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INTRODUCTION

Modern astrophysicists are "spoiled" by the sensa-
tional discoveries of objects with unusual properties
like pulsars and quasars. However, in 1973 the report
of a possible new discovery made in the investigation of
x-ray spectra obtained on the Uhuru satellite quickened
the pulses once more. This time not only the astro-
physicists but also the gravitational theorists were ex-
cited since it was the discovery of a so-called black
hole that was claimed. At the present time, although
certain doubts remain, the majority of specialists in
this field are convinced that the first black hole in the
Universe has already been found.

This discovery excited the imagination of physicists
not so much through the existence of such an object
being unexpected for theoreticians but rather the op-
posite. It is after all possible that objects have been
found whose existence was predicted as early as the end
of the thirties (Oppenheimer and Snyder, 1939) as one
of the unusual but absolutely necessary consequences of
Einstein's theory of gravitation. The direct astro-
physical observations were preceded by much work on
the part of the theoreticians. Particularly intensive
theoretical investigations in black-hole physics have
developed since 1965. As a result of this work it has
been possible to advance rather far in the understanding
of many previously completely obscure aspects of the
structure of spacetime in strong gravitational fields.
And although the methods of investigation in this subject
have as yet a complicated mathematical nature, the
results obtained have led to the construction of a fairly
simple picture of the formation of black holes and their

subsequent evolution. These theoretical results and
the incipient astrophysical investigations demonstrate
that during the last few years a new and remarkably
interesting branch of physics has developed—the
physics of black holes. In this review we wish to dis-
cuss some of the recent achievements in this direction.

Leaving on one side the details, scientists now have
the following picture of the formation and evolution of
black holes. Cooled massive stars with a mass greater
than two or a few solar masses are, having completely
exhausted their nuclear fuel, incapable of withstanding
further the enormous gravitational forces compressing
them. In these stars, therefore, instability develops
sooner or later and this leads to collapse of the star.
As a result of the collapse, which takes place fairly
rapidly (in a time measured in minutes1') a black hole
is formed, i .e . , a compact nonemitting body with
radius equal to the star's gravitational radius (the grav-
itational radius of the Sun is about three kilometers).
The black hole formed in this manner and its gravita-
tional field are usually unstationary initially. However,
fairly rapidly (in fractions of a second2') the excited
black hole goes over as a result of the emission of
gravitational waves into the ground, stationary state.

All features of the internal structure of the collapsed
star and the presence in it of sources of different
physical fields except the electromagnetic become inac-
cessible to observation after the formation of the

1}After the onset of collapse, the gravitational forces exceed
the pressure forces by a finite amount, and one can therefore
estimate the time of collapse of the star to a size comparable
with the gravitational radius by considering the free fall of
the star's matter in its own gravitational field. The charac-
teristic "hydrodynamic" time obtained in this way is of order
To ~ (Λο/ε)/Λ"ο/Λ« > where Ro is the initial radius of the star
and Re = 2GM/c2 is its gravitational radius.

2>The characteristic time for a black hole to go over into a
stationary state is related in the following manner to the pa-
rameters of the collapsed star: Τ ~ Rt/c ~10'5(sec) x M/Mo,
where Μ is the mass of the star and Mo is the Sun's mass.
This same time is characteristic time of "freezing" of the
collapsing star around its gravitational radius from the point
of view of a distant observer.
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stationary black hole, and such black holes, irrespec-
tive of their origin, can be uniquely characterized by
just the value of their mass and angular momentum
(and in the case of charged black holes by the value of
the electric charge contained in them).3 ' Stationary
black holes with the same parameters are completely
indistinguishable.

In a sense, black holes have no other properties apart
from the ability to attract. Therefore, it was originally
assumed that these frozen "dead" objects are the
natural end stage in the development of massive stars,
and their detection appeared to be a rather hopeless
task.4) Later, however, it was realized that if a black
hole is surrounded by a medium (interstellar gas or
dust), it will pull this matter into it like a gigantic
cosmic vacuum cleaner and the attracted (accreted)
matter will be heated and become a source of strong
x-ray radiation with very specific characteristics.

The same thing happens if a black hole is the com-
panion to an ordinary star, with which it forms a binary
system. In this case the black hole attracts the matter
of the companion and can become an x-ray source with
periodically varying emission. The period of variation
of the intensity is equal to the period of revolution of the
black hole around the star. The discovery of an x-ray
source in Cygnus in a binary system and study of its
properties and the properties of the visible component
have led to the conclusion that a black hole has been
discovered.5)

Thus, the idea that black holes are "dead" objects
has now been replaced by the idea that they are very
active objects in the Universe. It is therefore natural
that there is now even more interest in the detailed
study of the interactions (both classical and quantum) in
which black holes can participate. This study has re-
vealed a number of interesting and rather unusual
aspects.

It has been found in particular that although a black

3)Wheeler has picturesquely described the property of station-
ary black holes of requiring no further additional charac-
teristics (such as multipole gravitational or electromagnetic
moments, charge of massive vector field, weak charge and
so forthC29~34'n:l) by the statement: "Black holes have no
hair." Markov has called the shedding of the "superfluous
characteristics" during collapse "gravitational striptease."
The global properties of collapsed matter are discussed in,
for example, Markov's paper.c n Penrose's interesting paper
on black holes was published inC2:.

4>Such discovery would have required the detection of an in-
visible object with a mass greater than two solar masses,
either by itself or as the second component in a binary sys-
tem. Zel'dovich and Novikov in the bookC3] characterized
the situation as follows: "The appeal to invisibility as an
argument sounds comic, rather like the proposition that the
absence of telegraph poles and wires in archaeological ex-
cavations is a proof of ancient radio communications."

5)In this paper we shall not consider further the properties of
the accreted matter, the structure of the accretion disks,
nor the detailed properties of the emission that enables one
to identify a black hole, since all this can be read in detail
in Thome's paper.

hole has mass and therefore internal energy this energy
cannot be fully extracted. From an isolated rotating
black hole one can extract only that part of its energy
which is associated with rotation. From a nonrotating
black hole one can extract energy only by making it
interact with another black hole.6) These results, along
with many others, are consequences of a general
theorem proved by Hawking15'63 which asserts that the
surface area of a black hole cannot decrease in any
classical processes.

Besides black holes formed by the collapse of stellar
objects, one can also have black holes formed from
matter inhomogeneities during the early evolution of the
Universe. These are called primordial black holes.
Primordial black holes may have mass appreciably less
than the Sun's. (We shall discuss primordial black
holes in the final sections of this paper.)

The static gravitational field on the surface of a
black hole is of order -*-~GM/R2

t~ ck/GM and is there-
fore extremely large for black holes with small mass,
so that one is naturally led to consider the possibility
of quantum effects of pair creation in this strong static
field. It is especially important to establish whether
quantum pair creation processes in the black hole grav-
itational field could lead to observable effects.7' Even
if such processes are very weak, they would be decisive
for a black hole in vacuum and over a vast time of the
order of the age of the Universe, and they could lead to
significant changes in the structure of the black hole or
possibly even to its disappearance. Quantum processes
in black holes, their role in the evolution of primordial
black holes, and possible cosmological consequences of
such effects will be discussed in the final sections of
the paper.

§1. DOES A GRAVITATIONAL FIELD CREATE
PARTICLES?

Before we consider the physics of black holes and
quantum effects in curved spacetime, it is helpful to
attempt to answer the following question: Why should
one expect particle creation in a gravitational field and
what conditions are necessary for this to occur? To
answer this question, it is helpful to use the analogy

61 This recalls the situation when one considers thermodynamic
systems. The law of increase of entropy prevents the com-
plete transformation of the internal energy of a thermodynam-
ic system into work but enables one to extract this energy
partly by using two systems with different temperatures. In
black-hole physics, the surface area of the black hole plays
a role analogous to entropy in thermodynamics. This analogy
will be discussed in more detail in the various sections of
the paper.

"We should emphasize that here and in what follows we are
speaking about quantum processes in an external classical
gravitational field. In principle, one could have other quan-
tum effects due to the quantum nature of the gravitational
field itself. But it would seem that these effects can be im-
portant only if the radius of curvature of spacetime (in the
case of a black hole, its radius) becomes comparable with
the characteristic quantum-gravitational (Planck) length

3 1.6· 10"33 cm.
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FIG. 1. Creation of an electron-positron
pair in a variable electromagnetic field.
The wavy line corresponds to a virtual
photon of the electromagnetic field with
mass greater than two electron masses.
The virtual photon decays at the point A
into an electron and a positron. The pair
is formed in a space-time region of the
order of the electron Compton wavelength.

that exists between the gravitational and electromag-
netic fields.8) The creation of electron-positron pairs
in an external electromagnetic field can be completely
described by modern quantum electrodynamics.
Although there is a unified description suitable for an
external field of arbitrary form, it is helpful to con-
sider pair creation effects in two extreme limiting
cases.

As the first, let us consider a rapidly varying elec-
tromagnetic field generated by moving charges. Suppose
this field contains Fourier components with frequencies
ω such that Κω > 2mcz (m is the electron mass). De-
composition into Fourier components corresponds to the
idea of a field as a superposition of individual modes,
or photons. If the field is free, the mass of each of
these photons is zero. In the general case when the
variable field is associated with sources, the mass of
the photons is not necessarily zero. In this case, the
photons are called virtual. If the external field from
the sources contains high frequencies or, which is the
same thing, sufficiently heavy (with mass Μ » 2m)
virtual photons, the conservation laws permit these
virtual photons to decay into an electron-positron pair.
Such a process is represented schematically in Fig. 1.
In more usual language, the "decay" of heavy virtual
photons every now and then can be described as pro-
cesses of spontaneous creation of electron-positron
pairs in an external variable high-frequency electro-
magnetic field.9)

The other situation arises when there is a homoge-
neous static electric field of strength Ε in, for example,
the region between the plates of a capacitor (Fig. 2a).
In order to establish whether this field can create pairs,
let us proceed as follows. We attempt to understand
first whether the law of conservation of energy (or other
conservation laws) prohibit such effects. Suppose the
energy of the field in the capacitor is 80. Suppose now
that in this field an electron-positron pair is created
and that the created particles are at a distance I from

8)We should say that the analogy is of course incomplete. The
gravitational field, in contrast to the electromagnetic, is an
attractive field. Therefore, the analogy enables one to under-
stand only some of the features of particle creation processes
in a gravitational field.

9 )It should be emphasized that the single-photon process of
pair creation described above is encountered rather seldom
in real experimental situations (the process occurs, for ex-
ample, on the transition from excited states of the nuclei of
carbon C12 and oxygen O16 to the ground state by the emission
of an e*e~ pair. Two-photon creation processes (for example,
creation of an e*e~ pair by a photon in the Coulomb field of a
nucleus) are much more common.

FIG. 2. Pair creation in the static electric field of a capaci-
tor. The process is energetically possible if the energy of the
capacitor without pair (a) is equal to the energy of the capacitor
with the created pair (b). This condition means that a pair
can be created if the particles appear at a distance greater
than lo = 2mc2/eE. Figure 2c shows the potential barrier which
must be overcome by the virtual particle (electron) if it is to
become real. The distance between the virtual particles of the
pair is plotted along the χ axis, while the corresponding en-
ergy of the system consisting of the capacitor and the virtual
pair is plotted along the S axis.

each other (Fig. 2b). It is readily seen that the energy
of the system (the field of the capacitor and the created
particles) is given by the expression t= g o +2mc 2 -e i£.
Therefore, the energy conservation law allows pair
creation only if the particles are at a distance greater
than lo = 2mcz/eE when they are created.

It would seem that this imposes an absolute veto on
the possibility of pair creation since the pair must be
formed in a region of the order of the electron Compton
wavelength \ = h/mc and for reasonable field strengths
λ « / 0 . However, it is sufficient to recall the phenom-
enon of sub-barrier tunneling—which is so charac-
teristic of quantum theory—to realize that the veto is
not absolute. There is a small but finite probability of
pair creation. The small value of this probability is
associated with the presence of the potential barrier
(Fig. 2c) which must be overcome by the created (vir-
tual) particle before it reaches the region in which its
energy has an allowed value (i.e., where the particle
can finally become a real particle). Therefore, if the
probability of pair creation in a static field is not to be
negligibly small, one requires fields with a high
strength.

The usual quasiclassical approximation enables one
to obtain the value D = exp(- irmzc3/eEK) for the trans-
mission factor of the potential barrier. The exact ex-
pression for the probability of creation of an electron-
positron pair in unit volume in unit time by a constant
homogeneous electric field has the formC7]

jimV"

I'

The terms in the sum with η » 2 describe creation pro-
cesses of several pairs at once. The first term of the
sum agrees exactly with the result of the quasiclassical
approximation if one bears in mind that the probability
of pair creation of real particles is given by the product
of the probability {eE)z/i?nzc of creation of a virtual
pair in the field and the probability D of tunneling
through the barrier which is necessary to transform
the virtual pair into a real one.
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FIG. 3. Diagram showing the creation of an electron-positron
pair in a static electric field. The wavy lines show the exter-
nal electric field on which the virtual particles of the pair are
scattered at the points (vertices) Av A2, A3, . . . . The points
mean that it is necessary to take into account all such diagrams
with arbitrarily large number of vertices.

In diagram language, one can describe the process of
pair creation in a static field as in Fig. 3. The points
in the figure show that the virtual particles undergo
infinitely many scatterings on the static field before
they become real. One can also regard a static field
as the limit of a slowly varying field with frequency ω0

as ω0 tends to zero. In this case, if an electron is
scattered once by such a field it can acquire the energy
^ω0 from the field. Therefore, before the virtual par-
ticles accumulate the energy 2mcz, which enables them
become real particles, they must be scattered N= 2mcz/
Ηω0 times. On the transition to a constant field, the
number of interactions tends to infinity and the creation
probability to the value given above.

Summarizing, we can say that the principal role in
pair creation in a sufficiently rapidly varying field is
played by the frequency of the field, whereas in the
static case it is the field strength that is decisive.
Another extremely important difference is that in the
variable field pair creation is a local event (the created
particles are at a distance of the order of the Compton
wavelength from each other), whereas in the constant
field the particles may be created at a fairly large
space-like distance from each other.C 8 ]

Returning to our discussion of pair creation in a
gravitational field, we must bear in mind two possibili-
ties. In the early stages of the development of the
Universe, characterized by a rapid variation of the
gravitational field, pairs are created in complete anal-
ogy with the case of a rapidly varying electromagnetic
field. Such processes, which are of considerable in-
terest for cosmology, are currently being intensively
studied.10) The analogy with the electromagnetic field
suggests that in the case of a stationary gravitational
field one can expect appreciable effects of pair creation
only in the case of very strong fields. Such fields are
described in the general theory of relativity by curva-
ture of spacetime. Strong fields can exist only near
bodies that have large mass and high density. As we
mentioned in the introduction, such objects are usually
unstable and black holes are formed by the collapse of

10>The creation of scalar particles in isotropic models of the
Universe was considered in1-9""3. m c i 2 ' 1 3 : l the important role
of anisotropy of the expansion of space in particle creation
processes was demonstrated. The investigations1·12"24-1 are
devoted to quantum creation effects of different particles in
different cosmological models.

massive dense bodies. Therefore, when one studies
the problem of pair creation by a constant gravitational
field it is natural to take black holes as the most
natural astrophysical objects for which these effects
could be important.

§2. WHAT IS A BLACK HOLE? COLLAPSE OF STARS

What is a black hole ? In the introduction we have
explained that this is an object formed by the irrevers-
ible collapse of a massive body, and that it is charac-
terized by a strong gravitational field. To give a more
accurate definition of a black hole, it is simplest to
begin with arguments due to Laplace. t 2 5 ] If a particle
has velocity v, it can, by overcoming the gravitational
field of a mass M, escape from the surface of such a
body to infinity only if the radius R of the body exceeds
R0 = 2GM/vz (G is the gravitational constant). Applying
this result to light, we find that there is a critical size
of a body of mass M: Re=2GM/cz (called its gravita-
tional radius) such that if the body has radius less than
Re even light cannot escape from the surface of this
body to infinity but is prevented from doing so by the
strong gravitational field.

This qualitative Newtonian treatment gives the same
result as the general theory of relativity, although in
the latter the effect is described differently. According
to the general theory of relativity, a gravitational field
is manifested through the geometrical properties of
spacetime. The propagation of light in curved space-
time is characterized by the position of the local light
cones. Therefore, the fact that the gravitational field
of a gravitating body curves a light ray and light, like
all other matter, is attracted by a gravitating object
means that in a gravitational field the local light cones
are turned in the direction of the heavy body (Fig. 4).

Wave front surface of outgoing radiation

Surface of star at time /0

FIG. 4. Gravitational collapse of a spherically symmetric
star. The time axis points upward. The spherical surface of
the star at a given time is shown schematically as a circle.
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Let us consider in more detail the process of gravita-
tional collapse of a massive spherically symmetric
star leading to the formation of a black hole. In Fig. 4,
the time axis is directed upward, and the position and
inclination of the local light cones corresponds to the
situation obtained when the problem is treated exactly
in the general theory of relativity. The picture of the
local light cones enables one to understand how light
propagates in the gravitational field of a collapsing body
and to construct, in particular, the wave front surface
of the emerging radiation. In Fig. 4 we also show the
surfaces for light emitted outward from the surface of
the body after different intervals of time. The gravita-
tional effect of the collapsing star is manifested through
the fact that the rays of light that leave the surface of
the star find it harder and harder to reach infinity and,
finally, as can be seen from the figure, there is an
instant of time for which the light emitted outward never
reaches infinity. This occurs when the surface of the
collapsing body intersects the gravitational radius
(i.e., the surface of radius Rt = 2GM/cz).

The surface formed by the wave front of the light
wave emitted at the instant of intersection of the col-
lapsing body with the gravitational radius is called an
event horizon. An event horizon also occurs for a
nonspherical collapse and is always a light-like surface
(i.e., a surface formed by light rays). The name
"event horizon" is used because the surface of the
horizon divides spacetime into two parts: an exterior
part, from which a signal can reach infinity, and an
interior part, from which escape is impossible. It is
this property of an event horizon that is used to define
it in the most general case. The region of space below
the event horizon is called a black hole. At time τ , the
boundary of the black hole is the two-dimensional sur-
face of the intersection of the space-like hypersurface
τ = const and the event horizon. The formation of an
event horizon and, therefore, the formation of a black
hole, always indicates that in some region in space the
energy density increases so much that the gravitational
field does not permit even light rays to leave this
region.

The existence of an event horizon has some important
and unexpected consequences, and to reveal these we
examine again the picture of a spherically symmetric
collapse shown in Fig. 4. First of all, from the very
definition it is clear that no information about what
occurs below the event horizon can reach the external
observer. One therefore says that the event horizon
is a one-sided membrane through which energy and in-
formation can pass inward but never outward.

What will an external observer see of a gravitational
collapse if information about the motion of the body
after it passes below the gravitational radius (below the
event horizon) is inaccessible to him? It can be seen
from the figure that the light rays emitted from the
surface of the body at equal intervals will reach the
distant observer with a delay that is the greater the
nearer is the emission to the gravitational radius.
Under the influence of the gravitational field, these
signals are "reddened" more and more, so that the total

luminosity of the star is correspondingly reduced.
Therefore, if an emitting star collapses, the observer
will see a rapid (exponential, as the calculations show)
decrease in its luminosity with a simultaneous redden-
ing; the visible dimension of the star will tend (also
exponentially) to the gravitational radius. U ) If a star
with a few solar masses collapses, it already becomes
invisible fractions of a second after the onset of ap-
preciable reddening and forms a black hole, i .e . , a
compact nonemitting object with radius equal to the
gravitational radius. Since the gravitational field out-
side a spherically symmetric distribution of matter is
always static (BirkhoffC2e]), the black hole formed by
the collapse of this matter is also static.

In connection with the essential irreversibility in the
processes that lead to the formation of an event horizon,
one naturally asks how this irreversibility can be rec-
onciled with the time-reversibility of Einstein's equa-
tions. The answer is that the initial conditions are
significantly changed by the replacement of t by - 1 .
Under such a replacement, the solution describing col-
lapse becomes a new solution corresponding to a com-
pletely different physical situation (anticollapse). The
new solution describes a system in which matter with
kinetic energy greater than the gravitational energy of
attraction expands irreversibly and emerges from under
the gravitational radius. An external observer cannot
influence events occurring below the sphere R = Rt,
although what happens below Rt is open to observation.
I n " 7 ' 2 " it was shown that if the "explosion" that started
the expansion of matter were delayed in individual parts
of the Universe these regions could give rise to anti-
collapsing bodies. Such objects have been called white
holes. (White holes are discussed in more detail inC 3 :.)

What happens to the above picture if the collapsing
body is not spherically symmetric? If it collapses in
such a way that its dimensions in all directions de-
crease, the qualitative picture of the collapse remains
the same. If there is sufficiently strong contraction of
the body, the gravitational field increases so much that
light from its surface can no longer reach infinity and
an event horizon is formed (Fig. 5). However, the
surface of this horizon is no longer spherically sym-
metric. An important difference from spherical col-
lapse is that the collapsing body now has quadrupole
and higher moments, whose variation during collapse
necessarily leads to the emission of gravitational radia-
tion. 1 2 ) Therefore, the resulting black hole is nonstatic.
However, in a fairly short time, because of the emis-
sion of gravitational waves to infinity and also because
of partial absorption of them by the black hole, the
gravitational field becomes static. If as a result of
these processes no unphysical singularities arise in
the observed region of space (and there are reasons for
believing that such "naked" singularities do not arise),

"'The characteristic time of "freezing" of the star and "red-
dening" of its radiation is Τ ~ Rjc ~10~5 (sec)A?/Mo.

12)Collapse with small deviations from spherical symmetry-
has been considered in1 2 9"3 3 1. The review1-341 is devoted to
nonspherical collapse.
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FIG. 5. Nonspherical gravitational collapse. The time axis
points upward.

then, as Israel has shown, t 3 5 l 3 e l the resulting static
black hole must necessarily be spherically symmetric,
and such a black hole is completely undistinguishable
from one formed by spherical collapse.

We mention one other circumstance associated with
the formation of a black hole. The formation of an
event horizon means that if light cannot escape from the
restricted region of space then much less so can the
material particles retained by the gravitational field.
Moreover, under the influence of the gravitational field
the matter in this region will be compressed un-
boundedly, and, as Penrose has shown, t 3 7 ] a singularity
will unavoidably arise sooner or later, i .e . , a physi-
cally singular region in which our ordinary ideas about
spacetime cease to be valid. And although these
singularities, like everything below the event horizon,
are inaccessible to observers outside, the actual fact
of their inescapable existence is rather unpleasant for
theory and forces one to invoke quantum ideas, in
particular, with a view to avoiding such a situation.

§3. ROTATING BLACK HOLE

Hitherto, in considering collapse, we have assumed
that the collapsing body does not rotate. It is clear
that if the rotation of a body is small and the corre-
sponding centrifugal forces are incapable of breaking
up the body or preventing collapse, then at some stage
of the collapse an event horizon will form, as before.
The resulting black hole again becomes stationary after
a farily rapid process of emission of gravitational
waves. A new feature however is that the gravitational
field of this black hole "feels" the rotation of the col-
lapsed star.

In order to see how the rotation of a gravitating body
can affect the properties of its gravitational field, it is
helpful to consider the case of a weak field for which
the deviation of the metric g ,̂, from the metric ημ ι, of

flat spacetime is small: g^rtw + h^. In this case,
Einstein's equations reduce to linear equations for
h [38]1S>

16nG

where Tuv is the energy-momentum tensor of the
matter. In the stationary case, the solution of these
equations can be obtained in the usual manner in the
form

Ζ, /-Λ Ί ν τ Ι -dt'.

If one chooses a cylindrical coordinate system with ζ
axis along the direction of rotation of the body, the
component Ttvoi the energy-momentum tensor, which
describes the matter flux due to the rotation, is non-
zero, and there is therefore a nonzero component gtv

of the gravitational field. By means of a coordinate
transformation that preserves the time-independence of
#•„„ one can make this component vanish only if the
central body does not have angular momentum.

Thus, rotation of the gravitating body leads to the
appearance of nondiagonal components of the metric gti.
These new components of the field appear in the form
of additional forces14' acting on test bodies that move in
the gravitational field near the rotating body. If a
gyroscope is placed in such a gravitational field, the
additional (Coriolis) force causes it to precess, and if
g is this vector having components gti, the angular
velocity of the precession is 0 = (c/2) curl g. As cal-
culations show, if the central rotating body has angular
momentum J, then at a certain distance R from the body
the angular velocity of precession of the gyroscope is
equal to

where n is the unit direction vector of the gyroscope
axis.

This equation can be used to determine the angular
momentum of the rotating gravitating body from a mea-
surement of the rate of precession of a gyroscope far
from the body even in the case when the gravitational
field near the body is large and the spacetime in the
region next to the rotating body is strongly curved.
The exact solutions of Einstein's equations describing
such an axisymmetric stationary field of a rotating

13>To eliminate the coordinate arbitrariness in the derivation
of this equation we have imposed an additional condition on
the Ημν that recalls the Lorentz condition in Maxwell theory

14)To avoid possible misunderstanding, note that a free par-
ticle in a gravitational field always moves along a correspond-
ing geodesic. In a stationary field, it is convenient to de-
scribe the motion of a test particle by a trajectory in three-
dimensional space. These trajectories in the three-dimen-
sional space need not be shortest lines from the point of view
of the three-geometry of this space. It is convenient to ex-
plain the departure of the three-dimensional trajectories from
three-geodesies by the influence of gravitational forces (for
more detail seeC3S1, p. 323). It is forces of this kind that we
mean here and in what follows.
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source must contain two constants: the mass Μ and the
angular momentum J of the body. An approximate
solution of Einstein's equations describing the gravita-
tional field far from rotating bodies has long been known
(the Thirring-Lense solution139·1). However, it was
only in 1963 that Kerr succeeded in obtaining an exact
solution"03 describing the gravitational field outside a
rotating body and containing constants Μ and J. As in
the case when the central body does not rotate, the
spacetime described by the Kerr solution has an horizon
whose radius is given by

Static limit (boundary of ergosphere)

It was shown later C 5 l 4 1 l 4 2 ] that the Kerr solution is the
only possible solution without singularities describing
a stationary gravitational field in a vacuum possessing
an event horizon.

Therefore, if an event horizon arises as a result of
the collapse of a rotating star, after rapid emission of
gravitational waves the "excited" rotating black hole
becomes stationary and it is uniquely determined by
the values of its mass Μ and angular momentum J.
Rapid rotation of the star prevents the formation of an
horizon. As can be seen from the expression for Rt,
the maximal angular momentum of the body at which an
horizon can still be formed is JmiI=GMz/c. A black
hole having the maximal angular momentum is called
an extremal black hole. The surface of a rotating
black hole is no longer a sphere, as was the case for a
black hole without rotation, but a more complicated
surface of revolution,15) and the area of the surface of
the rotating black hole is

Static limit (boundary of ergosphere)

S /surface area \ _ 8 n 2E. I ̂ L + τ / ϋ ί ί ΐ JJ-\
ύ {of black hole/ ~0K c* \ * + V c» Λί»ί» 1

As in the case of nonrotating black holes, the remark-
able feature here is the complete identity of black holes
with rotation if the parameters Μ and J describing them
are the same, and the way in which the black hole com-
pletely "forgets" its prehistory and hides its internal
"structure" after it has been formed.

§4. GRAVITATIONAL FIELD OF A ROTATING BLACK
HOLE. ERGOSPHERE

We now consider in more detail the properties of the
gravitational field generated by a black hole. If the
hole does not rotate, a test body is subjected to a force
of attraction that depends only on the position of the
test body and not on the magnitude or direction of its
velocity. As the surface of the black hole is approached,
this attraction increases unboundedly. Therefore, no
finite force can hold up a particle on the surface of a
black hole or retrieve it from below the event horizon.

15)To simplify the following diagrams, we shall, as is custom-
ary, represent the surface of a black hole in the form of a
sphere R=Re, "forgetting" that R is not a spherical but
rather an elliptic coordinate. Since the aim of the figures
is to exhibit schematically the mutual disposition of the dif-
ferent regions of spacetime, this simplification does not
alter anything qualitatively.

FIG. 6. Structure of the gravitational field of a rotating black
hole. A three-dimensional schematic representation of the
rotating black hole is shown in Fig. a. The black hole is
seen "from above" along the axis of rotation of the same black
hole in Fig. 6b. The spherical surfaces St represent the posi-
tion of the wave front of emission short intervals of time after
the emission of a wave at the points Pj.

In the gravitational field of a rotating black hole, the
force acting on a test particle depends not only on the
position of the body but also on its velocity (besides the
ordinary force of attraction, there is an additional
"Coriolis" force due to the rotation of the gravitating
body). As the black hole is approached, the force of
attraction acting on a body at rest increases and be-
comes infinite outside the event horizon on a surface
that is called the static limit or boundary of the ergo-
sphere, which is defined by the equation

X
ergosphere

ΪΪ·ΠΓ COS 2O.

Under this surface, no force can hold the particle at
rest. However, the dependence of the gravitational
force on the velocity of the test particle means that a
particle with angular momentum in the same direction
as the black hole's is subject to a weaker force than a
body at rest. Therefore, if a particle moves in the
direction of rotation of the black hole, the gravitational
force on the boundary of the horizon remains finite and
such particles can be retrieved. This "compensation"
of the force of attraction by the Coriolis force is pos-
sible in the region between the surface of the static
limit and the surface of the black hole. This region is
called the ergosphere. The positions of the two surfaces
are shown schematically in Fig. 6. Any particle in the
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ergosphere must necessarily rotate around the black
hole. Even light must do this, as can be seen from the
arrangement of the local light cones shown in Fig. 6.
The angular velocity of rotation of different particles
in the ergosphere far from the surface of the black hole
may differ, but all particles that intersect the event
horizon have the same angular velocity. This velocity
is called the angular velocity of rotation of the black
hole, and it is equal t o " "

( angular velocity λ 4itJ
of black hole ) ~ MS '

All points on the surface of the black hole rotate with
the same angular velocity, so that the black hole as a
whole rotates like a rigid body.

As the angular velocity of rotation of a black hole
decreases, the volume of the ergosphere decreases as
well. Therefore, in a nonrotating black hole the event
horizon surface and the static limit coincide. Both in
the case of rotation and in the absence of it, the event
horizon is defined as the surface below which no par-
ticle can be retrieved by the application of any force
whatever the velocity (less than the velocity of light)
the particle may have.

If a test body which emits radiation periodically falls
into a rotating black hole, the gravitational field has
the effect of making a distant observer receive these
signals with ever greater time delay. From the point
of view of the distant observer, the falling body comes
to a stop near the surface of the black hole and then
rotates with it at an angular velocity Ω.

The emission from a particle falling into a rotating
black hole suffers qualitatively the same red-shift ef-
fect as in the case of a black hole without rotation. A
difference is that even particles without angular momen-
tum are caught up in rotation when they fall into a rotat-
ing black hole. All falling particles in the ergosphere
rotate in the direction of rotation of the black hole, and
therefore a periodic Doppler due to this motion is
superimposed on the ordinary red shift. The magnitude
of the additional Doppler effect is maximal in the
equatorial plane and becomes zero on the polar axis.
If we leave out the factor describing the Doppler effect,
then as the particle approaches the horizon the frequen-
cy shift in the gravitational field is determined by

ω, obs / r a t i o o f " l p s e r v e d

-7; I frequency of emitted
a ' m \ frequency

where κ, which is called the surface gravity, is equal to

κ /surface \ _ 4ncz . /
X ^gravity ) ~ ~S~V

If the black hole does not rotate, then κ = cl/4GM = GM/
R2

g, and the surface gravity is simply the attraction of
the gravitational field (the acceleration of free fall) on
the surface of the black hole. l e ) Like the angular ve-
locity, the surface gravity for a stationary black hole is
the same for all points on the surface of the black hole.

Besides the above characteristics, the ergosphere
has one more important property: Particles and light
moving in the ergosphere can have negative total energy.
Let us consider this effect in detail. In complete ac-

J»

cordance with Noether's theorem, the fact that the
gravitational field of a rotating black hole is stationary
and axisymmetric ensures the existence of two con-
served quantities: the energy and the angular momen-
tum about the axis.

An expression for these quantities can be obtained as
follows. The presence of symmetry enables us to
choose a coordinate system in which the components of
the metric do not depend on the time t or the angular
variable φ. Then the conserved quantities are the
projections of the four-momentum onto the coordinate
lines t (energy) and φ (angular momentum). This same
fact can be expressed in a more invariant form by in-
troducing a pair of vector fields (called Killing vector
fields) defined in the above coordinate system by the
components ξ£ο = δ? and ξ?,,) = δ£. Then the energy and
angular momentum of the particles are given by

Ε (energy) - , ^ ( ^ n t u r

The expression for the energy of the particle in the
gravitational field:

„ /energy of \ _ ax"
b ^particle )-mSm-^-

casts light on a number of circumstances. If the black
hole does not rotate, the nondiagonal components of the
metric are absent and the energy of the particle does
not depend on the direction of motion but is determined
solely by the modulus of the velocity (kinetic energy)
and the position of the particle in the gravitational field
(potential energy and gravitational mass defect). If a
particle moves in the field of a rotating black hole, the
nonzero nondiagonal components of the metric have the
effect that the energy is influenced not only by the magni-
tude of the velocity but also by the direction of the mo-
tion (the value of the angular momentum). The energy
of a particle whose angular momentum is directed paral-
lel to the black hole's is greater than that of a particle
with opposite direction of the angular momentum. l7)

18)The quantity κ =GM/R\ is the strength of the gravitational
field of a body with mass Μ at distance Re in Newtonian theory.
In the general theory of relativity, κ determines the strength
of the gravitational field in the following sense. Suppose a
body is at rest near the surface of a nonrotating black hole
and its four-dimensional velocity is «™ = (VgoO, 0,°»°)· The
world line of such a particle is obviously not a geodesic, and
therefore its four-acceleration is nonzero. The change in
the four-dimensional velocity in unit time t measured by the
clocks of a distant observer is a" = (Dua/dJ)dT/dt. As the test
body at rest approaches the surface of the black hole, I a I
= -J- aaa" tends to the value χ . In invariant form in the gen-
eral case of rotating black hole, κ is defined as follows. i w

Let ξ ( ί ) and |(V>be the fields of the Killing vectors associated
with the time and axial symmetry of the black-hole field, and
' α = ί5> + ίΚ<«>>> where Ώ is the angular velocity of rotation of
the black hole. Then κ on the horizon is defined by the rela-
tion Ζ?βΖ

β= "I".
17)If the spherical gravitational field recalls the Coulomb field

of a charged sphere, the additional field resulting from the
rotation of a gravitational field is very similar to the mag-
netic field due to the rotation of a charged sphere. The ad-
ditional interaction of the angular momentum of the particle
with the gravitational field is completely analogous to the
splitting of the energy levels when a charged particle moves
in a magnetic field.
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Whereas the energy of a particle in the field of a
nonrotating black hole is always positive (the gravita-
tional mass defect of the particle outside the black hole
can reduce the amount of the energy but not make it
negative), in the field of a rotating black hole one can
have a situation in which the energy shift due to the
interaction between the angular momentum of the par-
ticle and the gravitational field is so large that the total
energy of the particle becomes negative. This is
possible only if the particle moves sufficiently near the
surface of the black hole. It can be shown that it is
precisely the ergosphere that is the region in which
states with total negative energy are possible.

We note finally one important although somewhat
more formal property of the ergosphere. Far from the
black hole, the vector ξ ( ί ) is time-like and has unit
length, but inside the ergosphere it must be space-like.
This can readily be understood by recalling that the
energy-momentum vector is time-like, and if the total
energy, which is equal to the scalar product of the
energy-momentum vector and ξ ( ( ) is to be negative,
then ξ(() must be a space-like vector. The boundary of
the ergosphere is therefore determined by the condition
ξ{'()ξ(ί)μ = Ο. In a nonrotating black hole, the event
horizon and the boundary of the ergosphere coincide,
and therefore the vector ξ ( ( ) becomes light-like on the
boundary of a nonrotating black hole. Inside the black
hole, the vector ξ ( ( ) is space-like.

§5. EXTRACTION OF ENERGY FROM A BLACK HOLE.
HAWKING'S THEOREM

The presence of an ergosphere enables one (at least
in principle) to extract energy from a rotating black
hole. Let us consider first the following gedankenex-
periment with a nonrotating black hole. Onto this hole,
lower a weight on a strong weightless thread. If m is
the mass of the weight, its total energy will differ from
we2 by an amount equal to the gravitational mass defect.
As the horizon is approached, this mass defect reaches
me2 and the total energy of the weight becomes zero.
The total work performed by the gravitational field on
the weight is exactly equal to the original internal ener-
gy of the weight. Therefore, this mechanism enables
one to liberate the complete internal energy in the body,
but none of the energy in the black hole is expended and
its parameters such as the mass and radius remain
unchanged. If this experiment is carried out without
taking energy from the body (for example, by letting it
fall freely), then as a result of this the energy of the
black hole increases by an amount equal to the energy
carried into it by the falling body. The mass and
radius of the black hole then increase.

If we recall that no bodies or radiation can escape
from the black hole (from under the event horizon), we
readily see that the mass and radius of a nonrotating
black hole do not decrease with the time. In other
words, the surface area of a nonrotating black hole
either remains constant or increases. It can be
shown15·1 that this occurs not only in the case of non-
rotating black holes but also in the most general situa-
tion. Namely, the surface areas of a black hole cannot

Coalescence
of two black holes
into one

FIG. 7. Possible processes with black holes. Illustration of
Hawking's theorem. The planes i 1 ; f2, i3 are spatial sections
at the corresponding times; Sa(i{) is the surface area of black
hole a at time tt. Two black holes can coalesce into one, black
holes can form, the surface area of an isolated black hole in-
creases with the time. One black hole cannot break up into
two or more black holes. The total surface area of the black
holes at the time t is denoted by Sit). Hawking's theorem as-
serts that Sit) is a nondecreasing function of the time.

decrease. If there are several black holes, the total
area of their surfaces does not decrease in an arbitrary
(classical) interaction between black holes and matter
and with one another. This result is known as Haw-
king's theorem (Fig. 7). The rigorous proof of this
theorem requires the use of rather complicated math-
ematics. The key idea in the proof is the use of a
property found previously by Penrose: Light rays
forming an horizon never intersect. If one assumes
that light rays forming an horizon begin to converge and
the energy density everywhere in space is non-negative,
then the focusing effect of the gravitational field means
that this convergence must lead to the intersection of
light rays. It is therefore concluded that the light rays
forming an horizon cannot converge, so that the surface
area of an horizon cannot decrease.

Because of its generality, Hawking's theorem has
many helpful and interesting consequences. As the
first, let us consider the application of this theorem to
the case of one stationary black hole. If there is no
rotation, the surface area of the horizon is proportional
to the square of the mass of the black hole, and there-
fore, as we have already discussed, all processes can
but increase the mass of the black hole, so that the
extraction of energy from it is impossible.

The mass of a rotating black hole can be decreased
without violating Hawking's theorem only if its angular
momentum is simultaneously decreased. (This can be
readily verified by analyzing the expression given
previously for the surface area of a rotating black hole.)
PenroseC 4 5 ] proposed the following gedankenexperiment
showing how one could draw off the rotational energy
from a rotating black hole. Into a rotating black hole,
toss (Fig. 8) an object in such a manner that it is
carried into the ergosphere. Suppose that in the ergo-
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FIG. 8. The Penrose process. A body that falls from a cer-
tain distance (position A) enters the ergosphere of a rotating
black hole and breaks up at point Β near the surface of the
black hole into two fragments. One of these is absorbed by
the black hole. The parameters of the explosion are chosen
in such a way that its energy is negative. The other fragment
is ejected from the ergosphere (position C) with an energy
greater than the original body's.

sphere this object splits into two parts at a definite
point as a result of an explosion. One can choose the
parameters of the explosion in such a way that one of
the parts acquires an angular momentum in the opposite
direction to the rotation of the black hole, so that its
total energy is negative, while the other part is ejected
out of the ergosphere. Then a simple application of
the law of conservation of energy shows that the total
energy of the ejected part is greater than the energy of
the original object. The law of conservation of angular
momentum means that the ejected body must carry away
not only energy from the black hole but also some of its
angular momentum. Calculations show that the maxi-
mal energy gain in this process is achieved when the
original object explodes near the event horizon itself.
In this case, the area of the horizon does not change.
These processes, in which the surface area of the black
hole does not increase, are said to be reversible.
Hawking's theorem enables one to estimate simply the
maximal amount of energy that can be extracted from a
rotating black hole of mass Μ with angular momentum
J. This energy is

energy of r o t a t i o n ^ \ _ j
of black hole } ) ~ - \2V+V l 6W< / J '

This expression, which determines the rotational
energy reserve in a black hole and is equal to the ener-
gy which can be extracted from the black hole in a
reversible process, can be obtained as follows. Let
Mx be the mass of a nonrotating black hole obtained in
a reversible process from a rotating hole. The condi-
tion of reversibility enables us to find M1 by equating
the areas of the surfaces of the rotating and subse-
quently obtained nonrotating black holes. The value of
ETat is then found to be £ r o t = {M- Mj)cz.

Another consequence of Hawking's theorem is the
impossibility of decay, or breakup of a black hole what-
ever may happen to it; for suppose that a black hole of
mass Μ and angular momentum J breaks up into a pair
of other black holes of masses Mx and Mz and angular
momentum Jt and J 2 . From the law of conservation of
energy

( renovation law) M >M>

(The inequality arises because some of the energy in
the breakup may be carried away by gravitational radia-
tion. ) On the other hand, the condition of nondecrease
of the surface area of black holes gives the inequality

area of black holes
does not decrease

It is easy to show that these two inequalities are in-
compatible, and this shows that a black hole cannot
break up.

One can verify that Hawking's theorem does not pro-
hibit the opposite process—the coalescence of two
black holes into one. In such a process, some of the
energy within a black hole can be liberated. On the
basis of Hawking's theorem, one can estimate that in
the collision of two rotating black holes one can liberate
energy up to (l-2"3 / 2)(M1 + M2)c2. Note that even in
collisions of two nonrotating black holes some of their
internal energy is liberated. But this does not exceed

§6. THE FOUR LAWS OF BLACK-HOLE PHYSICS.
THE ANALOGY WITH THERMODYNAMICS

Hawking's theorem reveals an unexpected and, as it
has been found, rather helpful analogy between black-
hole physics and thermodynamics.

Just like a thermodynamic system, an arbitrary
black hole, after relaxation processes (emission of
gravitational waves), arrives at a state of equilibrium
(stationary black hole) in which it is completely de-
scribed by a finite number of parameters. The internal
energy Ε of the stationary black hole E=Mcz, which
is determined by its mass M, can be found if one knows
the surface area of the black hole and its angular
momentum. (For this it is sufficient to use the expres-
sion for the surface area of the black hole.) Let us
consider two stationary black holes whose surface
areas differ by 5S and whose angular momenta differ by
5J. Then calculations show that the internal energy of
these black holes differs by an amount δΕ = δ{Μοζ) equal
t o " 5 3

/first law of \ jti? * c 2 s c i n x r
\black-hole physics/ 0 £ ί ~~ Βπβ ' '

In this equation, the quantity κ in front of 5S is the
surface gravity, while Ω is the angular velocity of rota-
tion of the black hole. The second term on the right
is the usual expression for the change in the energy of
rotation. Superficially, this equation resembles the
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first law of thermodynamics: δΕ = T5S + il5J, which
gives the expression for the change in the internal en-
ergy of a body rotating with angular momentum Ω re-
sulting from a change 6S in its entropy and 6J in its
angular momentum.

BekensteinC4e] suggested that a quantity proportional
to χ could in a certain sense be regarded as the tem-
perature of a black hole, while a quantity proportional
to the area of the black hole could play a role analogous
to entropy.

In complete agreement with this analogy, Hawking's
theorem shows that the total entropy of a system of
two black holes (which is proportional to the sum S of
the surfaces of the black holes) does not decrease, i. e.,

second law of ]
ι black-hole physics^ 65 >0.

It has been found that this analogy can be carried
rather far. In both cases (thermodynamics and black-
hole physics), the second law distinguishes a direction
of time through its irreversibility. In thermodynamics,
the law of increase of entropy means that a definite
fraction of the internal energy is degraded, i .e . , cannot
be transformed into work. Similarly, the law of in-
crease in the area of the black hole shows that the frac-
tion of the internal energy of a black hole that cannot be
extracted from the hole (for example, by the Pearose
process) increases with the time. As in thermodynam-
ics, the value of S is related to the impossibility of ob-
taining detailed information about the structure of the
system (in the present case, about the interior of the
black hole). The entropy of a thermodynamic system
in a state of equilibrium measures the indeterminacy
with which the external thermodynamic parameters
(pressure and temperature) determine the internal con-
figuration. Black holes, which in a state of equilibrium
are determined by a few parameters (mass, angular
momentum) can have very different origins and internal
structures for the same values of these parameters. It
is therefore natural to introduce the concept of the
entropy of a black hole as a measure of the uncertainty
of the internal structure for given external parameters.

Bekenstein t4e'473 considered a process in which a
small system possessing entropy falls onto a black hole
and for a definite model he showed that the resulting
increase in the surface of the black hole is proportional
to the entropy of the falling body. In order to talk
about the total entropy of a system consisting of black
holes and ordinary matter, it is necessary to find the
coefficient of proportionality between the surface of the
black hole and the corresponding effective entropy.
This coefficient was found by Hawking1 ' ] by studying
quantum processes in black holes (see the following
sections of the paper).

It was found that

•5 /entropy of \ _ S - /temperature of \ _ Hx

ύ ^black hole ) — 4(«p| · ° Vblack hole )~2nck'

where i P l = V KG/c3 is the Planck length and k is Boltz-
mann's constant.

If S is the total entropy of the black holes in the sys-

/ generalized \
I law of black-hole I g£
\ physics /

tern (i.e., the sum of the entropies of the individual
black holes) and Sm is the entropy of the matter outside
the black holes, then

f generalized
law of black-hole )

L physics

The expression for the entropy of a black hole can be
readily "obtained" from dimensional considerations (to
within a numerical coefficient). The entropy, as the
logarithm of the number of states of the system, is
dimensionless, while the surface area of the black hole
has the dimensions of the square of a length. The area
is made dimensionless by dividing it by the square of
the universal (Planck) length. The appearance of
Planck's constant in the expression for the entropy of a
classical system should not suprise the reader. Indeed,
Ti appears in the expression for the entropy of a classi-
cal Boltzmann gas in the same way. The value of the
entropy is associated with the number of states of the
system, and real states of a system are ultimately
always quantum states. The expression for the effec-
tive temperature of the black hole can be obtained as
the coefficient of 5S in the expression of the first law of
black-hole physics.

In thermodynamics, it is well known that equilibrium
is impossible if the different parts of the system have
different temperatures. The presence of a state of
thermodynamic equilibrium and the existence of tem-
perature in thermodynamics are postulated by the
zeroth law. In black-hole physics it has been found
similarly that the surface gravity in a stationary black
hole is a constant quantity"43:

( the surface gravity κ ot
stationary black hole is
everywhere on the hori

fa \
s constant I .
izon. /

If the surface gravity at different points on the sur-
face of a black hole takes different values, the black
hole is nonstationary and after a certain time arrives
in a stationary state with constant *.

Finally, in complete analogy with the third law of
thermodynamics one can formulate144]:

/ the surface gravity κ cannot be made \
(third law of black-hole physics): I equal to zero by any finite number I ·

\ of operations /

It should be emphasized that the temperature and
entropy of black holes introduced here are in no way
related to the temperature and entropy of the collapsed
matter. Also, we should point out that quite apart from
the analogy between black-hole physics and thermody-
namics, the laws of black-hole physics are extremely
helpful when one considers different processes in which
black holes participate, just as the laws of thermo-
dynamics enable one to obtain many general character-
istics of thermodynamic processes.

§7. SUPER-RADIATION. VACUUM INSTABILITY IN
THE FIELD OF A ROTATING BLACK HOLE

After these remarks on Hawking's theorem and its
applications, let us return to the problem of extracting
energy from rotating black holes. The method pro-
posed by Penrose can be slightly modified if, instead of
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tossing an object into a rotating black hole, one chooses
an appropriate electromagnetic wave or the wave of
some other field. c 5 0~5 2 ] Because the black hole field is
stationary, the frequency ω of the incident and the re-
flected wave is the same. To consider the problem, it
is convenient to use the axial symmetry and seek a
solution as an expansion with respect to modes of the
type βχρ[ί(ωί + »ί<ρ)]Λωιη(ί,θ). Usually, the amplitude of
the scattered wave is less than that of the incident wave
since some of the energy is absorbed by the black hole.
However, if the condition

( condition for \
ywave amplification/

where Ω is the angular velocity of the black hole, is
satisfied, then the reflected wave is amplified. There-
fore, waves with appropriate frequency ω and azimuthal
quantum number m can be used to draw energy from a
rotating black hole.

The wave amplification condition can be obtained
fairly simply by using the laws of black-hole physics
formulated in the preceding section. To do this, we
assume that the amplified wave has an additional energy
e and additional angular momentum j compared with the
incident wave. It is easy to see that the ratio ε/j is
equal to ω/m. Both energy and angular momentum are
extracted from the black hole by the wave, and there-
fore the change in the energy of the black hole is δΕ
= - ε and the change of the angular momentum is 5J= -j.
On the basis of the first law of black-hole physics, we
conclude that {XC2/&TTG)5S = SIJ - ε. If we now recall the
second law, 6Sa=0, we find that jSl * ε. Finally, using
t/j = (j}/m, we obtain the wave amplification condition
in the above form.

The amplification condition is universal and does not
depend on the spin of the radiation. The amplification
coefficient (gain) of the wave does depend strongly on
the spin of the field.CS33 Whereas for an electromagnet-
ic field the maximal increase in the energy of the wave
is 4.4%, for a gravitational wave it is of order 138%.
This amplification of a wave by a rotating black hole
has been called super-radiation. The phenomenon is
similar to the amplification that is well known in clas-
sical electrodynamics when electromagnetic waves are
incident on a rotating absorbing cylinder.

It is interesting to note that the above derivation of
the wave amplification condition and the amplification
condition itself are completely reproduced when a wave
is incident on a rotating absorbing cylinder if Ω is
understood as the angular velocity of rotation of the
cylinder and the thermodynamic analogs are substituted
for the laws of black-hole physics. Note also that this
effect is one of the phenomena that arise when the inter-
face between media has a velocity exceeding the phase
velocity of the radiation wave. In the case considered
here, amplification occurs when the angular velocity Ω
of the boundary exceeds the angular phase velocity of the
wave, which is equal to ω/m.

Super-radiation is purely classical, as is shown, for
example, by the gain's being independent of Planck's
constant. Like other classical processes, super-radia-

tion can be described in quantum-mechanical language.
In this description, super-radiation is an increase in
the number of quanta in the reflected wave compared
with the original number; for the wave energy is
proportional to the square of its amplitude and the total
number of quanta in a wave can be found by recalling
that the energy of a quantum of frequency ω is Κω.
Therefore, an increase in the amplitude at unchanged
frequency means an increase in the total number of
field quanta.

If a black hole is surrounded by walls which reflect
radiation completely, even a small signal having pa-
rameters satisfying the amplification condition will in-
crease continuously. Such a gedankensystem could be
a generator of this radiation.

Study of the classical phenomenon of super-radiation
also helps one to understand a purely quantum effect
associated with it—spontaneous creation of particles
from the vacuum in the gravitational field of a rotating
black hole. The point is that in the physical vacuum
(in contrast to the vacuum of classical physics) only the
mean value of the field is equal to zero, while the
actual fields themselves fluctuate about these zero
mean values (zero-point fluctuations). The amplitude
of the zero-point fluctuations for which the amplifica-
tion condition is satisfied increases continuously and
this is manifested in the creation of real field quanta
with quantum numbers ω and τη(ω « Sim). For massless
fields, the exact expression for the energy flux and
angular momentum carried away by the quanta created
from the vacuum is given by152'543

) mQ

= "£· 2J J №™(ω)-1)«ω<ίω,
I. m 0

mQ>0

dJ I flux of angular momentum carried \ μ « (·

~ΪΓ I by the quanta created from the )~~1Γ 2Δ \

\ vacuum / l.m ο
Q0

( ω ) — 1) tlmdia,

where μ = ι ior a scalar field and μ = Ί for other fields,
and ΚΙπ(ω) is the gain for a wave of frequency ω with
total angular momentum I and projection thereof onto
the rotation axis m.

Qualitatively (to within numerical coefficients) one
can obtain the above expressions from the following
simple considerations. Suppose that a black hole is
surrounded by a large bounding sphere of radius L
(much greater than the radius of the black hole). If we
fix the quantum numbers I and m, the problem of
stationary states with zero boundary conditions on the
outer sphere is a one-dimensional problem and there-
fore in the interval άω the number of levels is of order
dn~Ldw/c. A stationary state with definite energy is
a superposition of two waves, one traveling inward and
the other outward, in each of which the probability flux
has order j ~ c/L. The waves traveling inward toward
the surface of the black hole are amplified. In the
vacuum state, the state with frequency ω has energy
Κω/2, and therefore if the gain is Κίη(ω) the contribution
to the energy flux from the state with frequency ω has
the order (nw/2)(c/L)(K,m^) - 1). Recalling that the
number of states with frequency in the interval (ω, ω

255 Sov. Phys. Usp., Vol. 19, No. 3, March 1976 V. P. Frolov 255



is dn~Ldu/c, we find the contribution to the en-
ergy flux from states in the interval dw in the form
(Κω/2)(JKlm(ω)-ί)άω. Integration of this quantity with
respect to the frequencies for which the gain is greater
than unity and summation over the quantum numbers I
and m leads (to within a coefficient) to the above ex-
pression for the energy flux of the quanta created from
the vacuum. In the same way, one can arrive at an
expression for the flux of the angular momenta.

Pair creation of particles in the field of a rotating
black hole can also be considered in a somewhat dif-
ferent manner, in which the role of the ergosphere is
brought out more clearly. For this, we proceed as
earlier in our discussion of pair creation in a constant
electric field, i . e . , we examine whether the conserva-
tion laws (in our case, of energy and angular momen-
tum) allow the creation of particle pairs. If the total
energy and angular momentum of the system is to re-
main unchanged by the creation of a pair, the total
angular momentum and total energy of the created pair
must be zero. This is possible if one of the created
particles is in the ergosphere and has negative energy.
Processes allowed by the conservation laws usually do
take place in quantum theory. These general considera-
tions are confirmed in the present case by concrete
calculations which show that in the gravitational field
outside the black hole the vacuum is not stable against
pair creation processes. One of the created particles,
having negative energy, falls into the black hole, de-
creasing its mass and angular momentum. The other
particle of the created pair, having overcome the po-
tential barrier of the gravitational and centrifugal
forces, escapes to infinity. Therefore, outside the
rotating black hole one observes a constant flux of
created particles carrying away the energy and angular
momentum of the black hole.

The characteristic frequency (measured by a distant
observer) of this radiation is ω ~ Ω, and the total energy
flux, as can be seen from the exact expression we have
given, has order dE/dt~Mlz. The maximal angular
momentum of a black hole of mass Μ is attained for an
extremal black hole and is Simix = cs/2GM. Therefore,
the created particles have wavelength of the order of or
exceeding the radius of the black hole. The character-
istic order of the energy of the created particles in a
maximally rotating black hole is Κω ~ csh/GM ~ 100
(MeV) -1015 g/M. The rate of escape of energy from
such a black hole is of order dE/dt-^/GMf-ltf0

(erg/sec) (1015 g/M)z. These estimates show that for
black holes formed by the collapse of stars (whose
mass exceeds the Sun's, i. e., is greater than 2 · 10s3 g)
these quantum effects are extremely small even for
rapidly rotating black holes and they are completely
absent for black holes without rotation. All the above
points have related solely to the creation of massless
particles (photons, neutrinos, gravitons); the creation
rate of massive particles is appreciably lower.

§8. PARTICLE CREATION IN NONROTATING BLACK
HOLES. THE HAWKING EFFECT

The arguments of the previous sections show that
pair creation outside a nonrotating black hole is ener-

getically impossibxe (a particle outside a black hole
without rotation always has positive energy), and there
are therefore reasons for believing that the vacuum is
completely stable in a nonrotating black hole.

A result recently obtained by HawkingC48>49118) has
made it necessary to give up this idea. In his paper,
Hawking considered the apparently innocuous question
of the number of particles created in a collapse leading
to the formation of a nonrotating black hole. It would
seem that the answer to this question must be as fol-
lows. During the collapse, the gravitational field is
variable, and, like every variable field, it will create
particles. However, from the point of view of an ex-
ternal observer the collapsing body fairly rapidly
freezes near the gravitational radius and the resulting
static external field is incapable of creating particles.
Therefore, an observer studying the collapse detects
a certain finite number of particles created during the
collapse that escape outward. The total number of
particles depends on the actual characteristics of the
collapse and virtually all the created particles are
formed during the active stage of the collapse.

Hawking however obtained a completely different re-
sult. He found that besides a finite number of particles
created by the variability of the field and dependent on
the details of the collapse there is also present a
stationary flux of created particles after the active
stage of the collapse has ended. The spectrum and
intensity of this flux are determined solely by the pa-
rameters of the stationary black hole eventually
formed.1 9 ' Moreover, every nonrotating black hole
creates and emits particles such as photons, neutrinos,
or gravitons with the rate one would expect if the hole
were a black body heated to temperature θ = KMJ2TICU
(i. e., to the effective temperature of the black hole).

This rather unexpected result naturally prompts some
questions that need answering. Above all, one must
understand how this result can be reconciled with the
assertion that the gravitational field outside a nonrotat-
ing static black hole cannot create pairs. The apparent
contradiction between Hawking's result and this asser-
tion can be readily resolved by recalling that in the
quantum creation of particles in static fields the created
components of the pair may appear in the form of real

1 8 )Later, Hawking's results were confirmed by several other
authors. t 5 5 " s 8 ]

19>In studying the processes of quantum pair creation in an
electric field, for example, in the field of a capacitor, one
usually uses the following device. For a convenient defini-
tion of the vacuum state and the concept of a particle one
first considers a capacitor without field, and then, increas-
ing the field in some manner or another to the relevant maxi-
mal constant value, one finds the total number of created
particles. This total number of particles can be divided into
two parts. The first depends on the method and rate of
switching on of the field, while the second is completely de-
termined by the characteristics of the constant field and is
a stationary flux of particles created by the constant static
field. This situation is completely analogous to the case
considered here in which the gravitational field of the black
hole is "switched on" by the collapse.
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particles at an appreciable space-like distance from
each other. One can therefore have a situation in which
one of the created particles is below the surface of the
black hole while the other appears outside it. Under
the surface of the black hole, the particle can have
negative total energy (since the Killing vector field is
there space-like, i .e . , the situation is analogous to
the one in the ergosphere). Therefore, the law of
conservation of energy permits the creation of such
pairs. An exterior observer never sees the particle
created below the horizon. The second of the created
particles, after it has overcome the potential barrier
of the gravitational and centrifugal forces, can escape
to infinity. In the same way one can see that if in the
Penrose process the decay of a particle that has fallen
below the surface of a black hole takes place quantum
mechanically, so that one of the particles from the
decay is outside the event horizon, this particle outside
the horizon can have an energy greater than the incident
particle's, i. e., in this quantum form of the Penrose
process some of the energy of a nonrotating black hole
can be extracted.

The second natural question concerns Hawking's
theorem. As a result of quantum processes, the mass
of a nonrotating black hole can decrease, and this re-
duces the surface area of the black hole, contradicting
Hawking's theorem. It must however be recalled that
the theorem was formulated and proved under the as-
sumption that all particles and fields under considera-
tion are classical. In the quantum case, the assump-
tion that the local energy density is always positive
need not be satisfied.I59: i20)

Although Hawking's classical theorem does not hold
in the quantum case, the generalized second law of
black-hole physics remains true. Moreover, if black
holes did not emit like black bodies with the effective
temperature, the generalized second law of black-hole
physics would necessarily be violated. This can be
seen by considering such a black hole in a gas of radia-
tion at a temperature lower than the effective tempera-
ture of the black hole.

Indeed, suppose that the effective temperature of the
black hole, 6U is greater than the temperature 02 of
the radiation gas and that there is no radiation from the
black hole. Suppose that in unit time the black hole
absorbs thermal radiation of energy 5E. The entropy
of the radiation gas is then decreased by 6S2 = 6£/e2,
while the effective entropy of the black hole is in-
creased by 6St = δ£/θ 1 . In this process, the total
change in the entropy of the system (of the black hole
and the radiation gas outside it) is

65 = eS, - 6 (±

and, since θχ > θζ, this is negative, which contradicts
the generalized second law.

The next question to be considered is that of the

relationship between Hawking's result and the phenom-
enon of spontaneous pair creation in the field of a rotat-
ing black hole considered in the previous section. As
we have already said, the emission of a nonrotating
black hole has a thermal spectrum with effective tem-
perature Θ, and therefore the intensity of energy emis-
sion from unit surface in frequency interval άω is
given by

dE

dtdS

intensity of emission from
unit surface of nonrotating \ fica3

black hole in the frequency I = 4 ^ 3
interval ι/ω

Ι) du),

where the minus sign must be taken for bosons and the
plus sign for the emission of massless fermions. If
the black hole rotates with angular velocity Ω, the re-
sult for the emission of waves with projection m of the
angular momentum onto the axis of rotation is 2 1 '

/ intensity of emission from
_ ί ? _ I u n i t surface of rotating
it iS I black hole in the frequency

, \ interval du;

_ r"^ 1 en (a>-mQ)/fte m \ 1-
kific*- I -t- χ |

If the effective temperature of the black hole is low,
the main contribution to the emission comes from the
frequencies ω for which the wave amplification condi-
tion ω <mCl is satisfied.22'

Hawking's result also remains valid for a nonspher-
ical collapse. The only thing changed is the number
of particles created by the variability of the field.
Black holes emit not only massless particles but also
any massive particles, just like a hot black body of
temperature Θ. However, this emission is extremely
weak until the thermal energy ke is comparable with the
rest energy mcz of the particle. The thermal spectrum
of the emission of a black hole is a consequence of the
fact that the probabilities of emission of the different
modes and different numbers of particles in one mode
are completely uncorrelated.

Before we discuss the possible consequences of the
quantum creation of particles in black holes, let us
make some comments. It should be recalled that in all
the previous discussion it has been assumed that the
gravitational field of the black hole is purely classical
and given. It would therefore be quite incorrect to
understand the Hawking effect as a consequence of
quantum fluctuations of the gravitational field leading to
a "spreading" of the horizon permitting some of the
energy within the black hole to escape. In principle, a
quantum-gravitational effect of this kind is also possi-
ble but it is apparently important only if the radius of
the black hole does not differ strongly from the Planck
length.

20)The possibility that Hawking's theorem could be violated in
quantum phenomena was first pointed out by Markov.cso:1

2 1 )It must be borne in mind that if the created particles are to
escape to infinity they must overcome the potential barrier
of the centrfugal and gravitational forces. If the transmis-
sion factor of this barrier for particles with quantum num-
bers ω, I, and m is denoted by Tlm (ω), the exact result is
obtained by multiplying the right-hand side of the given ex-
pression by rim(t,s).

22)In complete agreement with the thermodynamic analogy,
this expression for the emission of a rotating black hole
agrees with the expression for the emission of a rotating
black body at temperature Θ.
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The Hawking effect has more similarity to the crea-
tion of particles in the field of a deep potential well,
for which one of the created particles, with negative
energy, falls to one of the levels in the "well" and the
other is emitted outward. The potential well of the
gravitational field of a black hole is so deep that even
light cannot escape from it.

Another remark that should be made is the following:
The quantum creation of particles in the case of col-
lapse has been treated under the neglect of the back
reaction of the created matter on the gravitational field
and on the collapse dynamics. Although this question
has not yet been investigated, one can expectC49] that the
back reaction will be negligibly small if the black-hole
radius is appreciably greater than the Planck length.

§9. PRIMORDIAL BLACK HOLES AND THEIR
EVOLUTION

We now turn to quantitative estimates and consider
what observable phenomena can result from the above
quantum processes in black holes. For simplicity, we
consider only nonrotating black holes. Since such a
black hole emits as a black body with temperature
θ=Ηκ/2ποίι = 10·*(ΜΘ/Μ)°Κ (MQ is the mass of the Sun,
equal to 2 · 1033 g), in complete agreement with the
Stefan-Boltzmann law the intensity of emission from
unit surface of the black hole is dE/dt dS = σθ1, where
a = 2ir5ki/15Kicz is the Stefan-Boltzmann constant. The
total surface area of the nonrotating black hole is
S = 16jrG2c"4Ai2, and therefore in unit time the black
hole loses the energy dE/d t = (R/l 5 • 45 π) (c 3/GM)z. In
this expression, it must also be remembered that some
of the emission does not reach the distant observer be-
cause of scattering on the static gravitational field and
it is absorbed after scattering by the black hole. The
transmission coefficient, which determines the fraction
of transmitted radiation, depends on the spin and mass
of the emitted particles. In addition, the black hole
may emit several different species of particle, and
therefore the total emission intensity is made up of
the intensities of each particle species. A black hole
with mass Μ emits particles whose rest mass does not
exceed k6/cz. For black holes with mass greater than
1017 g, only massless particles can be emitted (photons,
neutrinos, and gravitons). As the effective tempera-
ture of the black hole increases (and its mass decreases)
it becomes possible for various massive particles to
be emitted (electrons, mesons, baryons). Therefore,
in the general case

AE ( energy emission by \
black hole through I m. 1 0 " -^-
quantum processes I s e c

The factor/(M) effectively takes into account the num-
ber of different species of emitted particle and the cor-
responding transmission coefficient for each species.
For black holes with mass Μ > 1017 g we have /(Μ) ~ 1,
while for M~1014 g we have/(M)~10 (see [ e l > e 2 ] ).

These estimates, obtained from the exact treatment,
can also be obtained by dimensional arguments. To
determine the wavelength of the massless particles
created by a black hole, there is only the single pa-

rameter with the dimensions of a length in the problem
lem—the radius of the black hole (gravitational radius)
Rf.

Z3> Taking the wavelength of the radiation to be
λ~ϋ{, we obtain the estimate Κω ~ Hc/Re ~ he 3/GM for
the characteristic energy of the emitted particles. If
we recall that the mean energy of particles in thermal
emission is proportional to the temperature of the black
body, we arrive at the above expressions for the effec-
tive temperature and the emission intensity of the black
hole.

For a black hole whose mass is of the order of the
Sun, the intensity of the quantum emission is extremely
low and is of order 3 · 10"20 erg/sec. (For comparison
we recall that the Sun emits about 4 · 1033 erg/sec.) The
effective temperature of such a black hole is 10"* °K
(which is very much lower than the temperature of the
black body microwave background). During the whole
life of the Universe this black hole would lose only
10"17 g. All this indicates that the quantum effects are
completely unimportant in the life of massive black
holes formed by the collapse of stars. The quantum
processes can lead to observable astrophysical phe-
nomena only in the case of black holes with mass ap-
preciably less than the Sun's.

It can be shown"3·643 that although such small black
holes do not arise as a result of collapse at the present
epoch, they might well have been formed during the
early stages in the evolution of the Universe. The very
existence of galaxies in our epoch indicates that in the
early development of the Universe there must have been
appreciable inhomogeneities. The presence of these
random perturbations and inhomogeneities suggests that
at that time there were regions in which the matter was
so strongly compressed that the gravitational forces
could overcome the pressure force and the force due to
the kinetic energy of the expanding matter. During the
evolution of the Universe, the matter in these regions
would have collapsed and black holes would have been
formed (Fig. 9). These are called primordial black
holes.2 4 ' The mass of the primordial black holes can
be arbitrary, from 10"5 g up to the mass of the Sun or
more, depending on the epoch at which they were
formed. The earlier such a hole was formed, the
smaller is its mass.

This can be readily understood on the basis of the
following simple arguments. The matter density at
the time when a black hole is formed can be deter-
mined by dividing the mass Μ of the black hole by
the volume of the sphere with radius equal to the gravi-
tational radius. The critical density ρ obtained in

23)The Planck length Zpi, which is constructed from fundamen-
tal constants, also has the correct dimensions. However,
this quantity usually arises only when the gravitational field
itself is quantized, and, since such processes are not con-
sidered here, the Planck length does not occur in the equa-
tions that describe the creation of particles in an external
gravitational field.

24)In principle other processes could lead to the formation of
small black holes; for example, accretion of matter onto a
white holeC65:l and the quantum explosion of a white hole. : 6 6 ]
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FIG. 9. Formation of a primordial black hole. If there were
inhomogeneities of the matter density δρ/ρ ~1 during the early
evolution of the Universe (near the initial singularity), the den-
ser matter (with density ρ + δρ) could collapse subsequently.
The result is the primordial black hole shown in the figure.
(The time axis points upward.)

this way and the mass Μ are related by Μ ~ Jc6/pG3

~ 10ΜΘ 7p/1015(g/cm3). If it is assumed that the char-
acteristic density fluctuation of the matter in the Uni-
verse is δρ/ρ~1, it is then clear that at the same time
when the matter density in the Universe was ρ there
was a tendency for black holes to be formed preferen-
tially whose mass satisfies the above relation between
the mass and the density. On the basis of this expres-
sion one can conclude, in particular, that the formation
of primordial black holes of mass 10"5 g was possible
only when the matter had the colossal (quantum) density
1093 g/cm3, i. e., when quantum-gravitational effects
played the principal role.

Once produced, the primordial black holes will ab-
sorb matter from the surrounding space, and gradually
increase their mass. However, the increase in the
mass of primordial black holes by accretion (falling
into the hole) of matter surrounding them cannot in all
probability increase their original mass by more than
order of magnitude.C67] Therefore, for small black
holes of mass less than 1015g their quantum decay is
more important. As the emission of the created par-
ticles proceeds, the mass of such a small black hole
decreases. At the same time, the effective temperature
of the black hole and the radiation intensity rise. The
last stage in the evolution of the black hole proceeds
very rapidly and is essentially an explosion, in which
the decay of the remaining black hole, with a mass of
order 3 · 109 g, leads to the liberation of 1030 erg in the
last 0.1 sec. Although this energy is not very great
on astrophysical scales, the phenomenon is impressive
and unique, since an energy equivalent to the explosion
of one million one megaton hydrogen bombs is liberated
in a region of space comparable in size with a nucleon.

If it is borne in mind that as the temperature of the
black hole increases it becomes possible for heavier
and heavier particles to be emitted, it will be seen that
in the quantum explosion of a small black hole an amount
of energy greater by five orders of magnitude can be

liberated in an extremely short (compared with nuclear
times) time.

Although the brief final stage in the life of the black
hole is rather stormy, up till then the black hole emits
energy steadily throughout its life. Using the expres-
sion for the intensity of energy emission by the black
hole that we have given, we can readily obtain the total
lifetime of a black hole:

10» (years) ( ^ ) 3 ·

In deriving this relation, we have set/(M) =1, and
the formula is therefore valid for black holes with mass
greater than 10 u g. The lifetime of smaller black holes
depends significantly on the mass spectrum of elemen-
tary particles. For small black holes, our expression
is an upper bound for the lifetime.

This expression shows that primordial black holes
with mass greater than 1015 g could not have survived to
the present epoch, since they would have evaporated
completely during the 1010 years which have elapsed
since the expansion of the Universe began. Black holes
with mass greater than 1015 g would have remained
virtually unaltered. Primordial black holes whose
mass was near 1015 g must be exploding from time to
time at the present epoch. Such black holes were
formed in the very early stage of development of the
Universe (10'23 sec after the start of expansion from
the singularity). It is difficult to estimate the mass
spectrum and number of primordial black holes since
they depend strongly on the detailed structure of the
Universe at that time. Unfortunately, we do not yet
know these details.

In discussing the possibility of observing quantum ex-
plosions of primordial black holes we run into a further
difficulty. We have already pointed out that the reduc-
tion in the mass and the corresponding increase in the
temperature of the black hole means that heavier and
ever heavier elementary particles can be emitted.
There is therefore an uncertainty in the determination
of the time of explosion and the explosion products as-
sociated with our ignorance of the spectrum of elemen-
tary particles. It is very probable that although the
explosion time of a primordial black hole is very short,
the strong interaction between the created elementary
particles will mean that they do not fly apart immedi-
ately but form a hot fireball, which then decays. [ β 1 > β β !

In this case, the quantitative and qualitative composi-
tion of the emitted particles can be obtained by ther-
modynamic methods as in the ordinary hydrodynamic
theory of the collision of particles at high energies.

Despite the many uncertainties, one can already give
some estimates concerning the number of small black
holes in the Universe and the frequency of their explo-
sions. This is because black holes lose the major part
of their mass in the form of massless particles (pho-
tons, neutrinos, and gravitons). Figure 10 shows the
results of calculation of the energy and composition of
the emission of nonrotating black holes of different
masses. [ β 1 · β 2 ] On the basis of these results one can
assume that approximately 10% of the original mass of
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FIG. 10. Quantum evaporation of a nonrotating black hole. The
fractions of gravitons (g), photons (γ), neutrinos (v), and other
elementary particles in the total number of particles emitted
by black holes of different masses are shown.

a 1015-gram primordial black hole is emitted in the
form of photons. The mean characteristic energy of
the photons produced by the decay of a 1015-gram black
hole is about 100 MeV. Observations show that the total
density of photons with this energy in the Universe is of
order 10"38 g/cm3, and therefore the mean density of
matter in black holes with mass of order 1015 g must be
less than 10"8 of the critical density of matter in the
Universe (i .e., the density 10"29g/cm3). This estimate
shows that if the primordial black holes are distributed
uniformly over the whole of the Universe, the frequency
of their explosions must be less than 10"7 per year in
one cubic parsec of space. c e l ]

We have already mentioned the strong dependence of
the number of primordial black holes on the degree of
inhomogeneity of the Universe during the early stages
of expansion. It is therefore extremely important that
restrictions on the mean density of primordial black
holes of given mass existing now enable us to draw con-
clusions about the degree of inhomogeneity of the Uni-
verse in the very distant past.

It is also worth emphasizing once more that a very
important question is whether the estimates made here
remain valid when allowance is made for the back re-
action of the created particles on the gravitational field
of the black hole. Clearly, as long as the emission in-
tensity is low the gravitational field of the black hole
can "readjust" and the process can be assumed quasi-
static, so one is justified in using the results obtained
for a static black hole. However, during the last stage
in the life of a small black hole the emission becomes
so strong that further investigations are needed for the
correct treatment of this stage in the evolution of small
black holes. At present it is not at all clear whether a
small black hole evaporates completely or whether this
process stops at a certain stage. A very interesting
possibility associated with the decay of small black
holes is that the quantum explosion of a black hole could
lead to the formation from it of a microscopic black
hole with the Planck mass 10"s g (a maximon te9]). If
such elementary black holes are stable, then at the
present epoch there could be a considerable number of
them in the Universe, both as a result of their forma-
tion at the earliest epochs and as a result of the evapor-
ation of small black holes.

Several fundamental questions relate to this phenom-

enon of evaporation of small black holes. The most in-
teresting is the question of the conservation of baryon
charge. In the collapse process, matter consisting of
baryons falls below the horizon. After the formation of
the black hole, an exterior observer can no longer
"count" the number of baryons within the black hole.
Moreover, outside the horizon there is no massive vec-
tor field whose source is baryons (a black hole has no
"hair"). Therefore, baryons inside a black hole are in-
accessible to an observer who studies the black hole
from the outside. But there is still the possibility of
verifying whether the baryons that fell into the black
hole are still there. The observer himself must fall
into black hole and see if they are.

The situation has been radically changed by the Haw-
king effect; for after a black hole has been formed it
begins to evaporate as a result of the quantum pair crea-
tion. The black emits equal numbers of particles and
antiparticles. If a small black hole evaporates com-
pletely as a result of this process, we are faced with a
violation of the law of conservation of the baryon charge,
since the baryons that formed the black hole have com-
pletely disappeared. Even if one assumes that a black
hole emits preferentially baryons and not antibaryons
when it evaporates,25) we cannot achieve fulfillment of
the law of conservation of baryon charge. The point is
that a primordial black hole formed by the collapse of
1015 g of baryons loses almost 90% of its mass during
evaporation by the emission of massless particles and
leptons before its temperature increases sufficiently
for it to begin to emit baryons. If small black holes do
not evaporate completely but lead to the formation of a
naked singularity or objects with mass 10"5 g (maxi-
mons), then to avoid violation of the baryon conserva-
tion law we are forced to assume that these remnants
of the small black hole have the necessary baryon
charge. But it still remains a rather difficult question
how one could in principle measure this charge. Un-
fortunately, at the present time we do not know the ans-
wer to this question.

The evaporation of small black holes may strongly
influence our ideas about the early stages in the develop-
ment of the Universe. The possibility cannot be ex-
cluded that an appreciable fraction of the matter in the
early stages was in the form of small primordial black
holes, which then evaporated completely. If CP in-
variance was broken by this evaporation, there is a
possibility of explaining the charge asymmetry of the
Universe even it was originally charge symmetric.

Small primordial black holes (if they exist) are a re-
markable phenomenon in nature, in which microscopic
and macroscopic scales are combined. They have a
macroscopic mass (10ls g) but a microscopic size
(10"13 cm). The properties of these macroscopic sys-
tems depend strongly on the structure of spacetime in
the small. GinzburgC70:l has pointed out the interesting
fact that study of the evaporation of primordial black

2 5 )For example, because of the existence of some long-range
field that interacts with baryons, as has been suggested by
Wheeler, or by breaking of CP invariance.
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holes may give information about the fundamental length,
if a fundamental length does exist in nature. The exis-
tence of a fundamental length could radically affect the
behavior of black holes during the later stages of their
evolution and, in particular, the emission spectrum of
the holes at high energies, and even the very possibility
of their formation.

To conclude this review, I should like to emphasize
that I have discussed only some of the questions related
to black-hole physics. Many questions, for example,
those dealing with the cosmological consequences of the
evaporation of primordial black holes, the possibility
of observing quantum explosions of black holes, and so
forth, are only now being investigated. In this connec-
tion, I should like to recall that black-hole physics is
still comparatively young. The classical physics of
black holes has an age of hardly more than ten years.
The quantum physics of black holes "saw the light of
day" barely two or three years ago. The stormy de-
velopment of black-hole physics and the intensive theo-
retical and astrophysical investigations currently being
carried out suggest that we can expect new and perhaps
completely unexpected discoveries in this interesting
branch of physics.

It is a pleasant duty to thank V. L. Ginzburg, Ya. B.
Zel'dovich, and M. A. Markov for a number of com-
ments.

*M. A. Markov, Usp. Fiz. Nauk 111, 3 (1973) [Sov. Phys-
Uspekhi 16, 587 (1974)].

2R. Penrose, Scientific American 226 (6), 38 (1972).
3Ya. B. Zel'dovich and I. D. Novikov, Teoriya Tyagoteniya i

Evolyutsiya Zvezd, Nauka, Moscow (1971) [Translated as:
Relativistic Astrophysics, Chicago (1971)].

4K. S. Thorne, Scientific American, 231 (6), 32 (1974).
5S. W. Hawking, Comm. Math. Phys. 25, 152 (1972).
6S. W. Hawking and G. F. R. Ellis, The Large Scale Structure

of Space-time, Cambridge, Cambridge Univ. Press (1973).
7J. Schwinger, Phys. Rev. 94, 1362 (1954).
aJa. B. Zel'dovic, in: Magic without Magic: John Archibald

Wheeler, Ed. J. Klauder, San Francisco (1972).
9N. A. Chernikov and E. A. Tagirov, Ann. Inst. Henri Poin-

care* 9, 109 (1968).
1 0L. Parker, Phys. Rev. Lett. 21, 562 (1968).
"A. A. Grib and S. G. Mamaev, Yad. Fiz. 10, 1276 (1969);

14, 800 (1971) [Sov. J. Nucl. Phys. 10, 722 (1970); 14, 450
(1972)).

12Ya. B. Zel'dovich, Pis'ma Zh. Eksp. Teor. Fiz. 12, 443
(1970) [JETP Letters 12, 307 (1970)].

13Ya. B. Zel'dovich and A. A. Starobinskii, Zh. Eksp. Teor.
Fiz. 61, 2161 (1971) [Sov. Phys.-JETP 34, 1159 (1972)].

14K. A. Bronnikov and E". A. Tagirov, Preprint OIYal
R2-4151 [ in Russian], Dubna (1968).

16L. Parker, Phys. Rev. 183, 1057 (1969).
1 6L. Parker, Phys. Rev. D3, 346 (1971).
17A. A. Lyubushin, Teor. Mat. Fiz. 10, 399 (1972).
18V. N. Frolov, Preprint FIAN SSSR No. 124 [in Russian],

P. N. Lebedev Physics Institute, Moscow (1972).
19V. N. Frolov, Preprint FIAN SSSR No. 127 [in Russian],

P. N. Lebedev Physics Institute, Moscow (1972).
2 0S. A. Fulling and L. Parker, Ann. Phys. (New York) 87,

176 (1974).
2 1B. L. Hu, S. A. Fulling, and L. Parker, Phys. Rev. D8,

2377 (1973).
2 2L. Parker and S. A. Fulling, Phys. Rev. D9, 341 (1974).

26,

23V. N. Lukash and A. A. Starobinskii, Zh. Eksp. Teor. Fiz.
66, 1515 (1974) [Sov. Phys.-JETP 39, 742 (1974)].

24N. A. Chernikov and N. S. Shavokhina, Teor. Mat. Fiz. 16,
77 (1973).

2 5 P . S. Laplace, 1798 Allgemeine Geographische Ephemeriden
(an English Translation is given as an Appendix to the Book
Ref. 6.)
G. D. Birkhoff and R. Langer, Relativity and Modern
Physics, Cambridge, Cambridge Univ. Press (1923).

2 7 I . D. Novikov, Astron. Zh. 41, 1075 (1964) [Sov. Astron.
8, 857 (1965)].

28Y. Ne'eman, Astrophys. J. 141, 1303 (1965).
29V. L. Ginzburg and L. M. Ozernoi, Zh. Eksp. Teor. Fiz.

47, 1030 (1964) [Sov. Phys. - JETP 20, 689 (1965)].
30A. G. Doroshkevich, Ya. B. Zel'dovich, and I. D. Novikov,

Zh. Eksp. Teor. Fiz. 49, 170 (1965) [Sov. Phys.-JETP 22,
122 (1966)].

31V. de la Cruz, J. E. Chase, and W. Israel, Phys. Rev.
Lett. 24, 423 (1970).

32R. H. Price, Phys. Rev. D5, 2419 (1972).
33R. H. Price, Phys. Rev. D5, 2439 (1972).
34K. S. Thorne, Nonspherical Gravitational Collapse. A Short

Review, Orange Aid Preprint-236, Cal. Tech., Pasadena
(1971).

35W. Israel, Phys. Rev. 164, 1776 (1967).
36W. Israel, Comm. Math. Phys. 8, 245 (1968).
37R. Penrose, Phys. Rev. Lett. 14, 57 (1965).
3 8L. D. Landau and Ε. Μ. Lifshitz, Teoriya Polya, (Field

Theory), Nauka, Moscow (1973) [Earlier Edition translated
as The Classical Theory of Fields, Addison-Wesley, Cam-
bridge, Mass. (1951).]

3 9H. Thirring and J. Lense, Phys. Zs. 19, 156 (1918).
40R. P. Kerr, Phys. Rev. Lett. 11, 237 (1963).
4 1B. Carter, Phys. Rev. Lett. 26, 331 (1971).
4 2D. C. Robinson, Phys. Rev. Lett. 34, 905 (1975).
4 3B. Carter, J. Math. Phys. 10, 70 (1969).
4 4J. B. Bardeen, B. Carter, and S. W. Hawking, Commun.

Math. Phys. 31, 161 (1973).
45R. Penrose, Riv. Nuovo. Cimento 1, 252 (1969).
4 6J. D. Bekenstein, Phys. Rev. D7, 2333 (1973).
4 7J. D. Bekenstein, Phys. Rev. D9, 3292 (1974).
4 8S. W. Hawking, Nature 248, 30 (1974).
4 9S. W. Hawking, Comm. Math. Phys. 43, 199 (1975).
50Ya. B. Zel'dovich, Pis'ma Zh. Eksp. Teor. Fiz. 14, 270

(1971) [JETP Letters 14, 180 (1971)1.
51Ya. B. Zel'dovich, Zh. Eksp. Teor. Fiz. 62, 2076 (1972)

[Sov. Phys.-JETP 35, 1085(1972)].
S2A. A. Starobinskii, Zh. Eksp. Teor. Fiz. 64, 48 (1973)

[Sov. Phys.-JETP 37, 28 (1973)].
53A. A. Starobinskii and V. N. Lukash, Zh. Eksp. Teor. Fiz.

66, 1515 (1974) [Sov. Phys.-JETP 39, 742 (1974)].
54W. G. Unruh, Phys. Rev. D10, 3194 (1974).

'B. S. DeWitt, Phys. Rept. C19, 297 (1975).
55·

56W. G. Unruh, Notes on Black Hole Evaporation, Preprint of
McMaster University (1975).

57R. M. Wald, On Particle Creation by Black Holes. Preprint
of University of Chicago (1975).

5 8L. Parker, Probability Distribution of Particles Created by
a Black Hole . Preprint of University of Wisconsin, Mil-
waukee (1975); Phys. Rev. D12, 1519 (1975).

59Ya. B. Zel'dovic and L. P. Pitaevskii, Comm. Math. Phys.
23, 185 (1971).

60M. A. Markov, in: Gravitational Radiation and Gravitational
Collapse, Ed. C. DeWitt-Morette, D. Reidel, Dordrecht-
Boston (1974), p. 106.

8 fB. J. Carr, Some Cosmological Consequences of Primordial
Black Hole Evaporations. Orange Aid Preprint-415, Cal.
Tech. Pasadena (1975).

6 2D. N. Page, Particle Emission Rates from a Black Hole.
Orange Aid Preprint-419, Cal. Tech., Pasadena (1975).

63Ya. B. Zel'dovich and I. D. Novikov, Astron. Zh. 43, 758

261 Sov. Phys. Usp., Vol. 19, No. 3, March 1976 V. P. Frolov 261



(1966) [Sov. Astron. 10, 602 (1967)]. 69M. A. Markov, Supp. Progr. Theor. Phys. (Extra Number),
6 4S. W. Hawking, Mon. Not. RAS 152, 75 (1971). 85 (1965).
6 5D. M. Eardley, Phys. Rev. Lett. 33, 442 (1974). 70V. L. Ginzburg, Pis'ma Zh. Eksp. Teor. Fiz. 22, 514
66Ya. B. Zel'dovich, I. D. Novikov, and A. A. Starobinskii, (1975) [JETP Letters 22, 251 (1975)].

Zh. Eksp. Teor. Fiz. 66, 1897 (1974) [Sov. Phys.-JETP 7 1J. D. Bekenstein, Phys. Rev. Lett. 28, 452 (1972); Phys.
39, 933 (1974)]. Rev. D5, 1239, 2403 (1972).

6 7B. J. Carr and S. W. Hawking, Mon. Not. RAS 168, 399 7 2J. D. Teitelboim, Lett. Nuovo Cimento 3, 326, 397 (1972).
(1974). 7 3J. Hartle, Phys. Rev. D3, 2938 (1971).

6 8B. J. Carr, The Primordial Black Hole Mass Spectn · ι.
Orange Aid Preprint-389, Cal. Tech., Pasadena (1975). Translated by Julian Β. Barbour

262 Sov. Phys. Usp., Vol. 19, No. 3, March 1976 V. P. Frolov 262


