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This review is devoted to a systematic exposition of the basic ideas and consequences of duality and

the Veneziano model for two-particle and multi-particle processes. It contains an attempt to give an
answer to the question as to whether dual models can be regarded as a first approximation in

describing the strong interactions. In this connection, emphasis is placed on the discussion of the
qualitative consequences of the basic assumptions of duality and their detailed comparison with the
experimental data. In addition, the review contains a discussion of the basic theoretical assumptions
of duality, various specific variants of dual models and their application to experimentally observed
reactions, as well as the difficulties that have been encountered in the consistent development of the
idea of duality. On the whole, the review reflects the status of the subject as it existed in June 1971.
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1. INTRODUCTION

Duality—one of the few new and original physical ideas
which have arisen in elementary particle physics in re-
cent years—is now a generally accepted language for the
discussion of the scattering of strongly interacting par-
ticles (hadrons). In the course of three years of intense
development (some idea of which is given by the rather
lengthy list of reviews, lectures and reports which have
appeared during this timem), dual models have become
a rather complex field of hadron physics that is difficult
to study, particularly because of the enormous number
of works of a purely technical and formal character. For
this reason, the primary purpose of this review is to
allow the reader to rapidly acquaint himself with the
basic concepts and reasoning of duality to the extent
that he is independently enabled to read the original
papers on this subject. Furthermore, the desire to com-
pare the simple formulas of dual models with concrete
experiment or the elegant and comparatively difficult
formalism of these models often causes one (even
specialists) to forget the extent to which the ideas of
duality are in agreement with reality and are confirmed
by the entire set of current experimental data. In this
connection, we have allocated considerable space in this
review to the comparison of the main predictions of
duality with experiment, in order to enable the reader
to decide for himself whether it is worth gaining an
interest in this subject in general and to decide whether
the ideas of duality stand a chance of being correct and
not merely attractive. This twofold purpose of the re-
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view resulted in its rather great length, and to prevent
excessive expansion of the text it was necessary to
eliminate the entire history of the ideas which are re-
viewed (which is elucidated in sufficient detail in m)

and to practically avoid any discussion of the purely
theoretical development of dual models, without which
one cannot form an accurate and complete impression of
duality (this is remedied to some extent by the references
to Appendix II, which provide the shortest means of elim-
inating ignorance in this respect). To read the review, it
is desirable not only to be acquainted with the analyticity
properties of the hadronic scattering amplitude, its
asymptotic form at high energies, unitary symmetry,
quarks and other matters which constitute the usual

way of life of the elementary particle physicist, but

also to possess a knowledge of the fundamental ideas

of duality (e.g., to the extent of *%).

2. WHAT IS DUALITY?

The physical idea of duality lies in the fact that res-
onant interactions of elementary particles play a basic
role in strong-~interaction physics. To be more specific,
this means that the hadronic scattering amplitude will
be close to the physical amplitude at arbitrary energies
if we imagine that the whole of the interaction reduces
entirely to the formation and decay of resonances.

Let us assume that this is so; then the scattering
amplitude for the reaction a+b—a+b (Fig. 1) has the
form
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Als, )= N[Bils, )+ Bi(u, 1), (1)
where Bij(s, t) is the contribution of a Breit-Wigner pole

. to this reaction (Bj(u, t) is the same in the reaction
a+b—a+b, where 2a is the antiparticle), and s,tand u
are the usual Mandelstam variables.

el

Buts, )= — VS (95, 51) (2)

T
s, Psi ()
where mj, Sj, I'j and 1"‘1"1 are the mass, spin, full width
and elastic width of the resonance, respectively. Py(z)
is a Legendre polynomial, z is the cosine of the scatter-
ing angle, and p is the momentum in the c.m.s. The
amplitude has the same form (the sum is over all res-
onances) for positive t (the physical region for the re-
action a+a —b+b). However, according to crossing
and analyticity arguments, the amplitudes for the re-
actions a+b—~a+b and a+a—b+b must be related,
i.e., the amplitude (1) must be equal to the analogous
amplitude for the reaction a+a —~b+b continued into the
s-channel physical region (s >0, t <0). For such a con~
tinuation, the set of poles with the same external quan-
tum numbers (charge, isotopic spin, strangeness, parity,
etc.) but with different spins (i.e., resonances which lie
on a single trajectory «(t)) give a contribution for t<0
) RO)

Ris =80 (%) " n,

(3)

where

e—inai(t) 4 1 .

Ni(8) = — = H

sin na; (t)

71 is the signature factor of the Regge pole (the + and —
signs correspond to positive and negative signatures,
respectively), and Bi(t) = g2%(t)gPP(t) (for the reaction
a+b—a+b) is the residue of the reggeon.

Thus,

Als, t)=§ij[Bi (s, )L B; (u, )] = };31 (s, 1), (4)

or

(5)

i.e., the sum of the s-channel resonances of the reaction
must be equal to the sum of the reggeon contributions.
This can be represented graphically in the form of Fig.
2. The equalities (4) and (5) clearly express a certain
intérrelationship that yields a bootstrap condition be-
tween the resonances of the direct channel (a+b—a+b)
and those of the crossed channel (a+a —b+b), and the
dual amplitude (i.e., the amplitude constructed entirely
as a sum over all the resonances) is a solution of this
bootstrap. Such an amplitude obviously does not satisfy
the unitarity condition and therefore may be regarded
only as a first approximatkon to the actual physical
scattering amplitude. Our belief is that this approxi-
mation is a good one, i.e., that all the unitarity correc-
tions are small. Thus, it is a question of constructing
a perturbation theory for the strong interactions. Any
attempts to advance in this direction must undoubtedly
arouse, on the one hand, great interest and sympathy
and, on the other hand, quite well-founded suspicion and

Im A (s, £)==Im X} Bi(s, £)=Tm 2 R: (s, 1),

FIG. 1.5 = (p, +p;)*, t =(p, ~ ps)* = —2p?
(1—2z),u=(p2 —ps)? =-2p*(1 +2),s+t+u=
2m2 + 2mi, p is the momentum in the c.m.s.,
A(s, t) = 2,21 + Day(s)Py(z), z = cos §, and I
is the scattering angle.
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a Plab b Plab

FIG. 4. The scattering amplitude in the interference model (a) and in
dual models (b) (A = Areg, AReg)-

doubt. The latter is especially true of duality, since its
ideas are based entirely on agreement with experiment
and are not in any sense sufficiently well-tested prin-
ciples which are indispensible for the general descrip-
tion of current experimental data, all the more so be-
cause it is not clear at the present time whether the dual
bootstrap is self-consistent and without internal contra-
dictions. However, the ideas of duality have a construc-
tive character, great generality (duality is of course ap-
plicable not only to binary reactions; we show in Fig. 3,
for example, the dual bootstrap condition for the reac-
tion a+b —~c+d+e) and an intimate relationship with
current experiment, so that we would like to hope that
this path will not lead to a dead end and that the agree-
ment with experiment is not accidental.

It should be stressed that the usual representation
of the scattering amplitude as a sum of a certain number
of resonances (Areg) and a contribution of Regge poles
(AReg) (i-e., A= Ares +AReg) is radically different from
the dual description. This difference is clear from
Fig. 4.

Unfortunately, the scattering amplitude cannot be
completely dual, since the dual bootstrap (see Fig. 2)
cannot be imposed on the Pomeranchuk pole (or the
vacuum reggeon), which is responsible for the constant
values of the total cross sections. The point is that the
total cross sections for reactions in which there are no
direct-channel resonances (e.g., K'p ~K'p or pp — pp)
do not tend to zero with increasing energy, so that the
contribution of the vacuum reggeon must not depend on
the presence of direct-channel resonances. Duality ar-
guments can be applied either to processes in which ex-
change of the vacuum pole does not contribute (e.g.,
charge-exchange reactions) or to the scattering ampli-
tude from which the contribution of the vacuum reggeon
has been subtracted:

Ap(s, ) =A (s, 8) — P (s, 1),

where P(s, t) is the contribution of the Pomeranchuk
pole, which is of the form (3) with a positive signature
(its trajectory «(t) passes through 1 at t=0). For
further details on the vacuum reggeon in the duality
scheme, see Sec. 7.
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3. THE RESONANCE SPECTRUM
IN DUAL MODELS

As we have already indicated above, duality is essen-
tially an attempt to construct a good approximation to
the physical scattering amplitude, confining oneself to
the contribution of all the resonances. It is therefore
quite obvious that the resonance spectrum required for
the solution of the equations (4) plays a fundamental role
in dual models. Let us consider what constraints the
duality conditions (4) impose on the resonance spectrum
independently of the specific dual model.

a) First of all, it follows from (4) that there must exist
resonances of arbitrarily large mass (in other words, the
trajectories of the Regge poles «a(t) must rise indefinitely
with increasing t). In fact, if all the resonances have
masses less than M (i.e., if a(t) has the form of the
dashed curve in Fig. 5), then there are no resonances
for s>M? and (5) implies ImA(s, t)=0, and not sa(t),
Thus, a(t) must not ‘‘turn around,’’ but must have the
form of the solid curve in Fig. 5. Such a behavior of the
trajectories is in good agreement with experiment; more-
over, all currently known trajectories are straight lines
(Fig. 6). Information about a trajectory a(t) can be ob-
tained in the first place from the fact that it contains
resonances for t >0 (the particle region); secondly, a(t)
determines the behavior of the differential cross section
for t <0 (the scattering region). For example, the Ag
trajectory determines the n~"p — 7" p backward scattering
cross section. The data on the trajectories obtained from
these two regions are in good mutual agreement (Table I).
The longest trajectory at the present time is the Ag tra-
jectory, which contains the heaviest resonance with a
mass 3230 MeV. However, it should be noted that the
quantum numbers of this resonance and those of the
resonances of masses 2850 and 2420 MeV (ag)art from
the isotopic spin) have not been determined 3 The
same is true of the last particles on the A and Z tra-
jectories. The situation is more ¢omplicated for the
meson trajectories, owing to the obviously poor signifi-
cance of the quantum numbers of the meson resonances.
At the present time, we can speak of only a single meson
trajectory in the particle region, namely the p trajec-
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FIG, 6. The Ay, Ay , and X, , trajectories 3.

b) It is well known that, for scattering at high ener-
gies, orbital angular momenta I, =pr, are important,
where r, is the range of the strong interactions, which
is asymptotically equal to r;=(a’ Ins)*’? (a’ being the
slope of the trajectory a(t)=a(0)+a't), as the asymp-
totic behavior (according to (4)) is determined by
reggeon exchange. The partial waves aj(s) (see Fig. 1)
are small for !>, and fall off rapidly (exponentially)
with increasing I (see (51), Let us consider scattering at
high energy s=Mg, where o(MR)=j (see Fig. 5), sup-
posing that o(Mk) rises more rapidly than (a’Mg In MR)”*
(this condition is satisfied for the known trajectories)
and that j >»[,; then

Im a; (s) = ¢ (j) e,

(6)
where c(j) is a power function of j, and a= ft;/p, where
to is the square of the mass of the lightest resonance in

the crossed channel (a+a —b+b); but, on the other hand

(see (2)),

8ay Mg 1

tory, which contains the mesons p(765) and g(1670); its Ima;=—"—% 3. i)
parameters are in good agreement with the data from
the scattering region (see Table I). Comparing (7) with (6), we obtain
TABLE I. Reggeon trajectories (data of [%])
From scattering From the particle segion
Reggeon o'(0) a'(0) Calculated from
a0 (GeV/e)y? a(® (GeV/e)? the resonances
o 065&8'(1)2 069_511;8,%
4x0. E
32 oiai | o6s0y | 0-5040.02 | 0.92:0,08)p, @, 4y, f
f 0,350,2 | 0,3%2.2
p 0.570.02/0.95:€0.4 |” 0.46:0,03 | 0,984:0.05| p (1. 765) g (3-, 1660)
n 0.02  [0.7550.04 | x (0~ 140) 43 (2. 1640)
% ) 0 1.22+0.12 } 0,02 {.64:£0.06{x (0, 140) f (1+-. 1235)
n }0.151;0.12 0.62--0,23 } 0,02 0.85+0.1 |m (0, 140) Ay (1++, 1070)
4y (1)
Kotz 0.33:£0.02 | 0.84:50.03 | K+ (4~ 830) Ko+ (2+,1420)
P —0.47£0.01 |0.69£0.05 [K (0~.4905) K 4 (2~ 1775)
K - —
¥« (1230) } 0,19+0.02{ 0.782:0.06 | X (0~ 495) K o (1+.4230)
K —
. 1320 } 0.16-£0,02 | 0,66-20,06 | X (0-.495) K 4 (1+.1320)
As 0.494-0.05 |0,87+0.20 0.15 0.90 | (See Fig. 6)
N (1/27,5/2+)]—0.38-0.04 0.88+0.09 —0.39 1,01 (See Fig. 39 below) * .
Ny (3/2-.7/27) —0.9% 0.92 N(3/2-, 1520) N (7/2-. 2190)
g:g/ff Gy } —0.84 1.0 | —0.820.05 0.9 | (seeFig6)
s (3/2+.7/2+) —0.25 0.9 |=z(s2+ 1385) 2 (1/2+, 2030)
172+, 5/2+) ) i
ﬁ:fa EaEE } =07 | 097 |(seeFig6)
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el

T~ elexp [ =2V | = (e, (8)

provided that a(t)=a(0)+a't (b=2a'td’?).

Thus, the relative probability of decay into each indi-
vidual channel (in our case, into the channel ab) must
fall off rapidly with increasing resonance mass. This
assertion is in excellent agreement with the data on
baryon resonances (Fig. 7).

c) However, how can Im A(s, t) behave like soft) at
high energies when the Im aj(s) are small? When
s=MR, ImA(s, t) is equal to (see (1))

A (M3) = 3 10, (MR) 25 ) =B 0) (S) ™

. (9)
The summation is taken in general over all the res-
onances of mass MR and different spins. It is obvious
that (9) would be violated (see (6)) if only the resonance
with spin j=a(MR) is retained in (9). There will be no
inconsistency only if the sum (9) has contributions from
partial-wave amplitudes with different orbital angular
momenta, including those with j=1I,, for which Ima;~1.
In other words, for each mass there must exist many
resonances with different spins, which lie on correspond-
ing trajectories, and there must exist many of these
trajectories. Even before any duality, it was shown tel
in considering reactions in which particles with differ-
ent masses interact that the analyticity of the ampli-
tude requires, in addition to the leading trajectory oft),
the existence of other trajectories (so-called daughter
trajectories), which lie below the leading trajectory by
an integer at t=0 (Fig. 8). It is therefore natural to
expect that the degeneracy of the resonances with respect
to the masses is connected with the fact that these
daughter trajectories also do not turn around and ex-
tend to infinity, and that it is on these trajectories that
the resonances lie (Fig. 8). The degeneracy of the res-
onances with respect to the spins is a most important
and interesting consequence of duality. Unfortunately,
we have very meager experimental material, and in
essence we cannot construct a single daughter trajec-
tory with any degree of confidence from the existing
resonances. We shall defer to Sec. 5 what little can be
said on this; we merely note here that the existence of a
large number of resonances and the increase in their
number even in the known mass region (although one

A(3230)

Imeey(s) s Imezyats) Y,*(2250)
azsy U7 5;2,00

=40t -

15 Alzs20)  TR400t40 v ”

r=35205= 1+
et
A1)

m=20t40

r=up
=7/2%
05 Y, *(1765) =72
- \ r=100+30
=72 SFesse”
o51 Alz3E) s
VT r=notz

R Y5

Y/*(2385)
r=3t3

(rw) =327

10 50 0o 5 1a 50 s

NI13730)

Imee,yis) Feum Imee, (57 Al2352)
Per? r=zip2sp
N2650) %
15 r=350 Aoy 7
2150) 7P D ":/M:/H
N(2199, ! 2
=300 a5 A(7875) 7=y
r=15tss
(1688} LI
5L r=is Al1520) Tz
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P o L
L] 1
10 50 0.0 s 1 50 5

FIG. 7. The full widths and decay widths of baryon resonances
into a given channel.

603 Sov. Phys.-Usp., Vol. 16, No. 5, March-April 1974

FIG. 8. The leading trajectory and three daughter trajectories: 1—
resonances with the same spin S and different masses; 2—resonances with
the same mass and different spins.

may question the authenticity of many of them) make
such an assumption possible. Of special interest is the
occurrence of a large number of resonances having the
same quantum numbers but different masses, which fol-
lows from the picture of the trajectories in Fig. 8 (see
the dashed line in Fig. 8, on whose intersections with
the trajectories there lie particles with the same spin S
and different masses). It can be seen from the tables

of " that there are at the present time three nucleons
N(1/2%) with masses 940, 1470 and 1780 MeV, and the
pairs of particles N( 3/27) 1520 and 2040, N(1/27) 1530
and 1700, A(1/27) 1405 and 1670, and A(3/27) 1520 and
1690 MeV. If this phenomenon is not accidental, it
strengthens our confidence that there exists a degener-
acy of the resonances.

d) Strictly speaking, allowance in the dual approach
for the full widths of resonances, i.e., for the fact that
resonances decay into other particles, is inconsistent,
since one must then assume that, in addition to the
resonances, there is an important contribution from
multi-particle states. However, one may hope that this
contribution, like all the unitarity corrections, will be
small. A natural parameter for the smallness in this
case is the quantity

<t (10)

where I' is the width of a resonance, and AM is the
mass difference of the nearest resonances. We see

from Fig. 7 that this parameter is not small; more-
over, it tends to rise (the straight lines in Fig. 7) and
(10) is evidently violated. It is quite difficult to say any-
thing definite about (10), owing to our limited present
knowledge of the resonances. In particular, all the heavy
resonances that lie on the A trajectory, whose widths are
given in Fig. 7, are found from phase-shift analyses, the
latter having been made without allowing for the possibil-
ity that there exist resonances having the same mass and
different spins. If they are taken into consideration, the
widths may be modified quite appreciably and the status
of (10) may become more encouraging. But even if (10)
is not satisfied, this does not mean that the unitarity
corrections are large. The point is that

P=Zln;<,z(t) , (11)

and the small magnitude of the unitarity corrections im-
plies that Im ¢(t) is small in comparison with Re a(t),
i.e., we have from (11)

T < Mp, (12)

which is well satisfied. But the detection of resonances
in this case (especially those which lie on daughter
trajectories) will be difficult (Fig. 9), even with a re-
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FIG. 9. Argand diagram for

P 1 r
o ul=5 [AE+,F + sEE T

3(AE+3H‘) N
AE =4/s—+/5, (one resonance on
F -r the leading trajectory and two on
r daughter trajectories—solid curve;
the dashed curve corresponds to a
resonance which can easily be con-
P > 7 fused with this sum, pa,/4r = 2(5/4)
- - * (I'/3)[AE + i(5/4)I') ; the symbols
indicate the values of AE).
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FIG. 10. The Argand diagrams for the combinations of 7N scattering
amplitudes that have definite isotopic spin in the t-channel [7].

liable phase-shift analysis, since, if (10) is violated in

a given partial wave, there must be many resonances
(see Fig. 8) separated by distances less than their
widths. This last remark may explain why we do not

see daughter trajectories, but on the whole the situation
becomes very uncertain and the claim that the amplitude
can be represented as a sum of only resonances be-
comes in essence unverifiable beyond certain energies
(at any rate, if we confine ourselves to binary reactions).

e) Thus, the spectrum of resonances may be consis-
tent with the idea of duality, but one would like to have a
more direct experimental indication that the unitarity
corrections to the dual amplitude are small. In this con-
nection, it is of interest that in "’ the phase-shift analy-
sis of 7N scattering was presented in a new form, by
isolating the combinations of s-channel partial waves
ij,l which have definite isotopic spin in the t-channel

(T is the isotopic spin, j is the total angular momentum,
and ! is the orbital angular momentum):

=5 S 2ih,

Bl = + (=7,

(13)
(14)

From the point of view of duality, the combinations (13)
and (14) should behave differently as a function of s.
Only the non-vacuum Regge poles contribute to (14}, so
that (see (4)) we expect it to have a purely resonant
behavior. The vacuum reggeon also contributes to (13),
so that the presence of a background in (13) would not
surprise us. In Fig. 10 we show the Argand diagrams
for (13) and (14). It is clear that (14) describes closed
loops with a very small background, whereas the back~
ground contribution is large in (13). This qualitative
conclusion does not depend strongly on what phase-
shift analysis is used and is quite impressive. At any
rate, without duality it is not clear why this background,
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FIG. 11

which is large in each of the fJ 7 and f;’;, has disap-
peared from (14).

4, DUALITY PLUS THE ABSENCE OF
RESONANCES IN EXOTIC CHANNELS

We now turn to the more detailed consequences of
duality, first considering those which originate from the
fact that resonances are absent in certain reaction
channels. Let us first consider, as an example, the re-
action 7*7° —1'7* (Fig. 11). There are no resonances
in the s-channel of this reaction, so that (5) implies that

(15)

At high energies, nm scattering is determined by the
exchange of three Regge trajectories: two of them with
positive signature (f and {'), containing respectively the
particles f (1250) and f’ (1520) with isotopic spin 0 and
positive G-parity, and one negative-signature trajec-
tory (p), passing through the p meson with mass 760
MeV. (Henceforth we shall designate the trajectories by
the first particles which lie on them.)

Im 3 R, (s,t) = Im 4 (s,8) = 0.

It follows from (15) for this reaction that

B0 (5) 7 0 (£) 7 e (£) 0.

% (18)

It is easy to see that (16) has two solutions:
1) @) =ar ) =op(t), BT (0)-+BF () =Br"(2); mn
2) ay(t)=ap(t), B ()=p3"(t), BT (t)=0. (18)

The first solution corresponds to the equality of all the
trajectories, including af(t)=of'(t), i.e., the masses of
the f and f’ mesons must coincide. Therefore this so-
lution is possible only in the limit of exact SU; sym-
metry. If, however, we allow for the mass difference
between the f and f' mesons, then only the solution (18)
is possible and this determines the way in which SU;

-is broken.

a) Exchange Degeneracy. It is clear from the fore-
going example that the absence of resonances in certain
reactions leads (in the presence of duality) to the equality
of the tra]ectones and residues of Regge poles of differ-
ent signatures "®'. This equality has become known as
exchange (or 51gnature) degeneracy.

1) Let us first of all consider how well the equality
of the trajectories of reggeons with different signatures
(*‘weak exchange degeneracy’’) is satisfied and what its
consequences are. We do not yet assume the equality of
the residues. The study®”°? of a large number of re-
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TABLE II

Exchange-degenerate trajectories Reactions

of o —
pA, —~ —
of KE — KK
@/

@A,

A4, (I1=02")8 p —> ap
N (I =0.4+)yg

“l(?r 0. 1+-)

(I =0. 1+7);, BE+ —> F
A1&I=1.2‘)1” KK+ — KK+
DI =02")g

nB op — 0p
N(I=01%")1.8 — -
Xo(I=0.4+") 8 K*E* — K*K*
D(I=0,1++) g

K* (890) K** (1420) 7K —> 1K
K (495) K 4 (1320)

(I=1/2.25) K+ (1240) aks — ke
A (3/2+, 7/2+) N (5/27) A — A
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FIG. 12. The total cross sections as functions of the energy of the
incident particles [?].

are twice as large as those for 7'p —'K'E, 2(1385), even
at relatively high energies (for the last reaction in (20),

actions leads to the equalities shown in Table II (according the cross sections have been compared at incident mo-

to %), For the meson trajectories, they are in good
agreement with the data from the ‘‘scattering region’’
(see Table I). Unfortunately, as we have already noted,
these trajectories cannot be reproduced from the ‘‘par-
ticle region.”” However, if the equalities of Table II

are assumed, then the leading common trajectories
(e.g., the trajectory passing through the p and f
mesons) are in good agreement with the data from the
scattering region (see Table I). The strange baryon
trajectories coincide very well (see Fig. 6), but de-
generacy of the A5 and Ny trajectories (containing
particles 1/27, 5/27, etc.) is not observed. To be sure,
the equality of these trajectories followed from the
consideration of 7A scattering (see Table IT), so that
the my trajectory may not be coupled to the 7N system,
although the origin of such a selection rule is not clear.

Weak exchange degeneracy implies that the cross
sections for two reactions which receive contributions
from two non-vacuum poles of different signature (e.g.,
the reactions K™p —7"Z" and 7'p —K'Z*, which at high
energies receive contributions from the exchange of the
K* (890) and K**(1420) reggeons) are equal "%,

In fact, the signature factors (3) are readily rewrit-
ten as exp[—ima(t)/2][—cos(ra/2)]/sin 1a for positive
signature and exp[-ira(t)/2li[-sin(7a/2)/sin 1a for
negative signature, so that

stz —2)
40 (K=p 2724 = St [ Byce (1) P4 Bgon () (2= da (wtp — K+2) _ (19)

when the trajectories are equal. Relations of type (19)
can be tested at the present time for the reactions

K*n — K% (K~p— K®), K*p — KOA++ (K-n — KOA),
KN — An{n—p - KA), K—p - =32+ (K+p - a*I+),
K-p - a~Z (1385) (K*p — s+ E+ (1385)). l

(20)

The behavior of the cross sections as functions of
the momentum transfer is the same for all these reac-
tions, but the cross sections have different values "%,
The cross sections for the reactions K™p =772, £(1385)
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menta between 6 and 16 GeV/c). It is not yet clear
whether this discrepancy is evidence against exchange
degeneracy or whether there is simply a large back-
ground contribution in these reactions at current ener-
gies; in any case, if the relation (19) continues to be
violated with increasing energy, this will be a strong
argument against exchange degeneracy.

2) 1t is rather difficult to make a direct test of the
equality of the residues, but there exist facts which in-
dicate that this equality is well satisfied.

a) One of these facts is the energy dependence of the
total scattering cross sections. The total cross sections
for those reactions in which there are no resonances
{such as pp, pn, K'p and K'n scattering), so that the
contributions of all the non-vacuum poles cancel (as was
the case for the 7" 7* reaction, Eq. (16)), must remain
unchanged with increasing energy (since these cross sec-
tions are due entirely to the contribution of the vacuum
pole, which gives a constant cross section). This condi-
tion is well satisfied in the case of the indicated reac-
tions (Fig. 12), while the cross sections for other reac-
tions are decreasing at the same energies. Moreover,
Im A(K'n — K°p) =Im A(K'p)—Im A(K'n) = s(o{K*p) — o{X"n))
=0, since there are no resonances in the reaction
K'n — K°p. The equality of o(K'n) and o{K'p) is well
satisfied; at any rate, the difference between them is
much less than o{n~p)—o(n'p), for example (see Fig. 12).

b) We note further qualitative consequence of relations
of type (18). Consider that value of the momentum trans-
fer (t=t,) at which af(to)=0. The signature factor (9
in (3)) for positive-signature reggeons (in particular, for
the f trajectory) becomes infinite at this point, which
would correspond to the existence of a particle of nega-
tive mass. Since this cannot occur, Af7(t) must reduce
to zero when t — t,. But it follows from the equality (18)
that Bg”(t) also reduces to zero at the same point 1%,

Without duality, such a behavior of B” is certainly not
necessary, since 7(t) for the p trajectory does not be-
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FIG. 13. Behavior of the 7 £p, K*p, pp and pp differential cross
sections as functions of t [14].

come infinite (negative signature). The fact that the
residues are forced to be zero leads to interesting con-~
sequences, such as minima in the differential cross
sections. These minima (or, as they are called, ‘‘dips’’)
should be seen in those reactions in which there are
direct-channel resonances (for example, in 7*p, pp and
K p scattering), but should not occur in reactions in
which there are no resonances (K'p and pp). In fact,

(21)
where the summation is taken over all the non~vacuum

‘;_‘t’= IP(s, ! —21m P(s, ) lm ZR -+ |22,

. reggeons, and P(s, t) is assumed to be purely imaginary.

We have ImZjRj=0 for the pp and K'p reactions,
since there are no resonances for these reactions, Eg.
(5); 1Z;R; > is small (of the order 1/8), so that the dif-
ferential cross section for these reactions is determined
by the contribution of the vacuum reggeon. The situa-
tion is different for pp, for example, Here Im XZjRj =0,
and the interference term (which is of order 1/s'%?) gives
a non-zero contribution for all t except the point t=t,,
at which it reduces to zero because the residues are
forces to vanish. The differential cross sections for
these reactions must therefore have characteristic
minima for t—t.

Such a behavior of the cross sections is actually ob-
served experimentally (Fig. 13). It is of interest to note
that duality does not at all require the vanishing of all
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TABLE Il

. Is there a minimum | Contributing
Reaction in dojdt? Regge poles

np—>aln Yes ]
N —>pNa » w
N —>nA » P
p—> nop ® (]
aN — oN No p
YN —n+N » 4
VP> Mp . » P
N —> @A » P
p—>ne » 4z
ap—>nA » 4,
K-p —>Kon » pt+4,
K+p—> KOA++ » p-+4,
K+p—> K3p » Pt/—w
pP—>pPP » Pii—w
P> pp Yes Piite
K-p—>K-p » Ptfto

the residues at a(t,)=0. Thus, for example, there are
resonances in all the channels for the reaction 7 — ww,
so that it is not necessary to demand that the residues
of reggeons with different signature be equal; conse-
quently, the residue BT need not tend to zero as t — t,.
We should therefore not expect minima in all reactions
as t —to "®. In fact if we look at Table III, we find min-
ima only when the reaction contains two mesons with
isotopic spin 1 (i.e., when there are exotic channels in
the corresponding meson-meson scattering, as for #7),
while there are no minima whenever one of the mesons
has isotopic spin 0 (for example, for 7N —~@N the resi-
due ﬁg“’ #0 when t=t, and there is no minimum). Such
a behavior of the cross sections may be somewhat sur-
prising, since the residue BS‘N(t= to)=0 and this leads

to the vanishing of the contribution of the p reggeon in
the reaction "N — wN (as well as the remaining reac-
tions of the second group in Table III}. However, the
cross section for these reactions near t=t, can be
written in the form

B lap 2@ Rols, e+ @@ Rols, O, (22)

where a is the background contribution", and R(s, t)
is the reggeon contribution, in which the power with
which the residue is forced to vanish at t=t, is ex-
tracted from this residue. It is clear from (22) that if
the background is sufficiently large and slowly varying
with t, then there will be a minimum in the differential
cross section at t=t, only in the case n=2. This be-
havior can be realized only if transitions to NN and the
meson-meson system vanish at t=¢; (i.e., only for re-
actions of the first group in Table III}). There is no
minimum for the reactions K™ (K')p —K%K°)n(a*), since,
in analogy with (19),

Bo (1)

sin nz

do _ 2a-z(
Fr

Bo (£)2

sin? na

+a?) (23)
does not vanish like o®(t) as t— t,. We have already
discussed the reactions of the last group in Table III.
Thus, duality makes it possible to give a qualitative ex~
planation of the characteristic features of the behavior
of differential cross sections.

c) We shall now discuss the predictions for the
nucleon polarization (P) in the reactions of pseudoscalar
meson scattering by nucleons:

_Im il (5 O 15 0 1}

P do(dt !

(24)

where fsAh(s, t}) is the amplitude for helicity flip AX in
the s-channel.
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FIG. 14. The mrcleon polarization in K'p— K'p and K*p > K*p as
a function of the momentum transfer t [!4].

Let us first consider the reactions K'p —~K"p and
K'p — K'p and examine the relation between the polari-
zations in these reactions at high energies. Let us as-
sume that the vacuum reggeon gives a purely imaginary
contribution for all t (i.e., we neglect the t-dependence
of ap(t)); then (24) will be determined by the product of
the contribution of the vacuum reggeon and Re ZiRj,
where the Rj are the contributions of the non-vacuum
Regge poles (for the Kp reaction, these are the f, A;, p
and w reggeons). For the reactions K'p —K'p and
K'p—Kp,

Re ZR; = 8™ [B; (£) + Ba, ()] Re [y () F 1, (). (25)

where the ¥ in the brackets refer to the first and sec-
ond reaction, respectively. Since

—2/sinna (t) for the — sign,

Re fm (£) = 1o (0] = —2cos na (¢)/sin nax (2) for the + sign
(see (3)),
by substituting (26) and (25) in (24) we find
P (K-p) = P (K*p) cos na, (i)- (27

Thus, P(K”p) must tend to zero faster than vVt as
t — 0(ap(0) = 1/2), it must be equal to P(K'p) at t=to

{a(to) = 0), it must again reduce to zero at t=t{(a(td)=—1/2,

tg~—1 (GeV/c)z), and it must have the opposite sign to
P(K'p) for t>t. In Fig. 14 we see just such a behavior
of the polarization "*®’. An analogous behavior also
follows for the polarizations in pp and pp scattering,
which is also in good agreement with experiment Ll

Let us now consider the behavior of the polarization
near t=to(ap(t)=0). We shall assume, as before, that
the vacuum pole gives a purely imaginary contribution
and, in addition, that it contributes only to fSA;Fo (con-
servation of s-channel helicity; for further details, see
Sec. VII). Then P is determined mainly by the expres-
sion

Ps, )Re fpay_y

P =—1pGaF (28)

and Re fi-1 receives contributions from only the
non-vacuum reggeons. If we consider the difference
P(n"p)—P(17p) (or P(K*p)—P(K p}), this difference is
determined entirely by the negative-signature non-
vacuum reggeons (for P(7'p)—P(n7p), entirely by the p
reggeon), with
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(26)

Bo () tg (nax (1)/2)
P8 a (29)

Since Bp(to) ~ a(to) and tan(ma(t)/2) ~ a(ty) for t=to, Eq.
(29) must exhibit a double zero at t=t; (from the point
of view of duality "), in good agreement with experi-
ment (Fig. 15). For the analogous sum of the polariza-
tions, there remains the contribution of the positive-
signature reggeons (the f reggeon for mnp scattering),
and

P(x*p)— P (mp)=

P(wip)+ P (ap) = B0 (30)

At t=t;, we have Bt~ a(t) and cot[ﬂa(t)/21[~ 1/a(t), so
that (30) should not reduce to zero at t=t, "’ (see Fig.
15). '

Thus, exchange degeneracy leads to a parametriza-
tion of the Regge pole residues which is in good (qualita-
tive) agreement with both the behavior of the elastic
cross sections and the polarization data.

Of course, this does not mean that duality by itself

- will ensure satisfactory agreement with experiment with

a more quantitative approach. Moreover, it is necessary
to allow for the branch cuts due to multiple scattering,
i.e., to the exchange of two or more reggeons, one of
which must be the vacuum reggeon (Fig. 16), in order

to explain phenomena such as the cross-over of
do(K"p)/dt and do(K'p)/dt at t=~~0.2 (GeV/c)® "**’ and
to answer the question as to why the positions of the
minima are different in various reactions and even de-
pend on the energy in certain reactions (for example,
there is a minimum at to=~0.5 (GeV/c)? for pp, at to
=—0.6 (GeV/c)® for w¥p, and at to=—0.85 (GeV/c)® for
K™p, its position varying from to=—0.7 to ~1.16 (GeV/c)?
with increasing energy "**)). In this connection, it is
curious that the minima in all the reactions of Table III
can also be attributed to multiple scattering (see Fig.
16), even without the assumption that the reggeon resi-
dues are forced to vanish at t=t;. For this purpose, it
is only necessary to consider that, in analyzing all the
reactions with allowance for Fig. 16, it was observed
that a minimum is obtained at t=to~0.2 (GeV/c)? for a
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/01 é’ % 14
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FIG. 15. P(K*p) + P(K'p) and P(n*p) + P(7"p) as functions of the
momentum transfer (%],
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total s-channel helicity flip (A)) equal to O (for negative
signature), at t,=0.6 (GeV/c)® for Ax=1, and at t,~—2
(GeV/c)? for ar=2 2 so that there will be a minimum
at to=—0.6 (GeV/c)? in the differential cross sections
for the reactions in which the amplitude with Ax=1
dominates, but not in the others. If we accept the duality
argument, we obtain in the limit of full SUs symmetry
an F/D ratio for the meson-nucleon coupling such that
the f and w trajectories do not change A at the
nucleon vertex, while Ax=1 dominates for the p and
A;. For 7N — wN, the p pole contributes, with only
Ax=1 at the pwn vertex and Ax=1 also dominating

at the pNN vertex, so that the total helicity flip in this
reaction is equal to 0 or 2 and there is no minimum.
For. n'p —p'p, exchange of the w reggeon gives the main
contribution, so that Ax=0 at the wNN vertex, the total
Ax=1, and there is a minimum "**!. A reaction which is
crucial to these considerations is 7N — AJN, which is
due to exchange of the p reggeon, so that the total Ax
=2 and there should not be a minimum. At the same
time, there should be such a minimum according to a
consistent dual explanation, since there are exotic chan-
nels for the reaction 7 — A,A,.

This possibility of explaining the experimental facts
in a different way compels us to have a cautious view of
the success of the duality predictions, although their
qualitative character and their universality in consider-
ing such a large number of facts are sufficiently im-
pressive.

b) Duality and symmetries. We shall now consider
what the spectrum of resonances should be and what
symmetry breaking there should be for the condition
(4) to be satisfied, assuming that there exist groups of
resonances that are close in mass and correspond to
SU; multiplets (regarding SUs, see, e.g., 2*).

1) The mixing angle. In considering 77 and KK scat~
tering, the conditions analogous to (16) yield

BT =0, pXF () =p1" ). (31)

We recall that there are observed nonets of mesons of
approximately the same mass and that two of these
mesons have the same quantum numbers (Y=S=T=0);
for the vector mesons (17) these are the w and ¢
mesons, while for the tensor mesons (2°) they are the
£(1260) and the f’(1515). The relation (31) allows us to
distinguish these particles by their decays into the ww
system: the £/(1515) does not decay into wm 122! (BF7 (1)
=0 for all t<0 and hence also for all t>0, in particular
at t= m;,). According to SUs, the presence of two de-

generate states in the nonets leads to a new structure
"of the wave functions even when SU; is broken in zeroth
order. This is usually characterized by the mixing
angle (¢):

|1 =sin @) -+ cos ¥ | fy),

1 fy = cos B} f;) — sin &) fo), )
where. f; and f; are the SU; singlet and octet states.
Making use of (31) and (32) and the values of the Clebsch-
Gordan coefficients for SU; ¥, we have

£ cost—-ELlsin =0,

(32)

V3 V8
Vg‘g—cosﬁJ,— 15;_0 sinﬁ:——]/z%gg; (33)‘

g; and gs are the coupling constants of the SUs singlet
and octet with the octet of pseudoscalar mesons. From
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(33), we have tan #=1/V2. The same mixing angle is ob-
tained in the quark model (see, e.g., **%). This is not
surprising, since the decay f’ — 27 is also forbidden in
this model. If we consider the reactions n*r* — p’p* and
K'K" — K*'K**, we obtain exactly the same mixing angle
for the vector mesons. The identical mixing angles are
in good agreement with the mass formulas. Thus, duality
yields a result which was previously considered a success
of the quark model 1. In addition, the equalities ap(t)
= ag(t) = a A, (t) = af(t) lead to the mass formulas m?, = mf,
and m’,=m$, which had also been obtained in the quark
model and which are well satisfied.

2) The spectrum of resonances. All the rich experi-
mental data on resonances allow the formulation of quite
a simple rule for their quantum numbers: the only res-
onances that are observed are those predicted by the
simplest quark model. In this model, all the mesons
consist of a quark-antiquark pair, while the baryons
consist of three quarks (for further details, see **%). It
follows from this that there exist no baryon resonances
with Q>2 and S=0, IQ|>1 and S=+1,0r S>1 and
S <—2, and no meson resonances with |QJ>1 and IS/ >1,

We can now formulate the general approach in study-
ing the resonance spectrum according to duality. Let us
assume that none of the forbidden (exotic) states have
resonances, while all the allowed states have resonances.
Then constraints on the residues and trajectories can be
derived from the requirements of duality (from the equa-
tions analogous to (16), for all the exotic channels). It is
more convenient to quote the results in the language of
SUs. For the mesons *':

a) the trajectories and residues of Regge poles with
the same Pr and Gr must be equal (Pr=(-1)JP and
Gr=(-1JC, where P is the parity, C is the charge
parity, and j is the spin of a resonance);

b) there should exist mesons with jCP=0"*, 1~
2", 1™ and 0™, i.e., those that are obtained in the
quark model when the particles are classified accord-
ing to the L-S excitations of the quark-antiquark sys-
tem 241, '

For the baryons ¢

a) for Pr=+1 (Pp=(~1)1""*P) the octets ({8}) with
iP=1/2%, 5/2%,9/2%, ... (the a trajectories) should be
degenerate with the {1+8+ 10} with j¥=3/2", 7/2 (the
¥ trajectory), all the octets having F= 1/2 (where
F = F/(F +D)) for the coupling with the octet of pseudo-
scalar mesons;

b) for Pr=—1, the {8+ 10} with ¥ =3/2%,7/2" (the &
trajectory) should be degenerate with the {8} with iP
=1/27,5/2" (the B trajectory), with F=-1/2;

c) duality determines the F/D ratio for the coupling
of the nonets of vector and tensor mesons with nu-
cleons ®"}, giving a pure F coupling for the helicity
non-flip (Ax=0) amplitude and F/D=-1/3 for Ar=1.

Let us first of all show by means of a simple ex-
ample how the need for some particular particle arises
from duality. Considerv the reaction

7t {p1) + * (p2) = p{ps) + o} (pa). (34)
Its amplitude can be written in the form
A (st) = Ay (1) (p2pa) + As {(0a0) (P2g) + (2ps) (P10)} + A3 (P1g) (p20)
+ A (eprovPiup2,PaiP10) (800, 0102800v020),  (35).
where q=p;—pa. ‘
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Reggeons with Pp=+1 (in particular, w, p, A; and f)
contribute only to As ®®?, while A;, A, and As receive
contributions from only the reggeons with Py =-1 (such
as the 7 meson). However, there are no resonances in
(34); hence ImA;=0 from (5), but this cannot be the
case if only the exchange of the 7 reggeon is taken into
account. We must therefore require that, in addition
to the 7 reggeon, there is a reggeon with the same Py
but with different signature. The trajectory passing
through 1'~ is one of this type, and it must be degener-
ate with the 7 trajectory.

Let us now consider the spectrum of baryons.

1) The Ny and Ny should be degenerate with the Ay;
in '* there is a A (1670; 3/27) resonance which may lie
on the A, trajectory, but it is much more weakly coupled
to the 7N system than the N (1520; 3/27).

2) We have a resonance (1670; 5/2°) on the Ng tra-
jectory (Fig. 6), but the other particles on this trajectory
have not been seen. This is particularly noticeable when
compared with the Ag trajectory (the longest one at the
present time). The absence of a resonance with j= 1/2
on the Ng trajectory (with mass ~700 MeV) can be at-
tributed to the vanishing of the residue at this point, and
then the residue of the Ay trajectory must also vanish
at this same point with aa= 1/2, owing to exchange de-
generacy. From the cross sections for n¥p scattering
and for the charge-exchange process 7'p— 7°n, we can
conclude that the phase difference between the backward
scattering amplitudes with isotopic spins 1/2 and 3/2 is
equal to 60°, which excludes the appearance of a factor
@A—1/2 in the residue of the A reggeon "3’

3) There should exist a 3/2" octet that is degenerate
with the decuplet, and its coupling to the meson-baryon
channel cannot be too weak (for example, the = of this
octet should be suppressed by a factor of two in compari-
son with the T (1385)). Such an octet is not found; to be
sure, there exists a /2" resonance of mass 1990 MeV
that is degenerate with the 4 (1950; 7/2"), but it is not
clear why the 3/2" octet is absent. (We note that the
residue cannot vanish in this case because of the factor
a— 3/2, in analogy with the Npg( 1/2)", since this would
imply that the A (1236) does not decay into 7N because
of exchange degeneracy.)

Thus, the situation regarding degeneracy in meson-
baryon scattering is not completely satisfactory. It is
possible that this is due to the fact that we have assumed
the validity of SU; in the analysis. In particular, if it is
assumed °! that the Ayy and T4y are not degenerate
(as they should be in exact SUj;), then the solution of the
dual equations (4) does not require the existence of a 3/2°
octet. If SU; is not assumed at all, the Ny and Ng trajec-
tories can have an arbitrarily weak coupling to the 7N
channel (although they must have the same decay into
the 7A channel as the N, and Ag; see Table II).

On the other hand, however, the predicted F/D ratio
for the octets is in good a§reement with the entire set
of experimental data '®*'Y, Moreover, it is only for SU,
invariance that the residue of the N, reggeon goes
through zero at uo=—0.2 (GeV/c)? (ozNa(uo)=—1/2) (since
there are exotic channels for the K'p reaction, but not
for 7N scattering) and guarantees a minimum in back-
ward scattering at u=u, *®. It is therefore quite pos-
sible that the trouble here is not with SU;, but with the
violation of duality itself. In particular, if it is as~
sumed that it is not only the resonances that give a large
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contribution to the channel BB — MM [9], then for meson-
baryon scattering one does not require the existence of

a {8, 3/2'} trajectory that is degenerate with the {10, 3/2},
the F/D ratios are not fixed in the octets, and the Ny

and Ny are not interrelated, i.e., all the difficulties are
also eliminated. Thus, in considering meson-baryon
scattering, there appear two alternatives: either SU;

is significantly broken, or duality is incompatible with

the experimental data on the spectrum of baryon res-
onances.

Unfortunately, this is not the only difficulty of the
dual approach. In particular, in considering the reaction
p'p* —B'B" (the B meson, 177) in analogy with (16), we
obtain

an (=0 () and B2 =0. (36) -
This implies that m% = m?, and that the mixing angle in
the 0™ nonet is the same as in the nonet of vector me-
sons, which is of course incompatible with the experi-
mental data. Is there some way out of this difficulty?

At the present time, there is reason to believe that

there exist a 1" nonet (A, (1070), K,(1243), D (1288),
D’(?)) and a 1"~ nonet (B (1235), K (1320), H’,

H (1000))[3]. If we assume that oy is degenerate not

with ap and ay, but with @A, and @y (in which case
ay is degenerate with op and aD), the duality condi-
tion does not require the equality of my and my and a
definite mixing angle, although in this case none of the
resonances lying on the trajectories ajy=aa,=afg should
decay into the KK* (890) system '®'. Thus, the duality
condition can be reconciled with the spectrum of ob-
served particles (even for meson-meson scattering)

only if there appear new selection rules that are unre-
lated to the external quantum numbers. This calls for

an experimental test.

c) Difficulties in baryon-baryon scattering. The fore-
going discussion has shown how useful the ideas of duality
may be, although it has proved to be impossible to con-
sistently reconcile duality with the absence of exotic
states %1, To elucidate the nature of the inconsistencies
which appear, let us consider, for example, the reac-
tion p+n— A"+ A", This reaction has no resonances in
the direct channel (there are no resonances with baryon
number 2) and in the crossed channel (i.e., A™ +n—~pA~,
which should receive contributions from doubly charged
meson resonances, which do not exist). The condition
(4) therefore implies that the entire amplitude for this
reaction, and not merely its imaginary part, should re-
duce to zero. It follows from this, in particular, that
the residues of the f and A. reggeons, which contribute
to this reaction, should reduce to zero. However, this
is incompatible with the experimental data on the reac-
tions 7N — 74, KN—KA and 7N — n4, which are in
good agreement with the exchange of vector and tensor
reggeons 0PI, Thus, the requirements of duality are
inconsistent with the experimental data. Consequently,
in order to rescue duality it is necessary that there
exist exotic resonances, and it is simplest to assume
that such resonances exist in the BB system (for the
reaction pn — A7 A", it is sufficient to assume that there
is a resonance in the A™h system (S=0, Q=2)). We re-
call that such resonances would help us to avoid the
poor spectrum of baryon resonances. Such resonances
have not been detected experimentally, and the search
for them is of great importance for the ideas of duality.

In this connection, one can ask whether it is not pos~
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sible to formulate any rules that would enable one to de-
cide to what processes the requirements of duality can

be consistently applied. In “**®! simple graphs were
proposed for the representation of the duality principle
and the determination of the channels in which there are
exotic resonances. In essence, these rules take into
account the fact that the resonances allowed by the simple
quark model are observed. These rules are as follows:

1) We represent baryons by three parallel lines di-
rected in the same way (three quarks, QQQ) and mesons
by two oppositely directed lines (a quark and antiquark,

QQ)-

2) A scattering process is represented by a redis-
tribution of the lines corresponding to the external par-
ticles (Fig. 17). Then, if, for some reaction, it is pos-
sible to draw a planar graph (i.e., a graph in which the
lines do not intersect) for which one has either QQ or
QQQ in the intermediate state, this reaction is dual in
the sense of the conditions (4). If one finds a greater
number of lines in the intermediate state (even when the
graph is planar), the imaginary part of the amplitude is
equal to zero. From these rules we find, in particular,
that BB and BB processes do not obey the duality prin-
ciple, since any cut for these processes necessarily
contains four lines (Fig. 17), whereas duality arguments
are applicable to meson-meson and meson-baryon
scattering (Fig. 17).

While accepting the fact that one cannot speak about
duality for BB scattering, we shall nevertheless try to
say something about these processes on the basis of MM
and MB scattering. It is clear that we can do this, at
least at high energies, by making use of the factorization
property of the Regge pole residues. Thus, if we con-
sider the reactions of 7'7*, K'K*, K'K° and K'p scatter-
ing, for example, we fine that

(36")

g gl gXE=g{F=g[", while g7=¢}}, elP=e7"

(for the notation, see B33y Equation (36') implies that
the cross section for pp scattering is constant and that
it has no minima with respect to the momentum trans-
fer and still satisfies the remaining predictions of the
first part of this section.

A thorough study of such constraints 1383 hag shown
that, if the F/D ratios for the vector and tensor mesons
are assumed to be equal, the imaginary part of the ampli-
tude is equal to zero at high energy for BB and BD scat-
tering (B is a member of the octet, and D is a member
of the decuplet). In other words, it follows from duality
for MB and MM scattering there are no resonances
in the BB and BD systems (at least at high energy). If
now F/D= 1/2, then there are also no exotic resonances
in the BB system. For BD and DD scattering, how-
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ever, we find a contribution in the exotic channels that
cannot be eliminated; consequently, we must assume
that resonances exist in these channels if we wish to
“‘rescue duality.”’

Thus, we see that duality leads to very interesting
results that are in agreement with experiment (exchange
degeneracy, the F/D ratio for SU; multiplets, and the
mixing angle); however, in considering baryon-baryon
scattering we encounter difficulties which cannot be
overcome (without abandoning the requirements of
duality), provided that exotic resonances do not exist.

In proceeding to the description of more concrete
dual models, we must already content with a lack of
consistency of the general principles for BB scattering
and the feeling that a strict formulation of duality does
not correspond to reality.

5. THE VENEZIANO MODEL

So far we have discussed the constraints that are
necessary for the duality conditions (4) to be fulfilled.
However, it is not yet clear whether it is possible to
construct a scattering amplitude which satisfies all the
requirements of duality. Veneziano'”’ proposed to
construct an amplitude from the sums

Vs t)=zcgm T'(m—a(s)T (k—a (1)) ]

T(p—a(s)—a(t) (37)

where I'(x) is the Euler gamma function, and «(s) and
a(t) are trajectories containing resonances in the s- and
t-channels of the reaction. In particular, the scattering
amplitude for scalar particles with Q=S=T=0 is of the
form

A )=~V 4+V @ t)+V (s vl (38)
If the trajectories are linear, i.e., if
a{t) = at b, (39)

then the amplitude (38) has only poles in each of the
variables and has the correct Regge asymptotic form,
i.e., it satisfies the conditions (4). Let us consider the
basic properties of (37) and (38) in greater detail.

a) The spectrum of trajectories. With the condition
(39) in the Veneziano model (VM), the residue at the
pole s=sp (a(so)=n), confining ourselves to the first
term (p=m=k=0) in (37), is equal to

n (=1 T (a (1))
V (s, Daorsg = sinna(s)  nl  L(—n—a(f)
a(t) (@(®+1) ... @()+n) 1
g @@—nynl =5 0 (), (40)

where Qp(t) is an n-th degree polynomial in t. Since
t=~2p’(1-2), Qp is also an n-th degree polynomial in
z, 80 that
n

Qa(t) =l=21'1 CiP, (z). (41)
Equations (40) and (41) imply that there exist resonances
of mass s, with all the values of the spin from 0 to n
in Eq. (38), i.e., that there exists a family of trajectories
in the VM that are mutually parallel and displaced by
unity (Fig. 18; the circles indicate the particles with
spins from 0 to n, for a(sy)=n and n=3). Thus, the
spectrum of daughter trajectories in the VM which we
discussed earlier (in Sec. 3) has a completely concrete
form (Fig. 18), which is of the greatest importance in
the VM. Unfortunately, almost nothing can be said about
these daughter trajectories at the present time. It is of
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FIG. 18. The spectrum of trajectories in the Veneziano model (the
leading trajectory and three daughter trajectories).

FIG. 19. The p trajectory and its daughter trajectories [**] passing
through the resonances which entered {3} in some way.

interest to attempt to classify °*°

boson resonances (i.e., those which have entered the
tables of "' in one way or another) according to trajec-
tories. In Fig. 19 we show the p meson trajectory and
its daughter trajectories. The picture is obviously quite
impressive, as the resonances lie on almost parallel
straight lines, whose intercepts on the J-axis differ by
1. Unfortunately, however, of this set of resonances only
the p meson and perhaps the g(1700) are firmly estab-
lished, and even inFig. 19, thereis one vacancy: there is
no daughter resonance to the £(1250) with quantum num-
bers 17 and mass 1300 MeV. Incidentally, it is just this
meson which is missing in the description of the data on
the electromagnetic form factor of the nucleon Ls9d,

b) If the VM spectrum of trajectories is assumed, it
can be shown that the slopes (the parameter in (39)) of
all the trajectories must be equal. In fact, let us con-
sider, as an example, the reactions

tad > wtnl, wtwd— KOK*, K*K®— K*K°. (42)
The reaction (42) receives direct-channel contributions
from the resonances lying on the p trajectory (as well
as the A, trajectory for the last reaction), although
other trajectories are present in the t-channel (the
reggeon for the first and third reaction, and the K*
reggeon for the second). Consider some resonance on
the p trajectory in the s-channel; then, according to
the factorization condition (Fig. 20), the residues of
this pole for the reactions (42) are related by the con-
dition
r ([t > ata®) r (K*K° — KOK*) = r2 (n*n® — K°K),
However, it is readily found from (40) that the coeffi-~
cient Cp in the expansion (41) for the reaction a+b—
c+d is equal to (2btpabped)?, where at=at+btt. Thus,
for (42) we have
r(tn® > 1% = (20 PrnPra) s \
"(KJ'I_{O“’K”F)=(2b!PKKPxK)na !
r (K*K® — %) = (2bxs Prg P J

(43)

(44)
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Consequently, the condition (43) can be satisfied only if
be=bg*. It is clear that, if we consider the reactions

77 — NN and NN — NN, we find that the slopes of the
meson and baryon trajectories are equal. Of course, the
foregoing argument depends on the specific form of Eq.
(37). Actually, the equality of the slopes follows entirely
from duality and the spectrum of daughter trajectories
in the VM. The point is that these two conditions are suf-
ficient for the scattering amplitude to be represented in
the form of an infinite sum of the type (37!, and it is
quite unnecessary to confine oneself to a single term in
(37) in discussing Eq. (43). The equality of the slopes of
all trajectories is in good agreement with experiment.

all the currently known | At any rate, all the existing Regge pole trajectories can

be described by straight lines with slopes between
0.8/mf¢ and 0.9/m}; (where my is the nucleon mass)
(see Table I).

¢) The equality of the slopes is a result of very great
interest; it is therefore desirable to ascertain more
carefully what hypotheses are required for its derivation,
and whether it is actually a consequence of the general
principles of duality and not merely the VM. To do this,
let us consider the reaction (42) at sufficiently high
energy (s). We then find a contribution of a resonance
with spin j*>~sbf Ins~sbg* Ins to the imaginary part of
the partial wave (of course, this resonance will lie on
a daughter trajectory if a(t) >Vt for large t), and (see
Fig. 20 and [sP)

;2
Im a; (nn — mnt) = rd (i — :-r;rr):G“jafexp (A_sb—]ln_s_) s
" sby
— — . — — 52
Imay (KK - KB) =ri (KB — KK)=Gyi™ exp(——sb s ) (45)
t
— — —_ ;2
I aj (i — KB)=r (7 — KE)=Cq K* exp ( —ﬁ) .
K.

We see from (45) that (43) is violated, i.e., it seems that
we have arrived at a contradiction. The way out of this
situation is simple: we must assume that the daughter
trajectory contains not only one resonance with a given
spin and fixed external quantum numbers, but that there
must exist an additional degeneracy. In this case, the
left-hand sides of the equalities must be multiplied by
the number of these resonances (N), and it follows

from (43) that

N (> um) N (KK — KE) __2ay=og*) e T 2 4y 2 46
N2 (nn — KEK) I p[ (bK, b,) sins ] ( )

Since N(77 —~KK) is the number of resonances which
decay into both the 77 and KK systems,
N (an—~ KK) < N (= 2y and N (KK - KK)

and (46)=1. Then:

(47)

1) We may have bg* >bf, in which case only a very
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small fraction (exponentially small for large j) of the
total number of resonances decay into both n7 and KK.
Since this number cannot be less than 1, we can say
that a very large number of resonances (exponentially
large for large j) decay into each of the systems 7
and KK.

2) Alternatively, if bg* =bf, then

axe < 9y,

(48)

The degeneracy at each level may behave like a power.
Thus, equality of the slopes corresponds to the mini-
mum degeneracy of the daughter states. This minimum
degeneracy is guaranteed in the VM.

We note that the condition (48) implies that all the
trajectories that contribute to inelastic reactions must
lie lower than those that contribute to elastic reactions.
In particular, this implies that the strange resonances
lying on the trajectory ak*(t) must be heavier than the
non-strange resonances; the baryon resonances corre-
sponding to the trajectories that describe backward scat-
tering of the type 7N — N7 (an inelastic process) must
be heavier than the meson resonances; the resonances
of the pion trajectory that contribute to reactions of the
type nm — pp must be heavier (for the same spin) than
the resonances lying on the p, f, A; and w trajectories
that contribute to 77 and pp scattering, etc. All these
results are in good agreement with what we know (see
Table I) and, despite the feeling that this statement is
obvious, it is interesting and non-trivial, especially
when applied to the baryon and pion trajectories. For
the strange particles, this result agrees with the usual
hypothesis that the strange quark is heavier'?*,

d) All of the foregoing referred to reactions of the
type a+b—c+d. At the same time, as already noted in
Sec. 2, the conditions of duality may be formulated not
only for these simple processes, but also for reactions
involving many particles (see Fig. 3). It turns out that
one can write down an amplitude for multi-particle
processes which has only poles in each of the channels
and a Regge asymptotic form in each of the variables,
i.e., one which satisfies the dual conditions. For this
amplitude, the number of resonances on daughter tra-
jectories with the same mass and spin (for large spin
j) is of order

exp ¢ V7, (49)
provided that the number of particles into which a given
resonance decays is assumed to be arbitrarily large a1l

Thus, in the generalized Veneziano model (GVM) for

multi-particle processes, the partial waves of order
.unity for I~(sbg Ins)!” (i.e., the waves that are impor-
tant in the scattering) are built up as a sum of a large
number of resonances (49), each of which decays into

a given system with a very small probability "*'. At

the present time, there are of course no experimental
indications that this is actually the case.

e) Let us now consider what experimental indications
exist for the specific form (37). Consider once more a
particular term of (37). The two T' functions in the
numerator provide poles in both of the variables (s and
t), while the I' function in the denominator is arranged
to have a pole at just those values of s and t where
there are poles of both of the I’ functions of the numer-
ator, i.e., it ensures that poles do not occur simul-
taneously in s and t; moreover, it ensures that the
residue at the pole in s is a polynomial in t, Eq. (40).
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The denominator of each term in (37) becomes infinite
(has a pole) at

—a (s) — a (&) = —n (where n is an arbitrary integer),

n=ag+ag+b(t+s), and, since t+s+u=3Zim}i, it follows
from this that the denominator becomes infinite on a
line of constant u in the Mandelstam plane. Qur ampli-
tude must reduce to zero at those values of s and t at
which the numerator does not have poles. Such a be-
havior of (37) should lead to the occurrence of minima
in the differential cross sections at values of the vari-~
ables which correspond to straight lines passing through
the points of intersection of the poles (see Fig. 21), and
in studying a given decay we should observe minima
(“‘holes’’) on the Dalitz plot of this reaction, which
should lie on a straight line '*). The dashed lines in
Fig. 21 indicate the values of the variables at which we
expect minima in the differential cross section for 7'p ,
scattering (t=—0.6 and —2.8 (GeV/c)?, u=—0.2 (GeV/c)?);
for 7°p scattering, there are minima only at t=—0.6
and —0.2 (GeV/ ¢)®. These minima are not associated
with high energy, and the fact that they coincide with the
positions of the minima in the differential cross section
that follow from exchange degeneracy at large s (see
Sec. 5) for a(t,)=0 is simply the result of an accident,
namely the small pion mass (for the reaction 7N — 74,
for example, their positions are quite different from
a(to) =0, namely t=-0.2 and —1.95 (GeV/c)?). This be-
havior of the differential cross section is confirmed by
Fig. 22. A minimum appears practically at the threshold
of the reaction at t=—0.35 (GeV/c)?, and then moves
towards larger t, settling down at t=—0.6 when P;=0.8
GeV/c "4, The minima on the Dalitz plot for the an~
nihilation pn— 37 seem even more impressive. We
show in Fig. 23 the Dalitz plot for this reaction, on
which the minima at its center and three minima at a
fixed value of m%*;* are clearly seen (as is expected
from the condition (50)). In this case, we require an ex-
planation of the fact that there do not occur two minima,
corresponding to —ag—at=—4 (a single minimum corre-
sponds to ~a@g—at=—3, and three minima to —ag—at=-5).
It may be that this reaction is described by a formula of
the type (37) only at rest, while the description is much
more complicated if the proton has momentum. All the
efforts which have been made in this respect **', while
not yielding complete agreement with experiment, have
explained the fact that two minima do not occur (Fig. 24).

However, it would be desirable to have a clearer
formulation of which assumptions underlying the VM are
supported by the appearance of these minima. In the
first place, the latter shows that the ‘‘narrow-resonance”’
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Y

approximation works well (we neglect resonance widths
in the VM). In fact, if we have a pole in each of two vari-
ables (s and t), there will be a zero of the amplitude
between them “**3, since A(s, t) near these poles is of
the form

81 3 [$)

g1 (t—m3)+4-gs (s—mi) -
=
s—mi ' t—m}

(s—mi) (t—m3)

(50)

and there will be a zero at g;(t—mZ) +g,(s—m?3)=0. The
fact that the zeros on the Dalitz plot lie on a single
straight line is evidence for the specific formula (37),
in which g, =g,. However, the absence of two ‘‘holes”’
for pn— 37 may be attributed, in particular, to another
system of zeros Lae], Consequently, in order to test the
VM, we require more experimental data on the reac-
tions pn— 3r, in particular at higher energies.

f) We shall now study another characteristic property
of the VM, namely the mass distribution of some exotic
channel (for example, the (7*1") mass distribution in the
reaction pn— 7'7*7”). There are no resonances in this
channel, but the VM nevertheless predicts a distribution
that is essentially different from phase space in the
region of small masses (see Fig. 27b, in which an almost
resonant-like peak is observed in this region). It is
quite simple to understand why this occurs. Let us de-
scribe the reaction ph— 7'7*r~ by a sum of the type (37),
where s=mj -, t=m7 ,;-,u=m’** and s+u+t=3m}
+(2my)*. The T' function in the denominator will de-
pend only on u, rising sharply as a function of u (in the
reaction in question, it approaches a pole at the maxi-
mum u), which in fact leads to a peak in the region of
small u. If we consider the reactions ph — 5w, 77, ...,
for which the amplitude is integrated with respect to a
large number of variables in obtaining the mass dis-~
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tribution, this peak will naturally be smeared out (which
is also observed experimentally 4”). Such a behavior

of the spectra is, in itself, also greater evidence for

the general dual approach and the presence of ‘“‘narrow’’
resonances than for the VM in particular, although it is,
on the other hand, more characteristic of the assumed
form of the amplitude than of the distribution of zeros.
In particular, such a characteristic maximum for all the
reactions can hardly be expected for the system of
zeros of ), Consequently, this characteristic distribu-
tion in the 7'7" system and the appearance of the minima
on the Dalitz plot together constitute a strong (but far
from conclusive) argument in favor of the specific
Veneziano formula.

6. SOME SPECIFIC REACTIONS IN
THE GENERALIZED VENEZIANO MODEL

a) Meson-meson scattering. In this section we turn
to the description of certain specific processes in the
GVM, considering first of all meson-meson scattering,
an application in which the ideas of duality have so far
not encountered any difficulties. We shall confine our-
selves to the interaction of pseudoscalar mesons tde
and take 77 scattering as an example. The simplest
amplitude for this process in the GVM has the form '

(A’Sr(t) is the amplitude with isotopic spin T in the
s-channel (t-channel)
A=~ BBV (s, )+ V (s, u)—=V (2, w),
Ai=—g Vs, )=V (s, w)l,

\
I
43— V(¢ W, !
A=t @BV (s 04V, H—V(s, w), |

Aj=—g* [V (s, )=V (u, t)],
Ab=—g [V (s, u)),

(52)

-

where

F—a(2)) T (1—a(y)

V& ¥ =—ra—a@m—am

Equations (51) and (52) have certain simple properties.

1) The scattering amplitude has only poles in each of
the channels (the trajectories are linear), their residues
being real and having the form of polynomials of degree
n in a(a(s)=n) (see {40) and (41)).

2) There are no resonances in the exotic channel
(T =2) (V(t, u) has poles in u and t, but not in s).

3) Crossing symmetry and Bose statistics for the
pions are taken into account in (51) and (52). In fact, if
we consider the amplitude A%, it should receive con-
tributions from only the poles with even spin (since the

E. M. Levin 613



pions are bosons), while the situation is opposite for
Ag (only the odd-spin poles contribute). Since the pole
contribution is

3g2 1

A== (0, ()4 0nw)

—35g

(53)

(see (40)) and since the variable u for this reaction is
obtained from t by the substitution z — -z (see Fig. 1),
only the even powers of z contribute to (53), so that

for a given mass there will be only even-spin reso-
nances in (41).

4) Eq. (52) has the correct asymptotic form for
s—>% (u— —o,t<0 fixed). From the equations of Ap-
pendix I, it is easy to show that

Aoty = —5 T (1 —oy) [ S22 20

sin na,

(@)™ + (— ) |

1 (aa)‘—D'HJ'*

sin no,

—gt
§3

1
FaT o ey (54)
where D=ag+at+ay=3a+4bmj.

If it is assumed that a(s) has an imaginary part that
grows with s, but that Im a(s)/Re a(s) —0 as s ~ (or
if we seek the asymptotic form not for real s, but at an
angle in the complex plane), the contribution of V(s, u)
will become small (~e-Ima(s)) and

—ina,

A5, = —B(O) Sy 69", (55)

with .
B(t)=ga F(G.(t)) M

Equation (55) corresponds to the exchange of a Regge
pole with positive signature (see (3)), in this case the {
reggeon. Similarly, it can be shown that a reggeon with
negative signature (the p reggeon) will contribute to Aj
for s ~ =, As was to be expected, these two reggeons
are degenerate, and their residues B(t) in (55) tend to
zero as a(t) —0. To obtain the correct asymptotic form,
it was necessary to assume that Im ag grows with s, so
that the resonances in the VM must have larger and
larger widths. Recalling the discussion of Sec. 4, we
see that the situation regarding the determination of
these resonances becomes very uncertain in this case.

5) It can be shbwn that the residues of all the reso-
nances in (51) (including the daughters) are positive for™®

a > 0.496. (58)

This means that, with (56), the coefficients in (41) are
all positive. The result (56) itself was derived by con-
siderinig the residues on the first two daughter trajec-
tories "1, However, it can be shown that, if (56) is
satisfied, all the residues will be positive on the other
‘trajectories as well *°). The question as to whether
the residues are positive is of the utmost importance,
since it is only in this case that it is meaningful to re-
gard (51) as a good approximation to reality and to as-
sume that the unitarity corrections are small.

1

Thus, (51) and (52) satisfy the requirements of
duality. It is of interest to see how these equations
agree with experiment. Fortunately, we can say some-
thing about the 77 interaction from experiment tsa),
However, a direct comparison of (51) with experiment
is not possible, since all the poles in (51) lie on the real
axis, i.e., one must allow for the widths of the reso-
nances in order to make a comparison with experiment.
Thus, one writes in essense a formula which has the
same spectrum of resonances and the same relations
between their residues as in (51), but with the full width
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arbitrarily inserted in each resonance. Since this width
is not known for all resonances, some approximate for-
mula is used for it, on whose form the results will
naturally depend. In *? the expression adopted for ag
was

ap (s) = 0,483 4- 0,885s + 0,28; V's —4p? 8 (s — 4pd). (57

Let us turn to the characteristic features of the ampli-
tude (51). (We note that the one parameter g* in (51)
can be determined, for example, from the width of the p
meson.)

1) The phase shifts of the #7 interaction with Tg=0
are positive and small at threshold, while for Tg=2 they
are small and negative "**’. Their energy dependence is
in agreement with one of the phase-shift analyses of the
am interaction "%,

2) The wn scattering lengths in the VM are in agree-
ment with the scattering lengths obtained from current
algebra '°*°* (when the width of the p meson is equal
to 100 MeV). With the usual normalization " to the
width 110 MeV of the p meson, the scattering lengths
are found to be “*! 2,=0.20/my and a,=—0.05/my (from
current algebra ", a,=0.15/my; and a» =—0.043}m").
However, it should be noted that the values of a; and a,
depend significantly on «(0)=a; for a=0.52 (instead
of 0.485), we have ao~ l/mﬂ, but the positivity of a,
does not depend on this. Since there is an indication
that a,<0 7, Eq. (51), if confirmed, will be incom-
patible with experiment.

3) The spectrum of resonances and the elastic widths
of the resonances are shown in Fig. 25. All the widths
are quite small and, with the uncertainty in the classifi-
cation of the boson resonances, it is difficult to compare
them with experiment. However, certain qualitative fea-
tures of this spectrum are evident:

a) There should exist a scalar resonance (0") with
the mass of the p meson (the ¢) and a width much
greater than that of the p:

9
Lo/Tp~ 5. (58)
Such a resonance evidently does exist (the € meson in
the tables of m). Moreover, the existence of such a

resonance and the relation (58) between the widths are
required by chiral symmetries "*®,

b) There should be a 1"’ meson with the mass of the
f meson (~1300 MeV) and a width of the order of the
width of the p. Such a meson has not been detected, and

7
T

a8

M2, (GeV/c*)

FIG. 25. The spectrum of resonances and their elastic widths in the
mr amplitude in the Veneziano model [*°]. The full widths of the meson
resonances according to [3) are indicated in parentheses; ay(t)=0.48 +
0.90t.
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its absence constitutes a significant contradiction of
(51) with experiment.

c) The elastic widths of the resonances fall off rapidly
with increasing mass, which is in good agreement with
the data on the boson resonances in the regions of the
Q, S, T and U ™, provided, of course, that there is no
change in the experimental situation in these poorly
studied regions.

We note a remarkable feature of the amplitude (50):
it satisfies the Adler self-consistency condition %%
for

ap (i) =5 (59)

The Adler condition is a consequence of the conser-
vation of the axial current in the limit mg — 0 "**! and
requires that the n7 amplitude vanishes when the 4-
momentum of one of the pions is equal to zero. We note
that, if p; =0 for one of the pions, then s=t=u=m%
for wm scattering. We see that, with the condition (59),
the argument of the I' function in the denominator re-
duces to zero, and this function itself becomes infinite,
which indicates the vanishing of the amplitude (51) 127,
The cond1t1on (59), together with the requirement
ap(m 2y=1, enables us to determine « p(s), which is
then equal to (57) (of course, without the imaginary
part). The analogous condition for the 7K amplitude
leads to

1
) (m;[):i. .

(60)

From the conditions (59) and (60) and the analogous
conditions for other processes °*), there follow mass
formulas of the type

Mia—Mp =My gy —mYy =mi—m?,
9,211) (0,245) (0,242)

2 — 2 2
mi, = ,Z"‘p_"'n'

(61)

(114
m3
{1,58)

{1,168}
""'?v“’ mz—m}[,
(1,463)

I

We give in parentheses the experimental values of
the differences in (GeV)? from the tables of "’. It can
be seen that (61) is in good agreement with experlment.
We would like to draw attention to the second formula
in (61), which was originally derived from current
algebra and aroused great interest "’

The experimental absence of a 17 meson of mass
1300 MeV (a p’) compels us to try a more complicated
form of (51) by taking several further terms in (37). It
should be noted that the positivity of the residues of the
daughter resonances limits this possibility to a single
additional term, i.e., (51) can be modified by taking

%) T (1—ay) / ﬁr‘(i—a,) i —a)

v y=rl T o — )

(62)
However, if we require that there is no p resonance,
we find from (62) that the ¢ meson enters with a nega-
tive residue. The maximally possible variant (corre-
sponding to I';=0) gives I'y'= Fp/4. Thus, the existence
of the p’ in the 7w system is necessary in the VM. At
the same time, the modification (62) of the amplitude
(51), even for comparatively small 3, enables us to ob-
tain rather large negative scattering lengths a, (with I
=0, we have ao=—1.6/m1,). Thus, the VM is capable of
describing many characteristic features of the 77 inter-
action and is in good agreement with current algebra,
but requires the existence of a p’ in the 27 system.

b) Meson-baryon scattering. A reaction that is of
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more direct experimental interest is
(63)

A description of 7N scattering in the VM was given in
160,613 e shall quote only the simplest variant, which
takes into account only the baryon resonances which lie
onthe Ny and Ag trajectories "

T (@) + N (p) =+ 5 (g2) + N (p2)-

M=3u(p) {4 (s, D+ @1+3) B (s 0} u (pa),
b
=B N ey 0+ B g (5 ) R (N ),

Bf = ﬁt (BN g (4 )+ B g (50 )+ BYS g (50 0] L5 u, us 5]}, (64)

fs
AP BNy (0 )R (1 ) o5 g s W F T s w s

B, - B
B°=-—;i BN (1 )+ B (o )+ BYY g (50 ")H“‘%A‘[N‘* Al,

~where

T (i—atg (@) T (k—ap {y)
T(i+k—aa(z)—ap(y)) ’

b= LS @ T E—n )
VT it —a @ —a )’

B P (zy)

f and p denote the amplitudes with isotopic spin 0 and 1
in the t-channel of the reaction; for the isotopic ampli-
tudes in the s-channel, we have

M= (M1 2MP), }

M‘z/z=(M!—M°). (65)

The amplitude (64) has only poles and the correct Regge
asymptotic form, like the 77 amplitude in the VM, but,
unlike the latter, it has two significant defects:

1) From the requirement that the resonances lying on
the No (Ap) trajectory contribute only to ME? (MZ?), it
is readily found that we must have the equahtles

‘ap=oa, a"a=aho’

(66)
(67)
The first of the equalities (66) corresponds to ordinary

exchange degeneracy, but the second does not follow from

the general principles of duality (see Sec. 3) and is in
conflict with the experimental data (Table I).

B, a :. —259- Boa = —1/2f;, ﬂ]u = Pay ﬁpN = By.

2) There must exist in (64) resonances with the same
spin but different parity, at one and the same mass
(apart from the mass of the nucleon and the A resonance).
It is simplest to see this by considering the asymptotic
form (for example, of M¥?) at fixed s and large u (which
corresponds to backward scattering). From (64) and
(65), its form will be

- - - @, (H—1/2
M3, = 2 (P0) (91 d2) 1 (pg) a8 ,

(68)
instead of

a, (H=-1/2
A D ,

@ (P1) (74 ) u (p2) Man (69)
where q=p:+q;, as must be the case for the exchange
of a trajectory with positive parity "*?’, Such a de-
generacy with respect to the parity is not observed in
the spectrum of baryon resonances. Equation (64) can
be modified in such a wa[y that a doubling of this kind
sets in at large masses . However (at least for the
time being), no formula has been written (and there are
no ideas about how to write one) which takes into ac-
count straight-line trajectories and for which there is
no parity doubling.

In spite of these significant defects of (64), the analy-
sis of the experimental data has yielded (two free param-
eters are determined from the pion-nucleon couplmg
constant and the width of the A resonance)™®*
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1) A good description of 7N forward scattering, with
regard to both its magnitude and the character of its
dependence on the momentum transfer.

2) The correct behavior of the 7"p— 7°n cross sec-
tion in the vicinity of the minimum at t~-0.6 (GeV/c)2
(Fig. 26). This is of interest, since at high energies this
reaction receives a contribution from only the exchange
of the p reggeon, whose residue reduces to zero at
t~—0.6 (GeV/c)z. The non-zero cross section is usually
attributed to the contribution of cuts “P*'%); however, the
satisfactory description of this reaction by means of (64)
is evidence that the filling of the minimum at current
energies may be due to a non-Regge background which
falls off rapidly with the energy (the (su) terms play the
role of this background in (64)).

3) A large positive polarization (~0.5) in 7"p— 7°n
scattering at t~—0.6 (GeV/c)? (which can also be ex-
plained by the interference between the contribution of
the p reggeon and the (su) term in (64)). Such a po-
larization is in agreement with recent data 1) and has
not yet been obtained using any other description.

4) The cross section for backward scattering is an
order of magnitude smaller than the experimental cross
section, although Eq. (64) yields a good behavior as a
function of the momentum transfer. All of the defects
of (64) obviously show up most fully in the description of
backward scattering.

Thus, the VM has had very limited success in describ-
ing 7N scattering, which is in itself interesting. How-
ever, there is as yet no possibility of estimating the ex-
tent to which this success is due to duality, since no
formula has yet been written down which correctly re-

.flects the observed spectrum of baryon resonances.

c) The reaction p+a—m;+m; +7~ at rest. The pn
system in this reaction is in a 0~ state with isotopic
spin 1, i.e., this state has the same quantum numbers as
the pion but a much larger mass (an(mﬁp) =3 instead
of ap{m})=0). Therefore this process cannot be de-
scribed by Eq. (51), and we must revert to Eq. (37),
where m=k in (37) because of crossing symmetry for
the pions, the role of s is played by m7i;-, and t=mjz,-.
The coefficients Cfn k in (37) are, generally speaking,

?

determined by the form of the pnh— 37 amplitude at ar-
bitrary energy, but such formulas for multi~particle re-
actions encounter their own difficulties (see the next
gsection); it is therefore of interest to see how the experi-
mental data can be described by Eq. (37) with arbitrary
coefficients. There have now been many attempts to
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achieve such a description™®*~%?, which differ from

one another in the choice of the C?n o In k2] 2, s

¥

non-zero, while in '’ the best result is obtained with

Cli=1, €}1=189, Ch=Ch=0, C},=057; (70)

the trajectory in this case was taken in the form (57).

In '"! allowance was also made for the possibility that
the full widths of the daughter resonances are greater
(for the best fit, by a factor 3.5) than the widths of the
resonances on the leading trajectory. In this case, ch
=1,C}%=-5.9,C3=-5,C3=2.5£1.8,C3,=5.9 and C}
=—-0.35+0.12. Despite this wide scatter in the values of
the coefficients, good agreement with experiment is ob-
tained in all of the fits. In Fig. 27 we show the results of
155,671 We have already discussed the characteristic
spectrum of the 7’7" system (Sec. 5), We note that good
agreement was obtained not only for the mass distribu-
tion, but also for the angular spectra (which are ex-
tremely sensitive to various small corrections). 1t is
therefore all the more interesting to compare the re-
sults of the foregoing analysis with the study of the reac-
tion pn— 37, as a five-particle reaction that satisfies
the conditions of Fig. 3.

Such an approach was developed in teal and, despite
its limitations, it led to very interesting results. In Fig.
28a we show the necessary notation, as well as the tra-
jectories that were taken into account in this approach.
The basic assumptions consisted in taking into account
only the 7 trajectory in the pn system and only the A
trajectory in the 7N system. The pn — 37 amplitude
can then be written in terms of the Bs functions, which
give the solution of the conditions of Fig. 3 (see Appendix
II), in the following form ®:
Afs, )=Pp [a.‘;’zB;, (a.?z, afy—1, afy — 1

A 3
7 %y ‘7-15—'2_)

1 1 17—
+e ("'gi "‘7) By (“qz“’v afs—1 "'%A"“z" afs "'%5—7):! wpvsn, (T1)
where osz= ap(sik)-

Equation (71) has all the necessary poles in each
channel and the correct asymptotic form (but the incor-

rect behavior s‘lsz_l in the eneigy sy if c¢=0). With
545=(2mN)2, the series (37) is readily obtained from
(71); we then find that Can=0 for p>4. If, in addi-

tion, we require that (71) has a zero at the center of
the Dalitz plot (we have already noted the experimental
fact that there is a deep minimum in this region), we
obtain the following values for the C?nm: cH=1,C%4

=1.8, C%=0.26 and CJ,=0; these values are in essence
no different from the system (70) and consequently give
a good description of experiment. Moreover, since (71)
for definite values of the pair energies sik (845=m%,

812 = mi,) is completely determined by the graph of Fig.
28b, for which all the constants are known, it is also
possible to determine the normalization factor 8 in (71),
i.e., to predict the cross section for the process pn— 3n
1691 The predicted value (18 mb) and the experimental
value (10 mb) are in reasonable agreement with each
other. The result is not significantly altered if we take
the N instead of the A trajectory in the 7N system.

The entire analysis of this reaction provides an excel-
lent example, and one that is typical of the GVM. On the
one hand, there is the ambiguity in the formula of type
(71), whose concrete form is determined mainly by
considerations of simplicity, with respect to both the
choice of the trajectories and the representation of the
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amplitude in terms of the minimum number of Bs func-
tions; on the other hand, there is the very good agree-
- 1t with experiment, which allows us to expect that
something significant is expressed in such formulas. In
this respect, it is of interest to try to describe this re-
action by means of a model which allows for the produc-
tion of several resonances "°’. With such a model, how-
ever, the same good agreement with experiment as in the
GVM has been achieved only after allowing for the pro-
duction of daughter resonances. As we have already
noted, the existence of daughter resonances is the most
significant feature of the dual approach; consequently, it
would be a very strong statement to say that the success
of the GVM for this reaction is due to the fact that it
correctly reflects the spectrum of observed resonances.
In any case, from the study of the reaction pn— 37 at
rest, we have reason to suppose that this is so.

d) Multi-particle reactions in the generalized Vene-
ziano model. We shall consider here in greater detail
the reactions

et b ctdte, (72)

of which the particular process pn— 37 was an ex-
ample. The description of the reactions (72) is based
on the solution of the dual conditions (Fig. 3) given in
Appendix 11 (the Bs function). An attractive feature of
this approach is the fact that the expression for the
amplitude for the processes (72) in terms of Bs func-
tions enables us to write a crossing-symmetric ex-
pression of five variables that has the correct poles
and asymptotic behavior in each of them.

However, a number of difficulties arise in consider-
ing specific reactions.

1) First of all, all the reactions which have been meas-
ured experimentally include at least two fermions. But
there is no model for fermions at the present time which
is free of parity doubling and which correctly allows
for the isotopic spin of the nucleons (see part (b) of this
section).

2) The general rules for writing dual amplitudes
(Appendix II) for multi-particle processes exist only for
particles which lie on trajectories with ¢(0) <0 and with
positive G-parity. At the same time, the actual trajec-
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FIG. 28

tories of reggeons (Table I) have either a(0) >0 or
negative G-parity (for example, for the 7 reggeon). The
form of the dual amplitude for each process is therefore
written on the basis of considerations of simplicity (as
was the case in writing (71)).

3) All the formulas of the GVM are written in the
zero-width approximation for all the resonances, which
is clearly incompatible with experiment. When making
a comparison with experiment, one therefore introduces
the full widths of the resonances, which are approxi-
mated by a rather arbitrary formula (see Fig. 2 and
Eqg. (57)), and all the resonances of a given mass and
different spins have the same width in this approach.
This contradicts even the VM itself, since the elastic
width of the ¢ meson for such a parametrization in the
VM is found to be greater than its full width (see Fig. 25).

4) For most of the measured processes, a given chan-
nel receives a contribution from the vacuum pole, which
we cannot take into account in the GVM and whose con-
tribution we must write separately. Therefore, strictly
speaking, we should confine ourselves to reactions in
which exchange of the Pomeranchuk pole does not con-
tribute (for example, K"p — n*n~A). However, there are
few such reactions.

5) Two particular particles can usually be the decay
products of resonances lying on different trajectories
(for example, resonances lying on the N and A trajec-
tories decay into 7N). Allowance for all the trajectories
leads to a considerable complication in the analysis of
multi-particle reactions. The analysis is therefore
limited to several trajectories (more frequently, a single
one), on the basis of some experimental considerations of
poor accuracy.

Despite these significant limitations, the application
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FIG. 29, Dual diagrams contributing to the reactions (73)-(77) and
the trajectories which were taken into account in the analysis of [7'].

K\)F < VJL/”

N

Ay

y

FIG. 30 Quark diagrams for P-(a), and the R(S) diagrams (b) of
Fig. 29.

of the GVM to the reactions (72) has yielded surprising
results. As an example, we shall consider the proc-
esses [

K*p— K'n*p, (73)
Kp—RKonp, (74)
n~p~> K°K*p, (75)
wtp > K°K+*p, (76)
pr— K-K*n*, (77)

which represent different channels of one and the same
five-particle amplitude. The contribution of the vacuum
pole is small in (73)-(77) (one can apply here the so-
called Gribov-Morrison rule , according to which
such a suppression exists whenever a change in Pr of
a particle occurs at one of the vertices (Pr=(—1)1P,
where P is the intrinsic parity of the particle and j is

its spin)). All the nucleons were regarded as spinless'™®,

Of all the various configurations according to the rules
of the quark diagrams (part (c) of Sec. 4), only three
work for these reactions (Fig. 29; their quark structure
is shown in Fig. 30). In Fig. 29 we also show the tra-
jectories whose contributions were taken into account
in "V (where a detailed discussion of the reliability of
this choice can be found). Each configuration of Fig.

29 is written in the form (for example, for the P)

. 1 1
(p):euvbdpﬂ“p;p%pglﬁ (1——041;., 1 —ay, 5 %A 1—a,, —z_'_aN) .
(78)

Equation (78) has all the poles at the correct masses,
and the € factor takes into account the fact that the
meson trajectories begin with the p-wave resonances
(the baryon spins are neglected).

The relative values of the P, S and R contributions
(see Fig. 29) must be R:S=1:1 in order for the ex-~
change of the A reggeon to have the correct signature
(in analogy with the contribution of V(s, t)+ V(u, t) in
(51)) and P:8= 1:1 in order for the exchange of the
Ny reggeon to have the correct signature. Thus, the
amplitude for the reactions ('73)-(77) in the GVM is
written in the form

4 =B IKP) + (S) + (M

Thus, the five reactions are described by the formula
(79[) with a single parameter 3 {which was determined
in Y from the value of the K'p —K°n*p cross section
at pg*=5 GeV/c). This result exhibits the most re-
markable feature of the GVM —the fact that it is ex-
plicitly crossing-symmetric, which leads to many dif-

(79)
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FIG. 31. The total cross sections
for the reactions K fp - K°(K%)rtp 7
and 7°p = K°K'p ["!]. The dashed
curve is the theoretical prediction
reduced by a factor of two.
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TABLE IV. Mutli-particle reactions which have been
analyzed in the GVM

. . Momentum of the . .
Reaction “incident particle, ' Reference

GeV/c

K+p~—> Koxtp 71,74

K-p—>Kbap }2.3—13

np—> KK-p

K-p—> Kon-p 3; 10 %

K-p— K-ntn 10 i

K+p—> Kin0p . 1—10 7

K+p—> K*pw 4; 6; 9; %

K-p— Kop 3,3 ”

K-n—>n—n%A 3

a-p —>n~K+A 3—6 8o

n-p —>n0K0A 3—6

K-n—> K+~ p 4, 5 a1

K-n—> KO 3 82

K+n — KOn*n 3

K-p—>ntn-A 3—10 3

K-p—> K*=n*n a3

ferent consequences. A comparison of (79) with experi-
ment is shown in Figs. 31-33. It is of interest to note
that the cross sections for.the reactions (73) and (74)
are an order of magnitude greater than the cross sec-
tion for ('75), which was also obtained from (79). The
discrepancy with experiment by a factor 2 for the cross
section for (75) under all the assumptions that were
made does not seem surprising, especially if we bear

in mind that (79) provides a good description of the way
in which this cross section behaves. The other distribu-
tions are also in good agreement with the experimental
ones (Figs. 32 and 33), not only in describing the con-
tributions of the resonances (their shapes and relative
‘‘strengths’’), but also in the channels in which there are
no resonances (see the Kp mass distribution in Fig. 32).
Equally good agreement is found for the other reactions
(Table 1V).

Consequently, in spite of the various general assump-
tions and the artificiality of the approach that has been
developed, the GVM has been surprisingly successful in
describing multi-particle processes; this is apparently
due mainly to the explicit allowance for crossing sym-
metry in the GVM (which was not previously possible).

e) Diffraction dissociation reactions. In reactions of
the type

NN — N (aN), (80)
aN - x (AN), (81)
EN ~ K (aN), (82)
[N — (3n) N, (83)
YN — (2x) Ny (84)
VN ~ (KK} Ny (85)
KN - (K2n) N (86)
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FIG. 32. Mass spectra for the reaction K*p - K%*p ["'].

at high energies, exchange of the vacuum reggeon is
important, so that duality arguments are not applicable
to these processes. However, in "**! a model was pro-
posed which gives a good description of the character-
istic features of these processes; the idea of tee] con-
sists in representing the amplitude for the reaction

atbrat@+o) (87

in the form (Fig. 34)

«
Als, £)y=g (tga) §*p Cadl Y ppsca (taa)s

(88)

where s=(pa+pc)’, and Vpp—cd is given by a Vene-
ziano formula for the amplitude of the hypothetical re-
action P+b—c+d (P is the vacuum reggeon, which is
regarded as a scalar particle); for example, for (85)

Vopanin-=1Bs (1 —afy —af)+G —u)],

(89)
where 5=(pq+pe)? and t=(pp—pd)°.

Equation (88) differs from that used in ®*%"1, 1t al-
lows for the fact that the vacuum reggeon moves as tyy
varies and, in addition, it has the correct asymptotic
form for large s and §. The form of (88) is not uniquely
determined; in particular, we can write s@ taa , where

s=(pa+pb)’, and make the substitution a%—’ af-ay in

(89). However, these modifications do not show up
strongly in the comparison with experiment. Eq. (88)
has been ap;t)lied to the description of the reactions
(80)™%, (81)'%1, (85)"*?, (86)™*"? and (84)"**? (in the case
of the last reaction, V was replaced by Bs), and ex-~
tremely encouraging results have been obtained (Figs.
35-38). In this connection, the following points are of
interest:

1) The good description of the shape of the p peak in
(84) (its asymmetry) (Fig. 37).

2) All other resonances {apart from the p) are sup-
pressed in the reaction (84), and this may provide an
explanation of the fact that one does not see in this re-
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FIG. 35. Mass distribution of the (w*N) system in the reaction pp > p
(N7*) [*].

FIG. 36. Distribution in the momentum transfer from the proton to
the proton in pp = p(N7*) [%4].

action the p’(1”7, 1300 MeV), which is required in the mr
system according to the VM (Fig. 37).

3) The distribution in ta as a function of the mass of
the system (cd) (Fig. 38). In particular, if this depen-
dence is approximated by da/dt=ebt, then b for the re-
action (80) is equal to 11 (GeV/c)™? for small N masses
and 5 (GeV/c)™? for large masses. Such a dependence is
easy to understand, since V (Fig. 34) depends on tpp only
because of the condition §+t+1=tpp+m7+2miy; there-
fore V is in general independent of t,, at large s, and
the entire dependence is determined by g(taa) (Fig. 34).
The fact that the slope for large masses is equal to half
the slope for elastic pp scattering (b~ 10 (GeV/c)"? in
pp) is an argument in favor of these considerations. At
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small §, there is a dependence of V on taa, which
yields an increase in the slope.

4) Equation (88) explains the well-known experimental
fact that the reaction (80) at small tpp involves mainly
the production of the resonance N (1/‘2)", 1470), while the
contribution of the resonance N (3/2, 1550) becomes
larger with increasing tpp; this is so because, in the
model in question, the production amplitude of the
N (1/ 2", 1470) falls off more rapidly with increasing tpp
than the production amplitude of the N (3/2~, 1550),
whose mass is larger. We note that the N (1/2*, 1470) in
the VM is a daughter resonance to the Ny trajectory
(Fig. 39), i.e., we see in this reaction a certain mani-
festation of the existence of daughter resonances.

Thus, (88) gives a good description of experiment, and
this success gives us reason to hope that the allowance
for the vacuum pole in the duality scheme may also be
successful; in particular, one can attempt to write an
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expression in the GVM for the amplitude for scattering
of vacuum reggeons by a particle (N in Fig. 16, where
one also takes the P instead of the p)® and thus de-
termine corrections to the pure pole graph for elastic
scattering, provided that further attempts to apply (88)
are justified.

7. THE VACUUM POLE IN DUAL MODELS

So far we have subtracted the contribution of the
vacuum pole and represented the physical amplitude
in the form (see Sec. 2)

A1) = Ap (5, D+ P (5, ) (90)

Can we say anything more definite about the contribu-

tion of the vacuum reggeon, P(s, t)? As we have already
noted (Sec. 2), P(s, t) cannot be associated entirely with
the resonances in the direct channel (provided, of course,
that resonances are assumed to be absent in exotic chan- -
nels). In {0} it was conjectured that the contribution of

the Pomeranchuk pole is determined by the background

in the s-channel of the reaction, i.e., that the duality
equations for the vacuum pole have the form (Fig. 40)

Im Aback= Im P (8, t). (91)

This idea is in good agreement with the currently ac-
cepted opinion that the constant cross section at high
energies is determined by processes of the so-called
‘‘ladder’’ type, which are kinematically distinguished
from other processes by the fact that all qf~=m’, while
the kjy, (the longitudinal momenta of the produced par-
ticles) form a geometric progression k(i+1)1,= XkjL, ter3,
Eq. (91) is confirmed experimentally by the behavior of
the combination f‘-’l of the partial-wave amplitudes for
7N scattering (where the t-channel isotopic spin is equal
to 0). It is readily seen from Fig. 10 that the non-res-
onant contribution is very important in this combination
and is predominantly imaginary (we recall that the
vacuum reggeon gives a purely imaginary contribution
at t=0). This fact is especially conspicuous when com-
pared with fj;, which has no contribution from the
vacuum reggeon and which describes closed loops on

the Argand diagram (see Fig. 10).

This relationship between the non~resonant back-
ground and the contribution of the Pomeranchuk pole
enables us to make certain predictions about the spin
structure of the vacuum reggeon on the basis of a phase-
shift analysis at comparatively low energies. In Fig. 41
we show the partial-wave amplitudes with isotopic spin
zero in the s-channel, giving both those that conserve
the s-channel helicity (F%) and those that change it
(F32) {921 1t ig clear that the background contribution in
FJ_ is comparatively small. We can therefore conclude
from (91) that the vacuum pole conserves helicity in the
s-channel (at high energy, exchange of the vacuum
reggeon contributes only to the invariant function B in
(64) for 7N scattering). We have already successfully
made use of this property of the vacuum pole in dis-
cussing the behavior of the polarization in Sec. 4. How~
ever, it should be noted that this conclusion depends
strongly on which phase-shift analysis we employ. In
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particular, two phase-shift analyses y1e1d completely
contradictory results for KN scattering **. In addi-
tion to the polarization, the spin rotation parameters
have now been measured at 6 GeV/ ¢, which makes it
possible to determine FY. and FP- at this energy. As
we have already noted, the contribution of the non-
vacuum poles must reduce to zero in the region
t~-0.6 (GeV/c)?; therefore the ratio °%

FO
F‘”‘

is characteristic of the vacuum pole and is evidence for
helicity conservation. Thus, the relationship (91) has
proved to be extremely useful. However, (91) in its
literal form contradicts crossing symmetry 941 1n fact,
in order to correctly take into account all the sym-
metry properties in 77 scattering, V(s, t) in (51) must
be replaced by V(s, t)+P(s, t); we then see at once that
the background contributes to the amplitude with iso-
topic spin 1 in the t-channel (A}~ P(s, t)—P(u, t)), which
has no contribution from the vacuum pole. Therefore
the background cannot be dual to the vacuum pole alone.
In connection with this, there arises the attractive idea
that the vacuum pole will appear in the dual theory when
the GVM is unitarized. As we have already indicated, we
are regarding the GVM as a first approximation to the
physical amplitude, supposing that this approximation is
a good one in the sense that all the unitarity corrections
are small, i.e., that we can imagine the physical ampli-
tude in the form of a series in a small parameter g°,
with the Born term of this series corresponding to the
GVM:

Afs,t) = Ap(s,t) + g%4, + g4, + .. ., (92)

where the resonances are contained entirely in Ap (it is
obvious that near a resonance the series (92) is mean-
ingless and must be summed with respect to g> in or-
der to obtain the correct resonance width). Processes
which are not associated with single resonance produc-
tion (background processes) are already contained in
A,, and the idea of obtaining the vacuum pole consists in
the fact that A, contains a term that grows like s with
the correct vacuum numbers. The importance of this
contribution in the comparison with experiment is due
to the fact that it is comparable with the first term of
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(92) at certain energies, i.e., that the series expansion
(92) actually goes not in g, but rather in g®s*’2, What
grounds do we have for believing that the expansion (92)
actually exists, and what is the mechanism by which the
vacuum pole is produced?

a) Let us first of all estimate the parameter ¢°, as-
suming that the expansion (92) exists. All estimates must
clearly be made at s~ 1 GeV, since the entire dependence
on s in dual models enters through a(s) (a(s)~1 at
s=1GeV).

1) The Regge trajectories are linear as g> — 0, so that
Im «(s)/Re a(s)~g® for s~1 GeV. This ratio (see (57)
and Fig. 2) has the value 0.1-0.3.

2) o{K'p)/[o(K p)— o(K'p)]~ g° (this ratio is the ratio
of the vacuum pole contribution to the resonance con-
tribution). Near threshold,

o (K p) 100 mb, o (K*p) ~20 mb, i.e.,g® ~ 0.25.

3) do (K~p — pK-) . dc (K*p = pK¥)
i di =g

since there are no t-channel resonances for the process
K p— pK~. The experimental value of this ratio at

pK=5 GeV/c is U ~1072, i.e., g~ 0.1. An analogous
suppression exists for other processes due to exotic
exchange (of the type K'p—~K'E~ or K p —K°Z° in the
forward direction). Thus, all the estimates yield gz—* 0.2-
0.3, so that the contribution of the vacuum pole can be re-
garded as a second-order quantity in g (see the second
estimate and its agreement with the others).

b) In addition, when the series (92) is constructed
(for further details, see '°*) there appear contributions
of order g which correspond to the vacuum quantum
numbers in the t-channel. In order to see how this hap-
pens, let us consider the dual diagrams for the scatter-
ing of particles with isotopic spin unity (Fig. 42). The
dual amplitude corresponds to the diagrams a and b
of Fig. 42 (Fig. 42a corresponds to the (s, t) term, and
Fig. 42b to the (s, u) term). The isotopic structure of
these graphs is given by a factor Tr (TaTp7e7d) for
Fig. 42a and Tr (797Tp7q7¢) for Fig. 42b (where the 7
are the isotopic matrices) (this form corresponds to
the rules of 96]). Corrections to the dual amplitude cor-
respond to graphs containing four quark lines (see c~e
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of Fig. 42). The diagram of Fig. 42¢ repeats the isotopic
structure of the dual amplitude, and its inclusion only
leads to the appearance of resonance widths [9”; Fig.
42d has the isotopic structure Tr (Ty7¢)Tr(7a7d), which
corresponds to isotopic spin zero in the t-channel,

while Fig. 42e has the structure Tr (73 7h) Tr(7c7d),
corresponding to isotopic spin zero in the s-channel.
Thus, graphs like Fig. 42d correspond to the vacuum
quantum numbers of the t-channel and may yield a
vacuum pole. Moreover, when one considers concretely
such corrections in a theory with single vacuum par-
ticles (Appendix II), graphs like Fig. 42d actually ex-
hibit a singularity in the angular momentum plane (a
cut), starting from the point j=(1/3)+(1/2)bt, where b
is the slope of the non-vacuum trajectories (which leads
to a behavior s™?/3/(Ins) of the total cross section).
However, this singularity does not correspond to a
constant total cross section; in addition (and this is the
main difficulty in understanding this singularity), its
discontinuity is not expressed in terms of real inter-
mediate states, so that its existence violates the uni-
tarity condition. It seems to us that nothing is gained

by hopes that allowance for the actual quantum numbers
will move this singularity to j=1 and make it a pole,
since there is no hope that this will advance our under-
standing of the relation of this singularity to the real
intermediate states. Its appearance is apparently due

to the defects of our Born approximation. The point is
that the number of resonances with a given mass (M) is
enormous (~exp(C\/_M—2)) in the GVM, while all the partial-~
wave amplitudes in a definite multi-particle diagram are
of order unity at high energies, since each resonance has
a very small probability (~exp(—-aVM?)) of decaying into a
given number of particles. In graphs like c-e of Fig. 42,
however, a resonance can decay into an arbitrarily large
number of particles (with a significant probability) at a
given arbitrarily large energy, so that the contribution
of such states to a partial wave is large (proportional to
the number of resonances). Thig leads to a growth of the
imaginary part of the amplitude at high energy, which

in turn leads to an exponential divergence like that of
Fig. 42c¢ and the appearance of a singularity like that of
Fig. 42d. While the first can be eliminated by renormal~
izing the trajectories of the non-vacuum reggeons it
is completely unclear what to do with the vacuum singu-
larity, and this is the main difficulty of the theoretical
approach.

8. INCLUSIVE REACTIONS

Great interest has recently arisen in so-called ‘‘in-
clusive’’ reactions, i.e., reactions of -the type

a+b-—>c+ M, (93)

where M denotes an arbitrary number of particles that
are not detected experimentally. The differential cross
section for the reaction (93) can be related to the dis-
continuity of the amplitude for the process'®®

at+btcra+bte (94)

This relation is shown in Fig. 43 for high energies, when
the main contribution to the total cross section comes
from processes of the ladder type. It is convenient to
characterize the reaction (93) by the variable

Pe1,

PcL max (95)

where ppy, and pe) are the components of the momen-
tum of particle ¢ parallel and perpendicular to the mo-

=

UPel,
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" of this energy

FIG. 44. The single-reggeon (a), double-reggeon (b) and triple-reggeon
(c) regimes.

mentum of the incident particle a in the rest system
of b.

In terms of (95), the invariant variables have the
form (for large s)

§=(pa+ Po)’s ‘ ]
snzs(p.z+pc)’:m§(1—z)+m3(1_5)-%—+0(é), I

= (po—po? =240 (=), (96)

_ o 1
M= (patpo—pef =(1—2)s+0 (72}
At high energies, it is easy to distinguish three kine-
matic regions of the reaction (93) 7%,

a) Single-reggeon exchange: syg is fixed (i.e., x is
fixed) and M?/s is fixed.

In this region, the cross section for (93) is described

by the diagram of Fig. 44a (which is easy to understand
if we bear in mind Figs. 42d and 40) and has the form

Be gy =1 (560 2) 8= (563, 2). (97)

Thus, at hig[lggganergy the cross section is independent

; such a distribution is in qood agree-
ment with the current experimental data "V,

b) Two-reggeon exchange:
Saz» Spe —> — 00,
and
$a38y3/s == pby + my
is constant.

The diagram of Fig. 44b contributes in this region,

and
dac ~
Ee gprgdip =B (o) 8cto = £ (P..). (98)

c) Three-reggeon exchange: s/M? — +wo, M? — +w,
This implies that the energy sgq is large, i.e., that a
reggeon must pass between ¢ and d (see Fig. 44c). It is
natural to write the contribution of this region in the
form (see Fig. 44c¢)
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1 ’ 2a (8- @ (0)~2a (s =)
E, L —(s—My (M) **h (842)
dpcy d2pey

1-2a (s

2 (s5) (fora(0)=1).
(99)

- Iza (aaz)“ _ 1‘)

The last two regions may of course be regarded as
special limits of the first, and in this sense (99) is an
example of the x-dependence of the function f(x, sag) in
97).

Dual models attempt to answer the two questions:
1) how rapidly the limiting regime (97) sets in (i.e., what
are the energy-dependent corrections to (97)), and 2) what
are the unknown functions f, g and h in (97)-(99).

Corrections to (97) which behave like powers in s
appear as a result of the exchange of any reggeon, but
not of the Pomeranchuk pole in Fig. 44a. For example,
they may be due to the exchange of the f reggeon. In
this case,

B~ 1m0+ 0l 1) 07 (100)
Can one choose reactions for which ¢ is small and for
which the limiting regime is reached at comparatively
low energies? To answer this question, let us consider
the dual graphs corresponding to the reaction (94) (Fig.
45; the powers of g° characterize the lowest orders in
which these graphs appear). It is clear from Fig. 45
that the main contribution to f comes from the diagram
of Fig. 45b (where we are naturally assuming that the
vacuum pole in the dual models is described by the con-
figuration of Fig. 42d, and that this graph guarantees
the constancy of the cross sections at high energies).
The main corrections are determined by the diagram
of Fig. 45a (of course, the other diagrams also contribute
to ¢(x, sag) in (100), but they have a small value of order
g®). Consequently, if we consider the reaction (93), in
which the channel a+b+c is exotic (for example,
pp — 7+M ?), Fig. 45a does not contribute, so that ¢
will be small 2°21°*) In Fig. 46 we show the cross sec-
tion for the reaction at Pg*=5 and 8 GeV/c. It is clear
that the regime (97) is a good description at these rela-
tively low energies "°!. This fact constitutes yet
another argument for the existence of a small parame-
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ter g°, since the corrections to this reaction like the
graph of Fig. 45¢ contribute to ¢(x, sag). Moreover, on
the basis of the diagrams of Fig. 45, it is easy to esti-
mate the parameter g° from the inclusive experimental
data [1041.

1) Consider the reactions '*°

K'p—n-4M+++  at 12.7 GeV/e, (101)
Kp—n-—+Mm+ 'at9GeV/c, (102)
x'p— n-t M+ | at T GeV/e, (103)
np--n-+ M+ | at 25 GeV/c. (104)
For the quantities
E. dot/d3p,

fien =5 (& ) lm

we have fr-—f%~g® and ff-—ff~g’, while f}—ff~¢’,
since the channel a+b+¢ is exotic for the reactions
(101) and (103). In fact, the first two differences are ex-
perimentally of the same order of magnitude, and an

order of magnitude greater than the third"**’, i.e., g®~0.1.
2) Consider the processes
p+p— K+ M+, (105)
p+p—> K-+ M+, (106)

The channel a+b+¢ is exotic in (105) and (106); more-
over, the channels a&(pK’) and b&(pK’) are exotic in
(106), so that the reaction (105) is determined by the
diagram of Fig. 45b (which is of order g°), while the
second reaction is determined only by the diagram of
Fig. 45d (g°). Experimentally, the cross section (for
—~0.5<x<0.2 in the c.m.s., with p; <0.70 GeV/c) is
larger by a factor 5-300 for the reaction (105) than
for (106), i.e., g?~0.1 119,

Let us now consider certain characteristic features
of the functions f, g and h in dual models. First of all,
the main contribution in the two-reggeon region comes
from the diagram of Fig. 45d (g®), so that do® in this
region is smaller than the cross section in the single-
reggeon region by a factor g (g ~0.1). It is also of in-
terest to note that there is no contribution in the triple-
reggeon region from a diagram like that of Fig. 44c
with three vacuum reggeons (which does not appear in
Fig. 45); if it is assumed that the summation of the
graphs in g° leads mainly to a change in the trajectories,
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this contribution is in general absent. This contribution
must tend to zero as syg — 0 with increasing energy, in
order to ensure the constancy of the total cross sec-
tion 191, Therefore a(syg) in (99) is a non-vacuum
trajectory, which shows up in the character of the be-
havior of f(x, sag) as x— 1. In particular, the cross
sections for reactions with an exotic channel a¢ (such
as 7p—7" +M") must fall off rapidly as x—1, in
good agreement with experiment "°), The more de-
tailed behavior of the function f(x, p]) from the dia-
gram of Fig.45b was considered in "®*'®] and its main
properties are as follows (for pp — 7" +M"):

a) at pgp, =0, the distribution in x is close to
exp(—cx®) with ¢=17.4;

b) if x is not small, then £(x, p) = fu(X)fz(p2);

c) the dependence on pi is very rapid, particularly
for small x (for example, at x=0.06 and p}=0.9
(GeV/c)z, the cross section becomes two orders of mag-
nitude smaller than the experimental cross section,
agreeing with it at p] =0);

d) g(p?) at large p} is given by ~exp(—4bp?)"°®. This
fact is independent of any details of the model, and a
comparison with experiment may be of interest. Every-
thing else has a more approximate character, since it
is not clear how to deal with the vacuum pole in the
duality scheme.

9. CONCLUSIONS

Thus, we see that dual models have led to many re-
sults that are in good agreement with experiment. We
have exchange degeneracy (part (a) of sec. 4), the con-~
nection with symmetries (part (b) of Sec. 4), and simple
formulas for multi-particle reactions, which depend
explicitly on the Regge trajectories that determine both
the spectrum of particles and high-energy scattering,
which make it possible to take into account analyticity
and crossing symmetry, and which seem to give a cor-
rect description of the contributions of the various res-

onances and even the background in many reactions (Secs.

6 and 8), as well as hopes that there has appeared a
small parameter in the theory of strong interactions
(Secs. T and 8)—all these features constitute the attrac-
tive side of dual models and ensure continuing interest
in them.

However, to be fair, we must admit the following
points:

1. Not a single daughter trajectory has been found
experimentally, which means that there has been no
.confirmation of a fundamental requirement of duality:
the degeneracy of resonances with the same mass with
respect to the spin. Indirect observations of the spec-
trum of resonances have merely been compatible with
the. idea of duality, but have not confirmed it (Secs. 3
and 5).

2. The dual approach is incompatible with the current
experimental data on baryon-baryon scattering (part (c)
of Sec. 4).

3. There are no ideas which could reconcile straight-
line trajectories with the absence of parity degeneracy
in the spectrum of baryon resonances (part (b) of Sec. 6).

4, There are no formulas that take into account the
actual quantum numbers of the particles and the actual
Regge trajectories in multi~particle processes, and at-
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tempts to write such formulas encounter serious difficul~
ties.

5. All the agreement with experiment is obtained only
after the further introduction of the experimental res-
onance widths in the formulas (therefore it may be
meaningful to take an expression which directly incor-
porates the resonance widths as the first approxima-
tion "7 although such formulas have an unlimited
ambiguity).

6. Qualitative confirmations of the formulas of dual
models are very meager (Sec. 5).

7. Dual models give a good description of the magni-
tudes of the contributions of the various resonances and
even the background in a rather large number of reac~
tions (see Sec. 6 and Table IV), but in a more concrete
approach we find a large number of discrepancies be-
tween the simple formulas of dual models and the experi-
mental data. For example, there is the spectrum of
baryon resonances in SU; (part (b) of Sec. 4), the exis-
tence of the p’ (17, 1300) in the scattering of pions
(part (a) of Sec. 6), and the impossibility of obtaining
the correct value of the 7N — N7 backward scattering
cross section (part (b) of Sec. 6). Despite the fact that
all these difficulties can be explained in quite a reason-
able way and eliminated by making the formulas of the
GVM more complicated, there is still the impression
that dual models somehow give very much of an aver-
age description of experiment, although it is possible
that all this is the result of shortcomings in the con-
crete realizations of the ideas of duality.

8. We encountered difficulties in understanding the
significance of the vacuum singularity, even in the purely
theoretical discussion.

All this compels us to treat the successes of duality
with great caution. In this respect, one would like to
decide what experiments are needed to ascertain whether
duality exists or not. Unfortunately, it is very difficult
to give any unambiguous answer to this question, mainly
because the theoretical construction of dual models is
at an extremely rudimentary stage. The nature of the
corrections to dual models is completely unknown at the
present time, and it is therefore not clear how the pre-
dictions of duality will be modified when these correc-
tions are taken into account. It is obvious only that
“‘corrections’’ such as the contribution of the vacuum
reggeon and the full resonance widths play a far from
minor role in the comparison with experiment. It is
therefore significant to enumerate those results of the
dual approach which are independent of the concrete
formulas of dual models and which will probably be
modified only slightly when non-dual corrections are
taken into account.

1. In dual models: a) there must exist resonances of
arbitrarily large mass; b) there must be many resonances
of the same mass but with different spins; and c) the de-
cay widths of resonances in a given channel must fall off
rapidly with increasing mass (Sec. 3). Such a spectrum
of resonances is the basis of duality, and the detection of
resonances lying on daughter trajectories is of the ut-
most importance for dual models. Since, as we have al-
ready discussed in Sec. 3, it is quite possible that the
full widths of the resonances grow with increasing mass
and become greater than the mass difference of neigh-
boring resonances, it is obvious that efforts in this
field should be centered on the search for resonances
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of relatively low mass (for example, m < 2.5 GeV) and
the determination of their quantum numbers. In par-
ticular, it would be very interesting to carry out a phase-
shift analysis of "N scattering in which all the required
resonances are assumed. It would be a real success of
dual models to detect a p’(17) meson of mass between
1.1 and 1.5 GeV, having a full width of up to 250 MeV
and an elastic width in the 77 system of 25 to 110 MeV
(see part (a) of Sec. 6 and **°?). Since the production of
this resonance in various binary reactions may be sup-
pressed (part (e) of Sec. 6), the best reaction in which to
seek it is evidently e'e” — p’' — (o).

2. The general requirements of duality imply ex-
change degeneracy of the non-vacuum Regge poles,
which leads to a completely concrete parametrization of
the Regge pole residues. At the present time, the com-
plete set of all high~energy scattering data evidently
favors ;ust such a parametrization (part (a) of Sec. 4
and "), However, the accumulation of data on polari-
zation in various reactions, the study of the minima in
the differential cross sections for processes such as
7"p — AJn, and the measurement of the cross sections
for reactions like K'n—~K"p and K~p—R’n (see (20))
at higher energies would be of decisive importance in
establishing the presence of exchange degeneracy.

3. As already discussed in detail in Sec. 5, the most
characteristic requirement of the Veneziano model is
the occurrence of minima in the differential cross sec-
tions for binary reactions and on the Dalitz plot for re-
actions of the type a+b—c+d+e under the condition
(50). In some reactions, such as 7N — 7N and K"p —X’n,
minima are found at the required values of the variables
(for X p —XKn, for example, they should occur at
u=-0.6,-1.6 and —2.6 (GeV/c)® and are observed at

=-0.1, 0.7, and -1.7 (GeV/c)?), while in others, such
as KN — 1A and 7"p —K°A, there are no minima at
fixed t and s, but they are found for some reason at
fixed s—t “*"121  The situation is also not clear regard-
ing the minima on the Dalitz plot for the reaction pi — 37,
where for some reason only some of the required min-
ima are present (see Sec. 5 and Figs. 23 and 24). To es-
tablish the actual state of affairs, we therefore require
measurements of the differential cross sections for
other reactions (for example, 7N — 74) at low energies
and the Dalitz plot for pn — 37 (and other similar re-
actions) at higher energies.

4. For inclusive reactions, dual models predict:

a) Reactions such as @'p—7"M, pp m(K)M,

7p —K"M, K'p—~ 7™M and K'p —K’M should give the
limiting distribution (97) at lower energies than reac-
tions like 7'p — 7'M, etc. (see Sec. 7). The experimen-
tal data on these reactions are extremely meager and,
while the cross sections for K'p —~K°M agree at 5 and
8 GeV/c (see Fig. 46), for a reaction like 7'p— 7"M
they are significantly different for X >0.7 (and in good

£ds/d%,

yl? const
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agreement for smaller X) at 8 and 16 GeV/c (see "'*)).

b) The behavior of E.doc/d*pe as a function of the
variable y=(1/2) In{(E¢ +peL) (Ec—pcL)) has the form
shown in Fig. 47 (the dashed curve corresponds to phase
space for pg) =0). Unfortunately, there is no possibility
of estimating the value of y—y, in dual models, so that
nothing can be concluded from the fact that we do not
observe such a distribution at current energies. To
study this point, we require measurements of the cross
sections throughout the entire range of pcl, at higher
energies (cosmic-ray experiments or experiments with
the colliding beams at CERN).

5. In parts (d) and (e) of Sec. 6 we gave a rather de-
tailed discussion of the results of specific analyses in
the GVM. How should they be regarded, and are they
worth continuing? 1t seems to us that it is meaningful
to continue such attempts, but that the main attention
should be paid not to the agreement of the formulas with
experiment, but to the question of what changes in the
model show up weakly in particular characteristics of
the reactions. Thus, for example, a change in the
specific form of the equations (79) and the method of
unitarizing them (by introducing the full widths of the
resonances) would have a weak effect on the behavior of
the total cross sections for the reactions (73)~(77) and
at the same time, strongly modify the mass distributions
in these reactions. Therefore the successful description
of the behavior and magnitude of the total cross sections
for the processes (73)-(77) is evidently connected with
the general features of the dual approach (primarily with
the explicit allowance for crossing symmetry for multi-
particle reactions); at the same time, the mass spectra
exploit the specific form of the fitted formula. More-
over, even these crude formulas may be useful in isolat-
ing the resonance contribution, since they give a model
for the background, which varies rather rapidly with the
appropriate energies.

6. Since the ideas of duality can be reconciled with
the experimental data on baryon-baryon scattering only
if exotic resonances occur in the BD and DD systems
(B is the octet and D is the decuplet of baryons) (part(c)
of Sec. 4), the search for them is of great interest.

APPENDIX |

In this appendix we consider the basic properties of
I'(z), which plays a major role in the GVM.

1) I'(z) is analytic throughout the complex z-plane,
apart from the negative integral points and the point z=0.

2) I'(z + 1) =zI'(2).

3) I'(n+1)=n!

4) All the poles of the gamma function are simple

poles, the residue of I'(z) at the pole z=-n being egual
to (~1)"/n! (n=0, 1, 2, ...).

5) I'(z) has no zeros.
6) I'(z)T'(1-2)= n/sinnz.
oC
7) For Rez >0, I'(z)= [ e-ttz-14t.

0

8) For large positive x, I'(x+1)=V27x (x/e)X[1 +O(1/%)]
(Stirling’s formula).

9) lim [r(rz(;)a)

e-alnz]=1 as |z|—,
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10) Bo(a, b) = [x2-1(1—x)P-ldx ='(a)T(b)/T(a +D).

APPENDIX I

In this appendix we present a general prescription for
writing a dual amplitude that has only poles and the cor-
rect Regge asymptotic form in each of the channels.
These rules are as follows: the multi-particle ampli-
tude (Fig. 48a) is written as a sum of (N— 1)1/2 terms:

An=By Y By (P), (A.D
[64]

where each term in (A.1) corresponds to a definite se-
quence of momenta in the diagram of Fig. 48b. For a
given diagram, we introduce the variables ujik (see Fig.
48b), corresponding to all the diagonals, these variables
being not all independent, but satisfying the so-called
dual equations

uj, p=1— H Yim-

ok

Geometrically, the ujy, appearing in the product corre-
spond to the diagonals of the polygon in Fig. 48b which
intersect the diagonal (ik). The significance of the con-
dition (A.2) is that all the ujy — 1 for ujk=0. Then

(A.2)

1
BN:S H i ™ dugy 8 (uip— M —1), (A.3)

0,k

i+h
where aik=a(six) and sik=(pa+...+pk)°. Equation
(A.3) factorizes for each pole for a(s) —n (Fig. 48¢) and
s=k?, i.e., it can be rewritten in the form "**

ER (Y]

1 ; S

By=————— n, § ", n, 3

~ a.(s)—nz 2 Vp(ui)P‘"t’ g
v ?

Plupy (A.4)
where j is the spin of a resonance, Pl is the propa-
gator of a spin-j resonance, and p characterizes the
additional degeneracy.

VR is the vertex for the decay of a resonance with
spin j, mass so (a(So)=n) and number p into K parti-
cles (see Fig. 48c), and Vgl is the same for the decay
into "M particles.

The sum (A.4) has the following properties '!*:

1) for n=0, V3° coincides with the amplitude for K+1
particles;

2) for j=n (which corresponds to the leading trajec-
tory), there is no additional degeneracy;

3) some of the terms in the sum over the additional
degeneracy appear with the negative (antiunitary) sign
for K=M (Fig. 48c). Such unphysical states (‘‘ghosts’’)
must disappear after unitarization, but this means that
"the unitarity corrections cannot be small, so that (A.3)
cannot be regarded as a good Born approximation.

P

FIG. 48
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FIG. 49

However, these ‘‘ghosts’’ may simply give no con-
tribution to the sum (A.4) if a certain further symmetry
is present. In particular, their present status is as fol-
lows. There are no ghosts on the first daughter tra-
Iector , owing to the so-called ‘‘twisting symmetry”’

115,134 (which takes into account the fact that Eq. (A.3)
is invariant under cyclic permutation of the indices i
and k); moreover, in the case in which a(0)=1, there
appears an additional symmetry which completely
eliminates the ghosts "%,

The number of states grows with the mass in pro-
portion to exp{cVa(s)], where c=21/V6 "1,

The attempt to use Eq. (A.3) to construct graphs of
the next order (as in Fig. 42) has led to the appearance
of an exponential divergence in the expressions for Fig.
42¢ (see "™Y) and an obscure singularity in the diagrams
of Fig. 42d '**?, If the divergence is removed by re-
normalizing the trajectories "**’, it is not clear what to
do about the singularity in the diagram of Fig. 42d. A
rather powerful technique has now been developed for
the construction of graphs of arbitrary order on the
basis of (A.3); this makes use of either the operator
formalism "’ and the symmetry properties '**? of
Eq. (A.3) or the geometrical interpretation connected
with the integration over complex surfaces "**?’, How-
ever, its actual achievements are limited. p

In addition to the attempts to unitarize Eq. (A.3), ef-
forts have been made to incorporate in this equation
particles with real quantum numbers contained on real
trajectories '**¥, In particular, since a(0)>0 for the
real trajectories, there is a particle with imaginary
mass (a ‘‘tachyon’’) in (A.3). Although progress has
been made in this respect (especia11¥ in excluding
““tachyons’’ from the amplitudes **)), there is so far no
formula that takes into account the physical trajectories.

Thus, the results of the theoretical development can
be formulated by the statement that we have a formula
which satisfies the requirements of duality for scalar
particles with @(0)=1 and which has led to difficulties
when attempts were made to unitarize it, but that we
have no analogous formula for the scattering of real
physical particles.

In conclusion, we quote the explicit form of the Bs
function in terms of the independent variables (Fig. 49):
1 1
B"'=S (1 —z)~oa3—1g—an~1 g dy (1 —p)oss~1y=ane=i (g _ ;- ar-aasta,
[}

UThis background may be associated either with corrections to duality,
such as the contribution of two-reggeon branch cuts (in which case it
will fall off only logarithmically with energy), or with dual contributions
which die out rapidly with increasing energy (such as the (su) term in
the Veneziano model; see Sec. 6b below).
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