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Experimental and theoretical work on ionizing shock waves in a fully ionized plasma is reviewed for the

case in which a magnetic field is imposed parallel to the plane of the shock front. The boundary

conditions for ionizing shocks are discussed. It is shown that the additional boundary conditions required

for ionizing shock waves follow from the ionizational stability of the gas ahead of the shock front. The

front structure of ionizing shocks is analyzed qualitatively: some calculated results are also reported.

Experimental results on magnetic structures are discussed. The physical mechanisms which shape the

shock front in a plasma are examined. Some results calculated for the front structure in a plasma are

reported.
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I. INTRODUCTION

The theoretical and experimental research on this
problem is motivated by the many applications in astro-
physics, aerodynamics, and various laboratory experi-
ments and devices in which shock waves appear in a
magnetic field.

Shock waves are produced by novae, collisions of
galaxies, etc., and they are produced in the geomag-
netic field by lightning or when manmade satellites or
meteoroids enter the ionosphere.

In the laboratory, shock waves arise in magnetic
fields in ζ pinches, θ pinches, reverse pinches, elec-
tromagnetic shock tubes, and plasma-focus devices;
during gas breakdown by an electric discharge; and in
the irradiation of a target with, or gas breakdown
caused by, a focused laser beam.

Strong shock waves ionize and heat gases. From the
stand-point of the effort to produce hot plasma for the
fusion effort, collisional Shockwaves in dense plasmas
have the attractive feature that most of the dissipated
energy is transferred to ions. Then it is not necessary
to deal with the problem of transferring energy from
electrons to ions—a serious problem at high tempera-
tures in traditional ohmic-heating devices.

Much progress has recently been made in producing
dense, hot plasmas by shock heating.1'2 The hydrogen
plasmas produced by focusing shock waves in electro-
magnetic shock tubes with a transverse magnetic field
typically have the properties T,~l-2 keV, Te~100 eV,

and N~ 1016 -10 1 7 cm"3. The velocity of the shock front
ranges up to 5 -108 cm/sec, and the initial gas pressure
and temperature are pv = 0.05 torr and Γ, = 293 °K. The
acoustic Mach numbers is about 3000, while the Alfvfin
Mach number is a few tens. The transverse magnetic
field in these devices is important not only for thermal
insulation but also for forming much narrower shock
fronts, so that the device itself can be smaller than it
would have to be in the absence of a magnetic field.3-5

Several reviews of collisional shocks in magnetic
fields have been published.6·7 Since their publication,
many new experimental and theoretical results have
been obtained, which can be used to draw a more de-
tailed picture of the physics of the interaction of shock
waves with magnetic fields.

This interaction is pertinent to an extremely large
number of situations: the shock heating and confinement
of plasmas, the dynamics of MHD channel flow, the in-
teraction of shocks with inhomogeneities of the medium,
etc.8"1 7 The solution of these problems requires a clear
understanding of the physics of shock waves in magnetic
fields, particularly on understanding of the role played
by various physical processes which affect the front
structure and of which structures can form. System-
atic study of shock waves in magnetic fields began in
the late 1950s, when the first high-power electromag-
netic shock tubes were constructed.18-20 The operation
of an electromagnetic shock tube is basically the same
as that of an ordinary shock tube. A high-current dis-
charge at one end of the tube causes rapid ohmic heat-
ing of the gas, which results in an abrupt pressure in-
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crease, similar to that which occurs in an explosion.
The shock wave which forms as a result propagates to-
ward the other end of the tube. The most promising
version of an electromagnetic shock tube is that in
which there is a magnetic piston, in which case the
pressure drop is intensified by virtue of the magnetic
pressure of the magnetic field produced by the discharge
current. The magnetic pressure in these devices
reaches hundreds of atmospheres for currents in the
magampere range.

We wish to emphasize at this point that it is in
a plasma, especially a laboratory plasma, in which
an understanding of the structure of the shock
front is important for understanding the shock behavior.
In a neutral gas, a shock wave (in the absence of slow
relaxation processes) can be approximated quite accur-
ately as an actual discontinuity, since the front width,
on the order of the mean free path of a gas atom or
molecule, is generally many times smaller than all the
characteristic dimensions of the problem, and the
states of the gas on the two sides of the front are re-
lated unambiguously by the Rankine-Hugoniot relations.
In a plasma, things become more complicated: Even
if there is complete thermodynamic equilibrium on the
two sides of the shock front, the conservation laws
from which the Rankine-Hugoniot relations are derived
no longer give the jumps in all the quantities at the
front. For example, the conservation laws contain no
information on the two-fluid nature of the plasma, on
the possibility of charge separation at the front, or on
the resulting formation of an axial electric field. In
collisional shocks, this charge separation is usually
slight, and the plasma can be treated as quasineutral
in a first approximation (and we will adopt this approx-
imation everywhere below, except where otherwise
specified). The jump of the electric potential at the
front due to the axial field, however, is too large to be
ignored; its value is not given by the conservation laws,
but depends on the front structure. Furthermore, in
actual experiments the situation behind the front is
frequently not a complete equilibrium: It may be that
the temperature or ionization relaxation is still in pro-
gress; the nonequilibrium plasma behind the front may
be beginning to interact with the magnetic piston; and
so forth. For ionizing shock waves, the Rankine-Hu-
goniot relations themselves cannot be written unless
something is known about the structure (more on this
below). The net result is that what actually occurs in
the experiment has little in common with the narrow
discontinuity in an ideal gas; the actual shock wave is
more likely to be broad (with a width comparable to
the dimensions of the device itself), to have a transition
region, and to be "thick." To interpret the experi-
mental results, furthermore, it is crucial to under-
stand precisely which physical mechanisms are respon-
sible for shaping the front structure. The natural way
to approach this question is to study steady-state struc-
tures, and such structures are the subject of the pre-
sent review.

We will discuss the theoretical and experimental re-
sults on the physics of transverse shock waves, by
which we mean shock waves for which the external mag-

netic field is directed parallel to the plane of the wave
front. In Part II we will discuss transverse ionizing
shock waves. We will examine the problem of formu-
lating the boundary conditions for ionizing shock waves
in magnetic fields. We will show that, in addition to the
boundary conditions, which follows from the conserva-
tion laws, there is another, which results from the re-
quirement of an ionizational stability of the unperturbed
neutral gas ahead of the shock front. We will qualita-
tively analyze the front structure for the case of trans-
verse ionizing shocks, and we will report some calcu-
lated results. Experimental work on the structure of
ionizing shocks will be discussed.

In Part ΙΠ we will discuss transverse shocks in a
fully ionized plasma. The various physical processes
which shape the front structure will be discussed. The
experimental results available on strong shocks in
plasmas will be examined.

II. TRANSVERSE IONIZING SHOCK WAVES

1. Boundary conditions and ionizational stability

The front structure of a shock wave is described by a
system of differential equations. The first question
which arises is that of which stationary solutions are
allowed by the original system of equations. If we im-
agine the shock front to be a discontinuity surface of
zero thickness, then the stationary solutions (singular-
ities of the system of differential equations) will be re-
lated to the so-called Rankine-Hugoniot relations,
which are none other than the boundary conditions at
the discontinuity surface. The front structure depends
on the boundary conditions at the discontinuity surface
which are consistent with the original equations. The
boundary conditions for a transverse ionizing shock
wave are of particular interest, since the conservation
and continuity equations are not sufficient for specifying
the boundary conditions in this case, in contrast with
the case of shock waves without a magnetic field. The
nonconducting gas ahead of the shock front does not
interact with the magnetic field, while the onset of a
finite conductivity at the wave front causes this inter-
action to come into play. The strength of the magnetic
field behind the front obviously depends on whether this
interaction is important at the beginning or end of the
shock front. In the former case, more of the wave en-
ergy will be expended on magnetic compression, so
that the temperature, gas density, etc., will be lower
behind the front in the final state. The magnetic field,
the temperature, and the gas density behind the shock
front are thus not governed unambiguously by the con-
servation laws, as they are in the case of shock waves
without a magnetic field; instead, they depend on the
front structure. This structure depends in turn on the
boundary conditions. Aside iron the boundary condi-
tions which we obtain from the energy and momentum
conservation equations and the continuity equation,
there must be one more algebraic relation among the
variables which characterize the flow on the two sides
of the shock front. From the very fact that transverse
ionizing shock waves do exist in nature it follows that
the solution of the corresponding equations must be
stable, or—almost equivalently—the shock wave must
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be "evolutionary."21 For the wave to be evolutionary,
the total number of small-amplitude waves which pro-
pagate away from the front must be one fewer than the
number of boundary conditions,21 or, loosely, the num-
ber of independent algebraic relations at the discontin-
uity surface must be equal to the number of independent
variables characterizing the flow. In this case, these
variables are the density p, the velocity v, the temper-
ature T, and the magnetic field H.

Several workers2 2"2 5 have attempted to find the addi-
tional boundary condition by examining the front struc-
ture. They worked entirely from the MHD equations,
assuming the gas to be in thermodynamic equilibrium,
and ignoring the ionization equation. Although, in prin-
ciple, this approach can be effective, its applicability
is severely limited.

Let us write the equations for a transverse ionizing
shock wave in the coordinate system in which the shock
front is at rest. Then for a stationary plane wave which
is propagating along the χ axis in an ideal gas (y = 5/3)
with a magnetic field Η = {0, 0, H} we have

AH ίπσ ι νΗ „ \ ΑΕυ

.1/JW

= 0,

Ν υ = C,

-NT + nTe + %- = P,

(1.1)

(1.2)

(1.3)

(1.4)

(1.5)

(1.6)

Equations (1.1)—(1.6) are, respectively, Maxwell's
equations, the ionization equation, the continuity equa-
tion, the conservation equations for the momentum and
energy flux for the gas as a whole (electrons, ions, and
atoms), and the heat-transfer equation for electrons.
Here σ is the conductivity, Μ is the mass of the atom
or ion, Na and η are the number densities of atoms and
electrons (or ions), respectively, N = n +Nit J is the
ionization potential, QA is the heat transferred to elec-
trons in elastic collisions with atoms and ions, q( and
qr are the numbers of events in which electrons are
produced and lost, and C, P, and S are integration
constants.

In the comoving coordinate system there is a flow of
neutral gas from x=—°° [singularity 1 of system (1.1)-
(1.6)] with a velocity vlf a temperature 2\, and Nu and
a magnetic field H^ Behind the shock wave, at * = + °°
(singularity 2), there is a flow of ionized gas, with vel-
ocity v2, density N2, temperature T2, etc.

Since the gas behind the shock front has a finite con-
ductivity σ2, it follows the vanishing of the transverse
current, the consequent vanishing of the electric field
in the gas coordinate system, and (1.1) that

&Ϊ1 = •&»! = — — . Κ*··)

The results of Refs. 22-25, based on the so-called T*
model, can be summarized as follows: If we transform
to the variables ω = ν/ν2 and h = H/H2 and eliminate the
density and temperature from Eqs. (1.3)-(1.5), we find
some function Φ (Α, ω) = 0. The singular points 1 and 2

FIG. 1. Integral curve illustrating the structure of the shock
wave.23

obviously belong to the curve Φ(λ, ω) = 0, shown in the
(Α, ω) plane in Fig. 1. The final state (point 2, which
has the coordinates A = l, ω = 1 in terms of these var-
iables) is the intersection of the Φ(Λ, ω) = 0 curve and
the hyperbola Αω = 1. [The second point at which the
hyperbola intersects the curve Φ (h, u>)=0 corresponds
to an MHD shock wave with a zero electric field ahead
of the shock front, since in this case we have v1H1

-vjd^] We now assume that T= T* is that temperature
at which σ(Γ<Γ*) = 0, while for T>T* the conductivity
has a finite value. Then in principle we can move back
along the integral curve from point 2 to the intersection
with the T = T* isotherm, in accordance with Eq. (1.1).
Above the T=T* isotherm, the integral curve is verti-
cal up to its intersection with the Φ(Λ, ω) = 0 curve,
since here σ(Τ<Τ*)=0 (Fig. 1).

In principle, this model will allow us to find point 1
by trial and error through numerical integrations. We
see from Fig. 1 that this model has the front of any ion-
izing shock wave (including an MHD shock wave) begin-
ning from a gas-dynamic discontinuity, beyond which
there is a region of magnetic field compression. For
magnetic compression in this model (for a change in the
magnetic field over a distance on the order of the width
of the gas-dynamic discontinuity), the condition

must hold, where Δ~ Za is the width of the viscous dis-
continuity. This condition, along with the requirement
of equilibrium ionization in the shock wave Δ 1 ο π« c 2/
iircrv^ leads to an extremely severe restriction on the
applicability of the model. From these inequalities we
find the following for the acoustic Mach number:

where σΙοη and σ ω are the cross sections for ionization
and for atom-atom collisions. The restriction R m a a l ,
which has essentially no range of applicability, is linked
to a seemingly paradoxical result, which was found by
Hoffert.28 In accordance with the conclusions based on
the Γ* model and a numerical integration of a realistic
system of equations, Hoffert concluded that only trivial
magnetic structures, without magnetic compression,
would be possible.

Somewhat later, Leonard108 carried out an exhaustive
study of a model of ionizing shock waves beginning from
a gas-dynamic discontinuity and showed that under the
condition Rm<! there could be only a trivial magnetic
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structure for a transverse shock wave.109

The front structure of a transverse ionizing wave27"29

has been studied experimentally by Vlases,27-29, Steb-
bins and Vlases,30 and Patrick and Pugh.31 The most-
detailed work was that by Vlases,27"30 who used a re-
verse pinch with an external magnetic field directed along
the pinch axis. The operation of that device was ex-
tremely simple: A discharge near the pinch axis forms
a cylindrical current sheath, which moves radially
away from the axis at a high velocity because of the
magnetic pressure of the magnetic field produced by
the return current through the central conductor at the
pinch axis. This current sheath acts as a piston, form-
ing a shock wave ahead of itself. The piston velocity
and the velocity of the shock front are essentially con-
stant during a linear increase in the discharge current.
The reverse pinch has several advantages over other
devices for studying shock waves. In addition to the
stability of the shock fronts and the good reproducibility
of results, the azimuthal magnetic field He and the elec-
tric field Et of the current sheath of the magnetic pis-
ton are orthogonal to the shock-compressed field Ht

and to the front-generated electric field Ey in a reverse
pinch. As a result, the shock front and the current
sheath of the piston are always resolved well in electric
and magnetic measurements. The experiments by
Stebbins and Vlases30 were carried out especially to
study the magnetic structure of a transverse ionizing
shock wave and to test the T* model. The outside dia-
meter of the tube in their experiments on reverse
pinches was 45 cm; the diameter of the inner electrode
was 2.5 cm, and the height was 15 cm. A voltage of
up to 30 kV was applied to the electrodes; the discharge
current pulse was 10 μββο long; and the external mag-
netic field was H1=0-A kOe. The experiments were
carried out in hydrogen at 0.25 and 0.1 torr. Vlases
also used argon in some earlier experiments.27"29

Using magnetic probes to measure the magnetic com-
pression across the shock front for various front velo-
cities, they concluded that there was a qualitative
agreement with the conclusions of the Γ* model.30 At
low front velocities, ι^= (4-5) x 10e cm/sec, no mag-
netic compression was observed (H2/H1 = l), while at
high velocities, v1 S8«1O6 cm/sec, the compression
corresponded to an MHD shock wave (i.e., H2/H1

= p2/pi). By itself, this qualitative comparison between
the experimental results and the predictions of the T*
model is trivial and fails to confirm the theory, since
at low front velocities in the experiments by Stebbins
and Vlases the magnetic Reynolds number was Rm * 1,
so that HjU^l, while at higher front velocities the
ionization energy of the gas was negligibly small in the
energy balance for the shock wave, and the shock wave
had a clearly MHD structure. We pointed out that on
all the oscilloscope traces shown in the paper by Steb-
bins and Vlases the magnetic compression preceded
the pressure pulse (measured with piezoelectric gages),
in direct contradiction of the predictions of the T*
model regarding possible front structures.

To explain the magnetic compression observed in
Ref. 30 and to find the additional boundary condition
explicitly, we proposed the principle of ionizational

stability of the gas ahead of the shock front.32 Since
the electric field in the coordinate system of the shock
front is given by (1.7), by transforming to the labora-
tory system we find the following for the electric field
in the neutral gas ahead of the shock front:

Et^l-^Η,-ν^). (1.8)

It follows from Eqs. (1.3)—(1.5) (see also Fig. 1) that
magnetic compression in a shock wave is possible from
H2 = H1 to H2 = (vJv^H^ The electric field ahead of the
front varies from a maximum E* = (v1 - v2)Hjc to zero
at maximum magnetic compression, v2H2 = v1H1 (an
MHD wave). The neutral gas ahead of the shock front
obviously cannot withstand an arbitrarily strong elec-
tric field. At a certain field level, electric breakdown
occurs, and the gas conductivity increases over some
finite time; i.e., this type of flow is unstable. The mo-
tion of an ionizing front is stable when the electric
field ahead of the shock front has a level which corres-
ponds to a constant gas conductivity in this region.

Equations (1.2) and (1.6) in the gas at rest ahead of
the shock front can be written

(1.9)

(1.10)Ν),

where νΐ0Λ is the ionization frequency, vea is the fre-
quency of elastic electron-atom collisions, a=rt/N is
the degree of ionization, and Ψ(Τ€,Ν) is the rate at
which electrons are produced; here

V (Te) = 0
for T e > r k ,
for Te = 7k,
for T,<Tt..

It follows from (1.10) that a constant conductivity is
provided ahead of the shock front, at x = -°°, if Te= Tk.
The electric field corresponding to the value Te = Tk

according to Eq. (1.9) is none other than the threshold
for gas breakdown, £». The additional boundary con-
dition which we are seeking can thus be written32

(1.11)

If

we should set α =0 everywhere up to the gas-dynamic

discontinuity; then in this case (1.11) is replaced by

Ht = H,. (1.11a)

The gas ahead of the shock front should be assumed
nonconducting if Rm1 = 4jroi;1X/c2« 1, where L is the
scale length in the flow ahead of the front. Then, in
particular, for the model of a shock wave with an in-
finite plane front, propagating in a gas without an elec-
tron loss which is linear in n, the sole boundary con-
dition is £«.= 0, i.e., vfl^v^.

For a real situation, the calculation of £ . should in-
corporate both the loss of electrons due to diffusion to
the wall of the shock tube and the finite time required
for the shock front to propagate through the device.
Figure 2, from Ref. 32, shows the value of vJiJv^H^
measured in Ref. 30 along with those calculated from
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FIG. 2. The quantity νΐϋ7/ν(Hj as a function of v-^Hjc in an
ionizing shock wave.

Eq. (1.11). For this example we have selected those
experimental results from Ref. 30 which correspond to
a constant front velocity vj the value of vlHl increases
because of the change in H^ The temperature behind
the front (T2 was calculated from the field compression
measured in Ref. 30) in fact decreases as the MHD
boundary condition is approached.

Gas breakdown ahead of a shock front in a transverse
magnetic field was observed directly by Maksimov and
Ostashev.33 Their apparatus was an explosive shock
tube; the working gas was argon, at a filling pressure
of 5 torr. The initial field ahead of the front, E*
-vJlJc-lSQ V/cm, fell off rapidly to 50 V/cm as the
front propagated. Maksimov and Ostashev33 pointed out
that the breakdown is observed at a substantial dis-
tance from the wave front, rather than at the maximum
of the photoelectron density.

It turns out that in order to solve the boundary-condi-
tion problem, which has traditionally been formulated
in MHD terms, it is necessary to go beyond MHD: to
take into account the production of photoelectrons ahead
of the front and the electron breeding in the transverse
electric field. In other words, it is necessary to take
up the essentially kinetic problem of the unsteady gas
breakdown caused by the induced electric field in the
actual geometric configuration of the shock tube and in
the presence of an electron source (ionizing radiation;
"externally sustained" breakdown). Here we might also
note that an unexpected close relationship was found
betweeen two extremely different experiments with
ionizing shock waves: measurement of the compression
of a transverse magnetic field and observation of gas
breakdown caused by an induced electric field.

2. Structure of the shock front

For a qualitative analysis of the magnetic structure of
the front of a transverse ionizing shock wave, we trans-
form to dimensionless variables in Eqs. (1.1)-(1.6):

τ

τ:
(2.1)

where v^H^ and T1 are the velocity, magnetic field,
and temperature ahead of the shock front

Introducing the acoustic Mach number (Ml = vl/c,l)
and the Αΐίνέη Mach number (Mal = w1/cel) in the free-
stream flow, and eliminating the density and tempera-

FIG. 3. Structure of the shock wave in the plane of h=Ht/Hl

and ω=ι> 2/f ι with boundary condition (1.11).

ture from (1.3)—(1.5), we find the equation of the curve
on which the initial and final states lie:

(2.2)

In terms of the variables in (2.1), the state ahead of the
front has the coordinates ω = 1, ft -1, while the state be-
hind the front is the intersection of curve (2.2) with the
hyperbola representing a zero electric field in the pro-
per coordinate system of the gas,

Λω-Ι-».,. (2.3)

Introducing a local acoustic Mach number, we can de-

rive the following equation from (2.2):

3Mii<odh _ 3Μΐιω / 1 .\
da ~~ 5ta>—2 ( 1 — s « ) \ M1 ) '

(2.4)

Curve (2.2) is shown in the (ft, ω) plane in Fig. 3; the
arrows show the direction which corresponds to in-
creasing entropy, while the dashed curve shows the
parabola (M2 = l). We see from Fig. 3 that at the shock
front there is initially a compression of the magnetic
field (regions 1-3); this region gives way to a gas-
dynamic (Aff = 0) discontinuity (region 3-2 in Fig. 3) if
the acoustic Mach number behind the front is less than
unity. More-detailed calculations incorporating the
ionization energy of the gas lead to34

M2 i ά Γ«(1+α,)(2-α«)

- 1 , (2.5)

where a2 and J are the degree of ionization of the gas
behind the front and the ionization potential of the gas,
respectively.

If M2>M2cr, the shock structure is governed entirely
by ohmic (Joule) dissipation, while when M2<M2<.r there
cannot be a continuous transition from 1 to 2 because of
ohmic dissipation alone, and an isomagnetic discon-
tinuity in the velocity, the density, and the temperature
occurs within the front. The occurrence of an internal
isomagnetic discontinuity in an intense shock results
from the fact that the energy density dissipated by the
current cannot exceed a value on the order of Ή%/8ν.

The measurements of the electric field behind the
front by Stebbins and Vlases30 apparently constitute an
indirect observation of an isomagnetic discontinuity in
an ionizing shock wave. The electric field behind the
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front is given in the fixed coordinate system by

(2.6)

Stebbins and Vlases measured the electric field with an
electrostatic probe30 consisting of two metal rods in the
azimuthal plane of the pinch. From Faraday's law, we
have

r

2πΓ·£ β = — \ Hr' dr'.
Ό

Equation (2.6) follows from this equation if the ionizing
front is thin. The values of Εξ measured in Ref. 30
turned out to be several times smaller than those calcu-
lated from Eq. (2.6) with the value of H2 measured by
the magnetic probes or calculated from the measured
density jump at the front (if we accepted the validity
of the MHD theory here, we would have H2=Hlp2/p1). A
possible explanation for this pronounced discrepancy is
that the readings were taken from the electrostatic
probes, not behind the entire front, but behind the wide
region of magnetic compression (1-3 in Fig. 3), ahead
of the isomagnetic discontinuity. In this case, if the
main jump in the velocity in the shock wave is concen-
trated in the isomagnetic discontinuity (region 3-2 in
Fig. 3) then the electric field ahead of it is much weaker
than that behind it. The electric field at point 3, ahead
of the isomagnetic discontinuity, is

(2.7)

Calculations34 from Eq. (2.7) in fact lead to a good
agreement with the measured electric field.

In this experiment we are dealing with a "thick" shock
wave and a wide zone of magnetic field compression.
This is a natural result: Estimates show that the ex-
tent of ionization which occurs ahead of a viscous shock
because of the interaction of photoelectrons with the in-
duced electric field (Section 3) is low, so that the dif-
fusion length for the magnetic field is comparable to the
dimensions of the device, because of the low conducti-
vity. The magnetic compression is played out complete-
ly over this diffusion length, and by the end of the com-
pression the electric field in the laboratory system
reaches the value in (2.7).

3. Role of radiation in forming the structure of
ionizing shock fronts

The energy density and radiation pressure associated
with the thermal emission of electromagnetic radiation
become comparable to the energy and pressure of the
gas in shock waves if the waves are very intense or if
the gas density is extremely low.35 As a rule, the . .
radiation has little effect on the properties of the gas
behind the front, so it can be ignored. The situation is
completely different in the case of ionizing shock waves
in a magnetic field. The photoionization of the gas
ahead of the front of an ionizing shock is a governing
factor in the magnetic structure of the front34·36·37

The actual process by which the precursor forms has
been studied in Refs. 38-50. By precursor here we
mean the ionization of the cold gas ahead of the shock
front which results from either the diffusion of electrons

from the hot gas behind the front or photoionization by
the electromagnetic radiation emitted by the shock-
heated gas. Since electron diffusion is slow in the
transverse magnetic field, the formation of the pre-
cursor in a transverse shock wave is due primarily to
photoionization. In many cases the intensity of the
electromagnetic radiation emitted by even a moderately
strong shock wave is sufficient to create a photoelectron
density ahead of the front sufficient for the formation of
a steady-state magnetic structure.34

In Ref. 37 we studied the evolution of the initial shock
and the formation of the magnetic structure of a trans-
verse ionizing shock wave. If a gas-dynamic shock wave
is produced at t = 0 by driving a piston into the tube or
by some other method, and if this shock wave propa-
gates across the magnetic field, then at f = 0 all the
properties of the gas at the shock front undergo jumps,
except for the magnetic field, since the magnetic Rey-
nolds number is always small in a viscous shock. The
electric field in the gas ahead of the front is thus maxi-
mal at i=0, when its value is

Let us examine the evolution of the front of a trans-
verse ionizing shock wave, taking into account both the
photoionization of the neutral gas by the electromagnetic
radiation emitted by the shock-heated gas behind the
front and the impact ionization which occurs in the in-
duced electric field £*1>£GO. The particular behavior
of the spectral radiation density behind the front and of
the coefficient for electron-impact ionization depends
on the nature of the gas, so that numerical methods
must be used for a quantitative solution of the evolution
problem. We turn now to a qualitative theory for this
evolution which reflects all the details of the process."

We assume that the electromagnetic radiation emitted
by the hot gas behind the shock front, with temperature
T2« J, is approximately the same as that emitted by a
blackbody (this assumption is supported by experimental
results). Then the flux density of ionizing photons with
K(i3^J is given by the following equation, which holds
up to small terms of order T2/J« 1:

-W. · (3.1)

The electron density produced ahead of the shock front
by the photon flux in (3.1) is

where /„ = l/Nfy is the mean free path of the ionizing
photons, and σ, is the photoionization cross section.

Let us examine a linearized balance equation for the
number of particles in the free stream ahead of the
shock front.

If the degree of ionization is α « 1 we have

(3.2)

here Διο η(Γβ 1) is the scale dimension of the electron-
impact ionization with the electron temperature Tel,
which is the temperature the electrons acquire in the
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electric field £y* ahead of the front.

The solution of Eq. (3.2) with the initial condition

= 0) = 0 is

11 /A

1'ρ/ΔΙ
?r 11 < · Θ Χ Ρ ( - Τ ) ( Μ Ρ Γ 1 ' < (

η W el)] — 1 \ <p / I ' L
Λ \Τ \

lo> ("el)

(3.3)
It can be seen from (3.3) that a steady-state solution is

reached in the limit 1 ~°° if \on(Tel)>lp. This inequality
is a restriction on the electric field ahead of the shock
front: As £* t decreases, the quantity &lm(Ttl) = vl/
(vian- ΙΊ), (vloB is the ionization frequency, and vL is
the frequency of the electron loss which is linear in n)
increases and becomes infinite at E*1 = En. We thus find
a lower limit on the magnetic compression for which
there is a solution. The inequality ^l0V(Tei)>lp can be
put in the form

1_·|/ Λ •£!.<. (3.4)

where Mx is the acoustic Mach number, and A is a con-
stant governed by the gas properties. It can be seen
from (3.4) that for intense shocks, i.e., in the limit
ML — oo, the magnetic compression is clearly at its
maximum level; i.e., H2/Hl = vl/v2 = p2/pl. If the elec-
tric field ahead of the front is strong, i.e., if \m(Tel)
<lp, there is no steady-state solution. In this case Eq.
(3.3) represents an ionization wave which is propagating
upstream with a phase velocity »;,[/„/Αοη(Τβ1)- *1 w i t n

respect to the shock front. The propagation velocity of
the ionization wave increases with increasing E*lt and
the degree of ionization increases more rapidly. The
high velocity of this wave in comparison with other re-
sults for ionization waves in a transverse electric
field51·52 results from the fact that the "seed" electrons
are provided by photoionization, rather, than by diffu-
sion.

We see that the formation of the steady-state front
structure of an ionizing shock is governed by the insta-
bility which occurs in the unperturbed gas ahead of the
front, which we mentioned in the Introduction. In this
unperturbed gas, the shock wave simultaneously pro-
duces photoelectrons and an induced transverse electric
field. In the linear approximation, this instability can
be described as an ionization wave which detaches from
the front. On the basis of Eq. (3.2), of course, we can
reach only qualitative conclusions, indicating only ten-
dencies in the evolution of the process. A complete
description of the change in the front structure at the
transition to the steady state would require the numeri-
cal solution of a complicated, nonlinear, time-dependent
problem. In particular, as was pointed out at the end
of Section 1, a kinetic approach must be taken to find a
description of the initial stage of the instability (break-
down), since the electron distribution function in a
weakly ionized gas in an electric field is quite different
from a Maxwellian distribution, and the concept of an
electron temperature generally cannot be used.

4. The shock adiabat. Front structure and ionizational
relaxation

For specific calculations of the gas properties behind
the front it is necessary to consider the energy ex-

pended in ionizing and dissociating the gas. Calculating
the velocity (or density) jump from, for example, Eqs.
(1.3)-(1.5) and (1.11), we find

A*i
Λ 2 8(κ

5+4)1
" 2Mli

1)(4χτ1) )

ΜΠ—J
(4.1)

Here χ = α^/2Τ2(1 + α2) is a parameter which is a mea-
sure of the effect of ionization on the velocity jump and
the compression in the shock wave. The ionization has
a negligible effect only in the case of a weak shock, a2

« 1, or a very strong shock, J/Tz« 1.

As the gas density is reduced, κ increases without
bound, and the compression which occurs in the shock
wave is generally also unbounded. In Ref. 34 we calcu-
lated the properties of the gas in a transverse ionizing
shock, taking inelastic processes into account Figure
4, taken from Ref. 34, shows the temperature, the
velocity, the degree of ionization, and the degree of
dissociation as functions of the acoustic Mach number
M! for the case of hydrogen.

For an ionizing shock wave, the equation of the shock
adiabat is

Ρι

where

(4.2)

If the energy expended on ionization is negligible, Eq.
(4.2) becomes the same as the equation for the shock
adiabat in a fully ionized plasma.53

The problem of the front structure of a transverse
ionizing shock was studied on the basis of multifluid
hydrodynamics in Ref. 34, where both analytic and
numerical solutions were found. Figures 5 and 6, from
Ref. 34, show the changes in the magnetic field, the
velocity, the temperature, and the degree of ionization
in a shock wave in argon for the case M2<M2 c r (Fig. 5)
and for the case M2>M2( : r (Fig. 6). All the quantities
are given in dimensionless form: h=H2/Hlt u> = v2/vu θ
= T/Tu 9e = TjT^ The changes in the temperature, den-

10 ΊΟ SO 100 My

FIG. 4. Variation of the temperature β = Τϊ/Τι, the velocity
ω=ν2/ν1, the degree of ionization a, and the degree of disso-
ciation η with the acoustic Mach number M4 in a shock wave
in hydrogen.
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FIG. 5. Structure of the shock front in argon when M2 < M2cr.

sity, velocity, etc., in the shock wave are found by solving
the system of differential equations in (1.1)-(1.6) with the
appropriate boundary conditions. If we convert to dimen-
sionless variables [defined, forexample, as in (2.1)],
quantities with the dimensions of length appear in the equa-
tions. These quantities are scale lengths of the various
physical processes. In particular, fromEq. (l.l)wefind
the scale length for current dissipation, Δ,= c^/ivov^
This quantity is none other than the scale length for
magnetic-field diffusion. The front width in terms of
magnetic-field compression is Δη = (*/4πσ1υι, where
σχ is the gas conductivity ahead of the front, which
arises because of photoionization and which is main-
tained by the electric field of the shock wave.

It should be noted here that, for the low conductivity
of the gas ahead of slow shocks, the observation that
there is no magnetic compression in devices of finite
dimensions means that a steady-state magnetic struc-
ture does not manage to form. The width of the mag-
netic-compression region produced by photoionization
was calculated in Ref. 34 from the value of the conduc-
tivity ahead of the front; the result agrees well with
the measurements by Stebbins and Vlases at front velo-
cities above 6 · 106 cm/sec, in experiments in which a
substantial magnetic compression was observed. At
lower velocities, according to Fig. 11 of Ref. 34, the
quantity Δ η is appreciably larger than the dimensions
of the device.

Since the rate of impact ionization increases expo-
nentially with the temperature, it is convenient to single
out two limiting cases: that of moderately strong shock
waves, in which the ionization rate is much lower than
the rates of all dissipative processes, and that of strong
shock waves, in which the ionization rate almost imme-
diately becomes much higher than the rates of all dissi-
pative processes. In other words, the ionization scale

so-

e'J(

/ y

a

h

1-

? = *

ΊΟ''

length in the former case is much larger than all the
other scale lengths of the problem, while in the latter
case it is smaller.

The first of these cases—that of a moderately strong
shock wave—is analogous to the detonation-wave model
of Zel'dovich and von Neumann. The wave front con-
sists of a thin region of compression and heating (the
dissipation zone), which is followed by a much wider
relaxation region (the ionization zone). In the relaxa-
tion zone, the dissipation is negligible, the density and
magnetic field vary only slightly, and the temperature
decreases, because of the energy expended on ionizing
the gas.

In the opposite limiting case, the ionization at the
shock front is so rapid, that a local ionizational equili-
brium is attained over the entire shock front, except in
an unimportant region at the beginning of the front

It should be noted that in the case κ έ 1 the basic
changes in the velocity, density, and magnetic field
occur in the relaxation zone, not in the compression
zone.

The thickness of the relaxation zone has been mea-
sured for shock waves without a magnetic field. The
experiments have been carried out in argon at various
filling pressures,40> 5 3 in mixtures of argon with kryp-
ton,54 and in xenon.55 The quantity measured experi-
mentally is the ionization rise time τ. Denoting by a l o n

the coefficient of electron-impact ionization, we find
the ionization scale length from (1.2):

Hence

A convenient parameter here is the product p{T, which
varies only slightly with the initial pressure p1(T1

= 300°K):

(4.4)

Figure 7 is a plot of p{f against the reciprocal tempera-
ture behind the front, found from calculations ignoring
the ionization loss. The experimental points, the dot-
dashed line, and the solid line are the experimental and
numerical results from Ref. 40; the dashed curve is

- S O S χ, cm

FIG. 6. Structure of the shock front in argon when M2 >M2cl .
W18W η η m Μ,

FIG. 7. Ionizational relaxation time for a shock wave in argon.
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plotted from Eq. (4.4).

Finally, we should point out that a characteristic
structural feature of a transverse shock wave may be
a pronounced heating of the electrons in the induced
field when the electron temperature and the electron
density go through maxima. It is apparently this
effect—a maximum in the degree of ionization at the
front (nearly an order of magnitude above the equili-
brium degree of ionization behind the front)—which was
observed in Ref. 31.

III. TRANSVERSE SHOCKS IN PLASMAS

5. Formulation of the problem. Boundary conditions

The structure of transverse collisional Shockwaves
in plasmas has been studied by many workers.3"5'56"73

The early theoretical work was based on extremely
crude models, but these models have subsequently
been refined through the incorporation of a progressive-
ly increasing number of physical processes at the front.
The problem of the front structure was solved in Refs.
68-70 for weak shock waves on the basis of the Grad
13-moment equation; all the effects consistent with the
hydrodynamic approach were taken into account (charge
separation, electron inertia, the Hall currents asso-
ciated with the transport of momentum, energy, charge,
etc.). In Refs. 71—73, this work was extended to shock
waves of arbitrary intensity through the use of the equa-
tions of two-fluid hydrodynamics.74 Comparison of the
results reveals a good agreement, so it appears to be
possible to describe the structure of collisional shock
waves in plasmas on a purely hydrodynamic basis,
without appealing to the higher moments of the kinetic
equation. This conclusion is supported by the results of
a numerical simulation3·4 of transverse shocks in plas-
mas which was based on the hydrodynamic equations
with the ordinary plasma transport coefficients.74·75

The results of these calculations agree well with ex-
periment.76 It is the two-fluid hydrodynamic descrip-
tion which we will use below.

We consider a steady plane shock wave which is pro-
pagating along the χ axis in a fully ionized plasma. The
ζ axis is along the magnetic field H. We assume a
simple plasma74 (one ion species with ζ = 1, yt = y, = 5/3).
Transforming to the coordinate system of the shock
front, we find Ey = v1Hl/c = v2H2/c from Maxwell's equa-
tions (see Part II). The equations of the shock layer
are the same as in Section 1, but the equations for the
transport coefficients correspond to a fully ionized
plasma,74 and ionization and recombination (inelastic
processes) do not occur.

The boundary conditions are expressed in terms of
the Mach numbers Mt and Ma l (or M2 and Ma2), which
are defined in Section 2. The jumps in the velocity and
temperature across the front are

(5.1)
( 5 · 2 )

1 Η/

FIG. 8. Ranges of the Mach numbers (Mf,

subscripts are interchanged, 1—2.

For the motion of a conducting medium across a mag-
netic field, the MHD description reduces to ordinary
hydrodynamics,77 in which the role of the propagation
velocity for small perturbations is played by cf = VTifTcJ,
the velocity of a fast magnetosonic wave. On this basis
we can immediately find the ranges of variation of the
Mach numbers M1 and M u : Since a shock wave corre-
sponds to supersonic motion in ordinary hydrodynamics,
and the condition v1>ctl holds, we conclude by analogy
that we should have vl>cfl in the present case; i.e.,
we should have U1 = vl/cn = M1MalCM.l+M2

el)-l/2>l (Fig.
8). Similarly, we should have M2<1 in the outgoing
flow. The corresponding region in the (M|, MJ2) plane
lies between the hyperbola M2 = 1 and the curve whose
parametric equation is

(5.3)

where ω2 = v2/v1 =Nl/N2,1/4<ω2< 1. The curve in (5.3)
corresponds to the limit of strong shock waves: Mt

- » , ^ 1 = 87i^l/ffJ=(5/6)Mj1/Mj-O with compression,
ω2 = const (Fig. 9). In the limit of a low magnetic pres-
sure (Ma2— °°,/32— °°), this region converts into the
finite interval l/5<Mi<l, which corresponds to a
shock wave in a gas or plasma without a magnetic
field.78 In the opposite limit of a cold plasma (M2 ->»,
β2 — 0), the interval of permissible values of Mo2 con-
tracts to a point, Ma2 = l . This result is completely
natural: The irreversible energy dissipation in the
shock wave is due to the compression and heating of the
gas component. If the pressure in the final state is low
in comparison with the magnetic field pressure, the
energy of the free-stream flow is insufficient for gas
compression (since the magnetic field is compressed by
the same factor), and the shock wave can only be weak.

Equations (5.1) and (5.2) remain correct when the
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The shock adiabat for this case is given by Eq. (1.2) of
Part II, where we should set 0,^ = 02 = 1.

Asymptotic analysis78 is the method used to study the
system of ordinary differential equations describing the
shock layer. When we put this system of equations in
dimensionless form, each physical process which can
affect the front structure corresponds to a scale factor
\ (in the equations, these physical processes are de-
scribed by the terms which contain derivatives with
respect to x). For example, Joule heating corresponds
to the scale length for magnetic-field diffusion; the
current inertia corresponds to the collisionless pene-
tration depth; etc. Defining the dimensionless coordi-
nate ζ by x= Δ£ (Δ is some given scale), we find that all
the derivatives appear with factors of the type \/&. In
particular, if we treat the shock wave as a discontinuity
of zero thickness or a "step" i.e., if we formally set
Δ = οο, we find equations which contain no derivatives at
all: specifically, the Rankine-Hugoniot algebraic re-
lations, which relate the values of the variables ahead
of and behind the shock wave. In studying the front
structure we should choose the largest of the Δ4. Let
us assume for example, that the largest is \ , i.e., that
\ / \ « 1 for k* 1. Then setting Δ= Δχ, we can attempt
to solve the equations in the zeroth approximation in
the small parameters ^k/\. If we succeed in finding a
continuous solution, which describes the transition from
state 1 to state 2, then the process with the scale di-
mension \ is dominant in shaping the front structure,
and the other processes can be treated as small correc-
tions. If there is no such solution, it is necessary to
introduce a new discontinuity, over a scale distance
\ , and to study its structure by the same method. This
problem is frequently complicated by the need to take
several processes into account simultaneously, when
the corresponding scale lengths are comparable.

6. Shock waves in a magnetized plasma

We first consider the case of a pronounced anisotropy
in the plasma transport coefficients, with magnetized
ions and electrons, in other words, when the conditions
(Ω, τ , » 1 , Ω,τ,»1) hold over the entire shock front. We
introduce (δ^Ω,τ,)" 1, and we will treat δ as a small
parameter throughout this section of the paper.

In the equations for a shock layer with δ « 1 we can
distinguish the following processes and the correspond-
ing scale lengths: (\ = l/M) corresponds to ion viscos-
ity, Δ^εδΜΖ/Μ. to electron inertia, Δ, = εδ2ΜΖ/Μ2

to Joule heating and Hall currents, and Δρ ι 1= ΜΖ/ε to
the temperature relaxation of the ions and electrons (I
is the Coulomb mean free path). A comparison shows
that ΔΓ#Ι is the largest of these scale lengths. Since the
heat-transfer process is not itself responsible for
either dissipation or dispersion, we conclude that in a
shock layer narrow in comparison with ΔΓ>1 the elec-
trons and ions are heated independently, and beyond
this layer is a relaxation zone with v= const, ,ff=const,
Tt+ T, = const and79

1nl±^-i-(| t)--(^)-]. (6.1)

cosity and the dispersion due to electron inertia are
the dominant factors in shaping the structure of the
shock layer. The dispersion leads to the appearance of
waves, and the waves are damped by viscous or Joule
dissipation. Comparing \ and Δ4 ) we see that ion vis-
cosity is predominant in the case ^ « ( ε δ ) " 1 ; this re-
gion is marked V in Fig. 9. When Μ%»(εδ)~\ the front
structure is governed primarily by dispersion (region D
in Fig. 9). In the case θ^(εδ)" 1 « M 2 « (εδ)"1, the dis-
persion at the beginning of the shock front is more im-
portant than the viscosity (region VD). In the disper-
sion region, viscous dissipation is predominant if M|
« (ε δ2)'1, while the Joule loss is predominant if M2,
»(εδ 2)" 1 (subregions DV andDJ, respectively, in Fig.
9). Di region V we find the following results within
small terms of the order of ε and δ: The magnetic field
is frozen in, H/Hl=N/Nl; the electrons are heated only
adiabatically, Τβ/Τ1=(μ/Ν1)

2/3, and the heat conduction
and Hall currents are suppressed by the strong trans-
verse magnetic field. The solution of the equations for
the shock layer in this approximation is (ω = ν/νι)

' [ΐ-Η.ν,/.ν,)]/:
ω'2(ω' —1) [ω' —(ΛΊ,'/V,)] ((./— ω,.)'

(6.3)

where ω 2. is the same as the right side of Eq. (5.1), ex-
cept that the sign of the radical is changed. In the next
approximation we can find the transverse velocity com-
ponents of the ions and electrons,71 which are small, on
the order of δ.

The strongest transverse collisional shock waves
which have been studied experimentally have been pro-
duced in the shock tube of the Plasma Physics Labora-
tory at Columbia University.1·2'10·2*76·80"83 This device
is a coaxial electromagnetic shock tube about 2 m long,
in which transverse-shock velocities up to 4· 108 cm/sec
have been reached in hydrogen at p1 = 5Q mtorr and Hx

= 7.2 kOe. The transverse magnetic field is produced
by a current along the axis of the tube, so that the
shock fronts are definitely not one-dimensional; their
longitudinal section is approximately a parabola,
curved toward the inner conductor. It is nevertheless
meaningful to compare these experimental results with
the results of the one-dimensional theory. In the case
M̂  » 1 we can use (6.3) to find analytic estimates of
the front thickness. Within terms OfM^), the Prandtl
thickness is

Experimentally, however, it is not the front thickness
"corresponding to maximum steepness" but the quantity
Lnv = f£*>*dv\dv/dx\ ~l which is measured. Here the
difference between the velocity limits vmlll and vmx, on
the one hand, and the equilibrium velocities correspond-
ing to the boundary conditions, on the other, is gov-
erned by the precision of the velocity measurements in
the experiments. In the same approximation, we find
from (6.3)

(6.4)

Since Δ, » Δ,~ δΔΛ, we can conclude that the ion vis- (We note that Lm » L p r at Mx~ 102 - 10 s !).
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FIG. 10. Variation of the front thickness of a strong shock in
a magnetized plasma with shock velocity ν χ. The experimental
points are from Ref. 76. Curve 1 Is calculated from Eq. (6.4);
curve 2 Is the estimate of Bef. 5; curve 3 is the result of the
numerical simulation of Ref. 4. The dashed curves show the
distance from the beginning of the shock tube to the position of
the detector, divided by the steady-state front thickness, cal-
culated from (6.4).

Let us compare the theoretical results with the exper-
imental data. The front thickness has been measured
for strong shocks in magnetized plasmas by Moriette.76

It is difficult to use Eq. (6.4) directly because the shock
waves in these experiments were propagating through
hydrogen at room temperature; i.e., they would be
described better as ultrastrong ionizing shock waves.
In order to correctly apply the purely plasma equation
in (6.4) to an ionizing wave the most important point is
to know the ion temperature correctly; the viscosity,
which forms the front, is an extremely strong function
of this temperature. We assume that there is initially
a plasma with the same density of ions (protons) as in
molecular hydrogen at Τ = 300 °K. We determine the
"effective" Mach number M l t ( t by using the equation
for the plasma before the completion of the tempera-
ture relaxation, (6.1); adopting as the minimum veloci-
ty the lowest measured temperature in the experiments
of Ref. 76, 7\ = 100 eV, we assume, in accordance with
Ref. 5, that the error in the velocity determination is
1%. Figure 10 shows experimental points from Ref. 76,
numerical results from Ref. 4, and estimates of the
front thickness from Ref. 5 and Eq. (6.4) of the present
paper.

According to the hydrodynamic description,84 astation-
ary structure is formed only after the distance tra-
versed by the shock wave is on the order of the steady
shock thickness; then as a parameter to tell us whether
the steady-state theory is applicable it is natural to
adopt the ratio l/A, where / is the distance from the be-
ginning of the shock tube to the detector, and Δ is the
steady-state thickness for the given velocity, (6.4). We
would expect the steady-state theory to agree with ex-
periment in the case l/A>l and to disagree in the case
I/A < 1. It can be seen from Fig. 10 that for all detec-
tor positions we find I/A < 1 at υν ζ 108 cm/sec. At low-
er velocities, there is a good agreement between the
results of Ref. 76 and Eq. (6.4). The results of the nu-
merical simulation in Ref. 4 agree with the experimen-

tal results even in the time-dependent case, thereby
demonstrating the applicability of the hydrodynamic
theory.

McNeill82 has reported measurements of the electron
temperature and density of the magnetic compression
for the conditions 9·10β<υ1<2 · 107 cm/sec, Hx= 1.0 and
3.6 kOe. Calculating the expected magnetic compres-
sion H2/H1 from the measured velocity «t on the basis
of (5.1), we find that the theoretical value of H2/H1 is
20-30% higher than the experimental values (the experi-
mental error is about 15%). The slight discrepancy is
apparently due to the fact that the shock waves in these
experiments were not one-dimensional. Interestingly,
the temperature relaxation corresponding to (6.1) was
not observed in these experiments, although the shock
wave traveled a distance large in comparison with ΔΓ§1.
The electrons, heated to about 10 eV, can acquire a
substantial amount of heat in collisions with ions,
whose temperature is an order of magnitude higher,
but the electron temperature does not increase. Mc-
Neill82 believes that the reason is radiative cooling due
to the strong resonant vacuum-UV emission of the mul-
tiply ionized atoms of heavy impurities, which are al-
ways present in the test gas (deuterium).

Independent measurements of the plasma compression
N2/N1 and of the magnetic compression Ht/Hi in Ret 83,
for velocities 107<ιΐ1 <3·107 cm/sec, confirm the rela-
tion H2/Hl = N2/Nlt within the experimental errors.

We turn now to another limiting case, in which the
plasma behind the shock front is cold, i.e., Μ^»(εδ)'1.
In this case, Ad is the largest scale length. Setting

A _ 1.05eaM2i,

and omitting the terms which are small, of order ε, δ,
or (M| εδ)"1, we find the following equations for the
dimensionless magnetic field h = H/H1 in the zeroth ap-
proximation (η is the Lagrange coordinate: d/dr\ =
(v/vjd/dt):

Equations (6.5) and (6.6) have a well-known mechanical
analog85"87: the energy integral and the equation of mo-
tion of a particle of unit mass in a field U{h). Obvious-
ly, Eqs. (6.5) and (6.6) cannot yield shock-wave solu-
tions, since all the dissipative terms were discarded in
the derivation of these equations. [At the front, there
must be an increase in the entropy because of the ir-
reversible conversion of the kinetic energy of the free-
stream flow into heat. Attempts to find the front struc-
ture in the model of an ideal, dissipation-free medium—
for example, in the plasma described by the Vlasov
equation or, equivalently by the equations of motion of
the components without collisions—are doomed to fail
because of the very nature of the question, but, strange
as it may seem, efforts along this line are still being
published (see, for example, Ref. 88).] The boundary
condition A(-°°) = 1 singles out a soliton,

Silvia,-!)
Α(η) = 1

1 — to~A)
(6.7)
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The maximum value h =hmu= 2M a l - 1 corresponds to
the maximum density Nmu = N1(2/i/Lal - 1) - 1 . The condi-
tion iVma,<» leads to the familiar relation

Mai <2. (6.8)

The meaning of this inequality is that in the case M^ » 2
the height of the potential barrier associated with the
soliton is greater than the kinetic energy of the ions in
the free-stream flow. Then a current of ions reflected
from the soliton appears.

Even if we assume that this multiple-flow motion is
laminar, the problem still goes beyond the scope of the
model used here, 8 9 · 9 0 and we will not pursue it further.

If (6.8) holds, we can find a laminar hydrodynamic
solution of the equations for the shock layer. The front
structure will generally be oscillatory; the waves de-
scribed by Eqs. (6.5) and (6.6) are damped in the next
approximation because of the viscosity in parameter
region DV and because of Joule dissipation in region DJ.
In the intermediate case (region VD in Fig. 9) the scale
length for the viscous dissipation, which increases
rapidly with 7\, can be smaller at point 1 than the tem-
perature-independent dispersion scale length, and it
can be greater at point 2. There may thus be struc-
tures in which a finite number of waves at the bow part
of the front precedes a monotonic approach to equilibri-
um behind the front.72 We might note that weak shock
waves always have a monotonic profile.

Another dispersion mechanism which is capable of im-
parting an oscillatory structure to transverse shocks in
plasmas is charge separation.8*9 0 For this to be a gov-
erning effect in the front structure, the following in-
equalities must hold73:

max (-j^, r e , ) < r m < n,, (6.9)

where rDl is the Debye length, and ru and rel are the
ion and electron gyro radii in state I.

The dispersion due to charge separation excites elec-
trostatic oscillations of the cold ions with respect to
the electrons, which are tied to the magnetic lines of
force by the frozen-in condition [a deviation from this
condition would mean that the electron inertia, which is
negligible in the region defined by (6.9), would have to
be taken into account]. The characteristic frequency is
the ion plasma frequency, and the characteristic veloc-
ity is cal. In other words, the scale length for the ef-
fect is on the order of e41/u>w ~rDftl 2 »rDi if90 β1«1.

It is not difficult to derive equations for the dimen-
sionless ion velocity ω, = vi/vl (in Lag range coordinates,
ά/άη=ω{ά/άζ, which are analogous to Eqs. (6.5) and
(6.6):

(6.10)

The magnetic field is H=Hl[\ + ^ ( 1 - ω?)/2]; the elec-
tron velocity is ve/vl=Hl/H; and the electric potential

is φ = Ηί(Η- Hl)/iveNv The solutions of these equa-
tions are completely analogous to those discussed
above. In particular, we can again construct a solution
only under the condition M^ < 2. In addition to the sim-
ilarity of these pairs of equations, there is also an im-
portant difference, which stems from the difference in
the physical mechanisms for the two types of dispersion.
In particular, in the mechanical analogy here the role
of the equation of motion is played by the Poisson equa-
tion (above it was played by a generalized Ohm's law),
while the energy integral is represented by the conser-
vation equation for the plasma momentum (it was rep-
resented above by the energy conservation equation).
This agreement of critical conditions is of course not
simply fortuitous: These conditions are consequences
of the conservation equations and they do not depend on
the dispersion mechanism, just as the Rankine-Hugon-
iot conditions are independent of the nature of the dis-
sipation.

In the case M a l * 2, there are no collisional hydrody-
namic structures in region D (as yet, no systematic
solutions have been derived for this case, even in the
theory of collisionless shock waves). So far, no qualit-
ative change in the structure at the transition through
ΙΛΛΙ =2 has been observed experimentally (see Section 3
and the discussion below).

We emphasize that the physical role of charge separa-
tion in plasma shock waves is not simply one of exciting
waves under condition (6.9). The charge-separation
scale length in collisional hydrodynamics—the Debye
length—is usually small in comparison with the front
thickness, so that the assumption of a quasineutral
plasma, which has been used consistently in this paper
[except in (6.9)] is justified, but in this one-dimensional
problem an extremely important result is the appear-
ance, under the quasineutrality condition, of a strong
axial f ields^» Ey (5«1), which is directed perpendicu-
lar to the external magnetic field and to the current in
the plasma (the Hall field). In the first place, this field
creates a potential jump at the shock front, φ2- φ^
= flZExU]d£. In contrast with the jumps in all the other
quantities, the jump φ2 -φχ is not governed by the Hu-
goniot conditions (to some extent we have an analogy
here with the boundary-condition problem discussed in
Part I), and it depends directly on the front structure.
From measurements of φ2 - ψγ we can learn about the
mechanisms which operate to form the front structure
(Section 7). In the second place, the presence of a Hall
field masks the anisotropy of the conductivity,74 so that
when we ignore the electron inertia, the Hall currents,
and so forth, Ohm's law takes the form j y = aLEy in the
present treatment, where the transverse conductivity is
σχ~ σ,, (in a full ionized plasma, σ,/σ1«2). The devia-
tion from a one-dimensional system in an actual experi-
ment leads to the suppression of the transverse conduc-
tivity by the magnetic field, and this circumstance must
be taken into account in calculating the Joule heating.
For example, the heating of electrons to 10 eV in the
experiments of Ref. 82, Le., to a temperature much
higher than the achieved in adiabatic compression, can
be attributed to this small value of the transverse con-
ductivity.
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7. Shock waves in an unmagnetized plasma

We turn now to another limiting case: that of an un-
magnetized plasma. In other words, we assume (ίϊ,τ,)"1

= δ » 1 and also (Ωβτβ)η = ε δ » 1. The following scale
lengths arise in the equations: that for Joule dissipation,
Ay = c62MZ/M|; that for the electron thermal conductivi-
ty, Δτ>=Ζ/εΜ3; that for the electron temperature relax-
ation, ΔΓ#ι = ΜΖ/ε; and those for the ion viscosity and
the ion thermal conductivity, \t=l/M, Δ Τ 1 = //Μ3. In
the case ε δ » 1 , the largest of these lengths is Δ ;̂ this
situation corresponds to a predominance of Joule dissi-
pation. Here Δ ν » ΔΓ#1; i.e., in this case, a thermal
equilibrium is reached between the plasma components
(Γβ = Γ(= Τ) over a scale length Δ>; within terms
ΟίΔ^,/Δ,). Ignoring the small terms of the order of ε
and (εδ)"1, we can use the energy and momentum con-
servation equations to express Η and Τ in terms of the
dimensionless velocity ω = ν/ν1:

40Μίι ,, , . / Ν. \ . ι /π ι\

-1)(ω-ω2-)(τν7-ω)-ΐ], (7.1)

[-45.(0,-1

2 Μ ! Γ - Γ. . 4 i i M . i i , . . . .ι Ν. \

(7.2)

[Equations (7.1) and (7.2) of course remain valid under
the subscript interchange 1 — 2. Equation (7.1) and
(6.2), written in a different form: *{H/Hlt v/vl) = 0.]

The shock structure in the region in which Joule dis-
sipation is predominant is governed by Ohm's law,
which can be written as follows in our case of an un-
magnetized plasma (scalar conductivity):

Finally, in dimensionless form {£=;

-*-- 1=0.53ί·Ι-Γ3/24- — ·

we have

(7.3)

Using (7.1) and (7.2), we can integrate (7.3), finding an
equation for the front structure in the form of an inte-
gral:

. - , . _ < > . « * , f

(7.4)

It is easy to see from (7.1) that the left side of (7.3) is
positive for Ν2/Νι<ω<ί; i.e., the sign of dv/άζ is gov-
erned by the sign of dH/do along the curve (7.1). The
solution (7.4) is meaningful only if dH/dv<0. From Eq.
(7.1) we easily find that this condition is met every-
where if Ν2/Ν1<ω < 1, provided that M2 > 1; it is not met
in a certain regionN2/N1<ω<ω4 with M2<h In Fig. 3,
the first case corresponds to the case in which both
points 1 and 2 are on the supersonic branch of curve
(2.2); in the second case, point 2 lies on the subsonic
(lower) branch. In the first case, the predominant type
of dissipation over the entire front is the Joule dissipa-
tion (a purely resistive structure); in the second case,
the dissipation is not adequate for a continuous transi-
tion from 1 to 2, and an internal discontinuity must be

introduced.58 We note that in both cases the front thick-
ness is governed by the Joule scale length (since the
conductivity increases with the temperature, the Joule
scale length is at a maximum in state 1, so that the
front thickness is of the order of Ayl). This fact can be
interpreted in the following way: The compressed mag-
netic field H2 behind the front diffuses upstream in the
free-stream flow, in which the conductivity is σ1 ; for a
distance on the order of

Since Δ η ~ l/vlt the magnetic structure of the Joule
zone can be observed directly in weak shock waves,
even in a plasma with a high initial conductivity.91

The appearance of an internal discontinuity at the
front of a shock wave can also be derived by more for-
mal methods, without going into detail on the structure
of the shock front.92·93 A simple physical explanation for
the effect runs as follows: Joule heating can be respon-
sible for the dissipation of an energy density on the or-
der of (JH2 - /Tl)

2/8ir, where H2 « 4fft. In other words,
the Joule dissipation is limited, while the kinetic energy
density in the free-stream flow can be arbitrarily high.
Consequently, beginning at some velocity wt (for a given
/3J the Joule dissipation becomes inadequate, and other
dissipative processes must be called upon.94 Figure 8
shows a curve of critical values of the Alfv6n Mach
number Mj(/3,). Below Mjift), the structure of the shock
waves is purely resistive; above this curve, there are
shock waves with an internal discontinuity.

Since the internal discontinuity has a scale length
Δ « Δ ,̂ we have H= const in it to terms Ο(Δ/Δ^); in
other words, the discontinuity must be isomagnetic.58

As in Part II, it is simple to show that the only phys-
ically reasonable way to introduce this discontinuity is
by means of an isomagnetic discontinuity in the stern
part of the front (h =H/Hi= 1; region 4-2 in Fig. 11).
Since in the case t/L, < 1 we always have M 2~l (Fig. 9),
the scale lengths for the electron thermal conductivity
and the electron-ion heat transfer are of the same
order of magnitude, IJz. The structure of the isomag-
netic shock can be studied by setting H = H2 and Δ=Ζ2/ε.

The isomagnetic shock is apurely gas-dynamic effect,
since in it we have H = const, and the only parameter
whichdetermines the intensity of this shock is the acous-

FIG. 11. Variation of fe = H/ff, with o 'Uj
Mal<M*</3,) (a) and Μα1>Μ* (β{) (b).

ana ω ( ϊ ) f o r
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FIG. 12. Front structure of a shock wave with a slight Iso-
magnetic shock. M? = 20, Mjj=7, W,=10le cm"3, T^leV,

tic Mach number HI,. The structure of this shock is
thus similar to that of a shock in a plasma without a
magnetic field.7a>95"98 From the conservation equations
we can easily find the plasma velocity and temperature
ahead of the isomagnetic shock (point 4):

(7.5)
16M1

The structure of the isomagnetic shock is the same as
that of a shock without external fields in the case M1 = M4

[the latter quantity is determined from the Mach num-
bers Mt and Mel of the original Shockwave by means of
Eqs. (5.1) and (5.2) and the obvious relation Λί| =
(NjNiWTjTjVZ]. Over the scale length Δ=0.316Ζ2/ε ,
the structure is described by the equations (ω = ν/ν2)

£3-«!(£)-"(.-l,(i-.). (7.6)

The second factor in (7.7) has the same sign at points
1 and 2 in the case M2>4/5(M4<1.12) or different signs
in the case M̂  < 4/5(M4> 1.12). In the first of these
cases, a slight isomagnetic shock is thus observed in
the structure. It is formed by the electron thermal con-
ductivity and it has a thickness

This structure corresponds to Mach numbers in the
range Mj(j31)<M1I1 M f ^ ) (Fig. 8). Figure 12 shows
front profiles calculated for a shock wave of interme-
diate intensity in a cold plasma (compression from 10"
to 2.4·101β cm"3; heating from 1 to 3.9 eV).

If M|<4/5, we must introduce yet another discontinui-
ty within the isomagnetic shock. The structure of this
new discontinuity is governed by the ion viscosity and
thermal conductivity; the corresponding scale length is
l2. Within small terms of the order of ε, the electron
temperature remains constant over this shock (the so-
called electron isothermal discontinuity). The struc-
ture of this shock is extremely similar to that of a
shock layer in a magnetized plasma; in both cases, the
dissipation is due primarily to the viscosity which
shapes a monotonic front profile. No restrictions of
any kind are imposed on the intensity of the shock wave,

-4 -3-1-1 0 12

A<P~7.5S

FIG. 13. Front structure of a shock wave with a strong iso-
magnetic shock. M? = 17, Mj|=25, JVt = 1016 cm"3, Tt

= 1 eV, ffj=0.68 kOe. The scale dimensions of the isomagne-
tic shocks and of the electron isothermal shock have been en-
larged for clarity. (ω=ι>Λ>2, h=H/H2, 9e=Te/T2, θι = Τι/
T2, Φ = βφ/ΗΤ1).

because the viscosity is capable of any arbitrary dis-
sipation level. The strong electron isothermal discon-
tinuity divides the isomagnetic shock into two parts. In
the first part, the electron temperature increases (to
nearly the limiting value), and then the ion tempera-
ture and velocity change rapidly at the isothermal shock
(the ion temperature rises above the limiting value). In
the rest of the isomagnetic shock, there are a tempera-
ture relaxation and aslightcompression due to the elec-
tron thermal conductivity (in Fig. 13, this structure is
shown for a shock wave in which the plasma is com-
pressed from 10 le to 1016 cm"3 and heated from 1 to 5.3
eV). As the intensity of the shock wave increases, a
progressively larger part of the total jump in the den-
sity, temperature, and potential will be concentrated
in this ion shock. Also noting that the plasme becomes
magnetized as the temperature increases, regardless
of the initial magnetic field, we can conclude that the
structure of strong shock waves differs from that dis-
cussed in section 6 only in the presence of a small
Joule region in the bow part of the front.

We turn now to yet another limiting case, whose range
of applicability is narrower than for the cases above.
This is the intermediate case of a partially magnetized
plasma, in which the electrons are magnetized (Ωβτβ»1)
but the ions are not72 (Ϊ1(τ{ « 1 ) . Under these conditions,
most of the dissipation is due to Joule heating, electron
thermal conductivity, and Hall currents. The ions are
heated adiabatically. It is clear from the discussion
above that these dissipation mechanisms are not suffi-
cient for very strong waves. An internal discontinuity,
which is simultaneously isomagnetic and isothermal
with respect to the electron temperature, appears at
M2<M2 c r, where M^, is the solution of the transcen-
dental equation

In the limit M ^ w f t - 0 , the corresponding critical
Mach number is M a l = 2/3~ = 3.46.

So far, few experimental results have been reported
on shock waves in unmagnetized plasmas.6 The ex-
pected thickness of the Joule wave is

1 1 »lcm/i«?1{«V. <· ' ^ " " ^ " e l " '
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(If only the electrons are magnetized in state 1, this
quantity should be multiplied by two.) Under typical ex-
perimental conditions (in pinches and electromagnetic
shock tubes) we have N^-106 cm"3, Tel~l eV, v^-W
cm/sec, and Ωβτβ>1. In other words, the thickness of
the shock front, Δ^χ, is on the order of 0.5 cm, in agree-
ment with experiment.6 It is difficult to interpret these
experimental results because the deviation from a one-
dimensional situation and the magnetic-flux loss are
generally important in the corresponding experiments
(not all the magnetic flux is compressed by the shock
wave). Therefore, the order of magnitude of the front
thickness is about the only measurable quantity which
can be compared with the simplified theory. In Ref. 99,
for example, with Nt = 1016 cm"3 and Tel = 1.2-2.1 eV we
find from (7.8) the value Δ η = 0.3-0.6 cm for ϋ 1=2·10 6

cm/sec. This value corresponds to the measured val-
ues (0.3-0.8 cm). The loss of magnetic flux, however,
substantially changes the flow pattern; for example,
L e x p does not fall off in proportion to v~\. On the con-
trary, it increases linearly with v^. Sommer and Ba-
rach" explain their results by introducing phenomeno-
logical parameters to describe the deviation from an
ideal apparatus.

Collisional Joule heating can be observed in shock
waves in a low-density plasma (N^S, 1015 cm"3), in which
collisionless effects are important. Let us examine,
for example, the experiments of Ref. 100, with Tel= 1
eV, Nx = 7-1014 cm"3, ffx = 1200 Oe, M a l = 2.5, and vt

= 2.5·107 cm/sec. From (5.1) we find the expected mag-
netic compression to be H2/Hl = 2.5, in agreement with
the measured results. An estimate of the rise time of
the front on the basis of (7.8) yields 12 nsec, which is
approximately the same as the observed rise time
(about 10 nsec). Finally, an estimate of the electron
and ion temperatures under the assumption of Joule
heating of the electrons, without heat exchange,101 yields
Te2 = 46 eV and Ti2 = 2 eV, in approximate agreement
with the measured values.102 The qualitative picture of
the structure, however, shows that the collisional Joule
heating, which is important in the bow region, gives
way to different dissipation mechanisms. Even at Ma l

= 2.5 the shock front is steeper at the beginning than at
the end (the opposite should be true in a purely resis-
tive shock wave). At Ma l = 3.7 (i.e., M2<1), there is
no resistive mechanism (neither the Coulomb nor anom-
alous resistance of the plasma) which could explain the
necessary dissipation, as can be seen from the discus-
sion above.103 Correspondingly, the structure under
goes a qualitative change from the case Mol = 2.5, but
not as described above. The isomagnetic "step" does
not appear just behind the Joule zone; instead, it appears
in front of it. A study of structures of this type really
belongs in the theory of collisionless shock waves,
and much progress has been achieved in this
field,8 5"8 7·8 9·9 0·1 0 4·1 0 5 although the problem is clearly far
from complete resolution. We would just like to say
that ordinary Joule heating can also be important in
structures of this type.

IV. CONCLUSION

As we mentioned in the Introduction, shock waves in
magnetic fields are an extremely common phenomenon,

with which physicists working in very different fields
must deal. We have restricted the present review to
the simplest case of transverse shock waves. This case
is relatively simple to study because small perturba-
tions propagate across the magnetic field only at the
velocity of a fast magnetosonic wave, so that only fast
shock waves exist. In the general case of an arbitrary
orientation of the magnetic field with respect to the
plane of the shock front, including the case of normal,
enclosing shock waves,106'107 the arguments are in the
same spirit as in the present paper, although there are
many interesting new details. We have seen that the
traditional picture of shock waves as zero-thickness
discontinuity surfaces breaks down for shock waves in
magnetic fields. The shock fronts in this case have a
clearly macroscopic structure; furthermore, knowledge
of the structure of a shock front is frequenly necessary
for interpreting observations.

Another example, which is instructive because of its
methodological aspects, demonstrating the unity of phy-
sical science, is the theory of ionizing shock waves in a
magnetic field. It has proved to be impossible to derive
a successful theory for ionizing shock waves in classi-
cal hydrodynamics, without appealing to the theory of
gas breakdown and without considering electromagnetic
radiation.

On the other hand, we are still far from having a
complete systematic theory for shock waves, including
collisionless shock waves (and it may not be possible to
derive such a theory at all). Such a theory should be
based on the kinetic approach, and from this standpoint
the hydrodynamic theory can be thought of as a first
approximation, which allows us to distinguish some ex-
perimentally observable effects which are of purely hy-
drodynamic origin. In this regard, the theory of colli-
sionless shock waves may also prove useful for deriving
a theory of collisionless shock waves. For example, the
oscillatory structure of shock fronts, which is believed
to be peculiar to collisionless shock waves, also arises
in collisional shock waves, as we showed in Part HI
of this review.
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