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The article reviews the current state of the study of the dielectric properties of a medium in the x-ray
and y-ray frequency regions. Particular attention is devoted to the systematic introduction of the
dielectric permittivity tensor in the x-ray region, starting from the most fundamental property of
crystals—spatial periodicity. The properties of the permittivity tensor are treated both in terms of the
phenomenological theory and on the basis of specific microscopic models. The review includes theoretical
and experimental investigations of the contributions of the electronic and nuclear subsystems to the
permittivity of crystals. The polarizability of the electron subsystem is considered in the strong-coupling
approximation and in terms of the Bloch formalism. Considerable space is devoted to discussion of the
permittivity near isolated low-lying nuclear transitions in the presence of hyperfme interactions, where its
properties are substantially more complicated and more interesting than those of the permittivity of the
electron subsystem. A review is given of the principal phenomena of the polarization optics of Mossbauer
radiation. The review analyzes the symmetry properties of the x-ray permittivity and establishes a
number of useful relations regarding generalized symmetry operations.
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"The very existence of Bragg re-
flections of χ rays shows that the
generally accepted description of a
medium—without inclusion of the
spatial periodicity of the dielectric
permittivity—is inapplicable."

M. Lax

1. INTRODUCTION the problem of introducing the DPT ε,/k, k'; ω) for
crystalline media and describes its basic properties—

The review is devoted to discussion of the current symmetry, relation to the refractive index and scatter-
state of investigations of dielectric properties of a ing amplitude, representations in direct and reciprocal
medium in the x-ray and y-ray frequency regions. The space, etc.
discussion is carried out in terms of the unified for-
malism of the dielectric permittivity tensor (DPT, or In the x-ray region the DPT was introduced in the
depending on the context, DP). The review discusses 1930's by Laue,1 Kohler,2 and Moliere3 in connection
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with development of the dynamic theory of diffraction.
Ewald showed in his early studies that the optical pro-
perties of spatially periodic media are in many re-
spects quite unusual and require discussion in terms of
the dielectric formalism. The periodic structure of
crystals is responsible for the basic importance of
spatial dispersion in x-ray optics; this appears at
various levels, since it owes its origin both to the
spatial location of the atoms and nuclei composing the
crystal and to their individual and collective properties.

In recent years there has been a distinct trend to-
ward intensive study of the optics of the x-ray and y-
ray regions, in both the theoretical and experimental
areas. This trend has been reflected, in particular,
in the construction of x-ray interferometers* and reso-
nators,5 attempts at more careful study of the coherent
properties of radiation in this region,6 in searches for
means of production of x-ray and y-ray lasers,1 and
the investigation of nonlinear effects.8 Investigators
who previously worked in the longer-wavelength re-
gions of the electromagnetic spectrum are now actively
interested in x-ray and y-ray optics.

Among the reasons for the increased interest in the
optics of the x-ray region we shall mention two princi-
pal factors. First this interest is a development of
studies in nuclear y-ray resonance9 and Mossbauer
radiation optics near the frequencies of nuclear y tran-
sitions. Crystal optics in the vicinity of nuclear reso-
nance frequencies presents significant interest, since
in this case the crystal is a medium with a sharply ex-
pressed spatial and frequency dispersion and aniso-
tropy. The results of a large number of experimental
and theoretical studies (presented in terms of the amp-
litude or cross section for scattering) in nuclear y-ray
optics have been summarized in the reviews of Harmon
and Trammell,1 0·1 1 Hannon, Carron, and Trammell,12

and in the review of Belyakov,13 which is devoted to dif-
fraction of nuclear y rays in crystals containing nuclei
of a Mossbauer isotope. The book by Baryshevskii14

discusses in the language of the refractive index opti-
cal phenomena arising in interaction of y rays (and also
neutrons and electrons) with crystals whose anisotropy
is due to the polarization of nuclear moments. Second,
in recent years, in addition to traditional x-ray tubes,
Mossbauer isotopes and synchrotrons have begun to be
used as radiation sources. X-ray synchrotron radia-
tion already at the present time has substantially high-
er spectral and integral intensities than high-power x-
ray tubes.15

The distinctive features of the dielectric properties
of a medium in the x-ray region follow from the follow-
ing simple circumstances: a) the wavelength of the
radiation is s,a, where a is the crystal lattice constant;
b) λ <s r, where r is the radius of the atom; however,
already for elements with atom number Ζ ζ 25 we have
the inequality λ » α 0 , where a<) = Ki/m,e2Z is the radius
of the first Bohr orbit of the atom; c) usually there is
the relation ω ~ω,{Ζ 2 25), where ω, is one of the eigen-
frequencies of the deepest atomic Κ or L levels; how-
ever, another relation ω » ω™" is often used; d) all of
the higher- lying electronic levels of the atom are oc-

cupied (except perhaps states near the edge of the
continuum), so that transitions to these levels are for-
bidden as a result of the Pauli princple; e) if the crys-
tal contains Mossbauer nuclei, then the nuclear sub-
system at frequencies of y transitions also contributes
to the dielectric properties.

2. GENERAL PROPERTIES OF THE PERMITTIVITY
OF A CRYSTAL, NOT DEPENDENT ON THE MODEL
OF THE MEDIUM

The principal problem of x-ray optics is the study of
the propagation and diffraction of plane monochromatic
(normal) waves in crystals. The propagation of such
waves is described by the Maxwell equations and the
material equation establishing the relation between the
perturbation and the response to it in terms of the DPT.
In this section we consider the most general properties
of the DPT, those which do not depend on a specific
model of the crystal.

a) Maxwell's equations and the material equation for a
crystalline medium

The macroscopic equations of the electromagnetic
field in a nonmagnetic medium in the absence of extra-
neous currents and charges have the form16

(2.1)
LdivD = divH = 0.

These equations are obtained from the exact macro-
scopic Maxwell equations by averaging the correspond-
ing quantities over the ensemble. Averaging over
physically infinitely small volume elements, which is
ordinarily done in the visible region, is inapplicable in
the x-ray region, since λ/α is of the order of unity.

The most general form of linear relation between the
displacement D(r, t) and the electric field E(r', t') sat-
isfying the principle of causality is the following inte-
gral equation17:

D(r, ί) = Ε + 4πΡ= j dt' \ dt'e(i, r'; i, t') E(r', «'), (2.2)

where P is the polarization. All of the quantities en-
tering into Eqs. (2.1) and (2.2) are real and are statis-
tically averaged. At the same time they can vary with
space and with time arbitrarily rapidly.

For stationary media the kernel of the integral opera-
tor (2.2) depends only on the difference t - 1 ' . Then ac-
cording to Eq. (2.2) the following connection exists be-
tween the Fourier components of the field and the in-
duction:

D, (k, ω) = ^ dk'z,) (k, k'; ω) Ε, (k', ω), (2.3)

where

e,y(k, k'; ω) = (2π)-3 j j dtdt'etj(t, r'; ω)β-*"+Λ'·', (2.4a)

e,, (r, r'; ω) = j dxeit (r, r'; τ) e*«. (2. 4b)
ο

F r o m the condition that the kernel ε in Eq. (2.2) is
real, it follows that

ε,, (k, k'; o>)* = eM (—k·, —k'*; —ω*). (2.5)
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Since the properties of a crystal are unchanged by a
displacement by an arbitrary lattice vector R, the ker-
nel (2.4b) can be identically represented17 in the form of
a sum over reciprocal-lattice vectors,

ε,,(r, r'; ω) = eu(r + R, r' + R; ω) = 2 eg0(r—r'; ω) e~im\ (2.6)
Η

where cfj is the Η component of the DPT. From Eqs.
(2.4) and (2.6) it follows that

(2.7a)e,,(k, k'; o)) = 2e (

if(k. co)fi(k'-k-H),
Η

where

ejf> (k, ω) = j dpeff > (ρ, ω) «-*«»,

and therefore
D, (k, ω) . ω) £ , (k + Η, ω).

(2.7b)

(2.8)

Equation (2.8) establishes a nonlocal relation in wave-
vector space between the electric displacement with
wave vector k and the Fourier components of the field
with all possible wave vectors kHHk + H, which is a
consequence of the spatial periodicity of the crystal.

In the optical region Eq. (2.8) reduces to the simpler
form B((k, ω) = ε,/k, ω)£,&, ω), since in the long-wave-
length approximation (α« λ) the crystal is spatially uni-
form."

The presence in the displacement (2.8) of terms with
H*0 leads to the diffraction phenomenon, which is of
central importance for x-ray optics, consisting of the
appearance of scattered waves with propagation direc-
tions differing from the primary direction k by the re-
ciprocal-lattice vectors H. Under certain conditions,
several terms E(k + H, ω) in the sum (2.8) can be simul-
taneously of the same order of magnitude as the pri-
mary wave E(k, ω).

Substitution of the material equation (2.8) into Eq.
(2.1) leads to a system of equations for the amplitudes
of the normal waves in the crystal with allowance for
anisotropy and spatial and time dispersion:

[»ink —e"»(k, co)]E(k, ω)- S e"(H)(k, ω) E(k + H, ω) =0, (2.9)
Hf=0

where n^^ckn/ω,η^^ 1 - (^kg/fen) is the operator of
projection on the plane perpendicular to 1%.

Solution of the system of equations (2.9) with applica-
tion of boundary conditions comprises the main problem
of the dynamic theory of x-ray diffraction.18"20

The case in which the amplitudes of the scattered
waves E(k + H, ω) in Eq. (2.8) are small in comparison
with the amplitude of the primary wave E(k, ω) is called
the kinematic approximation of diffraction.18 This ap-
proximation, as follows from solution of the Maxwell
equations, is valid if the condition it\ za*®\l/a« 1, is
satisfied, where I is the dimension of the crystal in
the direction of propagation of the primary wave.

b) Symmetry properties of the permittivity tensor

On the basis of very general considerations we can
derive a number of useful symmetry relations for the
DPT.

The condition of periodicity (2.6) together with Eq.
(2.5) leads to the relation e?/*(k, ω) = ε',?'(-k*, - ω).
If the crystal is centrally symmetric, i. e., if
ε^(Γ, r'; ω) = ε^(-τ, - r'; ω), then it follows from this
and from the relations (2.7) that

( —k, ω). (2.10)

The symmetry properties of the DP tensor with re-
spect to permutations of the indices i and j follow from
the fluctuation-dissipation theorem for distributed sys-
tems,2 1

ε,-̂  (Γ, Γ'; ω) = ε ί ( (Γ', Γ; ω).

Thus, on interchange of the coordinates r and r ' it is
necessary simultaneously to interchange the indices i
and j . Comparison of the last relation and (2.4) and
(2.7) leads to an important symmetry property in wave-
vector space:

e(f>(k, ii>) = Etf>(-k —Η, ω). (2.11)

For a centrally symmetric crystal it follows from
(2.10) and (2.11) that

, ω). (2.12)

If the relation (2.12) is satisfied, the crystal is non-
gyrotropic; however this does not prevent a crystal
which is not centrally symmetric from being nongyro-
tropic. Equation (2.12) can be considered as a general-
ization of the ordinary definition of nongyrotropicity17

to the case of spatially periodic media (H*0). In an
isotropic nongyrotropic medium Eq. (2.12) leads, in
particular, to Friedel's law,18 well known in x-ray dif-
fraction.

Let us consider some general symmetry relations
for non-absorbing crystals. According to the fluctua-
tion-dissipation theorem a medium is nonabsorbing if
ε(,(Γ, r';ω)=ε%(τ',τ,ω) (Rei. 21), i .e., if

e,, (k, k'; ω) = Β,, (-k\ -k; -ω); (2.13)

here, k, k', and ω are assumed real.

Then, as follows from (2.7) and (2.13), the following
symmetry relation exists:u

eSf>(k, o>)=-ej?'(-k-H; -a>) = eSrH)*(k + H, ω). (2.14)

Combination of Eqs. (2.11) and (2.14) leads to new sym-
metry properties:

eg" (k, <o)-eif(k, -»)- β ίΓ Β > (-k. »). (2.15)

From Eq. (2.14) we obtain Friedel's law for a non-
absorbing medium. In a nongyrotropic nonabsorbing
crystal the tensor sf/ik, ω) according to Eqs. (2.10) and
(2.15) is real.

Further symmetry relations can be obtained by break-
ing down the DPT s*) = ie" ), r + iE?}>

li into a real part (r)
and an imaginary part (i), and also into two Hermitian
tensors

uThe realtion (2.14) for H= 0 signifies the hermiticity of the
tensor £(0)(k, ω). It can be considered as a more general
definitioQ of hermiticity for the tensor ε <Hi""(k, ω).
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eif > (k, ») = eif X" (k, ω) + ie|f *2> (k, ω), (2.16a) symmetric crystal

each of which in turn can be broken down into real and
imaginary p a r t s :

(1-1,2). (2.16b)

A consequence of the hermiticity of the tensors ε^
d ** 2 '

q
and ε**2' are the following symmetry relations:

(2.16c)

If the medium is nongyrotropic, i .e. , if Eq. (2.12) is
satisfied, then it follows from (2.16) that the Hermitian
tensors in ( 2.16b) are real:

In a nonabsorbing medium according to Eqs. (2.14) and
(2.16) the second Hermitian tensor in (2.16a) vanishes
but the tensor ε®' in the general case remains complex,
which is determined by the location of the atoms in the
unit cell and by the existence of spatial dispersion.
If in addition the crystal is nongyrotropic we again con-
clude that the tensor ε*' (k, u>) is real.

The relations discussed above reflect the symmetry
of the DPT with respect to permutation of the tensor
indices and operations of spatial inversion. The DPT
also has symmetry properties which follow from the
symmetry of the crystal space. The DPT in direct
space is proportional to the charge density p(r) and
consequently its symmetry is described by the 230
Fedorov space symmetry groups Φ. If at the location
of an atom there is an arbitrary set of fields or inter-
actions {v}, the symmetry of such a lattice turns out to
be substantially nonclassical and is described by the
generalized symmetry groups G*', Gb\ or G(w). The
most general construction in the theory of groups of
generalized symmetry is represented by the wreath
product groups G6·', which are constructed as follows?2

GW _ (ρϊΐ® · . ·®ρ ' Μ ® where gK are the transforma-
tion operators of geometrical space and the operators
pi of the group Ρ describe local operations of change of
a physical property (for example, rotation of a mag-
netic field vector or change of the angle between the
magnetic field vector and the axes of the electric field
gradient tensor), ® is a direct product, and © i s a semi-
direct product.

In reciprocal space the wreath product groups G(w) in
the general case correspond to the groups Φ. From
consideration of the symmetry properties of reciprocal
space it is also possible to obtain relations of the type
(2.12) and (2.14). To the symmetry groups G'w, Gm,
and G(w) of direct space, there correspond in reciprocal
space the groups of twofold generalized symmetry
Cf»f"m> = [ (PfPmY«S>· · -«(P^PjMdX;, where P, is the
operation of change of the phase of the structure ampli-
tude and Pm is the operation of change of its modulus.23

In this case the following relation23 is valid for the DPT:

ε !/ Η | > (gO">k; «"*> {V}) = pP,m ( | H , , <V» ε',"!1 (k; {V}),

according to which for a centrally symmetric crystal
e<

(f
)(-k;{v}) = ε^'(^{-ν}), and for a non- centrally-

These relations a r e a generalization of the symmetry
propert ies (2.11), (2.12), (2.14), and (2.15) to the case
when an arbi trary set of fields {v} is present.

We note, finally, that in reciprocal space there a re
statistical symmetry relations between the Fourier
components of the DPT with various Η which a r e the
consequence of statist ical relations between the s t ruc-
ture factors F(H).Zi

In the kernel of the integral operators in Eq. (2.2) it
is convenient to separate the unit operator /. Then the
relation between the polarization P(r, t) and the field
E(r ' , t') i s established by means of the polarizability
tensor 2 ' χ = (ε - / ) / 4 π . According to Eqs . (2.4) and
(2.7) the Η components of the DP tensors and of the
polarizability a r e related as follows:

eif > (k, ω) = 6i;6H1) + 4nxi?> (k, ω). (2.17)

In view of the analyticity and boundedness of E(k, ω)
and D(k, ω) the matr ix x ( t t > (k, ω) (2.17) as a function of
the complex variable ω is also analytic and bounded.
As a consequence of this, the rea l and imaginary par t s
of χ ( Η ) satisfy the Kramers-Kronig relations 2 5

Re [*'<"'-t)Rx<H>(k, ω ) ] = Α

which a r e valid for scattering at an arbi trary angle by
a scat terer of radius R. In scattering at zero angle
(k' =k) , Eq. (2.18a) takes the form well known in the
optics of the visible region

Rei<»>(k, e ) = i J ^ ^ I m £ * ( k . e · ) . (2.18b)

Equation (2.18b) is of particular interest in combina-
tion with the optical theorem,2 6 which relates the ima-
ginary part of X(Q(k, ω) to the total absorption cross
section №r t o t(k, ω) of the medium

Imx(0)(k, .Vg t o t (k, ω)
ink

In the case of diffraction the argument of the exponen-
tial in (2.18a) is a multiple of 2ir, since k' - k = H and
R is an integral vector of the reciprocal lattice, so that
we again arrive at a relation of the type (2.18b) but this
time for the case of diffraction scattering, i. e., for
Xe)(k,a>).

3. ELEMENTARY CLASSICAL INTRODUCTION TO
THE THEORY OF DIELECTRIC PERMITTIVITY AND
THE PRINCIPAL OPTICAL PHENOMENA IN THE
X-RAY AND 7-RAY REGIONS

a) Polarizability of a medium consisting of classical
oscillators. Electron and nuclear parts of the
polarizability

Let a medium consist of continuously distributed

2)Sometimes In the literature on the theory of x-ray scattering,
the term polarizability is used to denote the quantity 4irX (see
the book by Shpinel'8) or 4ττχ/ε (see for example the books by
James18 and Pinsker20). The latter definition is applicable
only in the case of isotropic media.
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classical oscillators with eigenfrequencies ω; and
small damping constants yt. These oscillators may
correspond to atomic electrons and (or) Mossbauer
nuclei. The polarization of the medium is Ρ^ω)
= Χ1ί(ω)Ε)(ω), where the tensor Χο(ω) is the sum over
all eigenfrequencies3'

(3.1)All \™l „ ZJ ω ? —(ι)2 —ίωγ, ·
I

here m is the mass of the electron (or proton), Ν is the
charge density, and g{J is the oscillator strength.
Equation (3.1) is conveniently represented in a some-
what different form, separating a term which we shall
subsequently call the potential or principal part of the
polarizability:

(3.2)

The second term in Eq. (3.2), the dispersion term, has
an appreciable value only when ω ~ω,. If the frequency
of the external action ω significantly exceeds the maxi-
mum frequency u/,ma*>, then the contribution of the sec-
ond term to the tensor XtJ can be neglected. Here the
DP takes the form ε(ω) = 1 - (ω^/ω2), where ωρ

= V 4τΝβ2/ηι is the so-called plasma frequency, and
becomes a scalar. Since in the x-ray region ω » ωρ,
we have a permittivity ε< 1.

An estimate of the value of the potential term in Eq.
(3.2), for example, for Co" y rays (λ = 0. 86 A) and a
medium consisting of iron atoms (N =NitZ, where iVat

= 8. 47X1022 cm"3 and Ζ = 26) gives a value X=-1.2
x 10"e < 0. Therefore the phase velocity of χ rays in
the medium cp = c(l - 2JTX) is greater than the velocity
of light in vacuum, and the group velocity cg~c(l
+ 2ττχ) is less than c. Consequently in this frequency
region the medium is optically less dense than a vacu-
um.

As we have noted above, the nuclear subsystem con-
tributes to the polarizability only at frequencies near
Mossbauer resonances. The principal feature of Mos-
sbauer resonances is that their damping constants γ
are extraordinarily small. Therefore the location of
the spectral line of a nuclear y transition on the fre-
quency scale, its shape, and its other characteristics
turn out to be very sensitive to conditions external to
the nucleus. The external and internal crystalline
magnetic fields and electric field gradients lead to
Zeeman and quadrupole splittings of the nuclear levels,9

and the magnitude of the splitting can significantly ex-
ceed the natural line width y. In this case it is neces-
sary in Eq. (3.2) to sum over all hyperfine components
/.

In the absence of splitting for ω » ω"β" in the vicinity
of a frequency ω0 of a nuclear transition the polariza-
bility of a medium is made up of two terms:
Χ (ω) = Xei (ω) + Wio) = — tf «Zrttf + (4π)-' ./Vnuc«VI> (ω;'-ω»- ΐωγ)"',

(3.3)
where

0 2π 2ί, + 1 1+α

is the maximum cross section for nuclear resonance
absorption; /( and h are the spins of the ground state
and excited state of the nucleus; / is the recoil-free
emission factor9; a is the internal conversion coeffi-
cient; X = A/27r;ro^e2/W2.

The maximum value of the ratio |xei/ReXnuJ for the
isotope Fe 5 7 is close to ten. Therefore in the frequency
region ω < ω0, in contrast to the usual situation, X > 0,
the phase velocity is less than the velocity of light in
vacuum. This leads in particular to the possibility of
the Vavilov-Cerenkov effect in the x-ray frequency re-
gion. 2 1

The electron DP is a scalar and does not possess a
spatial dispersion, if we do not consider small correc-
tions near the eigenfrequencies ω,, which can be ap-
preciable only for heavy elements. The nuclear part
of the DP, on the other hand, leads to an optics with
spatial dispersion and in the presence of hyperfine
splittings is a tensor.

b) Principal effects in x-ray optics

The most characteristic features of x-ray optics ap-
pear under conditions of diffraction. Since discussion
of diffraction phenomena is beyond the scope of this
review, we refer the reader to books18"20 and to Bely-
akov's review13 on this subject. A detailed exposition
of the early experiments on investigation of the refrac-
tion and reflection of χ rays, which were historically
the first experiments in x-ray optics, can be found in
the well known books by James1 8 and Compton and Al-
lison.28 Study of the phenomenon of refraction can be
carried out on the basis of the deviation from the Bragg
law. Such measurements require great care as a re-
sult of the small value of the electronic polarizability
X, since the change in the grazing angle φ in the transi-
tion of a wave from one medium to another is extreme-
ly insignificant: ^ = 2vxctgip is of the order of 10"6-
10"4 radians.

Another method of investigating the refractive index
is based on study of the phenomenon of total external
reflection. This method, in contrast to the preceding
one, must necessarily take into account absorption if
ω—ω,. Absorption smears out the limit at which total
reflection appears and it turns out to be difficult to find
the correct value of the critical angle $c. Another fea-
ture of total external reflection is that the reflection
coefficient

(3.4)

3 ) For simplicity in Subsections a), b), and c) of this Section
instead of χ}"' we shall write simply x^.

where r = 4ir |χ \/φ2, is the same with accuracy to terms
of the order | χ | 2 for polarization parallel (π) and per-
pendicular (σ) to the plane of incidence. Therefore the
reflected radiation does not possess a preferential
polarization. A typical value of the critical angle is
ψβ = (Nro/ir)1/2A ~ ΙΟ'3-10"* radians.

In addition to direct measurement of the refractive
index, one can turn to determination of the frequency
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dependence of the absorption coefficient μ(ω) = 47τ(ω/
c)x*(w) of the medium, which is the basic problem of
x-ray spectroscopy.29 The total polarizability χ(ω) of
the medium can be established from spectroscopic
data on absorption with the aid of the Kramers-Kronig
relation (2.18b). The imaginary part χ" of the polar-
izability receives contributions from various mecha-
nisms reflecting the electron structure of solids, which
manifests itself in the form of fine structure of the
absorption edge.30

In view of the fact that in the x-ray region of frequen-
cies the electronic polarizability χ(ω) is practically a
scalar, and the spatial dispersion parameter (see Sec-
tion 5) is small, the possibilities of x-ray optics with-
out taking into account the periodic structure of the
crystalline medium are limited by the factors discussed
above. The optics of this region become considerably
more interesting if we include in the discussion the
nuclear subsystem of the crystal.

c) Principal phenomena in γ-ray optics

An important feature of the interaction of resonance
y rays with nuclei in the presence of hyperfine split-
ting is a polarization dependence of the absorption
cross section. A study of the polarization dependences
of the nuclear Zeeman effect in Fe5 7 nuclei was carried
out by Frauenf elder and his colleagues.31 However,
Blume and Kistner32 first called attention to the fact
that in such problems it is necessary to consider in
more detail the propagation of the radiation over the
thickness of the medium. In fact, a part of the radia-
tion which is absorbed in the surface layer can then
with a certain probability be again emitted in the for-
ward direction. In the general case the re-emitted
radiation has a polarization differing from that of the
primary beam. As a result, as the combined wave
propagates in the medium a change occurs in its polar-
ization characteristics and in its interaction with the
nuclei in each successive layer.4'

The real part of the polarizability tensor describes
nuclear double refraction effects, the Faraday effect,
the Cotton-Mouton effect, etc., while the imaginary
part is responsible for the selective absorption of defi-
nite polarizations. Comparing the real and imaginary
parts of x(k, ω) (3.3), we can see that selective absorp-
tion is important near the exact resonance, but double-
refraction effects appear most clearly at frequencies
somewhat shifted from ω0.

For an analysis of nuclear effects of the rotation of
the plane of polarization it is convenient to go over to
the eigenwaves of a resonance medium, which in the
general case are not orthogonal.32 The problem of
finding the eigenwaves is closely related to the prob-

4)In the work cited32 and in a number of subsequent investiga-
tions by other workers the refraction coefficient matrix was
introduced as a characteristic of the medium. It has di-
mensionality 2x2 and describes the change in the polariza-
tion of the wave in the plane perpendicular to the direction
of propagation.

lem of diagonalization of the DPT matrix. This tensor
in the general case is non-hermitian and its real and
imaginary parts cannot simultaneously be reduced to
diagonal form. However, it is sometimes possible to
use symmetric representations in order to indicate
conditions under which the DPT matrix is diagonalized.
Housley, Grant, and Gonser33 showed that diagonaliza-
tion is possible when the radiation is propagated in
certain high-symmetry directions in the crystal. Here,
if a magnetically ordered crystal is considered, it is
necessary to take into account also its magnetic sym-
metry. 3*

The polarization vectors of the eigenwaves of the
medium e^ (k, ω), from which it is possible to determine
the polarization characteristics of the transmitted
wave, are determined from solution of the eigenvalue
problem11 ||χ | |e = Xe, where e is a column matrix of
two elements. Solution of this equation gives the fol-
lowing eigenvalues and polarizations:

(μ = 1,2), (3.5)

The explicit form of the polarization eigenvectors is
somewhat arbitrary, since det 11 χ - λ 11 = 0. It follows
from Eq. (3.5) that the difference in the polarizabilities
for eigenwaves is

4<*xx + Xy

e,.(\

»)±V-

1/

-(%χχ~

L * ' Xxi,

Δχ(, 2 = χ, — χ2 - V(lxx~ %,

The real part of ΔΧι,2 describes the double-refraction
effect, and the imaginary part, as we have mentioned
above, describes the selective absorption. Under ap-
propriate conditions the imaginary part x,(k, ω) accord-
ing to Eq. (3.5) can turn out to be significantly larger
than ^(k, ω). Then the corresponding wave will be
more strongly absorbed by the medium, which leads to
an increase in the degree of polarization of the trans-
mitted radiation.

The first experimental study of the nuclear Faraday
effect was carried out in pure iron by Imber.*5 The
angle of rotation of the polarization in his experiment
was 14.3° (Fig. 1). Imbert's results showed, for exam-
ple, that a more correct value of the internal conver-
sion coefficient is a = 9.94 instead of the previously

0 90 1S0

Analyzer rotation angle, deg.

FIG. 1. Intensity of radiation transmitted through a dispersive
medium as a function of analyzer rotation angle (from Ref. 35).
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accepted value a = 15 (at the present time it is consi-
dered that a = 9). Housley and Gonser36 also studied
the Faraday effect in the partially inverse (mixed) fer-
romagnetic spinel magnesioferrite (MgFe2<I)4). The
magnitude of the Faraday rotation in this compound con-
sists of the sum of the rotations by the Fe 5 7 nuclei in
tetrahedral and octahedral positions. From data on the
rotation angle the authors found the fraction of Mg
atoms occupying tetrahedral sites. Subsequently Grant,
Housley, and Gonser31 used the results of the calcula-
tion of Ref. 36 for an experimental determination of the
mean square displacement of the iron ion position in
the sodium nitroprusside lattice, and also to obtain a
more accurate value of the asymmetry parameter of
the electric field gradient tensor at the iron nuclei in
this compound. Gibb38 studied the polarization depen-
dence of the absorption in single crystals of iron am-
monium sulfate for the purpose of determining correct-
ly the parameters and orientation of the electric field
gradient tensor. Gol'danskii, Makarov, Suzdalev, and
Vinogradov39 experimentally studied the polarization
phenomena in the quadrupole splitting of the nuclear
levels of Fe5 7 in uniaxial single crystals of siderite
FeCO3. This enabled them to determine the anisotropy
of the Mbssbauer effect in this compound. Labushkin,
Ivanov, and Chechin40 observed and studied experimen-
tally the double refraction of polarized y rays in hema-
tite single crystals below the Morin point where hema-
tite is antiferromagnetic.

Alvazyan and Belyakov41 discussed the problem of
searching for characteristic polarizations and the com-
plex refractive indices corresponding to them for the
allowed Zeeman spectrum in mangetically ordered
crystals with various magnetic structures: ferromag-
netic, weak ferromagnetic, antiferromagnetic, umbrel-
la, and helicoidal structures. Subsequently Aivazyan42

extended these results to the case of arbitrary structure
of the electric and magnetic fields at resonance nuclei.
A general theoretical discussion of polarization effects
within the framework of the S-matrix and density-ma-
trix method has been given by Chrisman.'43

In paramagnetic crystals the problem of calculating
the refractive index is substantially more complicated
as the result of the phenomenon of electron relaxation.44

In the intermediate case when the frequency of the elec-
tron paramagnetic relaxation is of the order of the re-
ciprocal lifetime of the excited state of the nucleus,
the splitting pattern of the nuclear levels becomes com-
plex and depends on the electron populations of the
atom. The fact that the dispersion dependence of the
refractive index is very sensitive to the relaxation
time and to the difference in the populations of electron
levels allows one to investigate the nature of the para-
magnetic state. Baryshevskii14 has given a general
expression for the nuclear part of the current in the
presence of a time-dependent low-frequency electro-
magnetic perturbation, which can be either an external
radiofrequency field or a variable intracrystalline field
under conditions of electron paramagnetic relaxation.

The phenomenon of total reflection of y rays is parti-
cularly interesting in the presence of hyperfine split-

ting of the nuclear levels. The reflection coefficient
for y rays has the form(3.4), wherer = 4ir|xeJ +χηυΒ\/ψί·
Since both electrons and nuclei contribute to the polari-
zability, interference of the Rayleigh (electron) and
resonance (nuclear) components occurs. Total reflec-
tion in the case of Zeeman hyperfine splitting of the
nuclear levels has been investigated theoretically and
experimentally by Bernstein et al.K The most inter-
esting results obtained in these studies are the signifi-
cant change of the polarization of radiation on reflec-
tion and the appearance of frequency-dependent phase
shifts between the Rayleigh and resonance components.
The interference between the electron and nuclear com-
ponents of the reflected radiation can be constructive
and destructive, when the scattered intensity is re-
spectively greater or less than the sum of the inten-
sities scattered individually by each channel. In this
type of experiment it is possible to analyze not only the
angular dependence of the integrated intensity of the
reflected radiation (Fig. 2a), but also its frequency
spectrum (Fig. 2b), which gives direct information on
the dispersion of the electron and nuclear polariza-
bilities.

In writing out Eq. (3.1) for the nuclear polarizability
we tacitly assumed that the dielectric properties of the
medium can be obtained by summation of the indepen-
dent contributions of individual nuclei. This assump-
tion is in no way self-evident. In fact by means of
multiple resonance scattering the excitation of any
nucleus can be transferred by other nuclei. Conse-

0.Ί o.s a
v, cm/sec

FIG. 2. a) Intensity of reflected radiation as a function of an-
gle of incidence φ for various rates of motion of radiation
source (from Eef. 45); b) experimental dependence of reflec-
tion coefficient for a given angle of incidence φ = 4χ 10"3 rad
on rate of motion of source. The dashed line shows the elec-
tron contribution to the reflection coefficient (from Ref. 45).
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quently, formation of a collected excited state of the
entire system of nuclei as a whole is possible.46

Taking into account collective effects leads to the
appearance of a complex correction Γ to the transition
frequency ω0 and reduces for the most part to a certain
renormalization of the decay constant (or line width of
the resonance level: r ' = y + Imr) of the nucleus,
while the shift ReT of the position of the resonance line
can be assumed to be small. Therefore we can again
discuss the medium as a set of individual oscillators,
but now with somewhat changed properties. For an
arbitrary (non-Bragg) direction in a single crystal al-
lowance for collective effects leads to a change in the
resonance width by some constant amount, while for a
polycrystalline material this is a complicated function
of the ratio λ/α, which can significantly change47 the
ordinary dispersion shape (3.1).

d) Polarizability of three-dimensionally periodic media

In elementary discussions it is usually assumed that
the field E' acting at each point of the medium is equal
to the average field Ε which enters into Maxwell's
equations. In reality the local (effective) field at the
location of a dipole differs from the average field [in
cubic crystals, for example, we have Ε' = Ε + (4π/3)Ρ,
where 4irP = (ε - 1)E]. In optics the inclusion of effec-
tive-field effects leads to the well known Lorenz-
Lorentz formula.48 However, in the x-ray region,
where an important role is played by diffraction pheno-
mena, determination of the polarization of the medium
under the action of the effective field is only part of the
problem, since the Lorenz-Lorentz formula does not
indicate the nature of the propagation of wave fields in
the crystalline medium. A rigorous discussion of this
question, which forms the content of the Ewald-Oseen
extinction theorem,49 has been given for periodic media
by Ewald.50

In a medium, in addition to the primary incident wave,
there are also secondary waves from the dipoles of the
medium, which also exert an influence on the nature
of the field which is established. The polarization at
some point r 0 of the medium is equal to

Ρ (r.) = χ [Ε, (r0) + Σ F('ο. r,) Eg (Γ,)], (3.6)

where Eo is the field of the incident wave, E, is the
field produced by the ith dipole of the medium, the
function F(T0, T,) describes the effect of all dipoles of
the crystal on the dipole located at the point r0, and
the polarizability X is defined as the sum of the polari-
zabilities a of the individual dipoles in a unit volume.
Each term of the sum in Eq. (3.6) can be expressed in
terms of a Hertz potential f ( r , r ')P(r') = rot rotP(r)
xexpitwfl/cJiT1, where R = | r - r ' | . Going over to a
continuous distribution of dipoles in the medium instead
of (3.6), it is possible to write down the integro-differ-
ential equation for determination of the polarization
P(r):

volume of the medium, which is bounded by the surface
Σ, except for a small volume near the point r ' of the
medium, which is bounded by the surface σ. Subse-
quently σ must be made to approach zero. The opera-
tion of differentiation is carried out at the point r of
the medium. Equation (3.7) for determination of the
polarization in the crystal is an exact result based on
summation of the fields of the individual dipoles of the
medium and on use of the microscopic Maxwell equa-
tions. Taking into account the translational-invariance
properties of the crystal and also Eqs. (2.6)-(2.8), the
integral equation (3.7) reduces to the equations for the
Fourier amplitudes of the polarization Ρ(1%, ω). Solu-
tion of these equations leads to the following result:
for the amplitude with Η = 0 the integral is broken down
into two parts, one of which extinguishes the primary
wave in the medium [the first term in the right-hand
side of (3.7)], so that from the boundary of the medium
into its depth there is propagated only a dipole excita-
tion wave with wave vector k = (w/c)VF and phase velo-
city cp — c/^ft, and the polarizability of the medium and
the permittivity, for example, in a cubic crystal, turn
out to be related by the expression (4ir/3)x = (ε - 1)/
(ε+ 2), which coincides with the Lorenz-Lorentz re-
sult. All remaining waves with Η* Ο also are dipole
waves in the medium with wave vectors kg.

Since in the x-ray region the permittivity is very
close in magnitude to unity, it is possible with a high
degree of accuracy to use instead of the Lorentz-Lorentz
formula the simpler relation ε - 1=4πχ, where χ=Να,
which forms the basis for the discussion in the initial
part of this section [see Eq. (3.1)]. In essence this
means (see also Section 5) going over to the local inter-
action approximation, when in Eq. (2.2) it is possible
to set g(r, r'; ω) = ε(τ, w)5(r- r '). The x-ray permitti-
vity, in view of the spatial periodicity of the electron
density N = N(r) [see Eq. (3.1)], also is a spatially
periodic function and therefore can be represented in
the form of a Fourier series

Ρ(ΐ·) = χ[Έ0(ΐ·)+ j (rot rot Ρ (r') «"""""Λ"1)*']. (3.7)
σ

The integration must be carried out over the entire

which leads to a system of equations for the amplitudes
of the field Ε (kg, ω) (2.9).

Thus, in the x-ray region a crystal is characterized
by a set of permittivities χ*1' corresponding to the vari-
ous diffraction directions, which is one of the main
features of optics in the x-ray frequency region.

4. QUANTUM-MECHANICAL THEORY OF X-RAY AND
7-RAY PERMITTIVITY

a) Basic equations of the theory

The quantum-mechanical theory of the dielectric pro-
perties of crystals for radiation in the x-ray frequency
range was first treated by Kohler.2 A detailed discus-
sion of his approach can be found in the book by Von
Laue.51 The response of a system of charges compris-
ing a crystal to an external electromagnetic perturba-
tion is usually treated in the quasiclassical approxima-
tion:

— ift-^7-=d$i|>, (4.1a)
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(4.1b)

The current in the right-hand side of Eq. (4.1b) is the
quantum-mechanical average over states of operators
of the elementary currents induced by the external per-
turbation.

The complete Hamiltonian of the crystal^" in Eq.
(4.1a) describes the electron and nuclear subsystems,
and also the interaction between them. The individual
terms of this Hamiltonian have the following form52:

= 7, — is the Hamiltonian of the electron
subsystem of the c r y s t a l ,

S£auc— 2] ~2]if~~i-~ 2 ^ ( " ι ~ " > ' ) — is the Hamiltonian of t h e nuclear
, * ' , r_s. subsystem of t h e crys ta l ,

e t f e i - n u c ^ Zi V ( r s — R s ' ) — is t h e Hamiltonian of the interact ion of
a> *' the ί-th electron with nucleus s\

Sf nuc-nuc = ~2 Jj V (Ps — p 3 ' ) — is the Hamiltonian of interaction of the
SJ=i. nucleons in the nucleus .

In the Hamiltonian ff it is necessary also to include
the term $f „. = <rsH(rs), which describes the interaction
of the magnetic moment of the s-th charge as with the
magnetic field Η at the point r s where this charge is
located.53

Not all terms of the complete Hamiltonian %f are
equally significant in calculation of the permitti-
vity.52'10·11 In the first stage of the solution it is not
necessary to consider phonon vibrations in the crystal,
which means that in the complete Hamiltonian we can
neglect the term #^u c. The intranuclear interactions,
for example, in calculation of the electron contribution
to the DP, also need not be taken into account. In addi-
tion, instead of the binary Coulomb interaction of the
electrons with each other and with the nuclei it is pos-
sible to introduce an effective self- consistent potential
Ko(r) and to solve the one-electron problem. We note
that, depending on whether we leave in the Hamiltonian
t h e t e r m S i l S . V(rs-Rs·) or (1/2)Σ* 5 - ( e V | r s - r , . |),
there are introduced into the discussion either highly
localized atomic electrons, or particles collectivized
to a significant degree which belong to the valence band
or the conduction band. If hyperfine interactions are
present in the nuclei of the atoms in the crystal, they
must be included in the Hamiltonian &?uunuc.

In calculation of the DP, the electronic and nuclear
subsystems can be treated as independent, so that the
complete wave function of the system is broken up into
the product of the wave functions of the electron sub-
system, in which the coordinates of the nuclei enter as
parameters, and those of the nuclear subsystem (adia-
batic approximation). In terms of this approximation
to the DP is the sum of two contributions—the electron
part and the nuclear part, and therefore the further
general discussion in this section refers in equal de-
gree both to the electron and the nuclear subsystems.

The perturbation E(r, t), which has the form of a
plane monochromatic wave with wave vector k and fre-
quency ω, actually does have the form E(r, t) = (1/
2)E°[i(kr - U)] + c. c., so that the vector potential is

In the presence of the perturbation (4.2) the momenta
of the charges must be generalized,53 p s ~ p s - {e/c)
xA(rs, t), and the appropriate substitution made in the
Hamiltonian $f. The addition to the Hamiltonian of the
unperturbed system #*Ό is

^ i = - Σ 2 ^
(4.3)

where Ν is the total number of electrons in a crystal
of volume V and p, =-iKvs is the momentum operator
acting on the coordinates of the s-th charge. If we fur-
ther take into account the zero-point oscillations of the
field,54 then as the vector potential A(rs, t) we must
understand (see for example Ref. 55) the sum A + Ao

of the vector potential A associated with the classical
field and the quantum-mechanical operator for the po-
tential Ao corresponding to the quantum fluctuations:

(4.4)
where α^ιΛ is the annihilation operator of a photon with
wave vector ki and unit polarization vector ε*.

In the first approximation with respect to the pertur-
bation, the wave functions of the system of charges in
the crystal have the following form:

(4.5)

where the addition to the unperturbed wave function
in the state η is

(m | E»J (k) | n) = j ψ·, 2 (E°j·(k)) ψηdr., (4.6b)

(4.6c)

The frequency ωΜη corresponds to transition of the sys-
tem from the state m to the state n. In Eq. (4.6a) we
must understand by summation over the intermediate
states m not only the sum over the discrete spectrum,
but also integration over the continuum.

The unperturbed wave functions φη are, in view of the
symmetry of the medium, eigenfunctions of the opera-
tor of the translation Τ by an arbitrary lattice vector R.
Consequently on action of the operator f the wave func-
tion can acquire only a phase factor of the form
exp(iHm · r), where Hm is an arbitrary vector of the
reciprocal lattice. Therefore the matrix elements in
Eq. (4.6b) acquire phase factors of the form H m - H,
± k, which must be equal to one of the reciprocal lattice
vectors Η in order that the matrix elements also have
translational symmetry.

The Fourier component of the symmetrized current-
density operator in the general case has the form of a
sum of individual contributions

A ( ' · ' ) = - -as- E° exp [i (kr - ωί)] + c.c. (4.2)

where

is the potential part of the current;

(4.7)

(4.8a)
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is the resonance part of the current;

1.= ~s-Σ

(4.8b)

(4.8c)

is the part of the current which takes into account the
influence of elastic-scattering processes on the nature
of the response of the medium, which is linear in the
classical field A(k, ω). Afanas'ev and Kagan55 have
taken into account the Compton and thermal-diffusion
contributions to the linear polarizability;

ft(k, o>) = (4.8d)

is the magnetic part of the current. In view of their
smallness we can drop the magnetic current for the
electron subsystem,56 and the potential current for the
nuclear subsystem.

The average value of the current-density operator
(4.7) in the state η with inclusion of (4.5) has the form

' (k, ω) = <ψη I j , (k, ω) Ι ψ») + J^ (δψη | j , (k, ω) | ψ.). (4.9)

This current density obviously must then be averaged
over all possible initial states η of the system, which
is most convenient to carry out by means of the den-
sity-matrix formalism (see subsection b of Section V).

Further discussion requires use of a specific model,
and therefore we proceed to a systematic discussion of
the electron and nuclear contributions to the x-ray po-
larizability of a crystal.

b) X-ray polarizability of the electron subsystem

The connection between the polarization and the cur-
rent in the Fourier representation is established by the
well known relation j =-ιωΡ. When translational sym-
metry of the crystal is taken into account in accordance
with Eqs. (4.6), (4.8), and (4.9), the average polariza-
tion in the crystal in state w is

Pi (k, ω) = Σ xSf' (k, ω) Ε, (k + Η, ω),

where the polarizability tensor is

(4.10)

+ A/(J(k\ k; k'. k;

Here we have used the following notation:
(4.11)

(4.11a)

A/i;(k', k; ω) = A 2 2 [ ^-tr-^-W^

(^ ' (k ) )» M i - im_ ~,

o-(iv/2) J ' B i * e , i ' , , .
(4.11b)i(Hi-k)r

e * )

"'•• (4.11c)

Thus, the polarizability tensor (4.11) is the sum of
the potential contribution (4.11a), the resonance con-
tribution (4.11b), and the inelastic contribution (4.11c)
to the dielectric properties of the crystal.

The various terms in Eq. (4.11) have different struc-
tures and therefore we shall discuss them individually
below.

c) The potential part of the electron contribution to
the crystal polarizability. Structure factor and
atomic structure factor

According to Eq. (4.11a) the potential part of the po-
larizability is proportional to the sum of terms of the
following form:

/.(k'-k)= j ΐΨηΟΟΚ"1'-1'".*., (4.12)

where the integration is carried out over the volume of
the unit cell v. The position vector of thes-th electron
in the unit cell can be represented in the form of the
sum r s = r, + r I > n , where r, is the position vector of the
center of gravity of the Z-th atom in the unit cell and
r,,a is the position vector of the α-th electron in this
atom. This representation, after substitution into
(4.12) of the wave functions of the electrons in the atom
(strong-coupling approximation) and summation over
the electrons in the unit cell, leads to the following
expression:

rr /XI\ \^ 4 /L·' __ ΙΛ ^ Γ *Ŝ  / fH^l/>'^ ri (4 1 *ί ̂
S l a '

which is called the structure factor.18 The structure
factor F(H) takes into account the phase relations be-
tween the currents induced in different atoms within the
unit cell. The intensities of the diffraction peaks in x-
ray scattering in the kinematic approximation are pro-
portional to the square of the modulus of the structure
factor |F(H) | 2 . The sum of the matrix elements (4.12)
over all electrons of the Zth atom is called18 the atomic
structure factor/,(H):

/, (H) /,. . (H) = i | ) n (r ) | 2 e i H r dr. (4.14)

The main contribution to/ f(H) according to Eq. (4.14)
is obviously from the most high localized inner elec-
trons.

Comparison of Eqs. (4.11a) and (4.13) leads to the
well known relation for the crystal polarizability for

V ( H ) _ _ . (4.15)

Thus, in the case of a multiatomic crystal the potential
or principal part of the polarizability is expressed in
terms of the structure factor F(H), and in the case of
a monatomic crystal—in terms of the atomic structure
factor/(H). In the approximation used, the crystal
response to an external perturbation is expressed in
terms of the individual properties of its component
atoms.51 According to Eq. (4.15) the polarizability
Χ®"*' is proportional to the electron density averaged
over the volume of the unit cell,

The problem of calculating the atomic structure fac-
tor (4.14) reduces to the choice of an adequate model
of the electron density distribution in the atom. A

968 Sov.Phys. Usp. 21(11), Nov. 1978 Kolpakov ef a/. 968



summary of the experimental and theoretical investi-
gations of this problem can be found in several
books. 18,28.51

When the free-atom wave functions are used, the
atomic structure factor (4.14) is real and spherically
symmetric. Deformation of the valence electron shells
as the result of chemical bonding effects leads to non-
sphericity of the atomic structure factor. In this case,
as follows from Eq. (4.14), it becomes complex. The
effect of this deformation was observed experimentally
for the first time by Renninger58 (for more details see
Ref. 59). It must be emphasized that the complex na-
ture of the atomic structure factor arising in this way
(like the complex nature of the structure factor in crys-
tals which are not centrally symmetric) has nothing in
common with the true photoelectric absorption of the
radiation. Deformation of the electron shells of an
atom can in principle be produced also by external ac-
tions. However, these actions, for example, that of
electric fields, at the present time are not sufficiently
intense to produce appreciable deformation of the inner
electron shells.60

d) Dispersion contribution to the electronic
polarizabiltiy

The contribution of the dispersion terms (4.11b) to the
polarizability becomes appreciable when the frequency
of the external perturbation approaches one of the ei-
genfrequencies of the atom ω ^ . For the frequency re-
gion of interest to us these are the Κ and L electron
shells for elements with intermediate atomic numbers
and the Μ shell for the heaviest elements. A detailed
discussion of the early theoretical and experimental
investigations of dispersion corrections can be found
in well known books.1 8 '2 8 '5 1 The results of more recent
calculations are given in Ref. 61. A brief critical re-
view of the current state of this field is given by Wa-
genfeld.62

The dispersion part (4.11b) of the polarizability ten-
sor is constructed with the wave functions belonging to
the entire crystal. The spatial dispersion arising here
will be investigated below (see Section 5). Here we
limit ourselves to the strong-coupling approximation,
which is completely satisfactory, especially for ele-
ments which are not too light. In this approximation
the matrix elements in (4.11b) are substantially sim-
plified, since the wavelengths of the radiation corre-
sponding to frequencies close to the Κ absorption edge
are significantly greater than the radius aK of the re-
gion in which the Κ electrons are localized. In fact,
ακ/λ~ aZ, where a = e2/Hc = 1/137 is the fine-structure
constant. Therefore in the matrix elements of (4.11b)
the exponentials are usually replaced by unity. In this
approximation the dispersion part of the tensor X, on
the assumption of spherical symmetry of the K- elec-
tron wave functions, becomes scalar,

) = _ _ _ _ r 2 J ΣI 5^=ΐ ' (O)W (fl' 10)1.,
]•

s τηφη

(4.16)

On the assumption of strong localization of the inner

electrons, the currents in the matrix elements of (4.16)
refer to the same atom, which removes the double
summation over the electrons in (4.11b). This means
that the potential £„ .* · V(r,-R,.) in Eqs. (4.1a) is
broken up into the sum of terms corresponding to each
atom individually, and the equation thereby breaks up
into a system of independent equations.

With the simplifying assumptions made above, the
matrix elements in expression (4.16) are consequently
equal to

(4.17)
The sum over Ζ is a dispersion correction to the struc-
ture factor .F(H). Equation (3.2), which was obtained
from elementary considerations, coincides with (4.17)
if we set

2h (4.18)

where gm is the oscillator strength. Going over in
Eq. (4.17) from summation over a discrete set of fre-
quencies to integration over a continuous spectrum with
inclusion of Eq. (4.18), we arrive at the well known
expression obtained by Kronig64 for the dispersion cor-
rection to the principal part of the atomic structure
factor

(4.19)

where dg/άω' is the density of oscillator strengths.
The integral gK of the density of oscillator strengths
over frequency must give the total number of electrons
in the corresponding shell. Thus, for Κ electrons we
should expect gK = 2. In reality, as shown by Prins
and by Williams,65 gK ~ 1. 3. This is due to the fact that
the filled discrete states in view of the Pauli principle
do not contribute to the matrix elements of (4.18).

The dispersion correction to the atomic structure
factor Δ./κ, when damping in the denominators of (4.16)
is taken into account, is in the general case of complex
quantity: &fK = AfK'+iAfK'. The imaginary part Δ//
describes the photoelectric absorption of radiation.
Far from the absorption edges the dispersion correc-
tions Δ/κ and Δ/£ are numerically small in comparison
with the atomic structure factor/(H).

The problem of calculating the dispersion correction
thus reduces to a search for the distribution function
dg/άω. Kronig64 and Kallmann and Mark66 proposed a
semiempirical method based on the relation between
the atomic absorption coefficients μο(ω) at frequency
ω and the density of oscillators: dg/άω= (me/2τ?βζ)
χμΛ(ω). The frequency dependence Μ<,(ω) can be found
experimentally and can be represented by means of
empirical formulas. In particular, for the Κ edge we
have

ι ο
μα (0)) = (

, ω<ωκ,

(ωκ/ω)π μ ο (ωκ), ω > ωκ,

where the exponent n is close to three.

The dispersion correction (4.11b) can be found62 from
the experimental data on the frequency dependence of
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the absorption coefficient by means of the optical theo-
rem and the Kramers-Kronig relations.

The direct method of determining the dispersion cor-
rection, as was pointed out above, consists of calcula-
ting the matrix elements in (4.17). These calculations
have been carried out by Sugiura67 and by Honl.67

Inclusion of transitions to optical atomic levels and
levels of x-ray exciton states leads to appearance of a
fine structure of the absorption edge.29'30

Replacement of the exponential by unity in the matrix
elements of (4.11b) is approximate and, in principle,
it is necessary to carry out a multipole expansion. The
greatest contribution is from the dipole terms Δ/J
+ ι"Δ/2 and the quadrupole terms Δ/jJ +t"A/,J of the ex-
pansion.18'68 Only on taking into account higher multi-
poles does the electronic polarizability become a ten-
sor and a spatial dispersion appears. However, the
contribution from the higher multipoles amounts to no
more than a few percent according to the estimates of
Wagenfeld62 and is within the accuracy of contemporary
experimental measurements.

It is well known that the thermal vibrations of atoms
in a crystal lattice change the intensity of the elastic
diffraction peaks by a factor exp[-2W(k'-k)], which is
called the Debye-Waller factor.69

The problem of taking into account phonon vibrations
in the crystal polarizability consists of the analysis of
matrix elements of the form

<ne 1 exp li (k' — k) u,]| n°>r (4.20a)

for the potential part of the current, and of a sum of
the form

(n>\ eip (ik'u.) I n) (n | eip ( - iku.) | n>)

/τ
(4.20b)

for the resonance part. The operation (.. . } r indicates
averaging over the initial states of the phonon system.
The vector u s represents the displacement of the cen-
ter of gravity of the s-th atom from the equilibrium
position r° and can be expanded in a series in normal
modes of vibrations of the atoms in the lattice70; \ri)
is the wave function of the phonon subsystem of the
crystal, n° and η are the phonon occupation numbers in
the initial and intermediate states, and j is the number
of the vibration. In the harmonic approximation the
averaging of the operator exp[i(k' - k)uj in Eq. (4.20a)
over the phonon occupation numbers n° leads to the
following expression for the argument of the exponen-
tial in the Debye-Waller factor:

.k) = i . <[(k' — k) u s )
2 ) r = 8π2 ( s ' " d )* («Jj.), (4.21)

where MSI is the component of the displacement of the
s-th atom from its equilibrium position in the direction
of the reciprocal lattice vector H.

Next for calculation of the mean square displacements
(M L̂) it is necessary to resort to a specific model of the
phonon spectrum of the crystal.69

The complexity which arises in the attempt to carry

out a similar procedure with expression (4.20b) lies
in the fact that it is impossible to carry out a summa-
tion over the intermediate states of the phonon system,
as the result of presence of the phonon energy in the
denominator. However, since for x-ray transitions
T-IO1 6 sec"1 while ω^"~101 3 sec"1, during the time of
the interaction in a resonance channel an atom cannot
be displaced from its instantaneous position, and there-
fore the phonon sum in the denominator of (4.20b) can
be neglected and this again leads to the Debye-Waller
temperature factor (4.21).

Thus, the potential and resonance contributions to the
polarizability, with inclusion of phonon vibrations, take
the form

χ(Η) (k, ω)(Γ) = χ<«) (k, ω) exp [ - W ( ^ ± ) ] .

e) Effect of inelastic scattering on polarizability

In calculation of the polarizability, usually only first-
order perturbation theory is used. Nevertheless, from
simple physical considerations it is easy to understand
that inelastic processes also must contribute to the
polarizability. In fact, inelastic scattering, i. e., a
process of the second order, leads to an additional non-
dissipative damping μ^ρ (extinction) of the incident
wave, which is equivalent to an additional contribution
to the imaginary part of the polarizability5' and, in
accordance with the Kramers-Kronig relations—also
to the real part of X.

Afanas'ev and Kagan5S have shown that the contribution
of Compton scattering and thermal-diffusion scattering
(TDS) to the polarizability is determined by expression
(4.11c), where in the latter case it is necessary to take
into account phonon vibrations of the lattice. The vec-
tor potential Ao (4.4) characterizes the field of inelastic
scattering with requencies a>kl shifted from the fre-
quency of the external perturbation, and summation
over ki in (4.11c) corresponds to averaging of a linear
(with respect to the classical vector potential A) po-
larizability over all possible frequencies and directions
of propagation of inelastically scattered waves.

Inclusion of Compton scattering and thermal-diffusion
scattering leads55 to a certain renormalization of the
x-ray polarizabilities (the coefficients of the dynamical
theory). Here the inelastic scattering by phonons
should appear experimentally in the deviation of the
temperature dependence of the structure factor from
the Debye-Waller factor. In fact, Efimov72 and sub-
sequently Baldwin et αΙ.Ί3 and Sano et al.n have observ-
ed that the temperature behavior of the anomalous
transmission coefficient differs from a Debye-Waller
dependence. The contribution to absorption as the re-
sult of phonon scattering can amount to ~14% in sili-
con and germanium crystals for CuKa or MoKa radia-
tion in first-order reflections.72'55·75

Phenomenologically the influence of multiphoton elas-
tic scattering processes on the polarizability can be

5)In the optical region near the long-wavelength edge of the
exciton absorption band the addition μ OT is dominant71 as the
result of combination scattering by phonons.

970 Sov. Phys. Usp. 21(11), Nov. 1978 Kolpakovef a/. 970



explained76 if nonlinear polarizabilities of the medium
are introduced into the discussion. Then the total po-
larizability at the frequency of the incident radiation is
equal to the sum of the ordinary linear polarizability
χ and an additional nonlinear polarizability ΔχΝΡ which
depends on the quadratic and cubic nonlinearities of the
medium and is proportional to the intensity Itl

= E(kt)E(ki)+ of the inelastically scattered wave Ε(^).
In the case of spontaneous inelastic scattering, when
the number of photons scattered into a mode is much
less than unity, it is possible to replace Ik by the in-
tensity of vacuum fluctuations 2τίΚωΧι0,~ι[ΐ +Ν(ω - ω^)],
where Ν(ω) = [ expOiw/fcT) - I]" 1 . After averaging ΔχΝΡ

over the final states ki, this additional term acquires
the meaning of a correction to the ordinary linear po-
larizability due to the influence of inelastic processes
on the transmitted wave.

f) Nuclear polarizability of a crystal

For the nuclear subsystem the relation between the
field and the polarization also is established, according
to Eq. (4.10), in terms of the polarizability tensor
xJ5*(k, ω). In the current-density operator of the nu-
clear subsystem it is necessary to retain two terms—
the resonance term (4.8b) and the magnetic term (4.8d).

By analogy to the case of the electronic polarizability,
the nuclear polarizability can be expressed in terms of
the individual properties of the nuclei composing the
crystal:

/η) ( k. 0)) = _ s * f (k-, k ; ω ) ΐ (4.22)

where Μ is the proton mass and/ i J(k'k; ω) is the nu-
clear structure factor tensor determined by expression
(4.11b). The total line width y entering into the deno-
minator of (4.11b) is made up of the radiation line width
yr, which determines the probability of decay of an
excited state of the nucleus by y-ray emission, and the
conversion width Ya, which is related to the probability
of transfer of excitation energy to an atomic electron.
Nuclear Mossbauer transitions, as a rule, are transi-
tions of pure Ml or E2 multipolarity or a mixture of
them. The ground state \m) = |wo/o) and the excited
state |M) = \mih) of the nucleus are characterized by
total angular momenta /o and h and magnetic quantum
numbers wo and w\.

In the absence of hyperfine splitting, the resonance
denominator in (4.11b) does not depend on the magnetic
quantum number m and therefore it can be taken out
from under the summation sign, after which it is only
necessary to sum the expression

(4.23)

where the bar over the expression indicates averaging
over the initial states. Calculation of the sum (4.23)
(see Ref. 78) leads to the following result77:

b [(k-k') 6tj

b[{k-k') 6i} — k'i

where

for an El transition.,

foranA/l transition,
(4.24)

For forward scattering (k' = k and k=sfe) we obtain
from Eq. (4.24) respectively bk2[5tJ - s(Sj) +YS{SJ and
bk2(6(j - SjSy). The term δ ( ί - SfSj is the operator of
projection on a plane perpendicular to the vector s
= k/fe. Consequently, it is possible to introduce a
transverse polarizability Xi°<: bk2(6i} - s ^ ) . The term
(4/3)bk2slsJ describes the response in a longitudinal
field and is proportional to the longitudinal polarizabili-
ty Xn, which is nonzero for an £2 transition. Thus, in
the absence of hyperfine splitting, the medium posses-
ses spatial dispersion, is isotropic, and nongyrotropic.
Similarly discussion of the case k ' = k + H shows that
this remains true for an Ml transition, but for an £2
transition, since the vector Η distinguishes a certain
direction in space, anisotropy arises.

If the nucleus is in an external field which lifts the
degeneracy with respect to the magnitude and sign of
the magnetic quantum number, it is necessary in the
calculation of (4.11b) to carry out a multipole expansion
of the current-density operators. This leads to the
following expression for the nuclear polarizability:

L'I; m0Mm)

X C (/„£/; mo.\fm) - (V) Ϋ&* (k)

X (k,

a>(/o, mo)-(iV/2)r',
(4.25)

where Μ = m -m0, (L, \) = E{L) is the electric 2L pole,
and (L, 0) = M(L) is the magnetic 2L pole. The quanti-
ties Y^l, are vector spherical harmonics; the remain-
ing designations are standard (see Ref. 79). Thus,
nuclear polarizability is a tensor with an expressed
spatial dispersion and according to Eq. (4.25) it is ex-
pressed in terms of the width yr for radiative nuclear
y transitions. A more detailed discussion of this ques-
tion is given in the review of Hannon and Trammell11

and in the work of Blume and Kistner.32 The expres-
sion (4.25) is valid in the limiting case of very slow
( comparable with the lifetime of the excited state) el-
ectron paramagnetic relaxation. A general expression
for the nuclear current in the presence of a time-de-
pendent external perturbation is given in Ref. 14.

A number of studies1 1·3 2·3 6·3 7 '4 1 '4 5 devoted to the optics
of Mossbauer radiation introduce the refractive index
of the medium at the frequencies of nuclear transitions.
Here, following Foldy80 and Lax,57 the refractive index
is expressed in terms of the coherent probability amp-
litude for scattering of the radiation forward, i. e., the
scattering tensor is introduced (see Ref. 78). The
amplitude for scattering of a photon with wave vector
k and polarization e into a photon k', e' is given by the
following expression:

/ (k', e'; k, e) = eftfl (k, k) e,, (4.26)
where Ns

tj is the scattering tensor of the s-th nucleus.
In the representation of circular polarization η(±) =r(e,
±e e )//2 the spherical functions in Eq. (4.25) can be
expressed in terms of the rotation D matrix

. (k', i , i) (μ, μ' = ± 1).

(4.27)
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In particular, for a magnetic dipole transition, expres-
sions (4.11b), (4.25), and (4.27) give the following re-

sult'
.81.

Blume and Kistner32 have calculated a general expres-
sion for the nuclear forward scattering amplitude in the
presence of a magnetic field. Housley, Grant, and
Gosner33 have extended these results to the case of
electric quadrupole interaction.

Inclusion of the effect of phonon vibrations on the po-
larizability of the nuclear subsystem leads to a some-
what different result than for the electron subsystem.
In the case of interaction of Ύ rays with the nuclei in
the crystal, between the t imes of the phonon vibrations
and the lifetime of the excited state of the nucleus there
exists (y* 107 sec' 1) the relation y « u>y", which is the
reverse of the case of resonance interaction with the
electron subsystem (see Subsection d) of Section 4).
In this case it i s necessary to calculate systematically
each t e r m of the sum (4.20b). The greatest contribution
is from the first phonon-free t e r m of the sum

{(e-iku»),n., ,„„, (eik'u»),n0) (n.)>r.

The result of averaging this expression over the initial
states leads again to the exponential (the Lamb-Moss-
bauer factor) exp[-(W(k) + W(k')], in which the temper-
ature dependence of the argument agrees exactly with
that of the Debye-Waller factor. A feature of the Lamb-
Mossbauer factor i s that while the Debye-Waller factor
(4.21) depends on the difference | k' - k | <* βϊηθ/λ, the
Lamb-Mossbauer factor depends on the wave vectors
k ' and k separately. 8 1

5. APPLICATION OF THE BLOCH FORMALISM TO
CALCULATION OF THE ELECTRONIC
POLARIZABILITY OF CRYSTALS

a) Bloch representation of the wave functions of the
electron sybsystem

A systematic approach to calculation of the polariza-
bility of crystals obviously must rest on the notion that
the behavior of the electrons in a solid has a Bloch
nature. The bases for this approach were laid down
by Adler82 and Wiser.83 Bloembergen and his collea-
gues,8* Cheng and Miller,8S and Pine88 have applied this
method to calculation of polarizabilities of higher or-
ders. The general formalism developed in Refs. 82-
86 can be extended also to calculation of the polariza-
bility at x-ray frequencies. The basis for this is the
following consideration. In spite of the fact that the
deformations of the outer electron shells arising in for-
mation of a chemical bond are small, they are com-
pletely observable experimentally, since they are man-
ifested as the result of the spatial periodicity of the
crystals as independent effects, in particular, in the
form of new diffraction peaks. Therefore for a rigor-
ous description of the effect of chemical bonding on the
dielectric permittivity it is necessary to go over from
the strong-coupling approximation, which was used in
Sections 4(c) and 4(d), to a description taking into ac-

count the effects of the band structure.

Following the work of Pine,88 we note the principal
aspects of calculation of the polarizability of a crystal.
As we have already mentioned in Subsection a) of Sec-
tion 4, one can introduce a one-electron self-consistent
potential fr = < Τ 0 ( Γ ) + JT'(r, t), where & 0 = (p2/2m)
+ V(r) is the periodic Bloch Hamiltonian, and the per-
turbation %{' is linear in the vector potential:

r· 0 = — 2 ^ r, t)P + pA(r, (5.1)

In expansion of all quantities in Fourier series it is
convenient to separate in explicit form the wave vector
q reduced to the first band, so that any wave vector k
is equal to the sum of the vector q and the reciprocal
lattice vector Q which supplements it. Then any func-
tion F(r, t) of the coordinates can be represented in
the form of an expansion

V (r, /) = Σ V (q. Q; <">) e
qQM

p [i (q -f Q) r - ίωί]. (5.2)

where

F(q, Q; ω) = (2πΩ)-> f dr f dtV (r, () exp [ — i (q + Q) r + ίωί).
a

The unperturbed Hamiltonian # " 0 corresponds to a
complete set of orthonormalized eigenfunctions <pkm(r)
= |k, m> and eigenvalues8' ε^, where the wave vector
k of the electron lies in the first Brillouin zone and m
is the number of the energy band. According to the
Bloch theorem,81 the wave function <Pkm(r)has the fol-
lowing form:

<p k m (r) = Q~l/-uim (r)e<*',

where Mkm(r) = r' 1 / 2 |kw) and SI is the normalization vol-
ume.

This approach permits inclusion into the discussion
of partially collectivized electrons of the valence band
and completely collectivized electrons of the conduction
band.

The solution of the Schrbdinger equation ip(r, t) can be
represented in the form of a series in the unperturbed
wave functions, Ψ(Γ, t)=YjtmCiim(t)<ptm(r), whose coef-
ficients determine the density matrix (k'w' |p|kw)
= (Crm.C%J, where in the right-hand side of the equal-
ity we have carried out an averaging over the ensemble.
The dynamics of the electron system is described by
the Liouville equation for the density matrix p:

iftp = [jV, ρ] + 4£-(Ρο-Ρ)· (5-3)

The density matrix p(r, t) can be represented in the
form of a sum of an unperturbed part p0 and a perturbed
part Pi(r, t) linear in the vector potential A(r, t). The
matrix p0 is diagonal in the Bloch representation and
its eigenvalues are the Fermi-Dirac distribution func-
tion niz^J ={ εχρ[(^Λ - ε,)AT] + l}"1.

b) Current density in the representation of Bloch
functions

The average over the ensemble of current-density

^Indication of the indices In ε ^ should not lead to confusion
with the dielectric permittivity elf'flc, ω).
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operators is

KM)= Σ [i-
kqmn

- - £ . A (r, i) (ptneptH,, „] <k + q, η | ρ (r, t) | km).

((5.4)

The periodicity of the functions ukm(r) and t

permits rather simply going over in Eq. (5.4) to the

Fourier components of the current:

O ( | {
+ H [ k + i - (q + Q)]}e-'Q' | k + q, n) <k + q, n\ p,(r, ω) | km)]

- [ Σ ^- A (?-<· ' · Q-Q';»') , χ

i'Q'»' (5.5)
q', » I Po(r; ω-ω') | km)]) ,X (km. | «-««' |

where km is|k'm')=u"1 /„ is the reduced

matrix element. The expression for pt is determined
from Eq. (5.3) and has the following form:
<k-fq, n\ p!(r, ω) | km)

q, n; k, m;<o)<k + q, η | A(r, ω)ρ + ρΑ(ι·, ω) | km),

(5.6)

(5.6')

In terms of the scheme of reduced bands the relation
between the polarization and the field is established in
terms of the polarizability tensor, which depends ex-
plicitly on the reciprocal lattice vectors Q and Q':

P<(q, Q;<o) = Sx55<J'(q,ω) Ει(ι> Q':<•>)•

where according to Eqs. (5.5) and (5.6) we have

, n; k, m; o>)(km| , n)

X (k +q, η | e«!" {p + B [k + 1 (q + Q')]}. I km) ] .

((5.8)
In contrast to the definition of the polarizability tensor
X^k, ω) in Eq. (2.8), the polarizability (5.8) also can
be considered to be a tensor in the indices Q and Q'.

From comparison of the definitions (2.8), (2.17), and
(5.7) we obtain the following relations between the ten-
sors ^ ' ( k , ω) and XQe' (q, ω):

(59)

and reciprocally

+Q, ω),

where k = q + Q .

The symmetry properties of the tensor Χ?/β , which
do not depend on the model of the medium, follow from
the general relations for the tensor X®', which were
obtained previously in Section 2(b). For example, the
condition of hermiticity of the tensor Xj? "^(q+Q, ω)
leads to the relation

which shows that the tensor Χ?/* is Hermitian simul-

taneously in the indices i and j and in the indices Q and

Q'.

The rigorous calculation of the polarizability (5.8) re-
quires a knowledge for each specific crystal structure
of the Bloch functions, which usually are calculated

numerically with use of various pseudopotential mo-

dels. The general expression (5.8) for the electronic

polarizability includes the limiting cases of free and

strongly bound electrons which are frequently used in

the theory.

An exhaustive discussion of the permittivity of a de-
generate free-electron gas, whose properties are ex-
tremely interesting in the ultraviolet frequency region
(ω<.ωρ = 101βΗζ) is given in Pines' well known book.52

c) Strong-coupling approximation

In the strong-coupling approximation the wave func-
tion of the Hamiltonian Jf0 can be represented in the
form of a superposition of eigenfunctions of free atoms.
Strictly speaking, the strong-coupling approximation
in this formulation cannot lead to an exact solution of
the one-electron Schrodinger equation, since the wave
functions of the bound states in an atom do not form a
complete system of functions. This results from the
overlapping of the electron orbitals of neighboring
atoms in the lattice. This difficulty can be avoided by
constructing an orthogonal system of localized Wannier
functions.88 The approximation involved is justified
only for electrons located in sufficiently deep atomic
shells whose orbit radius is small compared to the
interatomic distance. However, it is just these elec-
trons which give the principal contribution to the po-
larizability at x- ray frequencies [see Subsections c) and
d) of Section 4].

Suppose that the unit cell of a crystal contains ns

atoms with coordinates r s . Then the Bloch function is

(f,„ - Λ'" '·'-' Σ Σ «""'' Ψ™ (r - r, - r s ) , (5.10)

( it (r - r, - r,) i|-m- (r - r,· — ly) dr = Sm,,t.6,,.&,,-,

where <pm is the wave function of an electron in state m
with energy cm and r, is the position vector of the unit
cell. We designate the matrix elements with respect
to the atomic functions ipm as follows:

[B(r)]mn=|ifil(r)B(r)i|.'n(r)dr.

Using the definition (5.10) and going over in Eq. (5.8)

from the matrix elements kw|B |k 'm') to [B]mm·, with

allowance for Eq. (5.9) we obtain for the polarizability

the following expression:

.;ω), (5.11)

where F(} is the tensor of the structure factor

F,j (H, k; ω) = 2 eiH"f\Y (H, k; ω),

f\f (H, k; ω) = /;«»(Η) β,, + Δ/Sf (Η, k; ω),

flf is the atomic structure factor of the s-th atom,
/ί ί (Η)=Σ.»(ε»)[« Ι Η 1 1 »» is the potential part of the
atomic structure factor, and Δ/'y is the dispersion
correction, which has the form

Mi, (H, k; ω) = m-i Σ ^ m n № ( - k)]mn [B, (k + H)]nm, (5.12)

where
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the operator B(k) in Eq. (5.12) [compare with Eq.
(4.11b)] is due to the representation of the Bloch wave
function (5.10) in the form of a superposition of local-
ized atomic wave functions.

On the basis of the specific form of the polarizability
(5.11) it is easy to check the validity of the general
symmetry relations (2.12), (2.13), and (2.14). Accord-
ing to Eqs. (5.11) and (5.12), spatial-dispersion effects
are included only in

The magnitude of this term is significant only for
radiation with frequency ω aum. As follows from Eq.
(5.12) and the expression for B(k), the spatial-disper-
sion parameter is Kk/p =Z/137, where p a <j>mma^. In
the case of light atoms, consequently, the spatial dis-
persion is expressed weakly and can be neglected.
Then the expression (5.12) takes the simpler form

) = 2 η (εη 1) ^"^-(Ζίν,,'τ)

and is a generalization of the expressions (4.17) and
(4.19) given previously for the dispersion correction.

6. CONCLUSION

In the present review we have devoted the principal
attention to a systematic introduction of the permitti-
vity tensor in the x-ray frequency region and to a de-
scription of its properties, based on use of the most
fundamental properties of crystals—spatial periodicity.
Study of the dielectric properties of a medium in the x-
ray region permits description of its crystalline struc-
ture, electronic structure, and the structure of the in-
ternal electric and magnetic fields, in the same way
that investigation of the propagation and scattering of
light provides information on the atomic and molecu-
lar structure of matter.

Review of the current state of research on the dielec-
tric properties of media in the x-ray and y-ray regions
shows that along with the substantial experimental and
theoretical achievements, there exist problems of a
fundamental nature which are still awaiting solution.
The dielectric formalism gives a universal description
of Hie properties of a medium interacting with an elec-
tromagnetic field, and therefore progress in study of
dielectric properties must be accompanied by further
development of this technique. The fact that a need for
this has not existed for many years reflects only the
correspondence of the stage of development achieved in
x-ray experiments to the strong-coupling approxima-
tion.1' Since there were no radiation sources with high

7)As we have already noted above, in the strong-coupling ap-
proximation the overlap of the outer electron shells is not
taken into account and for this reason the effects of chemical
bonding are left aside. Nevertheless, in the presence of
anisotropic chemical bonds it is necessary to use general
tensor expressions for the dispersion part of the permit-
tivity tensor (4.11b) and (5.8). Goal-oriented experimental
study of (he effect of anisotropy of chemical bonds on the
dielectric properties of the medium, carried out in Ref. 96,
has shown that in the x-ray frequency region anisotropy of
absorption and rotation of polarization are observed.

coherence properties and the external perturbations
were not sufficiently strong, it appeared that we were
in no position to study the finer effects or to affect in a
desired manner the dielectric properties of a medium
in this region. At the present time there is every
basis to expect significant progress in this field. Be-
low we shall mention some of the most promising direc-
tions of development of theory and experiment in the
field of interaction of χ rays and Ύ rays with matter.

a) From the experimental point of view it is neces-
sary first of all to have sources of χ rays and isotopic
y rays which would have spectral characteristics (both
in frequency and in space) better by 2-4 orders of mag-
nitude than existing ones.8) As an illustration of what
can be accomplished by an increase in the coherence
properties of the radiation, we mention that the well
known Darwin curve of reflection from a perfect crys-
tal, predicted by the dynamical theory of diffraction
many years before its experimental verification, was
observed for the first time in pure form only with use
of the extraordinarily monochromatic radiation of the
Mossbauer isotope Co51. Apparently the most realis-
tic means of obtaining radiation with substantially bet-
ter coherence properties at the present time is the use
of synchrotron radiation, which already is being applied
successfully to investigations in solid-state physics.

At the present time in a number of countries including
the Soviet Union there are being built and put into ser-
vice synchrotrons with characteristics which satisfy the
condition imposed above. In addition to high luminosity,
synchrotron radiation has a high degree of polarization,
which is particularly important in study of the aniso-
tropy of crystals, and the possibility of smooth tuning
of the frequency over a wide range makes it an irre-
placeable means of investigation of frequency-disper-
sion effects. The properties and possibilities of appli-
cation of synchrotron radiation in the x-ray region are
analyzed in the review by Kulipanov and Skrinskii.89

b) Recently there has been a distinct tendency to-
ward investigation of dielectric properties of crystals
in the x-ray region in the presence of an active exter-
nal perturbation of the medium, which obviously is a
new stage in the development of this field of physics.
The external perturbations which can be used include
constant and variable electromagnetic fields, laser
radiation, ultrasound, charged-particle beams, and so
forth.

A number of recent publications have discussed the
effect of several of the perturbations mentioned on the
process of dynamical diffraction90 and photoelectric
absorption.91 Entin90 has experimentally observed a
resonance in the integrated intensity of reflection of
Laue-diffracted χ rays in a silicon plate placed in the
field of an ultrasonic wave which modulates the electron
density of the crystal and in this way affects its dielec-
tric permittivity.

One of the possible mechanisms of affecting the diel-

8>This would immediately revive interest in such old problems
as the "magnetic" scattering of χ rays in magnetically or-
dered crystals.
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ectric properties of a medium in the x-ray frequency
region by irradiating it by a laser wave consists of a
change in the wave functions of the electrons in the final
state. Here the dependence of the absorption cross
section on the parameters of the laser radiation per-
mits the information to be obtained on the structure of
partially occupied and completely free electron states
of the medium. According to the estimates of Tzoar
and Jain,91 the imaginary part of the permittivity, which
is responsible for the absorption, can be increased by
an order of magnitude with the laser powers achievable
at the present time.

In Subsection d) of Section 4 we noted that occupied
electron states of atoms do not contribute to the disper-
sion terms. However, under the action of sufficiently
intense electron or x-ray irradiation these states can
be vacated, and this should lead to appearance of addi-
tional resonance contributions to the permittivity. The
possibility of using this effect for generation of coher-
ent χ rays on passage of charged particles through a
crystal has been discussed theoretically by Akhmanov
and Grishanin.92

c) In the area of development of the theory it is ap-
propriate to point out the following aspects. First,
further systematic development and use of the appara-
tus of the theory of the dielectric formalism is neces-
sary in treatment of the entire complex of problems
of interaction of χ rays and y rays with a medium.
From the material presented in the review it follows
that the current theory is not free of approximations
which limit its applicability. The theory of the per-
mittivity tensor is constructed on the approximation
of an unbounded crystal, which for a certain number
of problems can be considered quite good. However,
from the fundamental point of view it is unsatisfactory,
since real crystals are bounded, contain as a rule a
significant number of defects, have a mosaic structure,
and only very crudely can be treated as ideal. All this
indicates the need of constructing a theory of the per-
mittivity tensor of real crystals. We can indicate the
following path of construction of such a theory.

In the Darwin model, real crystals are an assem-
blage of small crystals slightly disoriented and (or)
displaced with respect to each other. For a bounded
single crystal Eq. (2.7a) goes over into a similar equa-
tion where instead of the δ function arising from the
assumption of an unbounded crystal the function δν
= (2ττ)"3 \v exp[«"(k' - k - H(r)r]tir appears. The depen-
dence of Η on r corresponds to taking into account local
distortion of the crystal lattice.

On integration within the bounds of volume within
which the crystal can be considered sufficiently per-
fect (the coherence volume), δν is none other than the
Laue interference function with a finite width Ak-l'1,
where / is the characteristic parameter of the coher-
ence region. Here the diagram of the directivity of the
5r function for each block of the mosaic has its own
direction, which differs somewhat from the others.
Integration over the region of strong distortions (inter-
block boundaries, etc.) leads to the condition k' = k,
which corresponds to a diffraction-free propagation of

the radiation forward. On the other hand, the irregu-
larity of the interblock boundaries leads to partial or
complete loss of the phase relations between the dif-
ferent blocks of the mosaic. In other words, the cor-
relation between currents induced in different coherence
volumes of the medium is destroyed, and as a result
the total current, and consequently also the permitti-
vity, acquire a dependence on the coordinates with a
characteristic scale of the order of the linear dimen-
sions of the coherence volume.

One of the possible approaches to treatment of the
dielectric properties of a crystal with defects is the
approach developed by Afanas'ev and Kohn93 in con-
struction of a dynamical theory of Bragg diffraction in
such crystals. The authors considered defects as spe-
cial regions where the regular periodicity of the crys-
tal is destroyed, and introduced a polarizability which
depends on the local degree of distortion of the crystal
lattice.

Thus, the apparatus of dielectric permittivity, which
is a generally accepted and the most effective instru-
ment for conducting research in the optical region of
the spectrum, can be systematically developed also in
x-ray and y-ray optics with incorporation of the speci-
fic features of these regions. On the basis of the gen-
eral features pertaining to the dielectric approach to
these regions of the spectrum, it is possible to formu-
late the problem of developing new directions of re-
search in the x-ray region, similar to the directions
which have already received development in optics.
One of these directions, in particular, may be the
search for additional waves in the x-ray region, for
example, for narrow Mbssbauer or x-ray exciton lines.

The productiveness of this type of analogy has already
been demonstrated in description of elastic scattering
of χ rays in crystals.94 In treating the diffraction of
visible light in certain types of liquid crystals, Belya-
kov and Dmitrienko,95 on the other hand, used the me-
thod of the dynamical theory of diffraction of χ rays,
proceeding from the fact that in this case the param-
eter α/λ also can be of order unity.

Another fundamental experimental and theoretical
problem which is being stimulated by already existing
experimental studies is that of constructing the x-ray
permittivity of nonequilibrium media, examples of
which are a high-temperature plasma and a solid-state
plasma at high excitation levels, and also the active
medium of an x-ray or y-ray laser.

We can therefore see that the development of coherent
x-ray and y-ray optics at the present time depends on
improvement of experimental accuracy, increase of the
spectral intensity of radiation sources, and further
detailed development of the theory of dielectric proper-
ties of crystals (and not only of crystals) in this range
of wavelengths.

In conclusion the authors express their sincere in-
debtedness to M. A. Andreeva, S. F. Borisova, Ε. Ν.
Ovchinnikova, and Yu. P. Khapachev for numerous
helpful discussions of the problems outlined in this
review.
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