V. G. Sidorovich. The mode theory of the three-
dimensional hologram. At this time, the theory of the
three-dimensional hologram has beendeveloped satis-
factorily only in the kinematic approximation, which
assumes that the wave incident on the hologram re-
mains unchanged in the latter’s volume.! This paper
discusses a method for analysis of the highly efficient
conversion of light waves by a three-dimensional holo-
gram based on representation of the wave to be con-
verted as a superposition of waves matched to this
hologram (modes of the hologram); see Refs. 2-4.

The modes are characterized by the property that pol-
arization waves induced by them in the hologram repro-
duce them exactly by radiating electromagnetic waves.
Therefore the complex-amplitude ratios of the plane
mode components are constant throughout the volume of
the hologram. The existence of electromagnetic waves
that are consistent in the above sense with a medium
having a permittivity that is periodic in space was first
used by P. P. Ewald in his work on the dynamic theory
of x-ray diffraction.’

We mtroduce the following nomenclature: E(7)

=2,N a,e™" is the electric-field amplitude of a light
wave whose energy density distribution has been regis-
tered in the volume of the hologram in the form of local
deviations of the complex dielectric permittivity from
the average value; a, and k, are the amplitudes and
wave vectors of the plane components of the registered
wave; r=(r,9,2), and E'(x, y, 0) =2 ¥ b.e"*n is the
electric field amplitude distribution of the transformed
light wave on the surface of the hologram (the sign L
indicates the projection onto the X0Y plane, in which
the hologram’s surface lies). Matching of the trans-
verse wave-vector components at the interface between
the two media enables us to represent the field of the
transformed wave in the volume of the hologram in the
form

N ;

E(z, y, 2> 0)= 2 c,,(z)eik"r. (1)
In the approximation of slowly varying amplitudes,
substitution of (1) into the Helmholtz equation gives for
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paraxial beams
de P B ‘
= =D(A+Be, (2)

where z is the longitudinal coordinate; D =k0\/?0n/ 2;

k, is the wave number of the wave incident on the holo-
gram; g, is the dielectric permittivity of the unexposed
recording medium, » is the complex proportionality
coefficient between the energy density of the recorded
wave and the local change in the dielectric permittivity
of the light-sensitive medium; ¢ =[cy(2), ¢1(2), ..., cy(2)]
is the amplitude vector of the plane components of the
light wave propagating in the hologram; A is the matrix
of the hologram, with elements A,,=a,a (1-5,,)
+8,,L; B, is the Kronecker delta; L=2", |a,|
is the matrix for scattering of plane waves propagating
in the hologram by volume gratings in the recordu"nog of
which'they had not participated; B, =2, a,a'e’ Wre(1

- 0,,, the summation extends over p and g for which

[k, + (i, — k)] =[K,]", Ay =[(k, - k,.) - (i, ~ k)], and
Af,’;‘,f different from zero indicates that the Bragg condi-
tion is not satisfied for scattering of a wave with wave
vector k, by the grating formed by waves with wave
vectors k, and k,. If the recorded radiation can be
characterized by the angular divergence parameter 0,
then (4{m) ~ky0°%, where () indicates averaging over

P, g, m, and n. We shall denote by I the thickness of
the hologram layer with significant diffraction effi-
ciency. For ky6% > 1, most of the exponentials el 4si
in B execute many oscillations while the wave incident
on the hologram undergoes significant transformation.
In this case, the contribution to the transformation
from scattering by “foreign” gratings, which is de-
scribed by the matrix é, can be neglected. Since /
~1/k,A€, where Ag=ngyl, the condition under which
waves that do not carry useful information are of neg-
ligibly low intensity, which corresponds to scattering
by “foreign” gratings, has the form 62> 6g. If this
condition is satisfied, the second term in the right-hand
side of (2) can be dropped. Since the matrix A is self-
adjoint, its eigenvector system is complete in N +1-
dimensional space. Therefore the solution of Eq. (2)

~
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can be represented in the form
N N 0
B 0= X (3 dnee™m) e, @)
n=0 m=0

where the d,, are the coefficients in the expansion of the
vector ¢(0) =(bg, by, ..., by in the system of eigenvec-
tors ¢™ of the matrix A and the a,, are the corres-
ponding eigenvalues. Formula (3) indicates that the
hologram transformation of any light wave with an ang-
ular spectrum localized within the limits of the angu-
lar spectrum of the recorded wave reduces to a change
in the amplitude-phase relationships between its com-
ponent light waves with amplitude vectors ¢™. The
latter propagate in the hologram as in free space, with-
out any change in structure, and are therefore natural-
ly called modes of the hologram. The difference be-
tween the complex phase velocities of the modes, which
are characterized by the values of «,, results from the
fact that the energy densities of different modes are
distributed differently in space with respect to the dis-
tributed differently in space with respect to the distri-
bution of the hologram’s complex permittivity.

The effectiveness of this mode approach in study of
the transformation of light waves by three-dimensional
holograms can be attributed to the simplicity with
which the eigenvalue problem is solved for the holo-
gram matrix A in a number of practically important
cases. The mode theory has now made it possible to
calculate the diffraction efficiency of a three-dimen=
sional phase hologram in the very general case in
which the object and reference waves have extended
discrete angular spectra and arbitrary intensity
ratios.?*® These calculations have been used to formu-
late recommendations for choosing the parameters of
the radiation used to record the hologram and of the
recording medium that are optimal from the stand-
point of diffraction efficiency and the level of recon-
structed-wave distortion. Another important applica-

tion of the mode theory has been quantitative interpre-
tation of the basic properties of the so-called “Bril-
louin mirror,” which have been studied experimentally.’
Since in stationary-regime induced Mandel’shtam-
Brillouin scattering the local coefficient of stimulated
amplification of the Stokes wave is proportional to the
pump energy density (see, for example, Ref. 7), a
nonlinear medium situated in the field of a spatially
inhomogeneous pump is an amplitude-amplifying holo-
gram with respect to Stokes waves with frequencies
within the stimulated-amplification range.® This is
why development of the methods in Refs. 2, 3 made it
possible in Refs. 4, 9 to offer an exhaustive explanation
of the experimental facts established in Ref. 7 and to
derive formulas for estimating experimental param-
eters at which wave front inversion of the radiation
reflected from a “Brillouin mirror” should be observ-
ed.
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