fermi velocity). There-
fore*^ -(e-E^t/feBr)2^. The component 8^/βρ perpen-
dicular to the electron velocity is included in a2 and is
of the order of gjmv, where m is the electronic mass.
The ratio aja2 therefore equals αχ/α2~(.ο/υ)(Ε^/
kBT~(wb/v)Zp/kBT, where we have recognized that
Ε1(ω)~(ω/ο)δΗι.

In a typical metal at ε,.~ 10 eV, according to this es-
timate, the contributions to nonlinearity from the elec-
tric and magnetic fields of the wave become equal (at
temperatures of the order of 1 K) at frequencies ω~ 109.
The contribution from the magnetic field of the wave
prevails at lower frequencies.

Under anomalous-skin-effect conditions, the distribu-
tion function changes appreciably only in a narrow
range of angles a near the points of the Fermi surface
at which the electron velocity is parallel to the surface
of the specimen (Fig. 2). These "effective" electrons
make the basic contribution to the conductivity. In the
absence of a constant magnetic field, the angle range
a is of the order of 6/2. (Here l = vr is the path length
for small-angle scattering. If the electrons are scat-
tered for the most part by impurities or vacancies, I
and Ztr are the same. If, on the hand, scattering by
phonons prevails, we have l<ltT at low temperatures).
In a magnetic field, a~ λ/Δ/r, where r= vmc/eH is the
radius of the Larmor orbit of the electron (6«r«Z) .

FIG. 2. Skin-layer electron distribution function for a case of
the anomalous skin effect. Plot for/(ε) = const <1.

Because α is small, a2 increases further in the anom-
alous skin effect In this case the ratio ax/a2 will de-
crease still further: aja2~ acFU)6/vkBT. At ωτ«1,
the ratio aja2«1 down to temperatures of the order of
0.1 K. In general, the temperature dependence is of a
random nature in this estimate and results from the
fact that we are estimating the ratio of single terms in
the kinetic equation and not the ratio of the correspond-
ing currents.

It is somewhat more difficult to estimate the contri-
bution of the collision integral to the nonlinear effects.
This contribution appears as a consequence of the Pauli
principle. The collision integral has the form

, 2
1(1 - (3)

If Wpp'=HVP, as in the case of scattering by impurities
and defects, the products / , · / , drop out of the collision
integral. Therefore scattering on these centers does
not result in nonlinear dependence of the collision inte-
gral on the applied fields. It is a different matter when
we come to electron scattering by phonons. Since the
probability of absorption of a phonon with wave vector
q is proportional to the number of phonons N(q) and the
probability of emission of such a photon is proportional
to N(q)+ 1, ωη.Φ ωρ,ρ, and the integral for collisions on
phonons contains a term that depends on the product

a3. ι qg (k') δ (ek, - ek.+, + hqs) d'k1 ~ -f-a. (4)

FIG. 1. Change of skin-layer electron distribution in the case
of the normal skin effect, a) Plot for fit) = const <1; b) incre-
ment to equilibrium distribution function g\ (px) at py = 0.

where JVa is the number of atoms per unit volume, M,
is the mass of the atoms, s is the speed of sound, a is
the angle interval in p-space, in which g^p) is nonzero,
and Δ is the deformation potential.

The time rnb is the total time of electron-phonon scat-
scattering and is related to the transport relaxation
time by τηίι=τ^(τ/θ)ζ, where θ is the Debye tempera-
ture. The time Tw h can be measured experimentally by
studying the temperature dependence of such effects as
cyclotron resonance or the radio-frequency size ef-
fect, in which small-angle scattering of electrons is
significant.

In real metals at temperatures around 4K, rnb is of
the order of τ.30 This implies that a3~ % in the normal
skin effect, while a3 « ^ under anomalous-skin condi-
tions. We shall not consider the case of electron-elec-
tron scattering, since r,e»tnh in all metals, except
perhaps for the transition metals.
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c) The possibility of overheating of the electron system
in metals

To obtain a "warm" electron system in a metal, i.e.,
a perturbed electron system whose distribution function
g(c) has an isotropic part, it is necessary that momen-
tum relaxation of the electrons occur much more rapid-
ly than their energy relaxation. The electron system
loses energy at low temperatures by emitting acoustic
phonons. In each phonon -emitting event in a typical
metal, the electron loses the entire energy excess that
rendered it nonthermal. Therefore the largest momen-
tum that an emitted phonon can have is the Fermi mo-
mentum, and the energy of this phonon is of the order
of kO, so that the electron can lose smaller energies
in a single phonon-emission event. As a result, the en-
ergy relaxation time re is of the same order as the
electron-phonon scattering time Twll(e) and in pure met-
als is equal to or even smaller than the momentum re-
laxation time.

Momentum relaxation of the electrons can be accel-
erated by injecting impurity atoms into the metal.
Since scattering on impurities is elastic, there is no
change in the energy relaxation of the electron system
due to introduction of the impurity, and the condition re

~ rnb» τ will be satisfied. The electron-electron scat-
tering time is quite short in transition metals (see, for
example, Ref. 31), Tee«re. In this case, intensive en-
ergy exchange between electrons will result in estab-
lishment of thermal equilibrium in the electron system.
The time ratio is inverted for other metals, re~ rnh

« ree; therefore thermal equilibrium is not established
in the electron system. Nevertheless, we shall use the
electron temperature Te below for order-of-magnitude
estimates, remembering that the electron system is
markedly perturbed in low-frequency fields only near
the Fermi level and that the isotropic part of the distri-
bution function can be represented approximately in the
form /„+ (π2/6)(*ΒΓβ)

282/0/8ε2.

In semimetals, where the dimensions of the Fermi
surface are small, energy relaxation can take place
much more slowly than momentum relaxation even in
the absence of an impurity. If the characteristic dimen-
sion of the Fermi surface is pF, cooling of the electron
system at kBTe2 kBT>prs will take place by emission
of phonons with energy of the order of pfS. At temper-
atures kBT»pFs, it becomes difficult for the electrons
to lose energy because the probabilities of phonon ab-
sorption and emission become equal.32

In fact, the number of phonons with energy of the or-
der of pfS is proportional to the Bose-Einstein distri-
bution function:

ΛΓ ~ ( - I ) " ' - - ^ (5)

Therefore the probability of emission of a phonon with
energy ppS, which is proportional to Ν + 1, is almost
equal to the probability of absorption of the same pho-
non, which is proportional to N. In other words, one
electron-system energy-loss event occurs, on the av-
erage, every (2ΛΓ+1) events in which electrons are
scattered by phonons with loss of momentum. The en-

ergy lost by the electron system in a unit volume per
unit time has the form pFs\pFs/kBTx kB[(Te

-T)]rlF]n/tF, where we have taken into consideration
that the fraction of electrons capable of losing energy
by phonon emission is of the order of kB{Te - T)/zF of
the total number η of electrons in the unit volume. The
loss of energy by the electron system can be repre-
sented in the form δε/τβ; here bz~kB(T2

e-T2)n/cr.
Equating the two expressions for the power lost by the
electrons, we find Te~{kBT/pFs)ir,F»T<lF. This rela-
tion was derived more rigorously by Greene.33

If the Fermi-surface area under consideration has
the form of a long, slender ellipsoid, a similar rela-
tion between the momentum and energy relaxation times
may be preserved in a quantizing magnetic field down
to very low temperatures of the order of Ps/k, where
Ρ is the smallest dimension of the ellipsoid. To veri-
fy this, let us assume that the electron spectrum of the
metal is square-law, ε = (#j+/»J)/2w + (p\/2M), and that
the effective masses m and Μ differ greatly, M»m.
The Fermi surface then has the form of an ellipsoid of
revolution, with the ζ axis a long one. The magnetic
field Η is directed along this axis. In the quasiclassical
approximation, the allowed states in momentum space
are located on cylindrical tubes whose axes are parallel
to the magnetic field (Fig. 3).

We shall confine ourselves to examination of the
electrons on the tube tangent to the original Fermi sur-
face at pt= 0. States in the range 2Ap~ 2J2kBTeM are
occupied on this tube. Since quantization assumes that
HSi = fi(eH/mc)»kBTe, transitions from one tube to
another without a change in pt are impossible by virtue
of the Pauli principle. Electron scattering could take
place along the Fermi surface. However, we shall as-
sume that the distance pl to the nearest tube, found
from the condition ρΙ/2Μ = Κίϊ{ρχ »Δ/>), may be consid-
erably larger than the phonon momentum, pl»kBTe/s.
In other words, we shall assume satisfaction of the fol-
lowing chain of inequalities:

(6)

When these inequalities are satisfied, electrons are
scattered only within a single cylindrical tube, whose
characteristic dimensions are small compared to the

FIG. 3. Electron spec-
trum in quantizing mag-
netic Held.
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thermal-phonon momentum. For the reasons discussed
above, we must also expect τβ - (feBT/Ps)2Teph in this
case. This problem is discussed in greater detail in
Ref. 34.

Real metals have, in addition to areas with small
Fermi-surface dimensions, large surface areas on
which electron energy relaxation takes place quickly.
Therefore mixing of electrons of various groups, i.e.,
transitions between different areas of the Fermi sur-
face, even if it occurs as a result of impurity scatter-
ing and the energy of the scattered electron is con-
served, are capable of reducing the energy relaxation
time of the electrons of the group considered.

It has been assumed up to this point that the tempera-
ture of the phonon system remains unchanged. Let us
now establish the conditions under which the phonon
system would be able to act as a thermostat. Let us
estimate the characteristic relaxation time r>h of the
phonon system. In a typical metal, the energy yielded
by an electron in a single phonon-emission event is of
the order of kBTt; therefore a power feBT,n[feB(T, - T)/
zrrtF\ = u is transferred to the phonon system per unit
volume. This power is expended to increase the tem-
perature of the phonon system, u=kBn(T/9)3 dT/dt
- kBn{T/9)3 (T, - T)/rr. Therefore3 τ,~ τ,^ε,/
kB9) (Τ/θ)2. At frequencies r a « ω"1« τ,, the phonon
system has only a mean heating determined by the
thermal balance of the crystal, while the electron-sys-
tem temperature oscillates at frequencies that are
multiples of ω. The temperature of the entire crystal
as a whole may oscillate at Tph « ω'1.

In semimetals, where the number of electrons η is
small compared with the number of crystal-lattice
atoms ΝΆ per unit volume, τ Λ ~ (^/η)τβί.(ε,/ΛΒ

Therefore, τ ^ » τ , down to temperatures ~1K.

Let us now estimate the possible contribution of elec-
tron-system overheating to nonlinear effects. We shall
assume that τ << r a « W l « TF. Since we are interested
only in estimating the isotropic part of the distribution-
function increment, we shall use the budget of the ener-
gy coming in to and going out from the electron system
instead of solving system (2) for the isotropic and an-
isotropic parts of g.3t A power ~6n>Hl/4ir crosses a unit
area of the surface into the specimen. The average
distance in which the electron loses its energy is I,
~ iV T,/T in the absence of constant magnetic field and
le~ (U/OVT,/T in a strong magnetic field, where Ωτ» 1.
In the simplest situation of the normal skin effect, in
which the condition lt« δ is satisfied, the energy ac-
quired by the electron system is transferred to phonons
within the skin layer. The energy balance then gives

: Β i (7)

Therefore at T, - Τ « Τ we have T, - T~ kB\Z/6it)(Hl/n)
(zF/kBT) x ωτβ. The term a4= v6gjdr~ v{9f,/9t)VT,
~ (.eEtljkJYT&Tjr^ x Utr/5) will appear in the equa-
tion for the anisotropic part of the distribution function.
The ratio at/a2~ u)Tecp/kBT may be large at compara-
tively low frequencies, so that allowance for overheat-
ing is essential in the study of nonlinear properties un-

der conditions of the normal skin effect with le« δ.

A different relation between le and δ is possible in the
normal skin effect: I« δ « l e . As far as overheating of
the electron system is concerned, this case differs in
no way from that of the anomalous skin effect. In the
right-hand side of (7), δ will now be replaced by Ze, and
at a given Rx the difference between the electron and
lattice temperatures will be lowered by a divisor ίβ/δ;
the temperature gradient will also be lowered by the
same divisor. As a result, at/a2~ wf(Zr/kBT)(b/l)6/lt

« 1 , and the manifestations of electron-system over-
heat will be weak under these conditions.

d) Conditions of observation

The net result of the above analysis is that the mag-
netic field of the wave is the principal source of nonlin-
earity in pure metals at ωτ « 1 . Let us now attempt to
find the conditions under which nonlinear phenomena
can be observed at the lowest radio-wave amplitude.
To this end, we shall find the characteristic amplitude
h of the radio wave incident on the metal beginning at
which the nonlinearity becomes appreciable for various
cases. (In the case of weak nonlinearity, the fields
and currents can be represented in series form in uj
h.)

1) Weak constant magnetic field Η<Hx. Under the
conditions of the normal skin effect, nonlinearity ap-
pears as a result of the influence of the wave's magnetic
field on conductivity. The dependence of conductivity on
the magnetic field will become strong when ΟτΐΓ = (β/ί1/
mc)riT»l, so that the characteristic amplitude of the
alternating field is

Α- = ̂ Γ · (8)

In the anomalous skin effect, the influence of the
wave's magnetic field comes into play as soon as the
path length of the effective electron within the skin layer
becomes smaller than the free path and effective elec-
trons can escape the skin layer in the interval between
two scattering events. The electron path length in the
skin layer is 2V26t>/w. Equating this to the free path I,
we obtain

2) Quantizing magnetic field: Because of the Shubni-
kov-de Haas effect, the conductivity of a metal oscil-
lates on variation of the magnetic field. We may expect
the appearance of noticeable nonlinearity when the wave
amplitude is comparable to the period of the oscilla-
tions. We find the shortest period from the quantum
level resolvability condition Kil~ 2n2kBT. Therefore

A,-
me (hQ)*
eh eph

(10)

Numerical estimation of these characteristic values
of h from formulas (8)-(10) indicates that the weakest
requirements on the amplitude of the alternating field
at T~ 1 Κ apply in a small constant magnetic field in the
anomalous skin effect. The entire exposition that fol-
lows is devoted to this case.

The value of ha is not large. By way of example, we
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cite figures for bismuth. The lightest carrier mass m
~ 10" ̂ g, the carrier free path at helium temperatures
Z~ 10"1 cm,!)-108 cm/sec, and the depth of the skin
layer at 1 MHz is of the order of 10"3cm, so that ka

-10"2 Oe. Other conditions the same, the effective
electron masses in a typical metal are a hundred times
larger, but then the depth of the skin layer is an order
of magnitude smaller, owing to the increased number
of carriers; therefore ha~ 10" * Oe.

3. NONLINEAR SIZE EFFECT

a) Qualitative discussion

Let us begin by considering the simplest case of non-
linearity under the conditions of the anomalous skin ef-
fect, namely the case in which the alternating-field
amplitude at the surface of the metal is small com-
pared to the external constant magnetic field Ho. Then
the electron paths are shaped by the constant magnetic
field, and the wave magnetic field merely distorts
them weakly inside the skin layer. We shall assume
satisfaction of the inequalities ωτ « 1 <Ωτ, δ «r= v/il.
It can be assumed under these conditions that the elec-
trons move in a quasistatic but spatially strongly non-
uniform electromagnetic field. Since the phase shift
between the alternating electric Εχ(ω) and magnetic
/^(ω) fields differs from ir/2, the intrinsic magnetic
field of the wave, which is superimposed on the con-
stant magnetic field Ho, results in nonequivalence of the
two half-periods of the alternating current. The half-
period nonequivalence is due to the change in the effec-
tive-electron path in the skin layer. As a result, an
electric current that is proportional to the product
M1El and has a constant component appears at the sur-
face of the specimen. The rectified current is spatially
inhomogeneous; it is damped out at a distance of the
order of δ from the surface. It is easy to obtain an es-
timate for the direct-current density j 2 if the field Ho is
parallel to the surface of the metal. The high-frequency
current j{ ω) is proportional to σ^&τ'1, where σ0 is the
static conductivity. We take the wave magnetic field
into account as follows: j2~H^djxl'dH0. Using the es-
timate Hx~cEt/ωδ, we obtain j2~σ0Ε1(ωτ)~1βΕ1Ιε'ρ·

It is known36 that spikes of high-frequency current
may appear in the interior of the metal under the con-
ditions of the anomalous skin effect in the presence of
a constant magnetic field; they are due to the ballistic
motions of electron of the extremal sections of the Fer-
mi surface. We may expect the presence of a direct
current concentrated at the specimen's surface to re-
sult similarly in the appearance of direct-current
spikes inside the specimen. In general, any nonuniform
field distribution may be transported by electrons. For
example, the transport of inhomogeneous deformations
in metals along a chain of paths has recently been ob-
served.37"39 However, the transport of an inhomogen-
eous direct current has certain specific properties.
This is because the appearance of a direct-current
spike is not generally associated with the appearance
of a constant electric field. To verify this it suffices
to imagine a metallic specimen occupying the half-
space z> 0 and apply one of the Maxwell equations in

integral form:

The contour of integration is indicated in Fig. 4. Since
E= 0 in the interior of the metal and the average value
of the time derivative of the magnetic flux, taken over
times that are larger than ω"1, also vanishes, we find
at once that the inhomogeneous direct current is not
coupled to the appearance of a constant electric field
under these conditions. Because of the absence of elec-
tric field in the spike, the spike may be transported
only to the distance reached directly by the electrons
present in it. In other words, chains of direct-current
spikes cannot arise as a result of the transport of di-
rect current along a chain of orbits. Nevertheless,
chains of direct-current spikes do exist. These re-
sults from transport of the fundamental current and
nonlinear effects in deep spikes of that current along
a chain of orbits.

This occurs as follows. In a magnetic field parallel
to the surface of the metal, electrons of an extremal
Fermi-surface cross section, while in the skin layer,
are refocused at depth 2r in their path motion and re-
produce the direct-current spike at this depth. At the
same distance from the surface there is a spike of the
fields Hl and Elt which results in the appearance of di-
rect current at depths 2r and 4r, and so forth. It is
clear from these arguments that a similar system of
spikes will also appear for the current j 2 at frequency
2ω.

In a specimen of limited size, the presence of a sys-
tem of direct-current spikes, the distance between
which is determined by the external magnetic field Ho,
should result in the appearance of a nonlinear size ef-
fect similar to the radio-frequency size effect.36 The
nonlinear size effect appears as a singularity in the
magnetic moment of a plate when the external magnetic
field reaches values Hx=N2vmc/ed, where d is the
thickness of the plate and AT is an integer. The magnetic
moment itself arises as a result of detection of the al-
ternating field in the skin layer and deep spikes in the
interior of the specimen.

Penetration of a direct-current spike into the opposite
skin layer is not the only cause of the nonlinear size
effect. In the magnetic field in which the diameter of
the electron orbits is equal to the thickness of the spec-
imen, the contribution to the size effect at a current j 2

proportional to £^0)^(1) fwhere E^N) is the amplitude
of the high-frequency field in the N-ih spike] changes
the number of returns of electrons into the skin layer

FIG. 4. Contour of integration in (11).
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as a result of scattering of electrons by the opposite
side of the plate. The size of this contribution is deter-
mined by the degree of specularity of electron scatter-
ing on the specimen surface. However, the cutoff of
electron orbits cannot contribute to the nonlinear size
effect in fields corresponding to agreement of specimen
thickness with several electron-orbit diameters.

An incremental direct current proportional to
E^B^) also appears in the skin layer when the next
spike of the high-frequency field emerges at the sur-
face. The contributions to the nonlinear size effect
from surface crossings of high-frequency and direct-
current spikes are identical in order of magnitude and
cannot be distinguished experimentally. In any event,
the linewidth of the nonlinear size effect will be deter-
mined by the depth of the skin layer at frequency ω, so
that an increase in the frequency of the alternating
field should result in narrowing of the lines.

b) Structure of direct-current spikes

The distribution of the direct current in the spikes is
calculated by successive approximations as set forth
in paragraph a) of Sec. 2. The corresponding equations
for the distribution-function increments responsible
for the fundamental and direct currents have the form

2mc

(12)
(13)

where the asterisk identifies the complex conjugate and
&(«>)=/!8/0/8ε, φ> = Ωί is the dimensionless time of elec-
tron motion on the orbit. It is assumed that the metal
occupies the half-space z> 0 and that the electric field
Ex is oriented along the χ axis and the constant mag-
netic field Ho along the y axis. The solution of Eq. (12)
is well known (see, for example, Refs. 40,36). The
electric field E^z) penetrates into the specimen, form-
ing spikes at values of ζ that are multiples of 2r= D.

Equation (13) has been solved9 for the case of a cylin-
drical Fermi surface with a cylinder axis parallel to
the external magnetic field. Rather unwieldy calcula-
tions yield the following expression for the current den-
sity:

(14)

where E^q) is the Fourier component of the field of the
fundamental. The value of the current j 2 agrees with
the estimate obtained earlier by a qualitative procedure.
The distribution of the direct current over the thick-
ness of the specimen can be found at an arbitrary ζ by
using the Et(z) relation given in Ref. 40. This distribu-
tion is shown schematically in Fig. 5.

Antisymmetric direct-current spikes appear at values
of ζ that are multiples of D= 2r. At large numbers N,
the amplitude of the spikes decreases as N'2/3, and
the signs of the spikes alternate. No constant electric
field appears, but the current j 2 gives rise to a constant
magnetic field 3C whose magnitude, accurate to a nu-

h W -•£&; Im {2̂ 1 « E* («) + E1 (*)ί*

f ι (ι) = π"1 j sin (gz) £, (?) dj, r =-£-,

FIG. 5. Direct-current density j 2 vs. distance to surface of
metal.

merical multiplier of the order of unity, is H\(O)/
(2ir)3tf0, while its direction is the opposite of that of
the external magnetic field Ho.

It is seen from the structure of relation (14) that the
magnitude of the rectified current in the N-th spike is
sensitive only to the magnitude of the electric field in
its nearest neighbors. This corresponds at once to the
absence of direct-current-spike transport along a
chain of electron paths.

c) Experimental observation of nonlinear size effect

The semimetal bismuth is thus far the only object in
which the nonlinear size effect has been observed, al-
though there is no reason to assume that it would be
any more difficult to observe it in metals with high
carrier concentrations. This is because the power re-
leased in the specimen is proportional to #?δ~ Η\η'113,
so that the field # t can be increased by a factor nl/e at
a given specimen overheat with respect to the helium
bath. Since the magnetic moment of the specimen is of
the order of Hl/H0, and the field Ho in which size-ef-
fect lines are observed is proportional to n1/3, a mag-
netic moment of the same magnitude as in bismuth can
be obtained in this field without increasing the overheat
of the specimen.

The most direct method of observing the nonlinear
size effect would be direct measurement of the mag-
netic field in the interior of the specimen as a function
of the magnitude of the external magnetic field. How-
ever, actual measurements have been made different-
ly.9 A modulation technique has been used that makes
it possible to raise the sensitivity of the instruments
significantly.

A specimen in the form of a plane-parallel plate was
placed within a system of three induction coils as indi-
cated in Fig. 6. The induction-coil system was placed
directly in the helium bath together with the specimen.
One of the coils (coil 3 in Fig. 6) was used to create an
alternating electromagnetic field in the frequency range
0.5-2.5 MHz with amplitudes H^O) up to 5 Oe. The
overheat of the specimen relative to the helium bath did
not exceed 0.2 Κ at these magnetic-field amplitudes.
The other two coils formed a bridge circuit operating at
frequencies from 100 to 1000 Hz. At frequencies below
1000 Hz, the alternating magnetic field was practically
uniform through the thickness of the specimen. The
amplitude HM of the low-frequency alternating field was
0.1 Oe.

The signal from the receiving coil went to a filter
that suppressed the high frequency, and then, after
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FIG. 6. Diagram showing measuring-coil arrangement. 1)
Specimen; 2) rotating base; 3) high-frequency induction coil;
4 and S) low-frequency coils.

narrow-band amplification and synchronous detection,
to the y -coordinate of an automatic-recording poten-
tiometer. A voltage proportional to the constant mag-
netic field Ho was applied to the potentiometer's x-co-
ordinate. The magnetic field Ho was parallel to the
plane of the specimen.

The electronic radio-frequency size effect is ob-
served in fields Ho~ 1 Oe in bismuth specimens with
thicknesses of the order of 10"1 cm. We recall that
the Fermi surface of bismuth consists of three elec-
tron surfaces and one hole surface that are very close
to ellipsoidal in shape. The hole ellipsoid is elongated
along the trigonal axis C3, while the major axes of the
electron surfaces lie in the planes of symmetry and are
inclined 6°23' to the plane perpendicular to C3. The
electron ellipsoid is strongly prolate. Its maximum
dimension exceeds the minimum dimension by a factor
of 13.9. The smallest electron cyclotron mass is of
the order of 10" 2me. More detailed data on the Fermi
surface of bismuth can be found in Refs. 41-44, which
are reviews devoted specifically to this problem.

The low level of the magnetic field in which the size
effect is observed required compensation of the earth's
magnetic field. The compensation error was 1%.

In the absence of the high-frequency electromagnetic
field, there was no signal from the receiving coil eith-
er, since the axes of the low-frequency coils were mu-
tually perpendicular. In accordance with (14), switch-
ing on the high-frequency field resulted in the appear-
ance of a direct current in the skin layer and direct-
current spikes in the interior of the specimen. A s a
result, the specimen exhibited a macroscopic magnetic
moment whose magnitude and direction were deter-
mined by the sum of the fields: Ho + HySinuif/t. Gen-
erally, the direction of the constant magnetic field did
not coincide with the axis of either of the low-frequency
coils, and the magnetic field was modulated in both
magnitude and direction. Modulation of the field caused
changes in the magnitude and direction of the speci-
men's macroscopic magnetic moment, and these, in
turn, set up an induction emf in the receiving coil. As
a result, the signal registered in the experiment was a
mixture of the derivatives of the projection of the spec-
imen's macroscopic magnetic moment Μ on the re-
ceiving-coil axis with respect to the magnitude of the
magnetic field and the azimuthal angle.

A typical experimental curve is shown in Fig. 7. For
comparison, the same figure shows a record of the lin-
ear radio-frequency size effect that was made at a rath-
er low alternating-field amplitude (Hl «0.1 Oe). The

FIG. 7. Traces of radio-frequency size-effect lines (curve 1,
if = 0.1 Oe) and lines of nonlinear size effect (curve 2). The
trigonal axes of the specimen was parallel to the normal to the
plane of the plate, H1||C1,H(lCj = 13°,Jii =2.3 Oe,rf=0.58 mm.
The arrows mark the origins of the lines. The lines from "the
two different electron ellipsoids on curve 2 are of different
signs.

figure shows that the specimen's macroscopic magnetic
moment behaves nonmonotonically approximately at the
magnetic-field values at which the lines of the linear
size effect occur. It is easily seen that the widths of
the linear and nonlinear size-effect lines are practical-
ly the same, although the frequencies at which the ω
and ωΜ records were made differ by factor of 2-103. It
is this that enables us to state with confidence that
changes in the specimen's magnetic field due to direct-
current spikes were observed in the experiment.

At certain orientations of the magnetic field with re-
spect to the crystallographic axes of the specimen, we
observed a line in the doubled field on the U(H0) curve
(Fig. 8), i.e., a line whose position, reckoned from the
left-hand margin, corresponded approximately to sat-
isfaction of the condition 2D=d. This line was strong-
est at Ho directions near the binary C2 axis. Although
the condition D= 2D was satisfied approximately, there
is no doubt that the observed line corresponds to emer-
gence of a current spike with N= 2 on the opposite side
of the specimen. In fact, the size-effect lines from two
electron ellipsoids coincide at Ho|| C2, while the line of
the third is in a much stronger magnetic field.

The shape of the line in the doubled field duplicated
the shape in the single field (for which D=d), but, in
accordance with the calculated prediction, the line in
the doubled field was of the opposite sign. As Fig. 7
shows, the lines from different ellipsoids also differed
in sign. The sign of a line was determined by the way
in which the velocity of the "effective" electrons be-
longing to the particular ellipsoid were oriented in the

FIG. 8. Nonlinear size effect. Voltage U on receiving coil vs.
external magnetic field Ho; H0||C2,C3, ||n,Hi||Ci,<f=0.58 mm.
The vertical arrows mark the calculated values for the origins
of the size-effect lines. The horizontal arrow indicates the
point at which the amplification is tripled.
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skin layer.9·45

In accordance with the theoretical predictions, an in-
crease in the strength of the alternating field resulted
in an increase in the amplitude of the observed lines
in proportion to Hi up to ίΓχ~ 2 Oe (Fig. 9). The line-
width increased simultaneously. As would be expected,
the lines narrowed when the frequency was increased
at a given H^. Raising the temperature of the helium
line resulted in a sharp decrease in the amplitude of
the nonlinear size-effect lines, such that they were no
longer observed at 4.2 Κ in specimens 0.6 mm thick.

The shift of the experimentally observed lines from
the lines of the linear radio-frequency effect registered
at small Hx is no doubt due to the presence of the mag-
netic field set up by the rectified current in the interior
of the specimen. In principle, the amount of the shift
could be used to measure this field. The order of mag-
nitude of the field measured in this way agrees with the
estimate obtained from relation (14), although the con-
ditions #! «Ho and Ωτ » 1 were not satisfied exactly in
the experiments. The shift increased with increasing
Ηγ. The linear size effect observed at high radio-wave
amplitudes can also be used for direct measurement of
the magnetic field created by the rectified current.48

On the whole, the experimental results agree quite
well with the theory. Certain differences, e.g., de-
parture of the line-amplitude curve from H\, are ob-
served where the theory no longer applies. The only
serious disagreement between theory and experiment
is the fact that the origin of the size-effect lines for Ν
= 1 was in the range in which the magnetic-field vector
is parallel to the external magnetic field. [See below
for experimental measurement of M(H<). ]

4. "CURRENT" STATES

a) General considerations

It was assumed in the preceding section that the al-
ternating-field amplitude was much smaller than the
constant magnetic field in the specimen. We shall now
consider the opposite case, in which the constant field
is small compared with the amplitude of the alternating
field. The skin effect is still anomalous, so that the
characteristic dimensions of the electron orbits are
much larger than the dimensions of the skin layer.
This last condition places an upper bound on the alter-
nating-field amplitude.

The electron paths are now strongly distorted in the
spatially nonuniform field that is the sum of the wave
magnetic field and the constant magnetic field H. Fur-
ther, the shape of the effective-electron trajectories
depends on the mutual orientation of the fields Hl and
Η and therefore also on the phase of the wave. The
paths are similar to those shown in Fig. 10a during the
half-period when Hx and Η are parallel and to those in
Fig. 10b in antiparallel fields. The angle at which an
effective electron escapes from the skin layer is of the
order of V beHJmcv. While this angle is small
^6eH1/mcv«l, the electron has different path lengths
between two returns to the skin layer in the motions
along the paths of Figs. 10a and 10b. The electron
sinks into the skin layer more times between two scat-
tering events when the fields Hx and Η are antiparallel
than when they are parallel. The magnitude of the cur-
rent in the skin layer is proportional to the number of
effective-electron returns into the skin layer, and for
this reason the currents will be different in different
half-periods and a rectified current will appear on the
surface of the specimen. It flows in the direction oppo-
site to that of the rectified current at H^H. The mag-
netic field of the rectified current changes sign as Η
increases: it is directed along Η in weak fields, where
H1 < H, and against Η in strong fields.

The above rectification mechanism exists when the
effective-electron path length in the skin layer is
shorter than the free path, i.e., if the amplitude of the
alternating field exceeds the field ha introduced in para-
graph d) of Sec. 2.

The number of returns of the effective electrons into
the skin layer is determined by the level of the constant
magnetic field outside of the skin layer, where there is
now no current. We may therefore conclude that the
field Η is composed of the external field Ho and a field
Κ created by the rectified current itself. In other
words, the rectified-current field is a function of the
sum of fields Ho+X :X=f(H0+X). Since the path length
between two returns into the skin layer for an effective
electron moving along the orbit of Fig. 10a is greater
than the free path in weak fields H<(v/l)mc/e, we may
assume that the number of returns increases with Η
only in the case corresponding to Fig. 10b. The recti-
fication efficiency and the field of the rectified current
are determined by two parameters: the amplitude of

1 2 3 Ί S
H.O»

FIG. 9. Amplitude J of lines of nonlinear size effect vs. H\. FIG. 10. Paths of effective electrons in different half-periods
of alternating field.
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the high-frequency wave and the magnitude of the total
magnetic field, and the function/ increases rapidly
with increasing H. If 8f/dH> 1, the field 3C becomes a
nonunique function of the external magnetic field. This
is illustrated by Fig. 11. It shows a graphical solution
of the equation system

se=f(m (15)

It is seen from this figure that there is a range of fields
at 9f/dH> 1, in which several values of 3C correspond to
a given value of the external magnetic field.

It is easily surmised that the appearance of nonzero
values of 3C at zero external field Ho is possible in prin-
ciple at high alternating-field amplitudes. A graphical
solution of Eqs. (15) for Ho=0 appears in Fig. 12. The
dot-dash lines intercept segments on the axis of ab-
scissas that are equal to the fields Ho at which a jump-
wise change in 3C occurs within the metal. For there to
be nonzero solutions of (15) at //„= 0, it is necessary
that the inequality /(H^)> Hm)a be satisfied; here Hmal

is the field corresponding to the maximum oif(H). In
this case, there is a possibility for the metal to acquire
a magnetic moment in a zero external magnetic field
under radio-frequency irradiation. Such states of a
metal with nonzero magnetic moment, which are known
as "current" states, have been observed experimentally
in bismuth47·48 and tin.49

Metals with complex electron spectra have several
groups of effective electrons, which are situated on dif-
ferent areas of the Fermi surface. As we have noted,
the contribution of electrons of a given group to the rec-
tified current depends on the projection of their velocity
in the skin layer onto the direction of the high-frequency
current and on the number of times that they return into
the skin layer during the interval between collisions.
The latter is determined not only by the magnitude, but
also by the direction of the magnetic field in the inter-
ior of the metal; in such metals, therefore, the direc-
tion of the rectified current may not, in the general
case, coincide with that of the high-frequency current.
This means that there may be "current" states corre-
sponding to different directions of the specimen's mag-
netic moment when several groups of effective elec-
trons are present.

The presence of "current" states results in hyster-
etic behavior of all properties of the metal that depend
on the magnetic field in the interior of the specimen.
In metals with complex Fermi surfaces, a change in
the contributions of one of the electron groups to rec-

FIG. 12. Graphical solution of system (15) in the case In which
states with nonzero magnetic moment are possible in a zero
external magnetic field.

tification influences the efficiency of rectification by
other electron groups. As a consequence, the widths
and positions of the hysteresis loops may come to de-
pend in rather complex fashion on the direction of the
external magnetic field. In particular, hysteresis loops
may appear in comparatively strong magnetic fields.
Such loops have been observed experimentally in bis-
muth.47-48

We stress that, in contrast to the hysteresis phenom-
ena observed in ferromagnetics, the transition from
one value of the specimen's magnetic moment to anoth-
er in the presence of "current" states does not take
place gradually, but is abrupt, occurring at definite
values of the external magnetic field.

b) Calculation of rectified current

To satisfy ourselves that "current" states may ap-
pear, we must compute the shape of the X(H) curve in
a weak magnetic field H. For the calculation, we shall
use an elementary Fermi-surface model in the form of
a cylinder with its axis in the y direction and assume
that the fields are oriented as shown in Fig. 10.

It is now inconvenient to use successive approxima-
tions to find the magnitude of the rectified current,
since the current is governed by qualitative changes in
the form of the electron orbits. We shall make use of
the quasistatic property of the fields Ei and H1 to find
the current. At given Z£x and Hlf the electric current
density is determined50 by the expression

(16)

where the angle brackets signify averaging over the
Fermi surface. The dependence of current density on
magnetic field is concentrated in the first cofactor of
(16).50 Therefore the total current flowing through the
skin layer is

j / (ζ) dz ~ (1 - e-№)-' f h ( 2) d j ! . (17)

FIG. 11. Graphical solution of equation system (15). The open
circles represent possible states In the external field ff0.

where j 0 is the current density in the absence of a mag-
netic field. Strictly speaking, the conversion from (16)
to (17) is valid only in the case of a uniform magnetic
field. If this field is nonuniform, the period Τ of the
electrons' motion becomes a function of ζ and of the
position of the electron on the Fermi surface. In our
case the magnetic field is composed of a constant field
and the wave field Hlt and is spatially nonuniform as a
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result. Nevertheless, we shall use expression (17) for
approximate calculations, bearing in mind that the main
contribution to conductivity comes from "effective"
electrons for which Τ depends quite weakly on z. For
Γ we shall use the period of motion of the electrons
that move parallel to the surface at ζ = 0. Asa result
of this simplification, all of the calculations that follow
become qualitative in nature.

To find the value of the rectified current, it is suffi-
cient to average (17) over the period of the alternating
field. We then obtain for the field 3C

(18)—τ) (e™''-!)-'·̂ »/

which recognizes that the path of Fig. 10b, which is re-
sponsible for the appearance of "current" states, ex-
ists while jf Hl(z)dz = ^(0)6β\ΐιφ>Η6, i.e., as long as
the phase φ lies in the range

φι •• arcsin -g- < φ >a—arcsin (19)

Relation (18) also omits returns of electrons into the
skin layer along the path of Fig. 10a (reH/mc « 1 ) and
neglects the dependence of the metal's surface impe-
dance on the field of the electromagnetic wave. The
latter is possible at X/Hl « 1 , since the relative cor-
rection to the impedance is of the order /

To calculate X, it remained to determine the period
of effective-electron motion. We note that the vector
potential of the magnetic field, which depends only on
the ζ coordinate and is directed along the y axis, can
be represented in the form

For this form of the vector potential, the electron
Hamiltonian does not contain the χ coordinate, and the
projection of the generalized momentum onto the axis
is preserved:

We are interested in the motion of electrons whose ve-
locities are parallel to the surface at z = 0, i.e., those
for which the momentum equals />X=V 2mzF,pg= 0 at Ax

= 0. The magnetic field does not perform work on a
charged particle,91 so that the kinetic energy of the
electron is also conserved:

With (20), the energy conservation law can be rewritten

(2m)-' (22)

This equation shows that the motion of an electron along
the ζ coordinate is similar to the motion of a particle
that possesses an energy zF in a one-dimensional poten-
tial well with potential Π(ζ) = (2m)'1 [-f^mt^- e/cA(z)]2.
According to Ref. 52, the period of this motion is deter-
mined by the expression

(23)

which are roots of the equation ε,.= Π(ζ). The vector
potential is so chosen that zo= 0.

The period is easy to calculate if we assume that the
field decreases exponentially in the thin layer, the elec-
tron's angle of escape from the skin layer is small,

Given these conditions,V eH^/mvc «1, and
the period equals

x » H .

, sin <t)-l'2
sin φ)

1'2 (24)

for the case of antiparallel Hx and H. UHl~H, expres-
sion (24) is of the nature of an estimate. We note that
the period of electron motion has distinct structure.
The first term in the square brackets refers to the
time after which the electron will be ejected from the
skin layer by the field Hlt and the second term to the
time after which it will return under the action of the
field H.

Figure 13 shows curves of X(H) obtained from (18),
(19), and (24) for various values of the alternating-field
amplitude, and Fig. 14 the analogous curves for the de-
rivative βχ/dH. The specimen has states with nonzero
magnetic moment in a zero magnetic field even at Hx

~ 50ft.. According to Fig. 14, the hysteresis loop that
appears at 83C/9J/* 1 exists in an even weaker alter-
nating field, Hx 2 30ft,.

Let us now formulate the principal features of the
phenomenon that do not depend on the model used for
the calculation and can be verified easily in experiment:

1. Threshold nature. The appearance of hysteresis
loops can be expected only after the amplitude of the
alternating field has reached a certain critical value
H°.

2. Stepwise transition from one state to another.
Since the transition time is determined by the damping
of Foucault currents in the specimen, this time will be
longer in thick specimens and in metals with higher
conductivity.

3. The existence of a characteristic scale of the
fields ha. Since the critical amplitude HI is propor-
tional to ha, we have H{~ δ. If the skin-layer depth it-
self does not depend on the alternating-field amplitude,
then Hl~ ω'1'3.

where the z0 1 are the turning points of the electron,

FIG. 13. Theoretical curves of field ^ v s . constant magnetic
field la interior of specimen. The amplitude of the alternating
field in units of A, Is indicated beside each curve.
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FIG. 16. Magnetic-moment jumps in bismuth specimen at Ht

= 15 Οε,ων/2π=37 Hz,d=0.4 mm,]1/f0 = 24°.

FIG. 14. The derivative
curves are values of Hi/ht.

. The numbers beside the

c) Experimental observation of "current" states in
bismuth

"Current" states can be studied with the same sys-
tem of three induction coils that was used in the case of
the nonlinear size effect (see Fig. 6). The simplest ob-
serving procedure is to vary the external magnetic field
in accordance with the law H0 = HMs\.n<j)illt and follow the
signal from either of the receiving coils 4 or 5. Since
the magnetic field Ho in the interior of the specimen
must be uniform, the modulation frequency is low, ωΜ

s 100 Hz. The modulation amplitude HH may range up
to several oersteds. Since the signal from the receiv-
ing coil is proportional to dM/dt, where Μ is the pro-
jection of the specimen's magnetic moment onto the ax-
is of the coil, we should expect the appearance of sharp
overshoots of the recieved signal on stepwise changes
in the magnetic moment of the specimen. Generally,
both the magnitude and direction of the magnetic mo-
ment will change, so that either of the coils 4 or 5 can
be used as the receiving coil.

The results of such experiments on a bismuth speci-
men are shown in Figs. 15 and 16. In the simplest case
(Fig. 15), signal spikes are observed on only one of the
receiving coils. There are two distinct spikes corre-
sponding to magnetic-moment reversal. In the more
complex situation (Fig. 16), the signals from the re-
ceiving coils are similar but they have more complex
structure.

The time after which the magnetic moment of the
specimen will change can be estimated easily from the
widths of the spikes shown in Figs. 15 and 16. The or-

FIG. 15. Photograph from oscilloscope. Signal from receiv-
ing induction coil whose axis coincides with the direction Si;
rf=0.4 mm, Cs||n,j1Ci=4°,J1ff0 = 95°,ff1=22 Οβ,ω^/2π=76 Hz.
Note the jumpwise changes in the magnetic moment of the bis-
muth specimen.

der of magnitude of this time is 10"3 sec, which is quite
consistent with the decay time of eddy currents in bis-
muth.

Using photographs taken from the oscilloscope, we
can estimate the magnetic field X created by rectifica-
tion of the high-frequency current. To this end, it is
necessary to compare the signal that arises from sin-
usoidal variation of the external magnetic field Ho

= Hu sinw^ with the signal corresponding to reversal of
the specimen's magnetic moment. When the param-
eters of Fig. 15 are used, this comparison gives48:
3C= 0.7-1.4 Oe. The large error results from the fact
that a not very accurately known part of the magnetic
flux set up by the rectified current is closed inside the
receiving coil.

It is convenient to use a modulation procedure, re-
cording curves of BM/dH^H^, to obtain more accurate
measurements of the dimensions of the hysteresis
loops. For this purpose, it is sufficient to modulate
the amplitude of the alternating field with a frequency
ωΜ and register the magnetic-field dependence of the
low-frequency component of the signal from the receiv-
ing coils. In principle, any quantity that depends on the
specimen's magnetic moment can be used for measure-
ments. In the first experiments,47 for example, the de-
rivatives of the specimen's surface impedance were
recorded.

Figure 17 shows typical dM/dHx(H0), curves for bis-
muth specimens with the trigonal axis directed along
the normal [to] the plane of the plate. The presence of
several states is observed in two magnetic-field ranges,
whose extent is indicated on the figure by arrows A and
B. One of the ranges brackets the point Ho=0. An in-

SM/i/f,

s.eoe

0 r ζ

FIG. 17. Curves of ΒΜ/ΒΗι (ff0) at various alternating-field
amplitudes. Receiving-coil axis parallel toffi,rf=0.4
= 15°, JiC( = -4°. The amplitude of Hi is indicated beside each
curve.
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crease in the amplitude of the electromagnetic field
broadens this range, and the initial segment of the
AiHj curve is nearly linear (Fig. 18). tfj can be ob-
tained by extrapolating the linear relation to zero hy-
steresis-loop size. For most specimens, the smallest
value of ΗJ at 1.3 Κ was approximately 4 Oe. HI in-
creases with temperature. For bismuth, the Hf ob-
tained by extrapolating the A(#x) line depends on the
direction of the external magnetic field when the hyster-
esis loop was recorded: HI is smallest when Ho-L j x and
largest when HoIIJ!.47

Figure 19 shows how the dimension A depends on the
direction of the external magnetic field. The angular
interval over which the currents are recorded is small-
er than π because the two ranges in which several
states exist are superimposed on one another at small
angles between the high-frequency current and the mag-
netic field. The figure shows that dimension A in-
creases as the vector of Ho approaches the direction of
the high-frequency currents.

The second range in which several states exist ap-
pears at Ht larger than the range bracketing the coor-
dinate origin (see Fig. 17). A singularity forms on the
OM/dHj^Hf) curve even before it appears. Increasing
the amplitude of the alternating field increases the size
of this singularity and moves it away from the origin.
In the range around the origin, the magnetic moment
of the specimen increases if the magnetic field in-
creases and decreases on a decrease in the magnetic
field, while the signs of 8#0/θί and 8Λί/θί are reversed
in the second range.

In specimens with the C3 axis near the normal, the
second range is observed only when the magnetic field
lies inside a 60° range of angles between the binary
axes that form the smallest angles with the direction
of the high-frequency currents (Fig. 20). When the
specimen is rotated within the measuring-coil system,
the position of this sixty-degree interval also changes.

The question arises as to whether the apperance of
the second hysteresis loop can be understood, and the
width and position variation of the loops with angle in-
terpreted, within the framework of the model used for
calculation previously. To answer this question, it
will be necessary to perform a calculation using a more
realistic Fermi-surface model and consider the re-
ciprocal effects among the various electron groups.
Following Ref. 53, we shall use a model of the elec-
tronic part of the Fermi surface of bismuth that con-
sists of three cylindrical surfaces. Neglecting the six-
degree inclination, we shall assume that the axes of

ΛΟβ

as

30'

/tOe

FIG. 19. Dimension Λ vs. direction of external magnetic field
(polar coordinates). The direction of the high-frequency cur-
rents was used as the reference origin; d=0A mm, jiCi = 2°.

the cylinders lie in the same plane and that the angle
between axes is 120°. In accordance with experimental
conditions, we direct the high-frequency current along
the axis of one of the cylinders. Then electrons of this
cylinder will make no contribution at all to the current
(the velocity of the electrons is perpendicular to the
direction of the current), and the contributions from the
other two cylinders will be equal and depend weakly on
He as long as eHr/mcS, 1. Let us denote by 3^ and JCj
the constant fields that arise as a result of variation of
the electron paths of different cylinders. These fields,
directed along the axes of the cylinders, can be found
from the equation system

,^-, tf.eoe ( I · -

tr ί η

tin COS I —=

(25)

here / is a function that states the relation between 3C
and Η in accordance with (18) in the case of one cylin-
der and the angle φ is reckoned from the direction of
the high-frequency current. The coefficient β takes ac-
count of the hole contribution to the high-frequency con-
ductuvity. (0= 2/3 if the hole contribution is neglected.)

The results of numerical solution of Eqs. (25) were
reported in Ref. 53. The width of the hysteresis loop

FIG. 18. Width .A of hysteresis loop vs. Hi· d=0A
5°,T = 1.3 K.

FIG. 20. Position of range Ε vs. direction of constant mag-
netic field. The length of a bar indicates the width of region B;
d=0A mm,#1 = 7.2 Oe. The solid curve represents the calcu-
lation with formulas (27); fta= 0.06 Oe, which corresponds to 6
= 2-10"3cm, T = 5-10*10sec, and 0 = 2/3.
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around the origin was determined as a function of ex-
ternal magnetic field direction. The form of the calcu-
lated curves agrees only qualitatively with the experi-
mental relationships. Considering the many simplifying
assumptions made for the calculation, it would be diffi-
cult to expect anything better.

The appearance of the second hysteresis loop is eas-
ily explained when it is remembered that the projection
of the resultant field H=H0+X1 + K2 onto the axis of one
of the electron ellipsoids can change sign in a compar-
atively large external magnetic field Hp*. Substituting
a cylindrical surface for the ellipsoidal Fermi surface,
we may treat the number of electron returns into the
skin layer as dependent only on the projection of the re-
sultant magnetic field onto the cylinder axis; therefore
the field H™1 is indistinguishable from the zero field
for electrons on one of the cylinders.

We find the field H?1 by putting 3^= 0 in (25):

«lOe
1.0

/y,-/Oe

β/( -Li
(26)

Figure 20 shows the result of calculations using for-
mulas (26) without the hole contribution to the high-
frequency conductivity. The calculated value average
twice the experimental value.

The quantity β could have been used as a free param-
eter to fit the calculation to the experiment. A differ-
ent problem was posed in Ref. 53: construct the func-
tion /(# 0 ) from a Η^(φ) relation known from experi-
ment in accordance with the first equation of (26). The
relation

3t(H0) = 2f,f(H1·^, Ββ-•&- + &•

plotted from the experimental points corresponding to
Fig. 20 is shown in Fig. 21. Also included as a solid
curve is a relation obtained experimentally by a differ-
ent, independent method. It was plotted from records
of HySX./bH^H^ curves corresponding to various alter-
nating-field amplitudes. (A signal proportional to
H1&SC/&H1 appears at the receiving induction coil on
shallow low-frequency modulation of the alternating
field if the specimen's magnetization changes only in
magnitude and not in direction on a change in Ho. This
last condition is satisfied if HoXjJI Cx.) With the set of

FIG. 22. Rectified-current field vs. external magnetic field at
various Hi.

FIG. 21. 3?(Ho) plotted from results of two independent exper-
iments: C||n,rf=0.4 mm,j1|Ci,.ff1 = 7.2 Oe.

curves proportional to HyOiC/dH^, the dependence
can be found by numerical integration, though with ac-
curacy only to an unknown numerical multiplier. As
Fig. 21 shows, the curve found in this way can be fitted
within the limits of error to the points obtained from
the angular variation of the position of the hysteresis
loop. This, first, justifies the assumption and, sec-
ond, provides a calibration coefficient. The error of
calibration is about 10%. Figure 22 shows 3C(if0) plots
for several alternating-field amplitudes as constructed
with the calibration coefficient found in this way. In
accordance with the considerations advanced in para-
graph a) of Sec. 4, the field 3C changes sign as Ho in-
creases.

One of the experimental results obtained on bismuth48

was unexpected. It was found that neither Η { nor the
width A(Hj) of the hysteresis loop depended on frequen-
cy at a constant Hx. The absence of any noticeable fre-
quency dependence was verified49 in a broad frequency
range from 275· 103 to 5· 106 Hz. The depth of the skin
layer in specimens of the same quality varied in pro-
portion to ω*1 / 3 in the same frequency range.54 It is
possible that the absence of frequency dependence is
due to the effect of the alternating-field amplitude on
the surface impedance of the specimen, which itself
may be different at different frequencies. Nor is a
certain asymmetry of the dM/dH^H,) curves fully un-
derstood. This asymmetry is noticeable in Fig. 17:
stepwise changes in the magnetic moment are observed
at various values of the magnetic field, depending on
the direction from which the external field Ho ap-
proaches zero.

d) Experiments on tin

Tin has a much more complex Fermi surface than
bismuth, and its number of conduction electrons is
typical for a metal, i.e., it exceeds the number of con-
duction electrons in bismuth by five orders of magni-
tude. Therefore experiments on tin can be regarded
as a test verifying that media with different conductivi-
ties have the phenomenon in common.

In the simplest model with isotropic square-law dis-
persion, ΗI depends very weakly on the conduction-
electron concentration, Hl~Ha~n1/9. The power re-
leased in the specimen when the alternating field
reaches its critical value, w~ 6(J/£)2, does not depend
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FIG. 23. Width of hysteresis loop in tin as a function of alter-
nating-field amplitude. n||[001],d=0.6 mm.T =4.15 K,Ho||[100],
HoHi = 10°, ω/2ττ= 1.7 MHz. Record of dM/bHi is shown at ff4

= 25.5 Oe.

on conduction-electron concentration at all.

The results obtained on tin plates with the fourth-or-
der axis along the normal are generally the same as
the experimental results obtained on bismuth. At high
alternating-field amplitudes, characteristic hysteresis
loops are observed on the dM/BH^Ho) curves (Fig. 23).
The loop dimension A increases linearly with increas-
ing #!· Figure 24 shows how the loop width depends on
the direction of the external magnetic field relative to
the crystallographic axes. The relation represented in
this figure corresponds to polarization of the high-fre-
quency currents along the [100] direction. A change in
the polarization of the high-frequency currents by an-
gles ±15° does not affect the manner in which the width
of the loop varies with the direction of the external
magnetic field. In contrast with the case of bismuth,
the critical alternating-field value found by extrapolat-
ing the A(HX) line to zero hysteresis-loop size did not
depend on the direction of the constant magnetic field
at which the hysteresis loop was recorded. Another
difference was that variation of the frequency influenced
ΗI in tin (Fig. 25). The positions of the plotted points
are described by an ω"* curve with fe = 0.38 ±0.05.
Therefore the results obtained for tin are not at vari-
ance with the Η{- ω"ι/3 relation predicted by the theory.
We note that changing the frequency in the range stud-
ied had no influence on the slopes of the A(H,) curves.

In specimens with the [001] axis along the normal
(see Fig. 24), the width of the hysteresis loop depended
on angle as though the main contribution to rectifica-

ran

J i 5
s//i>.MHz

FIG. 25. HJ vs. frequency of alternating field in tin. The
straight line corresponds to H\ ~ ω"1/3.

tion came from a cylindrical area of the Fermi sur-
face. Such areas are indeed observed in zones 4 and 5
in the case of tin.55 As Fig. 26 shows, a similar angu-
lar dependence is also observed on specimens with the
[110] axis along the normal. If the high-frequency cur-
rent is directed along [110], the initial segment of the
A(Hj curve is linear (Fig. 27), but the linear depen-
dence breaks at a certain alternating-field amplitude
corresponding to the inflection point on the Α{Η^ curves
does not depend on the direction of the magnetic field
during measurement of this curve. The appearance
of the break is evidently due to the appearance of
another group of electrons that move along an orbit of
the type shown in Fig. 10b at amplitudes exceeding the
alternating-field amplitude corresponding to the break.
If the high-frequency current is polarized along [001 ] ,
two separate hysteresis loops appear symmetrically
disposed about the origin at small Hx. As Hl increases
further, they merge to form a single loop that brackets
the point Ho= 0. Figure 26 shows the variation of the
distance between the centers of these loops (see inset
in Fig. 26) as a function of the direction of the constant
magnetic field. Again in this case, it appears from the
angular variation that the main contribution to rectifi-
cation is associated with electrons of cylindrical areas
of the Fermi surface.

In the tin specimens, the magnetic moment was re-
versed in about 10"2 sec. This is several times longer
than the times for bismuth.

In the aggregate, the data obtained for tin indicate
that the "current" states in this metal owe their origin
not to electrons of small closed fragments of the Fermi
surface, as in bismuth, but to modification of the elec-

025 SSff A,Oe

FIG. 24. Dimension Λ vs. direction of external magnetic field.
Tin, d=0.6 mm.T =4.15 Κ,^||(100],ΐι||[001].

FIG. 26. Dimension A at various external magnetic field di-
rections. Tin, d= 0.4 mm,n||[110J,T =3.75 K; the dark circles
correspond to the case Jjllf-110], the open circles to ji|[001J.
The dimension A for the latter case is indicated in the inset.
Angles are reckoned from the direction of the high-frequency
field.
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FIG. 27. Width of hysteresis loop vs. alternating-field ampli-

tude. Tin, rf=0.4 mm.nlllllOj.jjK-llOJ.T =3.75 K, angles

measured from direction of high-frequency current.

tron paths on large areas of the Fermi surface by the
wave field.

5. SELF-OSCILLATIONS .

a) Stability of "current" states

Let us turn now to the stability of various "current"
states.5 3 As we showed earlier [paragraph b) of Sec.
4], there are, even in the case of the simplest cylin-
drical Fermi surface in a zero magnetic field, not two
but four possible states with nonzero magnetic mo-
ment. The derivative 83C/8/f> 1 in two of them. Such
states have never been observed experimentally. It
will be shown below that they are unstable with respect
to longwave perturbations of the magnetic field.

The calculations performed in paragraph b) of Sec. 4
did not consider the returns of electrons to the skin
layer on large orbits. Allowance for these electrons
cannot appreciably change the magnitude of the field 3C,
but it turns out to be significant when we study the sta-
bility of "current" states. In fact, the rectified cur-
rent depends in this case on the values of the magnetic
field at the two characteristic points marked zt and z2

in Fig. 10. One of them is at a distance from the sur-
face approximately equal to the diameter of the Larmor
orbit, while the other is the characteristic dimension
of the nonclosed orbit that appears when the direction of
the alternating magnetic field is opposite to that of the
constant field.

A change of the magnetic field at either of these
points makes itself evident almost instantly in the rec-
tification efficiency, after times of the order of the re-
laxation time of the electrons, τ « ω"1. However, the
change in the rectified current affects the field at
points z1 > 2 after times of the order of Tl f 2~ ozj 2/cV,
which are much larger than τ and differ sharply from
one another: τλ» τ2. Under these conditions we may
expect the appearance of self-oscillations of the recti-
fied current, and, at the same time, of the specimen's
magnetic moment, at the frequencies ώ at which the
phase difference is large, αΚτ! - τ 2 ) » 1 , and any phase
relation may hold.

Let us first consider the stability with respect to
longwave perturbations of the magnetic field. We shall
assume that returns of electrons to the skin layer on
large orbits can be neglected for either of the following

reasons: the total magnetic field Η in the interior of
the specimen is weak, l/zx « 1 , or the specimen itself,
which has the form of a plate of thickness 2d, is thin:
(Hy/H)6 «d« vmc/eH" zY.

Assume that an inhomogeneous increment 53C to the
field Κ arises in a specimen that occupies the region
\z | « d and possesses a magnetic moment as a result
of rectification, and that the field o3C varies weakly on
distances of the order of the characteristic electron-
path dimension z2. We find δκ as a function of time.
To simplify, we shall again use the cylindrical Fermi-
surface model.

The change in the period of motion of the effective
electrons as a result of the magnetic-field perturbation
will, according to (23), be

- π · .-1/2
(27)

[the perturbing field o3C is not present in U0(z)]. The
variations with respect to the limits of integration in
(27) vanish because

•^- h y E p h -n 0 ( 2 ) | I t δζ2 = ο.

Assuming that the dependence on time is determined
by the multiplier e'"' and that the conditions of the nor-
mal skin effect are satisfied for GX, we obtain

(28)

where c2k2/4va=i(b.

The expansion 63C» 63C(<i)(l + fez thkd) can be used at
distances of the order of z2 from the surface of the
specimen. Then

δΓ « ^ L 6Si (d) + akz^Sf (d) th kd;

here 8T/dH<0 and α is a positive number. Let us cal-
culate the change in the rectified current J due to the
magnetic-field perturbation. Since we shall be inter-
ested only in the initial segment of the J[H) curve, we
put <p! = 0 and φ2 = π in (19) and apply Eq. (29):

6/ =•£-[/'&»• (d)-bkz£3f (d)th(kd)), 6>0. (30)

As would be expected, the change in the rectified cur-
rent is determined by the value of the magnetic field at
point z2. The current 6J creates a magnetic field
ajeKrf - δ)« 63C(if) at the point ζ = (d - δ), so that 63C(rf)
= [/' -bkz2th(kd)]B3C{d), or

i (31)

Figure 28 shows the graphical solution of (31). We

7

\

ltd

-f

FIG. 28. Graphical solution of Eq. (31) for real K. It is seen
that solutions exist for C= (/ '- l)b'id/zi>0.
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see from the figure that this equation has roots at real
k for/ '>l . These solutions increase exponentially
with time, which corresponds to the appearance of in-
stability. There is, in addition, an infinite set of solu-
tions for purely imaginary k that exists both for /'> 1
and for / ' < 1. These solutions damp with time, in full
agreement with the solutions for ordinary Foucault cur-
rents.

Thus, in the case under consideration, only the states
in which / ' < 1 will be stable. It is therefore no sur-
prise that states with/'> 1 have not been observed in
experiment. Where it is necessary to take account of
electron returns into the skin layer on a large orbit,
states with any / ' except those in the narrow ranges
1 -Vza/Zi*/ «1 are found to be stable with respect to
longwave magnetic-field perturbations. However, as
will be shown below, the specimen is unstable with re-
spect to the appearance of magnetic-moment self-oscil-
lations a t / ' > l under these conditions.

b) Growing magnetic-moment oscillations

Self-oscillations are possible in, for example, sys-
tems that acquire energy from an external high-fre-
quency-field source. A similar conclusion follows from
the work Gurevich and Ioffe,27 who analyzed the case of
a weakly damped energy flux. The contrary case arises
in a metal with the anomalous skin effect: the wave
damps at distances that are small compared with the
dimensions of the specimen. Nevertheless, both the
conductivity at the fundamental frequency ω and the
nonlinear properties are sensitive to variation of the
magnetic field in the interior of the metal because of
the long electron free path.

Let us now turn to perturbations at frequencies ω at
which the skin effect is anomalous. Since it is assumed
that all possible solutions are damped at a distance fe"1

«d, we shall confine ourselves to the case in which
the specimen occupies the half-space ζ > 0. We shall
assume satisfaction of the conditions zx» k~l» z2, which
make it easy to calculate the change in the periods of
electron motion due to an inhomogeneous magnetic-field
perturbation 53C Under these conditions, the contribu-
tions to the rectified current from large orbits that pen-
etrate to depth zx~ 2r and orbits that creep along the
surface (Fig. 10b) are substantially different in nature.
The contribution from orbits of the latter type corre-
sponds to formula (30) as fed-00:

( 3 2 )

To consider the contribution of orbits of the first
type, it is necessary to calculate the change of the cor-
responding period Γ in a strongly inhomogeneous mag-
netic field.

The influence of the alternating field of frequency ω
on the period of the motion can be neglected in the cal-
culations. Substituting into (27)

which corresponds to a magnetic-field perturbation
63C= 53C(0)e"**, Refe> 0, and evaluating the integral of
(27) within the limits 0 and zlt we obtain

6T 6&e
-f we ' [Mfai)-M*z,)]. (33)

The corresponding contribution to the rectified current
will therefore be δ«λι= -δΚ(0)(4π/ο)-1α(^1)-3/2, where
α is a positive number of the order of (z2/zj)1/2. The
minus sign indicates than an increase in the number of
returns during the half-period under consideration
lowers the rectified current. Since 63C(O) ='
+ 5J2), we have

1 = /' - bkz, — a (34)

Since the nature of the spatial inhomogeneity corre-
sponds to anomalous skin-effect conditions, the time
dependence is determined by the multiplier e1"', where
ω satisfies the condition

S - -5ΚΓ. №
and k must be found from (34). Here we have used an
approximate expression for the effective conductivity
in a strong magnetic field. Although this expression is
not valid in the case of a cylindrical Fermi surface,37

its use can be justified by the fact that real metals have
cylindrical Fermi-surface areas that contribute signi-
ficantly to the shaping of skin-layer structure.

Let us introduce the new variable kzt = plv, where 0
< φ < ιτ/2, and the quantity b - bzjzy. Separating the
real and imaginary parts in Eq. (34), we obtain

ftp sin φ— ap~3'2sin-j- = 0, (36)

If we find a solution for equation system (36)-(37)
that corresponds to the "correct" dispersion law (35)
at real w, this will mean that nondamping oscillations
are possible in the system at these frequencies ώ. Ac-
cording to (35), the phase φ = κ/Ζ for a real positive 0).
We then find po= [2a/V3?]2/5 from (36) and obtain the
relation

from (37) to determine the characteristic value of the
alternating-field amplitude H\ above which magnetic-
moment self-oscillations may arise. They will be
damped if p< p0 and grow at p> p0.

The solution obtained satisfies the hypotheses made
earlier:

* ( ? ? » (39)

(40)

The frequency of the nondamping oscillations will be
(41)

Since bpo/2«l, condition (38) is practically the same
as the condition obtained earlier for instability with
respect to longwave perturbations. At/ '>1, either an
aperiodic perturbation that transfers the specimen to
one of the stable states or growing magnetic-moment
oscillations may arise in the specimen. The question
as to the existence of steady-state oscillations in the
specimen must be resolved experimentally, the more
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so since condition (39) cannot be satisfied in experi-
ment.

c) Experimental observation of magnetic-moment
self-oscillations

Self-oscillations have been observed on a large num-
ber of bismuth specimens,53 most of them in the orien-
tation C3II n, where w is the normal to the plane of the
plate. The frequencies ranged from 1 to 10 kHz. The
frequency range is consistent with that which might be
expected on the basis of the foregoing analysis. In fact,
z1~l0'1 cm and z2~ 10"2 cm in the experiments, so that
(41) gives ώ~104 sec"1.

As a rule, the oscillations were not monochromatic.
A sample spectrum appears in Fig. 29. It shows that
the frequencies of the oscillations increase with in-
creasing alternating-field amplitude. This behavior
was characteristic for all specimens. In some speci-
mens, self-oscillations were observed in two Hx ranges,
and the frequency increased with rising amplitude in
both of them. The frequency increase would appear to
result from the increase in the field 3C and the decrease
in the characteristic dimensions zt and z2.

The frequency depended not only on the amplitude of
the alternating field, but also on the temperature and
the orientation of the specimen's crystallographic axes
with respect to the high-frequency and constant fields.
Special note should be taken of the dependence of the os-
cillation frequency on the prior history of the specimen.
This implies that with all parameters held constant, the
frequency depended on how the field Ho in which the
measurement was made was established. In other
words, the self-oscillation frequency depended on the
magnitude and direction of the specimen's intrinsic
magnetic moment.

Self-oscillations can be suppressed by introducing a
weak magnetic field (Fig. 30), but oscillations have
been observed at high alternating-field amplitudes not
only in a zero external field, but also in the range of a
lateral hysteresis loop far from the coordinate origin.

3SOe

0 2 4 6 8 tO
£/2ir,kHz

FIG. 29. Spectrum of self-oscillations in bismuth specimen.
rf=mm,J1||Ci, ω/2π= 1.6 ·106 Hz. The amplitude of the alternat-
ing field in oersteds is indicated at the end of each curve.

FIG. 30. Photograph from oscilloscope. Bismuth specimen,
d=0.54 ππη,ω/2π=2·106 Ηζ,Η0= Ι.ΐδβΐηω,,;, ωίι/2π=40 Ηζ,Ηι
= 37.5 Oe. Note the self-oscillations, which are suppressed as
the magnetic field increases.

In all specimens, H$ exceeded the alternating-field
value HI at which "current" states appear. Measure-
ments on specimens of the same quality but different
thicknesses indicated that the field H\ increases with
decreasing specimen thickness. The increase is evi-
dently due to cutoff of the orbits dipping to large (~2r)
distances from the surface by the opposite side of the
specimen. If the possibility of electron-orbit cutoff
were taken into account, we should expect the appear-
ance of self-oscillations when the alternating-field am-
plitude satisfies the condition 3φ/ f)£ vmc/ed. At these
amplitudes, the diameter of the electron orbit is
smaller than the specimen thickness due to the magne-
tic field set up by the rectified current itself.

6. SURFACE IMPEDANCE AT HIGH ALTERNATING-
FIELD AMPLITUDES

a) Possibility of describing nonlinear effects in metals with
aid of the surface impedance

The surface impedance is an external characteristic
of the medium that permits inferences as to the am-
plitude and phase of a reflected wave where internal
microscopic processes are not of interest. If the me-
dium is linear, the surface impedance equals the ratio
of the strengths of the alternating electric and magnetic
fields at the surface, Z=El/H1; in the general case, it
is a complex number. For metals \Z\ « 1 .

A wave reflected from a nonlinear medium is not
monochromatic. In addition to the fundamental fre-
quency, its spectrum contains multiple frequencies.
Description in terms of the surface impedance is not
complete in this case, but it is still frequently used.56

Its validity requires that the amplitude of the reflected
wave at the fundamental frequency be considerably
higher than the amplitude of the harmonics. This is the
case in metals.57

Let us consider the reflection of an electromagnetic
wave from the surface of a metal in greater detail. At
the fundamental frequency ω there is a wave incident on
the surface of the metal and a reflected wave, in both
of which the amplitude of electric field equals the am-
plitude of the magnetic field, and a wave that damps in
the interior of the metal, for which the electric-field
amplitude is much smaller than the amplitude of the
magnetic field. To satisfy the boundary conditions,
which require continuity of the tangential electric and
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magnetic field components, it is necessary that the
electric field in the reflected wave be in antiphase to
the field of the incident wave, and that the electric com-
ponents have nearly equal absolute values. (The ratio
of their difference to the field of the incident wave is of
the same order as the ratio of skin-layer depth to elec-
tromagnetic wavelength in a vacuum.) The magnetic
components of the reflected and incident waves must be
in phase.

At each of the multiple frequencies there are two
waves in the metal and a reflected wave. In the latter,
the amplitudes of the magnetic and electric components
are equal, but inside the metal the electric field is
much smaller than the magnetic field. Since the bound-
ary condition boils down to equality of the electric and
magnetic components at the surface, the surface of the
metal almost coincides with the nodal surface for the
magnetic field of the internal wave. Therefore the
magnetic field of the waves at multiple frequencies be-
haves nonmonotonically within the metal. It increases
as the metal is penetrated, down to the electromagne-
tic-field damping depth at the fundamental frequency,
and only then decreases exponentially. Because the
magnetic field at the multiple frequencies almost has
a node on the surface of the metal, the amplitudes of
the reflected waves at multiple frequencies do not ex-
ceed the electric field in the first-harmonic wave,
which has entered the metal. In other words, the con-
dition for validity of the impedance description reduces
to small impedance, a requirement that is always sat-
isfied in metals.

Even in the nonlinear case, therefore, the reflection
and absorption of electromagnetic energy in metals can
be characterized by a single-quantity—the surface im-
pedance. This description is the basic approximation
for the parameter \Z | « 1 . The impedance is deter-
mined by the ratio of the electric and magnetic compo-
nents of the electromagnetic field at the first harmonic
of the frequency ω. The difference from the linear case
is that the surface impedance depends on the amplitude
of the wave incident on the metal. The possibility of
using surface impedance does not by any means imply
that the impedance change on a change in alternating-
field amplitude will be small. In other words, the con-
dition for the validity of the impedance method is not
the same as the condition for validity of successive ap-
proximations. If the latter can still be used, the larg-
est correction to the impedance arises on solution of
the equations containing E3 and H3.

The surface impedance of a metal was studied in Refs.
4-6 as a function of the amplitude of the incident elec-
tromagnetic wave under anomalous skin-effect condi-
tions. Thus far, there have been no theoretical studies
of this subject.

b) Experimental observation of surface impedance as a
function of alternating-field amplitude

Impedance has been studied as a function of alternat-
ing-field amplitude in bismuth4 and gallium.5·6 The ex-
periments were designed to permit study of the fre-
quency of an oscillator, in whose tank-circuit coil the

specimen was placed, as a function of radio-frequency-
field amplitude. A modulation technique was used to
improve sensitivity. The frequency itself was not reg-
istered, but instead its derivative with respect to the
constant magnetic field, 8ω/8#0~ $X/dH0, where X

The bismuth specimens were disks, requiring mea-
sures to reduce distortion of the radio-frequency field
by the specimen itself. With the object of improving
the uniformity of the alternating magnetic field, the
length of the induction coil was made larger than the
diameter of the disk. The magnetic field Ho was paral-
lel to the plane of the specimen.

Figure 31 shows plots of -dX/dH0(H0) at various al-
ternating-field amplitudes at the surface of the bis-
muth. The figure shows that even at H1~ 0.2 Oe the
curves acquire a secondary maximum, which increases
rapidly upon further increase of the alternating-field
amplitude. The &X/dH0(H0) relation becomes nonmono-
tonic at Η! ~ 1 Oe. Minima appear on the curves near
the point Ho=0 (Fig. 31).

In the experiments with bismuth, the frequency ω was
varied from 1 to 10 MHz, but no significant influence
of frequency on the shape of the curves was noted. It
was determined only by the amplitude of the alternating
magnetic field. Changing the quality of the surface by
etching, on the other hand, resulted in a sharp change
in the shape of the curves. The value of the field at
which the secondary maximum appeared also depended
on surface quality. When the specimen was cold-
hardened, X ceased to depend on Ho altogether. The
influence of surface quality was stronger than that of
the orientation of the specimen's crystallographic axes
with respect to the surface.

A picture similar to those shown in Figs. 31 and 32
also persisted on polarization of Ho-LH^ although the
secondary peak shifted to higher fields. The nonlinear
effect vanished if the constant magnetic field was
oriented perpendicular to the plane of the disk. The
secondary maximum depended just as strongly on tem-
perature as in the case of the radio-frequency size-ef-
fect lines.

It might be though that the surface-impedance change
observed in Ref. 4 was due to the same effects that
produce the nonlinear size effect of "current" states.

-ax/3He -ax/3//, -sx/sq, -ax/e//t

FIG. 31. Surface impedance of bismuth vs. radio-wave ampli-
tudes. <f=1.2 mm,co/2ir=4.1 MHz,T = 1.57 K,n||Cs,Ho||Hi||C2.
The arrows Indicate the amplitudes of the wave.
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FIG. 32. Sample record of dX/dH0(H0) curves. Bismuth speci-
men, d=0A mm,T = 1.3 Κ,ω/2τΓ=1.27 MHz,J1||Ci,jiH0 = 28°.
The amplitudes of the alternating field are indicated.

In both cases, however, the nonlinearity is highly sen-
sitive to the orientation of the specimen's crystallo-
graphic axes and the external magnetic field, and the
quality of the surface has little effect. The experimen-
tal results may be explained by the presence of surface
levels58 whose structure is realigned under the influence
of the wave magnetic field. In any event, nonlinearity
associated with surface levels would be highly sensitive
to surface quality.

The measurements of Ref. 4 were made at compara-
tively low alternating-field amplitudes H1<2 Oe. When
the field amplitude is increased, it is possible to detect
current states from the change in the specimen's sur-
face impedance.47 These measurements were made
with a double Τ bridge that permits registration of
either of the derivatives 9R/dH0(H0) or 9X/dH0(H0).
The impedance jumps that correspond to the change in
the specimen's magnetic moment were observed on both
of these curves. Singularities of the surface-impedance
derivatives appeared even before the hysteresis loops.
This is seen especially clearly under conditions that
give rise to a lateral hysteresis loop (Fig. 32).

In bismuth, electrons in the skin layer acquire a
substantial drift velocity VD in a comparatively weak
alternating field. The order of magnitude of the cur-
rent density is j x = (ο/Αιτΰ)!!^ Since j\~neVD, we have

VD~- (42)

This quantity is comparable to the speed of sound at η
~ 3· 10" cm"3 and δ~ 1(Γ3 cm if the field amplitude Ht

~ 30 Oe. We may expect the specimen's surface im-
pedance to depend differently on the amplitude of the
alternating field after the electrons reach a drift ve-
locity equal to the speed of sound, owing to additional
electron deceleration due to Cerenkov emission of
phonons.13·14·59·60 However, no breaks on the RiHj) and

curves have been observed in experiment.

The 9X/dH0(H0) relation was measured at 2 MHz and
Ht« 10 Oe in gallium.5·6 At some Ho, the derivative
9X/9HO(HO) changed sign as H^ increased, but narrow
extremes appeared on the curves under certain condi-
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FIG. 33. Surface impedance of gallium vs. alternating-field
amplitude, a) Specimen 0.394 mm thick with A axis along nor-
mal and H0|C,T =4.2 K. b) Specimen with Β axis along normal,

^ = 0.406 mm,Τ =1.6 Κ.

tions (Fig. 33). It is not impossible that these extremes
precede the appearance of hysteresis loops associated
with "current" states, in much the same way as this
happens in bismuth.

Working from the fact that the impedance is influ-
enced only by the magnetic component of the wave,
Cochran and Shiftman6 calculated dX/dH0(H0). For this
purpose, they evaluated δ(Η0)=Τ~ι $ζ δίΗο+Ζ^βΐηωίίΛ,
where 6{H,) is the experimental dependence obtained at
small # ! and Ηχ is the effective alternating-field ampli-
tude, H1 = fcJ/j. The coefficient k was used as a fitting
parameter. The d6/6H0~ dX/dH0 curves were compared
with the corresponding experimental curves. It was
possible to obtain qualitative agreement in this way for
some curves, but even for them the calculation did not
agree with experiment in details. This procedure of
skin-layer-depth averaging is doubtful in itself, since
δ is not an instantaneous characteristic.

7. CONCLUSION

It follows from what has been said above that nonlin-
earity in metals results in the appearance of various
effects, even in the simplest case in which it is due
exclusively to the magnetic field of the wave on the
electron path. When we take this effect into account,
we can understand the mechanism of alternating-cur-
rent detection by metals and predict, in qualitative
terms, how the magnetic moment of a metal irradiated
by a radio wave will depend on the external magnetic
field level. The theory enables us to describe even
more subtle manifestations of nonlinearity, such as
self-oscillations or the appearance of secondary lateral
hysteresis loops in bismuth. All calculations were, it
is true, made for a rudimentary cylindrical Fermi-
surface model, and they cannot be applied directly for
most metals, which have much more complex Fermi
surfaces. However, the difficulties encountered in
working with a real Fermi surface are technical rather
than fundamental in nature.

Still, the problem of describing the nonlinear proper-
ties of metals, even under anomalous-skin-effect con-
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ditions, is not completely solved. Nothing is known
concerning the role of surface quality of the possible
contribution of magnetic surface levels to the nonlinear
effects. Nor are the causes of the nonmonotonic varia-
tion of surface impedance with increasing alternating-
field amplitude understood. The situation becomes
even more complicated when the frequency of the elec-
tromagnetic field is raised, since other mechanisms of
nonlinearity are brought into play. Therefore the in-
vestigation of any single effect over a broad frequency
range would probably make it possible to determine
the frequency bands in which the various sources of
nonlinearity predominate. However, measurements at
higher frequencies, and microwave frequencies in par-
ticular, are thus far fragmentary.

The very important question as to the possibility of
using nonlinear properties of metals for experimental
or practical purposes remains open. It appears that
researchers might make use of the fact that the speci-
men's magnetic moment and the width of the hysteresis
loop in "current" states are determined by the param-
eters of electron groups in the immediate vicinity of
isolated points on the Fermi surface.

Most of the nonlinear effects in metals are governed
solely by their long carrier free paths and are general
effects for any long-path plasma. As the carrier path
increases, the alternating field beginning at which non-
linear effects become significant decreases, and the
magnitude of the effects increases in a given field. The
importance of nonlinear effects will obviously increase
with frequency and with the perfection of metal crys-
tals. There is therefore an urgent need for further
study of nonlinearities, especially at higher frequencies
and in extremely pure metals.

The author extends his heartfelt thanks to G. L
Babkin and V. F. Gantmakher for numerous helpful dis-
cussions and critical comments.
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