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The most important results of study of multiphoton ionization of atoms are reviewed. Discussions are

presented of specific features of the process, theoretical methods of description of ionization of atoms in a

strong light field, the basic principles of design of experiments in which intense laser radiation is used,

results of investigation of direct and resonance processes of multiphoton ionization, and the mutual relation

between multiphoton processes (multiphoton excitation and ionization) and various phenomena leading to

perturbation of the spectrum of bound states of an electron in an atom under the influence of a strong light

field.
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INTRODUCTION

Interaction of an atom with a light quantum-a photon-
is one of the most studied areas of the physics of the
microworld, which stimulated the development of quan-
tum mechanics at the beginning of the centruy. How-
ever, with rare exceptions, all processes investigated
up to the present time have been associated with absorp-
tion by an atomic electron of one photon. Discussion of
one-photon processes determined the universal nature
of Einstein's laws and also the red limit of the photo-
electric effect. Nevertheless, it has always been clear
that, strictly speaking, that there is no red limit, that
it is not a fundamental limitation but only a quantitative
limitation associated with the low probability of multi-
photon processes. The possibility in prinicple of multi-
photon transitions was already understood at the time
of the development of quantum mechanics. The well
known effect of tunneling of an atomic electron through
a potential barrier under the action of an external con-
stant field was essentially an adiabatic limit for pro-
cesses associated with absorption of many photons. Be-
cause of the anharmonicity of the spectrum of bound
states of an electron in an atom, a multiphoton transi-
tion can be described only as a series of virtual transi-
tions, each of which occurs with violation of the conser-
vation of energy. Since in virtual transitions the elec-
tron lifetime in the intermediate state is determined not
by relaxation but by the energy-time uncertainty rela-
tion, it is obviously very small. In order that the elec-
tron be able to transfer from this intermediate state to
a state with higher energy, it is necessary that the next
photon be absorbed after a very short time interval, i.e.,
a very high light intensity is necessary. Only the crea-
tion of high-power lasers has provided experimenters
with a source of sufficiently high intensity for observa-
tion of multiphoton absorption of light by atoms and
thereby stimulated the development of a theoretical de-
scription of multiphoton processes.

In what follows we will often use the term "strong
light field." This term is evidently not equivalent to the
term "high intensity light field," and also there can be

no single quantitative criterion as to what field must be
considered strong. For example, for a two-level sys-
tem with relatively low intensity a resonance field can
in a certain sense be considered strong-it is well known
that a two-level system + resonance field represents a
new quantum state whose wave function is a linear com-
bination of the wave functions of the initial states. On
the other hand, an "atomic field," i.e., the field intensity
in the orbit of an electron in the hydrogen atom in the
ground state <?at

 K 5x 109 V/cm evidently can be consi-
dered weak in comparison with the limiting field strength
~10u V/cm which can be obtained at the present time
by using high-power laser radiation.

1. SPECIFIC FEATURES OF THE PROCESS OF
MULTIPHOTON IONIZATION OF ATOMS

a) Keldysh's theory. The dependence of the probabil-
ity of ionization of an atom in a strong light field on the
basic parameters characterizing the atom (the ioniza^
tion potential I) and the field (frequency ω and intensity
&) was investigated by KeldyshclJ by solution of the
model problem of removal of an electron from a rectan-
gular potential well of depth I » ίΐω. He took it into ac -
count that the electron extracted from the well is accel-
erated by the light field and has an average energy

F —
4/ηω2

We a r e interested in the limiting cases of the general
solution obtained by Keldysh. c l J In one limiting case it
turned out that the probability of electron knockout is
related to the field strength by the following power law:

W — a a col se2ft° (l)

where «f2 = F is the intensity of the radiation and ko is
the number of photons whose absorption is necessary to
satisfy conservation of energy:

fc^/f+lV (2)

and f = I + E o s c is the effective potential for ionization
of the atom in a strong light field. Equation (1) has a
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form typical for a multiphoton process-a power -law
dependence of probability on radiation intensity; ako(l, ω)
is a constant independent of the intensity and which plays
the role of the cross section for the multiphoton process.

In the other limiting case, for high field strength or
low frequency of radiation, the probability depends ex-
ponentially on the field strength:

W = -T=exp(—-ψ\, • (3)

where Β and C are constants. In Eq. (3) the exponential
has the well known appearance of the probability of
tunneling in a constant field.

The realization of the multiphoton or tunneling nature
of the ionization process is determined physically by
whether or not the electron can traverse the potential
barrier in one period of alternation of the light field.
If the time of traversal of the barrier is less than the
time in which the phase of the field changes, then the
transition has the nature of tunneling. We can assume
that the time of tunneling is τ = I /v, where the barrier
width I ~ / Γ , and the electron velocity is ν ~ S; then
the well known adiabaticity parameter, which consists
of the ratio of the time of tunneling to the period of the
field, has the form

—=v — ν -ψ· (4)

Thus, Eq. (1) should be satisfied if y » 1, and Eq. (3)
if y « 1. Figure 1 illustrates a specific situation in
ionization of the hydrogen atom by visible light and by
infrared radiation.

Two factors do not permit us to use the elegant re-
sults of Keldysh113 for quantitative description of the
ionization of atoms by a strong light field.1' In the first
place, it is necessary to take into account the effect of
the Coulomb field of the atomic core on the electron
ejected from the atom. In the second place, it is neces-
sary to evaluate the contribution of transitions in the
spectrum of bound states.

Although Keldysh's theory does not provide a quanti-
tative description of the multiphoton ionization of an
atom, its value cannot be overestimated, since it per-
mitted determination of the fundamental laws of the ion-
ization process in a strong light field.2'

b) The direct ionization process. It can be seen from
Eq. (l) that for y » 1 the ionization occurs as the result
of absorption of ko photons by an atomic electron. If
the energy k -hio (where 1 ^ k < ko) differs from the
energies of the quasistationary states by an amount
greater than the width of these states, then the transi-
tions which are accomplished by the electron have a
virtual nature (the transitions can originate both in the

FIG. 1. Ionization of the hydrogen

atom in a variable field (calculation accor-

ding to Keldysh [']). Data are shown for

two typical high-power lasers-neody-

mium glass, λ = 1.06 μ, and CO 2 , λ

= 10.6 μ. 7 is the adiabaticity parame-

ter (see Eq. 4).
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continuum and in the spectrum of bound states). Equa-
tion (1) is equivalent to the relation which serves as the
basis for description of the ionization process by per -
turbation theory in the first nonvanishing order, in this
case k0. The problem of perturbation theory is the cal-
culation of the dependence of the multiphoton cross sec -
tion atkgb, ω) on the frequency and degree of polarization
of the light, and also on the spectrum of the atom.

c) The resonance ionization process. By smoothly
varying the frequency of the light, we can achieve condi-
tions in which the energy of some number of photons k
will equal the energy of any quasistationary state of the
electron in the atom, and an intermediate resonance
arises. A one-photon resonance with an excited state
has been well studied in quantum mechanics (the theory
of natural line width, resonance scattering, and reson-
ance fluorescence). However, the intermediate multipho-
ton resonance arising in ionization has three qualitative
differences. First, since the field is always strong, the
perturbation of the bound electronic states is important.
Therefore not one parameter (frequency), as in a weak
field, but also a second parameter (field strength) deter-
mine the condition for appearance of resonance. For a
fixed frequency a resonance can be induced by the field.
Second, the selection rules for multiphoton transitions
differ from the well known selection rules for one-
photon transitions, being the sum of the selection rules
for each absorbed photon. Therefore for an even num-
ber of absorbed photons transitions are possible be -
tween states with identical parity. 1 2 ' 1 5 ] Third and finally,
the very fact of appearance of a resonance ionization
process shows that induced transitions from a resonance
state to a state with higher energy (including the contin-
uum) are dominant in comparison with spontaneous re-
laxation. Under these conditions, in spite of the exis-
tence of a resonance, the field does not mix the ground
state and the resonant s tate . t 2 7 ]

Determination of the conditions for realization of the
direct and resonance processes is one of the main pro-
blems of the investigations. It is apparent that to solve
this problem it is necessary to know the spectrum of
quasistationary states of the system atom + light field.

d) Spectrum of quasistationary states of the system
+ light field. In contrast to a constant field, under the
action of which, as is well known, the perturbation of
the atomic levels reduces to the linear Stark effect (in
the case of degenerate states) and to the quadratic Stark
effect (in the case of nondegenerate states), the pertur-
bation in a variable field has a significantly more com-
plicated nature. Specifically, the variable field can
have various degrees of polarization, the perturbation
in a variable field can have both a nonresonance and a
resonance nature, and quantum properties (coherence)
of the field can appear. The systematic discussion of
all phenomena arising in perturbation of an atomic spec -
trum in a light field is beyond the scope of the present
review.3' We will discuss briefly below some of the
most important cases, information on which is necessary
for analysis of experimental data on multiphoton ioniza-
tion of atoms.

If the initial stationary state s is not degenerate, the
perturbing field is not resonant with the energy of any
transition s — i and is linearly or circularly polarized,
and the change of energy of this state under the action
of the field &ES « u)si, where i is any other state in the
unperturbed spectrum, then the quasistationary state of
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the system atom + light field is characterized by the
same quantum numbers as the initial stationary state,
and its energy differs from the energy of the stationary
state by a small amount

ΛΕ,= — CtsS . \t>)

In Eq. (5) ats is the dynamic polarizability of the atom
in state s, which is determined by the sum of an infinite
number of virtual transitions from the state s to all
bound and free states:4'

where S designates summation over the discrete spec -
trum and integration over the continuum, and V is the
interaction matrix element.5' The width of the state s
is determined by the total probability of a transition in-
duced by the field from a given state to all remaining
states including the continuum. By analogy with the case
of a constant field (see Eq. (5)) the perturbation in this
case is sometimes called the Stark effect in a variable
field. This designation is unfortunate, since in fact the
analogy refers only to Eq. (5) and, as can be seen from
Eq. (6), the dynamic polarizability differs qualitatively
from the polarizability, being a function both of fre-
quency and polarization of the radiation. Therefore, in
particular, the main property of the polarizability-an
increase with increase of the principal quantum number
of the state-cannot be satisfied in the case of the
dynamic polarizability. Considerable attention has al-
ways been attracted by just this case of perturbation in
a variable field, since it is most frequently achieved ex-
perimentally (a weak, nonresonant field!), and its theor-
etical analysis can be carried out by the methods of
perturbation theory. Up to the present time, calcula-
tions of the dynamic polarizability have been carried
out for a large number of atoms in various states. [ 3 1

The number of experiments in which a perturbation
quadratic in the field has been observed is small1 4 1

(see also Chap. 5). Therefore, although the results of
these experiments are satisfactorily described by cal-
culations made by the methods of perturbation theory,
it is nevertheless premature to draw final conclusions
on the accuracy and most of all on the limits of applica-
bility of these calculations. Equation (5) is the first
term of the expansion of ΔΕ in the intensity of the radia-
tion. With increase of the field strength, higher terms
can contribute, determining the so-called hyperpolariz-
ability of the atoms. ' 5 1 The equality of the terms &2

and «?4 can indicate only the inapplicability of perturba-
tion theory for such high field intensity. Studies of
hyperpolarizability are at present in their initial stage,
so that it is of undoubted interest to obtain any results,
either theoretical or experimental.

In all remaining cases the perturbation of the bound
states in a variable field has a qualitatively different
nature. Thus, under the action of a variable field,
quasistationary states can be formed as the result of
mixing of the initial stationary states. Here, just as the
energy of the states formed can differ substantially
from the energy of the initial states, the quantum num-
bers can also change.

It is well known that a resonance field can be the
cause of mixing of the initial stationary states. If the
condition E s — Ej = ίΐω is satisfied (where ω is the fre-
quency of the perturbing field), then the quantized system
transfers from one state to the other with a frequency
Ωι proportional to the magnitude of the perturbation.

For a sufficiently small width of the resonating states
s and i, and sufficiently high field strength, where Ωι
> y s i , the probabilities of finding the system in these
states become of the same order of magnitude, and a
saturation effect arises. A saturation effect can arise
also in a multiphoton resonance between the states s
and i. However, the condition for appearance of satura-
tion is always internally inconsistent-an increase of
the external field strength leads both to an increase of
the transition freqeuncy Ω and to an increase in the width
of the resonance states. From the relation for a multi-
photon resonance Ω ^ ~ ω(<?/£Ά{№- > ys , i^> which was
obtained in ref. 6, it is easy to estimate that mixing can
arise only for a small degree of nonlinearity k. The
occurence of resonance mixing also inhibits the process
of ionization from the resonating states. If the ioniza-
tion probability Ws j(E) > Ω ^ , then it is evident that no
mixing can occur.&~1

Mixing of stationary states can occur also in a non-
resonance field when the level shift reaches a value
comparable with the distance between levels, ΔΕ8

~ h t ) s i . i 7 3 In this case the possibility of mixing is de-
termined by the duration of the perturbation τ. If ΔΕ8τ
« fi, then the electron at a time t cannot succeed in
transferring from a state s to the neighboring state i,
and mixing does not occur. It is evident that nonreso-
nance mixing plays an important role in the case of de-
generacy of the initial stationary states, i.e., in the hy-
drogen atom and in the case of sufficiently high hydro-
genlike states.l8a,9j i n the secular equation, which de-
scribes in this case the spectrum of quasistationary
states, mixing of the initial states and nonconservation
of orbital angular momentum are due to the nondiagonal
terms. For frequencies of the order of and smaller than
atomic frequencies, the nondiagonal terms have the
same order of magnitude as the diagonal terms1 9· 1 (the
latter are dominant only in the asymptotic limit as
ω — °°). Therefore, in particular, the perturbation r e -
duces to a linear dependence on field strength (the linear
Stark effect) only for a definite frequency of the variable
field, for example, at radiofrequencies; in the optical
region for most bound states (except the very lowest)
the effect is quadratic in nature.

In partially polarized fields a mixing arises of sta-
tionary states having different magnetic quantum num-
bers . [ 1 0 ]

Finally, we note that, depending on the degree of
polarization of the light field, different quantum num-
bers turn out to be good. Thus, for example, for circular
polarization the only unique distinguished direction is
the propagation vector, and we can speak of the projection
of the angular momentum only onto this direction (in
contrast to the projection of the angular momentum onto
the direction of the field in the case of linear polariza-
tion).

Other features of the spectrum of quasistationary
states are indicated by consideration of the problem of
perturbation of the atomic spectrum by the quasienergy
method.6' The general solution of the Schrodinger equa-
tion with a Hamiltonian periodically dependent on time"-8-1

shows that in a sufficiently strong field the probability
of finding the system in the states with energy E s ± khco
is comparable with the probability of finding it in the
state E s . For a nonresonance light field, estimates[**a]
give for k = 1 a necessary field strength ~108 V/cm.
In the presence of a quasi-resonance, naturally, a lower
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field strength is necessary; a calculation111J gives a
value ~107 V/cm. These estimates show that the appear-
ance of harmonics can play a role under conditions com-
pletely achievable experimentally. It is important to
note that since the energy of the harmonics E s ± khco
can be both greater and less than the initial-state energy
E s , on appearance of harmonics of different initial
states E s , Ei, Ej the very concept of greater or lesser
energy is lost. The question of the role of quasiener-
getic states in fields of optical frequency is presently
the subject of discussion. For an answer to this ques-
tion it is necessary to take into account the damping of
these states, which is determined, as always in a strong
field, by induced transitions, including transitions to the
continuum. This problem is still unsolved. On the one
hand, use of perturbation theory is completely unjusti-
fied not only because of the high field strength, but first
of all because of the strong perturbation of the bound
electron states, whose energy and also other quantum
numbers do not correspond to the data known for the
unperturbed spectrum. On the other hand, in most cases
(with the exception of those states whose energy is very
close to the boundary of the continuum), the transition
to the continuum does not have the nature of tunneling,
and the adiabaticity parameter has an intermediate
value γ ~ 1. It is necessary to solve the problem of
one-photon ionization from excited states exactly, out-
side the framework of perturbation theory.

If we are to sum up as a whole the situation which
exists at the present moment in investigation of the per -
turbation of an atomic spectrum by a light field, we can
state that there is as yet no systematic theoretical de -
scription of the whole diversity of phenomena arising.
No better situation exists with the experimental data,
which have been obtained so far only for individual
cases-the quadratic Stark effect and single-photon reso-
nance in a two-level system.

e) Processes leading to ionization of an atom in a
strong light field,, A brief discussion of the specific
features of processes associated with absorption of
many photons by an atomic electron permits qualitative
classification of the various processes leading to ioniza-
tion of the atom.

Direct multiphoton ionization occurs under conditions
in which the parameter y » 1 and intermediate reson-
ances do not arise. The probability of the direct process
is associated with the field strength by the power rela-
tion (1).

Resonance ionization occurs when an intermediate
resonance appears between the energy 1 < k < ko of the
photons and the energy of a bound electron state in the
atom. On appearance of an intermediate resonance the
ionization process is determined substantially by per -
turbation of the resonance state in the light field.

Tunneling ionization occurs for a parameter value
y « 1; it is described by an exponential relation between
the ionization probability and the field strength of the
form (3) and is characterized by the absence of a de-
pendence of the ionization probability on the frequency
of the radiation.

2. THEORETICAL METHODS OF DESCRIBING
THE IONI2ATION OF AN ATOM IN A LIGHT
FIELD

a) Methods used and their regions of application.
The specific features of the ionization process discussed
in the preceding chapter indicate those methods which

can be used to describe the ionization process in a strong
light field. When using different methods, as always, it
is necessary to analyze the conditions of their applica-
bility for solution of each specific problem. The large
number of parameters which determine the process of
ionization of atoms by light, as a rule, hinders the de-
finition of well understood criteria.

Let us turn first to perturbation theory. A single
criterion of applicability of perturbation theory for de -
scription of multiphoton processes can hardly be formu-
lated, if only because of the complex nature of the per-
turbation of the atomic spectrum by the light field.
However, it is possible to make some obvious evalua-
tions.7' We will consider the standard approach of
perturbation theory in which the unperturbed atomic
spectrum is taken as the basis, and in the final state it
is assumed that the electron is in the Coulomb field of
the residual atom. With this formulation of the problem
for the final state-a free electron removed from the
atom-the condition Λρ/ρ « 1, where ρ is the momentum
of the emitted electron whose energy E^in £ ftui, and
Δρ is determined by the oscillation energy E o s c in the
field of the wave, gives an upper limit of the light field
intensity in the form t l 2 :

8. gat < 1.3/2 (7)

(inclusion of the Coulomb field of the residual atom
should evidently somewhat weaken this criterion.) Num-
erical calculations carried out in ref. 9 showed that
nonresonance perturbation of bound states in the hydro-
gen atom already for η ^ 4 arrives at the asymptotic
value corresponding to perturbation of a free electron.
Thus, criterion (7) can be used also for the case of
perturbation of bound states (except the very lowest).
If we assume that a typical degree of nonlinearity in
ionization of atoms by light has a value ko ~ 10, then it
follows from Eq. (7) that perturbation theory is appli-
cable for a field strength much less than 108 V/cm,
Since the ionization of atoms in a strong light field has
a multiphoton nature (γ » 1) up to field strengths of the
order 108 V/cm (for the same value ko ~ 10), there is a
definite interval of field strength 107-108 V/cm in
which, although the process has a multiphoton nature
(y » 1), standard perturbation theory is probably not
applicable for its description.

The quasiclassical method is widely applied to de-
scription of the ionization of an atom in a strong light
field. Actually, the strong field corresponds to a high
intensity of the photon flux. In the case of frequencies
in the optical region, we have ω « «at = *Α· Κ the
field strength S « §& - 5 x 10° V/cm, then the ioniza-
tion occurs slowly in comparison with atomic times, and
the barrier is wide. Finally, since the wavelength of
light is much greater than the size of the atom, the field
can be considered uniform over the extent of the atom.
Comparison of the criteria of applicability of the quasi-
classical approximation

l , <u/co a t « l (8)

with the criterion of applicability of perturbation theory.
(7) shows that use of the quasiclassical approximation
can in principle permit an advance into the region of
high field strength.

The quasienergy method in formulation of the problem
itself does not contain limitations regarding strong
fields-the Schrodinger equation with a Hamiltonian
which is a periodic function of time is solved. However,
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the classical approach used in the quasienergy method-
solution of the problem into a spectrum with subsequent
account of damping-can hardly be considered justified
in the case in which the field is strong; the probabilities
of transitions in a strong field are always high, so that
the damping cannot be assumed small.

It is possible to identify a number of other methods,
but they do not have a general nature. The absence of
generality is not in itself a deficiency important in
practice. After the work of Keldysh[ 1 ] it became clear
that, depending on the specification of several basic
parameters characterizing the atom and the field, the
ionization process has a qualitatively different nature.
Basic practical interest is therefore presented not only
by the problem of creating a sufficiently general theor-
etical method of describing the ionization process, but
also by obtaining particular solutions, by clear deter-
mination of the conditions of their applicability, and by
accurate account of the approximations made.

Let us now discuss some specific results obtained by
various methods of calculation.

b) The perturbation theory method. The absorption
by an atomic electron of k0 photons can be described in
the first nonvanishing (ko) approximation of nonstation-
ary perturbation theory in the case in which the electron
transitions are virtual. In terms of nonstationary per-
turbation theory of order k0, the probability of a k0-
photon process of ionization of the atom is described by
the following relation8':

dM; = . , " (2KaF<a)k° I Kffl I2 dQk, <Q)
II (ΑΤΙ)" ' * " '

where KQJ 'is the compound matrix element of the elec-
tron transition from the ground state to the continuum,
which contains a (k0 - l)-fold summation over the entire
set of bound and free states and has the form

_ γ _
Λ « — Z j L· [En — £ 0 — ( f c 0 — 1 ) ί ω ] . . . [ £ • „ — £'<>-Wicu] · . . | i ' n —E0 — ha>\

(10)
In Eq. (10) ν . . » is the dipole matrix element which

in the nonrelativistic approximation describes the tran-
sition between the states n^-l and n^ having energies
E n k-1 a n d Enk_; E n k a r e t h e e n e r S i e s of the stationary
bound states ol the electron in the absence of the field;
in the final state the action of the light field on the elec -
tron is neglected. Equation (9) does not describe the
ionization process for those radiation frequencies cor-
responding to occurrence of resonances; the energy de-
nominators for the resonance frequencies in Eq. (10) go

to zero, and Kgf ' — °°; in the first nonvanishing approx-
imation, damping can be taken into account only phenom-
enologically.

Putting off for some time discussion of the methods
of calculating the infinite sum (10), let us first analyze
qualitatively the typical result of such a calculation,
shown in Fig. 2-the dependence of the ionization prob-
ability on the frequency of the radiation. The data refer
to 3 -photon ionization of the hydrogen atom. For the
hydrogen atom the spectrum of s states is identical to
the spectrum of d states, and therefore the resonances
for circularly and linearly polarized radiation coincide
except for the resonance at η = 2, which occurs only for
linear polarization. The general nature of the disper-
sion differs sharply from the similar dependences for
one-photon processes-the width of the maxima is many

FIG. 2. Hydrogen atom ioni-

zation probability Wrel (in relative

units) as a function of light fre-

quency (ω calculation by standard

perturbation theory [21]). Solid

line—linearly polarized light, dashed

line-circularly polarized light; η is

the principal quantum number of

the bound electron state.
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orders greater than the width of the resonance states
and may reach values of the order of the distance
between resonances. This nature of the dispersion func-
tion is typical for multiphoton processes, since the com-
pound matrix element (10) is determined by the sum of
many matrix elements for individual virtual transitions.
We should note the qualitative difference of the disper-
sion functions for light of different polarizations. In
the case of circular polarization, in each region between
resonances there is a frequency at which the ionization
probability is zero. These minima reflect the specific
behavior of circularly polarized light-in absorption of
each photon the orbital angular momentum of the elec -
tron constantly increases. Thus, there is no systematic
preference for a definite polarization; depending on
frequency, the ionization probability for a given polari-
zation may be both greater and smaller than for another
polarization.9'

We will now turn to methods of calculating the transi-
tion probability. In calculation of the compound matrix
element (10), two difficulties arise.

The first difficulty is traditional and consists in the
necessity of constructing the wave function of the optical
electron in a complex atom. (This difficulty, naturally,
is absent in solution of the problem of ionization of the
hydrogen atom.) By analogy with one-photon processes,
one uses in the corresponding modification the quantum
defect method113:, the Hartree-Fock method, and the
pseudopotential method. The quantum defect method, as
is well known, is based on the fact that in the matrix
elements the main contribution is from regions far from
the nucleus, where the effective single-particle potential
can be considered Coulomb with the charge of the resi-
dual ion. We should therefore expect that use of the
quantum defect method should give gest results in the
case of ionization of the alkali atoms. Obtaining an
exact solution for a pseudopotential in analytic form is
impossible. Therefore, use of the pseudopotential meth-
od reduces essentially to a phenomenological choice of
analytic potentials, with a definite accuracy of the model-
ing pseudopotentials.t l 4 ]

The second difficulty is specific for multiphoton pro-
cesses; it is based on the virtual nature of the transi-
tions occurring and consists in the necessity of infinite
summation in calculation of the compound matrix ele -
ment (10).

The summation methods used can be divided into
phenomenological methods (the methods of Gold, Bebb,
and Morton) and exact methods (the Schwartz-Tiemann
method and the Green's function method).

Gold's method1 1 5 > 1 β ] is based on the empirical assump-
tion of the possibility of introducing an average energy
instead of the infinite number of energies Eo - E n ^ (see
Eq. (10)). Numerical calculation has shown that the
energy of the first excited state E2p = 10.2 eV is a satis-
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factory value of the average energy in the hydrogen
atom. By analogy, the energy of the first excited state
was taken as the average energy also in the case of com-
plex atoms. Thus, calculations have been made of the
ionization probability of the hydrogen atom up to ko = 7,
and for noble gas atoms [ 1 5 ] up to ko = 14. Bebb's meth-
od is based on summation of a finite number of terms
providing the greatest contribution to the compound
matrix element. Inthis way theprobabilities of 2-3
photon processes for ionization of alkali atoms [ 1 β ] have
been calculated. Morton's method[ 1 7 ] is based on the
directly opposite but equally empirical assumption of
the possibility of averaging all matrix elements, which
in order of magnitude are assumed equal to

where the first factor is the size of the atom. These
methods have been used to calculate the probabilities of
multiphoton ionization of the hydrogen atom, the alkali
atoms, mercury, and the noble gas atoms by radiation
of ruby and neodymium lasers and the corresponding
second harmonics. [ 1 7 ] An obvious deficiency of any of
the phenomenological methods is the unknown accuracy
of the calculations.

A number of calculations of ionization of the hydrogen
atom have utilized the Schwartz-Teimann method1-18 ],
which permits reducing the problem of the infinite sum-
mation to integration of a chain of coupled inhomogen-
eous differential equations of first order. Although this
method is not empirical and is mathematically well
justified, the calculations turn out to be complicated,
which can be seen in the example of calculation of the
two-photon ionization of the hydrogen atom.1-19-1

Calculations based on use of the Green's function for
description of the optical electron10' appear the most
promising. The Green's function GE(r, r') of the
Schrodinger equation is defined by the relation

GE(r, r')= £ „ — ε E'-E -dE',

where *ni/ r ^ a n c* *E( r ) a r e the wave functions of the
optical electron in the discrete and continuous spectra.
The compound matrix element (10) written with use of
the Green's function has the form:

{/ I (e, r*0) G E 1 + ( V I ) ( U ( r v rto_,) (e, r v i ) . . . GE|+W (r2, r,) (ε, Γ,) | i).

(10')
Since GEGT, r ') satisfies the Schrodinger equation, then
by letting the operator Η act on the Green's function, we
obtain the following linear inhomogeneous equation:

HGE(I,I')= -e(r-r') .

Thus, if we introduce the Green's function, calcula-
tion of the probability reduces to solution of this equa-
tion, in integration of which, in particular, it is possible
to use various approximate methods developed in atomic
quantum mechanics. This method permits in principle
the exact summation of the infinite sum (10). Here the
spectrum of the atom (in the absence of a field) is taken
into account exactly, since the poles of the Green's func -
tion coincide with the bound electron states. For the
optical electron in a complex atom the Green's function
was constructed in the approximation of the quantum
defect method.'13 J Use of the Green's function method
permitted calculation of the probability of the direct
multiphoton ionization to be carried out over a wide
range of frequency of the radiation for the hydrogen

atom in the interval1 2 0 ] 2 s ko < 16, and for the alkali
atoms in the interval^1 1 2 £ ko ^ 5.

Most of the calculations were made for a linearly
polarized field. The question of the dependence of the
ionization probability on the degree of ellipticity of the
radiation has been discussed by several authors, [ 2 1 ' 2 2 ]

who obtained both numerical data for circular polariza-
tion and the dependence of the ionization probability on
the degree of ellipticity of the light.

The enumeration of the various methods of calcula-
tion of the cross sections for the direct process of
multiphoton ionization, carried out in terms of pertur -
bation theory, raises the question of how optimal these
methods are. The nonanalytic nature of the calculations,
which require use of computers, and also the use of
various approximations, makes it difficult to obtain an
answer to this question. However, comparison of the
results of the different calculations, carried out for
the same cases, permits some general conclusions to be
drawn. In Tables I-IV we have given the values of the
multiphoton cross sections calculated by various meth-
ods with various simplifying assumptions.11'

The example shown in Table I of calculation of the
cross section for six-photon ionization of the hydrogen
atom illustrates the use of different methods of summa-
tion-the cross sections differ by an order of magnitude.

No less a difference is obtained in calculation of the
cross sections for ionization of complex atoms (see
Table H) (note that in this case we have listed c*3, and in
the case of ionization of hydrogen-ae).

The sensitivity of the calculations to the choice of
wave functions is illustrated by the data given in Table
IH.

In addition to internal consistency and the possibility
of systematic monitoring of the various steps of the cal-
culation, an obvious criterion of optimality of a given
method is the result of comparison with experimental
data. Such a comparison has been made in Chap. 4,
where we also discuss the question of the limits of
applicability of perturbation theory in the field strength.

Calculation of the probability of multiphoton excita-
tion-of a bound-bound virtual multiphoton transition in
a strong light field-is complicated, in comparison with
calculation of the ionization process, by the necessity
of taking into account the change in the transition energy,
and also the width of the final state under the influence
of the radiation field. Dynamic effects associated with
the perturbation of the resonance state s play a role in
the case when AEs(<f) > Γ^, y s ( ^ ) . where r k and ys{£)
are the reduced width of the radiation line and the width
of the resonance state s (it is assumed that the pertur -
bation of the resonance state is greater than that of the
ground state (see Chap. 5)). The very fact of taking
into account the line width of the radiation leads to the
necessity of solving the problem of the transition of the
electron from a state ο to the state s as the result of
absorption of ko photons with various frequencies. Since
the value of the compound matrix element remains prac-
tically constant as the frequency varies within the limits
Tk> rs(<^> ^ e calculation is separated into two steps-
calculation of the compound matrix element and inclusion
of the perturbation of the resonance state by the radia-
tion field. The expression for the probability depends
on the shape of the radiation line and the resonance state.
The compound matrix elements of bound-bound multi-
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TABLE I. Theoretically calculated cross
sections for six-photon ionization of the hy-
drogen atom a6 for ho> = 2.36 eV, carried out
by various methods (linear polarization of the
light [a6] = cm1 2 sec5)

- 1 7 9 . 7
—180,1
—181.4

Method of calculation

Green's function method
Gold's method
Morton *s method

Reference

•20a

IS

17

TABLE II. Theoretically calculated cross
sections for three-photon ionization of the
cesium atoma 3 forhai = 1.78 eV, carried out
by various methods (linear polarization of the
light, [a}] = cm6sec2)

IS a 3

—75.0

—76.0
—76.0

Method of calculation

Green's function method in quantum
defect approximation

Bebb's method
Morton's method

Reference

21

16

17

TABLE III. Theoretical calculations [21] of
cross sections for direct multiphoton ionization,
carried out with ground-state wave functions
constructed by the quantum defect method
(QDM) and the Hartree-Fock method (H-F)
(values of logajj are given;
= cm2 ko sec^o"' )

Atom

QDM
H-F

Κ

—106.4
- 1 0 7 . 8

4

Rb

—106.9
—107.0

5

Na

—139.4
—137.-1

TABLE IV. Compound matrix elements KJ^) for multiphoton
bound-bound transitions (theory of ref. 23)

ft

Atom

«ω, eV
Transition
X'j*1, Atomic units

2

He·

1.78
2<s —6's
4.7-103

Cs

1.78
6s — 9 i
1.0 105

3

Κ

1.17
4 s - 4 /
1.8-10'2

3

Cs

1.17
6s —6/

1.5-10"

4

Na

1.17
3s —7s

7.4.10 ' 5

photon transitions calculated by the Green's function
method are listed in Table IV.

The difference in the value of the matrix elements
for three-photon excitation of potassium and cesium
atoms demonstrates the role of the real spectrum of
the atom and the impossibility of using a hydrogen-like
model.

Remaining within the framework of the standard
perturbation theory approach, it is also possible to car -
ry out a calculation of the ionization probability in the
presence of an intermediate resonance, if we utilize a
model in which the transition from the ground state to
the continuum can be represented in the form of two
successive transitions, and the nature of the perturba-
tion of the resonance state is known. The ionization
probability in this case is equal to the product of the
transition probabilities, each of which is calculated in-
dependently (see refs. 1, 24a, 24b, and then Chap. 5).

However, we will not adopt the standard perturbation
theory approach in principle for description of dynamic
effects in the presence of an intermediate resonance-
a dependence of the ionization probability on the fre -
quency and intensity of the light field-since the nature
and magnitude of the perturbation of the resonance state
change as these parameters change. In the compound
matrix element (10) the corresponding denominator
(E s - Eo -kftu) in the presence of a resonance goes over
to (Es(<?) - Eo - khco - iys(<?)). Since with variation of S
the dependence of the probability on $ changes, the pro-
cess can be described only in a higher order of pertur-
bation theory (higher than k0). Description of the ioniza-
tion process in the presence of a resonance can be ac-
complished by using as a basis the spectrum of the sys-
tem atom + field. Here the main problem lies in con-
structing the Green's function for this system. Use of
this method is well known both for description of one -
photon transitions'·25-1 and for multiphoton transitions'26-1.
Solutions have been obtained only in a number of parti-
cular cases. Although in principle the promise of this
method is obvious, it is premature at the present to
make any conclusion of its practical value.

In concluding our brief review of the results of appli-
cation of perturbation theory methods for description
of multiphoton ionization of atoms, it is necessary to
formulate the main conclusions. Up to the present time
there has been an extensive development of the methods
of standard perturbation theory of ko-th order, in which
the unperturbed spectrum of the atom is taken as a basis,
and the action of the field on the electron in the final
state is neglected. Standard perturbation theory can de-
scribe only the direct process (ionization or excitation).
In principle in an arbitrarily weak variable field, condi-
tions of perturbation of the bound electron states can be
realized such that the electron transition cannot be de -
scribed in terms of the standard perturbation theory ap-
proach.

c) The quasiclassical method12'„ A number of wor-
kers ' 1 ' 2 8 ' 3 0 3 have solved the problem of ionization in a
variable field under the conditions where the quasiclas -
sical criteria (8) are satisfied. The most systematic
use of the quasiclassical method is represented by the
calculation of the quasiclassical trajectory of a subbar-
rier transition of an electron'28-1 and the quasiclassical
wave function'303. It is evident that in the adiabatic
case (y « 1), where the ionization occurs in times small
in comparison with the period of variation of the field,
the ionization probability can be calculated by averaging
over the period of the ionization probability in a constant
crossed fieldc 2 7 ](l^ I = I HI, <? 1 H).

Use of the quasiclassical method has permitted a
general solution to be obtained only in one case-for
removal of an electron from a short-range potential well.
The probability of this process is

/(V)=(l+^r

The function f(y) increases monotonically with increasing
field strength, and therefore for a fixed radiation fre -
quency the ionization probability increases with increas-
ing field. For y « 1, we have f(y) ~ y, and Eq. (11) with
an accuracy to the preexponential factor goes over to
the well known formula (3) for a constant field W ~ exp
(-C/,?). For y » 1, we have f(y) ~ In 2y - 1/2, W

~ ( l/2y) 2 a > a t / c o ~ F*0, which is equivalent to Eq. (1).
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A difficulty which it has not yet been possible to
overcome is to take into account the Coulomb field of
the residual atom. Because of the long range nature of
the Coulomb field, it distorts the electron motion at
distances large in comparison with the atomic radius.
The essence of the difficulty arising is obvious-it is
necessary to take into account the action of two fields
on the electron in the final state. The action of the
Coulomb field has so far been taken into account only
by the perturbation theory method; here it is assumed
that the action of the Coulomb field is a small correction
to the action of the field of the light w a v e i 2 8 c l This
naturally limits the region of applicability of the results
obtained in the direction of weak light fields, since it is
necessary that the following condition be satisfied:

(12)

Even for the maximum field strength at which the direct
multiphoton ionization process has been observed142],
~108 V/cm, we have y ~ 5, while Eq. (12) reduces num-
erically to y « 10. Thus, strictly speaking, a general
quasiclassical description of the multiphoton ionization
of a real atom cannot be applicable for existing experi-
mental data. It is necessary to have in mind that, as the
calculations of ref. 28c have shown, with satisfaction of
the criterion (12) the inclusion of the Coulomb field in-
creases the ionization probability by a factor of the
order (2<fat/<^)2· In ref. 28a the authors succeeded in
taking into account the Coulomb field without limitations
on the light field strength, but only for circular polar -
ization of the radiation. This may reflect the fact that
in absorption of a large number of photons of the cir-
cularly polarized field, the angular momentum of the
electron is always large, the electron is far from the
nucleus, and the effect of the Coulomb field is small in
comparison with the case of linear polarization. Inter-
est is evident in advancing the quasiclassical method to
the region of lower intensities of the linear field and
higher values of the parameter y. Here, however, we
must have in mind that by the very essence of the quasi-
classical approach to solution of the ionization problem,
this method, which originates from averaged character-
istics, cannot describe the appearance of intermediate
resonances. Therefore we should not expect success in
application of the quasiclassical method for y > 1 in
those cases where ko is not very large or in which the
bound states are located not too high, and therefore it
will not very often be successful.

The quasiclassical method has also been applied to
description of the multiphoton excitation of the atom.
Since, for multiphoton transitions, the external field
can be considered as an adiabatic perturbation and the
wave function is quasiclassical in the time, then, as is
well known13', the problem of finding the wave function
at the moment t —· °° from its known value at the mo-
ment t = 0 is equivalent to the problem of reflection
above the barrier. Using this analogy, Zaretskfl and
Krainov[ 3 0 ] obtained an expression for the probability
of multiphoton excitation in a two-level system for
Ιιω « Ej - Ej, having the form

(13)

where A and Β are constants which do not depend on the
field strength. In Eq. (13) the first factor corresponds
to the use of perturbation theory, and the second to the
correction which the quasiclassical method makes it
possible to obtain. In application of this method to cal-

culation of bound-bound transitions in a real atom, it is
necessary to determine the adiabatic energies of the
initial and final states as a function of time.

d) Conclusion. We will briefly review the possibili-
ties existing presently for theoretical description of the
various processes leading to ionization of atoms in a
strong light field.

The direct ionization process at a field strength
<107 V/cm-perturbation theory is applicable; many cal-
culations have been made for various specific cases.

The direct ionization process for field strengths
>107 V/cm—there is no general solution of the ionization
problem; particular solutions have been obtained with
additional limiting assumptions.

Tunneling (field strength >108 V/cm)-a general solu-
tion of the problem has been obtained by the quasiclassi-
cal method.

The resonance ionization process-results for indivi-
dual particular cases have been obtained qualitatively
and quantitatively.

It must be noted that the successes in the theory are
for those cases in which the spectrum of bound electron
states does not play an important role (tunneling, the
direct process). On the other hand, those cases in
which the main effect reduces to perturbation of the
bound states are a natural difficulty for the theoretical
description, particularly in the case of strong perturba-
tion. There is obvious interest in the development of
methods going beyond standard perturbation theory.
Individual advances have been made in this direction-
the quasienergy method L8a,8b, 11 }f construction of the
Green's function for the system atom + light field125'263,
and the solution for a quantum system having a constant
dipole moment'2 9 : . However, the conditions of applica-
bility of these particular results have not been suffi-
ciently justified and the validity of the approximations
made has not been carefully analyzed. The latter r e -
mark refers also to the results obtained in the quasi-
classical approximation[1'28J, and to the account of per-
turbation of the spectrum of bound states. Finally, it
should be noted that recently1·30'31·1 there has been a
rigorous demonstration of the internal inconsistency of
the gauge transformation method (momentum-translation
approximation1321), which has been extensively used for
solution of many problems without the necessary atten-
tion to its justification.

3. FORMULATION OF EXPERIMENTS

An experiment to study multiphoton ionization con-
sists of irradiating a target of neutral atoms by a laser
beam and detecting the ions produced. Here it is possi-
ble to vary the parameters characterizing the radiation
field (intensity, frequency, spectrum width, polarization,
coherence), and also the atom studied.

a) Competing effects. There are fundamental limita-
tions associated with the possibility of appearance of
competing effects which also lead to formation of ions.
In a strong light field such an effect is ionization by accel -
erated electrons. A free electron can acquire the energy
necessary for ionization by means of the inverse brems -
strahlung effect or the induced Compton effect. In the
case of inverse bremsstrahlung, the electron must
undergo a series of successive elastic collisions with
neutral atoms, and therefore the acquisition of energy
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from the field is determined by three parameters-the
field strength, the length of the period during which the
field acts on the electron, and the density of neutral
atoms. Analysis of the experimental and theoretical
data permits us to write down the following approximate
condition which the electron must satisfy in order to
acquire sufficient energy for ionization: ητ<ί2 > 1023

(where the density of neutral atoms η is expressed
in cm"3, the duration of field action on the electron τ in
sec, and the electric field strength in V/cm). In the
case of the induced Compton effect, the reradiation of
the photon absorbed by the electron occurs not spon-
taneously but under the influence of the external field,
the probability is proportional to the square of the rad -
iation intensity, and the reradiated photon has a fre -
quency and direction of propagation determined by the
field. Since the wave is always not ideally monochro-
matic and not plane, the electron can absorb a photon of
another frequency and having another wave vector than
those of the inducing field, and the electron energy can
increase. Analysis of the available experimental and
theoretical data permits us to write the following approx-
imate condition for acquisition by the electron of the
energy necessary for ionization: τ<?4 > 1024 (where the
designations and dimensions are the same as above).
Estimates with these relations show that for a laser pulse
duration τ < 10"" sec (a value typical for a solid-state
laser with Q switching) it is necessary to limit ourselves
to a target density η < 1016 (i.e., to use either a rarified
gas or an atomic beam), so that ionization by accelera-
ted electrons will not occur. Under these conditions
the only mechanism for ion production is ionization by
the radiation field.

b) Background effects and their elimination. In the
first experiments it was established that it is necessary
to detect ions, and not electrons, since the molecules
of the residual gas in the vacuum chamber are also
easily ionized. The ionization of residual gas molecules
has been studied in detail by Chin.[ 3 3 ] It turned out that
the main source of ions is complex hydrocarbon mole-
cules. The degree of nonlinearity of the production of
these ions lies in the range 2-6 (depending on the fre-
quency of radiation used). Thus, the yield of the ions
investigated substantially exceeds the yield of back -
ground ions and the background can be neglected only in
the case of investigation of relatively few-photon pro-
cesses. In all remaining cases it is necessary to separ-
ate the detected ions carefully from the background,
which is accomplished on the basis of the time of flight
to the detector.

c) Range of variation of field intensity at which it is
possible to study the nonlinear effect. The value of elec-
tric field strength at which it is possible to study multi-
photon ionization of a certain atom for a fixed radiation
frequency is limited on both the low and high frequency
sides. The high frequency limitation is due to achieve-
ment of 100% degree of ionization in the interaction
volume, i.e., satisfaction of the condition

1 (14)

(where W is the ionization probability per unit time and
τ is the duration of the radiation pulse). On the low fre-
quency side the field strength is limited by the condition
in which a threshold number of ions (in principle, one
ion) is formed in the interaction volume. Accordingly,
the interaction volume is important for the lower limit,

since the density of neutral atoms is limited on the high
side as the result of the possibility of appearance of
competing effects. The present state of laser technol-
ogy permits the necessary field strengths to be accomp-
lished without focusing of the radiation, in volumes of
~1 cm3. Under optimal conditions (volume ~1 cm3, den-
sity ~1016 cm"3) it is possible to have a range of varia-
tion of the number of detected photons from 1 to 1016.
Even this range is not at all large for a strongly non-
linear process. For example (see Eq. (l)), the fifteen-
photon process under these conditions can be observed
at a field strength varied by a factor ~3. All experi-
ments carried out so far have been performed under
conditions in which the laser radiation was focused by
short focal length lenses and the volume in which the
necessary field strength was achieved was in the range
from 10"5 to 10"8 cm3, so that the dynamic range was
several times smaller than the optimum value given
above. A substantial variation of the field strength at
which it is possible to investigate the nonlinear process
can be achieved only by varying the degree of nonlinear-
ity of the process, i.e., varying the frequency of the
radiation or the ionization potential of the atom studied.

d) Measurement of the degree of nonlinearity, proba-
bility, and cross section of multiphoton ionization of
atoms.[34a,34b,36] j n studying multiphoton ionization
the nonlinear nature of the elementary event of absorp -
tion of several photons by the atomic electron appears
in a substantial way. In this case it is insufficient to
measure the classical combination of parameters which
must be known to determine the cross section of any
effect arising as the result of absorption of one particle
(photon): the number (density) of incident particles, the
density (number of particles) of the target, and the num-
ber of particles produced. In the case of a nonlinear
process it is necessary also to measure the intensity of
the radiation at each point of the target at each moment
of time.

Since the ionization probability is a nonlinear function
of the radiation intensity, since the radiation is always
distributed nonuniformly over the target, and since the
total yield of ions from the entire target is detected,
then for an infinitely small degree of ionization the num-
ber of ions produced Nj is related to the intensity of
radiation by the expression

N, = n\\w (F) dvdt, (15)

where the density of neutral atoms in the target η is
assumed uniform and practically unchanged as the re-
sult of production of ions. The integration must be car-
ried out over the irradiated target volume and over the
duration of the laser radiation pulse. It can easily be
seen from Eq. (15) that only when W is a linear function
of the radiation intensity is the integral directly propor -
tional to the number of incident photons (the case of
one-photon ionization). For a nonlinear dependence of
the ionization probability on radiation intensity, before
experimentally determining the cross section or proba-
bility of the process it is necessary to know the form
of the dependence W(F).

If we assume that the probability is related to the
intensity by a power law, i.e., Eq. (l) is satisfied, then
the expression for the number of ions produced (15)
takes the form

Ni = aHn\ \p*dvdf (16)

177 Sov. Phys.-Usp., Vol. 18, No. 3 Ν. Β. Delone 177



The intensity of radiation is related to the quantities
measured experimentally by the expression

$ J ">'
(17)

where Fo is the maximum intensity realized at some
point of the target at some moment of time, and Q is
the energy in the laser radiation pulse. The function Φ
describes the distribution of the radiation for a fixed co-
ordinate ζ in a plane passing through the point with max-
imum intensity.

From Eqs. (16) and (17) it follows that the number of
ions produced is related to the energy in the laser pulse
as follows,

( v v (18)

It is evident from Eq. (18) that if in a series of con-
secutive pulses of laser radiation only the energy Q
passing through the target varies, and the space-time
distribution of radiation at the target remains constant,
then the functional relation N (̂Q) is similar to the func-
tional relation W(F) characterizing the ionization pro-
cess. In practice both the function f(x, y, z, t) and the
function Φ(χ, y, t) do not remain constant, particularly
in the case where the laser radiation has a multimode
nature. This is clearly visible from the presence of
fluctuations in the magnitude of the ion signal for a con-
stant energy of the radiation in a series of consecutive
laser radiation pulses. Experiments have shown that
the fluctuations are random in nature and the deviations
from the mean are distributed according to a normal
law. Under these conditions the function Nj(Q) and con-
sequently also the experimentally measured function
Ai(Q), where Aj is the amplitude of the ion signal, are
equivalent to the desired function W(F). In accordance
with Eq. (l), in the case in which the ionization process
has a direct nature, the function Aj(Q) should have a form
Ai ~ Q1*0, where ko is the number of photons whose ab-
sorption is necessary for ionization. The degree of non-
linearity can be determined from the experimental data
from the relation

Q d\gF

In accordance with Eqs. (16) and (17), the cross sec-
tion for the direct process associated with absorption of
ko photons has the form

The function f(x, y, z, t) cannot be directly measured.
The function Φ(χ, y, t) can be measured by use of a high
speed photodetector with a sufficiently high degree of
space-time resolution, but this method is complicated
in practice. Therefore in all experiments independent
measurements have been made of the space and time
distributions. The dimensionless functions (f(x, y, z, t)
and Φ(χ, y, t) can be represented in the form of factors

Φ (χ, y.

-- φ (ζ, y, ζ) ψ (ί),

• η (χ, y) ψ (ή, (20)

in the case that the change of intensity with time ψ(ΐ)
at each irradiated point of the target follows the same
law. If Eq. (20) is satisfied the expression for the cross
section has the form

(21)
=—\ΊΓ)

= \ [ φ (x, y, ζ)]"0 dv, t f t o = j [ψ (ί)]"0 dt.
(22)

where

The quantities S and τ are the normalized cross sec-
tion of the light flux at the target and the normalized
duration of the laser pulse. The quantities Vk0 and TI^
play the role of the target volume and the duration
of the interaction which are effective for a process in-
volving absorption of ko photons in one event. For a
nonuniform distribution of radiation intensity over the
target and a high degree of nonlinearity of the process,
the effective characteristics are substantially different
from the corresponding quantities Vi and Ti. The choice
of normalization of the quantities S and τ can be arbi -
trary. However, in the case of highly nonlinear proces-
ses the standard normalization for linear processes at
half the maximum amplitude (the half-width or width at
half-height) is not logically justified, since the main
contribution to the integral effect is from the regions
where the intensity is maximal. Therefore the normali-
zation is carried out to the maximum value of the am-
plitude.

It should be noted that the expression for the cross
section of the nonlinear process (21) is valid if only
two assumptions are satisfied-the power law form of
the dependence of probability on radiation intensity, and
the possibility of separating the space and time variables
in the distribution function of the radiation over the tar -
get-and therefore this expression describes a broad
class of processes of ionization and excitation of atoms
and molecules.

The dimensionality of the cross section is determined
by the degree of nonlinearity of the process ko, [ako]
= cm™ sec1 1 0"1. Therefore it is meaningless to com-
pare the cross sections for processes with different
degrees of nonlinearity. It is necessary to compare the
probabilities for a fixed value of the radiation intensity.

The accuracy in measurement of multiphoton cross
sections by the absolute method described above is
relatively low in comparison with the accuracy of mea-
surement of one-photon cross sections. The principal
error is due to the high power of ko in which the mea -
sured quantities S, τ, ψ and ψ appear in Eq. (21).

Recently Delone et al.l34b] proposed another method
of measuring the cross section which permits the ac -
curacy to be greatly improved. This possibility is due
to calculation of the cross section from the ratio of the
number of ions N^ in the presence of saturation of the
ion signal, i.e., under conditions in which Eq. (14) is
satisfied, and the number of ions Nf for the same value
of Q which would be observed at a much smaller value

of τ when the condition J W(t)dt « 1 is satisfied. The

number of ions Nf is determined by extrapolation of

data measured for J W(t)dt « 1 in the region where

saturation does not play an important role. In the pres-
ence of saturation the number of ions produced is re -
lated to the ionization probability not by Eq. (15) but by
the relation

t

Nt = n j [l-exp( —j W(t) &)]&>,

which in the case of the direct ionization process can be
written in the form
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2Ϊ ί^7 + 3ϊ ν^7 ~ · • · J · (23)

In accordance with Eqs. (l8)-(22) and (23), the ratio of
the numbers of ions is

•τς--···]· (24)

It is evident from Eq. (24) that with use of the relative
method there is no need to measure the density of tar -
get atoms or to make absolute measurements of other
quantities. It is just these facts which assure a signifi-
cant increase in accuracy.

e) Laser radiation. Most experiments on multiphoton
ionization of atoms have been carried out with radiation
from pulsed Q-switched solid-state lasers, and also
second harmonics of laser radiation. With a ruby laser
the photon energy is ϊΐω <*> 1.78 eV, and for a neodymium
glass laser, ~1.17 eV. In both cases the frequency of
the radiation can be changed, in the case of the ruby
laser within limits of ~10 cm"1 by changing the crystal
temperature, and in the case of the neodymium glass
laser within the width of the luminescence line, ~ 100
cm"1, by using a dispersive resonator. Depending on the
particular problem, radiation of definite polarization
with various spectral widths and mode composition have
been used.

In principle in those cases where a cross section
must be measured, it is necessary to use the radiation
of a laser operating with generation of one mode. Tech-
nical difficulties associated with achievement of stable
single -mode operation have resulted in the use of a
regime with generation of one transverse mode and
many longitudinal modes. It is evident that with this
type of radiation there will be no spatial fluctuations of
intensity over the target, and the relations (20) are sat-
isfied. Time fluctuations of intensity can be taken into
account by introduction of a correlation function of ko-th
order. Studies of the generation of harmonics and multi-
photon luminescencet 7 0 ] for k0 — 3 and of the multipho-
ton ionization of atomsc 3 5 : l for ko from 5 to 11 have shown
that in this case, when there are no nonlinear elements
in the laser resonator, multimode radiation is satisfac -
torily described by a model of random phase distribu-
tion for which the correlation function is 771̂  = ko!

f) Typical experimental arrangement (Fig. 3)α The
radiation of a laser 1 of a certain design is directed into
a vacuum chamber 5. In front of the chamber in beam
2 is placed a series of light -splitter wedges 3 which
separate auxiliary beams necessary for diagnostics of
the laser radiation. The radiation spectrum is measured
by means of a Fabry-Perot interferometer and a spec-
trometer 13. The energy in the laser radiation pulse is
monitored by an auxiliary calorimeter 12. The time

distribution of the radiation is measured by a coaxial
photoelement 14. The spatial distribution of the radiation
in the region of ion production is measured with an aux-
iliary objective 6', identical to the objective 6 which
focuses the light onto the target. The distribution of
radiation in various planes of the focal region of the ob-
jective 6' is imaged onto a photographic film through a
microscope 15 with the necessary magnification. A
radiation absorber 4 of a certain type is placed in the
beam in front of the vacuum chamber. The radiation
energy which has passed through the focal region 7 is
measured by a calorimeter 11 placed beyond the cham-
ber. The chamber is filled with the gas being studied or
an atomic beam is sent into it. In a direction perpendi-
cular to the beam of light are placed the accelerating
field electrodes 8, the electron optics which focuses
ions onto the detector, a flight-path interval, an electron
multiplier 9, and a Faraday cup 10, which is used in the
case where it is necessary to measure the absolute num-
ber of ions.

Observation of multiphoton ionization of the gas
studied is established by detection of the ion signal due
to admission of gas or turning on the atomic beam and
having a given delay time relative to the laser pulse.

An experiment to measure the degree of nonlinearity
of the process consists in changing the attenuation of
the radiation at the entrance to the chamber, and mea-
suring the energy passing through the region of focus-
ing and the corresponding amplitude of the ion signal in
relative units. A typical form of a set of experimental
data obtained in a series of consecutive laser radiation
pulses is shown in Fig. 4 on a doubly logarithmic scale.
The experimental data have been approximated by a
straight line obtained by the method of least squares.
The upper limit of the region of approximation was sys -
tematically shifted toward the region of higher intensi -
ties until the quantity k = 91ogAi/31ogQ remained con-
stant. Thus, we separated the region of variation of
intensity in which the ion signal undergoes saturation
due to achievement of a significant degree of ionization
in the region of ion production (see Eq. (23)).

An experiment to measure the cross section for
multiphoton ionization of an atom consists of the simul-
taneous measurement of all quantities entering into
Eq. (21). At the same time the necessary parameters of
the laser radiation are monitored (the frequency at the
peak of the radiation spectrum, the width of the spectrum,
and the polarization and mode composition of the radia-
tion).

FIG. 4. Typical experimental result on

multiphoton ionization of atoms—depen-

dence of ion signal pulse height A j on energy

in laser pulse passing through the target Q,

in a log-log plot. The region where satura-

tion of the ion signal arises as the result of

achievement of a significant degree of ioni-

zation is evident (k >* 2.5, data of ref. 11).

j -

FIG. 3. Diagram of typical experiment to study multiphoton ionization

of atoms (see the text).
r ζ
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TABLE V. Values of various parameters realized in measurement
of the cross section as for direct ionization of the sodium atom (f and
d are the focal length and relative aperture of the planoconvex lens
used to focus the laser radiation; D is the cross-section diameter of the
light beam at the entrance aperture of the focusing lens; the remaining
designations are given in the text)

s

<?. J

10"!

ti,
nsec

30

τβ.
nsec

15

f, mm

100

d, nun

10

D.mm

3

s, cm'

10-5

Vi, cm'

5·1(Η

Vt,cm3

io-« ΙΟ»

n, c m "

10»

In Table V, as a quantitative illustration of typical
experimental conditions, we have shown some values ob-
tained in measurement of the cross section for direct
five -photon ionization of the sodium atom by radiation
from a neodymium glass laser. [ 3 β ]

In ending our review of experimental arrangements,
•we must make three remarks. The first is that, begin-
ning with the first experiments and continuing up to the
present time, the main difficulty consists of maintaining
constant and measuring the space-time distribution of
radiation over the target; the requirements increase
rapidly as the degree of nonlinearity of the process
studied increases. Second, it is obvious that an optimum
experiment is carried out in a single-mode laser. Third,
there is unquestioned promise for dye lasers, which
already permit studies to be made of few-photon pro-
cesses practically over the entire range of optical fre -
quencies.

4. DIRECT MULTIPHOTON IONIZATION

a) Conditions of achievement. The condition for
achievement of direct ionization, expressed in terms of
the difference between the energy l ^ k o — ko—lof the
photons and the energies Ej associated with the elec-
tron states in the unperturbed spectrum of the atom, is
of the form

Ι Μ ω - ί , , , ^ δ ^ ^ ) , Voi(8)· (25)

Here Eoi is the tabulated energy of the transition be -
tween states 0, i in the spectrum of the atom in the ab-
sence of a field, 5Eoi(<?) is the change of the transition
energy under the action of the field, and yoi(^) is the re-
duced width of the states 0, i in a light field. It should
be noted again (see Chap. 1) that in the general case in
a varying field it is impossible to neglect the change of
energy of the ground state 0 in comparison with the ex-
cited state i. On the other hand, in most cases, where
kiE « koE> we can neglect the broadening of the ground
state 0 in comparison with the broadening of the state i.

The condition (25) is essentially the condition of a
large energy difference in the absence of a field and
weak perturbation of the atomic levels by the field.
Achievement of a large energy difference is facilitated
at a high frequency of the light and by a small excess of
the energy kohcu over the ionization potential I. Under
these conditions the energy kho; will be maximally r e -
moved from the upper, closely spaced levels. To ach-
ieve the condition of weak perturbation of the atomic
levels, it is most important that the field be relatively
weak. Finally, even in an arbitrarily weak field reso-
nances may appear, but for this a special choice of
radiation frequency is necessary. In a strong field or
for an energy khuj corresponding to the energy of the
closely spaced upper levels, the probability of achieving
the relation (25) is decreased.

Finally, we note that in practice an additional quan-
tity Γ , taking into account the nonidealness of the exper-
imental arrangement, must be added to the right-hand
side of the inequality (25). Depending on the specific
conditions, Γ is determined by the Doppler broadening
of the atomic levels and by the inhomogeneity broaden-
ing associated with the nonuniform distribution of the
light field over the target and with the nonmonochrom-
aticity of the laser radiation.

b) Observation of the direct process. The direct pro-
cess of multiphoton ionization has been observed over
a wide range of variation of the degree of nonlinearity
2 £ ko s 11, of field strength 105-5 x 107 V/cm, and
adiabaticity parameter 1000 > γ >: 5 in ionization of
various atoms (hydrogen, the alkali atoms, mercury, the
noble gases) from the ground and excited states by light
with various wavelengths and degrees of polarization
(Table VI). A strict criterion of occurrence of direct
ionization is the constancy of the power dependence
W(F) for a small variation of the radiation frequency,
where the quantity kfiw remains in the intervals between
resonances. However, under conditions where the ener-
gy differences in the absence of a field are large and
the calculations permit the assumption that the pertur -
bation of quasiresonance states is small, the criterion
may be the power dependence W(F) measured for a fixed
radiation frequency. These conditions were satisfied
in most cases and the results of the investigations are
listed in Table VI. In a number of experiments the
frequency was varied as a control. [ 3 6 ' 5 3 3 This type of
control was achieved also in experiments carried out
in a relatively weak field1-44·1, where the theoretical re-
sults are inapplicable. It is necessary to note specially
the observation of the direct process for y « 5 (the Xe
atom, ϋω = 1.17 eV, g = 5 χ 107 V/cm). Analysis of the
conditions of this experiment was carried out by
Alimov159-1 on the basis of general considerations re-
garding the ionization probability for y ~ 1 obtained in
refs. 1 and 28. It turned out that, although at y ~ 5 the
probabilities for ionization as the result of absorption of ko,
ko + 1, ko + 2 , . . .photons already have comparable values,
nevertheless for the integral ion yield the deviations
from a power law (1) lie within the experimental accur-
acy in measurement of the value of k. Therefore, al-
though the observation k ~ 11 = ko in certain intervals of
variation of the radiation frequency shows that the ioni-
zation process has a direct nature, we must assume that
the calculations, which were carried out by the method

TABLE VI. Experimental and theoretical data on direct multiphoton
ionization with linear polarization of the radiation (the dimensionality
of the multiphoton cross section is [o^ ] = cm2kOsec'co-1)

Atom

Αω, eV
g, V/cm')

fc.exp

lg (<**o)coh
Δ lg (afegjcoh
Reference
Bebb's method [ " |
Gold's method!"]
Morton's method ["]
Green s function

method!"]
The same, I"]

2

Κ

2.36
10»
103
1.8

±0.2
—49.1
±0.8

3β

-48.5

-48.6

—48.8

3

Na

2.36
5-10»
5-10»
3.0

±0.2
—80.4
±1.0

36

-79.2

—77.5

—77.7

'Approximate values
field strength

Cs

1.78
5-10»
5-10»
3.0

±0.2
-77.8
±1.5

38

—76.0

—76.0

—75.0

4

κ

1.18
10*
10»
4.0

±0.1
-108.4
±1.4

3S

—108.5

—106.4

s

Na

1.18
5-10*

25
4.9

±0.1
—140.1

±1.7
3Θ

—140.3

—137.4

6

Η

2.36
10'
40
5.7

±0.5
—179.7

±1.8
40

—180.1
—181.4

—179.7

H g

1.78
10'
30

6.3
±0.7

—174.4
±2.3

41

—174.9

are given which correspond to thf
or which the power law (1) is observed.

Kr

2.36
10'
40
5.7

±0.6
-173.0

±2.0
4 !

—181.2

7

Xe

1.78
10'
30
7.4

±0.8
—207.4

±2.8
41

—210.1
-211.6

; maximum
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of standard perturbation theory, should not directly de -
scribe the probability value.

In concluding our discussion of the conditions under
which the direct process is observed, it is necessary to
make the trivial but important remark that there is no
single limit of the field strength making possible reali-
zation of the direct process. For each specific atom
and each radiation frequency there are always specific
differences between the energies khco and the energies
of the stationary bound states, a specific nature of the
perturbation of these states, and a specific field strength
at which resonances induced by the field arise. It is
evident that for resonances induced by the field arise.
It is evident that for resonance frequencies where khw
= Erji (where Egjisthe energy of the transition the quasi -
stationary state i), the ionization process will have a reso-
nance nature in an arbitrarily weak field. A particular case
of resonance situation may be an energy khco very close
to the limit of the spectrum of bound states. In this case
a role can be played by difference effects whose role
has not yet been completely clarified-formation of a
continuum as the result of nonresonance mixing of upper,
closely spaced bound states, increase of the ionization
limit as the result of oscillational energy of the electron
in the field of the wave, and threshold phenomena.

c) Direct-ionization cross sections. In Table VI we
have given the cross sections for direct multiphoton
ionization processes measured with linear polarization
of the light. In all cases the data were obtained by an
absolute method of measurement of the multiphoton
cross sections (see Chap. 3). Since the laser radiation
had a multimode nature, the cross section for single -
mode radiation (ako)coh was determined from the value
measured in multimode radiation a^ by the relation:

(a*o)coh= ή- a " o = A Î % •

The experimental results given in Table VI are the most
reliable ones. In addition to these data, other measure-
ments have also been published of a number of cross
sections (for example ref. 39), but these have not been
listed because of their lower experimental reliability.

Several cross sections have been measured with sig-
nificantly higher accuracy achieved as a result of using
the relative-measurement method and single-mode
radiation (Table VII).

The dependence of the cross section on polarization
of the radiation has been investigated experimentally
by observation of the ratio of amplitudes of the ion
signals for linear and circular polarization. The polar-
ization of the initial (98-99%) linearly polarized laser
radiation was varied by changing the orientation of a
λ/4 plate placed in the light beam between the laser and

TABLE VII. Cross sections measured experimentally by a relative
method

Atom

&B,eV
Radiation

Ig (aito) « *
Δ lg (otftd) coh
Reference
Bebb's method ["1
Morton's method ["]
Green's function method ("]

3 4

Κ

1,78
Single-mode

—78.5
±0.1

45
—79.3
-78.1
—78.7

1.17
Multimode

—109.0
±0.2

34b

—108.5
—106.4

5

Na

1.17
Single-

mode
-136.5
-1-0.5
35 b

-140.3
—137.4

the target. On varying the polarization of the radiation
by this method the spatial distribution of the radiation
in the beam remained constant, and therefore the ratio
of amplitudes of the ion signals corresponded to the ratio
of the cross sections. The results of these measure-
ments are shown in Table VII, together with the theoret-
ical results. It should be noted that measurements of
the ratios of the cross sections for light of different
polarizations permit obtaining data significantly more
accurate than measurements for a fixed polarization
carried out by an absolute method. The calculations of
the cross sections for the direct ionization process in
a circularly polarized field were carried out with a
Green's function constructed by the quantum defect
method.c 2 1 ]

The dependence of the ion yield on the polarization of
the light has been measured also for the intermediate
case for γ ~ 5 (the Xe atom, ko = l l ) o [ 5 9 ] The result is
shown in Fig. 5 in the form of the ion yield as a function
of the degree of ellipticity of multimode radiation for a
fixed average field strength. Since at the present time
there are no data on the effective correlation factor for
a nonpower function W(F) on the dependence of this fac-
tor on the degree of polarization, there is no possibility
of deducing from the experimental data the dependence
of the ionization probability on the ellipticity of the light.

The cross sections calculated by standard perturba-
tion theory are also given in Tables VI—VIII. Analysis of
the conditions of appearance of resonances induced by
the field, as carried out in Chap. 5, shows that for a
field strength >107 V/cm the spectrum of bound states
as a rule is strongly perturbed by the field, and although
it is always possible to find a frequency at which the
ionization has a direct nature, it is nevertheless un-
known what effect the change of basis has on the value
of the cross section. Therefore adequately justified
conclusions can drawn only from data obtained for field
strengths <106 V/cm, i.e., for relatively few-photon
processes. If we turn to these data, then as can be seen
from Tables VI-VIII the calculations by standard per-
turbation theory satisfactorily describe the experimen-
tal results. It is also evident from Table VII that the
cross-section measurements carried out by the relative
method permit attainment of an accuracy sufficient for
determination of the optimal method of calculation.

In conclusion it should be noted that the problem of
creating good methods for describing the direct multi-
photon ionization of atoms arises not only from the

FIG. 5. Dependence of ion signal pulse height Aj ("ioniza-
tion probability) on radiation ellipticity p= & ||/8i^. The eleven-photon
ionization of Xe at a field strength of ~5 X 107 V/cm (y *> 5, data of
ref. 59).
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TABLE VIII. Measurements and calculations of the ratio of the cross
ctions for direct multiphoton ionization by light of linear polarization
£ ) and circular polarization (o^). The ratios are given for a fixed

average value of field strength.

ho

Atom

»<o,eV
L . C

Reference
Theory [Ml

2

Κ

2.36

1.0
±0.85

0.85

Cs

3.56
0.8

±0.1
37

0.9

3

Na

2.36
2.4

3.0

κ

1.78
0.4

±0.1
45

0.4

Cs

1.78

0.5
±0.1

3;

0.7

4

Κ

1.18
0.6

±0.2

0.25

5

Na

1.18
2.0

12

multimode radiation. Comparison of these data with the
theory is further hindered by the absence of information
on the correlation factors for a nonpower dependence of
the ionization probability on radiation intensity. There-
fore it is important both to calculate the correlation fac -
tor and to perform experiments for y ~ 1 with use of
single -mode radiation. In this way it is possible to es -
tablish conditions in which the channel of electron pene -
tration through the potential barrier begins to appear.

natural desire to learn the unknown laws of nature, but
also is dictated by practical requirements, since the
task of experimental tabulation of cross sections is
obviously insoluble.

d) Main results of Investigations. In summarizing
the results of experimental and theoretical research on
the direct multiphoton ionization of atoms, it is neces-
sary first of all to mention that for y » 1 the direct pro-
cess is observed for a wide variation of the various
parameters describing the field and the atom. Compari-
son of the entire set of data on cross sections with the
theoretical results permits us to draw the optimistic
conclusion that standard perturbation theory satisfactor-
ily describes the process, in any case up to a field
strength of 107 V/cm. However, it should be noted that
the optimism of this conclusion may be due to the fre-
quencies at which the measurements have been carried
out, far from the characteristic frequencies (resonances,
minima) and located in the region where the cross sec -
tion is not a strong function of the specific structure of
the atomic spectrum. A more accurate answer can be
given by investigation of the frequency dependence of
the ionization probability in a circular field in the re -
gion where standard perturbation theory predicts exis -
tence of interresonance minima. Observation of these
minima presents independent interest as the observa-
tion of bands of transparency of an atomic medium for
nonlinear absorption of light.

The question of the upper limit of field strength to
which calculations carried out by means of standard
perturbation theory are applicable, as mentioned above,
has no universl answer. The limit depends substantially
on the initial differences and the amplitude of perturba-
tion of the closest levels. In the case in which the dif-
ferences are large and change insignificantly on turning
on of the field, the limit should be determined only by
the satisfaction of the condition γ » 1. The entire set
of experimental data confirms this conclusion.

Finally, we turn to the direct process occurring for
an adiabaticity parameter y ~ 1. However, a trivial r e -
mark must first be made: for y ~ 1 we can discuss only
measurement of the probability for a fixed field strength,
since the power law (l) is not satisfied and there is no
constant which does not depend on the field strength.
A theoretical analysis of the ionization process for
y ~ 1, carried out in ref. 28 in the quasiclassical approx-
imation, showed that the degree of polarization of the
radiation substantially affects the probability, since the
distribution in the number of absorbed photons is differ -
ent for light of different polarizations. As mentioned
above in Chap. 2, an exact theoretical calculation has
been carried out for γ ~ 1 for circularly polarized
light.[2 8 a] Unfortunately, all of the experimental data
for the direct process for y ~ 1 have been obtained in

5. RESONANCE MULTIPHOTON IONIZATION

As we have mentioned above, the multiphoton ioniza-
tion process is called resonance in the case in which
an intermediate resonance arises between the energy
of k < ko photons of the radiation and the energy of the
electron transition from the ground state to some ex-
cited bound state of the system atom + strong light field.
Therefore it is evident that the condition of realization
of the resonance ionization process is the opposite of
condition (25) for realization of the direct ionization
process; it has the form

(g), (26)

where Eos(«?) is the energy of the transition from the ground
state 0 to the state s in the system atom + light field, and the
remaining designations are the same as above. Inregardto
the quantities Eo(<?), Es(<?), yo(<?), and ys(<?) it is neces-
sary to make the same remarks which have been made
in analysis of the condition (25) for realization of the
direct process. The natural desire arises to describe
the condition for the resonance ionization process in
terms of the quantities which characterize the unper-
turbed spectrum of the atom. Unfortunately, this cannot
be done in general form; specific data on the perturba-
tion of the resonance states are necessary.

Equation (26) is a necessary but not sufficient condi-
tion for realization of a 0s resonance transition in a
strong light field. In addition to satisfying (26), it is
necessary that the 0s transition be allowed by the selec -
tion rules for multiphoton transitions. Depending on the
degree of polarization of the radiation, the projection of
the orbital angular momentum of an electron which has
absorbed several photons differs substantially-the pro-
jection has a value 0, ±1 for linear polarization and a
value ko for circular polarization (all photons have iden-
tical helicity!). A large value of the quantum number I
requires a correspondingly large value of the principal
quantum number η which characterizes the state s.

Realization of a 0s resonance transition can lead
both to multiphoton excitation of the atom and to ioniza-
tion of the atom if an intermediate resonance exists.
These processes are competitive. For dominance of the
multiphoton excitation process, it is necessary that the
probability of the sO transition be greater than the prob-
ability of the transition sE from the state s to the con-
tinuum. This relation between the probabilities is satis-
fied if the degree of nonlinearity of the 0s transition is
less than the degree of nonlinearity of the transition
sE (kos < kSE) and no saturation occurs in the first
transition.

Let us turn to the resonance ionization process,
which is always dominant for k()s > kSE· As already
pointed out in chapter 2, in the language of perturbation
theory the appearance of an intermediate resonance
signifies a sharp decrease in the corresponding energy
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denominator in the compound matrix element (10) to the
value determined by the width of the resonance state
ys(if). This permits, with sufficient accuracy for de-
scription of the resonance process, taking into account
only this resonance term in Eq. (10). With use of one
resonance term it is possible to describe correctly the
frequency dependence of the probability of resonance
ionization, since the discarded nonresonance terms
are weak functions of frequency. The ionization probabil-
ity in this case is related to the parameters describing
the resonance stateU>24a] as follows:

(27)

It should be noted that, as mentioned above, Qs

~ y s U ) = W s E . With use of Eq. (27) for quantitative
analysis of the experimental data, it is necessary to
have in mind that there is no general solution of the
problem of a transition through an intermediate reson-
ance state to the continuum, which includes considera-
tion of the competition of the direct and cascade transi -
tions and which does not neglect the perturbation of the
resonance state by the radiation field. Individual spe-
cial cases have been considered in refs. 1 and 24.

a) Experimental methods. In investigation of the
resonance ionization process it is necessary to take into
account three instrumental factors-the width of the laser
radiation line and the Doppler and inhomogeneity broad-
enings of the resonance state. A first trivial remark
is that, the smaller these widths, the sharper the reso-
nance appears. Second, it must be noted that there is a
dependence of the reduced width of the radiation line
exciting the multiphoton resonance Γ ^ on the degree of
coherence of the radiation. Thus, in the case of single-
mode radiation Γ ^ = kr, and in the case of multimode
radiation with a random phase distribution Tfc = i/kT
(where k is the degree of nonlinearity of the resonance
and Γ is the width of the radiation line). Third and
finally, we must note the important role of the inhomo-
geneity broadening. If the line width of the laser radia-
tion can be decreased by many orders of magnitude to
10"4 cm"1 (in the case of single-mode lasing), then the
space -time distribution of the light over the target is
always nonuniform and it is impossible to change this
degree of nonuniformity substantially. The effect of the
nonuniformity reduces qualitatively to the fact that the
principal fraction of the ionized atoms are in some ef-
fective field which, in spite of the strongly nonlinear
nature of the ionization process, is always substantially
less than the maximum value (since only a small frac -
tion of the neutral atoms are in the region where the
field is maximal). Quantitative allowance for the non-
uniformity of the distribution1 4 8'5 1 3 shows that its role
decreases sharply as the degree of nonlinearity of the
resonance increases.

1) Observation of frequency dependence of ion yield
for fixed field strength. An intermediate resonance
appears in the resonance rise of the ion yield as the
frequency of the laser radiation changes (Fig. 6); the
energy of the transition to the resonance state is deter -
mined from the maximum in the yield curve with allow-
ance for the inhomogeneity broadening. If the reduced
width of the radiation line is Tk < ys(<^), then the half-
width of the resonance state is determined by the half-
width of the maximum in the ion yield with allowance for
the inhomogeneity broadening. To determine the de-
pendence of the transition energy to the resonance state

on the field strength, it is necessary to make a number
of measurements at different field strengths (see Fig. 6).
The main practical difficulty in using this method is the
necessity of maintaining the field strength constant as
the radiation frequency varies.

2) Observation of dependence of ion yield on field
strength for fixed radiation frequency. The appearance
of an intermediate resonance is identified from the
resonance deviation of the function Aj(Q) from the power
law describing the direct ionization process (Fig. 7).
A resonance will appear if the condition AEos(^)
> yQs(i), Tk is satisfied in the interval of variation of
the field strength used. The energy of the transition to
the resonance is determined by the frequency at which
resonance is observed with allowance for the inhomo-
geneity broadening. Determination of the dependence
of the transition energy on the field strength requires
performance of a series of measurements of the function
Ai(Q) at different radiation frequencies (Fig. 7). The
main deficiency of the method is the necessity of varying
the field strength over wide limits, which is possible
only in the case of relatively few-photon processes.

3) Observation of dependence of k = 81ogAi/81ogQ on
radiation frequency. In this method the resonance is
identified from the deviation of the experimentally ob-
served value of k from the corresponding quantity ko.
The quantity k is an integral characteristic of the ioni-
zation process and its determination requires measure-
ment of the ionization probability as a function of field
strength over some interval of variation of the field
strength. The occurrence of the resonance is also deter-
mined substantially by the field strength. Therefore
this method is applicable only under c onditions where
the range of variation of field strength necessary for
measurement of k is small in comparison with the value
which excites (or disrupts) resonance. If this condition
is satisfied, the nonpower function A (̂Q) can be approx-
imated with sufficient accuracy by a power law in a
definite interval of variation of Q. The observation of

k / k° can serve as an indication of the existence of
resonance. Variation of k is produced by the change in
the transition energy under the influence of the field for
the condition AEOs(^) a k̂> T O s ^ · If the resonance is
detuned under the influence of the field, we should ob-
serve k < ko, and if it is excited, then we should observe
k > ko, since simultaneously with the increase of the in-
tensity of the radiation there is a decrease (or an in-
crease) in the number of photons on absorption of which
a resonance transition occurs. For a fixed frequency of
light, the observed value of k depends on the initial de -
tuning of the resonance. In Fig. 8 we have shown the
results of calculation of the value of k for the case of
three -photon resonance in four -photon ionization. The
two limiting cases, AE<)S(<?) § yOs^K for which the
calculation was made have been observed experimental-
ly#C53,54j I f Δ Ε θ 8 ( ^ ) > yQs(£), r k , then the point of

intersection of the curve k(w) with the axis of abscissas
(see Fig. 8) corresponds to the frequency at which reso-
nance is observed for the field strength realized in the
experiment. A practical deficiency of the method is the
necessity of accurate measurement of the function Aj(Q)
over a narrow interval of variation of the radiation
intensity. The value of yOs(^) can be determined only
from comparison of the experimental data and theoreti-
cal calculations.

In conclusion it should be noted that the value of k
observed experimentally in the presence of an inter -
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FIG. 6. Observation of resonance multiphoton ionization by means of

the frequency dependence in the ion yield Aj(co). The three-photon reso-

nance 6s-6f in four-photon ionization of the Cs atom. Resonance has been

observed for two values of field strength related as 1.0:1.5. The arrow

shows the frequency corresponding to the three-photon resonance 6s-6f

in the unperturbed spectrum of the atom (data of ref. 48).

FIG. 7. Observation of resonance multiphoton ionization by means

of the dependence of the quantity k = 31ogAj/91ogQ on radiation inten-

sity (frequency fixed). The four-photon resonance 2 3 s- 143s in the five-

photon ionization of metastable helium. Δ[ 2 are the detuning of the

resonance in the absence of a field (data of ref. 52a).

FIG. 8. The quantity k

= 31ogW/31ogF (W is the ionization

probability, F is the radiation

intensity) as a function of the

frequency difference Δοί the

resonance in the absence of a

field, the change in transition

energy AEOs (<?), and the width

of the states Ύ%(£) under the

action of the field. Calculation

for the intermediate three-

photon resonance in four-

photon ionization [ ! 1J.
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mediate resonance is not directly connected either with
the degree of nonlinearity of the ionization process or
with the degree of nonlinearity of the resonance excita-
tion process.

b) Results of investigations of the resonance Ioniza-
tion process. Resonance multiphoton ionization has been
observed experimentally in many cases-for various
atoms, for linear and circular polarization of the light,
and over a wide range of field strength and value of the
parameter y. All of the experimental results can be
separated into two groups. The first group comprises
the results which it has been possible to interpret as
appearance of an intermediate resonance with a definite
electronic bound state. As a rule, this possibility has
been due to the relatively low degree of nonlinearity of
the ionization process observed, corresponding to
relatively low field strength and small perturbation of
the resonance state. In most cases the change in the
transition energy observed in the experiment could be
quantitatively described by calculations carried out by
perturbation theory. The second group comprises res-
onances which it has not been possible to identify.
These represent the case of a high degree of nonlinear-
ity and high field strength, where a strong perturbation

of the resonance state is observed and, correspondingly,
perturbation theory is not applicable to description of
the spectrum of the system atom + light field.

1) Identified resonances. An example of resonance
ionization observed in such a weak field that the pertur-
bation of the resonance state can be neglected is the
three-photon ionization of the cesium atom in the pres-
ence of intermediate two-photon resonances from the
ground state to highly excited s and d states having prin-
cipal quantum numbers1 4 7 3 η » 9-13. The radiation
from a dye laser was used for the ionization, and the
frequency was varied over the range 6550-6950 λ with
a line width 0.06-0.08 A. The ionization was observed
for a field strength ~10" V/cm. A typical result is
shown in Fig. 9. Note the red shift of the D5/2,3/2 doub-
lets. The main value of such experiments lies in the
possibility in principle of measuring the matrix ele-
ments of bound-bound transitions, including transitions
forbidden by the selection rules for single-photon ab-
sorption (an example is the transitions observed in ref.
47). For this purpose, however, it is necessary not
only to carry out absolute measurements of the ioniza-
tion probability in the resonance, but also to take into
account carefully all factors determining the width of
the resonance state. In spite of various difficulties
encountered in determination of the width (some of these
were pointed out above), the development of research in
this area appears very promising.

An example of observation of the case in which the
atomic spectrum is substantially perturbed by the field
is the four-photon ionization of the cesium atom in the
presence of the intermediate three-photon resonance[ 4 8 ]

6s-6f. In this experiment the ionization was accomp-
lished with a single-mode neodymium glass laser with
variable frequency. The frequency dependence of the
ion yield was measured for a fixed field strength. Ab-
solute measurements of the field strength permitted
determination of the constant in the square law for var-
iation of the transition energy (Table K ) . The value of
the constant is given with satisfactory accuracy by cal-
culations taking into account among other things the
nonresonance mixing173 of the components of the 6f doub-
let in the field. This method has been successfully used
also in a number of other experiments (the two-photon
resonance 21s-61s for the three-photon ionization of
metastable helium1493; the 4s-6s two-photon resonance
in the three-photon ionization of potassiumc 5 0 ]). As a
whole the results show high reliability of these measure -
merits. However, measurements at a series of values
of field strength can be accomplished only for a small
degree of nonlinearity of the ionization process.

S:J>

FIG. 9. Three-photon resonance ionization of the cesium atom in the

presence of intermediate two-photon resonances with the states indicated

in the figure (ground state 6s, data of ref. 47).
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TABLE IX. Measurement of perturbation of atomic levels in a
light field (a is the constant for the quadratic variation of the tran-
sition energy with the field; k is the degree of nonlinearity of the
resonance transition; the approximate field strength at which the
measurements were made is given)

Atom

H«

Κ

He

He
H e
He
Cs

Transition

73s, — 6 3 P 2

4 f t , / 2 - 6 S l / 2

2's — 6 ' s

23s —133 S

23s — 14*s
23s —U3d
6 s - 6 /

k

—

2

4
4
4
3

λ,
μ

1.06

0.69

0.69

1.06
1.06
1.06
1.06

V/cm

105

105

105

106

10e

10»
106

ι» cm-'
GW/cm1

10

10

15

60
150
150
1.5

Method

Observation
of relaxation
Absorption of light of
auxiliary source

Resonance multiphoton
ionization

The same

» »
» »
» »

Ref-
erence

4c
4a

49

52b

48

F, GW/cra'

W -

as

π

\

\

χ

FIG. 10. Energy of 23s - 143s transi-

tion as a function of radiation intensity.

The transition was observed as the inter-

mediate four-photon resonance in five-

photon ionization of metastable helium.

The result of a number of experiments,

data of two of which are given in Fig. 7

(dataofref. 52b).

37700 37800 Ι 37300 cm"1

The method of changing field strength for a fixed
frequency of radiation has also been used successfully.
Studies'5 2 3 of the five-photon ionization from the meta-
stable state 23s of the helium atom by linearly polarized
radiation from a neodymium laser have permitted data
to be obtained on a large number of resonance processes.
With a small change of the laser frequency, the energy
of the four photons can be made equal to the energy of
the transition from the 23s state to the s and d states
having principal quantum numbers 13-15. The experi-
ment observed the dependence of the ion yield on the
radiation intensity for a number of fixed frequencies.
(A typical result is shown in Fig. 7.) In each case the
frequency and intensity of the radiation corresponding
to resonance deviation in the ion yield was measured.
The entire set of observed resonances was recorded in
coordinates ω and F. In a number of cases the experi-
mental points lay on a straight line whose extrapolation
to the value F = 0 gave an energy corresponding to the
energy of a definite transition in the unperturbed spec -
trum of the helium atom. An example is the data for
the 23s-143s transition, which are shown in Fig. 10. For
a large number of closely spaced highly excited levels
with which resonances could arise and with a large
change of the transition energy in the field, this method
of identification of a resonance transition has turned out
to be rather reliable. A quadratic variation of transi-
tion energy with field strength has been observed for a
number of resonance ionization processes. The values
of the constants measured in these experiments are
given in Table IX. (in interpretation of the data in Table
IX and in Fig. 10, it is necessary to bear in mind that
what is measured experimentally is the result of per-
turbation of both states, initial and resonance, and that
the magnitudes of these perturbations depend in a dif-
ferent way of the radiation frequency, so that it cannot
be predicted a priori which of them will dominate.)
This method has been used also in a number of other
experiments which, however, did not yield very reliable

results (for example ref. 55), since sufficiently detailed
measurements with variation of both parameters ω and
F were not carried out.

In a number of experiments the resonance ionization
process has been identified by observation of deviation
of the quantity k = (31ogAi)/(31ogQ) from the correspond-
ing quantity ko (refs. 43, 44, 51, 53, 54, and 57). As
mentioned above, interpretation of the results obtained
by this method is difficult. Therefore the use of this
method does not as a rule give any data other than the
conclusion that an intermediate resonance exists.

In Table IX we have listed the data of a number of
experiments in which resonance ionization was observed
and in which it was possible to measure the change in
the transition energy in the atomic spectrum under the
influence of a strong light field. All of the data were
obtained for linear polarization of the radiation. For
comparison we have listed also typical data obtained by
classical methods. It is important to note that the var-
iation of the transition energy for two-, three-, and four-
photon excitation in a field of strength up to 106 V/cm is
quadratic in the field. The large spread in the magnitude
of the data obtained should not be surprising. We recall
that in a variable field the amplitude of the perturbation
is determined not only by the principal quantum num-
ber of the state, but also by the radiation frequency (see
Eq. (6)).

It should, however, be noted that in a number of ex-
periments, for example, in the same experimentst 5 2 ]

on ionization of metastable helium, resonances not de -
scribed by a quadratic law have been observed. The
cause of the observed phenomena is not yet known.
Therefore a continuation of studies of the resonance
process in not very strong fields is an important goal.

Measurement of the perturbation of an atomic spec -
trum in a light field of intensity up to 106 V/cm and es-
pecially data for highly excited states present excep-
tional interest for understanding of the phenomena which
determine the spectrum of the system atom + light field.

2) Resonances in an elliptically polarized field. The
main interest is due to the possibility of observing
resonances with quasistationary states arisingUOb] on
perturbation of the atomic spectrum by an elliptical
field. Unfortunately, no such data have been obtained
as yet. Only the dependence on the degree of ellipticity
due to the selection rules has been observed. Thus,
Bakos149-1 in accordance with the selection rules ob-
served the two-photon resonance 21s-61s in helium only
in a linearly polarized field and did not observe it in a
circularly polarized field. In agreement with the selec-
tion rules, the two-photon resonances in potassiumc50: l

in a linear field 4s-6s and in a circular field 4s-4d have
been observed. These two experiments were carried
out at a field strength ~105 V/cm. The role of polariza-
tion of the light turns out to be important also in a very
strong field[ 5 9 ]-the resonance observed in the eleven-
photon ionization of xenon in a field ~5 χ 107 V/cm in
the case of linear polarization is not observed with cir-
cular polarization (see below). Experimental verifica-
tion of the satisfaction of selection rules for single -
photon processes is of definite interest, especially in
the case of high field strength where the ratio between
the probabilities of forbidden and allowed transitions
can change. However, the main interest is nevertheless
in the experimental observation of the change in the
spectrum in an elliptical field.
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3) Resonance ionization at high field strength. Un-
identified resonances. Studies of the frequency depen-
dence of highly nonlinear multiphoton ionization of noble
gas atoms, observed at field strengths greater than
10 V/cm, have shown that the nature of the process
changes considerably for an insignificant change in fre-
quency. Such data have been obtained for atoms of
xenon144>57>5β], krypton[ 5 7 ], and neon[ 5 6 ] . Both a change
in the value of k and a change in the yield of ions have
been observed for a change in frequency by ~1%. The
eleven-photon ionization of the xenon atom by radiation
from a neodymium glass laser, hu> » 9400 cm"1, has
been studied in greatest detai l . [ 4 4 ' 5 7 ' 5 9 ] The laser fre-
quency was varied over «100 cm'1 for a line half-width
of about «1 cm"1. Ionization was observed in linear and
circular fields for a field strength of about 5 χ 107 V/cm.
In the case of circular polarization of the radiation it
turned out that the nature of the ionization process did
not depend on the frequency of the light, and the ioniza-
tion probability is related to the intensity of the radia-
tion by an expression of the formW ~ F u ± 1 , i.e., the
ionization process has a direct nature. With linear
polarization in the interval 9400-9430 cm"1 the ionization
process has a direct nature, and in the interval 9430-
9460 cm"1 it has a resonance nature (Fig. 11). Since the
energy of the transition to the first excited state in the
xenon atom is ~8hw, a resonance can arise in absorp-
tion of nine or ten photons. In both cases the transition
energy to the resonance state, corresponding to the ob-
served maximum in the ion yield for iiu)res

 = 9445 cm"1,
differs from the energy of the allowed transitions in the
absence of a field by an amount ~100 cm"1. The same
scale of values applies to the distances between levels
in the spectral region where a resonance can appear.
Under such conditions the perturbation of the spectrum
cannot be considered small, so that there is no basis
for use of standard perturbation theory either for calcu-
lation of the perturbation of the resonance s ta te [ 5 8 ] or
for calculation of the cross section in the region of
frequencies where the ionization process has a direct
nature. From the data of Alimov[ 5 9 ] it follows that the
observed resonance is of the order of 10 cm"1.

At the present time there is no method which permits
a quantitative description of a strong perturbation of
bound electron states, which is observed in the experi-

w

3Ί00 3Ί50

* *ϊί* t i

ω, cm '
3400 3Ί50

FIG. 11. Experimental data on resonance eleven-photon ionization
of the Xe atom, observed at a field strength « 5 X 107 V/cm with linear
polarization of the light, a) The quantity k = 31ogAi/31ogQ as a function
of frequency; b) ion signal pulse height A; as a function of frequency
(Q is the energy in the laser pulse; data of refs. 43 and 44).
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ments described.14' The results of experiments on ob-
servation of resonance ionization in a strong field should
indicate the specific physical phenomena which the
theories must describe.

If we turn to experiments on ionization of atoms in a
very strong field, the natural question arises as to how
universal are the conclusions drawn from experiments
with xenon. Although the degree of nonlinearity of dif-
ferent processes is significantly different (from ko = 11
for xenon to ko = 22 for helium in the case of a neodym-
ium glass laser), the adiabaticity parameter varies
weakly, lying in the range 10 2; γ £ 5, and the field
strength at which ionization is observed also does not
change greatly (from 5 χ 107 in the case of xenon to 108

in the case of helium). Most experiments with noble gas
atoms have been carried out with a fixed frequency; in
practically all cases the dependence of ionization prob-
ability on radiation intensity is not described by Eq. (1),
and approximation of the experimental data by a power
law gives a value k < ko (see for example ref. 42). The
results of the experiments described above with varia-
ble frequency provide a basis for suggesting that in all
experiments carried out with a fixed frequency an inter-
mediate resonance ar i ses c 5 7 : . The relatively large width
of the radiation spectrum used in experiments with a
fixed frequency (~10 cm"1) and the high degree of non-
linearity of the ionization processes observed result in
a large reduced width of the radiation line, which favors
this suggestion. Beyond doubt, great interest is presen-
ted by the experimental verification of this idea.

c) Main results of research. The first conclusion
permitted by the research results is that for y > 1 the
resonance ionization process is observed over the entire
range of variation of the principal parameters describ-
ing the field and the atomic system. The second conclu-
sion is that there are three qualitatively different cases:
the intermediate resonance arises with a bound state
practically unperturbed by the radiation field, with a
weakly perturbed state where the perturbation can be
considered a small correction to the unperturbed state,
and with a strongly perturbed state which can be de -
scribed only as a quasistationary state of the system
atom + light field. The degree of perturbation of the
resonance state is determined first of all by the field
strength, although the distance between the levels can
also be important. A third conclusion is that the reso-
nance ionization process is closely related to various
phenomena arising on perturbation of bound electron
states by a light field. Only by having the possibility of
qualitatively and quantitatively describing the perturba-
tion of the resonance state can we describe the reso-
nance ionization process. On the other hand, investiga-
tion of the resonance ionization process is necessary
for description of the perturbation of bound electron
states. Finally, we should mention that as a whole the
studies of these interrelated phenomena are in their
initial stages where each new result presents substantial
interest.

CONCLUSION

In concluding this review of investigations of the mul-
tiphoton ionization of atoms, it is necessary to turn to
those questions which for various reasons have not been
discussed.

The first and perhaps the most important question in-
volves the properties of the electrons produced in the
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ionization. The energy, angular directivity, and polari-
zation of the electrons have been studied theoretically
in some detail.c 2 8 ' 2 9 ' e°3 However, up to the present time
the properties of the electrons produced have not been
investigated in sufficient detail.15' The absence of ex-
perimental data has been a justification for delaying dis -
cussion of this question for some time. It should be
noted that the qualitative difference of the spectra of
electrons produced under the action of linear and circu-
lar fields was predicted by several authors1·28-1, both in
the transition region for y ~ 1 and in the adiabatic re -
gion for γ « 1. This difference, which is based on the
conservation of angular momentum, is fundamental.
This difference shows up only weakly in the integral
characteristics of the ionization process. The question
of the role of various collective effects also has not
been discussed. The possibility of appearance of corre-
lation effects in a complex atom indicates the necessity
of considering them even for justification of use of the
single -electron approximation. This interesting ques -
tion still has not been discussed for conditions where
the ionization occurs in a strong light field.

Finally, nothing has been said of the tunnel effect in
a light field. Unfortunately, the experimental situation
does not permit us to hope that interesting results will
be obtained. This can easily be seen from Fig. 1-the
condition y « 1 is satisfied only for field strengths of
the order of the intra-atomic field, if we remain in the
optical frequency region. The condition y « 1 can be
achieved if the radiation frequency is substantially de-
creased, by going to the far infrared, perhaps using a
CO2 laser (λ ~ 10 μ), which permits a high field strength
to be obtained. However, the great difference in fre-
quency does not permit us, on the basis of data obtained
in the visible region for y a 1, to draw any quantitative
conclusions as to the ionization probability and the role
of saturation in the far infrared region and the practical
possibilities of studying the ionization process for
y « 1. It may turn out that an answer to the fundamental
question of the transition of the multiphoton process to
tunneling in a variable field can be obtained more quick-
ly and easily by observing the ionization of negative ions
or the external surface photoeffect. The results of re-
cent experiments[ 6 1 ] confirm this idea. We recall that
it became clear even from the theory of L. V. Keldysh
that the nature of the potential well does not have an im-
portant effect on the qualitative behavior of the ioniza-
tion process in a variable field.

In order that this lengthy enumeration of uninvesti-
gated questions not produce a false impression of the
absence of progress in study of the multiphoton ioniza-
tion of atoms, we will conclude by briefly formulating
once again the main conclusions from experimental and
theoretical studies which can now be considered firmly
established.

The first and, we believe, most important conclusion
which can be drawn from studies of ionization of atoms
in a strong light field is that for γ > 1, depending on the
light frequency, the ionization process has either a
direct or resonance nature.

In regard to the direct process, the most important
conclusion is that the ionization process occurring for
field strengths <107 V/cm, for y > 10 and for a signifi-
cant difference between the energies khoj (where 1 =£ k
£ ko) and the energies of the unperturbed bound states
of the electron in the atom, is satisfactorily described

by nonstationary perturbation theory of the ko-th order
using as a basis the unperturbed spectrum of the atom.

The most important conclusion from studies of the
resonance process is the demonstration of the possibil-
ity of obtaining information on the spectrum of quasi-
stationary states of the electron in the atom; in just this
area, data have been obtained on the constants of the
quadratic perturbation of the bound electron states in a
light field.

A specific feature of the multiphoton ionization pro-
cess is that under the influence of a strong light field
the electron not only transfers from one state to another
but the states themselves are substantially perturbed by
the field. Just this feature results in a close connection
of the study of multiphoton ionization and the study of the
spectrum of quasistationary states of the system atom
+ light field.

From the discussion carried out above of the ioniza-
tion of atoms in a strong light field, the state of the
investigations is evident-up to the present time only
some general features have been determined, and the
most promising directions of research have been re-
vealed. In this situation a review of the results obtained
can suffer from a certain subjectivism which can appear
also in the list of references cited, which is in fact
significantly more extensive.

In conclusion the author takes the occasion to express
has gratitude to V. P. Kralnov and L. P. Rapoport, who
informed him of their manuscript and who made a num-
ber of valuable remarks which were adopted in prepara-
tion of the text for publication.

"The results of Keldysh ['] should evidently describe the case of ioniza-

tion of negative ions; unfortunately, this process has not been studied

experimentally in sufficient detail. The greatest interest is presented by

experiments on ionization by infrared radiation (for example, using a

CO2 laser, λ » 10 μ), since they can provide information on the ioniza-

tion process for 7 < 1 (see Fig. 1)
2)Getting ahead of ourselves, we note that the ionization of an atom differs

from the removal of an electron from a rectangular potential well only

in the pre-exponential factor; the exponential is not changed (see

Chapter 2).
3'See for example the review by Bonch-Bruevich and Khodovoi [6 2].

See for example the book by Sobel'man [6 3].
s)Here and subsequently the interaction is assumed dipole, since the wave-

length of the light is much greater than the size of the atom.
6)The quasienergy method is described in the review article by Zel'dovich.

Π
"Strictly speaking, criteria of applicability of non-stationary perturbation

theory must be formulated in the language of variation of wave functions

(see for example ref.65); however, from a practical point of view it is

desirable to formulate criteria in terms of the observed quantities.

" i n what follows we set forth the standard approach to perturbation

theory, whose basic assumptions are given at the beginning of the chap-

ter. In principle an expansion can be made also in other functions, for

example, in functions describing the free electron in the field of the

wave (see ref. 66).

"The ratio wJc

m/W?J'c= (2k0 - 1)! !/k0! > 1 obtained in ref. 67 is valid

only for the hydrogen atom, in which there is degeneracy in orbital

angular momentum.

'"'Methods of using the Green's function in perturbation theory are descri-

bed in the monograph by Baz' et al [68 ].
n ) I t must be recalled that the direct ionization process is described by Eq.

(1), and therefore the dimensionality of the multiphoton cross section

ak 0 = W/Fko is [ak 0 ] = cm2k0 sec k o " ' for dimensionalities [W]

= sec"1 and [F] = cm"2 sec"1.
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12)A discussion of the possibilities of use of the quasiclassical method for
solution of the problem of ionization of an atom in a variable field has
been given in the monograph by Baz' et al. [ " ] cited above.

"Tliis question has been discussed in detail in the physics course by Landau
andLifshitzI69].

w ) A particular but important question is the solution of the problem of
ionization for I ~ηω without limitations in field strength.

15)The first experimental data on the spectrum of emitted electrons in
multiphoton ionization of an atom have been reported in I 7 0 ].
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